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Abstract

The aim of this paper is to address the convergence analysis of a finite-volume
scheme for the approximation of a stochastic non-linear parabolic problem set in a
bounded domain of R? and under homogeneous Neumann boundary conditions. The
considered discretization is semi-implicit in time and TPFA in space. By adapting
well-known methods for the time-discretization of stochastic PDEs, one shows that
the associated finite-volume approximation converges towards the unique variational
solution of the continuous problem strongly in L?(Q; L?(0,T; L*(A))).
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1 Introduction

Let A be a bounded, open, connected, and polygonal set of R%. Moreover let (2, A, P)
be a probability space endowed with a right-continuous, complete filtration (F;);>o and
let (W (t))i>0 be a standard, one-dimensional Brownian motion with respect to (F;);>0 on

(Q,A,P).
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For T' > 0, we consider the following non-linear parabolic problem forced by a multiplica-
tive stochastic noise:

du — Audt + div,(vu) dt = g(u) dW (t) + f(u)dt, in Q x (0,T) x A;
u(0, ) = uo, in Q x A; (1.1)
Vu-n =0, on Q x (0,7) x 0A;

where div, is the divergence operator with respect to the space variable and n denotes
the unit normal vector to JA outward to A. We assume the following hypotheses on the
data:

A ug € L*(Q; HY(A)) is Fo-measurable.
oty g : R — R is a Lipschitz-continuous function.
o3 B : R — R is a Lipschitz-continuous function with £(0) = 0.

Ay v € €0, T]x A;R?), div,(v(t,x)) = 0 for all (t,z) € [0,T]x A and v(t,z)-n(x) = 0
for all (t,z) € [0,T] x OA.

1.1 Notations

Let us introduce some notations and make precise the functional setting.
e |z| denotes the euclidian norm of x in R? and z - y the usual scalar product of z and
y in R2.
e For p € {1,2,3}, || - ||oo denotes the L>*(RP) norm.
e Lz > 0 the Lipschitz constant of 3.
e L, > 0 the Lipschitz constant of g.

e (1, > 0 a constant only depending on L, and g(0), satisfying for all r € R
lg(n)* < Cp, (1 +[r]?). (1.2)

e [E[-| denotes the expectation, i.e. the integral over Q with respect to the probability
measure P.

e For a given separable Banach space X, we denote by L%T (Q x(0,T); X ) the space of
the predictable X-valued processes (|11] p.94 or [29] p.27). This space is the space
L? (Q x (0,7); X ) for the product measure dPP ® dt on the predictable o-field Pr
(i.e. the o-field generated by the sets Fy x {0} and the rectangles A x (s, t], for any
s,t € [0,T] with s <t and A € Fy).

For X = L*(A), one has L3, (€2 x (0,T); L*(A)) € L*(Q x (0,T); L*(A)).

Remark 1.1. Note that the existence of the constant Cp, is given by Assumption ..
It allows us to apply our scheme for square integrable, additive noise with appropriate
measurability assumptions.



1.2 Concept of solution and main result

The theoretical framework associated with Problem (1.1) is well established in the liter-
ature. Indeed, we can find many existence and uniqueness results for various concepts of
solutions associated with this problem such as mild solutions, variational solutions, path-
wise solutions and weak solutions, see, e.g., [11| and [25]. In the present paper we will
be interested in the concept of solution as defined below, which we will call a variational
solution:

Definition 1.2. A stochastic process u in L3, (2% (0,T); L*(A)) is a variational solution
to Problem (1.1) if it belongs to

LX(Q;6([0, T]; L*(A))) N L*(Q L*(0, T3 H' (A)))

and satisfies, for allt € [0,T],

ult) — o - / Au(s)ds + / v, (v(s, Ju(s)) ds = / olu(s)) IV (s) + / ' Blu(s)) ds

in L*(A) and P-a.s. in 2.

Existence, uniqueness and regularity of this variational solution is well-known in the lit-
erature, see, e.g., [28],[24],[25]. The main result of this paper is to propose a finite-volume
scheme for the approximation of such a variational solution and to show its stochastically
strong convergence by passing to the limit with respect to the time and space discretiza-
tion parameters.

Theorem 1.3. Assume that hypotheses <7 to <y hold. Let (T,)men be a sequence of
admissible finite-volume meshes of A in the sense of Definition 2.1 such that the mesh
size hy, tends to 0 and let (Ny,)men C N* be a sequence of positive numbers which tends
to infinity. For a fized m € N, let uy  —and uh N, be respectively the right and
left in time finite-volume approzimations defined by (2 3), (2.5)-(2.6) with T = T, and
N = Np.. Then (u, n, Jmen and (uj, n Imen converge strongly in L*(€2; L*(0, T; L*(A)))
to the variational solution of Problem (1.1) in the sense of Definition 1.2.

Remark 1.4. The proof of Theorem 1.3 will be done as follows: firstly, we will prove
in Proposition 4.1 that the sequences (uj, n )men and (uj, n )men weakly converge
in L2(Q; L2(0, T; L2(A))) towards a common limit denoted by u. Secondly, thanks to
Proposition 4.5 and Proposition 4.9 we will be able on the one hand to identify u as the
unique variational solution of Problem (1.1) in the sense of Definition 1.2, and on the
other hand to prove that the convergence finally holds strongly in L*(Q; L%(0,T; L*(A\))).

1.3 State of the art

As mentioned in a previous paper [3]| in collaboration with F. NABET, the study of nu-
merical schemes for stochastic partial differential equations (SPDEs) has been a very
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fashionable subject in recent decades and for this reason, an extensive literature on this
topic is available. We refer the interested reader to [1], [15] and [27] for a general overview
and associated references.

If we focus on the theoretical study of parabolic SPDEs with a non-linear first order op-
erator, note that the variational techniques developed in [28], [24] and [25] can be applied
whereas the semigroup approach is not available, and therefore the use of mild solutions
is out of range. Note that for the theoretical study of (1.1) in R¢ (d > 1) instead of a
bounded domain, we can refer to [31] or the appendix of [13].

Concerning the numerical analysis of these variational solutions, it is clear that in the past
the use of finite-element methods has been favored and extensively employed (we refer to
[10], [11] for a thorough exposition of existing papers). But we note that recently, for first
order scalar conservation laws with multiplicative noise, finite-volume discretizations have
been developed in [1], [5], [6], [22], |26], [16], [3], and [17] by adapting the deterministic
framework. Then, in [7] and [3], convergence of finite-volume scheme for the particular
case of stochastic heat equation (with respectively linear and non-linear multiplicative
noise) has been investigated. As far as we know, stochastic equations of type (1.1) have
not been studied yet from a numerical point of view.

1.4 Goal of the study and outline of the paper

In this work, our aim is to fill the gap left by the previous authors by proposing a conver-
gence result for a both space and time-discretization of the non-linear diffusion-convection
equation forced by a stochastic noise and under homogeneous Neumann boundary condi-
tions (1.1). The added value comparing to existing results is threefold:

e Firstly, the taking into account of a convection term div, (vu) which is very interest-
ing from a modeling point of view and opens the door to many extensions (Stefan’s
problem, porous medium equation...)

e Secondly, the fact that we avoid the use of technical tools from the stochastic frame-
work for the passage to the limit in the non-linear terms (such as the theorem
of Prokhorov, Skorokhod’s representation theorem, concept of martingale solution,
Gyongy-Krylov argument...) as we did in a previous work [8] for the stochastic heat
equation (which corresponds to (1.1) with v =0 and g = 0).

e Thirdly, the obtention of a strong convergence result in L?*(; L?(0, T'; L*(A))) which
is more satisfactory than in [3] where, in spite of the fact that v =0 and 8 = 0, we
only proved convergence of the scheme in LP(Q; L?(0,T; L*(A))) for any 1 < p < 2.

The main difficulty of the present study is to choose suitable tools of the finite-volume
framework compatible with the stochastic one and the restrictions brought by the multi-
plicative noise. Particularly, we will see that the main challenge will be the identification



of weak limits coming from the discretization of the non-linear terms g(u) and S(u).

The paper is organized as follows. Section 2 is devoted to the introduction of the finite-
volume framework: definition of the finite-volume mesh employed for the discretization
of A, associated notations, definition of discrete norms and construction of the right
and left finite-volume approximations denoted respectively by (uj, y)ny and () y)p -
In Section 3, we will derive stability estimates in suitable functional spaces satisfied by
the sequences (uj, x)n.n, (U n)nn » (9(u) n))nn and (B(uj, x))nn. These estimates will
allow us in Section 4 to extract weakly converging subsequences. The remaining of the
paper will be devoted to the passage to the limit in the numerical scheme: firstly we will
prove the existence of an Itd stochastic process u, the weak limit (up to subsequences) of
(uh n)nn and (uf, y)nn- Secondly, by taking advantage of the use of exponential weighted
in time norm (which is a known method for the time-discretization of Stochastic PDE) and
adapting it to our TPFA scheme, we will prove that this convergence finally holds strongly.
Thirdly, using this last information, we will be able to identify weak limits coming from
the non-linear terms (g(uj, y))nn and (B(uj, n))nn. Fourthly, we will conclude that
is the unique variational solution of (1.1) in the sense of Definition 1.2 and fifthly that
subsequences are not needed anymore.

2 The finite-volume framework

The following subsections 2.1, 2.2, 2.3 contain all the definitions and notations related to
finite-volume framework and are the same as in our previous paper [3|, but for a matter
of self-containedness we choose to repeat them identically.

2.1 Admissible finite-volume meshes and notations

In order to perform a finite-volume approximation of the variational solution of Prob-
lem (1.1) on [0,7] x A we need first of all to set a choice for the temporal and spatial
discretization. For the time-discretization, let N € N* be given. We define the fixed time
step At = L and divide the interval [0,7] in 0 = ¢y < ¢; < ... < ty = T equidistantly
with t,, = nAt for all n € {0, ..., N — 1}. For the space discretization, we refer to [21] and
consider finite-volume admissible meshes in the sense of the following definition.

