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An Existence, stability and convergence of global weak solutions result for a
new class of sediment transport models based on viscous nonhomogeneous
distortion shallow water equations

Arno Roland Ngatcha Ndengna®

@Laboratory ESM (LE3M), National Higher Polytechnic School of Douala, University of Douala, Cameroon

Abstract

In this paper, a new sediment transport model in viscous nonhomogeneous distortion shallow water equations
with Reynolds dissipation is formulated, and then, a existence theorem of global weak solutions is proposed.
The model extends several sediment transport models based on shallow water equations that do not account
the turbulence created by the acceleration of the water flow near the mobile sediment bed. The model is
inspired from recent theories developed in [Sediment transport models in Generalized shear shallow water flow
equations. CARI 2022, Oct 2022, Dschang, Cameroon. https://hal.archives-ouvertes.fr/hal-03735893.] and
[A sediment transport theory based on distortion-free-boundary nonhomogeneous fluid flows. Application and
Engineering Science, 100148. https://doi.org/10.1016/j.apples.2023.100148]. To prove the existence theorem
of global weak solutions some energy and entropy inequalities are derived and investigated. Additionally, a
convergence of weak solutions is also rigorously proved. The derived results can be used or adapted for a class
of distortion shallow water-based models. Extensions of these results for two-dimensional nonhomogeneous
and homogeneous distortion shallow water based equations cases are in investigation. The obtained results
generalize and improve some recent mathematical analysis results from shallow water based equations.

Keywords: Sediment transport model(STM); Viscous nonhomogeneous distortion shallow water equations;
existence theorems of global weak solutions; convergence of weak solutions.

1 Introduction

Several Sediment transport models in coastal environments based on shallow water type models have been
developed in the literature. Due to the presence of an abrupt moving topography quickly spatially variable,
the flow becomes turbulent. The mathematical models widely used to describe the Shallow Water phenomena
do not account the distortion effects (see Ngatcha [12]). One can regard distortion as a combination of strain
and rotation. The effect of the rotational component is to weaken the effect of the strain somewhat. The
anisotropy produced is such that the streamwise component of velocity has the largest fluctuations and the
normal component has the smallest fluctuations. Indeed, it is well-known that the Shallow Water models
are derived from a first-order approximation of long wave theory. In this work, a nonlinear analysis of a
new one-dimensional sediment transport model is performed. The model is derived from the second-order
approximation of long wave theory and is able to describe the distortion-free-boundary nonhomogeneous
fluids viscous flow. We consider a one-dimensional mixing distortion flow between two hyperplans H; and
H- 2.

H = {x€Q, z=n(zt), YO<t<T} (1)
Hy = {2€Q, z=7Z;(z,t), YO<t<T} (2)
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The problem analyzed in this work consists to study all the unknown variables of a sediment transport
model defined p.p. in Qr with Qr = 2x]0,T as:
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where h[m] is the water depth, hu[m?/s| is the water discharge (u is the averaged velocity), K[m?/s?] is
the kinetic energy P[m?/s?] is the shear stress,C[m?/s?] is the sediment concentration and Zj[m] is the bed
- T Y0

level. The friction source term is F, and K = uu—i—# is the turbulent kinetic energy. ke = (uu)(n),

Kz; = (uu)(Zy).
In the system (3), we have:

drtos=1, {=Zj+h, p=aps+ (1 —a5)ps=ps+dpas and dp=ps— p;.

v
We have also u = —, where v is the viscosity of the clear water. In this context, u (¢, z, Z} ) is the characteristic

velocity at the bed-load should be defined as functions of the averaged quantities characterizing the water
flow. Here, 09 is Lipschitz (i.e. is continuous). We have accounted the term P = u/v’ that measures the
distortion velocity in the vertical direction [10]. The derivation of this model is available in appendix.

Here; the first equation of the above model is the sediment/water mass conservation, the second is the
mixture sediment/water momentum conservation equation, the third equation is the averaged kinetic energy
conservation equation, the fourth equation is the sediment concentration evolution equation and the last
equation is the bottom evolution equation. The above system of equation has been derived first by Ngatcha
et al., [8] and improved by Ngatcha et al.,[11]. The general theory for two-dimensional case has been introduce
by Ngatcha and Nkonga [10]. All these models describe the morphodynamic and the sediment transport in
a turbulent flow particularly in a context where the distortion effect is accounted. In nonhomogeneous
distortion shallow water equations the distortion combines rotation and deformation and appears when the
water moves near an abrupt topography. This effect is widely ignored is several sediment transport used in
coastal environment. Therefore we present a new sediment transport model that accounts the distortion of
horizontal profile velocity in the vertical direction. Moreover, it differentiates the fluid velocity from sediment
velocity (phase-lag). The proposed model is one of most general found in the literature and extends several
averaged sediment transport models based on shallow water equations available in the literature (see for
instance [5], [6], [7], [16]). The model also extends the one developed in [8] and has been solved by a variant
of path-conservative central-upwind AENO(Averaging Essentially Non Oscillatory) methods ( see Ngatcha
and Njifenjou [9] and Ngatcha [12]). When P = 0, we retrieve a turbidity current model developed in shallow




water context (see [12]). A steady states solution of the proposed system of equation satisfy:
uOyh = 0, (4)
2 P op
Oz (u”) + 0, P + Eﬁrh + ghOn + th—pamC’ =0,

0
wdpu? + 3uP + %u@mh + gud,h + gud, Zy + ghuﬁ@zo =0,
w0, C =0,
UZZ @ch = 07

From these equations two particular families stationary solutions can be found. In absence of water entrain-
ment source term, the steady state at rest for wet-cells reads:

h+Zy =cste, hu=0, D—&E=0, P=0, p=cste. (5)
The steady state for dry-cells reads:
h=0, u=0, D-&=0, P=0. (6)
An admissible space solution reads:
W = {(h, hu, hK,hC, Z;) € R, h > 0,P > 0,C >0} (7)
The model is proved hyperbolic in W and the eigenvalues of Jacobian matrix A are given:

A =u—+/gh+ 3P, /\27325, Agzng,A5=ﬂ+ gh + 3P (8)

The one-sided local speeds of propagation a™®

Jacobian matrix of the system

are upper/lower bounds on the largest/smallest eigenvalues of

a®t =min {1, \;,0},a” = max {\5, \5,0} . 9)

Solutions of the model (3) may develop discontinuities in finite time. The discontinuous solutions are weak
solutions that are not always admissible. Thus we consider that they satisfy the following entropy inequality:
O F + 0,G <0, (10)

where the entropy-flux couple (E,G) are given in distortion shallow water context through the text (see
below). For the particular choice of the family of segments ®(s, W, Wgr) = Wy + s(Wr — W1). For the
proposed model, a discontinuous solution W = Wy, + (Wgr — Wi)lasot (Iisee is the Headviside function)
satisfies the jump condition or R-H relations given by:

(Ihal] = of|nl], (11)
[12hK + %ghQ\] + o[ {n11Z4]) + g2 ;ﬁpw {3 HInes] = {{pas3 3] = of|hall,

R+ Joha + Pul] + {2 + 92 {{hu}}nhasn—{hﬁ,{j;%}nm — o[ Jhi]
(] = o],

Hup HIZEN) = ollZ31]-

PR+ PL

Here, o is a shock speed propagation and p = {{p}} = . Such condition facilitates the numerical

and physical studies of waves solution of the model (see [8], [11]).
In this study, we are interested in a nonlinear analysis of a problem governing sediment transport equations
in a mixing turbulent viscous flow and this is a novelty in the literature. The viscous effects are included in



9(hD(u))
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depth. However, another viscous parametrization is possible. We can use for example
d(hD(w))
p——

ox
d(hD(u))

. The account of this term allows to improve the regularity of the water

d(hD(w))
or

without extra difficulties but the problem of consistency will appear. While the diffusion term

the model via the term pu

instead of

improves the regularity of the h its also produces energetically consistence solution.

Para‘ccicularly, we prove the existence of theorems of a global weak solution. Such a study is difficult to
meet in modern literature. The literature offers among other things, numerous results related to the existence
theorem global weak solutions for viscous shallow water-based equations (or viscous sedimentation in shallow
water equations). [1], [2], [L6]. An existence of global weak solution has been also proved for Boussinesg-type
model by [3] and for an equation describing the motion of waves at the free surface of shallow water under
the influence of gravity (see [4]). Many above results have are limited inspired us in this work, but however,
many modifications have been proven necessary to maintain the physical and mathematical properties of the
model. In this paper energy and entropy inequalities are proposed to the first time to show the stability of
these weak solutions. The solution functions of the problem are located in vectorial spaces and are defined
p-p in these spaces. However, should be noted that functions in vector spaces are defined better than almost
anywhere. The variational capacity makes it possible function more finely than the Lebesgue measure. We
show here that the proposed STM is energetically consistent without the use of any restricted variable or
data as in [14] and some other works.

