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SPACE-TIME ERROR ESTIMATES
FOR APPROXIMATIONS OF LINEAR PARABOLIC PROBLEMS
WITH GENERALIZED TIME BOUNDARY CONDITIONS

W. ARENDT, I. CHALENDAR, AND R. EYMARD

ABSTRACT. We first give a general error estimate for the nonconforming approximation of a
problem for which a Banach-Necas-Babuska (BNB) inequality holds. This framework covers
parabolic problems with general conditions in time (initial value problems as well as periodic
problems) under minimal regularity assumptions. We consider approximations by two types of
space-time discretizations, both based on a conforming Galerkin method in space. The first one
is the Euler #—scheme. In this case, we show that the BNB inequality is always satisfied, and may

require an extra condition on the time step for 6 < % The second one is the time discontinuous

Galerkin method, where the BNB condition holds without any additional condition.

1. INTRODUCTION

In the case of an elliptic problem, posed under the form: find v € U, where U is a Hilbert space
over K = R or C, such that

a(u,v) = L(v) for all v € U,
where a(, ) is a continuous (|a(u,v)| < M||ul|y||v|lv) coercive (|a(u,u)| > al|lul|?) bilinear form
on U and L is a continuous linear form, Céa’s Lemma provides an optimal a priori error estimate
for an approximation u, € Uy, where U}, is a finite dimensional supspace of U, such that

a(up,v) = L(v) for all v € Uy,
Céa’s error estimate reads as follows:
lu —upllv < — [.r llu — vl
uU—u min |lu — v||y.
AU > " U

Note that the same result holds if we relax the coercivity hypothesis to an inf-sup hypothesis,
also called Banach-Necas-Babuska condition [21, 11, 4, 1] and [3, Theorem 9.42], that is

sup |a(u,v)| > allully||v||v for all u € Uy,

veUy,
It is important to notice that these error estimates hold under minimal regularity assumptions,
since it is only assumed that u € U is the solution of the continuous elliptic problem.

In the case of parabolic problems, one can find many results on a priori error estimates in the
literature, assuming some additional regularity for the solution of the continuous problem (see for
example [11, Theorem 6.29]). One can also find a few results providing a priori error estimates
similar to Céa’s Lemma in the case of semi-discrete numerical schemes (continuous in time,
discrete in space), see for example [6, 19]. In the case of fully discrete time-space problems; let
us cite [17, 4], where optimal error estimates are derived for specific time-space approximations of
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2 W. ARENDT, I. CHALENDAR, AND R. EYMARD

parabolic problems. In [20], a time Crank-Nicolson scheme is used, and optimal error estimates
are provided. In [16, Theorem 6], an error estimate for the time discontinuous Galerkin scheme
is given in terms of discrete norms for functions with minimal regularity in space and fixed
regularity in time.

Following the spirit of these papers, the aim of this article is to give an error estimate for linear
parabolic problems, which holds

e for general boundary conditions in time (including initial value problems as well as
problems which are periodic or antiperiodic in time),

e for solutions with minimal regularity, both in space and time,

e for a large class of schemes including the Euler #—schemes and the time discontinuous
Galerkin scheme (which also includes the Euler implicit scheme).

This goal is achieved in this paper as follows.

In Section 2 we provide a nonconforming framework for the approximation of a linear problem
which can be written under a weak form against a suitable space of test functions, verifying a
uniform Banach-Necas-Babuska condition. Note that, in this framework, the spaces, where the
approximating solutions live, are not necessarily identical nor included in the space containing
the solution of the continuous problem. We then obtain an optimal error estimate in the sense
of Céa’s Lemma.

In Section 3 we show that parabolic problems with general time boundary conditions can be
considered in the framework of Section 2, allowing error estimates for nonconforming-in-time
methods, which are easy to formulate. They are valid even when the solution of the continuous
problem has only minimal regularity.

The proof that the explicit or implicit Euler scheme, or more generally the Euler § —scheme with
0 € [0, 1], with conforming Galerkin approximation in space fit in our framework is therefore done
using the results of Section 2 and Lemma A.3 given in the appendix. Here stability conditions
on the time step play an important role in the case 6 < % They are linked with the comparison
of norms in the finite dimensional setting. The implicit Euler scheme is also a particular case of
the time discontinuous Galerkin method [10, 16], that we investigate in Section 5 using the same
framework. Our approach is comparable to what is done in [12, 9] for the space-discontinuous
Galerkin method in the elliptic case, whereas we now treat the parabolic equation.

Appendix A gives technical results on operators on Hilbert spaces needed for proving uniform
BNB estimates in the considered time discretizations. Appendix B provides the results neces-
sary for computing the coefficients of the inverse of the Gram matrix which are used in Section 5.

In the whole paper N denotes the set of all non-negative integers, whereas N* is used for the set
of all positive integers. All the vector spaces are considered over R.

2. A NON-CONFORMING BANACH-NECAS-BABUSKA THEOREM

Before introducing our approximation theorem, we first study the relation between inf-sup and
dual inf-sup conditions. It will be convenient to introduce the notion of limit of a sequence of
subspaces of a Banach space (see Subsection 2.2).
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2.1. The inf-sup condition and its dual version. Let U and V be normed vector spaces,
and let b: U x V — R be a bilinear form. We say that the bilinear form b satisfies the inf-sup
condition if there exists S > 0 such that

sup  b(u,v) > Bllul|y for all u € U.
veV vy <1
This is equivalent to
inf sup  b(u,v) >0,

uel lullu<Lyev,|jv|y <1
which justifies the terminology.
If b is continuous on U x V, then, for all u € U, Bu = b(u, -) defines a bounded linear mapping
B e L(U,V'). If U is complete, then the inf-sup condition is equivalent to B being injective with
closed range. So the inf-sup condition is an important step to prove invertibility of B. Indeed,
if V' is a reflexive Banach space then B is invertible if and only if b satisfies the inf-sup condition
and the dual uniqueness condition

(2.1) given v € V, b(u,v) =0 for all uw € U implies v = 0.

In fact, if V' is reflexive, then (2.1) is equivalent to the density of ran(B). We now study the
relation between the inf-sup condition and the dual inf-sup condition.

Lemma 2.1. Let U and V' be normed vector spaces, b: U x V — R a bilinear form and 3 > 0
such that

(a)  sup  b(u,v) > Bllul|v for allu e U,
VeV Jlullvy <1
(b) b(u,.) € V' for all w € U such that the mapping B : U — V', u — b(u, ) is surjective.

Then  sup  b(u,v) > B||lv|ly for allve V.
uel, [lullu<1

Proof. Let vg € V and let N'(vg) =  sup  b(u,vp). Then
wel,[|ully <1

b(u,vg) < |lul|lgN (vo) for all u € U.

By the Hahn-Banach theorem, there exists L € V', with ||L|ly» = 1 and ||vg|ly = L(vg). By
Hypothesis (b), there exists ug € U such that

b(ug,v) = L(v) for all v € V.
From Hypothesis (a) we deduce that (| ug||ir < ||L||g7. This yields

1
[[vollv = L(vo) = b(uo,vo) < [luolluN (vo) < BN(UOL
which proves the conclusion of the lemma. ]

The following corollary will be used later for obtaining the dual BNB-condition (2.15) from (2.5).

Corollary 2.2. Let U and V' be normed vector spaces having the same finite dimension, and let
b:U xV — R be a bilinear form. Then the following assertions are equivalent for any S > 0.
(a) sup  b(u,v) > Bllully for all u € U,
veV|lvlly <1

(b) sup  b(u,v) > B||lv|ly for allve V.
uel, [Jullu<1
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Proof. For finite dimensional vector spaces with the same dimension, the surjectivity is a con-
sequence of the one-to-one property. This, in turn, is an immediate consequence of the inf-sup
hypothesis. O

2.2. The limit of a sequence of subspaces for the strong and the weak topologies.
The following notion plays an important role in our paper.

Definition 2.3 (Limit of a sequence of subspaces for the strong topology). Let Z be a Banach
space and let (X,)nen be a sequence of subspaces of Z. We define the limit of the sequence

(Xn)nEN by
(2.2) li_)m Xn:={x € Z: forallneN there ezists x, € X,, such that li_>m Ty =}

Lemma 2.4. Let Z be a Banach space and let (X, )nen be a sequence of subspaces of Z. Then
X = lim X, s closed.

n—o0

Proof. Let z € X. In order to construct (2 )nen such that z, € X,, and lim x, = z, we first
n—oo

construct by induction, for any k& € N, a sequence (y),cn and a number ny such that
e yfc X, forall n € N.
® N < Mf41,
o ||z —ykllz < g5 for any n > ny.
Indeed, let k = 0. Let z € X be such that ||z — z||z < . Let (y3),en be such that yi € X, for
all n € N and li_}rn Y% = 2. We select ng € N such that, for any n > ng, ||z — 30|z < % Then
n [ee]
Iz = 3]l z < 1 for any n > no.
Assume that, for a given & > 1, the construction for £ — 1 is done. Let z € X be such that

|z — x|z < m Let (y%),en be such that ¥ € X,, and lim y* = 2. We select nj, € N such
n—oo

that ny > nj_y and, for any n > ny, ||z — 3%z < m Then ||z — ¢z < k‘L-i-l for any n > ny.
This finishes the proof of the inductive statement.
We now set z,, = y0 forn =0,...,n9—1, and, forany k > 1, z,, = yfl foranyn =ng, ..., npr1—1.
We then obtain that z,, € X,, for any n € N and that

|z — znllz < k—lkl for all n > ny,
which shows that nh_}ngo Tn = z, and therefore that z € X. O

The following notion is also used in our paper.

Definition 2.5 (Limit of a sequence of subspaces for the weak topology). Let Z be a Banach
space and let (X, )nen be a sequence of subspaces of Z. We define the weak limit of the sequence

(Xn)nEN by
(2.3) wiim X, :={x € Z: there exist x,, € X, such that x, — x asn — co}.

where — stands for “converges for the weak topology of Z”.

Note that we always have
lim X,, C w-lim X,.

n—o0 n—o0
The determination of lim X,, and w-lim X,, is not always easy (see Corollary 4.17). The fol-
n—o0 n—oo

lowing examples show various situations.
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Example 2.6. Let Z = R?, and for all n € N, X9, = {0} x R and X2,.1 = R x {0}.
Then lim X, = w-lim X,, = {(0,0)} (in finite dimension, the weak and the strong topology are
n—oo n— o0

identical).

Example 2.7. Let Z = L*((0,1)). Letn € N*, let h = 1/n, and let X,, be the set of all functions
which are constant on ((i — 1)h,ih) for alli=1,...,n. Then li_l}n X, = w—_l)im X, =7.
Example 2.8. Z = L2((0, 1)) Let n € N*, let h = 1/n, let X,, be the set of all functions
which are constant on ((i — $)h,ih) and null on ((i — 1)h, (i — $)h) for alli =1,...,n. Then
lim X, = {0} and w- hm X, =72.

n—oo
Indeed, let (yn)nen wzth yn € X, be a sequence which converges in L*((0,1)) to some function

y € L%((0,1)). We extend the functions y, and y to R by 0. Then y(-— %) converges to vy in L?
as n — oco. We prove that y,(- — %) —y(-— %) tends to 0 in L%, using the change of variable
s — s+ % We get that y,(- — %) converges to y in L?, and therefore y,yn(- — %) converges
to y? in L*. Observing that y,(s)yn(s — %) =0 for all s € R, we deduce that y = 0.

On the other hand, given y € L?((0,1)), define y, € X, by the constant value %f(iih_l)h y(s)ds
on ((i — $)h,ih). Then y, —y as n — oo, which shows that w-lim X,, = Z.

n—oo
Lemma 2.9. On the space Z = L*((0,1)), there exists a sequence (Xy)nen of subspaces of Z

such that w-lim X,, is not closed.
n— o0

Proof. Let n € N*, and let X,, be the set of all functions which are null on (=2, i_Z7L’i) and
constant on (HLT”’, %), where u,, ; = %(%)4, for all i = 1,...,n. Define, for a given m € N, the

function ™ : (0,1) — {0,1} by the value 0 on (0, 2) and 1 on (X, 1).
We show that y™ € wiim X,,. Define (y,)nen by the constant value 0 on (

T—Uni 4\ = - .
—t L) if i <y

n n

<Ll <in Then

m — n

T—Up
n

and by the constant value 1/uy,; on ( , LY if 4, <4 <n where ==L

n

1
lgalfe = > - < am®,

n,1

Owing to this bound in L2, it is possible by density of C1((0,1)) in L%((0, 1)) to prove y, — y™ by
showing that, for any ¢ € C((0,1)) fo s)ds — fi o(s)ds as n — co. Let My = [|¢]|co
and M; = ||¢']|oo- We have

%
n n

K % M
n [ s = 2 [T plo)ds| = lesr) — plsa)] < Mafsy — saf < 22,

i—1 Un, i

where s; € (=2, 1) and s; € (Zu—”Z ). Hence, noticing that

/0 yn ds_zunz Zu”l

1=ln

/:go(s)dSZ—/m dS—I—Z/

m n 1=1n

and
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we can write

My + My
771 .

