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Highly efficient nonlinear energy sink

Mohammad A. AL-Shudeifat

Abstract The performance of the nonlinear energy

sink (NES) that composed of a small mass and essen-

tially nonlinear coupling stiffness with a linear struc-

ture is considerably enhanced here by including the

negative linear and nonlinear coupling stiffness com-

ponents. These negative linear and nonlinear stiffness

components in the NES are realized here through the

geometric nonlinearity of the transverse linear springs.

By considering these components in the NES, very

intersecting results for passive targeted energy trans-

fer (TET) are obtained. The performance of this modi-

fied NES is found here to be much improved than that

of all existing NESs studied up to date in the litera-

ture. Moreover, nearly 99 % of the input shock energy

induced by impulse into the linear structures consid-

ered here has been found to be rapidly transferred and

locally dissipated by the modified NES. In addition,

this modified NES maintains its high performance of

shock mitigation in a broadband fashion of the input ini-

tial energies where it keeps its high performance even

for sever input energies. This is found to be achieved

by an immediate cascade of several resonance captures

at low- and high- nonlinear normal modes frequencies.

The findings obtained here by including the negative

linear and nonlinear stiffness components are expected

to significantly enrich the application of these stiffness
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components in the TET field of such nonlinear oscilla-

tors.

Keywords Nonlinear oscillation · Nonlinear energy

sink · Targeted energy transfer · Nonlinear stiffness ·

Negative stiffness · Passive energy pumping

List of symbols

NES Nonlinear energy sink

TET Targeted energy transfer

NNMs Nonlinear normal modes

SSVI Single-sided vibro-impact

L Spring physical unloaded length

L0 Spring compressed length

� Deflection in the spring

Fnl Springs exact nonlinear force

F̃nl Taylor approximation of Fnl

m Nonlinear energy sink mass

k Transverse spring linear stiffness

knl Spring geometric nonlinear stiffness

λ Nonlinear energy sink linear damping coef-

ficient

λp Primary mass linear damping coefficient

1 Introduction

Shock mitigation in small- and large-scale dynamic

structures using nonlinear energy sinks (NESs) has
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gained considerable interest in the past decade. Accord-

ingly, an extensive research work has been done for

investigating the targeted energy transfer through dif-

ferent designs of NESs. The NES is single or two-

degree-of-freedom light-weighted device coupled to

small- or large-scale dynamic structure through essen-

tially nonlinear elements [1–14]. It performs rapid and

passive energy transfer and dissipation for significant

portion of the vibration energy induced by impulse into

the linear primary structure (due to shock, blast, earth-

quakes, etc.). Purely cubic springs have been employed

in Type I, Type II, and Type III NESs where no negative

or positive linear stiffness components were considered

in these designs [1–11]. Type I NES is composed of

a small mass coupled to the linear structure through

linear damping and essentially nonlinear stiffness ele-

ments where the Type II NES is coupled to the linear

structure through both nonlinear stiffness and nonlin-

ear damping elements. The Type III NES is composed

of two masses where the upper NES mass is coupled

to the bottom one through essentially nonlinear stiff-

ness element, whereas the bottom NES mass is also

coupled to the linear structure through essentially non-

linear stiffness element [10].

The strongly nonlinear inertia coupling in the rotat-

ing NES device which couples the rotating NES mass

to the linear structure has been investigated in [12–14]

where good performance of this NES for shock mitiga-

tion was observed. The strongly nonlinear vibro-impact

coupling between the NES mass and the linear struc-

ture at the degree of freedom that exhibits high vibra-

tion amplitudes has also been investigated in [15–20]

as an efficient NES design. Recently, the most efficient

single-sided vibro-impact (SSVI) NES was numeri-

cally and experimentally studied in [20]. Unlike other

designs, The SSVI design was found to be efficient

in shock mitigation even at severe initial input ener-

gies induced into the linear structure. Moreover, a set

of SSVI NESs have been employed via synergy with

Type I NESs with a 9-story test structure excited by a

blast where the SSVI NESs have been found to have the

main contribution for energy scattering to high modes

which yields rapid and strong mitigation of the blast

shock [21].