Definition 2.1. (Admissible finite-volume mesh) An admissible finite-volume mesh T of
A (see Fig. 1) is given by a family of open, polygonal, and convex subsets K, called control
volumes of T, satisfying the following properties:

e K= Uy, K.
o I[fK,LeT with K+# L then int KNint L = (.

o If K,.L € T, with K # L then either the one-dimensional Lebesque measure of
KNLis0 or KNLis the edge of the mesh denoted o = K|L separating the control
volumes K and L.



To each control volume K € T, we associate a point v € K (called the center of
K ) such that: if K,L € T are two neighbouring control volumes the straight line
between the centers xx and xy is orthogonal to the edge o = K|L.

Figure 1: Notations of the mesh T associated with A

Once an admissible finite-volume mesh 7 of A is fixed, we will use the following notations.

Notations.

h = size(T) = sup{diam(K) : K € T} the mesh size.
dy, € N the number of control volumes K € T with h = size(T).

Ao denotes the two-dimensional Lebesgue measure.

& is the set of the edges of the mesh 7 and we define &y := {0 € £ : 0 € OA},
Eext :={0 €& :0 CIN}.

For K € T, Ek is the set of edges of K and mg := A\o(K).

For K € T, ng denotes the unit normal vector to K outward to K and for o € &,
we denote the unit vector on the edge o pointing out of K by ng .

Let K, L € T be two neighbouring control volumes. For 0 = K|L € &, let m, be
the length of o and dg/. the distance between xx and xp.

For 0 = K|L € &y, the diamond D, (see Fig. 2) is the open quadrangle whose
diagonals are the_edge o ar£ the segment [k, xr]. For 0 € Ex N Ek, we define
D, := K. Then, A = J,.¢ Do

mp, := X2(D,) is the two-dimensional Lebesgue measure of the diamond D,. Note
modK|L

that for o € &y, we have mp, = 5

Using these notations, we introduce a positive number

reg(7) = max <N, max M) (2.1)

K1 d(xg,0)

6



Figure 2: Notations on a diamond cell D, for o € &

(where A is the maximum of edges incident to any vertex) that measures the regularity of
a given mesh and is useful to perform the convergence analysis of finite-volume schemes.
This number should be uniformly bounded by a constant not depending on the mesh size
h for the convergence results to hold. We have in particular VK, L € T,

%w <reg(T). (22)

2.2 Discrete unknowns and piecewise constant functions

From now on and unless otherwise specified, we consider N € N*, At = % and 7 an

admissible finite-volume mesh of A in the sense of Definition 2.1 with a mesh size h.
For n € {0,...,N — 1} given, the idea of a finite-volume scheme for the approximation
of Problem (1.1) is to associate to each control volume K € 7T and time ¢, a discrete
unknown value denoted by u7 € R, expected to be an approximation of u(t,, ), where
u is the variational solution of (1.1). Before presenting the numerical scheme satisfied by
the discrete unknowns {u}%, K € T,n € {0,..., N — 1}}, let us introduce some general
notations.

For any arbitrary vector (w)ger € R% we can define the piecewise constant function
wp A — R by
wp (x) == Z wilg(z), Vo € A.
KeT
Note that since the mesh 7 is fixed, by the continuous mapping defined from R% to L?(A)
by
(Wi )rer = Z I gw,
KeT

the space R% can be considered as a finite-dimensional subspace of L?(A) and we may
naturally identify the function and the vector

wyl = (W) ger € R™.



Then, knowing for all n € {0,..., N} the function w}!, we can define the following piece-

wise constant functions in time and space wj, y, w}, y : [0,T] x A — R by

N-1
wZ,N(ta ZL‘) = wZH(x)]l[tn,th)(t) lft € [Oa T) and wZ,N(Tv :L') = w}]zv(x)v

n=0

N (2.3)
wZ’N(t,m) = wy ()1, 4, (t) if t € (0,7] and wﬁl’N(O,x) = w)(x).

Il
=)

n

Remark 2.2. The superscripts r and [ in (2.3) do not refer to the continuity properties of
the associated functions (which may be chosen either cadlag or caglad). The difference
is that in our case, the finite-volume approximation uﬁl ~ Will be adapted to the filtration
(Fi)i=0, whereas uj n won'’t be.

As for the piecewise constant function in space, since 7 and N are fixed, by the continuous
mapping defined from R%*¥ to L2(0,T; L*(A)) by

(W)  wer = > Al wk,
ne{0,...,N—1} KeT
ne{0,...,N—1}

the space R%*N can be considered as a finite-dimensional subspace of L*(0, T; L?(A)) and
we may naturally identify

l — n dp XN
wy, Ny = (W)  ker e RN
ne{0,...,N—1}

Wy = (Wi ger € RWN,
ne{0,...,N—1}
Remark 2.3. Note that in the rest of the paper, when we will consider a time and space
function a : [0,7] x A — R on all the space A (respectively the time interval [0,7]) at
a fixed time t € [0,7] (respectively at a fixed x € A) we will omit the space (respec-
tively time) variable in the notations and write «(t) (respectively a(x)) instead of «a(t,-)
(respectively a(-, z)).

2.3 Discrete norms and discrete gradient

Fixn € {0, ..., N—1} and consider for the remainder of this subsection an arbitrary vector
(W) ket € R% and use its natural identification with the piecewise constant function in
space wy = (w)ger. We introduce in what follows the notions of discrete gradient and
discrete norms for such a function wy.

Definition 2.4 (Discrete L?>-norm). We define the L*-norm of w € R% as follows

1
2
[lwpllz2) = (Z mxlw%z) :

KeT
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Definition 2.5 (Discrete gradient). We define the gradient operator V" that maps scalar
fields wi € R into vector fields of (R?)r (where ey, is the number of edges in the mesh
T ), we set V' = (Viwl),ee with
W — Wk
. 2———=
Vowy, == dk|L
07 ng € 5ext'

Ngy, fo=K|L€E &Euy;

We remark that V"w! is considered as a piecewise constant function, which is constant

on the diamond D,.

Definition 2.6 (Discrete H'-seminorm). We define the H'-seminorm of wy € R as
follows

1
2

m
wplia = Y ~|wi —wi*

d
o=K|Le&n < KIL

Remark 2.7. Note that in particular,

m
h, n2 _ h n|2 __ o n ni2 __ n|2
1A whH(L2(A))2 = E mp,|Vewy|® =2 E d lwg —wi | = 2’wh|1,h
€&t oc=K|LEEint K|
where the constant 2 corresponds to the space dimension 2.

Remark 2.8. If we consider another arbitrary vector w} = (0% )xer € R%, by summing
over the edges we may rearrange the sum on the left-hand side and get the following rule
of "discrete partial integration"

S Y P —wpag =Y (- w) (@ — @) (24)

d d
KeT o=K|Le€xnEm K IF o=K|Le&m, HKIL

Now, we have all the necessary definitions and notations to present the finite-volume
scheme studied in this paper. This is the aim of the next subsection.

2.4 The finite-volume scheme

Firstly, we define the vector u) = (u%)xer € R% by the discretization of the initial

condition wuy of Problem (1.1) over each control volume:
0 1

Upe = —/ up(z)dx, VK €T. (2.5)
MK Jk

The finite-volume scheme we propose reads, for this given initial Fy-measurable random
vector uf) € R% as follows:

For any n € {0,...,N — 1}, knowing u?! = (u}%)xer € R¥% we search for uj™ =



(Wit ker € R% such that, for almost every w € €, the vector uZ“ is a solution to
the following random equations
mg m,
VA S SRS S o S S sl () A
At dk|L
TEEmNER o=K|LEEmNEK (2.6)
mK

= AL (W)W — W™ + mBuptt), VK eT,

where, the (d — 1)-dimensional Lebesgue measure is denoted by -,

tn
vl = ! / h /V(t,x) ng,, dy(z)dt,
7 Atm, - ’

and u”! denotes the upstream value at time ¢, with respect to o defined as follows: if
o € Emy N Ek is the interface between the control volumes K and L (i.e. o = K|L), u*™!
is equal to uf! if vt > 0 and to uj ! if vj} < 0. Note also that W™ — W™ denotes
the increments of the Brownlan motion between tne1 and t,:

W - W = W(t,1) — W(t,) forn € {0,..., N —1}.

Remark 2.9. Note that using the divergence-free property of v (i.e. div,(v(t,z)) = 0 for
all (t,z) € [0,T] x A), the scheme (2.6) can be rewritten in the following way:

N ORI SR A A EEND SRS el (7 S A
o€&nNEKR O':K|L651ntﬂ5K K|L
= orgluge) (W = W)+ mycBlugt), VK €T (2.7)
Indeed,

7“L+1 tn+1
Z meuptuitt = / / (t,2)  ng, dy(z)dt

O'Ggint ﬂg}( O'Egmt ﬂgK

7‘L+1 tnt+1
= / / (t,z) - ng(x)dy(x)dt
oK
n+1 tn+1
= / /dlvx (t,z))dxdt

Note that using (2.7) and the fact that* vt} = (U?(+(71)+ (v’}fl) , another equivalent
formulation of the scheme (2.6) is given for any K € T by

mK n n n n n
N (i = u) + Z Mg (Vi)™ (uf™ —up™)
o=K|LE&nNEK (2 8)
ma’ n n mK n n n n .
+ > y T (W — ity = NS (W — W)+ me Bul™).
o=K|LeEmnEx KL

*For any a € R, a* = max(a,0) and ¢~ = — min(a, 0).
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Proposition 2.10 (Existence of a discrete solution). Assume that hypotheses <, to <,
hold. Let T be an admissible finite-volume mesh of A in the sense of Definition 2.1 with
a mesh size h and N € N*. Then, there exists a unique solution (u})i<,<n € (R%)N to
Problem (2.6) associated with the initial vector ul) defined by (2.5). Additionally, for any
ne€{0,...,N}, u} is a F, -measurable random vector.