[ st~ [ s <

m

We deduce that y, — y™ as n — oo, which shows that y™ € w-lim X,.
n—o0
We now observe that, as m — oo, y™ converges in Z to the constant function equal to 1 on
(0,1), denoted by y>°. Let us prove that y>*° ¢ w-lim X,,. Let us assume the contrary. Let
n—oo
(Yn)nen with y, € X,, such that y, — y> as n — oo. We denote by y,; the constant value of

Yn on (21 L) Then

n

2
M :=sup||ly 2:Sllp( 7) < 00.
sup oz = up (322

Let 0 < a < min(&,

in € {1,...,n} such that % <a< %” and using the Cauchy-Schwarz inequality, we obtain

1). Define ¢, by ¢4(s) =1 for s < a and 0 for s > a. Then, choosing

in in

1 in 2 .
§ : Yn,i|Un i j : yn,iunﬂ 1/2 j : Unp,5 1/2
/0 Pa(s)yn(#)ds < | TL S< n > ( n > '
=1 i=1 i

1= 1=

This gives
! /2 M i
| eatstmtsias < arfung, ) = S

0 n

Letting n — oo, we get
! M
/ Ya(s)y™(s)ds =a < 7(12.
0

This contradicts a < % O

2.3. A nonconforming approximation method. Let Z,Y be Banach spaces and let b : Z x
Y — R be a continuous bilinear form, in the sense that there exists a constant M > 0 such that

(2.4) b(z,y)| < M|zl zllylly, for all z € Z, y €Y.

Let (X, )nen and (Y3, )nen be sequences of finite dimensional subspaces of Z and Y, respectively,
such that X,, and Y;, have the same dimension for all n € N. We assume that the Banach-Necas-
Babuska condition (abbreviated by BNB-condition) is satisfied. This means that there exists
£ > 0 such that

(2.5) sup  b(x,y) > x|z, for all x € X, for all n € N.
YEYn,[lylly =1

We deduce from (2.5) an inf-sup condition on li_}rn Xp.
n [ee]

Lemma 2.10. Let X = lim X,,. Then
n—oo
(2.6) sup  b(z,y) > Bzl z, for all z € X.
yeYllylly =1
Proof. Let x € X and let (x,)nen be such that z,, € X,, and lim z, =z in Z. For any n € N,

n—o0

choose y,, € Y;, such that [|y,|ly =1 and b(zy,yn) > B||zn|lz. Then

sup  b(x,y) > b(x,yn) = b(x — Tp,Yn) + 0(Tn, Yn) > —M||x — 24|z + B2l -
yeYlylly=1
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Letting n — oo in the preceding inequality yields (2.6). O

Let L € Y'. Then, owing to (2.5), there exists one and only one x,, € X,, such that

(2.7) Tn € Xy, b(an,y) = L(y) for all y € Yj,.
We now study the approximation of a solution Z of the following problem:
(2.8) reZ bz,y)=L(y) forall y € Y.

Theorem 2.12 below provides sufficient conditions for the existence of such a solution.
Concerning approximations, we have the following result, which proves that, up to a constant,
the discrete solutions converge with optimal speed.

Lemma 2.11. Let L € Y/ and let T € Z such that (2.8) holds. For any n > 0, let x,, be given
by (2.7). Then we have

N M, . ~
(2.9) Jon iz < (1 ) min o~ 1l
M .
(2.10) |lzn — 2|z < FH@’_“HZ for all x € X,

and, if Z is a Hilbert space,
(211) la ~ #llz < 5 min [l — 3
) Ty — ||z < 5 alcnel}a r—7T|z.

Proof. For any n € N, define Q,, : Z — X,, by
b(Qnz,y) =b(z,y), for all y € Y, and all z € Z.
Then Q,, € £(Z) is such that Q2 = Q,,. Moreover,

Bl@nzllz < sup  b(z,y) < M|z 2.
Y€V, llly =1

This shows that

(2.12) 1Qull <

Let now L € Y’ be given and let x,, be the solution to (2.7). We get that
b(Z,y) = L(y) = bxy,y) for all y € Y.

This proves that @, = x,,. This first implies (2.10) owing to (2.12), since, for any = € X,

T — Ty = Qn($ - $n) = Qn(w - :/E\)

M
5

This also yields that
(2.13) T—xp,=T—2—Qun@—2)=Id—Qn) (T —2x),

which proves (2.9) again by (2.12).
Now we use an argument due to Xu and Zikatanov [21], see also [3, Theorem 9.42]. If X,, # {0}
and X,, = Z, by a result of Kato [13, Lemma 4] (see also [3, Lemma 9.41],

=|=
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Using (2.13), for any x € X,,, we get
~ M ~
17— 2nllz < g”fﬂ — 2|z,

which concludes the proof of (2.11). In the case X,, = {0} or X,, = Z, the estimate (2.11) is
trivial. O

Under an additional hypothesis on X we now show that the solutions of the approximate prob-
lems converge to a solution of (2.8). Note that this solution Z becomes unique since we require
Z € X (and not merely ¥ € Z). Theorem 2.12 will be used later to prove convergence of
the Euler-time scheme (see Theorem 4.14), and also convergence of the discontinuous Galerkin
scheme in Section 5. It is a mon-conforming convergence result since the X,, are not subspaces
of X.

Theorem 2.12. Let Z,Y be Banach spaces with Y reflexive and let b : Z xY — R be a
continuous bilinear form. Let (X, )nen and (Yy)nen be sequences of finite dimensional subspaces
of Z and Y, respectively, such that X, and Y, have the same dimension for any n € N. We
assume that there exists B > 0 such that (2.5) holds. Let Xoo = nh_}n;o X,. We assume that there

exists a closed subspace X of Xoo such that, given y € Y,
(2.14) (b(z,y) =0 for all x € X) implies y = 0.

Then one has X = Xo,. Moreover, for any L € Y, there exists one and only one solution T € X
of (2.8). In addition, letting x,, € X,, be the solution of (2.7), then x, converges to T in Z.
Finally the identity Y = w-limY,, holds.

n—oo

Proof. Let B : X — Y’ be defined by (Bz,y)y'y = b(z,y) for all (z,y) € X x Y. Since b is
continuous, B is continuous as well. Since X C X, (2.6) in Lemma 2.10 implies that

|Bx||y: > B||z| 7 for all x € X.

This property means that B is injective and has a closed range. Since Y is reflexive, (2.14)
implies that the range of B is dense in Y’. Hence B is bijective, which proves the existence and
uniqueness of * € X such that (2.8) holds.
Let © € X. For L € Y’ be defined by L(y) = b(z,y) for all y € Y, let T € X be the solution
of (2.8). Then

b(x —z,y) =0 forally € Y.
Since T — z € X, we deduce from (2.6) that z —x = 0. Hence x = = € X, which proves that
X = X.

The convergence of x, to T results from Lemma 2.11, since lim X,, = X. In fact, Lemma 2.11
n—oo

shows even that the convergence is at an optimal rate.
Let us finally prove that Y = w-lim Y, (see Definition 2.5). From Corollary 2.2 we deduce that

n—o0

the dual BNB inequality holds, with the same [ as in (2.5). Let y € Y be given. For all n € N,
let 4, € Y,, be defined by
b(z,yn) = b(x,y) for all z € X,,.

Using the preceding relation, we then get

(2.15) Bllynlly < sup  |b(z,yn)| = sup  |b(z,y).
2€Xn,llz]z=1 E€Xn,||lz||z=1
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This leads to
Bllynlly < Mllylly-

Hence the sequence (||yn|ly)nen is bounded. Since Y is reflexive, there exists a subsequence
(Yn,, )ken which converges to some y € Y for the weak topology of Y. Let x € X, and let
(n)nen with z,, € X, converging to = in Z. Then we have, for all k£ € N,

Passing to the limit £ — oo in the above relation implies b(z,y) = b(z,y). We then have
b(x,y —y) =0 for all z € X.

By Hypothesis (2.14), this implies § = y. By uniqueness of the limit, the whole sequence (¥ )neN
converges to y for the weak topology of Y, which concludes the proof. O

The proof of Theorem 2.12 shows that also X is necessarily reflexive. In fact, since Y is supposed
to be reflexive, also Y” is reflexive and B is an isomorphism between X and Y’. However, in our
applications in Section 4 and 5, the space Z will not be reflexive.

Example 2.13. In general, one does not have Y = lim Y,, under the hypotheses of Theorem
n—o0

2.12. Indeed, let Z =Y = L*((0,1)), b(z,y) = fol z(s)y(s)ds. Let (X,) be defined by Example
2.7 and (Yy,) be defined by Example 2.8. Then X = li_>m Xy, the BNB condition (2.5) holds

(one has B = \/5/2: consider x € X, defined by the values x;, i = 1,...,n on each interval
((i — 1)h,ih), and y € Y, defined by the values x;, i = 1,...,n on each interval ((i — 3)h,ih))
and the surjectivity condition (2.14) holds as well. Then one has li_)m Y, = {0} whereas Y =

w-limY,, as asserted by Theorem 2.12.
n—o0

It is remarkable that, according to Lemma 2.11, the discrete solutions converge with optimal
speed. This is what the estimates (2.9) and (2.11) say, which are similar to the famous Céa’s
Lemma [5], see also [3, Theorem 9.14]. In the conforming case X,, C X for all n € N and if X is
reflexive, then Condition (2.14) is automatically fulfilled if ¥ = nh_)n;o Y,, (see [1, Theorem 2.4]).

However, in the nonconforming case X,, ¢ X, Condition (2.14) cannot be omitted. We give an
example.

Example 2.14. Let Z = R, Y =R, b((x1,72),y) = 11y. Let Y, =Y, Xo, = {(\,\), A € R}
and Xop+1 = {(A\,—=A), A € R}, for all n € N. Then li_1>n X, ={(0,0)}. Even though the BNB

condition (2.5) is satisfied, (2.14) fails. Moreover, (2.8) has no solution in X if L # 0.

The following result, which is reciprocal to Theorem 2.12, shows that the BNB condition (2.5)
and the density condition (2.14) are necessary to ensure convergence properties.

Theorem 2.15. Let Z,Y be Banach spaces and letb : ZxY — R be a continuous bilinear form.
Let (X )nen and (Yn)nen be sequences of finite dimensional subspaces of Z and 'Y, respectively,
such that X,, and Y, have the same dimension for all n € N.

Let us assume that Y = w-limY,, and that, given L € Y', for any n € N there exists x, € X,

n—o0
satisfying (2.7) and that the sequence (xy) converges in Z as n — oo.

Then there exists 3 > 0 such that (2.5) holds, and, letting X = li_>m X, (2.14) holds as well.
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Proof. We first reproduce the (short) proof of [1, Proposition 2.8] in this case. The assumption
that, for all L € Y/, there exists x,, € X, satisfying (2.7) proves that the condition b(y,y) = 0
for all x € X, implies y = 0 whenever y € Y,,, and this for all n € N. Thus

lyly, == sup  [b(z,y)]
z€Xnp,||z||z=1

defines a norm on Y,,. Moreover,
b(z, y)| < |zl zllylly, for all z € Xy, y € Y.
We show that the set

B::{ J :nGN,yGYn,y#O}
lylly.

is bounded. For that purpose, let L € Y’. By assumption there exist z,, € X,, and C' > 0 such
that
b(2n,y) = (L,y) for all y € Y,,
and ||z,||z < C for all n € N. Now, for W € B,
Yy
(L, =) |7
ylly., lylly,

This shows that B is weakly bounded and thus norm-bounded. Therefore there exists g > 0
such that ||y|y < %HyHyn, i.e. such that (2.15) holds. So far, we merely used that the sequence

= |b(2n, ) < |lxnllz < C.

(z5,) is bounded. In the following argument we will use that it converges.