In all NESs, the basic mechanism for the TET takes

place through single mode or cascade of modes reso-

nance captures [1–8,12–14,20–23]. The NES perfor-

mance for rapid passive energy transfer from the linear

structure to the NES itself can be quantified through the

percentage of the initial energy induced into the linear

structure that is transferred and rapidly dissipated by

the NES. Furthermore, effective measures for damp-

ing and stiffness have been introduced for studying the

effect of the NES attachment on enhancing the damping

and the stiffness of the linear structure [9,20,22,23]. As

a result, the performance of the NES attachment was

also accurately quantified through these measures.

In all above NESs, the NES mass is coupled to

the linear structure through essentially nonlinear ele-

ment. However, a completely different configuration

of another NES design has been investigated in [24,25]

for studying the steady-state dynamics of a linear struc-

ture subjected to harmonic excitation. In this design,

one side of the NES mass was weakly coupled to the

linear structure by a linear spring, and the other side

was grounded to the wall by an essentially nonlinear

stiffness. Even though the authors in [24] have claimed

that passive energy pumping has been achieved, the

authors in [25] have claimed that no evidence of energy

pumping was observed by considering similar system

of similar physical parameters.

The physical configuration of Type I NES used in

the literature in [1–11,21–23] can be modified to gener-

ate negative linear and nonlinear stiffness components.

This modification is the main focus in this paper where

the significant effect of the negative stiffness com-

ponents in enhancing the TET in the NES is clearly

addressed here. This bistable NES with the negative

stiffness components has two stable equilibrium posi-

tions. Selecting one of these equilibrium positions to

coincide with the equilibrium position of the coupling

mass in the linear structure is the key behind the con-

siderable enhancement in the NES performance for

rapid passive energy transfer and dissipation in broad-

band fashion of input energies. In addition, signifi-

cant finding is observed when the bistable NES attach-

ment with negative linear and nonlinear stiffness com-

ponents has a nonzero relative displacement relative

to the linear primary structure away from the NES

equilibrium positions. This leads to a strong suppres-

sion of the vibration amplitudes of the linear struc-

ture in the first cycle of oscillation for wide range

of initial input energies induced into the linear struc-

ture. The enhanced NES design here through includ-

ing small negative linear and nonlinear stiffness com-

ponents is highly efficient design compared with all

existing NESs investigated up to date in the related

literature.
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2 Realizing negative linear and nonlinear stiffness

components in the NES

The configuration in Fig. 1 has been used in [8] for real-

izing the essentially nonlinear stiffness based on the

geometric nonlinearity obtained by the transverse lin-

ear springs when they are not compressed or elongated

at their vertical position. Hence, the resulting essen-

tially nonlinear oscillator has no linear stiffness com-

ponents. Here we assume that these transverse springs

are compressed when they are aligned in their verti-

cal position where an amount of potential energy is

stored. This can be achieved by considering the bistable

geometry in Fig. 1a which has two stable equilibrium

positions at which both springs are not stretched or

compressed. This configuration of the unloaded springs

generates negative linear and nonlinear stiffness com-

ponents during the motion of the mass. The two sta-

ble equilibrium positions of the NES mass (no tension

or compression in the springs at their physical length

L) are at z = 0 and z = 2zc for zc > 0 relative to

the selected reference of the displacement as shown in

the figure. Consequently, the configuration of the NES

is unstable at z = zc. For the following analysis, the

initial position of the mass m is selected to coincide

with the left equilibrium position of the system (i.e.,

z = 0). Consequently, the net horizontal force Fnl of

the springs becomes zero when the mass at the posi-

tions z = 0, z = zc, and z = 2zc. However, the net

vertical force of the springs is always equal to zero due

to the symmetry.

The realization to the negative linear and nonlinear

stiffness components in the system is verified by deriv-

ing the relation of the net horizontal force Fnlof the

springs based on the geometry in Fig. 1b after the mass

moves to the right by the displacement z. Hence, for

the deflection � = −L + (L2
0 + (−zc)

2)1/2) of each

spring, the net nonlinear force of the springs acting on

the mass is derived as

Fnl = −2k (z − zc)

(

(

L2
0 + (z − zc)

2
)1/2

− L
(

L2
0 + (z − zc)

2
)1/2

)

= −2k (z−zc)

(

1−L
(

L2
0+(z−zc)

2
)−1/2

)

, (1)

where L = (L2
0 + z2

c)
1/2 which is the unloaded spring

physical length. The Taylor-expansion about z = zc for

the quantity (L2
0 + (z − zc)