The solution (u})i<p<ny € (R¥%)N of the scheme (2.5)-(2.6) is then used to build the right
and left finite-volume approximations uj, y and uj, y defined by (2.3) for the variational
solution u of Problem (1.1).

Proof. We refer to the preprint [9] exclusively dedicated to the proof of such an existence
and uniqueness result. O

3 Stability estimates

We will derive in this section several stability estimates satisfied by the discrete solution
(uM)1<nen € (R¥*)N of the scheme (2.5)-(2.6) given by Proposition 2.10, and also by the
associated right and left finite-volume approximations (uj, y)nn and (uj, 5)nn defined by
(2.3). We start by giving a bound on the discrete initial data.

Lemma 3.1. Let ug be a given function satisfying assumption <. Then, the associated
discrete initial data uf € R defined by (2.5) satisfies P-a.s. in Q,

lupllrzay < lluollzza)-

The proof is a direct consequence of the definition of u9 and the Cauchy-Schwarz inequal-
ity.

Now, we can give the bounds on the discrete solutions which is one of the key points of
the proof of the convergence theorem.

Proposition 3.2 (Bounds on the discrete solutions). There exists a constant Koy > 0,
depending only on ug, Cr,, Lg, |A| and T such that for any N € N* large enough and any
h € R%

n—1
+8AtY E[[uft'f;,] < Ko, Vn e {1,...,N}.
k=0

E ll6 22| + 2E

n—1
Z ||“§Jrl - “ZHQL?(A)
k=0

Proof. Set N € N*, h € RY and fix n € {1,...,N}. For any k € {0,...,n — 1},

we multiply the numerical scheme (2.8) with u];;rl, take the expectation, and sum over

11



K € T to obtain thanks to (2.4)

Z AtE [( k+1 _ullc()ul};{—&—l] + Z dma [|uk+1 U,Z+1|2}

KeT o=K|LeEm KIL

+ Z Z - (UI;{+;> E [( 1;(+1 u’zﬂ)u’;(“] (3.1)

KeT o=K|LEEmNEK

= > TR gl )ul (W= W) 4 3 micE [Bluf ]
KET KeT

We consider the terms of (3.1) separately. Firstly note that

mg 1 mg
> A L [(ui = wi)up] = 3 > A (lu [P = e+ i —uie?] . (3.2)
KeT KeT

. . . 2 a? . k k
Secondly, using the inequality Va,b € R, b(b —a) > 5T with b = ut! and a = u§™,

one arrives at
k+1 ) 2 (uk+1 ) 2

k41 k1), k< (UK L
() —Uu U > —
( K L ) K =75 9
Note that vﬁf = —vl;;“ 017 thus using the divergence-free property of v one gets

S5k (U 6

KeT o=K|Le&iniNEK

k+1)2

Y Y map Y
KeT oe&nnNéx

k+1 tn41
— (t o d dt
> oy WS [vea e awa
KETJESIMF‘ISK

k+l tn+1

—Z 2At / /dlvw (t,z))dzdt
:07

and this leads to

Z Z My (v];;;l) E[(ui" —uiupt'] > 0. (3.3)

KeT o=K|Le&niNER

Thirdly, since u}; and (W**! — W*) are independent one obtains

Z MK g [g(ulf()ul}( (VVI‘;Jrl — Wk)] =0,
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and so by applying Young’s inequality and using the [t6 isometry one arrives at

> IR [glululdt (W - )]

At
KeT
= > B[l (i — uf) (W W]
KeT
m 1 m (3.4)
< Z AI; [|g( )(WkJrl Wk) |2} + 1 Z AI; UukJrl _ulfc(‘Q}
KeT KeT
mK 1
<8 37 B (oF] + 3 32 B (! — k.
KeT
Fourthly, using the Lipschitz property of 3, the following holds
Z miE [Buid ] < Ly Z miE [Juf?] . (3.5)

KeT KeT

Combining (3.2)-(3.3)-(3.4) and (3.5) and multiplying the obtained inequality with 2At,
one gets

ZmKE |uk+1 |uK|2—|—|uk+1 1;(|2] +2At Z Mme E[u?l ulz—i—l ]

KeT o= K|Leg, VKL
< 2At Z miE [|g(u Z miE [|uf™ — ufe|?] +2AtLg Z miE [Juf?] .
KeT KeT KeT
Then, from (1.2)
(1= 2AtLg) > mgE [Juf* — [uf]?] Z myE [Juf? — uf?]
KeT 2 e
+oAt > o [Jubt — ubT2] < 205, AtA] 4+ 2A4(C, + L) ) > mgE [(uf)?]
o=K|Le€; KL KeT
For At small enough so that 1 —2AtLgz > 7, after summing over k € {0,. — 1}, one
arrives at
n—1
1 n
7E [lillE2a) — i 22| + ZE [l = k22| + 2043 E [ fa]
- - (3.6)
<20y, TIA| + 2AKCy, + Lg) > B [||u;j||iQ(A)} .
k=0
Then, it follows that
n—1
E 163220 | < B [I165 1320 | + 8C1, IAIT + 8AC, + Lg) DB [Jluf 3|
k=0
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Applying the discrete Gronwall lemma yields

Elup 32| < (B |68 3200 | +8Cr, [AIT) T Croths), (3.7)
From (3.7) and Lemma 3.1 we may conclude that there exists a constant T > 0 such that
swp [l | < T (3.8)

ne{l,...,N}

Thanks to (3.8) and (1.2) one gets that for all n € {1,... N}

n—1 n—1
AL (gl o] < Cr, AT+ Co, At STE [[ul 22| < C1TOC+1A]. (39)
k=0 k=0

From (3.6), Lemma 3.1 and (3.8) it now follows that for all n € {1,..., N}

n—1 n—1

B [ 2a)| +2 DB [t — ufliZaqn)| +80¢ SB[k,
k=0 k=0

< [Jluol32(x)| +8C1, TIA| +8YT(Cr, + Ly)

[]

We are now interested in the bounds on the right and left finite-volume approximations
defined by (2.3).

Lemma 3.3. The sequences (uj, y)nn and (uj, y)nn are bounded in L*(2; L*(0, T; L*(A)))
independently of the discretization parameters N € N* and h € RY. Additionally,
(uh, y)nv is bounded in L3, (€2 x (0,T); L*(A)).

Proof. The boundedness of the sequences in L*(€; L?(0,T; L*(A))) is a direct consequence
of Proposition 3.2. The predictability of (uj, 5)ny with values in L?(A) is a consequence of
the F;, -measurability of u}. for alln € {0,..., N} and all K € T. Indeed, by construction,
(uﬁl N~ N is then an elementary process adapted to the filtration (F;);>o and so it is
predictable. O

Thanks to Proposition 3.2 we can also obtain a L?(Q; L?(0,T; L?*(A)))-bound on the dis-
crete gradients of the finite-volume approximations.

Lemma 3.4. There exist a constant K; > 0 depending only on uy, Cr,, Lg, |A|, and
T,and a constant Ky > 0 additionally depending on the mesh regularity reg(T) (defined
by (2.1)), such that

T
| Elua ) dr < 7 (5.10)
0

and
T
/0 E “Uth(t)ﬁh} dt < K. (3.11)
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Proof. Firstly, note that

T
/0 E [|UZN<t)|ih] dt = At Z Uuk—s—l %h]

k=0

and therefore (3.10) follows directly from Proposition 3.2. Secondly, using the definition
of uj, v and (3.10), we get

N-1

T
/0 Uuh v h] dt < AtE Uuh‘lh + AtZE ’ukﬂh h] < AtE [|U?L|%h] + K.
k=0

Since g is assumed to be in L*(Q; HY(A)), from [21, Lemma 9.4], it follows that there
exists Cy > 0 depending on the mesh regularity reg(7) such that

E [}l ,] < CAE ||| Vuoll32qa)]
and therefore (3.11) follows. O
Lemma 3.5. The sequences (Q(UZ,N))h,N; (g(uﬁl’N))h,N, (5(u27N))h7N, and (B(ULN))h,N
are bounded in L?(2; L?(0,T; L*(A))) independently of the discretization parameters N €
N* and h € R?, .

Proof. Tt is a direct consequence of the boundedness of the sequences (uj, y)nn and
(uf x)ny 0 L2(Q; L*(0, T; L*(A))) given by Lemma 3.3 and of the Lipschitz nature of
g and (3. O

Lemma 3.6. There exists a constant K3 > 0 depending only on ug, Ly, Lg, |A|, and T,
and a constant Ky > 0 additionally depending on the mesh regularity reg(T) (defined by
(2.1)), such that

/0 E [lg(uf, v ()2,4] dt < K (3.12)

and

| Elotud o)) de < Ko (3.13)

Proof. After noticing that:

E |UhN |1h] dt

/0 E [lg(u) x(0)2,] dt - <

T
a“d/o E [Jg(u n ()] dt < B [Juj, v (1)[3 0] dt,

the result is immediate thanks to Lemma 3.4. ]
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4 Convergence of the finite-volume scheme

Now, we have all the necessary material to pass to the limit in the numerical scheme.

In the sequel, let (7,,)men be a sequence of admissible meshes of A in the sense of Definition
2.1 such that the mesh size h,, tends to 0 when m tends to +o00 and let (N,,)men C N
be a sequence with lim,, ., ., N,, = 400, and At,, := Nlm

For the sake of simplicity, for m € N, we shall use the notations 7 = T,,, h = size(T,,),
At = At,,, and N = N,,, when the m-dependency is not useful for the understanding of
the reader.

4.1 Weak convergence of finite-volume approximations

Firstly, thanks to the bounds on the discrete solutions, we obtain the following weak
convergences.