By Corollary 2.2 we then get that (2.5) holds (again with the same value of ). Let y € YV
and let (y,) be a sequence such that y, — y in Y. For L € Y’, let x be the limit of the
converging sequence (z,) whose existence is assumed in the theorem. Then, passing to the limit
in b(zp,yn) = L(yn), we get b(x,y) = L(y). This proves that, letting X = nh_)llolo X,,, the mapping

B: X =Y’ defined by (Bx,y)y’y = b(z,y) for any (z,y) € X xY is surjective, which implies
(2.14). 0

Remark 2.16. There are very simple examples where the hypotheses of Theorem 2.15 are sat-
(o]

isfied but X and Y are not reflexive. For example, let X = (' = e, Y =co, b(z,y) = Z TnYn
n=0

and X,, = Span{eg,--- ,e,} in X, Y, = Span{eqg,--- ,en} in Y where e, = Opm.

3. THE EVOLUTION PROBLEM

3.1. The continuous problem with generalized time boundary conditions. Let us now
provide the continuous framework for linear parabolic problems with general time boundary
conditions.

Let T > 0, let U be a Hilbert space over R which is continuous and densely embedded into
another Hilbert space H. Then there exists Ci > 0 such that

(3.1) ol < CH|v||y for all v e U.
As usual we identify H with a subspace of U’ by letting
<y7u>U’,U = <y7u>H7 forally € H, ueU.
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This yields the Gelfand triple
U H U
Let V. = L?(0,T;U). Thus V' = L?(0,T;U"). Letting H = L?(0,7T; H), we have a further
Gelfand triple
VA HS V.
We define the classical space W associated with the Gelfand triple by
(3.2) W ={uecV; 3C >0, (u,v)g < Clo|y for all v € CL((0,T);U)},
which enables us to define, for any u € W, the element v’ € V' by
(3.3) (W )y y = —{u,v")g for all v € CH((0,T);U).
In other words, we can write W as follows, introducing also a Hilbert structure,
(3.4) W =HY0,T;U")N L*0,T;U) with |jv||w := <”U”%/ - HU’H2V,>1/2, veW.
We recall that it is possible to identify W with a subspace of C'([0,T]; H) and that there exists
C7 > 0 such that

(3.5) sup |[v(t)||lg < Cr|lv|w, for all v e W.
te[0,7

The following integration by parts formula ([18, IIT Corollary 1.1 p.106]) plays an important
role.
Lemma 3.1. One has W C C([0,T], H) and
(W w)yvr v+ (W' vy y = (1), w(T)) i — (v(0),w(0))u, for all v,w € W.
In the following lemma we describe the trace space of W.

Lemma 3.2. For all x,y € H there exists u € W such that u(0) = z and u(T) = y.

Proof. One has H = [V',V];/51/2, where [V', V] 51 /5 is the real interpolation space. The latter
coincides with the trace space by [15, Proposition 1.2.10]. Hence there exist w € W such that
w(0) = z and v € W such that v(T") = y. Then the function u(s) = £((T' — s)w(s) + sv(s))
satisfies u(0) = z and u(T") = y. O

Let A € L(V,V') be defined by
T
(Av,w)yr v = / a(t,v(t), w(t))dt for all v,w € V = L*(0,T;U),
0

where a : [0,7] x U x U — R is a function satisfying

a) a(t,-,-) : U x U — R is bilinear for all ¢t € [0,T7;

b) a(-,v,w) : [0,7] — R is measurable for all v,w € U;

) la(t,v,w)| < M|v||y||w|y for a.e. t € (0,T) and for all v,w € U (we take M > 1 for the

sake of simplicity);

d) a(t,v,v) > al|v||? for all t € [0,T], v € U and some a > 0.
Let ® : H — H be a linear contraction (which means that ||®v||g < ||v||g for all v € H). In
the centre of this article is the following problem. Given f € V', & € H,

(3.6) find u € W such that v’ + Au = f and u(0) — ®u(T) = &.
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Theorem 3.3. For all f € V', & € H, Problem (3.6) has a unique solution.

For ® = 0, Problem (3.6) is an initial value problem whose well-posedness is due to J-L. Lions
[14, Théoreme 1.1 p.46], see also [18, III Proposition 2.3 p.112] or [8, XVIII.3 Théoreme 2|. For
® =1d, £ = 0, we find time-periodic boundary conditions. If ® is an arbitrary contraction and
a is symmetric, then Theorem 3.3 is proved in [18, II. Proposition 2.3], where selfadjointness is
used in an essential way. The general case has been proved recently in [2] in the framework of a
theory of derivations. We obtain another proof as a byproduct of our estimates which we give
in Section 4.4.

Example 3.4. The following example is the prototype of parabolic problems:

e The considered steady problem is the homogeneous Dirichlet problem, which corresponds

to U = H}(Q), where Q C R is an open bounded set, and |ul|y = [Vl 20y

e a(t,-,:) : U x U — R is defined by a(t,u,v) = [, Vu(z) - Vo(z)dz.

o Welet H= L?(Q).

o [f & =0 is selected, then the above hypotheses on the form a hold with M = o = 1.
Remark 3.5. The coercivity condition d) may be replaced by the more general condition

d’) a(t,v,v) + A|v||% > aljv||Z for allv € U and all t € [0,T),

where A > 0 and o > 0 are fized constants. In that case, we have to assume that ||®|| < e .
In fact, the following rescaling allows one to reduce the problem to the case A = 0: let o = Mo,
a(t,u,v) = a(t,u,v) + Mu,v)g. Then condition d) is verified for a. Let f € V'. Define
f by f(t) = e Mf(t). Then by Theorem 3.3 there exists a unique U such that W + Au =
f and w(0) — ®U(T) = &, where Av = Av+ v, v € V. Let u(t) = eMu(t). Then u is the unique
solution of Problem (3.6).

The purpose of this article is to define finite dimensional approximations of Problem (3.6) whose
solutions converge to the solution of (3.6). In the case ® = 0 a semi-discretization (i.e. a mere
discretization in the space U and not in time) is given in [8]. Our point is to discretize the time
and space variables simultaneously.

3.2. Formulation in an extended framework. In order to define a discrete approximation
it will be convenient to give an equivalent variational formulation of Problem (3.6).

We denote by B([0,T]; H) the space of all bounded functions from [0,7] to H and we define the
space

(3.7) G=B(0,T;H)NV ={w e B([0,T]; H) : w(t) € U for a.e. t € (0,7,
T
t — w(t) is measurable from (0,7) — U and/ |w(t)||Zdt < oo}
0

Lemma 3.6. G is a Banach space equipped with the norm

(3.8) lwliE; = sup [Jw®)|F + [lwlf-

t€[0,T]
Proof. Let (u,) be a Cauchy sequence in G. Then there exists u € B([0,7]; H) such that
Up(t) — u(t) in H uniformly on [0, T]. Since the sequence (u,,) is a Cauchy sequence in V', there
exists v € V such that u,, — v in V. Consequently, there exists a subsequence of (u,) converging
almost everywhere to v in U. This shows that u € G, u = v a.e. and that ||u — u,||¢ — 0 as
n — 00. U
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Notice that W C G.
Let us introduce the following spaces:

o We define
(3.9) Z=V'xGandY =V x H,
with norms (21, 22)[1% = 1[I} + 22l and | (y1, 2)I3- = lyallf + lly2ll3-
e We define the space X C Z by
(3.10) X ={(v,u) € Z,ue W}

e We define the form b : Z xY — R by
(3.11)  b((21,22), (y1,92)) = (21 + Azo, y1)vr v + (22(0) — @22(T), y2) 1
for all (z1,29) € Z and (y1,y2) € Y.
Since, for any (z1,22) € Z and (y1,y2) € Y, we have

b((21, 22), (Y1, 92))| < llz1 + Azlvlyallv + [122(0) = @2o(T) | [yl

we get

1/2
1b((21, 22), (y1,92)))] < ((HZle + M||z2)lv)? + ([|22(0) ]| 1 + |122(T)HH)2) (w1, y2)lly,
which yields, since M > 1,

b(z,y)| < 2M |z z]lylly-
e We define L : Y — R by

(3.12) L(y) = (f,y1)vr,v + (€0, y2)m for all (y1,92) €Y,
where f € V', &y € H are the given data in Problem 3.6.
We then observe that Problem (3.6) is equivalent to the variational problem:

(3.13) find 7 = (v/,u) € X such that b(Z,y) = L(y) for all y € Y.

Defining suitable finite dimensional subspaces X,, of Z and Y,, of Y we will obtain the Euler
scheme in Section 4 and the discontinuous Galerkin scheme in Section 5. In these sections it is
proved that X C hm X, (see Theorems 4.13 and 5.11). Note that X C hm X, and the BNB
condition imply the 1nf—sup condition (2.6) by Lemma 2.10. Nonetheless the inf-sup condition
could also be proved using Lemma A.3.

In order to apply Theorem 2.12, it is also important to check that X is a closed space and fulfills
Condition (2.14) which we do in the following lemma.

Lemma 3.7. The space X defined by (3.10) and (3.9) is a closed subspace of Z and fulfills
Condition (2.14) with respect to the bilinear form b.

Proof. Let (wy,)nen be a sequence of elements of W such that (w),)neny and (wy,)nen are con-
verging sequences in V/ and G to some functions » € V/ and w € G, respectively. Then for all
v e CL(0,T);U), we have

(wh, v)yry = =, wy)y for all n € N.



14 W. ARENDT, I. CHALENDAR, AND R. EYMARD

Letting n — oo in the above relation, we get, since the convergence in GG implies that in V' and
therefore that in H,

(r,o)viy = — (', wn.
Using (3.2)-(3.3) we deduce that w € W and r = w’. We have shown that X is closed.
Turning to the proof of (2.14), let y := (w,2) € Y =V x H such that
b(x,y) =0 for all z € X.

Let us prove that y = 0. In view of the definitions (3.10) of X and (3.11) of b, the preceding
relation means that
(W' + Av,wyyr v + (v(0) — Dv(T)),z) g = 0 for all v € W.
We first take v = r € C}(]0,T[;U). Then we obtain
(r',w)vzy = (', w)y = —(Ar,w)yyr v = —(A"w,r)vr v

In view of the definitions (3.2) of W and (3.3) of w’, this shows that w’ € V' with v’ = A*w.
Hence w € W. By Lemma 3.1 we get

W whvry = — o)y + (W(T), o(T)) i — (w(0), v(0)) s
Then

(w(T),v(T))g — (w(0),v(0)) g + (v(0) = Pv(T),2)g = 0 for all v € W,

which means that

(w(T) —®*z,v(T)) g + (z — w(0),v(0))y = 0 for all v € W.
Lemma 3.2 implies that z = w(0) and w(T") = ®*w(0). Hence, since w’ — A*w = 0, we get

1, ., . ]
s w(0)[[F — [w(0)[|F) — (A" w, wyyr v = (W' — A*w, w)yry = 0.

The coercivity property (A*w,w)y v > a|lw||? and the property ||®| < 1 imply w = 0, and
therefore z = w(0) = 0.
This finishes the proof of Condition (2.14). g

4. EULER TIME-SPACE APPROXIMATION

In this section we keep the framework of Section 3. In particular, ® : H — H is linear and
|®|| < 1. Moreover, f € V' = L*(0,T;U’) and & € H are given.

The aim of this section is to define a finite dimensional approximation of Problem (3.6) and to
show that it fits into the framework of Section 2.

4.1. Description of the Euler schemes. Let U, be a finite dimensional subspace of U. For
the moment, the lower index n is fixed and used for designing a fixed finite dimensional space.
Let N € N\ {0} and define k = L. For allm = 0,...,N — 1, A™ : U, — U, denotes the
coercive linear operator given by

1 (m+1)k‘
(A vy = E/ a(t,u,v)dt for all u,v € U,
mk
and f(™ ¢ U’ is defined by
1 (m+1)k‘
fm = f(b)at.

mk
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The explicit Euler scheme consists in seeking N + 1 elements of U,,, denoted by (w(m))m:07,,,7 N,
such that

(4.1) (w® — dw™ w) g = (&, u) g for all u € U,
and
(4.2)
(m+1) _ ,y(m)
(%,@H + <A(m)w(m),u>U = <f(m),u>U/7U forallm=20,...,N —1and u € U,.

Note that, if ® = 0, the scheme is the usual explicit scheme, and the existence of a solution
to (4.2) is clear. In the general case, a linear system involving w®™) must be solved, and its
invertibility is proved by Theorem 4.3, under a condition on k. The invertibility of this system
is not true in general (consider the case H = U, N =1, A0 =21d, k=T=1,® = —1d).
The implicit Euler scheme consists in seeking N + 1 elements of U,,, denoted by (w(m))m:07,,,7 N,
such that (4.1) holds and
(4.3)

wm+1) _ 4,(m)
< k
Both schemes are therefore particular cases of the so-called §—scheme, given by (4.1) and, for a
given 6 € [0,1],

Ju) i+ (A(m)w(m+1),u>U = (f(m),u>U/,U forallm=0,...,N —1 and u € U,.

wm D) pm)
(44) (—————wn + (A (g™ 4 (1 = 0)w ™), uyy = (™ v

forallm=0,...,N —1 and u € U,.