2)−1/2 yields

(

L2
0 + (z − zc)

2
)−1/2

=
1

L0
−

(z − zc)
2

2L3
0

+
3 (z − zc)

4

8L5
0

−
5 (z − zc)

6

16L7
0

+ O
(

(z − zc)
8
)

. (2)

By substituting Eq. (2) into (1) for z̄ = z − zcwe obtain

Fnl
∼= F̃nl = −2k

(

1 −
L

L0

)

z̄ −
kL

L3
0

z̄3

+
3kL

4L5
0

z̄5 −
5kL

8L7
0

z̄7 + O
(

z̄9
)

= k1 z̄ − k2 z̄3

+ k3 z̄5 − k4 z̄7 + O
(

z̄9
)

, L0 < L , (3)

Fig. 1 Physical

configuration of the

nonlinear damped oscillator
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Fig. 2 Exact nonlinear forces of the springs obtained by Eq. (1) and their corresponding approximated forces obtained by Eq. (3) for

k4 = 0 in a and k4 �= 0 in b

where k1 = 2k
(

L
L0

− 1
)

, k2 = kL

L3
0

k3 = 3kL

4L5
0

and

k4 = 5kL

8L7
0

for L0 < L .

For the arbitrary parameters of k = 0.3 N/m, L0 =

0.97 m, and L = 1 m, the results in Fig. 2 for the

exact nonlinear force Fnl in Eq. (1) and its correspond-

ing approximated nonlinear force F̃nl in Eq. (3) of the

springs in Fig. 1 show the significance of including the

seventh order nonlinear stiffness coefficients, because

later we will see that the mass m is expected to exhibit

high amplitudes of oscillation when the system in Fig. 1

is used as a nonlinear energy sink for passive energy

transfer and dissipation.

3 Application for passive energy pumping

The nonlinear attachment in Fig. 1a of mass m is

now attached to the single-degree-of freedom linear

dynamic oscillator of mass M(m ≪ M) as shown in

Fig. 3. The purpose of that is to investigate the passive

energy transfer from this linear structure to the modified

NES attachment. The equilibrium position of the linear

structure is selected to coincide with the left stable equi-

librium position of the attachment at which springs are

neither compressed nor elongated. This configuration

shows that an amount of potential energy will be stored

Fig. 3 Single-degree-of-

freedom linear structure

coupled to the modified

NES
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Fig. 4 Percentage of the initial energy induced into the primary mass dissipated by the NESs (colored bar) for various stiffness and

damping coefficients of the Type I NES in a and various stiffness coefficients and spring vertical lengths of the modified NES in b

in the NES mass when the linear transverse springs are

aligned at their vertical position.

For the relative displacement between the NES mass

and the linear structure mass z = x1 − x2 and zc > 0

the equations of motion are given as

mẍ1 + λ (ẋ1 − ẋ2) − k1(z − zc) + k2 (z − zc)
3

−k3 (z − zc)
5 + k4 (z − zc)

7 = 0,

Mẍ2 + λp ẋ2 − λ (ẋ1 − ẋ2) + kpx2 + k1(z − zc)

−k2 (z−zc)
3+k3 (z−zc)

5−k4 (z−zc)
7 =0, (4)

where x1 is the NES mass displacement, x2 is linear

structure mass displacement, λ is the damping of the

NES attachment, λP is the damping of the linear struc-

ture, and kp is the stiffness of the linear structure.

3.1 Initially unloaded springs

Series of simulations for the system in Fig. 3 are per-

formed here to compare the performance of the mod-

ified NES in Fig. 3 to the existing Type I NES in the

literature [1–11,21–23] obtained by setting L = L0.

The primary linear structure in Fig. 3 is assumed to

have the parameters M = 1 kg, kp = 1 N/m, and

λp = 0.001 N s/m. Both Type I and the modified

NESs are assumed to have the same mass of m =

0.05 kg and the unloaded spring length of L = 1 m.

The NES performance is quantified by the percent-

age of the initial input energy induced into the lin-

ear structure that is passively transferred and dissi-

pated by the NES where this percentage is represented

by η. Based on η, the damping and the nonlinear

stiffness coefficients of Type I NES (L = L0, zc = 0)

are optimized in Fig. 4a at ẋ2 (0) = 0.1 m/s to

be λ = 0.01 N s/m and knl = 1.63 N/m3 at η =

98.7 %.