The rest of the paper is organized as follows. In section 2, we propose a new sediment transport model
without Reynolds dissipation and we present some notations and essential preliminary results in this work.
We expose also the variational formulation of the model. In section 3, entropy and energy inequalities are
given and we propose a existence theorem of global weak solution. In section 4, a convergence proof of
global weak solutions is proposed. The derivation of the model and some functional analysis results and
mathematical tools are available in appendices AppendixA, AppendixB and AppendixC.

2 The model without dissipation effect: Mathematical tools and preliminaries results

In this section, we recall the model without Reynolds dissipation effect and some important preliminary
results. These results we will permit us to give some new mathematical and mechanical justifications of the
proposed sediment transport model in nonhomogeneous distortion shallow water equations. The convection-
diffusion STM without Reynolds dissipation effect ¥(t,z) €]0,T] x Q@ C R% x R, reads:

oh 0 , _ . &-D
5t T3, (M) = Euolul+ T o0 (12)
9 v+ 2 oniy 4 n 26 L2000 @ e — 2P
5 (1) + 5 (2hK) + gh—" + o9 0r hFy + g (RD(@)) + B ufug 1= o, i
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The derivation of the above model can be seen in appendix. We joint to these equations the initial and
boundary conditions.

Initial and boundary conditions

The initial conditions are:

h(ZE,O) - ho(m)v hﬁ((ﬂ,O) - hﬂo(x)a h@(I,O) = hOTsO(x)v (hK)(Z,O) - (hﬁ)o(l‘)a Z;(x,O) = (ZZ)O(x) (13)



The Neumann boundary conditions associated to the model are given by:
h.n =0, (hu).n =0, (hag).n =0, P.n=0, (hkK).n =10, Z;.n =0. (14)

2.1 Preliminary results

We propose to show that a solution of the model problem consisting to resolve (3) is not unique. We start
by re-writing the new model in compact form following:

OW + 0, F(W)+ >, Bi(gh)o,W =S(W), z€Q, te(0,T],
W (z,0) =W% 2z €Q (15)
Neumann condition,

where W is a vector to j unknowns (including for example the water depth h, the water discharge hu, the
energy hK, the sediment concentration ha, the topography Z7), F(W) is the physical flux, B;(gh) is the
nonconservative terms associated to loss potential energy and depends on wave celerity v? = gh, S(W) is a
source term containing the bed friction and diffusion effects.

Results of non-uniqueness of a solution of the model problem

We suppose here that T > 0. If we assume that 9, W € (C°(Qx]0,T]))/Vx € Q, 0, F(W) € (C°(Qx]0,T]))’,
then, so that the source term S(W(z,t)) € (C°(22x]0,7]))?, we would tempted to say that B;(h)0,W €
(C°(Qx]0,T]))7. In this case, it is necessary that B; either includes (C°(2x]0,T)))?, Vi since 0,W €
(C°(2x]0,T)))?. Say B;(h) € (C°(2x]0,T]))? would not be true since W € (C*(2x]0,7]))?. It would
be true that B;(h) € (C'(2x]0,T1))7, and in this situation the product Y, B;0,W is not still includes
(CO@x]0, T)))’.

All the above comments are resumed in the following non-uniqueness result of the model problem.

Proposition 2.1 (Non-uniqueness of a smooth solution). Let us the problem given by (15) with T > 0. We
assume that ;W € (C'(Q2x]0,T)))7,Vz € Q, and S(W) € (C'(Q2x]0,T)))?. Therefore, the model problem
admits a solution possibly discontinuous. Particularly it admits at least a solution.

Non uniqueness of a solution in L2?().

The fact that the unknown vector W (x,t) is described in (L?(]0,77],€2))? and that there exists an initial
solution, we incite to say that W(.,0) € (L*(Q))’. Moreover, we can rewrite lim;_, ., W(t,0) = W° €
(L2(£2))7, but we cannot still that affirm lim;_, o B;(W (¢, )0, W (t,e) = B;(W (x,0))0,W (x,0) € (L*(Q)).

Now we assume that W9 € (L?(Q))7 and S(W) € (C°(]0,T], L*(Q))? then it is necessary that B; (W (t,z))0, W €
(C°(]0,T], L%(£2))? to ensure the existence of a unique solution. In fact, this implies that W € (C(]0,T], L*(2))’
and thus W € LP(0,T, L*(Q)) since C(]0,T], L*(€2)) is dense W € LP(0,T, L*(£2)), 1 < p < oo which leads
to say that B;(W(t,z)) € (C*(]0,T],L?(2)), i.e. to know that the product B;(W(t,))d,W is possibly
discontinuous.

One has the following

Proposition 2.2 (Non uniqueness in (L?(Q2))?). We assume that W° € (L*(2))7 and S(W) € (C°(]0,T], L*(Q2))’.
Then, the product B;(W (t,e))0, W is possibly discontinuous. Therefore, the nonconservative problem admits
a non unique solution in (L?(]0,T),Q))’.



2.2 Variational formulation
We have the following basis hypothesis:

h0 e L2(Q), VhO € L*(Q), 0h° € L*(Q), h'u’w’ € LY(Q) (16)
_ - N
Wt € LNQ), B'a0 € L2(Q), &° = — 5 € L*(Q), PP € LY(Q),
7520 - o

hOR = h%%7%%° + PO € LH(Q), % € LYQ) with P =hVP, (Z;)° € H'(Q) — C°(Q).
Définition 2.1. We say that (h,u,K, 0, Z;) € W is a weak solution of (3), in D(Qr) = C™(Qr) with
initial data given in (16) verifying the entropy inequality (27) of all the smooth test functions p(z,t)( @ with
compact support in R x RT, such that p(x,t) and p(x,0) = ©°. We have:

- [Zh<x,0>w<x,0>— [ oot / 0m)2up = | P (17)
h2
- (ha) (z,0)¢(x,0) + hudye + hﬂz@xcp+/ (6x7’)<p+/ gax(1/2h2)<p+/ (L@ ©
Qr Qr - r Qr 2p Ox
0
v [ atozes [ ump@5E = [ P
T Q €z T
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LR @opte0r+ [ wtosl [ wmepesy [ preaes | Gagle
T / o (M0, Z5) / UVRD () 2o = / Py(@, h)e:
T Q T
- /(hocTsO) 90(33,0)—/ (hoTs)atWr/ ((hu) dpag)p+ | hdez0pp = [ Pa(u,h)g;
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where Pl(ﬂ, h) = Ew‘al + %gz’);l Pg(ﬂ7 h) = hF, + Ew|ﬂ|u5 - %UZZ" Pg(ﬂ, h) = huF, + Ew|a|K£ —
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——Kyr; Py(u,h) =€ —D; Ps(u,h) = — .
1— ¢s Zy 4(” ) 5(’LL ) 1— ¢s

This definition authorizes the function at least of class C'' and even the discontinuous solution to be weak
solution since a hyperbolic nature of the model problem. Reciprocally, all the weak solution that satisfy (17)
is also solution of the problem model given by (3). The time derivative of h, hu, hK, hag, Z; are understood
in the usual sense of distributions on Qx]0,T]. Let us

XZ{XNMQE@%nGNwmeC?@ﬂWJHEC?@H (18)

the set of tensorial functions in C*°(2x]0,77]). The fact that y is dense in LP(0,T; H'(Q)) ensures that the
distribution derivative d; belongs to (LP(0,T; H*(Q)))" and we have the following continuous relations for
the norm L'(0,T; HY(Q))

T
o€ X = (@™ g) = p(TWH(T) - / / W (2, )9y
0 Q

Proposition 2.3. Let t — o(t) be a regular curve. Let h, hu, hK, hog, Z; functions of class C1(Q),
bounded and its derivatives in Q_ = {(t,z),z < o(t)} and of class C* in Q4 = {(t,x),z > o(t)} with
Q=09 _NQy. Then, W~ and W are weak solution of the variational given by (17).



Remark 1. The above relations or variational formulation of the problem model are essential to prove some
results presented below. Particularly we are going to prove an existence theorem of global weak solution
(h, hu,hK, hC, Z, that satisfying energy and inequalities relation to be establish and where the initial
condition given by (13) satisfy the system (16).