The case 6 = 0 gives the explicit Euler scheme, the case § = 1 gives the implicit Euler scheme,

and the case 0§ = % leads to the Crank-Nicolson scheme.

In the following, we will associate to each (w(m))m:07,,,, N a step function and its discrete de-
rivative, and we will show that this discrete solution approximates in Z (defined in (3.9)) the
solution of Problem (3.13) (i.e. the variational formulation of Problem (3.6)). For this purpose,
we now define the space W, C G (see (3.7)) of all functions w : [0,7] — U, for which there
exist NV + 1 elements of U, denoted by (w(m))mzov___,N, such that

(4.5) w(t) = 0w ™) 4 (1 — 0)w™ for all t € (mk, (m + 1)k), forallm =0,...,N —1
and w(mk) = w™ for all m =0,...,N.

We observe that the space W, is isomorphic to U,]LV +1

Each element of W, defines a unique element of V', but this identification is not injective, because
of the initial or the final values. To keep the notation simple, we do not distinguish the notation
for the everywhere defined w € W, and the element of V,, C V it defines, where V,, is the
subspace of V' defined by

(4.6) V,:={v:(0,T) = U, := v is constant on (mk, (m + 1)k) for each m =0,--- ,N — 1}.

We define the discrete derivative of w € W, as follows:

wm ) _ gy(m)
(4.7) ow(t) = — t € (mk,(m+1)k) for allm=0,...,N — 1.
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But we will have to define this discrete derivative as an element of ¥V’ in an unusual way. Let us
denote by PY the orthogonal projection on V;, in V. Note that this can be explicitely written
in the following way:

(m+1)k
(4.8) PYu(t) = %/ PYu(s)ds, t € (mk,(m +1)) for all v €V,
mk

where PV denotes the orthogonal projection on U, in U. We now define the discrete derivative
of an element w € W, as an element dw of V' in the following way:

(4.9) (5w,v>\//,v = (Ow, PY v) for all v € V.

Using (4.8), one can check that

T
(Bw, ) vy = / (Ow(t), PUo(t)) ydt for all w € Wi, v € V.
0

Note that dw is different from dw seen as an element of V' through the embedding of H in V’,
but that we have

<§w,v>vzy = (Ow,v)y for all w,v € W,
as well as

(4.10) |ow|y = sup  (Ow, P v)m=  sup  (dw,v)m for all w € W,,.
veV,|lvfly =1 vEVn,[Jvflv =1

The definition (4.9) of 8 will imply Condition (A.11) in Lemma A.3. This in turn will be used
to establish the BNB condition.

In order to put this setting into the framework of Sections 2 and 3, we define the space X,, C
Z :=V'x G by

(4.11) X, = {(Qw,w) : w € W, }.

The mapping W,, — X,,, w — (5w,w) is then bijective. We now define the space Y,, C Y :=
V x H by

(4.12) Y, =V, x U,.

Then Y,, has the same dimension dim(U,)V*! as W,, and X,,.
We recall that the bilinear form b : Z xY — R is defined by (3.11) and L : Y — R is defined
by (3.12).

Lemma 4.1. Let (w(m))mzo,...7]\/ be a sequence of elements of U,,. Let w € W, be given by (4.5).
Let © = (Ow,w). The following assertions are equivalent:

(i) The family (w™),—o. N satisfies (4.1) and (4.4).

(ii) The element x is solution of the following problem:

(4.13) find x € X, such that b(x,y) = L(y) for all y € Y,,.
Proof. (1)=(ii).
Let y := (v,z) € Y,, with v € V,, defined from the constant values (v(m))m:17,,,7]\/. Letting

u = ko™ in (4.2) and u = z in (4.1), adding the result provides (4.13).
(il)=(i).
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For u € Uy, we select y := (v,2) € Y,, with v € V,, defined from (v(m))m:07,,,7]\/ with v(™ =0
for m =0,...N —1 and z = u in (4.13). We recover (4.1). Now selecting z = 0 and v(™) = u
for any m =0,...,N — 1, ™) = 0 for m’ # m, we recover (4.4).

]

It is remarkable that the continuous problem is obtained by injecting W in Z, and the discrete
problem by injecting W,, into Z. This will allow us to use the results of Section 2. For that we
have to establish the BNB condition (2.5).

4.2. The BNB condition. We keep the setting of Subsection 4.1. An important remark is the
following: since all norms are equivalent in finite dimensional spaces, there exists a constant p,
such that

(4.14) lully < pnllu||g for all u € U,.

We choose the best constant; that is, u, = max{% cu e Uy \ {0}}.

One should be aware that pu, strongly depends on U,, and generally tends to infinity as U,
approximates U (in the case of a standard elliptic problem, and in the case where h is a mesh
size, then p, behaves as 1/h, see [11, Remark 1.143 p.77]).

But recall that, for the moment, U, is fixed.

Let us show the following preliminary lemma.

Lemma 4.2. The following holds.

(4.15) 0w < kpn||Ow||y: for all w € Wi,
Proof. Let v € V,, with 0™ = (1) — (M) =0,... N —1. Then

N—-1
3 K™ — w3 = kdw, )y < El|Dwllvl|o]ly
m=0

K2p2  ~ 1
< S Bulp + 5o
N-1
kj:“?z a3 1 m m
< T Gulf, + 5 3 K™D — w3
m=0
This yields
N-1 R
(4.16) D Ellwt™ ) — w3 < Kuplow]F,
m=0
which yields (4.15). O

We now state and prove the BNB property for this scheme under a CFL-condition. This type
of condition had at first been introduced by Courant, Friedrichs and Lewy in [7]. If p, < const
n (as for the finite element method with A = 1/n), then it says that N >const-n?. Recall that
b:Z xY — Ris the form defined by (3.11) where Z = V' x G, Y =V x H with the natural
norms. The subspaces X,, of Z and Y,, are given by (4.11) and (4.12). In the following key
lemma the essential hypothesis is that the time step k = % is small enough. Recall that pu, is
the constant of (4.14).
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Lemma 4.3. Let 0 € |0, %) There exists a constant 3 € (0,2M], only depending on o, M, T,
0 and Cg, such that the following holds. If N is so large that

2

«
4.17 k< ,
(.17 T 24 p2M3(5 — 6)
then
(4.18) sup b(x,y) > Bl|lz|lz for all z € X,,.
ern
lylly =1

Proof. We have, for 0 <m <m/ < N,

m'k m'—1 (p+1) _ ,,(p)
(4.19) !/k (u(e),w(B)ndt = 3 K 0w 4 (1 - 0wy
m p=m
1 1 1
= Sl + @ = 3) 3 ) — w® 3 - 2™
p=m
Letting m’ = N in the previous equation provides
1 ~ 1,
ST 3+ 18wl luwlly > 3 [0 for m=0,...., N
Using the Young inequality and the triangle inequality, this gives
~ 1/2
(4.20) up Ol < (10l + ol + (D)) ™ for all w € W,
S )
From (4.19), we get, letting m = 0 and m’ = N,
1 R 1 N-1
§(IIW(T)||§1 — [[w(0)[I7) = (Ow, w)yr v + (3-9) D @D — @,
p=0

and therefore, applying (4.15) in Lemma 4.2,
1
2

Now using assumption (4.17), we obtain

- 1 N
(lw(D)1FH = lw(0)[[F) < (Ow, w)yr v + (53— 0)kp | Ow|[3.

1 ~ o? A
(1.21) LD~ e(O)%) < @, whvry + 5Bl
Letting m = 0 in (4.19), we obtain

k
2
Summing the preceding equation on m’ =0,..., N — 1 and multiplying by 2, we get

o - k
[ F + Klldwllv [wlv > S llw©)]F for m'=0,....N.

N-1
B w1+ 270wy [wllv > Tlw(0)]F-
m/=0
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We now remark that

N-1
lwlf =) Kllow™ ) + (1 — 0™

m=0
N—-1
> (1-20) Y kllw™ |3 + 0(1 = 20)k(|[w(0)|IF; — [lw(T)]F)-
m=0
The two preceding relations give

CI2—I 2 0 2 2 a2 2 2
" — — , > ,
gyt g (eI — w0) ) + Tl + wl}) > T O

Using (4.21) and k < T, we deduce

2

0
_ % iz
T —anz IV T=5g

This leads to the existence of Cy > 0, only depending on T, C', «, 0 and M such that

~ a2 ~ ~
T(200w, wyv v+ gz 190l ) T (9wl + [wlf) = Tllw(0) .

042

24 M3
In addition to (4.21), we obtain

(10wl + lwlf) = Crllw(0)]|3-

a2
TWE (o (D)7 = w(O)F) + Callw(0)II3,

for all w € W,,.

N —

(Ow, w)yry + ([l + [|0wlf) >

19

We then obtain (A.12) with w = % and § = min(%, (1) (note that w and ¢ only depend on a,

M, T, 6 and Cg). We can now apply Lemma A.3, letting X = {(dw, w, w(0),w(T)) : w € W,

2

since the quantities X; defined in the lemma satisfy Xo = V,, and X35 = U,,. We get the existence

of E, only depending on a, M, T', § and Cp7, such that

) 2(1A 2 2 2 2 1/2
sup 8B ). 9) = B(10ulf + Jalf + O + L) " for alw € W
Yy n
llylly=1

Using (4.20) we obtain 8 (with the same dependencies) such that (4.18) holds.

Lemma 4.4. Let 60 = % Then there exists B > 0 such that

(4.22) sup b(x,y) > Bllz||z for all z € X,,.
yeYn
lylly=1
with the following dependencies.
Case [|®| < 1.
Then 8 may be chosen only depending on T, o, M and ||®||.
Case [|®| = 1.

Assuming that ku, < C, for some given C > 0. Then B may be chosen only depending on «,

M, T and C'.
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Proof. We have, for 0 <m <m’ < N,

m'k Mol ) ) g
(4.23) / (Ow(t),w(t))gdt = Z k(%i(w(pﬂ)—l—w(p))m
mk p—m
L Lo om
:gﬂw( )H%{—gﬂw( )”%r-

Letting m = 0 in the previous equation yields
1 / ~ 1
§||w(m N < 0wl llwllv + Sw(O)Il7 for m" =0,.... N.

Using the Young inequality and ||3(a+b)| < max(||al|,|/b||), and recalling that w(t) = %(w(m/) +
w™*D) for some m’ € {0,--- , N}, we find

112 2 2\ /2
(4.24) sup [[w(t)li < (I0wlds -+ lwl + [lwO)F ) for all w € Wy,
te[0,T

From (4.23), we get, letting m = 0 and m’ = N,

= (o) — lw(0)[) = G, whyy.

(4.25) 3

Case ||?| < 1.
We deduce from (4.25) that

2
s lwlly + 18wl) > Sl (DI — Slhw(0);, for all w e W,
We then obtain (A.12) with w = 3 and § = (1 — ||®[|?) (note that w and § only depend on
|®||). We can now apply Lemma A.3, letting X = {(dw, w, w(0),w(T)) : w € W,}, since the
quantities )?Z defined in the lemma satisfy )A(g =V, and )?3 = U,. We get the existence of B,
only depending on «, M and ||®||, such that

<§w7 w>V’,V +

) YA IR 2 2 2 \ /2
sup (0w, w),y) 2 B10wlE -+l + w(O)s + (D) for all we 1.
ycrn
llylly=1

Using (4.24) we obtain 8 > 0 only depending on 7', o, M and ||®|| such that (4.22) holds.
Case ||®| = 1.
Letting m’ = N in (4.23), we obtain

k ~ k
S w1 < Elowllywllv + §H’w(m)H?{ form =0,...,N.
Summing the preceding equation on m = 1,..., N and multiplying by 2, we get

N
Tlw(T) |3 < TIOwll + Tlwllf +k D 1w 3.

m=1

We now remark that, using w1 = 1(w™mH+D 4 M) 4 L ((m+D) — gy(m),

N k N-1
B> w™ |3 < 2wl + 5 > ™D — ™3,
m=1 m=0
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We obtain, applying (4.15) in Lemma 4.2,

N
1 ~
kY 0™ < 2lwlf + 5k 0wl
m=1

We thus obtain
THw(T)H2H <(T+ —1 k‘2u2)||5 ||2V + 1 HZV
5 - wW||1s wl|5.

