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We first give a general error estimate for the nonconforming approximation of a problem for which a Banach-Nečas-Babuška (BNB) inequality holds. This framework covers parabolic problems with general conditions in time (initial value problems as well as periodic problems) under minimal regularity assumptions. We consider approximations by two types of space-time discretizations, both based on a conforming Galerkin method in space. The first one is the Euler θ-scheme. In this case, we show that the BNB inequality is always satisfied, and may require an extra condition on the time step for θ ≤ 1 2 . The second one is the time discontinuous Galerkin method, where the BNB condition holds without any additional condition.

Introduction

In the case of an elliptic problem, posed under the form: find u ∈ U , where U is a Hilbert space over K = R or C, such that a(u, v) = L(v) for all v ∈ U, where a(•, •) is a continuous (|a(u, v)| ≤ M u U v U ) coercive (|a(u, u)| ≥ α u 2 U ) bilinear form on U and L is a continuous linear form, Céa's Lemma provides an optimal a priori error estimate for an approximation u h ∈ U h , where U h is a finite dimensional supspace of U , such that a(u h , v) = L(v) for all v ∈ U h .

Céa's error estimate reads as follows:

u -u h U ≤ M α min v∈U h u -v U .
Note that the same result holds if we relax the coercivity hypothesis to an inf-sup hypothesis, also called Banach-Nečas-Babuška condition [START_REF] Xu | Some observations on Babuška and Brezzi theories[END_REF][START_REF] Ern | Theory and Practice of Finite Elements[END_REF][START_REF] Boiveau | Low-rank approximation of linear parabolic equations by space-time tensor Galerkin methods[END_REF][START_REF] Arendt | Galerkin approximation of linear problems in Banach and Hilbert spaces[END_REF] and [START_REF] Arendt | Partial Differential Equations[END_REF]Theorem 9.42], that is sup

v∈U h |a(u, v)| ≥ α u U v U for all u ∈ U h .
It is important to notice that these error estimates hold under minimal regularity assumptions, since it is only assumed that u ∈ U is the solution of the continuous elliptic problem.

In the case of parabolic problems, one can find many results on a priori error estimates in the literature, assuming some additional regularity for the solution of the continuous problem (see for example [START_REF] Ern | Theory and Practice of Finite Elements[END_REF]Theorem 6.29]). One can also find a few results providing a priori error estimates similar to Céa's Lemma in the case of semi-discrete numerical schemes (continuous in time, discrete in space), see for example [START_REF] Chrysafinos | Error estimates for semidiscrete finite element approximations of linear and semilinear parabolic equations under minimal regularity assumptions[END_REF][START_REF] Tantardini | The L 2 -projection and quasi-optimality of Galerkin methods for parabolic equations[END_REF]. In the case of fully discrete time-space problems, let us cite [START_REF] Schwab | Space-time adaptive wavelet methods for parabolic evolution problems[END_REF][START_REF] Boiveau | Low-rank approximation of linear parabolic equations by space-time tensor Galerkin methods[END_REF], where optimal error estimates are derived for specific time-space approximations of parabolic problems. In [START_REF] Urban | An improved error bound for reduced basis approximation of linear parabolic problems[END_REF], a time Crank-Nicolson scheme is used, and optimal error estimates are provided. In [START_REF] Saito | Variational analysis of the discontinuous Galerkin time-stepping method for parabolic equations[END_REF]Theorem 6], an error estimate for the time discontinuous Galerkin scheme is given in terms of discrete norms for functions with minimal regularity in space and fixed regularity in time.

Following the spirit of these papers, the aim of this article is to give an error estimate for linear parabolic problems, which holds

• for general boundary conditions in time (including initial value problems as well as problems which are periodic or antiperiodic in time), • for solutions with minimal regularity, both in space and time,

• for a large class of schemes including the Euler θ-schemes and the time discontinuous Galerkin scheme (which also includes the Euler implicit scheme).

This goal is achieved in this paper as follows.

In Section 2 we provide a nonconforming framework for the approximation of a linear problem which can be written under a weak form against a suitable space of test functions, verifying a uniform Banach-Nečas-Babuška condition. Note that, in this framework, the spaces, where the approximating solutions live, are not necessarily identical nor included in the space containing the solution of the continuous problem. We then obtain an optimal error estimate in the sense of Céa's Lemma.

In Section 3 we show that parabolic problems with general time boundary conditions can be considered in the framework of Section 2, allowing error estimates for nonconforming-in-time methods, which are easy to formulate. They are valid even when the solution of the continuous problem has only minimal regularity.