3 Energy and entropy inequalities

In this section, we give some energy and entropy inequalities associated to the proposed model. We show
how the presence of the turbulence modifies and improves several inequalities often obtained in shallow water
context. We will recall the inequalities obtained in shallow water context. The entropy and energy relations
are essential to establish several estimates used to prove consistency and stability of the model. Thus we
prove in this section that the proposed model admits a global weak solution in a sense where it verify the
energy and entropy inequalities developed here.

3.1 Energy and entropy inequalities without distortion and viscous effects
We start by recalling the energy and entropy equations verified for a smooth solution of the model obtained
when the turbulence effect P = %2 and the viscous term u% (hD(w)) are removed. In this situation, one
has the following
Lemma 1. Let (h, hu, has, Z%)" be a solution of the system:
8h 0 dre  dFy

a e = W T w (19)
o)+ o () + gh o + thngz = hEr T Dy,
%(h@ * % (huay) = —¢f@ + % ( h%f)
8;; +ut, 7, Z) %Z; _ %.
Then the following energy equation holds:
2di / " th gh2 /ngzath (20)

= gh N D,
= /Qng(u,h)—&—/Q7P1(u7h)/ﬂg(h+zb)P1(u,h).

Eq. (20) is substantially different to that obtain with homogeneous fluid. Therefore the presence of sediment
in the fluid modifies the mechanical energy of the system. When all the source terms are removed (P;(u, h) =
0, i=1,2), Eq.(20) becomes:

1d 3d
h*2 Z= h? + 759,h = 0. 21
2.dt +2dt g /Qg pIeh =0 (21)

Proof. To obtain Eq.(20), we multlply the momentum equation of (19) by @ and we integrate over Q. In
some integrations, we use the Green formula to achieve many simplifications (see below). A similar result can
be obtained by integrating the kinetic energy equation (given by the third equation of (3))without distortion

1
effect where K = §hﬂ2. O

In the domain where the weak solution is regular, the following equality is satisfied by the functions
(h, hu hK, ha;, Z;)T and ones has:

27
O + 0, (€ + BP + gh*/2) + ghud, Zj; + %@:afs = P3(u, h) + ghPi(u, h) + 10, (hvo,T) (22)



where the mechanical energy is given by ¢ = hK+ gh?/2. The equation is obtained by multiplying h equation
by gh and by adding with hK equation. After integration, we obtain:

2 2—
/Z(§+g;l+ghzz> dQ—i—/U@th—l—/gZﬂaons:/P3(ﬂ’h)+/ghpl(u h)—f/h|8 u)|2
Q Q Q p Q 2
(23)

Moreover, solutions of the model (19) may develop discontinuities in finite time. These discontinuous
solutions are weak solutions that are not always admissible. Thus we consider that they satisfy the following
entropy inequality:

0 + 0,G <0, (24)

where the energy written as:
h\ul2

£€= fghz +IP + ghZy + =5 (25)
and where the energy flux reads
72
G= (g(ZZ +h)+ 73 + —6pa5 ) h. (26)
The function £ acts as mathematical entropy. From one shock to another, the energy decreases.
At a point of discontinuity, the steady state solutions should verify the dissipation entropy:
3 gh ?
- P+h)+ = —§pas + — | hu <0, 2
8<g(b+)+273+2ppa+2) u<0 (27)
and this allows to conclude that hu is constant in whole the domain. When p = p,, we have:
h 72
8x<g(2+2)+ P+ )hu<0 (28)

Lemma 2. If the functions (h, hu, hK, hasg, ZZ)T are solution of the system (3) with initial data (u®, h°, P°,C°, Z?)
given by (13) and satisfying (16) then we have the following entropy equality: With a test function ¢ € D(Qr)
we have for:

T T
/Btf(u07h07730,007(Z;‘)O)go(x,o)dx—&-// f(h,mP,C,Zg)atcpdmdt—i-// 0.0G (h,u, P, C, Z3)dxdt < 0,

Q QJO QJo
(29)

Remark 2. The relation does not ensures the existence of non-unique entropy solution in sense of Kruzkov
of the problem model (3). Although every wave solution of the model propagate at the finite speed a™ given

in (9).

3.2 Energy and entropy inequalities with distortion and viscous effects

We will derive some energy and entropy inequalities necessary to ensure the stability of the model in
energy sense.

Integration of h equation

We derive the h equation of (3) with respect to « and we multiply by 9,h. We get after integration on

the following result:
1
i/8w|h\28§ﬂ+/ f|8$h|2a:/8zh8$P1(ﬂ,h). (30)
dt Jo Q2 Q



Integration of hu equation and reformulation

Ozh
We multiply the hu equation by % and we integrate over ). We get:

i/a.axh + /8xh8177+g/8mharzg+/g(p)|8mh|2+g/ \8rh|2+/g(p)8mh8xh075 (31)
dt Jo Q Q Q Q Q
= [ %+ [ 2 pa )
Q h Q h

We have about the diffusion term:

AmmmmﬁzéﬂﬁUx>/wwu

where we can also note that the diffusion improves the regularity of the water depth h by the following
relation:

/ ud.ho¥w = — | 0,u.02h.
Q Q

Using this simplification relation, the equation (31) becomes:

jt wh  + /a hd, P+g/a hd, zg+/ (p)|5‘mh|2+g/ \8mh|2+/g(p)5xh8zh075 (32)
Q Q

T /ﬂMD(a)—/&Cu.aih: Osh (@, h).
Q h Q o h

If we remove all the source terms in mass conservation equation given by the first equation of (3) we can
have:

u = — o) w(hu)) = 0 :i ogh —
/Qu&rh— /91 & h(div(hT) /91 e(hdh) dt/Q(hl eh—h) (33)

And in this case Eq.(32) can write as:

i/(hloghfh) + /8mh8m7>+g/ &chﬁ_fZ;Jr/g(p) |8£h|2+g/ |8$h\2+/g(p)8mh8mh075(34)
dt Jo Q Q Q Q Q
2
+ /MMD(E)—/&U@%}L: %l b i b,
Q h Q Q h

Integration of hK equation

We integrate over {2 the equation hK and we get:

4 U hRJr/ f/ 3gh2} +/gzgﬁtth/H.@thJr/ﬂ.am}gthr/,u|\/ED(ﬂ)\2 (35)
dt | Jq o Jao4 Q Q Q 2 Q
=/g(h—l—ZZ)Pl(ﬂ,h)—i-/Pg(ﬂ,h).

Q Q

Here, we have used the Green formula and some simplifications:

/Quam(hD(ﬂ))H:/Quhaﬁaﬂz*/Q/tl\/ED(ﬂ)F»

d 3
20 Q.9
/Qgh U0yp = dt/ gh”,
* d 2 *
ghua (h+Zy) = pr gh ga&gh.



Lemma 3. If the functions (h, hu, hK, hasg, ZE)T are solutions of the system (3), then we have the following
energy equality:
d — 3 2 _ 2 2 02— *
— || W&+ [ Zgh® + | wd:h| + [ (9(p) + ) 8] + | Ou|h]"u+ | gZ;oih (36)
dt [ Jo o4 Q Q Q Q
J— —\ 2 * — (aﬁﬂh)2
+ [ 9(p)d,hduha; + | plVED@)? + | 0.h0.75 + | WOhP + | p—rD(u)
Q Q Q Q Q
1
— / Dpu.02h +/ 1.0 (=gh?) +/ 9:hd, P = G(u,h),
Q Q 2 Q

where the term G(u, h) reads:

G(a,h):[zg(h+zg)P1(a,h)+ Ps(q, h)+/ 82hP2(a, h)+/§18£haxpl(a,h). (37)

Q Q

1
The inequality can be obtained by using the fact that ab < §(a2 +b?), for all a,b € R. We can also use the
Holder inequality:

€ 2 L.,
< — — .
ab_2a +2€b, a,beR,e>0 (38)

The relation (27) and (36) are keys to prove several original results about the new model (3) (that describes
the sediment transport and morphodynamic in the context of accelerated shallow water flow). It is expected
that the entropy and energy relations obtained using distortion shallow water equations context generalize

those obtained using shallow water equations [2], [14], [15], [16]. These relations ensure the existence of a
global weak solution of the model.

3.8 FEzistence theorem of a global weak solution of the developed 1D model

Here, we proposed a existence theorem of a global weak solution satisfying certain condition exposed
above. We start by writing the following result.

Theorem 3.1. Let us the initial values of the model given above. We assume that the unknowns of the model
satisfy the variational formulation given by Eq. (17). There exists a global weak solution (h, hu hK, hay, Zp)T
of (3) satisfying the energy and entropy inequalities (27)-(29) and (36) respectively.