Using ku, < C, we get
Tlw(T)|E < (T + 5 Cz)llava' +Twll}.

This leads to the existence of Cy > 0, only depending on T', o, C' and M such that

o2
12 M3

In addition to (4.25), we obtain

o2
12 M3
We then obtain (A.12) with w = %4— Cy and 0 = Cy (note that w and 6 only depend on o, M, T,
C and Cg). We can now apply Lemma A.3, letting X = {(dw, w, w(0), w(T)) : w € W, }, since
the quantities X’Z defined in the lemma satisfy )?2 =V, and )?3 = U,. We get the existence of

B , only depending on «, M and T such that

(10wl + [lwl) = Collw(T)lIF-

~ ~ 1 1
(Ow, wyyr v + (ol + 19wlf) = (5+ Co)[w(T)II — gHw(U)H%p for all w € W,

3 213,112 2 2 2 \1/2
sup (G, w),y) = B(IGull + [l + [l + (D) for allw € W,
Yy n
lylly=1
Using (4.24) we obtain # (with the same dependencies) such that (4.22) holds.
O

Remark 4.5. We cannot ezpect a BNB condition if § = 3 and ||®| = 1 without further
assumptions. In fact, if 0 = % and ||®|| = 1, a BNB condition implies a CFL condition. Indeed,
let ® =1d, T =1, N # 0 an even integer. Let u € U, and let w™ = (—1)"ku. Define w € W,
by (4.5). Since dw(T) = w(0) and u/)\(t) =0 for a.e. t, we seek (y,z) € Yy, with ||(y,2)|]ly =1

providing the mazimum value for b((Ow,w), (y,z). We have

b((Ow, w) = Z k(1) 2u, y ™)
m=0
The mazimum value is obtained for y™ = (=1)"*'au and z = 0 where a = 1/||ul|y. Then
5 S [l
b((aw7 w)7 (y7 Z)) - k<(_1)m+12u7 y(m)>H =2 HU”H .
U
m=0

The inequality

2

u
8 sup @)l = Bk|ully < 21
t€[0,7] l|lw|ler
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implies
2
[[wller
Then we deduce that
2
K < B

Thus, the condition considered in Lemma 4.4 in the case ||®|| =1 is fulfilled for C' = %

Lemma 4.6. Let 0 € (%, 1]. There exists a constant B > 0, only depending on o, M, T, 0 and
Cyr, such that
(4.26) sup b(z,y) > Bllz|z for all z € X,,.

YyeEY

llylly =1

Proof. We have, for 0 <m <m’ < N,

m'k m 1 (p+1) _ ()
(4.27) / Ou(t), w)ndt = 3 KE Y gD 4 (1— g

mk p=m k
1 1l 1
= LI+ 0 - )3 [ w3 )
p=m

. N . . . . 1
Letting m = 0 in the previous equation provides, since ¢ > 3,

Lo )2 A 1 2 /

Sl e < flowlvllwlly + S llw(O)|F for m"=0,...,N.
Using the Young and the triangle inequalities, this gives

~ 1/2
(4.28) up el < (10wl + ulfy + |w(©)F) " for all w & W,
S )

From (4.27), we get, letting m = 0 and m’ = N,
1
2

(4.29) (lw(T)F = lw(0)13) < (Dw, w)vr,v-

We notice that, in the case ||®|| < 1 we could conclude as in the proof of Lemma 4.4. But our
aim is to handle the general case ||®] < 1.
Letting m’ = N in (4.27), we obtain

k a k
§Hw(T)H;2q < k[ owllvllwllv + §Hw(m)H?{ for m =0,..., N.

Summing the preceding equation on m = 1,..., N and multiplying by 2, we get

N
Tw(T)|3 < 2T |0wlivlfwly + kY [lw™ |

m=1
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We again remark that

N—
lwlf =) Kllow™ ) + (1 =)™

m=0
N
> (20— 1) Y k™[ + (1= 0)(20 = Dk([w(T) 7 — [w(0)]F)-
m=1

The two preceding relations give

C—%H I+ Tl + el > (0 + ok (D) — 5o kllw(O)]}
20 — 12"V Wl T I%ly 99 — 1 N\ = 5 1 B A

This leads to the existence of C3 > 0, only depending on T', C'i7, @ and M such that

2
@ 30112 23> —0k ™2 — 1-0k 2
8wl + ) 2 Co (1 o= D) (D) — 55— w0} )-

In addition to (4.21), we obtain

o~ a o~
(Qw, w)yr v + W(HWH% + [ow||3)) > pllw(T)||7 — v|w(0)|F, for all w € Wy,
with
1 1-0 k 1 1-6 k
- 1 dv=- L
=g+ Gl +20—1T) and v =20+ 0o 7

We then obtain (A.12) with w = $4+C5(14 55 1) and § = Cf (note that w and ¢ only depend on «,

M, T, 6 and Cj). We can now apply Lemma A.3, letting X = {(aw w,w(0),w(T)) : we W, }

since the quantities X defined in the lemma satisfy Y,, = X2 X X3 We get the existence of ﬂ ,
only depending on «, M, T', 6 and Cp, such that

A 2(nAa 2 2 2 2 1/2
sup  b((w, w),y) 2 B10wlE -+ lfy + w(O)s + (D) for all w e W,
Yy n
llylly =1

Using (4.28) we obtain the constant 8 (with the same dependencies) such that (4.26) holds.

O
Remark 4.7.
(a) Note that B does not depend on N or on U,. This will be important when we discuss
convergence.

(b) Of course in the three previous lemmas establishing the BNB-condition, there exists an
optimal B > 0. Since the continuity constant of b is 2M , an upper limit of 8 is 2M.

4.3. Conclusion: optimal error estimate. We now obtain the following error estimate for a
solution u of Problem (3.6). Only later we will deduce from our estimates that a unique solution
of (3.6) exists.

Theorem 4.8. Let 6 € [0, +00) be given. Let U, C U be a finite dimensional subspace of U and
let N € N. In the case where 0 € [0, 3) assume that N is so large that the CFL-condition (4.17)
18 satisfied.
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Then for each f € V' and & € H, the 6—scheme (4.4) has a unique solution to which we
associate the step-function w, € Wy, via (4.5). Moreover, there exists f > 0 such that

~ 1/2
(4.30) (I’ = Buwn [ + llu = wal? + sup Jlut) = wa @) <
te[0,7]

2M . ~ 1/2
(1+ ) inf{ (|l = ol + lu— wlf + sup Ju(t) —w(®llfy) i w e Wl
B t€[0,T]
where u is a solution of (3.6). The constant 5 > 0 may be chosen depending only on
a) 0, M, a, T and Cg z'f0§9<%,
b) M, a, T and C if = § and ||®| = 1 where C > 0 is a constant such that ky, < C,
¢) M, o, T and ||®|| if 0 = 3 and |®|| < 1,
d) 0, M, o, T and Cpy if 3 <0 < 1.
Proof. Recall the definitions of Z and Y given in Section 3.2. Choose [ > 0, as given by Lemma

4.3 in the case 0 € [0, %), by Lemma 4.4 in the case 6 = % and by Lemma 4.6 for § > % Thus

b satisfies the BNB-condition (2.5). Since dimX,, = dimY,, < oo, Problem (4.13) has a unique
solution w,, € W, where w, is given via (4.5) from (w(m))mzo,...7]\/ C U, satisfying (4.1) and
(4.4), see Lemma 4.1. Recall from (3.11) that the continuity constant of b is 2M.

Recalling that

1/2
(rz2)lz = (Il + 22l + sup @)
te[0,T

we see that Lemma 2.11 implies (4.30). O

4.4. Interpolation results. In this subsection we estimate the distance in Z of a given function
w € W from W,, (recall that W, is not a subspace of W).

Let 6 € [0, 1] be given.

For any w € H'(0,T;U), we define an interpolation of w in W,, by

(4.31) w,, € W, defined by (4.5) using the sequence (PYw(mk))m=o.... N,

where we recall that we denote by PV : U — U, the orthogonal projection on U, in U. Let
dp 1 V= [0,+00) be defined by

T 1/2
(4.32) 6n(v) := |lv = PY oully = (/ |lv(t) — ng(t)HQUdt> forall v e V.
0

We start by a simple lemma whose proof can be omitted.

Lemma 4.9. Let RV : U — U (resp. RV : V' — V) be the Riesz isomorphism, given by
(r,u)pr iy = (RYr,u)y for all (r,u) € U'xU (resp. {f,v)yry = (RY f,v)y forall (f,v) € V/XV).
Then

T
B ooy = [ (RY f0), o)t
Using the Gelfand triple embeddings, we hcwg
(RVw,v)y = (w,v)y for all v,w € V.
In the case where w € H*(0,T;U), we have RVw € H*(0,T;U) with (RVw)" = RV ().

We then have the following lemma.
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Lemma 4.10. Let w € H'(0,T;U) and let w, € W,, be defined by (4.31). Then
lw = Py wllv < [lw = wllv < 8u(w) + kf|w'||v
Proof. We can write
lw = wallv < flw—= By owlly + (|2 0w —wylv.
We have, for all m =0,..., N — 1 and for a.e. t € (mk,(m + 1)k),

1PY w(t) = wa(t)llr = 1Py w(t) — (1 = 0) Py w(mk) — 0P w((m + 1)k) v
< (1 =0)[w(t) —w(mk)|lv + 0ljw(t) — w((m + 1k)|lv

t (m+1)k (m+1)k
— (-0 / w/(s)dsl +6] / W (s)dslly < / ! (5) rds.
m t

mk
Note that PYw(t) — w,(t) = 0 for t = mk and ¢t = (m + 1)k. This yields, owing to the
Cauchy-Schwarz inequality,

U ) (m+1)k ) )
1PV w(t) — wa(®) |3 < & / ! (8)][2.ds,

mk

and therefore
(m+1)k (m+1)k
/ 1PV w(t) — wn (1) fdt < k‘2/ [w'(s)|7ds,

mk mk
which concludes the proof of the lemma. O
Lemma 4.11. Let w € H*(0,T;U) and let w, € W,, be defined by (4.31). Then
(4.33) lw — 5wnva < 6 (RVW) + k| RV W ||y + C4 (5, (w') + k||w”||v).

Proof. Let 1:)2 € V' be defined by
(4.34) <27)ZL,U>V/7V = (W, PYv)yry = (W', PYv)g for all v € V.
We notice that
[ — Qwpllvr < [lw' — wh[lv: + [lwy, — dwylv.
We have, for all v € V,

(W' —wh, )y = (W, vy — (W, PYv)yry
= (RVw',v)y — (RVW', PY )y = (RVw' — PY RVw' v)y.
This proves that
o' = whlly: = R = Py RV |y

Using Lemma 4.10 with RV’ instead of w, we get the first two terms of the right-hand-side of
(4.33). We also have that

[w), = dwnllyr = sup  (w], — Qwp,v)yry
veV||v|ly=1

= sup (W —Owy, PY o)y < Cyllw' — Ow,||n.
veVi[lvllv=1
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Using (4.8), we observe that, for a.e. t € (mk,(m + 1)k) and all m =0,...,N — 1,

(m+1)k
PY(w)(t) = ¢ /m R ATIO
(m+1)k Uwl(m — PYw(m
= %/k (P w)'(s)ds = Fo w(( +1)Z) By w(mk) = Qwy(t).

Therefore, PY (w') = dw,,, and we get
[w — dwnllsr = [[w' = P (') |a < Crllw’ = By (w)|lv
We then use Lemma 4.10 with w’ instead of w to conclude the proof. O

Lemma 4.12. Let w € H*(0,T;U) and let w, € W,, be defined by (4.31). Recalling that Cr is
introduced in (3.5), we have

1
sup [lw, () — w(t)lar < kCr(—=lw'llv + VT |w"|lv) + Cr(6u(w) + Co,(w')).
te[0,T) VT

Proof. Let us first compute a preliminary inequality. We observe that, for s,¢ € [0,T],

¢
w'(t) = w'(s) +/ w” (7)dr,
which leads to
T
|w' ()l < [lw'(s)]lu +/0 [[w" (7)o dT.

Integrating with respect to s and using the Cauchy-Schwarz inequality, we obtain

1
(4.35) sup [[w'(t)llo < —=lw'|lv + VT [[w"||v.
te[0,7) T

For all ¢t € [0, 7], we have

lwn(t) = w(t)llm < llwn(t) = PYw®lla + 1Py w(t) - w(t)|m
< Crllwa(t) — Pw®)|lo + | Py w(t) — w(t)||s.