Proposition 4.1. There exist not relabeled subsequences of (uj, x)m and of (uj, x)m re-
spectively and a process u € L*(Q; L*(0,T; HY(A))) N L3, (2 x (0,T); L*(A)) such that

up, v — u and up y — u weakly in L*(€; L*(0,T; L*(A))) as m — +oo.

Proof. From Lemma 3.3 it follows that the sequences (uj y)m, (1} x)m respectively are
bounded in L?(Q; L*(0,T; L?(A))), thus, up to a not relabeled subsequence, they are
weakly convergent in L*(Q; L*(0,T; L*(A))) towards possibly distinct elements u, @ re-
spectively. Moreover, from Lemma 3.4 and Remark 2.7, it follows that

IV uj, 517200020020y < 2K

Consequently, there exists x € L?(Q; L?(0,T; L?(A))) such that, passing to a not relabeled
subsequence if necessary, V"uj y — x weakly in L*(€; L*(0,T; L*(A))) for m — +oo.
With similar arguments as in [20, Lemma 2| and [21, Theorem 14.3] we get the additional
regularity u € L?(Q; L(0,T; H'(A))) and x = Vu. Since, by Proposition 3.2,

E HUZN - uiz,N”%?(O,T;LQ(A))] = AtE

N-—1
>t - uzuim] < KyAt, (4.1)
n=0

it follows that (uj, y — u}, y)m converges strongly to 0 in L*(Q; L*(0,T; L*(A))) for m —
~+00, hence also weakly and therefore u = u. Note that the predictability property of u
with values in L?(A) is inherited from (u}, ) at the limit. O

Lemma 4.2. There exist not relabeled subsequences of (g(uy x))m and (g(uf, x))m, and a
process g, in L*(; L*(0,T; HY(A))) N L3, (2 x (0,T); H(A)) such that

9(uh ) = gu and g(uj, ) — gu weakly in L*(Q; L*(0,T; L*(A))) as m — +o0.
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Proof. The existence of a common weak limit g, in L*(Q; L?(0,T; L*(A))) is a direct
consequence of the boundedness results on (g(u}, x))m and (g(uj, y))m in the same space

stated in Lemma 3.5, the Lipschitz property of g and Inequality (4.1). Moreover, from
Lemma 3.6 and Remark 2.7, it follows that

thg(ulh,N)H%Q(Q;LQ(O,T;LQ(A))) < 2Ks.
Consequently, there exists x € L?(Q; L*(0,T; L?*(A))) such that, passing to a not relabeled
subsequence if necessary, V"g(uj, y) — X weakly in L*(Q; L*(0,T; L*(A))) as m — 4o0.
With similar arguments as in [20, Lemma 2| and |21, Theorem 14.3] we get the additional
regularity g, € L*(Q; L*(0,T; H'(A))) and Y = Vg,. Note that the predictability property
of g, with values in H'(A) is inherited from (g(uj, y))m at the limit. O

Remark 4.3. Note that the information g, € L3, (€ x (0,7T'); H'(A)) will be one of the
keys points in the proof of Proposition 4.5 below.

Lemma 4.4. There exist not relabeled subsequences of (8(uj, x))m and (B(u), x))m » and
a process 3, in L*(Q; L*(0,T; L*(A\))) such that

B(UZN) — B, and 6(u§LN) — By weakly in L*(9; L*(0,T; L*(A))) as m — +oo.
Proof. The weak convergence in L*(€; L*(0,T; L*(A))) of the sequences (8(uj, x))m and
(8 (uﬁl ~))m is a direct consequence of their boundedness properties in such a space stated

in Lemma 3.5. The fact that the weak limit /3, is common is due to Inequality (4.1) and
again the Lipschitz property of 5. ]

Proposition 4.5. The weak limit u of our finite-volume scheme (2.5)-(2.6) introduced

in Proposition 4.1 has P-a.s. continuous paths with values in L?*(A) and satisfies for all
t 0,77,

u(®) :u0+/0t Aufs) ds—/otdivz (V(s,~)u(3))d8+/0tgu(s) dW(s)Jr/OtBu(s) ds

in L*(A) and P-a.s. in S0, where g, and 3, respectively are given by Lemmas 4.2 and 4.J.
Proof. Let A € A, £ € 2(R) with £(T) = 0 and ¢ € Z2(R?) with Vg -n = 0 on 9A,
where we denote Z(D) := €>°(D) for any open subset D C Rd d € N. We introduce the

discrete function ¢, : A — R defined by ¢y, (z Z 1x(x)p(rk) for any x € A.

KeT
For K€ T,ne{0,...,N—1} and t € [t,,t,+1) we multiply (2.7) with 14£(¢)p(zk) to

obtain

Lag(t) T (i = i = 9w (W = W) ) plarw)
1) YD (! = upp(ax)
o=K|LemnEr KIE

+ 1a&(¢) Z Moty (ug ™ — ) o(zr)

O'Gé‘mt ﬂé‘K

=14E()mu Buf ) p(rk).
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Firstly, we sum (4.2) over each control volume K € T, we integrate over each time interval

[tn, tni1], then we sum over n =0, ...,

N —1, and finally we take the expectation to obtain

Sl,m + SZ,m + SS,m + S4,m = S5,m (43)
where
N-1 tn41 un+1 —u"
_ K K
Sim = E | /t > Lag(tymux—H——* so(w)dt]
n=0 "Vl  KeT
-1 tn+1 Wn+1 wn
Som = —E|> / > Lag(tymug(uf)— (xK)dt]
n=0 7 tn KeT
-N 1 trt1 m
S = E|Y [N 3 P - el de
| n=0/tn KeT o=K|Le€mnErx KL
[N-1 tn+1
Sim = E / doalt) Y movp(uptt —upt ) p(ak) di
L n=0 tn KeT UegmtmgK
N 1 tnt1
Ssm = E / > LadtymiBui ) p(ax) dt | -
tn KeT

Let us study separately the limit as m goes to 400 of S1.m, S2.m; S3.m, Sam and Ss .

e Study of S1,,: By using Proposition 4.1 and a discrete integration by parts formula,
one shows that up to a subsequence denoted in the same way

&m___>E[M/“/ (1, 2)¢
m——+00

)dmdt} E [nA /A wuo(2)E(0)p () dz | .

Indeed, if we consider the following discrete integration by parts formula

Z b, — b

n=1

applied to a,, = u}% and b,

n=1 K&T

= E 1AX_:ZU"K(§(75

n=1 KeT

= —E

KeT

T4 Z ug£(0 / x) dx

N-1

n— 1 —aNbN_a()bO_Zb Cln+1 )

n=0

= £(t,), one has since £(T) = 0

el [ [ e

= E ]IANX_:IZ/t:nH/Ku?(g’(t—At)go(a:)d:cdt]

aanoxéw@m4

— At)p(x) dz dt}

B lL Y S (! — e tta) |

KeT n=0 K

o(x) dm] :
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Firstly, thanks to the weak convergence of (uj, )m towards u in L?(€; L*(0,T; L*(A)))
given by Proposition 4.1, one gets

E [nA /A j /A (6, D)E(E — At)p(a) dxdt] __E [11,4 /0 ' /A u(t, )€ (Do (@) dmdt}

m—+400

Secondly, we have

B Ly Y é(0) [ plo)ds

- LYo/ <uK—uo<x>>so<x>dx]
L KeT
= E[uXeo /K (miK /K uo<y>—uo<x>dy) w(w)dw]

< lEllsolll oo E:

> [ (g [t —wtian) dm] ,

and since ug belongs particularly to L'(Q; L'(A)), this last term tends to 0 as m goes to
+o0o thank’s to Lebesgue’s dominated convergence theorem.

e Study of S5 ,,: Thanks to Lemma 4.2 and the properties of the stochastic integral, one
shows that, up to a subsequence denoted in the same way,

Som ——— E [nA /O ' /A /0 " guls.) AW ()€ (D o(x) dxdt].

m—r—+00

To do so, we introduce the following terms

Sym = —E

Z_ > mucag(tn)g(uf) (W — Wn)90<xK)]

n=0 KeT

Sm = B[ [ | T&(t)g(uw,x))dW(t)so(mdx]

and decompose Sy, as

SQ,m - (SQ,m - gQ,m) + (52,m - S2,m) -+ g?,m

and study separately each term of this decomposition.
Firstly, we have by applying successively Cauchy-Schwarz inequality on 2 and then on
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the sum over n € {0,.., N — 1} and K € T

’52 m 52 m’Q
2
tn1 Wn+1 Wn
= / > micda(€) = &(t))guie) ——x (k) dt]
tn  KeT
Wn+1 Wn

La(§() = €(tn) g (ufe)———(ex)

( )

tn+1
> / 3
tn

< E 2 el (ZAthKEUﬂAg (W - W“)!])
< eIl (N 12Ath E[L4]) 5x{E[g%u}z)(W”“—W”)z}}é)
< €N (Z ) Atmx) (Z > AtmiE|g?(ufe) (W W"ﬂ)

n=0 KeT

< IEIRIETIAIY 3 Atmgk[s (g2 (up)] X B[ (W = wn)’]

n=0 KeT
< At||§/||§o||%0||§<>|A|TCLQ(1 + ||ulh,N||%2(Q;L2(0,T;L2(A))))7

which tends to 0 as m goes to +o0.
Secondly, we start by rewriting S ., — S, in the following manner

—(Som — Som) = ]lAZZmK/ g(uf) dW (t)p(z )]
n=0 KeT )
—E ]lA Z Z mK/nH dW(t)gO(CL’K)
L n=0 KeT . (4.4)
‘B nAZZmK/"“ ) AW (£ ()
n=0 KeT J
=1 / E(1) (0 (8, 2)) W (1) p() x|

Our aim is to analyse the difference between the two first terms (the two last terms,
respectively) on the right hand side of (4.4). To do so, we involve the discrete function ¢,
introduced at the beginning of the proof. Using successively Cauchy-Schwarz inequality
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on 2 x A and It6 isometry, one gets since P(A) <1

LSS me / et — ) () dW(tw(a:K)] '
n=0 KeT tn
3 E[m / / (5<tn>—f<t>>g<uz,N<t,x>>¢h<x>dW(t)dax}
< VA 2(1@ / { / (g(m)—a<t>)g<uz,N<t,x>>soh<x>dW(t)} d])

=

VA Z( [ e (t))ng,N(t,x»wh(x)}zdtdx])
< VAN lnliPllL, ZAt<sup e|f ruhNthde

t€[0,T]

which tends to 0 thanks to the bound given by Proposition 3.2. Let us now study the
difference between the two last terms of the right hand side of (4.4). Using again Cauchy-
Schwarz inequality on 2 x A and Itd isometry, one arrives at

2

sl (gl (1 2)) () — ) AW (1) i

/] (gl (1)) (on(x) — () dw<t>}2 dx]
= e[ [ [ (0ot a0 ole) — o) dtte]
< wlerivele| [ [ e it 2)) e .