We have also the following
Proposition 3.1. According to the above relations (27) and (36), we have the following estimates:
|1Pr(@, h)|| L2 0,751 () < € (39)
||8$\/E||L2(O,T;H1(Q)) <c

Cc

IN |

102h[ Lo (0,751 ()
[@Vh|| o< 0.7:22 ()

102 Z3 || Lo (0,711 ()

o o0 0O

1Z3 || o 0,122 ()

(VAN VAN VAN VAN VAN

o0

)
)
|0z L2 0,7;L2(02))
)
)

HazPHL?(O,T;LZ(Q)
||aw\/ﬁ||L2(O,T;H1(Q))
10:VRD ()| L2 (0,752 (52))

IN

Cc

IN
o
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Proposition 3.2. According to the definition of the energy-space W (0,T), the above relations (27)-(36) and
the estimate relations given by (39), the following relations hold (for ¢ constant):

IVhllwor <¢ |hllwor <e 1Zillwor < (40)

|hesllw o,y < ¢ Ihallwo,ry < ¢ ulwor < e

The above proposition 3.2 can help to prove that a global weak solution of the model problem is bounded
in W(0,T). The fact to prove that the solution is bounded in W (0, T') solidify our stability result proposed
in this work.

4 Convergence result of the model

We consider here a sequence of approximate global weak solution (A, (h@)y (hR)n, (his)n, (Z)n)"
satisfying the above model given by (3). A sequence of approximate weak solutio satisfies also the variational
problem given (17).

We assume that its initial values satisfy (for ¢ constant):

a8 — @ strongly in  L2(Q); (Z)R — (Zf)o strongly in  L?(Q); h% — hy strongly in  L2(€);

2\n
Ohp — Ohg strongly in L2(Q); (q}fz + Py — (h o) + Py strongly in L'(Q); PJ — Py strongly in L'(Q);
0 0
Ohyug — Ohotig strongly in L(9).
This initial solution verifies also the relation given by:

_ m
Ha;p\/ h0||L2(Q) <g¢; ||houoasoHL2(sz) = ||}T(§)||L2(Q) <ec (41)

And in thus we have the following estimation:

(42)

hoPo ho‘ﬂl%
<
y g )=°¢

1 *
/ (2gh8 + hoPo + gho(Z})o +
Q

The inequality (42) allows us to show that the kinetic energy equation with distortion nature of the non-
homogeneous flow is stable and bounded. However, more other relations can be used to prove it and this
require some investigations. The proposed paper give a brief introduction of the mathematical analysis of a
new class of sediment transport equations recently put in place by myself and my collaborators.

Theorem 4.1 (Convergence). There exists a global weak sequence solution (hy, hnlin, haKn, hnQspn, (Z5)n)T
of (3) satisfying the energy and entropy inequalities (27) and (36) respectively.

Proposition 4.1. A sequence of weak solution satisfy also the equation (27) and (36). According to the
result given in (3.1) and the we have the following estimates:

121 (s ho )| L2 0. 17:-1(0)) < € (43)
102 v/ B 220, 7111 2))

102 b | oo (0,751 (02))

[Tn | o< (0,7 L2(02))
102(Zg )l L (0,7522(22))
102 hn@sn |l 220,152 (02))

)

)

1(Z5)nll Lo 0.7522 ()

(VAN VAN VAN VAN VAN I/\ \/\
o o o

o o

102 Pnll L2 0,1;22(02)

102/ Pl 20,711 ()

102/ T D (wn, ||L2 (0,7;L2(Q))

I /\

\ /\
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Moreover, according to the Lemma 4 one has:

1V P llL20,7:02(0)) < ¢ [V hAntin| 20,1502 (0)) < € (44)

We have also the following

Proposition 4.2. According to the definition of W (0,T), the relations (27)-(36) and the estimation relations
given by (43), the following relations hold:

IVhnllwio.ry < ¢ lhnllwor < e 1(Znllwor < e IVIVPlwom < [VAllwor <c.  (45)
The following result is due to proposition AppendixB.4:

Proposition 4.3. Let Q be a bounded in R. Any bounded sequence (hp)n, (Vhn)n, ((Zg)n)n in W(0,T) has
a subsequence that converges strongly in L*(0,T; L*()).

5 Proof of the convergence result of the model

This section is devoted to prove that the proposed model converge when we pass to the limit each
equation of the model (mass conservation equation, momentum equation, kinetic energy equation, sediment
concentration equation and bed evolution equation). We will prove that each of these equation is satisfied by
a sequence of global weak solution and admit a limit when n tends to oco.

5.1 Pass to the limit in the mass conservation

Let us the mass equation of the above model given by the first equation of the studied model above. An
sequence of global weak solution of the model satisfies also this model due to proposition 4.1. We prove here
that the mass equations satisfied by a sequence of global weak solutions given by:

Oh., g
ot ox

(hnﬂn) - Pl(ﬁna hn) - P{L(u7 h)v (46)

and by

Wl D (ha /i) = Pu(in, Vi), (a7)

ot

admit a limit when n tends to oo. o 5 o o
From the equation (46), we have a—t" =5 (hnTn )+ Py (T, hy) that implies that a—t" = 5 in L2(0,T; H-X()).

Since ||| Lo (0,111 () QL2(0 1:H1(Q)) < ¢, and according to embedding given by (B.2), we can extract a limit
of a subsequence h € L*(0,T; H1 (€2)) that 9,k belong to L>(0,T; L*(Q)) and h, — h in L*(0,T; L?()).
Now, since ||\/E||LW(O’T7L2(Q)), we have A, G, — Vhu in LQ(O,T; L?(Q)). We prove that h,u, — hu. As
hptin = Vhp(Vhaly), we can write:

|onTinll e 0,120 () = |1V Pnll 20,722 ) |V T || £ (0,73 12 () - (48)

Notice that /A, @, — Vhu in L?(0,T;L*(2)), and so, we can prove that /A, — vh in LP(0,T;LP(Q)).
According to Eq. (47), we have 9;v/h,, is bounded in L?(0,T; H 1(Q)). Previously, we have showed that
102V PnllL2(0,7;01 (2)) < ¢ and [[VAnTl|L2(0,7;22(0)) < ¢. We have therefore, v/h, — Vh in LP(0,T; LP(Q)).

Really, h,u, — hu is not easy to prove since h,u, equation is associated to the momentum equation we
prefer use the fact that d,hpu, = Up0shy + hpdzu,. We have d,h,, — O,h strongly in L2(0,T; L?(Q2)) and
u, — u weakly in L2(0,7T; L?(Q2)). Moreover d,u,, is bounded in L?(0,T; L?(Q)) and 0,u,L*(0,T; L*(2)) €
We can deduce that h,%, — hu in L?(0,7T; L*()). We can also prove that h,u, — hu by remarking that
fQT hpundtde = (\/hyun, vVha)( ie. by proving the vhyu, — vhu in L?(0,T; L?(2)) strongly and using
the fact that /A, — V/h, we conclude.

12



5.2 Pass to the limit in the momentum conservation equation

According to the proposition 4.1, we have:

9 . - 9 = Ahn + (Z3)n) | ghi Opn
g min) + g (2hnn) + 90 =50 2pn O (49)
2
— / MMD(UH) —|—/ Optin.02hp = Pa(ty, hy).
Q ha, Q
From the equation (49), we have:
o, _ . 0 _ O(hn + (Z3)n)  gh2 dpn _
ot (hnun) = T or (thKn> ghn Oz 2n Oz + PQ(hnaun)v (50)

(bt haPo

where h, K, = >
We have 0;h, i, OthnK, € L*(0,T; H=*(f2)), sgreat. We have u,, 0,1, bounded in L?(0,T; H*(Q)) as

U, € since L*(0,T;L?(Q2)). As 0, € L*(0,T;L*(Q)) we have u, € L?(0,T;H*(Q)) and we conclude

that %, — u in L?(0,T; H*(£2)). Using the motion conservation equation 9;h, %, € L?(0,T; L?(Q)) therefore

hpt, — hu strongly in L? (0,T; H_I(Q)). Remarking that fQT hptupu,dtde = <hnﬂn,an>(L2(07T;Hfl(Q))7L2(O’T;H71(Q)))

The Aubin-Lions lemma ensures that h, %, — hu strongly in L?(0,T; H=1(Q2) and we obtain:

/ BTy Ty dtds — h|a|?dadt (51)
T Qr

We conclude that h,u, — hu strongly in L(0,T; L?(€2)) thanks to embedding compact (see appendix).
In the same sense we have proved that h, P, = (v/hn/Pp)? is bounded in L2(0,T; H~1(2)). Remarking

2
that [, haPodadt = [ [Vha/Pa|” dedt = (VR Py Vi VPr) (220, 0:0-1(9)),22 (0,751 -1 ()

Since v/h, /Py, is bounded in L2(0,T; L*(Q)) and v/hn/P,, € L2(0,T; L*(Q)). The compactness Aubin-
Lions Lemma ensure that /%, v/P, — VhvVP strongly in L*(0,T; L?(Q)) and we obtain:

(VA Prs VoA Po) = (VBVP, VBVP) (52)
dedt —

Therefore vh,vP, — VhVP and h,P, — hP strongly in L*(0,T;L?*(Q)). Using (51) and (53) we
have fQT hnKndrdt — fQT hRdzdt. As Oih,u, is bounded in L?(0,T; H~1(Q)) then 0,h,K, is bounded in

L?(0,T; H-Y(Q)) C L?(0,T; L*(Q)). To pass to limit on h,K, becomes easy.
To prove that, we will show that the product (\/hm/Pn)z and v/h,u, are bounded in L?(0,T; L()).