In the proof of Lemma 4.10, we show that for all m = 0,..., N — 1 and all t € [mk, (m + 1)k],

we have
(m+1)k

”PrlLJw(t) - wn(t)”U < / H’w/(S)HUdS.

mk

Using (4.35), we obtain
1

1P w(t) —wa(t)v < k(ﬁ

[+ VT [[w”||v).

Now, we write, owing to (3.5),

1B w(t)—w(®)|la < Cr(| Py ow—wl[{ -+ Py ow' —w'|[}) ' < Cr(| By ow—wlly + ]| B ow'—w'[y).
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We now write

IBY ow —w'llys = sup (B ow —w v)yry
veV|v|ly=1

= sup (PVow —w, v)g < Cx|PYouw —u||g.
veV,|vfly =1

We then get that

1P 0w’ =l < C||PY 0w —w'ly = Crdn(w).
This concludes the proof of the lemma. O
4.5. The convergence result. Using the results of Section 4.4, we first show that we can

approximate each function of W by elements of W,,. For this we now consider a sequence of
finite-dimensional subspaces (U, )nen of U such that

lim U, =U.

n—oo

This is equivalent to saying
lim |lu — PYul|y =0 for all u € W,
n—oo

where PV denotes the orthogonal projection of U to U,,.

For each n € N we let p, be the best constant such that ||u||g < py|lul|z for all u € U,.
Let N, € N such that li_}rn N, = oco. For each n € N, let k,, = Nl be the time step and let
n—o0 n

Vo={v:(0,T) — U, : v is constant on (mk,, (m + 1)k, ) for m =0,..., N, — 1}.

The defintion of W), is given in (4.5).
Recall that W = H(0,T;U’) NV and that the spaces Z, Y, X and X,, are defined by

Z=V'xGandY =V x H,
X ={(w,w):weW}, X,= {(5w,w) cw € Wy} and
Y, =V, x H.
Thus, X,, and X are subspaces of Z and Y, is a subspace of Y. Note that
X,NX ={(0,8 :£ €Uy}
is a very small space. Nonetheless we will show that, under the CFL-condition, one has

lim X,, = X . We first prove one inclusion without any further condition.
n—oo

Theorem 4.13. Let (N,)nen be a sequence of elements of N which tends to infinity. Let w € W.
Then there exist w, € Wy, for all n € N such that

(4.36) [w' — dwn|[3 + lw — wall3 + u lw(t) — wa(t)]|% — 0 as n — oco.
te[0,T

This implies in particular that X C lim X,,.
n—roo
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Proof. We use the preceding results, letting € = 0. Let us first observe that the property
lim ||u — PVully = 0 for all uw € U
h—0

implies, by Lebesgue’s convergence theorem, that

lim 6, (v) = lim |[v — PY ow||y = 0 for all v € V.
h—0 h—0

Let w € W and let ¢ > 0. By the proof of [18, III. Proposition 1.2, p. 106] there exists
v € H?(0,T;U) such that

[w =[lv + [lw — vy <e.
By (3.5) this implies that sup,cjo ) lw(t) — v(t)[lnx < Cue. Let v, € W, be given from v
via (4.31), which means that v,(t) = PYv(mk,) on [mk,, (m + 1)k,) for m = 0,..., N, — 1
and v, (T) = PYv(T). Then, by Lemma 4.10, ||v, — v|[y — 0 as n — oo. By Lemma 4.11,
lim [|v — 5vn||vz = 0 and, by Lemma 4.12, lim sup |[v(t) — v, (¢)||g = 0.

n—oo n—oo tG[O,T}

Since € > 0 is arbitrary, the proof is complete.
The preceding proof shows that X C lim X,. O

n— oo

Next we show that the discrete solutions converge to the solution of the continuous problem.
We know that a unique solution of Problem (3.6) exists (see Theorem 3.3 and the comments
after it). But our estimates give also a new proof of this result which we incorporate into the
formulation and the proof of the following theorem. Recall that ® € £(H) and ||| < 1.

Theorem 4.14. Let f € V' and {y € H. Then Problem (3.6) has a unique solution u € W.
Let (Np)nen be a sequence of elements of N which tends to infinity such that the following holds.

Case 0 € [0, 3). We assume that Condition (4.17) is fulfilled.

Case 0 = 1 and ||®| = 1. We assume that sup,,cy & <00,
Case § = % and ||®|| < 1. No additional condition is required.
Case 6 € (%, 1]. No additional condition is required.

Then the Euler Scheme (4.1)-(4.4) has a unique solution to which we associate the step function
wy, € Wy, via (4.5). These discrete solutions w,, converges to u in the following sense:

(4.37) lim ([[u/ = Bwallys + lu = wallv + sup [fu(t) = wa(®)lls) =0
n=—r00 t€[0,T)
Proof. We apply Theorem 2.12 in our situation. There are three hypotheses to be verified.
Lemma 4.3, Lemma 4.4 and Lemma 4.6 give the BNB-estimate (4.18). Lemma 3.7 shows
the dual uniqueness condition (2.14) for X. Finally, Theorem 4.13 shows that X C li_)rn X
n o

Now Theorem 2.12 asserts that Problem (3.13) has a unique solution, and this is equivalent to
Problem (3.6) having a unique solution. Theorem 2.12 also gives the required convergence of
the Euler scheme. This finishes the proof of the theorem. O

Remark 4.15. In the proof we used Theorem 2.12 which also implies that Y = w-limY,,. But

n—o0

i this case, Lemma 4.10 also shows that Y = lim Y,,.
n—r oo

Remark 4.16. In the case 0 = %, ® =1d and T =1, the conclusion of Theorem 4.14 is false if

sup Hn — . In fact, let L € Y'. Using (4.22), for each n € N we find a unique x,, € X,, such

neN Nn
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that b(xy,y) = (L,y)yry for ally € Y,. Then, for each n € N, there exists wy, € W, such that

Ty = (Qwy,wy). If the conclusion of Theorem 4.1/ is true, it follows in particular that (z,)neN
converges in Z. Then Theorem 2.15 yields 3 > 0 such that

sup  b(z,y) > Bz 2
llylly <1,y€Y¥n
for all x € X,, and all n € N. Then Remark 4.5 implies that k,p, < %, where k, = N%L Thus
]’\L,—’;S%forallneN.

Since the estimate (4.30) holds, the speed of convergence in (4.37) is optimal. Theorem 4.14 also
makes more precise the interpolation result, Theorem 4.13. It says that we can approximate
each w € W by discrete functions wy, in the sense of (4.37). We now show that also the converse
is true: the functions in W are exactly those functions which can be approximated by discrete
elements in the sense of (4.37). In other words, the following surprising corollary holds.

Corollary 4.17. Under the assumptions of Theorem 4.1/ one has
X = lim X,,.

n—oo

This means the following. Let

Wy ={w:[0,T] = Uy : w(t) = (1 — Q)w(mk) + w((m + 1)k) on (mky, (m + 1)ky,)
for allm=0,...,N, —1}.

Then for (v,v) € V! x G, the following assertions are equivalent.
(i) There exists wy, € W, such that

lo — 5wn\|%// + lv — wn |5 — 0 as n — oo;
(i) veW,v="1".

Proof. We have seen in Theorem 4.13 that X C lim X,. The reverse inclusion follows from
n—oo

Theorem 2.12. Moreover, Condition (i) means that = := (v,v) € li_)m X,, and z € X exactly
n [o¢]

means (ii).
U

5. DISCONTINUOUS GALERKIN SCHEME

We focus in this section on the time discontinuous Galerkin scheme. We again keep the frame-
work of Section 3.

5.1. Description of the scheme. As in Section 4, let U, be a finite dimensional subspace of
U, PY be the orthogonal projection on U, for the scalar product of U, N € N*, and define
k= % Let ¢ € N. For any vector space E we denote by P4(R; E) the set of all functions
P : R — E such that there exists po,...,p, € F with

q
P(t) = Ztipi for all ¢t € R.
i=0
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Let W,, C G be the set of all functions w : [0,7] — U, verifying the following property: for all
m = 1,..., N, the restriction of w to ((m — 1)k, mk| is an element of P4(R;U,,), which means

that there exist ¢ + 1 elements of U,,, denoted by wém), e ,w((lm) such that

q

w(t) = Z; (W)wam) for all t € ((m — 1)k, mk].

We then define the “broken derivative” 9w € V, for any w € W, as the function equal to w'(¢)
for a.e. t € ((m — 1)k, mk) (we have dyw = 0 if ¢ = 0).
The time discontinuous Galerkin scheme [10, 16] amounts to finding w € W,, such that

(5.1) (w(0) — dw(T),v)g = (§o,v) g for all v € U,

and
mk
@2).[ Oyw(t), v(t)gdt + (W™ — w((m — 1)k),v((m — Dk))x

mk mk
+[ mwmmma:[ (f(t), v(t))dt

m—1)k m—1)k
forallm=1,...,N and v € PI(R;U,).

Remark 5.1. Note that, letting ¢ = 0, since w(mk) = w(()m), Scheme (5.2) is reduced to

mk

wwmm@a:/ (F(1), v)dt

(m—1)k
forallm=1,...,N and v € U,,

mk

(5.3) mmm—mmfnmmH+/

(m—1)k

which is the same expression as the one given for 6 = 1 for the Euler implicit scheme in Section

4.

We now observe that the space W, is isomorphic to Uy" . As in Section 4, we have that
each element of W,, defines a unique element of V', but this identification is again not injective,
because of the initial value (it was the final value in Section 4), and we again do not distinguish
the notation for the everywhere defined w € W,, and the element of V,, it defines, where V,, is
the subspace of V' defined by

(5.4) Vi ={v eV vm-t)kmk) € PUR;Uy) for allm=1,...,N}.

(g+1)+1

In order to put this setting into the framework of Sections 2 and 3, we define the discrete
derivative of an element of w € W,, by modifying the broken derivative 0. For any i =0,... ¢,
let ¢; € P4(R;R) be the polynomial such that

1 1
(5.5) /0 ¥i(s)s'ds = 1 and /0 Yi(s)s’ds = 0 for all j € {0,...,q}\ {i}.

In the case ¢ = 0, we set ¢p(s) = 1 for all s € [0,1]. Note that, for i« = 0,...,q, the ¢ + 1
coefficients of the polynomials v; with degree ¢ are the coefficients of the i-th line or column of

the inverse of the Gram matrix whose coefficients are equal to fol s'tids = Z.+J1.+1 forj=0,...,q,
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and are elements of Z \ {0} (see Appendix B). For all w € W,,, we then have the relation

1 [mk t—(m—1)k m) B
(5.6) % _— 1/)0< 2 )w(t)dt =wy @ = t—)(lrlnn—ll)kw(t) foralm=1,...,N — 1.
t>(m—1)k

We then define 0 : W,, — V,,, by

(5.7 out) = ap(t) + -0 ) ) (- 1),

for a.e. t € ((m — 1)k,mk), for all m =1,..., N, for all w € W,,.

Then dw € V' is again defined by (4.9), where PV, the orthogonal projection on Vj, in V. It is
explicitely given by

(5.8) PYw(t) =) G /(m:)k <w)iﬂ?w(s)ds> Mt - (n;c— 1)I<:)’

i=0 m

for a.e. t € ((m — 1)k, mk), for allm =1,..., N and for all w € W,
Similarly to what has been done in Section 4, we define X,, by
(5.9) X, = {(Bw,w) : w € Wy},

and the mapping W,, — X,,, w — (5w,w) is again bijective. We now define the space Y,, C
Y =V x H by

(5.10) Y, =V, x Uy

The linear mapping W,, — Y,,, w — (w,w(0)) is bijective as well. Keeping the definitions (3.11)
for b and (3.12) for L, we now have the following result.

Lemma 5.2. Let w € W,,. Let x = (5w,w) € X,,. The following assertions are equivalent:

(i) The element w satisfies (5.1)-(5.2).
(ii) The element x is solution of the following problem:

(5.11) x € Xy, blx,y) = L(y), foralycY,.

Proof. This property holds by (5.7) and (5.6).
O

Let us now prove that the conditions allowing to use the results of Sections 2 and 3 are fulfilled.

5.2. BNB estimates. In order to prove the BNB estimate using Lemma A.3, we need some
preliminary lemmas.
For any w € W,,, we define 9w € V' by

(5.12) (5bw,v>vz,v = (Oyw, PY v)g for all w € W,, and v € V.