< Al xXE

which tends to 0 as m goes to +oo thanks to the control on E [fA fOT |uf, v (t, ) [* di dx]
given by Lemma 3.3. Finally, one can affirm that S’Qm — ggm — 0.

Thirdly, we show that the following convergence result holds:

m——+00

Sm B[ [ /0T5<s>gu<s,x>dw<s>so<x>dx].

To do so, recall that, thanks to 1t6 isometry, the linear application
Ir: L% (Q x (0,T); L*(A)) — L*(Q; L*(A)) defined by

T
IT:X>—>/ X(w,t,2)dW (1)
0
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is continuous. Set (X )m = (9(u}, 5)&)m, then thanks to Lemma 4.2, up to a subsequence
denoted in the same way, (X,,),, converges weakly towards g,& in L3, (2 x (0,7); L*(A))
and so since ol 4 € L?(Q; L?(A)) one gets

Som = / / Ir(X V() 1a(w) d dP(w)
P //IT ué) (w, x)p(z)1 4 (w) dz dP(w)

- =l / E(6)on(5,2) W (3)o() |

Finally, thanks to It6 formula (see [11| Theorem 4.17 p.105) we may apply a rule of
stochastic integration by parts to conclude

s/ ()9 (s, ) AW (3)(2) w|-luf [ ' / uls,2) AW ()€ (1)) i o

e Study of S5 ,,: Following the arguments we developed in [%] (proof of Proposition 4.16),
one shows that

m——+00

S —— E[]IA/ /g )Ap(a tx)dxdt]

Indeed, thanks to a discrete integration by part formula, Ss ., can be written as

) Z /t"“m ST D S RN

d
KeT o=K|LEEmNEK K|L

Then, since Vi - n = 0 on JA, thanks to the Green-Ostrogradski Theorem one has,

/KAgo(x) dx = . Vo(z)-n Z /VSD ‘N, dy(z).

UGSlm mSK

Thus, we have

. /tfwm WY (At

KeT o=K|LEEmNER AL
tnt1
/ 1 4£(¢) utt /A(p dm—z /Vgp ‘N dy(x) | dit
tn KeT oEEMNER
-k [ [ 1) [ nt0ieto) ]
0 A
tni1
+E Z/ 1AE(2) me(uitt —utt YR dt | |
tn

o= K|L€€mt
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with

R? = € / Vo(z) - ng,dy(z) — Plon) = SD(ZEK).

Mg dK|L

Using Proposition 4.1 and up to a subsequence denoted in the same way, one gets

“E { / / Lag(t)uf, n (1, 2) Al )dmdt} —— —E { /0 ' /A Lag()ul(t, 2)Ap(x) d dt | .

Note that one is able to control the deterministic rest R since for any 0 = K|L € &y, the
orthogonality condition implies z;, — rx = dg| Nk, thus thanks to the Taylor formula
there exists a constant C, > 0 only depending on ¢ such that for any o € &, one has

|RZ| < CLh.
Therefore, thanks to the Cauchy-Schwarz inequality and Lemma 3.4, one finally obtains

(2}
Z/ 1 4&(1) Mg (uptt — ui ) RE dt

o= K|L€8mt

NI

n+l n+1 |2

dt

< C,hE Z/Wh\f > medgp > L

d
o= K|LEEm: o=K|LEEm K|L

T
< VEC, AP HE { [ L v 0 dt]

T 3
< W20, |A |2 |ELallr20x 0.1 (E [/ [uh,n ()13 dt}) — 0.
0

m——+00

e Study of S, ,,: Adapting to the stochastic case arguments exposed in [21| p.774-776 in
the deterministic and elliptic case, one shows that

m——+00

Sym —— —F [nA / : /A (v(t, 2)u(t, z)) - Vo(@)E () dmdt].

To do so, we decompose the term

Z/thL@ Z Z mgv?;ral Z“—u’}(“)‘ﬂ(xK)dt]

KeT UEEmtOEK

in the following manner: Sy, = Sy, — 5’4,m + 54,m — §4,m + S'47m where

tntl tnt1
Z / Leny. Y-t g [ v<s,x>-nK,gso@:)dm)dsdt]

KGTGEEIM mgK

Sym = —E [IA/O /Aﬁ(t)uz,N(t,x) div, (v(t,z)e(z)) dxdt] .
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Firstly, one shows that Sy, — S| tends to 0 as m goes to +oc. Indeed, by noticing
that

< WVl Vel

‘m:m / [ V5.2 mica (o) = (o) o)

one obtains

tn+1
|S4,m_§47m| _ ‘ Z/ + Lt Z Z ma utt - 7;(+1)

KeT c€&nNEr

xma ~ /tt+ /U V(s 2) -t (o) — o(2)) dy(z) ds dtH

N-1
V1ol VellolElloch D > > AtmoE [ug™ —uit]]

<
a n=0 KeT o€&inNEk

N-1 2
< AVl IVollsollélloch | D > Atmgd

n=0 o=K|LEE

2
[n+1 u7£+1|2:|
n=0 o—K|LEEm; K|L
T 3

< AVl 2T [ 2 ia O] )

Secondly, one shows that |§47m S4m| tends to 0 as m goes to +o0o. Indeed, for any
o = K|L € &y, since ng, = —ny, then v’};“al = —vZT,l and so one remarks that Sy ,,, can

be rewritten as

Z/tn+1]1f‘5 HY. Z“W—t/t:nﬂ/a v(s,7) - g p(z) dy(T) dsdt] :

KeT oe&nnNéx

S4,m =

In this way, using the divergence-free property of v, one gets

B tna1 tn+1
Sam = —E Z/ 1 4£(t) ?{HAt/ /aKv s,x) - ng(r)p(r) dw(:l:)dsdt]
KeT
tna1 tn+1
= —FE Z/ 14&(2) 7;{-*-1 A / dlvgC v(s, ) (:B)) drdsdt
KET K
tn+1 1 tnt1
- -E Z/ 1 4&(t) ?(HAt/ v(s,z) - V(r)drdsdt| .
KeT K
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In the same manner, we write Sy, as

Sum = —E [nA /0 ' /A £t (1 2)v(t 7) - V(o) da:dt}

and then
5V4m - g4m’
tn+1 1 tn+1
= |E |14 Z Z u”“/ /K {v(t,a:)-Vgo(x) — Kt/t v(s,z) -Vip(x) ds}dxdt
L n=0 KeT n
tne1 1 tn+1
= |E |14 Z Z u”“/ &(t) /K A_t/t {V(t,x) - v(s,:v)} -Vo(x)dsdx dt]
L n=0 KeT tn "
< AtfE]loo|0v oIV ool [, w2022 0. 7:2200) VT IA] ———= 0.

m——+00

Thirdly, owing to the weak convergence of (uj y)m towards u in L*(€; L*(0,T; L*(A)))
given by Proposition 4.1, one gets directly that

Spm = -E :nA /0 ' /A up (@) div, (V(E 2)e(2))E(t) dxdt]
. R :]1A /0 ' /A u(t, ) div, (v(t, 2)p(@) )E(H) dxdt]

— -E :]1,4 /OT/A(V(t,x)u(t,x)) - V(x)E(t) d:pdt}

e Study of S5 ,,: Thanks to Lemma 4.4, one shows that

S5m—>E[1LA/ /Butx )dxdt]

m—r+00

Indeed, let us remark that Ss,, can be decomposed as S, = Ss.m — S5.m + S5.m Where

S5m_E{]lA/ /5 (uh 3 )dxdt]mla[m/ /6utx )dxdt]

and
N-1 -
‘SS,m - S5,m| - ]E ]lA Z Z / / é‘ n+1 (xK) o 90(33)) dl’dt]
n=0 Ke7 v tn
< h||§Hoo||v¢||ooLB||uh,N|’Ll(Q;Ll(o,T;Ll(A))) — 0.

m——+00

25




Gathering all the previous convergence results, we pass to the limit in (4.3) to get that IP-
a.s. inQ, forall¢ € {¢p € Z(R) : ¢(T) =0} and all p € {¢ € Z(R?) : Vih-n =0 on IA},

-] ! [ (e~ | s, 2) AW (s) ) € @)eta) dode ~ | w@)eO)p(o)ds

A

- /0 ' /A (v(t, 2)ult, 2)) - Vip(w)é(t) de dt (4.5)
_ /O ! /A ult, 2) Ap(x)E(t) da dt + /0 ' /A Bu(t, 2)p(2)E(t) da di

which can be rewritten as

-] ! [ (e~ | s, ) AV (s) ) € 0)eta) dode — | w@)e(O)p(o)ds

A

w [ v (et n) et dea "
:_/0 /AVU(t,x)-VSD(:E)f(t) da:dt+/0 /Aﬁu(t,x)go(x)f(t) dz dt,

since v(t,z) -n(z) = 0 and Vo(z)-n(z) = 0 for any (¢,z) € [0,T] x OA. By [19, Theorem
1.1] the set {¢p € 2(R?) | Vio-n = 0 on OA} is dense in H'(A) and therefore (4.6) applies
to all ¢ € H'(A). In the following, we denote the dual space of H'(A) by H'(A)*. Recall
that we have the following continuous and dense embeddings

HY(A) — L*(A) — H'(A)*.