\/H\/ﬂz ddt (53)

We know that j}%)n and \;];7 are bounded in L?(0,T; L?(f2)), with h,, > 0,n € N. We can apply the
Fatou Lemma and this leads to:

5.\ ( P (R (P

sup / liminf | — —— | <supliminf / — — 54

te[0,T] JQ (\/hn> <\/hn> o \ Vhn Vhn ( )
.. dn qn .. dn dn

sup lim 1nf( ) ( ) < suplim mf/ ( > ( ) 55

t€[0,T ~/Q Vhn Vi, o \Vhn Vhn ( )

We can define VP and @ as follows:

VP — % if h#0
0

13



Such that ¢ = hw and P following that

2
sup / T _ sup / WVha|? < 400 (56)

te[0, 7] JQ h te[0,T]JQ

= _

sup / L sup / |\/E\/’E|2 < +o0 (57)

te[0,T] JQ h te[0,T] JQ

According to equations (54), (55), (56) and (57), we have:

__ dn - q
Vhn = s Vhi=—, h#, V¥ 58
( u)n (’/hn>n “Sn # vz (58)
(\/hn\/Pn) _ (2 L VP = E, h+£0, Vo
n \/hn " \/E

Therefore, we can write fir PnQ firy/ P € L?(0,T; L*(Q)) and (\Z%) (\Z%) € L*(0,T; L*(2)), since

one has:
| VAP VIR < [ WPy = VIVRIVRN Pl + [ VP = ViVPIVIVEL (59
The Holder inequality permit to obtain:
[ VP = VAVPE < Whi /Py = ViVl @ ViV Palserasay  (60)
+ VR /P = VEVP| 12013220 IVAVP | 20,7302 () -

According to error estimates given by (44), we have:

/ 1V Tn s/ P — VINPI? < +oc. (61)
Q
Following the same procedure, we obtain also
/ I/ BTy, — Vha|? < +o0 (62)
Q

Therefore, /i, — Vha in L2(0,T; L*(Q)) and /AP, — VRVP in L?(0,T; L*(Q)).
n h"L .
The function Py (h,,u,) € L2(0,T; H=(2)). We put ghnaL = g(hn)(a—) Since h,, € L>=(0,T; L?(Q))

ox Or
ho, Ohy, 1 by .
g € L%(0,T;L?(%)), we can write gh,—— € L*(0,T;L*(R)). Therefore, gghna— is bounded

x Oz Ox
L?(0,T; L?(Q)).
a(ZZ)n . : —1 ) : : = 8h" 2 2
ghy, 5 ° bounded in L*>(0,T; H~'(£2)) thank’s to compact inclusion (B.2). ghnama— € L*(0,T; L*(2))
x x

since we have h, o, € L>(0,T; L*(Q)) and d,h,, € L?(0,T; L*(Q)) to thank’s the compact inclusion (B.2).
We also prove that h,0.h,a5, — hd.ha, strongly in L2(0,T; L?(Q2)). Indeed, we have h,0.h,00, =
h2 0,5, + hn®snOzh,. We also have d,h, €2L2(0,T;L2(Q)) and 0,a;, € L*(0,T;L*(2)). About the

2
@hh") D(un) — (ath D(u) strongly in L*(0,T; L(€)). We also have:

n

and

diffusion term, we have

—/awun.aihn:/,u&chnazun
Q Q

02u,, is bounded in L?(0,T; H=1(Q)), since d,u,, is bounded in L?(0,T; L3(Q)).

14



5.3 Pass to the limit in the kinetic evolution equation
According to the proposition 4.1, we have:

0 0 O(hn + (Z5)n)

ghii, Opn 0 [ Tun _
+ 20, Or Hox fon ox + Py (i, i)
From the Eq. (63), we have:
o . 9 _ _ O(ha + (Z3)n)
5 (hnKp) = ~ o (hnKpTn + hyPrlay) — ghptn, 9 (64)
9hintin Opn | p, 0 ([, 9un
2p, Ox + Py (i, fin) + e fon Ox

Using Eq.(64), we have % (hnKn) — % (hK) weakly in L2(0,T; H=1(Q)) since P (tn, hy,) € L?(0,T; H=(Q)).

Thus, we can remark that:

hoKpun,dtde = <hnﬁn7ﬂn>(L%H*1,L2TH1)
Qr

As proved previously, d;(h,K,) is bounded in L?*(0,T; H~1(Q2)) and @, € L*(0,T; H 1(Q)). Therefore
h, K, — hK strongly in L2(0,T; H=1(12)).

We obtain

hn KU, dtde — hKudtdz
Qr Qr

and that h,K, — hK in L2(0,T; L*(2)). We prove easily that h,K,%, — hKu using the fact h,K, — hK in
L2(0,T; L*(Q)) and @, — u — weakly in L?(0,T; L3(Q)).

In the same sense, one has 9;(h,K,) is bounded in L?(0,7; H~(Q)) and we can write

/ thnﬂndtdx = <hn7>nvﬂn>(L%H*1,L%Hl)
T
As proved previously and using the embedding inequalities, we write |h,Pp| = [vVAnv/Pol|?> = [VRVP|?
strongly in L?(0,T; L?(Q)).

Finally, we prove that:

/ hn'Pnﬂndtdx - <thnvﬂn>(L%H*1,L%H1) — <hP7H>(L%L%,L%L%)

T

by using the fact that h, P, — hP strongly in L?(0,7T; L*()) and u,, — u weakly in L?(0,T; L?(12)).
We have finally that

/ (hnKnTn + hpPrty,) dtde — (hKu + hPu) dtdx (65)
T QT

and that (h,K, + h,Py) %, — (hK + hP) 7 strongly in L2(0, T; L?(12)).
According to Poincarré inequality and the sequence of kinetic conservation equations we have the estimate
follows:

Oz (hnKnTy, + hypPry,) dtdz

‘ < / |83: (hnﬁnﬂn + hnpnﬂn” dtdx (66)
Qr T

g/ |0 (hnﬁnun)|+/ |0 (hnPry,)| dtdzx
Qr Qr
<Cy

[@al|Z 1 + CollhaPallZ2 g1 + CulbnTi |72
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We have 0, (hnKp, + hnPp) Uy — Oz (RK + hP) u strongly in LAH 1 € L2.L% and as 0, (h,K,, + hyPr) Un,
is bounded in L2 L2.