Note that, as in the definition of 510, 5bw is different from Jpw seen as an element of V'’ by the
standard embedding of H in V', but that we have

(5bw,v>vz,v = (Opw, v)y for all w,v € Wy,
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as well as

(5.13) 1Opwlly: =  sup  (Dpw, PY vy = sup  (Gpw,v)y for all w € W,,.
veV,[lvfly =1 VEWn,[lv]ly =1

Lemma 5.3. There exists Cy > 0 only depending on q such that

N q N q
1 m m
o 2o R I < ol < Ca Y0 kYl Iy for all v € Wi

m=1 j5=0 m=1 j=0

Proof. We have

S Eq: zq: L o) m)
o]t = k (" 7Ujm YU
m=1 =0 j=0 i
and the result holds from the fact that the Gram matrix A of Appendix B is symmetric definite
positive. n
Lemma 5.4. There exists C5 > 0 only depending on q such that
(5.14) |0yw||y < Cs||ow||y for all w € Wi,
and
N ~
(5.15) S ™ —w((m — V)3 < Cs|dw|ly wllv for all w € W,
m=1

Proof. We first observe that, for any m =1,...,q, we have

/<Mk awu)wq(w)dt:/(mk S e

m—1)k k m—1)k k
Lo t—(m—1)k\ , (t—(m—1)k (m)
" E/(m_l)k ¢0< k >¢q< k )dt (wg = w((m —1)k)),

where the polynomial v, is defined by (5.5). Since 9,(w)(t) € PI1(R;U,)
for a.e. t € ((m— 1)k, mk), the first term on the right-hand-side of the above equation vanishes.
Moreover, we have

1 [mk t—(m—1k t—(m—1ky,, [ B
T /(m_l)k %(T)%(T>dt = /0 Yo(8)Yg(s)ds = g0 # 0,
by the results of Appendix B. This leads to
mk
(m) 1 / t—(m—1)k
wy - —w((m—1k)=— ow(t ——|dt.
50— ultm—vb = o | dut,(— )
Let v € W,,. We have
(Opw, v)g = (Ow,v)g — (Ow, V)w,
where v € W, is such that, for a.e. t € ((m — 1)k, mk), for any m =1,...,q,
N t—(m—1)k (m)
U(t) - wq70 ¢q< k >U0 .
Since ||v||y < Cs||v||v by Lemma 5.3, we conclude (5.14).
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Moreover, we have
N
2 ~
>l = w(m = )k) [ = (Ow, @),
m=1
with, for a.e. t € ((m — 1)k, mk), for any m =1,...,q,

@(t) = (wi™ —w((m —1)k))

which implies (5.15) again using Lemma 5.3.
U

Lemma 5.5. There exists C; > 0, only depending on q, T and on Cg (see (3.1)), such that

(5.16) sup_[w(t)|[3; < Cr(| 0wl + [[w]f?) for all w € W,
te(0,T

Therefore there exists p > 0, only depending on q, T and Cy, such that

000112 2 2 2 1/2
(5.17) e [w(®)]n < p(llawllw + [[wlliy + [lw(0)|[7 + IIw(T)||H> for all w € Wy
€|0,

Proof. We notice that, in the case where (m — 1)k < s <t < mk,
t
()7 — llw(s)lz = 2/ (Opw(r), w(r)adr < 2|dpwlvwlyv < (Csllowl} + wli,).

We have, in the case where s < mk < (m/ — 1)k <t < m'k with m < m/, that

m'k
@7 — lw(m'k)|[F = —Q/t (Opw(7), w(T))mdT,

/
m m'k

o B3+ > llwl” = w(e - DR — llomk)| = 2/ (Ow(r), w(7))udr,

p=m+1 mk

mk
leo(mk)[3, — lw(s)|% = 2 / Oy (7), w(r)) .

Adding the three above equalities, this yields

m'k m'k
(5.18) w2 — ()] = 2 / (Opo(7), w(r)rdr +2 / (Ow(r), w(r)dr

mk
mk m’
2 / O(r), w(rudr — 3wl —w((p - DB
S p=m—+1

This implies, using Lemma 5.4, that for any s,t € (0,77,

lw(®)7r = llw($)IE] < Csl|dwllv||w]lv-
This implies

lw(®)[I7 < lw(s)|F + Csllow]lv f[wv.

Integrating the preceding relation on s € (0,7") concludes the proof of (5.16). Then (5.17)
follows from the presence of the term ||w(0)| g in the right hand side. O
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Lemma 5.6. The spaces X, and Y, defined by (5.9) and (5.10) satisfy Hypothesis (2.5) of
Theorem 2.12 (without any CFL condition), with 8 > 0 only depending on q, T, Cg, o and M.

Proof. We remark that

<8w w)yr v

</mk w' (1), wt)) gdt + (wi™ — w((m — 1)@),wgm>>H)_

HMZ

Since we have i
m 1 1 m
J O ey = Sk 5™
we get
N N
200w, wyvry = w(D)% + 3 lwd™ —w((m — 1)) |3 — [lw(0)|,

which yields

~ 1 1

O, w)vry = (@l = 5w (O]
We also notice that (5.16) implies

a? a? 9
sl + 1wl = Fm e (Dl

Adding the two previous inequalities yields (A.12) with w = 5 + 15 Mgc and 0 = 35 J\O/ll23c7 (hence
no CFL condition will be required for satisfying the BNB estimate). We can now apply Lemma
A.3, letting X = {(8w w,w(0),w(T)) : w e Wy}, since the quantities X; defined in the lemma

satisfy X2 V,, and X3 = U,. We get the existence of ﬁ , only depending on «, M, T and Cp,
such that

) 219,112 2 2 2\ /2
sup b((w, w).y) > B1wlZ + el + o) + lw(T)[F) ™ for all w € W,
Yy n
lylly=1

Using Lemma 5.5 concludes the existence of 8 (with the same dependencies) such that (2.5)

holds.
O

We can now give an error estimate for the discrete solution.

Theorem 5.7. Let 5 > 0 be given by Lemma 5.6. Let U, C U be a finite dimensional subspace
of U and let N € N be given. Then the following holds.

For each f € V' and & € H, the time discontinuous Galerkin Scheme (5.1)-(5.2) has a unique
solution w,, € W,,. Moreover

~ 1/2
(5:19) (Il = Bwallf + llu— wal} + sup [u(t) —wn®)F) <
€ )

2M . ~ 1/2
1+ yinf{ (Jlu = Bull}s + llu—wl} + sup fu(®) —w(t)}) " we W),
te[0,T]

)

where u is the unique solution of Problem (3.6).
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Proof. Recalling the definitions of Z and Y from Section 3.2, we observe that 3, given by Lemma
5.6, satisfies (2.5). Therefore, we apply Lemma 2.11, which provides (5.19). O

5.3. Interpolation results. In the same way as above for the explicit Euler scheme, we now
estimate the distance in Z of a given function w € W from W, (recall that, again, W), is not a
subspace of W).

For a given w € HIt1(0,T;U), we define the interpolation w,, € W,, by

(5.20) wﬁ% = PYw(0) and wgz) = %Pgw[i]((m —1)k) forallm=1,...,Nandi=0,...,q,

where we denote by w!’ (t) the ith time derivative of w for i =0,...,¢+ 1. Then
(0) - (m—=1)k\i (m)
wy(0) = w,, o and wy(t) = Z <7> w, ; forallm=1,...,N and t € ((m—1)k, mk].
b Z:(] k: b
Recall that the following Taylor expansion formula holds:

w(t) — ! (t—(m—l)k)iwm _— ! (3—(m—1)k)qw[q+1} Sds
B21) w(n) =3 O (5)d

for all t € ((m — 1)k, mk].

This provides, for any m = 1,..., N and t € ((m — 1)k, mk],

t —(m — q
(5.22) BV ow = wy + T{Mw with TMw(t) = / (s = (m = Dk)

g PYwlatl(5)ds.
(m—1)k :

We then have the following lemma.

Lemma 5.8. Let w € HiTY(0,T;U) and let w, € W, be defined by (5.20). Then

fa+1
lw = PYwlly < lw = wally < &u(w) + THw[‘””Hv-

Proof. Owing to (5.22), we have, for any m =1,...,N and t € ((m — 1)k, mk],

w(t) —w = w(t) — PYw t (s = (m = Dk)* Uwlatl(5)ds
() = wa(®) = w) = B+ [ S Pl s

We notice that, owing to the Cauchy-Schwarz inequality, we have
t o — 1k)? k2q+l mk
| s = D pre sy < S [l s
(m—1)k q: (Q) m—1
Another application of the Cauchy-Schwarz inequality concludes the proof of the lemma. O

Lemma 5.9. We define RV : V' — V as in Lemma 4.9. Let w € HIT2(0,T;U) and let
wy, € Wy, be defined by (5.20). Then, for ¢ =0, we have

(5.23) [’ — Buwplyvr < 8,(RY W) + kl|w" [y + CH (8, (w') + k[w”||v).
and, for any q > 1, there exists Cy only depending on q such that

_ Eatl
(5:24) fJw' = Ouwnlvr < 6n(RYw') + TH’w[q”} lvr + Co(Gn (") + k(| [y + [Ty )).
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Proof. Let QZZL € V' be defined, for a.e. t € (0,7, by
(5.25) <@=’U>V’,V = (W', PY v)yry for allv € V.

We notice that R - D
[w" — dwn|lv: < [[w" —wp,|lvr + |lw), — Owy ||y

We have, for any v € V,

(w' —wl, vy = (W vy — (W, PYv)yny
= (RVw' v)y — (RVW', PV v)y = (RVw — PYRVW vy
This proves that -
[w" = wp |y = [[RYw' = Py RY W[y
We then apply Lemma 5.8, and we get

) vy, K v e v R )
[w" —wh[lv: < on(R w)+7||R w Ty = 0n (R w)+7\|wq v

This yields the first two terms of the right-hand-side of (5.24). We also have that, for any v € V,
(w' = dwn, Py v)m < |lw' — Own | Py vl
< Cpllw' — dwnllel| Py vllv < Crllw’ — dwnlelvlly-
We then get

wl, — dwully = sup (W' — Bw,, BY v)yry < Cllw’ — dwy |-
veV,|lvllv=1

We then apply
[w = dwy |l < |0 = Py w' |l + | Py w' — wn
< Cu(|[w' = PYw'||v + || Py w" = dwnllv).
We can write, for a.e. t € ((m — 1)k, mk) and all m =1,..., N, that

Uiy - S B = DR S e U VL) LT P

_ b s (m DR
o /<m_1>k (1!

1
PYwlatl(s)ds.

Let us first consider the case ¢ > 0. We write
HPT[L] - Own|lvy < ||PTILJ - Opwn||v + 10w, — Opywn|v.
This yields

1PV w' — dywy ||y < Jwla )y

kq
(¢ —1)!

On the other hand, we have, using

wnllm =18 = 32 2 PYull (n — 2
=0
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and U(()m) = PVw((m — 1)k)

n

N

1 m
Hawn - ab’wn”%/ < Cw Z EHU(() ) _ wn((m _ 1)@”%]
m=1
N
1 (m—1)k (s — (m —2)k)? 1:2a
=C - w[q+l]8d32§C’_w[Q+1}2.

Gathering these results provides (5.24).

Let us now consider the case ¢ = 0. The reasoning of Lemma 4.11 applies to this case, and we

again get
(m+1)k

(m+1)k

[ IR - du @t < [ ) ludr.
mk mk

Lemma 5.10. Let w € H2(0,T;U) and let w, € W, be defined by (5.20). Then

sup [Jwn(t) = w(t)|m < Cro(k* ([l |y + w2 y) + 8, (w) + 6n (w)).
te[0,7

Proof. For m=1,...,N and all t € ((m — 1)k, mk], we have
[ (t) = w®)[ir < lJwa(t) = P wt)llg + 127 w(t) — w(t)|u
< Chllwn(t) — Pfljw(t)HU + Cr(0p(w) + CHén(w')).
Using (5.22), we have

e C R
fnt®) ~ Rwlo < [ B

q
' (s) | ds.

Applying (4.35) to wl9t1(s) instead of w’, we obtain
ket o1

wn(t) — PYw(t)|ly € ———(—

o) = Pl < 7557

This concludes the proof of the lemma. O

el Uy + VTl ).