The Type I NES is now modified by the configura-

tion in Fig. 3 for which L > L0 and zc > 0 and opti-

mized at the same optimized damping λ = 0.01 N s/m

obtained previously for Type I NES. Hence, at ẋ2 (0) =

0.1 m/s we obtain two sets of the optimized values of k

and L0 for which η > 99 % as shown in Fig. 4b. These

sets are shown in this figure at η = 99.14 % to be

k = 0.14 N/m and L0 = 0.882L and at η = 99.09 %

to be k = 2.9 N/m and L0 = 0.993L . The performance

of the modified NES at these two sets of the optimized

parameters is compared with that of the optimized Type

I NES for wide range of initial input energies induced

into the linear structure mass, which are represented

by their corresponding initial velocities as shown in

Fig. 5. It is clear from the figure that for k = 0.14 N/m

and L0 = 0.882L of the modified NES the perfor-

mance is within the range 97 % < η < 99 % for wide

range of input energies. This performance is consider-

ably enhanced here compared with that of Type I NES

as shown in the same figure. For 100 s of simulation

the modified NES at k = 0.14 N/m and L0 = 0.882L

keeps its high performance as shown in Fig. 6 while
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Fig. 5 Percentage of the initial energy induced into the primary mass dissipated by the Type I NES and the modified NESs for various

initial velocities of the primary mass

Fig. 6 Percentage of the initial energy induced into the primary mass dissipated by the Type I NES and the modified NESs for various

initial velocities of the primary mass

the optimized Type I NES shows poor performance for

significant ranges of the input energies. The other opti-

mized set of the modified NES at k = 2.9 N/m and

L0 = 0.993L has a performance close to Type I, since

L0
∼= L which makes it behaves closely to Type I NES

as shown in Figs. 5 and 6.

Considering the optimized modified NES at k =

0.14 N/m, λ = 0.01 N s/m, and L0 = 0.882L and

the optimized Type I NES at λ = 0.01 N s/m and

knl = 1.63 N/m3, the time histories and their corre-

sponding wavelet transforms of the displacement of the

linear structure mass and the relative displacement of

the NES mass are plotted in Figs. 7, 8, 9, 10 for differ-

ent input energies. Both Type I NES in Fig. 7 and the

modified NES in Fig. 8 show high performance in

energy transfer and dissipation for ẋ2 (0) = 0.1 m/s
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Fig. 7 Time histories of the displacement of the primary mass and the relative displacement of the optimized Type I NES mass and

their corresponding wavelet transforms for ẋ2 (0) = 0.1 m/s

Fig. 8 Time histories of the displacement of the primary mass and the relative displacement of the optimized modified NES mass and

their corresponding wavelet transforms for ẋ2 (0) = 0.1 m/s
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Fig. 9 Time histories of the displacement of the primary mass and the relative displacement of the optimized Type I NES mass and

their corresponding wavelet transforms for ẋ2 (0) = 0.4 m/s

Fig. 10 Time histories of the displacement of the primary mass and the relative displacement of the optimized modified NES mass and

their corresponding wavelet transforms for ẋ2 (0) = 0.4 m/s

where the responses are strongly dominated by 1:1

resonance capture as shown in the corresponding

wavelet transforms. However, for ẋ2 (0) = 0.4 m/s the

response of the Type I NES in Fig. 9 shows considerably

less performance than the modified NES shown Fig. 10.

The corresponding wavelet transform of the Type I NES
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Fig. 11 Time histories of the displacement of the primary mass and the relative displacement of the optimized modified NES mass and

their corresponding wavelet transforms for ẋ2 (0) = 0.25 m/s

response in Fig. 9 is strongly dominated by the 1:1 res-

onance capture. However, the response of the modified

NES in Fig. 10 is dominated by a cascade of immediate

resonance captures at the 1:1 NNM branch besides to

a set of NNM branches of low frequencies as shown in

the corresponding wavelet transform of the modified

NES relative displacement. This energy scattering by

an immediate cascade of resonance captures makes the

modified NES to be capable to keep its high perfor-

mance in shock mitigation at high initial input energy.