We have ghnﬂna(gb)" = g(hnﬁn)a(gb)n. Since h,u, € L2(0,T;L*(Q)), and OZi)n bounded in

x x z
L2(0,T; L*(2)), ghnt, a(gb)n € L*(0,T; L?(2)). Therefore, we can write that gh, %, OZ;)n — ghﬂaazb
x x x

weakly in L?(0,T; H=(Q)).
oh

n oh
In the same sense, we have ghnﬂna— — ghﬂa— weakly in L?(0,7T; L*(Q)).
x x

(hn KTy + hpPptin,) € L2(0,T; H-1(2)). Indeed, we put h,K, Ty, + hyPnl, =

w2 3 u 3
T <u2” + 273n> . On the one hand h,,%,, is bounded in L?(0,7T; L?(£2)), and on the other hand %—1— 573,1 is

We have from (64), 38

xT

gh2, Opy, gh?u dp
P — H —_

2p, Ox 2p Ox
strongly in L?(0,T; L?(£2)). The source term Py(Un,hn) — Py(Un, h) € L*(0,T; H1(Q)). For the term
|V hin D (@) |?, we have |V, D(@,)|> = |[VhD(@,)|? in L2(0,T; L*(Q)).

bounded in L?(0,T; L?(12)). Following the same demonstration above, we prove that

5.4 Pass to the limit in the sediment concentration equation
According to the proposition 4.1, we have:

0 0 0 oa;
_ o _ T.a) =P = I n
o )+ 3 () = PaO ) + o (2 522 (67)
From the equation (67), we have
0 0 0 oo
g3 T2n) = =5 () + Palh )+ 5 (4 522 (69)
We mention that % (hntisy,) € L2(0,T; H-1(Q)). By a simple reformulation, one has:
0 N _ _ 0 __
% (hnunasn) - asn% (hnun) + hnun%asn
. 0 _ 5 1 Ohy, 0 _
Previously, we have proved that e (hpuy) € L?(0,T; H'(Q2)) due to fact that % = om (hpty) +
x x
Py (U, hy) € L0, T; H-1(Q2)). We can write hnﬂn(,%(Ts" € L*0,T; H Y(Q)) because h,u, — hu in

L?(0,T; L*(Q2)). Note that 82075” is bounded in L?(0,T; L?(2)). We can write
x

2 <vhn 8‘“") — ha02s, + 5 2o Ol

Ox Ox Ox Oz
With that, one write that g <’yhn 8gsn> is bounded in L?(0,T;L?(Q2)). On the other hand ? is
T x T

bounded in L2(0,T; L?(2)), this leads us to say that d2ay,, is bounded in L?(0,T; H1(£2)). We also write
that (@, ), — @ strongly in L?(0,T; H1(Q)).

5.5 Pass to the limit in the bed evolution equation
According to the proposition 4.1, we have:

oy 977 E-D .
5 T W, =14, PP in Qr
7:(0,.) = (Z5)°, inQ (69)

Z; = ZZ|39 on 02
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where we have noted that u, = u(¢,2,2}). We assume that the initial topography (Z;)? is in H(Q),
then Zj|asq € H'/?(09) and the operator Z; + Z7|sq is surjective from H'(Q) to H'/2(0Q). We can also
Z; 0Zy 0Z; Zy
a;).nzb for Z; € H?(Q) ( ( 3;)'”2” = 8nzbb 5”be> is linear
continuous and surjective from H?(Q) on H3/2(992) x HY?(9Q).

The function (Z})? thank to Sobolev injection therefore (Z;)? € C°(Q) and (Zf)° is differentiable in L!
sense p.p in Q.

We have Z; € {H(Qr) (N L>(0,T; H*(Q))}. Moreover, there exists (Z3)* € H'(Q2) such that

have ( ). In this case the operator (Z,ﬂag,

(Zy)n 0Z; _ .
(8;) Up,n (')xb =Whp + P5(Up, hn), p.p. in Qr (70)
with
igf ess(Z7)° < igf ess(Zp)" 1 < (Z3)" ! < supess(Z;)" " < supess(Z;)° (71)
Q
From (70), we have:
(i) ozy
= — _ P . 2
8t Ub,n 81’ + 5(unahn) (7 )

o(Zg
We can write that % € L%(0,T; H~(€)). The fact that u, < u (see [? ]), leads to write:

Up || L (0,T;LP(Q)) ullLz(0,T;L2(Q)) < C-
[[usl| < |[al] < (73)

We have u, — u weakly in L?(0,7;L*(Q)). From this estimate, we have therefore uy, bounded in
LP(0,T; LP(Q)). This can leads us to say that up,, bounded in L?(0,T; H=(Q)).

Convergence in the case of the presence of resonance phenomenon

Let us up,, a sequence of function of L'(2) we assume that the resonance phenomenon appears. A
resonance condition in sediment transport in absence of shear effect has been proposed in [7]. In a such
condition, we can suppose:

Upy — U, VE,x € Q

We can write according the fact that the fluid velocity is greater than the characteristic velocity of the
bottom |uy| < Tp.p, @ € LY(Q). Then, u € L*(Q) and |jup, — l[z1 — O therefore up ,(Zf)n — UZ;
in L*(0,T;L*(€)). Moreover, in case of resonance, we have upn0y(Z5)n ~ 0u(Un(Z;)n) and therefore,
Op(Tn(Z5)n) converges to Dy (Un(Z5)n) in D' (Qr).

General case:
It is well-known that (Z;), € L>(0,T; H'(Q)) and up., € L?(0,T; L*(Q)) We have thanks to 4:
b0z (Z5)nll 20,1522 (2)) < NbnllL2(0,7022)) [102(Z5 ) nll Loe (0,7502 () - (74)

Therefore, we can say that up 0, ((Z5),) is bounded in L?(0,7T; L*(2)). Because upd,Z; € L*(0,T; L?(2)),
we conclude that up 0, ((Z})n) — up0,Zy strongly in L2(0,T; L?(£2)). To pass to the limit in bed evolution
is justified.
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5.6 Pass to the limit in friction terms

The friction terms in momentum and kinetic equations is oriented by ﬁ and its expression depends on
q

nature of the flow. In some application this term writes:

olalg 2 Chezy
F - 7 — 75
Tns p {7/ 3 Manning-Stricker (75)
where ¢ is a friction coefficient. In this work we have used the case where § = 2.
|~7:z,n - fmn| = Qmi - E2| < Q[‘ﬂn‘mn - ﬂ| + m”ﬂn - ﬂ” (76)
[ P Fenl < ot -w <ol fmlm, -+ [ fum, -
T Qr Qr
T /2 T 1/2
< @[/ (/ lunl2> / (/ |un—u|2)
0 Q 0 Q
T 1/2 T 1/2
c (L) (L)
0 Q 0 Q
< Nt =8l 20,2209 ([TnllL20,150200)) + 1l 20,7502 (2)))

We have ||, || and ||| are bounded in L?(0,T; L?(2)) and @, — @ in L?(0,T; L*(Q2)). Finally, we get the
strong convergence of F, , to F, in LP(0,T; LP(Q2)). Moreover, we have the strong convergence of @, Fy n
to uF, in L?(0,T; L*(2)) These convergence permit to pass to the limit in friction terms. More generally to
pass to the limit in the proposed model.

6 Conclusion

In this paper, we have presented a new sediment transport model in viscous shear shallow water mixing
flow equations. This model is inspired by that recently developed by the same author and solved by the path-
conservative central-upwind methods. The mathematical properties (energy and entropy inequalities) of the
model have been proposed. It’s expected that these properties are considerably different from those admitted
by shallow water type models. The shear effects influence these inequalities by modifying the kinetic energy.
Moreover, the presence of sediment increases the potential energy of the system. We proposed an existence
theorem of global weak solutions of this model. Moreover, the convergence of the solution of this model is
obtained in W(0,T) — space. As a reminder, we used a better energy-norm space more refined than L?(Q)
to study the convergence of a sequence of global weak solutions. The proposed results in this work can be
improved for better literature. However, it can serve as the base for the development of future existence and
non-uniqueness results. An existence theorem of a global weak solution in a two-dimensional case remains
an open problem.
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AppendixA Mathematical tools and Notations

Here, some tools used in this work are exposed. We first expose some vectorial spaces as Sobolev spaces
and its related spaces.

Some vectorial spaces

For a function h : @ — R the essential supremum is:

ess —sup(h) = inf {a € R;{h > a}has measure zero} (A1)

For f : Q — C we define ||f||c := ess — sup|f|. The normed vector space L°°(£2) consists of function
which are essentially 'bounded’

L2(@Q) ={f: 2= C;[| flloc < oo} (A.2)

Here, the standard norm reads || f||z» = inf sup |f(z,t)|. We note that L? = LP(2) (1 < p < 4o0) is the
space of measurable function f such that ||f|z» = [, [f(x,t)[Pdz < +o0.