Let us denote the H'(A)-H'(A)* duality bracket by (-,-) and the L?(A) scalar product by
(-,-). From Proposition 4.1, we know that the weak limit u belongs to L*(Q; L*(0, T; H*(A)))
and thus it follows that

Au € L? (Q; L*0,T; H' (A)*))

which yields

—/0 /AVu(t,x)-V(p(m){(t) d:zcdt:/o (Au(t,-), )&(t) dt (4.7)

P-as. in Q, forall € {¢ € Z(R) : ¢(T) =0} and all ¢ € H'(A). Combining (4.6) with
(4.7) and with the identity

- /A up(2)p(2)€(0) dv = /O ' /A uo(z)p(2)€'(t) da dt (4.8)

(see, [30, Lemma 7.3|), from Fubini’s theorem it follows that

(= [ (w0 - [ aus)aw(s) — o) ettt

= </0T (Au(t) — div, (v(t,-)u(t)) + 5u(t)>§(t) dt, 90> ;
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P-as. in Q, forall { € {¢p € Z(R) : ¢(T) =0} and all p € H'(A). Therefore

- /0 T(u(t) - /0 ' gu(s) W (s) — u0> €(t) dt = /0 T(Au(t)—divx (vt -Ju(t)+Bu(1) ) (1)

in H'(A)*, for all £ € {¢ € Z(R) : ¢(T) = 0}, P-as. in Q since, by a separability
argument, the exceptional set in {2 may be chosen independently of ¢. Consequently,
(see, e.g. |12, Proposition A6|)

(U —/ Gu dW — Uo) € WH2(0,T; H'(A)*) P-as. in Q
0

and so

% (u(t) - /0 gu(s) dW (s) — u0> = Au — div,(vu) + B, in L*(Q; L*(0,T; H*(A)*). (4.9)

Since g, € L%T (Q x (0,7); Hl(A)), it follows thanks to the properties of the stochastic
integral that (see [11] Proposition 4.15 p.104 or [29] Lemma 2.4.1 p.35)

V(/ gudVV):/VgudW,
0 0

hence u — / gu dW is an element of L*(Q; L?*(0,T; H*(A))). Note that the remaining

of the proofois very similar to the one exposed in our previous paper [3], but for the
sake of clarity, we decide to detail it again. From [30, Lemma 7.3] we obtain at first
that w € L?(Q;%((0,T]; L*(A))) and together with (4.9), the following rule of partial
integration for all 0 <t < T, P-a.s. in {2

(40~ [ )@ () = 10.6(0)) = (u(0) = un, (0
:/0 (Au(s) — div, (v(s,-)u(s)) + Bu(s),((s)) ds (4.10)

+/Ot <8t§(s),u(s)—/osgu(7') dW(T)—u0> ds

for all ¢ € L*(0,T; H'(A)) Wlth ¢ € L2(0 T; HY(A)*)). Choosing ( : (t,7) — &(t)p(x)
with ¢ € H'(A), £ € {¢ € D(R) : ¢(T) = 0} in (4.10), we get

(u(t) - / ()W (7) — o, go) (1) — (u(0) — up, )E(0)
/ &(s) (Au(s) — div, (v(s, Ju(s)) + Buls), ) ds (4.11)

/5 ( /sgu( )dW(T)—uo,g0> ds
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P-a.s. in €. The particular choice of t =T and £ € Z(R) with (7)) =0 and £(0) =1 in
(4.11) combined with (4.5), (4.7) and (4.8) yields

(u(0) — ug, ) =0 for all p € H'(A), P-a.s. in
and therefore u(0) = uy P-a.s. in €.

Now, we fix t € [0,7") and choose £ € Z(R) with {(T') = 0 and £(s) = 1 for all s € [0, ¢].
With this choice, from (4.11) we obtain

(u(t) — /0 gu(s)dW (s) — u(O),gp) :/0 (Au(s) — div, (v(s,-)u(s)) + Bu(s), p) ds (4.12)

P-a.s. in Q for all ¢ € H'(A). Since, for fixed p € H*(A),

o (w - | guls) AV (5) — u(0). /)

and t — /0 (Au(s) — div, (v(s,-)u(s)) + Bu(s), ) ds

are continuous on [0,7], P-a.s. in , the exceptional set in €2 in (4.12) may be chosen
independently of ¢ € [0,7") and (4.12) also holds for ¢ = T'. This yields

t t ¢ t
u(t) —u(0) — / gu(s) dW (s) +/ div, (v(s,)u(s))ds — / Bu(s)ds = / Au(s)ds,
0 0 0 0
in H'(A)* and P-a.s. in Q. To conclude, let us mention that since the left-hand side of

the above equality is in L?(A), it also holds in L*(A).
[

Lemma 4.6. (Stochastic energy equality) For any ¢ > 0, the stochastic process u intro-
duced in Proposition 4.1 satisfies the following stochastic energy equality:

t

B a0 xew) +2 [ ¢ [IIPu ] ds

¢
:E|:||U0||%2(A):| —c/ e “E [||u( ||L2(A ds+/ e_CSIE || 9u( ||L2 ] s (4.13)
0 0
¢
+2/ e_csEl Bu(s, z)u(s,x) dx} ds, Vtel0,T].
0 A

Proof. 1t is a direct application of Itd6 formula to the stochastic process u and the func-
tional ¥ @ (t,v) — e ||v[[72(,) defined on [0,7] x L*(A). Le us precise that in the
application of Itd formula , the following contribution of the flux term appears

; /0 e l /A (v(s,2)u(s, ) - Vu(s, z) d | ds
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and since v is divergence-free and satisfies v-n = 0 on [0, 7] x JA, one gets

/0 - [ /A (v(s,2)u(s, 7)) - Vu(s, 2) dw} .

t u(s,x)
/ e “E /V(s,x) -V (/ zdz> dx] ds
0 A 0

= 0.

]

4.2 Identification of weak limits coming from the non-linear terms

The next result gives a lower bound on the inferior limit of the integral over the in-
terval [0,7] of an exponential weight in time norm of Efjuj,  (-)[3,]. This result is
needed for the identification of the weak limits g, and S, of respectively (g(uj, x))m
and (B(uj, x))m- Indeed, in such an identification procedure, we are led to make appear
the term fOT [T e E [ [, |Vu(s,x)|*dz] dsdt (with a constant ¢ > 0), and the following
lemma is essential for that.

Lemma 4.7. For any ¢ > 0, the stochastic process u introduced in Proposition 4.1 satisfies
the following inequality:

Tt Tt
/ / e “E {/ Vu(z,s)|? da:] dsdt < lim inf/ / e “Ellup n. (5)]7,, ]dsdt. (4.14)
0o Jo A m=tee oo Jo 7 ’

Proof. The idea is to generalize the Lemma 2.2 of [23] to the evolutionary in time and
stochastic case. Following their work, we start by introducing an approximation of u
constructed from several density results. For this we will need the following functional
spaces:

@(K) = {QO\MQDE%COO(RQ)}
V = {peZ(A): Vo -n=0o0n0A}

vV = { Z &kor, & € €2°(0,T) and ¢, € V} )

k finite

Firstly, note that from [2] (Chapter 6, Remark 6.2.1.p.223), V is a dense part of H*(A),

and secondly, from [18] (Corollary 1.3.1 p.13), ¥ is dense in L*(0,T; H'(A)). Now owing

to [18] (Proposition 1.3.1 p.13), since u belongs to L*(2; L*(0,T; H'(A))), then there
p

exists a sequence (uy,)pen+ of simple random variables u, = E 14,9;, where for any ¢ in
i=1

{1,...,p}, A; € A, ¥; € L*(0,T; H'(A)) and such that

u, — w in L*(Q; L*(0,T; H'(A))).

p—+o00

29



Set p € N* then for i € {1,...,p} since ¥; € L*(0,T; H'(A)) there exists a sequence

(Vie;)e;>0 € ¥ such that
Vie, — ¥; in L*(0,T; H'(M)).
—

€

Note that since p is finite, we can introduce a common € > 0 such that

Vie —> ¥; in L*(0,T; H'(M)).
€—>

p
Then we define u, = Z 14,9; . and we have for any fixed p,
i=1

e —> ty i LA(Q5 (0, T5 H' (M),

€E—

Set ¢ > 0, p € N* and € > 0. We denote u'X = up(tn, xx) P-as. in Q, for any
n € {0,..,N —1} and any K € T. Due to the weak convergence of the finite-volume

approximation (uj, y)m towards u in L*(€; L*(0,T; L*(A))), we have
T
E {/ e_Ct/ Vu(t,z) - Vu,(t,z)dx dt}
0 A
T
= —FE [/ eCt/u(t,x) divy, (Vuy(t, ) dx dt}
0 A
T
— lm E { / ot / () divy (Vg (t,2)) de dt] |
0 A

m—+00
Note that
- T
E / e / uy, n(t,7) divy (Vuy,(t, 7)) do dt}
LJo A
N—1 tnit
= E / e_Ct/ ittt div, (Vu,(t, 7)) do dt]
| n=0 KeT /1n K
N—1 b1
= E u}?“l/ e Vuy,(t,z) - ng(z)dy(z)dt
| n=0 KeT tn oK
[N-1 tnt1
= E Z (uhtt — uf’l)/ e / YV, (t,r) - ngp dy(z)dt
| n=0 0=K|LEEin: tn o
- Tl,m - TQ,m + T2,m
where

(4.15)