Furthermore, to verify the observed cascade of reso-

nance captures by the modified NES, the time histories

of the displacements and their corresponding wavelet

transforms are obtained at an intermediate input energy

of ẋ2 (0) = 0.25 m/s in Fig. 11 and at high input energy

of ẋ2 (0) = 0.7 m/s in Fig. 12. It is clear in these figures

that the modified NES keeps its strong and immediate

cascade of resonance capture at 1:1 NNM branch and

the NNM branches of low frequencies. However, at the

high input energy in Fig. 12, the modified NES has an

additional strong resonance capture by higher NNM

frequency branch.

The actual nonlinear forces in the NESs are plot-

ted in Fig. 13 based on the simulation results for the

Type I NES and the modified one at the initial veloci-

ties of the primary mass of ẋ2 (0) = 0.1 m/s,ẋ2 (0) =

0.25 m/s, ẋ2 (0) = 0.4 m/s, and ẋ2 (0) = 0.7 m/s. For

low initial energy corresponding to ẋ2 (0) = 0.1 m/s,

the modified NES oscillates about its left equilibrium

position as shown in Fig. 13a where the strong nonlin-

earity in the left branch of the force is clearly shown.

For higher initial energies corresponding to the initial

velocities in Fig. 13b, c, d, the modified NES exchanges

oscillation between its left and right equilibrium posi-

tions. The oscillation through the two equilibrium posi-

tions gives the NES mass larger strokes (peak-to-peak

amplitudes) of oscillation by which much more energy

is dissipated by the modified NES than Type I NES.

Unlike the modified NES, it is shown in the figure

that the motion of the Type I NES is restricted by nar-

row strokes (peak-to-peak amplitudes) of oscillations

at the intermediate and the high loads which restrict the

amount of the energy transferred and dissipated by the

NES.

The effect of the change in the modified NES damp-

ing and stiffness values is investigated in Fig. 14a for

ẋ2 (0) = 0.1 m/s and in Fig. 14b for ẋ2 (0) = 0.4 m/s.

It is found that, unlike Type I NES in Fig. 4a, the perfor-
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Fig. 12 Time histories of the displacement of the primary mass and the relative displacement of the optimized modified NES mass and

their corresponding wavelet transforms for ẋ2 (0) = 0.7 m/s

Fig. 13 The actual nonlinear NES force versus the relative displacement of the attached NES mass for a ẋ2 (0) = 0.1 m/s, b ẋ2 (0) =

0.25 m/s, c ẋ2 (0) = 0.4 m/s, and d ẋ2 (0) = 0.7 m/s
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Fig. 14 The effect of the NES damping and the linear stiffness component on the modified NES performance in energy dissipation

(colored bar) for ẋ2 (0) = 0.1 m/sin (a) and ẋ2 (0) = 0.4 m/sin (b)

mance of the modified NES is not significantly affected

by any significant change in its damping and stiffness.

The figure shows that the modified NES is more robust

to the change in damping and stiffness than the Type

I NES. This is an important advantage to the modified

NES for real life applications.

3.2 NES performance under multi input energies

The effect of multi input energies on the performance

of the optimized NESs is investigated here. To enrich

the comparison, the optimized linear absorber of which

η = 99 % at the damping λ = 0.01 N s/m and the

linear coupling stiffness k = 0.04 N/m is also con-

sidered. The mass of the linear structure is given an

amount of initial input energy at time t = 0, and then

another amount of external energy is induced at later

time t = t1. The ratio of the maximum amplitude in

the displacement of the primary mass when the NES (or

the linear absorber) is unlocked to the maximum ampli-

tude when the NES (or the linear absorber) is locked is

plotted in Fig. 15 for 100 s of simulation at multi input

energies. This ratio is shown in Fig. 15a for the modi-

fied NES, Fig. 15b for the Type I NES, and Fig. 15c for

the linear absorber at the corresponding velocities to the

external input energies induced into the linear structure

at t = 0 and t = 5 s. For Fig. 15d–f the external ener-

gies are induced into the linear structure at t = 0 and

t = 10 s. This ratio for Type I NES, the modified NES

and the linear absorber is found to exceed a unity for

very small lesions in the figure. This common dynamic

behavior between the considered NESs and the lin-

ear absorber can be considered insignificant to affect

the overall performance in energy dissipation. Further-

more, the comparison between Fig. 15d of the modified

NES and Fig. 15f of the linear absorber shows that the

amplitude ratio is less for the system with the modified

NES than that with the linear absorber as shown in the

colored bar. Hence, the modified NES performs better

than the linear absorber under multiple input energies.