The space C*(Q) = [,y C* is the set of function indefinitely derivable. We associated the norm ||. .
We define the set of continuous function with compact support as:

CE(Q) ={feC®(): f(x) =0,Vz € Q\K, Kcompact C 2} (A.3)
We resume that:
CrQ)=Cc>*ncC, (A4)
Some Sobolev spaces and related spaces

Suppose that E is the Hilbert space LT (0,7, E) denotes the space of Lebesgue measurable functions

f:]0,T] — E and such that (fOT ||f(t)\|%dt> < +o0, with 1 < p < co. Moreover, L>(0,T, E') denotes the
space of Lebesgue measurable functions f :]0,7] — E and such that 3C > 0, || f(¢)|z < C, p.p.t. Note

that C([0,T], E) is dense in LY (0,T, E).
If let us X = L2(0,T, E). Then, it follows that the dual of X is X’ = L%(0,7T, E').
For positive integers k,,x; we defined the Sobolev space
HE=r(Q) = {f € L3(Q),8!°lf € L2(Q)Va with 0 < |a| < k1,00 f € L2(Q),i =0, .....k2} (A.5)
particularly we have:
HYN(Q)={f € L*(Q x (0,T7)),Vf € (L*(Q)),0:f € L*(Q), Neumann condition} (A.6)
The Sobolev space H"=**(Q) is the Hilbert space with the following inner product:
T K1 T K2 T )
)= [ Fgadtr 3 [ @100+ [ @f 3.
0 0 - 0
|er|=0 =0

We note H"(0,T; H®) for nonnegative integers r and s us the completion of C*°(0,T; H*(2)) in the norm:

T T g )
r CHs) = —)* o, Sd
(TP g/ () S (o, D2t

where C*°(0,T; H*(§2)) denotes the set to indefinitely differentiable from [0,T] into H*(€2) for which all
derivatives have continuous extensions to [0, T].

19



We verify by the Fubini theorem that the space L?(Q x (0,7)) identify with the space L?(0,T, L(£2)).
The hypotheses L2(0,T; L?(f2)) coincide with the hypotheses f € L?(2x]0,T]).
We define also the energy-space W(0,7") by:

W(0,T) = {f € L*0,T; H(), 0. f € L*(0, T; H"(2))}
The energy-norm is given by:

Ilfllwo,my = If 20,7 m1000)) + 10ef || 20,7510 (02))) -

AppendixB Functional analysis: Preliminary results
A convergence result and inequalities

The following results are essential to prove some estimate errors and convergence results in the next. We
have the following compact inclusion:

HT™H Q) c HY(Q) c HY(Q), s€]0,1]. (B.1)
Moreover, Vs € [0,1] we have the following embedding following [13]:
HHQ) — HSY(Q); W(0,T) — L*(0,T; H(Q)); L*(0,T; H(Q)) — L*(0,T; L*(R2)) (B.2)
According to these relations, we have:

Proposition AppendixB.1. Let Q be a bounded in R. Any bounded sequence (f), in W(0,T) has a
subsequence that converges strongly in L*(0,T, L*(Q)).

Lemma 4. For any f1 € L?>(0,T, L*(?)) and fo € L*(0,T, L*(Q)), we have:

Il f1f2ll20.1,2c)) < IIf1llz2co,rL2)) | f2llne0,7,22 () (B.3)

Weak convergence and consequence

Définition AppendixB.1. Let X a Banach space and X' its dual. We say that (fn)n C X' converges to
f € X' in the weak — * topology and we denote it by f, — f if

(fov)xxx = (fiv)xxx, YweX (B.4)

Theorem AppendixB.1. Let X a separable space and {f,}n C X’ a bounded sequence, then there exists a
subsequence { fnr }n that converges in the weak — * to some f € X'.

Theorem AppendixB.2. Let 1 < p < 4oo. If {fu}n C LP(Qr) and f € LP(Qr) such that ||fn —
fllLr(@r) = 0, then there exists a subsequence { fur}r such that converges to f almost everywhere in Qr.

Proposition AppendixB.2. Let (v,), a sequence of H and v € H. v,, — v = (vUp)nen is bounded and
[lo|l < liminf ||v,]|.

Proposition AppendixB.3. Let (v,), and (v,), two sequences of a Hilbert space H such that v, — v and
such that u, — u, then, we have (v, u,) — (v, u) when n — 0o

Theorem AppendixB.3. If {f,}» C X' converges to f € X', in the then there exists a subsequence
{n}n C X, v C X such that |v, — v|1r(@.) — 0, then

(frsvn)xrxx = (fiv)xrxx. (B.5)
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Compact embedding

Lemma 5. Let X C B C Y Banach spaces such that the inclusion X C B is a compact embedding. Then
forany 1l <p<oo,1<q< o0, the space {f : f e LP(0,T; X)and % € L0, T; Y)} is compact embedded
in LP(0,T; B).

Remark AppendixB.1. Particularly, if ¢ = p =2, X = L*(Q), Y = X’ and B = L?() it follows that
W(0,T) — L2(0,T; L*()). Moreover if there exists a Hilbert space H such that L*(2) dense on H then we
have

L2(Q) C H C L2(Q) and W(0,T) C C°([0, T; H).

Proposition AppendixB.4. Let Q be a bounded in R. Any bounded sequence (fp)n, in W(0,T) has a
subsequence that converges strongly in L*(0,T, L*(Q)).

AppendixC Derivation of the model
Assumptions

The following assumptions are used:
H
(i) Long waves propagating assumption ¢ = — < 1, where H and L are two scale length characteristics.

L
Therefore h = (¢). (ii) The fluid is viscous and incompressible, no heart transfer (the horizontal gradient

temperature is zero). (iii) The suspension is assumed to be sufficiently dilute to justify the use of the
Boussinesq approximation. (iv) The sediment diameters dsp are uniform. (v) The pressure is assumed

hydrostatic. 1i.e. a—p = O(e). (vi) The vertical velocity at the bottom is neglected i.e., w (¢, z,2;) = 0
2

1
(vii) The averaged velocity u = w' 4+ u where ©w = 7 J; udz, and where the fluctuation v’ = u — % such

1
that 7 J;uw'dz = 0. (viii) We consider that |u —u| = O(e?). (ix) The assumption of the smallness of the

horizontal vorticity (hypothesis of weakly sheared flows) allows us to keep the second order depth averaged
correlations in the governing equations without neglecting the third order correlations, and thus close the

1 — P . : . .
governing system. (x) We have — [, v/v'dz = w'u/ = U?, where @ is the distortion velocity. (xi) We have

[u| = O(P) > O(e), B < 1. (xii) The terms

1
(h I; u’u’u’dz)‘ = 0(£%F) with ¥ <« &% for B < 1, are

considered (assumption of weak dissipation).

AppendizC.1  Basic equations

The starting point is to consider the two-phase equations based on continuum scale approach. In two-phase
models, both the fluid phase (water) and the dispersed sediment particle phase are respectively considered as
a continuum, with each phase having its own continuity and momentum equations. The governing two-phase
can be summed due to small distance between each phase compared to their size. From summed system it is
possible to derive a single mixture system of equations that reads:

ou Ow

0 0 D 0 B
&(u)—i—% (uu—i—p) —&—E(uw) = F.,
0
%(p) - *FZ7
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where u,w are the horizontal and vertical velocity, F is the source term, p is the pressure term, p is the
mixture density influenced by the sediment concentration c:

p = pu(l —c)+psc, (C2)

where p; and p,, are sediment and water densities respectively assumed constant and ps # p,,. With (C.2)
ones compute the water-sediment mixture velocity u” (noting that u = (u, w)) as follows:

u™ = (1 - c)u’ + cu’,

where u® and u/ are the velocity of solid and fluid respectively. Assuming that u/ = u® in clear water layer,
one has u™ = u. The first equation of (C.1) is the mass conservation equation The second equation of (C.1)
is the momentum-balance for the fluid-sediment. We have obtained the third equation of the system given by
(C.1) using the hydrostatic assumption (that consists to neglect the vertical acceleration of the fluid). Note
that when the volume concentrations of sediment is small enough i.e. p,(1 — ¢) > psc, the mixture density
is almost constant.

We shall assume that the volumetric sediment concentration c satisfies the equation:

dc n O(cu) n O(cw)
ot Ox 0z

To finish, we consider the bed evolution equation, based on the mass balanced equation on a arbitrary control
volume 2. Here we assume that there no vertical discontinuity of the bed and we denote by m the mass of
sediment within the control volume 2. The equation for the conservation of mass m present on the bed is
given by:

= 0. (C.3)

m z=2y
CZT =0— /z:b /S<ps(1 - ¢s)>dS =0, (04)

where ¢, is the bed porosity, ps is the sediment density.

Remark 3. The partial differential nonhomogeneous Navier-Stokes equations (C.1)-(C.3) describe the dy-
namics of the flow by the variables u, w, and o in a domain defined by two moving surfaces parameterized
by z =& (t,x) for the upper surface of the flow and by z = b(x) + Zy (t,x) for the bedload surface.