Putting together the results of this section, we now show that we can approximate each function
of W by elements of W,,. For this we now consider a sequence of finite-dimensional subspaces
(Up)nen of U such that
lim U, =U.
n—oo
This is equivalent to saying
lim [lu— P ully =0 for all u € W,
n—oo
where PV denotes the orthogonal projection of U to U,,.
Let N,, € N such that nh_}n;o N, = oco. For each n € N, let k,, = Nln be the time step and let

Wiy ={w : [0,T] = Uy : w)(m-1)k,mk)] € PHR;Uy) for m =0,..., N, — 1}.
Recall that W = H'(0,T;U’) N V. We have the following approximation results.
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Theorem 5.11. Let w € W. Then there exists w,, € W,, such that
[ — Bwy |3 + |w — wal[¥ + sup [[w(t) — wn(t)]|% — 0 as n — co.
te[0,7
This proves that X C li_}rn Xy, letting X be defined by (3.10) and X,, be defined by (5.9).
n (o]

Proof. Let w € W and let ¢ > 0. There exists v € H972(0,T;U) such that

lw' = v'llvr + [Jw —vllv <e.
By (3.5) this implies that sup,cp p [w(t) —v(t)||n < Cre. Let v, € W, be given from v via
(5.20). Then, by Lemma 5.8, |lv, —v|ly — 0 as n — co. By Lemma 5.9, Jim [0/ — Bup|lyr =0
and, by Lemma 5.10, lim sup} lv(t) — vn(t)||a = 0.

=0 el0,T
Since € > 0 is arbitrary, the proof is complete. O

5.4. Conclusion: optimal convergence. Let (U,),en be a sequence of finite dimensional
subspaces of U such that
U= lim U,.

n— oo
Let (Np)nen be a sequence of integers which tends to infinity. Recall that W), is the space of
piecewise polynomial functions defined in Subsection 5.1.

Theorem 5.12. For given f € V' and & € H, let u be the unique solution of Problem (3.6).
Then we have

(5.26) X = lim X,, and Y = lim Y,

n—o0 n—o0

where X, Y and Z are defined in Section 3.2 and X, and Y, are defined by (5.9) and (5.10)
from W, and V,, defined in Section 5.1. Moreover, letting w, € W, be the unique solution of
the time discontinuous Galerkin Scheme (5.1)-(5.2) for each n € N, we have

n— oo

lim (Hu' — §wn”v/ + |lu —wyllv + sup Ju(t) — wn(t)HH) =0.
t€[0,T)]

)

Proof. Relations (5.26) are immediate consequences of Theorem 5.7. Since, in addition, Theorem
3.3 implies that Condition (2.14) is fulfilled, we can apply Theorem 2.12, which concludes the
proof of the theorem. O

APPENDIX A. TECHNICAL LEMMAS IN HILBERT SPACES
We present some technical lemmas involving operators on Hilbert spaces.

Lemma A.1. Let V be a Hilbert space and let A : V — V be a M-continuous and «-coercive
operator for M > 1 and « > 0, which means that

(A1) [Av|ly < M|y for allv eV,

and

(A.2) (Av,v)y > aljv||} for allv € V.

Then

(A.3) w4+ AvlfZ 2 20w, o)y + 2 ()3 (lwllZ + [vll2) for all v,w € V.

3°M
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Proof. Consider A, := # and A. = A_2A*. Then, for any v € V,
1 1
(A v, v)y = 5(Av,v>v + §(A*v,v>v = (Av,v)y, v €V,

and thus (A v,v) > al|v||?, v € V. It follows that the selfadjoint operator A, is positive and
invertible. Let S be the (invertible and positive) square root of A.. Since ||Sv|?, = (A v,v)y,
we get

(A4) ISvllv = Vallvllv, veV.
Since [|Sv[| < [[A+["?(lv]| < VM|Jv]], we also get

(A5 5710l = —= ol ve V.

In addition, note that
(Av,v)y = (v, A%v)y = —(v, Av)yy, vEV,
and therefore
(A.6) (Av,v)yy =0, veV.
Using (A.4) we first get, for all v € W,
lw+Avl* > a(|ST w+ ST A+ ST AW

= oIS wl} + 1S Aollf + 15T A
+2a(S7 w, STTA )y 4+ 2a(ST A v, ST A )y
+2a(S 1w, ST Av)y.
Note that
(S71A v, ST A )y = (S7T2A,v, Av)y = (v, Av)y =0 by (A.6).
Moreover
(871w, STTA v)y = (w, ST2 A v)y = (w,v)y.
In addition,
1814 ]2 = (571 A v, ST AL )y = (A, v,0)y = Sl
It follows that
lw+ Av|? > 20{w, o)y + (ST w4+ 1Sl + 15T A
+2a(S 1w, ST Av)y.
Now we use the celebrated Peter—Paul inequality combined with the Cauchy-Schwarz inequality
to estimate, for all v > 0,

2|5 w, 57 Aw)y| < 2)S wllv IS Ay

A

_ 1o
Vs lw\l%ﬂr;\ls A

We then get, choosing v < 1,
lw + Av[* > 2a(w,v)v +a(l =[S wl[f; +a(l = 1/7)[ST Ao} + o Sulff-
We have o
Is~ Al < == ollv,

Va
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which gives
lw + Av|* > 2a(w,v)v +a(l =N[ST wl[f + M1 = 1/7)||lv][} + o[ Svlff-

Let v = %Jrs where s > 0 will be fixed later. Then 1 — v = %= and 1 —1/y = —s. Then, by
(A.4) and (A.5), it follows that

|lw + Av||2 > 2a({w,v)y + o

=l + ool — 2ol

2 .
Then we choose s = ;W and we obtain

lw + Avl? = 20w, v)v + B(|[wlff + [ol),

where, using a < M and 1 < M,
2

3 . a? « o a? a>1<a)3
=—mn{ —, ———— = —————— > [ — ) .
27 a24+2M2 M a2 +2M2 M — 3\ M
O

Lemma A.2. Let H be a Hilbert space, and let & : H — H be a contraction (which means that
|®|| <1). Let a > 0 and b € [0,a] be given reals such that v := a — b||®||> > 0. The following
estimate holds

(A7) bl — blolfs + 2o @l > Ll + 1ol for it v, e

Proof. Let v,w € H be given. By the Peter-Paul inequality, we have for any p > 0,
~2(0.®u)s > —pl ol — ol

Choosing © > 1 and using that ® is a contraction, this implies that

1 1
lo = w7 > [lvll7 (1 - e [@wlF (u 1) = |Joll7 (1~ e lwllZ 1| @[ (1 — 1)

Let 3 :=b||®||? € [0,a) and p := g;fz € (1,400). Let 8 > 0 and o > 0 be such that

1
0l——)=b+a
(1=-2)

and
O(u—D[2)* =a—a
Using ||®||? < 1, this system is satisfied for
__ (@a=P)(a+h) il
28+ a+|®[2(2a+p) 3’
Using the preceding equation and b < a, we get

_2a+p
=273

2a).

6

9a?
b+a) < —.
( ) S
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We then obtain

9a?
allwll3; — bllvllF + 7”” — Qwll3; > allwl|F — bl|v]|F + 0llv — Pwll3;

(lwllZ + ollZ)-

> (a = 0(p = D@ llwlF + (001 - %) = 0)|lvllz = allwli +IlvlF) > %

The above inequality gives (A.7). O

We now give a sufficient condition for proving the BNB condition for the different schemes
studied here.

Lemma A.3. Let V and H be Hilbert spaces. Let Z and Y be the Hilbert spaces defined by
Z =V xXVxHxHandY =V xH. Let A:V — V' be a continuous and coercive linear
operator in the sense that there exist 0 < o < M such that

(A.8) [Av|ly: < Mlvlly for all v €V,

and

(A.9) allv|3 < (Av,v)yry for allv € V.

Let & : H — H be a linear operator such that |®| < 1. We defineb : Z x Y — R by
(A.10) b((21, 22, 23, 20), (Y1, y2)) = (21 + Az, y1)vry + (23 — B2a, yo)

for all (21,22,23,24) € Z and f0r all (y1,y2) €Y.
Let X CZ bea subspace of Z. We define the spaces X; fori=1,2,3,4 by

Xi ={z;: z € X}, where x; is the i-th component of x© € Z.
Then )21 c Vv, )?2 cV, )?3 C H and )?4 C H are Hilbert spaces. We assume that
(A.11) (T, v)yry = ($1,P2Vv>vf7v for all 1 € X, andv € V,

where we denote by P2V the orthogonal projection on )?2 in V. Assume that there exist w > 0

and 6 > 0 such that
2

a
12 M3
for some p € (0,w)], v € [0, ] with p — v||®||> > 6. Then, there exists 3 > 0, only depending on
a, M, w and § (and not on p, v and ||®||) such that

(A.13) sup b(z,y) > BH:UHE forallz e X.
yeXax Xy, [lylly=1

(A.12) (x1, m2)vr v + (2l + 1 F) > pllaallfy = vilzsll for allx € X,

Proof. By the Riesz representation theorem, there exists an operator R : X 1— )?2

(A.14) (x1,y2)vr,v = (Ra1,y2)y for all 21 € )21 and yp € )?2.
We then have, in view of (A.11),
(A15) “x1|’\// = HRx;[HV for all z1 € 5(:1.

We also define the operator A : )?2 — )?2 by
(A.16) <Al‘2,y2>v = <A£E2,y2>vl7v for all z9 € Xg and Y2 € )?2.
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Then A is a-coercive and ||A|| < M. Let P : H — X3 C H be the orthogonal projection on
X3. Then

(A.17) N(2)? = |Rzy + Axs|3 + ||PH (x5 — ®ay)|)% for all z € X,

where
N(z) = sup g(:n,y) forall z € X.
yeXaxXs llylly =1
We then obtain, for § > 0 to be chosen later

0 ~
Al i ——— Axy |3 + ———— || P (23 — ®xy)||% for all z € X.
( 8) N(.Z') = max(l,@) HRxl + ‘T2”V + max(l,@) ” 3 (1’3 ‘r4)”H or all x €
We apply Lemma A.1 to V = )?2 with the scalar product of V' and obtain, by (A.14),
1
[Rz1 + Awslft > 20(Ray, wo)v + 3(M) S(l2li + | R [I7)-

Now (A.12) implies that

1 « a?
2 2 2 3 2 2
|Res + Aws |} > 2a(ullaaly — viasly) + (5 (57)° = 205 w5 llal? + ).

Together with (A.18), this yields

o
6 M3
Noting that Pf! (x5 — ®x4) = 23 — P ®z4 and that | P o ®|| < ||®|| < 1, we now use Lemma
A.2, in which we define a = 2au, b = 2av. In this way we obtain vy > 2a(u — v||®[|?) > 2ad. If

max(L, )N (x)* > 2a(ullza || — vieslE) + (w2l + la1lf) + 01l Ps (x5 — aa)lfF.

we set 0 = % < Ni?fﬂéf”z < 1Bow? "o oot
2 2 = vl|wsl|Z) + 0| P (a5 — @ >1
apllaallyy = vliasi) + O1B (s — i) 5 = 5 (sl + ).
This in turn gives
180w? 3 §
max(1, “S N (@) 2 Sl + leall) + 25 (sl + leallh)
which leads to (A.13). O

APPENDIX B. INVERSE OF THE GRAM MATRIX
The following lemma is used in Section 5.

Lemma B.1. Let ¢ € N. We consider the scalar product (f, g) fo x)dz on the space

PUR;R) with its natural basis. Let A be the resulting square Gram matrzm with side q + 1
defined by A;j = fol tidx, therefore equal to A = (iﬂ%)m:O,---,q- Then A is symmetric
positive definite and the coefficients of the inverse of A are the nonzero integers given by

(B.1) (A= (=" > (2k+1)C(k,i)C(k +i,0)C(k, §)C(k + j, J)
k=max(t,j)

foralli,5=0,...,q,



ERROR ESTIMATE FOR LINEAR PARABOLIC PROBLEMS 43

where we denote the binomial coefficients by

k!
Clk,j)= ———= forallkeNand j=0,...,k.
(£.9) J(k —=j)!
Proof. We consider the Legendre polynomials defined by
db 2k +1 .
Py(x) = @(T(az(l—x)) ) forallz € Rand k=0,...,q,.

Denoting these polynomials by Py(x) = Zf:(] P;.2*, one defines the upper triangular matrix P
with side ¢ + 1 such that Py is the coefficient of P at the column k = 0,...,q and at the line
i =0,...,k. Since we can check, integrating by parts, that

1
/ 2'Py(z)de =0forallk=1,...,gand i =0,...,k—1
0

and .
JRGICIRE

we get that the family of polynomials (Py)r=o,. 4 is an orthonormal basis of PI(R;R) (it is

the basis issued from the Gram-Schmidt method applied to the basis ($i)i:0,...7q). The rela-

tion ((Pg, Pr))k—o...q = P'AP = 1d implies A = (P*)"'P~! and therefore A=* = PP!. The
0=0,...,q

expression

Py = (—=1)*""2k + 1C(k,i)C(k +i,i) for all k =0,...,qand i = 0,...,k

concludes the proof of the lemma. O
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