3.3 Initially loaded springs

The case for initially loaded springs (compressed or

elongated) is investigated here. The system is simu-

lated for the parameters L = 1 m, L0 = 0.97L , k =

0.3 N/m, m = 0.05 kg, λ = 0.016 N s/m, M =

1 kg, λp = 0.005 N s/m, and kp = 1 N/m. At these

parameters, we obtain zc = 0.243 m, k1 = 0.019, k2 =

0.329, k3 = 0.262, and k4 = 0.232. The initial veloc-

ities and displacements for the simulation are set to,

x2 (0) = 0, ẋ2 (0) = v0 for v0 > 0, ẋ1 (0) = 0,

and x1 (0) = −nzc for n = 0, 1, 2, 3, and 4. For

n = 0 the NES attachment is now positioned at its

right stable equilibrium position which coincides with

the primary mass equilibrium position, for n = 1 the

springs of the NES attachment are in their vertical com-

pressed position, for n = 2 the NES attachment is

positioned at its left stable equilibrium position, and

for n = 3 and n = 4 the NES attachment is positioned

away from its left stable equilibrium position where the

NES springs are now in tension. The energy pumping
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Fig. 15 Amplitude ratio (colored bar) under the effect of multi initial energies induced to the linear structures at different times in a

and d for the modified NES; b, e for the Type I NES; and c, f for the linear absorber

Fig. 16 Percentage of the initial energy induced into primary mass dissipated by the NES for various initial velocities of the primary

mass and initial positions of the NES mass

from the primary linear structure to the NES is again

quantified by η. The simulation results for various ini-

tial velocities of the primary mass and different initial

positions of the NES mass are shown in Fig. 16. It is

observed in the figure that the modified NES with neg-

ative stiffness components still performs much better

than Type I NES when its initial position is now at the

right equilibrium position (x1(0) = 0) which coincides

with primary mass initial position (x2(0) = 0). How-

ever, further enhancement in this NES performance is

observed when x1 = −4zc. This interesting finding

shows that 99.5 % of the input energy induced into the

linear structure is immediately dissipated by the NES

when ẋ2(0) = 0.07 m/s. To verify this observation,
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Fig. 17 Time histories of the displacement of the primary mass and the corresponding relative displacement of the NES mass for

ẋ2 (0) = 0.07 m/s in a and b and for ẋ2 (0) = 0.2 m/s in c and d

the time histories for the primary mass displacement

and the NES mass relative displacement are plotted in

Fig. 17a and b. The significant reduction in the vibra-

tion amplitudes of the primary linear structure is clear

in the first cycle of oscillation. This reduction is due

to fact that the NES force is dominated by the negative

stiffness components which make this force to act in the

opposite direction of the motion of the primary mass,

even though both of the structure and NES masses are

moving in the same direction. Similar observations are

obtained for higher velocity of the linear structure as

shown in Fig. 17c and d. These considerable enhance-

ments in the NES performance are achieved here by

the negative stiffness components. The NES relative

displacements in Fig. 17 coincide with the range of the

well-approximation of the NES force that previously

plotted in Fig. 2b.

4 Two-story physical structure

The modified bistable NES with negative linear and

nonlinear stiffness components is investigated here

with the physical parameters of the two-degree-of-

freedom physical structure in [20]. The physical para-

meters of this two-story test structure are considered

here where they are given in matrix form as

M =

[

24.3 0

0 24.2

]

kg,

K =

[

15,040 −8,220

−8,220 8,220

]

N/m,

C =

[

1.263 −0.295

−0.295 0.968

]

N s/m, (5)

where M is the mass matrix, K is the stiffness matrix,

and C is the damping matrix. This structure has the

natural frequencies f1 = 1.69 Hz and f2 = 4.63 Hz.

The Type I NES of mass m = 2 kg is coupled to top

floor of the structure that has the mass M2 = 24.2 kg.