AppendizC.2 Boundary and kinematic conditions

The model developed here is thus a 1D sediment transport model. Here, the region D; occupied by the
flow is given by:
D; = {(m,z),x eER, Zy(t,x) <z < Zj(t,x) + h(t,x),t € R*Jr} , (C.5)

where Z}(t,z) = Zy(t,z) + b(z) and h(z,t) are respectively the water depth and the bed level. The free
surface is £(t,x) = Zp(t,z) + b(x) + h(t,z) and its perturbations due to the turbulence are neglected. We
assume that the perturbations of the free surface are due to the movements of sediment bed form. Using
these assumptions some conditions should be imposed on the free surface and the bed interface parameterized
respectively as:

{(z,2(t),z e R,z = (t,z),t eRL}, (C.6)
and
{(z,2(t),z e R,z =D (2) + Z, (t,x) ,t € R }, (C.7)

where £ (t,z) and b (z) are the vertical positions of respectively the air-fluid interface and the non-erodible
bedload. We denote by I = [Z}, n] the water depth integration.
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Kinematic conditions
A position of a fluid particle in a domain 2 C R at the time ¢ is defined by:
X = (z,2(t)" = {(z,2(t),z € R, Z}(z,t) < z < n(a,t),t e RE }. (C.8)

Note that this position is located on curves generated by the free surface and the bottom interface given
respectively by (C.6)-(C.7). Taking into account the net water volume rate exchange per unit of time denoted
Fe(t) = 2(t) — n(x, t), one has:

] ¢ =S _wi(t = —= .
s S —wtag = O (©9)
d
The material derivative e describes the entrainment process and is responsible to mixing between the

suspension zone, the clear water zone and the bedload surface. The fluid flow is hydrostatic and with

~ . . o .. dF .
distortion. We will use a additional variable @ to describe the distortion in the flow with — = f(@). In the
same way, at the bedload interface, using the fact that the material derivative of b (z () ) is zero, we obtain
with Fp(t) = 2z (t) — Zj (¢, (¢) ), the following condition

oz 07}
ﬁ—‘ru(t’x,zb)aix

where Zj (t,z (t)) =b(z (t) ) + Zp (t,x (t)) is the elevation of the bedload surface.

e % (C.10)

Sediment flux at the bottom and bedload equation

The sediment flux near the bed is function of sediment entrainment/deposition exchange:
dc N
WSC+0'267:D_(€, at Z:Zb (Cll)
z

From the equation (C.11), we can have:

—02% =&, at z=17; (C.12)

Given a bed porosity ¢s, the density ps; and a body sedimentary Z} (z,t) we can define a sediment mass
m(x,t) per length unit do and its time derivative by:

N om 0Zy
m = (1— ¢s)psZpde, e (1= ¢s)ps 5t dx (C.13)
The sediment flux density of mass Q,,[m?.s~t.m~1] by:
0Qy dry
Ny=ds = pg—— — .14
]{sz nz; ds = ps Oz dx + ps dt dzx, (C )

nz; is the normal to bedload surface. This equation states that the sediment flux density of mass is the sum
of horizontal and vertical sediment transport fluxes. In this case, the sediment mass conservation reads:

om
v + ji Qm-nz:ds =0, (C.15)
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AppendizC.3 Depth averaged equations
We define the depth average ¢ = ¢ (t,z) for any quantity ¢ (¢,z, z) by

B §
¢:% 6z where  Zi=btZy, hita)=E(bw) - 7 (12) (C.16)
b

The fluctuation with respect to the average value is ¢’ = ¢ — ¢ and clearly we have

& =0
Moreover, we have the following identities:
£ 9¢ o , . O oLy .
Z; %dz_ %(h@b) _% (tvxag)—i— ox ¢(t7xvzb) (*)

and

$9¢ D . O 07y X
/Z 3= 5 (19) = 50 (L0, &) + ZLo(ta,Z])  (+)

Integrating the first equation of the system given by (C.1) (also named divergence-free equation) over the
depth of water and using relations (%) and (xx) for ¢ = u yields

9 ., % 9Zy « o
%(h’u)*%u(t,fﬂ,f)ﬁ* axu(t7xvzb)+w(t7$a€)7w(taz7zb)_0

Then, using the kinematic condition (C.9) and (C.10), we derive that

7%“@7%75)4’ %Zbu(t7x,22)+w(tax7§)7w(taxazz;) = % 7%7%
X X

The evolution of the water depth finally writes as

Oh 0 . DFe DFy

o tar M= g (C.17)

The mass conservation equation (C.17) describes the variation of the water depth is influenced by the sed-
iment exchange between the accelerated current and bedload surface and by water entrained and mixed
by the turbulence. Sediment exchange involves two distinct mechanisms, i.e., sediment entrainment due to
turbulence and sediment deposition due to gravitational action.

In the context of hydrostatic approximation (long-wave approximation), the pressure is given by p =
po — pg (z — &). where pg is the atmospheric pressure at the free surface, and where p is the density varying
in the vertical direction. Assuming that pg is constant in space, the gradient of the pressure is defined by

B ap $1dp RS gh? 0p
oz~ oux +E- Z)gé)x and /Z; paxdz B ghax + 2p Ox

Using the conservation of the mixture mass principle the first equation of the momentum writes as :

ou oK 0 10p 1 W OTee 0 OTyy uw
. 2— o —Kh. —J=z h x = " ¥y - - d = 5
8t+6x+6z(uw)+p6x F. where F pF +,0(9x ) K=
Averaging this equation in the vertical direction yields :
0, _ 0 _ o6 gh*dp = o 0¢
0z, 97}
— — 7%
( 5 + o Y w)u(t,x, 2)
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Thanks to the kinematic conditions we get that

o0 . _ 0 _ o0& gh®op — Dy, Dry, N
—~ (2 — 4 2 " — hF - ———— Z 1
where P
—_uu P . _
K= -5 + 5 with P = /v’

In the above equation given by (C.18), it is important to precise the term F, that contains the friction
term and the diffusion term. We have:
1 o OTee + H 0Ty

]:xszw - ’
p +p8x p 0z

(C.19)

where in RHS the first term is the friction term and the two last terms are the diffusion terms. According to
[5] the friction term reads:

We can see that the average K is not entirely defined for us, as we still need to deal with non-averaged
components of the velocity. The classical shallow water model is only valid under the assumption that /v’
is negligible. To take into account some amount of vertical shear, we will now derive an equation for the
average K. Starting from the momentum equation, we can derive the following set of equations,

OK 0 0 u Op
g + uge (uu) + ugs (uw) + FYra uF
As the velocity is a divergence-free function and under hydrostatic assumptions the previous set of equations
becomes 5 5 9 o ¢ 5
K —z 0
ot + ox (uk) + 0z (w )+gu8x + P 940 ur.
Averaging this equation in the vertical direction gives
o, _. 0, _ _0¢  gh®_0p dp dFe
— (hK) + — (hK hi— + =—u— = —2g—(n — "+ huF, + —K(t,zx,
57 (hK) + 5 (hKu) +g "ot o s 97, (= z3)u’ + hu ;dt (t,z,8)
Fp
7775}( (ta z, Z;)
where

2Ku = 2Ku + 2Pu + v'u'u’
The third-order fluctuations is here assumed to be smaller than the second order fluctuations. So we can

formulate the third-order fluctuations as a gradient, to produce dissipation of the depth average kinetic
energy:

w'uw'u’ ~ 72112—7) = Ku = Ku + Pu — 2/{&?. (C.20)
x x

This term shows how the kinetic energy is transported by the fluctuating motion since it can also write as

—v'u'v = u'u?.

2 -
We assume that uF, ~ uF, and then, the evolution of the averaged kinetic energy writes as
a , _ o, _ . _0¢  gh®_0p opr——— = 0 _o0u
— (h —(h hi—=+=—u— = —-29g—(n-— "+ h — | 2ku— 21
8t( K)+6m( T(K+P))+g u8m+ 2pu8x gam(" Tau' + u}-+6m o (C.21)
n DFEK DFbK
Dt ¢ Dt
We can now use the relation (C.20) reformulating the bed-load interface evolution (C.10) as:
07} 24, 0 ,__ _ D-¢& 24, 0 _o0u
— = — — C.22
ot T T—gsor TP = T T g o "o (C.22)
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The equation for averaged volume concentration reads as:

oha; 0 _[(9€ 8 oZy 97y .
5 +8x (huas)—< + xu—w)as(t,x,f)—<at + 5 LT Y as (t,z,2}) .

We have assumed that oy (t,2,€) = 0 and a; (t,2,Z;) = 1 — ¢s. To compute the average ua, we use a

Fick’s law like-approximation written as

darg
T on

UQg ~ UG —

where 7 is a nonnegative coefficient. The final averaged sediment concentration equation writes:

0 0 0 b 0o
ot ox v

— (ha) + = (has w) = p o ) - (D-¢). (C.23)

The proposed model is thus obtained by coupling (C.17), (C.18), (C.21), (C.23) and (C.22).
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