(N1 tois
T = E|DY Y (™ —upt) / et / Yy, (t, z) - ngp dy(x) dt
tn o

n=0 U:K‘Légint

—N—l trt1
n+1 n+1 " —ct Mo n+1,L n+1,K
and Tp,, = E g E (U™ —uf™) e (upy T = Uy

n=0 o0=K|LEEm; tn
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Firstly, one shows that |17 ,, — 15| —+> 0. To show this, we rewrite T ,,, — T4, as
m——+00

N-1
Tim—Tom=E Z Z Atm, (Wt —ut™) x R (uy,)

n=0 U=K|L€£jm

where

+1 1 S upett —up e
R (upe) = e Vup(t,x) ngp— - ’ dy(z) dt(4.16)
’ Atmg J; - ’ ’

dk|L

which can be rewritten as

1 tnt1 € t) - € t)
RZJ’_I(up’e) _ / e—ct/ (vup,e(t;l’> N — Up, ( $L) Up, ( xK)) dv(x) dt
tn o

Atmy, dg|rL
NEE (up,eu, r1) — wyltm) = K) "
At Jy, dr|L dr|L
Let us denote by H,,. the Hessian matrix of u,. defined for any i,j € {1,..,d} by
(Hup)is = ;jzg’;j Then, thanks to a Taylor’s expansion, for any ¢ € [0,7] and any

x € o, we have
1
Upe(t,xr) = up(t,z)+ (xp — ) - Vu,(t,z) + 5(@; — )" Hy, (t,T)(xr, — )

1
Upe(t, ) = upe(t,z)+ (xx —x) - Vu,(t,x) + §(xK — )" My, (t,8)(zx — ),

where T = Az + (1 — Az and & = axg + (1 — a)x for A\, € [0,1]. Remind that the
orthogonality condition on the mesh implies that for any 0 = K|L € &, v — x5 =
di|Lhk - and so, using (2.2)

Upe(t,xr) — up(t, xK)

‘Vup,e(t,:zr) . nK,L —

dgrL
‘1 (rx — )" Hy, (¢, 2)(xx — ) — (xp — )" Ha, (6, T) (2L — 2) (4.17)
2 dK\L
<hreg(T) sup [Hy, (t,y)].

(t,y)€[0,T)x A

Additionally, using the following equalities for any ¢ in [t,, ;1]

tn+1
uZIl’K = Upe(tnt1, Tx) = Up(t, Tx) + / Ortp (S, T ) ds
t

and

tn+1
ugil’L = Upe(tnt1,00) = Up(t, L) + / Orup (s, zr) ds,
t
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and the fact that for any s in [0, 7]

|8tup75(s,xK) — atupvg(s,xL)‘ =

/01 (V(@tup7e)(SaM$K +(1— M)QUL)) (rx — 1) d“’
< 2h  sup  |V(OQuupe)(s,x)l,

(s,2)€[0,T]x A
we obtain using again (2.2)
up7e<t7 ‘/EL) - U’Pvf(t xK) _ UZII’L B UZII’K
dk|L dgr
_ /tn+1 atup,e(SJ QUK) - 8tup76(8, $L> ds' (418)
t dK|L
<Atreg(T) sup |V(Owupe)(s, ).
(s,2)€[0,T]x A

tn+1
Noticing that / e~ dt < At and combining (4.17) and (4.18), we obtain the existence
t’VL
of a constant K, . > 0 only depending on u, such that
B[R (up )] < (Kpe(At + h)reg(T))™. (4.19)
Applying Cauchy-Schwarz inequality yields

‘Tl,m - TQ,m‘2

N—1
=SB Y A ! -t ) Jdi R ()

n=0 o=K|LEEm: V dKlL
N-1

My n n 2
<E|Y. >, At w!%“—%“! (4.20)

n=0 o=K|Le&m K

N-1

)
2B (Y DD AT R (g )

n=0 0‘=K|L€Sint
T
2 T
<27yt + 1) regT)E | [ a0 ]
0

which tends to 0 as m — +o0o. We can thus affirm that 75, admits a limit which is
known thanks to (4.15)

T
lim Ty, = lim Ty, =E [/ e_Ct/ Vu(t,z) - Vu,(t,x) d dt} :
m——+00 m——+00 0 A
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Secondly, thanks to Cauchy-Schwarz inequality, we have

Tom|* <E Z > / e |kt — P d

d
1=0 o= K|LEEm K|L

xE Z 3 / e |yt gt gy (4.21)

d
n—=0 o—K|LEEm K|L

{/ e~ Mot n (1) hhdt}xﬂﬂ Z 2 / Tt

drir
n=0 o—K|LEEm: K|L

Now, due to the regularity of w, ., by adapting previous arguments applied to uj, 5, one
can show that

N-1

tn+1 m
lim E g E e L |ynthE ”+1 L‘ dt
m—+00 t b€

d
n=0 o—K|LEEm; K|L

T
E {/ e_Ct/ |V, (t, )|* do dt} :
0 A

Using this convergence result, one obtains by passing to the inferior limit in (4.21)

T 2
(E {/ e / Vu(t, z) - Vuy(t, ) de dt])
0 A
T T
< liminfE [/ e_Ct]u}"LN(t)ﬁhdt} x E {/ e_Ct/ |V, (t, )|* dx dt} .
m—+00 0 ’ ’ 0 A

Then, using strong convergences in L?(Q; L2(0,T; H'(A))) of (u,,). towards u, (for a fixed
p) as € goes to 0 and of (u,), towards u as p goes to 400, the following holds

T T
E {/ e_Ct/ (Vu(t,z)|* do dt} < liminfE {/ e_Ct|u};N(t)|%hdt] :
0 A m—+00 0 ’ ’

Note that using the same reasoning we show that for any ¢ € [0, T,

t t
E {/ e_cs/ Vu(s,r)|? de ds] < liminfE [/ e_cs|u2N(s)|%hds]
0 A m——+o0 0 ’ ’
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and thanks to Fatou’s Lemma, we finally have

/OT/Ote—CSE UA|vu(x,s)|2d4 dsdt = /TIE U /yvu s x)|2dxds} dt

< 2
= LIIIEH;OHE [ ~lup v ()1 n ds} dt
< lim 1nf {/ e |up n(5)3 ds} dt
m—>+oo ’
t
= ggfg/ / E |UhN )|1h] ds dt,
and the proof is complete. O

Remark 4.8. Let us detail here why we do consider such an approximation of u in the
previous proof. Firstly, we need to have the following equality:

T T
E [/ e_Ct/ Vu(t, z) - Vu,(t,x) dx dt} =-E {/ e_Ct/ u(t, x) divy,(Vu,(t, x)) dedt| ,
0 A 0 A

and if Vu, .-n # 0 then the boundary term appears in the application of the Gauss-Green
formula and our argumentation fails. For this reason, we choose the density of V in H'(A).
Secondly, we need a control of the term E[|R2!(u,,)|?], and for this reason we choose a
particular approximation (u,.),. of elementary processes’s type. Indeed, if we consider
another approximation (U, .),. with the only information (U, .),. C L*(€;7), we don’t
know if we control or not the expectation of the following quantities:

2 2
< sup | Hu,.(t,y) !) and ( sup | V(0:Up,e) (s, ) }) :
(t,y)E0,T]xA (s,z)€[0,T]xA

Now, we have all the necessary tools on the one hand for the identification of g, and g,
and on the other hand for completing the proof of Theorem 1.3.

Proposition 4.9. The sequences (uj y)m and (uj, y)m converge strongly in
L2(Q; L2(0,T; L*(A))) to the unique variational solution of Problem (1.1) in the sense
of Definition 1.2.

Proof. Let us fixn € {0,..., N—1}, K € T, and multiply (2.8) by Atu/;!, use the formula
ala —b) = L(a® = b* + (a — b)?) with a = u}"! and b = u}, take the expectation, and
proceed as for the obtention of (3.4) to arrive at
5 ]E [( n+1) ( ) } + T]E [( n+1 u'r[L{)Q}
At S ma ) E [ — ]
U:K|L€€intﬂ€}(
+At Z Mo E [(u?(ﬂ UZH>UTLKH}

d
o—K|Le€mner KL

]E |:( n+1 ur]z()Q] +

mKAt
2

< E [¢?(u)] + AtmycE [Blug ]
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Now, we multiply the last inequality by e~“r for arbitrary ¢ > 0. Then, summing over
K €T and n € {0, ...,k} for k € {0,..., N — 1}, using (2.4) and reasoning as in the proof
of (3.3) one gets

k
1 o n
5 Z mKe—ctnE [( n+1> + Atz —ctp, Z dm UU +1 UTLL+1|2]
n=0 KeT o=K|LEEm: K|L
k
< A_ Z Z mye CtnE U’K + Atz Z mye ctnE n+1> n+1} '
2 n=0 KeT n=0 KeT

Let us focus on each sum of this last inequality separately.
e Note that the general term of the first sum can be decomposed in the following way:

e E [(ug)? — (uf)]
— e—ctnE [(u?(—l-l)ﬂ - e—ctnflE [(u%)ﬂ - E [(U%)ﬂ (e—ctn . 6—ctn,1) ’

where t_; := —At. Firstly, we have

- Z Z mK ctnE n+1)2] . efctn_lE [(U?()z])

n=0 KeT (4'22)
_ Z mKe—ctkE k+1 Z mKIE cAt
KET KeT

Secondly, since there exists & € ( — Cty, —ctn,l) such that
e~ — et — o8 (—cty, + ctp_y) = —cAtes < —cAte ",

the following inequality holds

- Z Z miE [(u})?] (7% — e 1) > cAtz Z mre "E [(uk)?] .