The damping λ and the nonlinear stiffness knl of the

Type I NES are optimized for this structure at equal

initial velocities of 0.2 m/s of each floor. Consequently,

the optimized physical parameters of Type I NES are

λ = 3 N s/m and knl = 3.2×105 N/m3. Using the same

optimized damping λ = 3 N s/m of Type I NES, same

NES mass of m = 2 kg, and the spring unloaded phys-

ical length L = 0.25 m, the modified NES with nega-

tive linear and nonlinear stiffness components is now

optimized for L0 and the linear transverse stiffnesskas

shown in Fig. 18. It is observed that a wide zone of
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Fig. 18 Percentage of the initial energy induced into the primary

structure dissipated by the NES (colored bar) for various values

of the transverse spring stiffness k and the transverse vertical

compressed length L0 in the modified NES in a and the compar-

ison with the optimized Type I NES in b for 20 s of simulation

Fig. 19 Time histories of the displacement of the top floor and the relative displacement of the optimized modified NES mass and their

corresponding wavelet transforms for ẋ2 (0) = 0.27 m/s

the parameters at which high performance of the modi-

fied NES is achieved appears as shown in the figure.

For the following analysis, the optimized values of

L0 = 0.23 m and k = 1,170 N/mat which the NES

performance reaches η = 98.5 % are selected. At these

values, the performance of the optimized modified NES

and the Type I NES is compared for wide range of ini-

tial input energies induced into the structure by equal

initial velocities at each floor. For 20 s of simulation,

the performance of the modified NES is found to be

considerably enhanced compared to the Type I NES

as shown in Fig. 18b. These observations agree well

with those obtained for the previous single-floor linear

structure in Fig. 3.
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Fig. 20 Time histories of the displacement of the top floor and the relative displacement of the optimized modified NES mass and their

corresponding wavelet transforms for ẋ2 (0) = 0.82 m/s

Furthermore, the time histories of the top floor and

the NES relative displacements and their correspond-

ing wavelet transforms are shown in Fig. 19 at an

intermediate energy corresponding to initial velocity of

0.27 m/s at each floor of the structure. The NES mass

performs one full oscillation at its left equilibrium posi-

tion, and then it jumps to the right equilibrium position

to continue oscillation, until it settles there as shown in

Fig. 19b. This jump between the equilibrium positions

gives the NES mass long stroke of motion in which sig-

nificant and rapid energy dissipation is achieved. The

wavelet transform in Fig. 19c shows the strong imme-

diate resonance capture between the NES mass and

the top floor at 1:1 NNM branch near f1 = 1.69 Hz.

In addition, the modified NES keeps its strong cas-

cade of resonance captures at 1:1 NNM branch near

f1 = 1.69 Hz and the NNM branches of low NNM

frequencies as shown in Fig. 19d. This immediate cas-

cade of resonance captures scatters a significant portion

of the input energy in a very short time which leads

to strong vibration suppression in the structure. Simi-

lar observations are obtained for the results in Fig. 20

where the time histories are obtained at high input

energy corresponding to initial velocity of 0.82 m/sat

each floor of the structure. These observations also

agree well with those obtained for the single-floor linear

structure considered in Fig. 3.

5 Concluded remarks

Realization of the negative linear and nonlinear stiff-

ness components and their effect on the targeted energy

transfer (TET) in the nonlinear energy sinks (NESs)

have been addressed here. The linear and nonlinear

negative stiffness components in the nonlinear bistable

energy sink which are realized here through the mod-

ified configuration of the geometric nonlinearity have

been found to considerably enhance the NES perfor-

mance for passive energy pumping and local rapid

energy dissipation. Furthermore, by considering the

negative stiffness components in the NES with a proper

initial position of the NES mass relative to the primary

structure mass, the modified NES is found to be able

to dissipate 97–99 % of the input energy induced into

the linear structure mass for broadband initial energies.

This ability for rapid energy transfer and dissipation

makes the NES strongly suppress the vibration ampli-

tudes of the linear structure even at the first cycle of

oscillation. The high performance of the modified NES

with negative stiffness components can be maintained

for broadband of initial input energies by an immediate

cascade of resonance captures at low and high NNM

frequencies. In addition, the modified NES is found to

maintain its high performance in shock mitigation for

multi external energy inputs at different impulse times.
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The findings in this paper are expected to enrich the

fields of applications of this modified bistable NES.

Finally, this NES can be named as Type VII NES to be

distinguished from the other six types of NESs in the

literature.
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