n=1 KeT n=1 KeT

In particular, we have since for any s € [t,,, t,1], €7 < e n,

cAtZ Z mpe "R [(u?()Q] _ cAtZ Z mye cthE ( nily2 }

n=1 KeT n=0 KeT
k—1

= ce’CAtZ Z myAte " [( w2 }

n=0 K&T

cAtZ Z mK/n+1 —csE n+1) }d

n=0 KeT

tr
= ce_CAt/ e “E [HUZ,N(S)H%Q(A)} ds.
0

v
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In this manner

- %Z Z miE [(uf)?] (e — e 1)

n=0 KeT

1 c c —cC tk —CS T
>-3 Z mxE [(u})?] (1 —e™') + 3¢ At/o e “E [Huh,N<S)H%2(A) ds

KeT
c o " 2
> Lo / e [ () 32| s

e The second sum can be handled in the following manner

k

Atz pctn Z dmo E [u}z{-&-l n+1 AtZe cta g ‘un-i-l 2 ]

n—=0 o=K|Le&m KIL

v

Indeed, since for any s € [t,, t,i1], €7 < e " one gets

tr41 tn+1
| e Bl R as - / R[] ds
tn

tn+1
E E[ ”+1|1h _Ct”/ lds
tn

k

AT TR

n=0

IN

e We have the following majoration of the third sum:

% > > mre E [¢*(uk)]

n=0 KeT
At L[
<SS P+ 5 [ E o) 6) e d
KeT 0
Indeed,
At & At
T2 2 ke B = 530> mie E [
n=1 KeT n=0 KeT
1 k—1 tn+1
< 3 mi / e “E [¢* (uf"™
n=0 KeT tn
1 [
= 5 | e E[llgurn)(5)lEx)] ds

tet1 )
/ e E [ w(5)2 ] ds
0

(4.23)

(4.24)

(4.25)



e The last sum can be handled in the following manner:

k
Atz Z mye E [ﬁ(u"K“)u;}H}
n=0 KeT (426)

tkt1
SCAtL6||UZ,N‘|%2(Q;L2(07T;L2(A))) +/0 e “E {/Aﬁ(uz,zv@ax))uz,zv(&x) dx} ds.

Indeed,

k Tt
Atz Z mye "B [Bui M ui] —/ e “E [/ Bluy (s, 2))up, N (8, ) dx] ds
0 A

n=0 KeT
k 75n+1
- Z Z / / (e — e ™)E [5(“?1)”?1} drds| < CAtLB||U2,N‘|%2(Q;L2(0,T;L2(A)))~
n=0 KeT *tn K

Combining (4.22), (4.23), (4.24), (4.25) and (4.26) one gets

tet1
Z mye “*E [(u?l)ﬂ + 2/ e_CSEHU;L,N(S)E,h] ds
0

KeT

eSS miE ()] + At Y mi [ui)] + [ B [l ) (0) ] s

KeT KeT

tg
_Ce—cAt/O e “E [HUZ,N(S)H%/Q(A)] ds + 2CAtLB||UZ,N||%2(Q;L2(O,T;L2(A)))

—l—2/k+1 e “E [/Aﬁ(u};’N(s,x))uz’N(s,x) dx} ds.
0

IN

For t € [tg, txs1) since e” < e~ and (t — At)*T <, one gets

t
B [ () o) +2 | € Bluf v (6) ) ds
0

IN

e“At Z miE [(u})’] + At Z mgE [¢*(u})] +/o e “E [Hg(UZ,N)(S)H%Q(A)] ds

KeT KeT

(t—AH)*
—Ce_cm/ e “E [HUZ,N(S)H%?(A)} ds+26AtLB||uZ,N||%2(Q;L2(O,T;L2(A)))
0
¢
-1—2/ e “E {/ Blup (s, 2))up, n (8, ) dx} ds
0 A
tet+1
-1—2/ e “E [/ Blup (s, 2))up N (8, ) dx} ds
t A

Using the fact that (uj, y)m is bounded in L> (0, T; L*(Q; L*(A)))n by Proposition 3.2 one
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gets

t tea1
/( ¢ E [||u;;7N(s)||§2(A)] ds + 2 / e “E { /A Buhn (s, 2))up y(s, ) dr | ds
t

t—At)*
< A1+ 2Lp)|Jup yl[T o122 (2200

and so (since — fo(t_At)+ =/ —l—f(ttht)Jr)
B [l O] +2 [ ¢l nl5) ) ds

< A gl ) + ALL2E o] F2a)] + / "B | lg(u ) (5) By ds (4:27)
— ceTeA / e [ (9] s+ 2eA Lol a0 sma

t
+ At(1 + 2L/3)||u2’N||%oo(07T;L2(Q;L2(A))) + 2/ e “E {//\B(UZ’N(s,x))usz(s,x) dx} ds.
0

Moreover,
/0 B [|lg(u ) (9 ] ds = / ' E [l n)(5) — 9(0) () ] ds
w2 [ B [ [ gt 019000, s] ds = [ B [la6 ] s

In the same manner,
t t
= e [ B g o) ] s = —ee [ B [l (s) = (o) ]

t t
- QCe_CAt/ e “E [/ up, N (8, 2)u(s, ) dx} ds + ce_CAt/ e “E |:H'U/(S)H%2(A):| ds.
0 A 0
(4.29)

(4.28)

At last

/O P { /A Bl (5, 7)) (5, 7) d;c] ds = /0 - { /A B(uf (s, 7))u(s, z) dm] ds
v [ e [ (3t 0) = Bt ) a5 0) = ) | s (4:30)
—|—/Ote_°SIE {/Aﬁ(u(s,x))(ugw(s,x)—u(s,x))d;@] ds.

Note that there exists ¢ > 0 depending only on L, and Lg such that for any N big enough

/0 "¢ E [lg(uf v (5)) — 9(u(s)) gy ] ds — e / B |fugn (5) — ()l Bagny ds
+ Q/Ot e “E {/A (B(upn(s,x)) = Bluls, ) (uh y(s, ) — uls, z)) dx} ds < 0.
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From now on, we will consider such a choice of ¢. After injecting (4.28), (4.29) and (4.30)
in (4.27), we arrive at

t
B [l O] +2 [ € Bl (o)l ds
t
< Bl )+ B+ 2 [ ¢ B | [ 000005 o), ) | s
0

t t

—/ e “E [||g(u)(s)||iz(A)} ds — 206_6At/ e “E {/ up, n (8, )u(s, v) dx} ds
0 0 A
t
+ Ce—cAt/ e—CSE |:||U/<S)||2L2(A)i| dS + 2CAtLB||u7}‘l,N||%2(Q;L2(O,T);L2(A)))
0
+ At(1 + 2L6)||U2,N||%oo(o,T;L2(Q;L2(A))) + (ecm —-1)E [||Uo||%2(/\)]
t

+ 2/ e “E {/ Blup (s, 2))u(s, ) dx} ds

0 A

t

+ 2/ e “E {/ B(u(s, x)) (uj n(s,2) — u(s, z)) dx} ds.

0 A

Then, integrating this last inequality from 0 to T the following holds
T Tt
| e Bl i) @2 [ [ Bl o) s
T Tt
< [ Bluliwla 2 [ [ =B | [ o000 de] asa
0 o Jo A

- / / e [|lgu(9)|2aqn)| ds dt

Tt
- QCeCAt/ / e “E [/ uy, v(s, x)u(s, ) dazl ds dt
o Jo A
a [ A
+ce ¢ t/ / e “E [HU(S)H%Q(A)} dsdt +T (e — 1) E[”U()H%z(/\)]
o Jo

+TAt ((1 +2Lg)||uj v |2L°°(0,T;L2(Q;L2(A))) + LEE[HUOH%Q(A)] + 2CL5Huz,NH%Q(Q;LQ(O,T;LQ(A))))

+2/0T /Ot e ™E Mﬁ(u;w(s,x))u(s,x) dx} ds dt

+2/0T /Ot D {/Aﬁ(u(s,x))(uzw(s,x) —u(s,x))dx} ds dt.
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Firstly, by passing to the superior limit one gets

T
limsup/ e “E [HuhN( )MZ2a ] dt+2hm1nf/ / e “E[|uj, v (s)[7 4] ds dt

m—s+o0 m—+00

< [ Elluwolsldr—c [ [ B [uo)l] ds
2 / [eoE [ s algtus.a) de| dsat - / [ e [latuts ) dst
) /O ' /0 CeoR [ /A Bu(s,2)u(s, ) d:c} ds dt.

Secondly, thanks to the stochastic energy equality (4.13) one arrives at

T
limsup/ e “E [HuzN(t)Hiz(A} dt + 211m1nf/ / “E[|up, n(s)]3 4] ds dt
0

m—s—+o00o m—>+00

< [ e [Nt ] @2 [ [ [Ivul] ds

/ / CSE ng NIz2a) dsdt+2/ / oo Ugus 2)g(u (Sw))dx} e
_/0 /0 G*CSE ||g(U(S))|!iz<A)} ds dt,

which yields to

T
hmsup/ e “E [HUZN(t)H%Z ] dt+2hm1nf/ / “E[|up n(s)[; 4] ds dt
0

m—+00 m—+00

T
< [ e m i) a2 [ [ B V) asar

/ / CSE Hg ))_QU(S)H%?(A)] ds dt.

Thirdly, owing to (4.14) one obtains

m—-+00

T
< /0 G_Ct]E [||u(t)||%z(A)] dt.

Note that by weak convergence of (uj, y)m towards u in L*(€; L*(0,T; L*(A))), the fol-
lowing inequality is always true

T T t
imsup [ B [l n O] dt+ [ [ e [latu) - 0u(6) ] dsa

T T
/ e “E [||U(t)||%2(/\)] dt < lﬁfgfolf/ ¢rE [Huz’N(t)H%Z(A) o
0 0
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and so this allows us to conclude firstly that g, = g(u), secondly that (u} y)m, (4} x)m
converges strongly to u in L?(Q2; L?(0,T; L?*(A))), that 8, = B(u) and at last that u is the
unique variational solution of Problem (1.1) in the sense of Definition 1.2. ]
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