The proof that the explicit or implicit Euler scheme, or more generally the Euler θ-scheme with θ ∈ [0, 1], with conforming Galerkin approximation in space fit in our framework is therefore done using the results of Section 2 and Lemma A.3 given in the appendix. Here stability conditions on the time step play an important role in the case θ ≤ 1 2 . They are linked with the comparison of norms in the finite dimensional setting. The implicit Euler scheme is also a particular case of the time discontinuous Galerkin method [START_REF] Eriksson | Time discretization of parabolic problems by the discontinuous Galerkin method[END_REF][START_REF] Saito | Variational analysis of the discontinuous Galerkin time-stepping method for parabolic equations[END_REF], that we investigate in Section 5 using the same framework. Our approach is comparable to what is done in [START_REF] Eymard | Discontinuous Galerkin gradient discretisations for the approximation of secondorder differential operators in divergence form[END_REF][START_REF] Droniou | The gradient discretisation method[END_REF] for the space-discontinuous Galerkin method in the elliptic case, whereas we now treat the parabolic equation. Appendix A gives technical results on operators on Hilbert spaces needed for proving uniform BNB estimates in the considered time discretizations. Appendix B provides the results necessary for computing the coefficients of the inverse of the Gram matrix which are used in Section 5.

In the whole paper N denotes the set of all non-negative integers, whereas N ⋆ is used for the set of all positive integers. All the vector spaces are considered over R.

A non-conforming Banach-Nečas-Babuška theorem

Before introducing our approximation theorem, we first study the relation between inf-sup and dual inf-sup conditions. It will be convenient to introduce the notion of limit of a sequence of subspaces of a Banach space (see Subsection 2.2).

2.1. The inf-sup condition and its dual version. Let U and V be normed vector spaces, and let b : U × V → R be a bilinear form. We say that the bilinear form b satisfies the inf-sup condition if there exists β > 0 such that sup v∈V, v V ≤1 b(u, v) ≥ β u U for all u ∈ U. This is equivalent to inf

u∈U, u U ≤1 sup v∈V, v V ≤1 b(u, v) > 0,
which justifies the terminology. If b is continuous on U × V , then, for all u ∈ U , Bu = b(u, •) defines a bounded linear mapping B ∈ L(U, V ′ ). If U is complete, then the inf-sup condition is equivalent to B being injective with closed range. So the inf-sup condition is an important step to prove invertibility of B. Indeed, if V is a reflexive Banach space then B is invertible if and only if b satisfies the inf-sup condition and the dual uniqueness condition

(2.1) given v ∈ V, b(u, v) = 0 for all u ∈ U implies v = 0.
In fact, if V is reflexive, then (2.1) is equivalent to the density of ran(B). We now study the relation between the inf-sup condition and the dual inf-sup condition.

Lemma 2.1. Let U and V be normed vector spaces, b : U × V → R a bilinear form and β > 0 such that (a) sup

v∈V, v V ≤1 b(u, v) ≥ β u U for all u ∈ U , (b) 
b(u, .) ∈ V ′ for all u ∈ U such that the mapping B :

U → V ′ , u → b(u, •) is surjective. Then sup u∈U, u U ≤1 b(u, v) ≥ β v V for all v ∈ V . Proof. Let v 0 ∈ V and let N (v 0 ) = sup u∈U, u U ≤1 b(u, v 0 ). Then b(u, v 0 ) ≤ u U N (v 0 ) for all u ∈ U.
By the Hahn-Banach theorem, there exists L ∈ V ′ , with L V ′ = 1 and v 0 V = L(v 0 ). By Hypothesis (b), there exists

u 0 ∈ U such that b(u 0 , v) = L(v) for all v ∈ V.
From Hypothesis (a) we deduce that β u 0 U ≤ L U ′ . This yields

v 0 V = L(v 0 ) = b(u 0 , v 0 ) ≤ u 0 U N (v 0 ) ≤ 1 β N (v 0 ),
which proves the conclusion of the lemma.

The following corollary will be used later for obtaining the dual BNB-condition (2.15) from (2.5).

Corollary 2.2. Let U and V be normed vector spaces having the same finite dimension, and let b : U × V → R be a bilinear form. Then the following assertions are equivalent for any β > 0.

(a) sup

v∈V, v V ≤1 b(u, v) ≥ β u U for all u ∈ U , (b) sup u∈U, u U ≤1 b(u, v) ≥ β v V for all v ∈ V .
Proof. For finite dimensional vector spaces with the same dimension, the surjectivity is a consequence of the one-to-one property. This, in turn, is an immediate consequence of the inf-sup hypothesis.

2.2. The limit of a sequence of subspaces for the strong and the weak topologies.

The following notion plays an important role in our paper.

Definition 2.3 (Limit of a sequence of subspaces for the strong topology). Let Z be a Banach space and let (X n ) n∈N be a sequence of subspaces of Z. We define the limit of the sequence

(X n ) n∈N by (2.2) lim n→∞ X n := {x ∈ Z : for all n ∈ N there exists x n ∈ X n such that lim n→∞ x n = x}.
Lemma 2.4. Let Z be a Banach space and let (X n ) n∈N be a sequence of subspaces of Z. Then X = lim n→∞ X n is closed.

Proof. Let z ∈ X. In order to construct (x n ) n∈N such that x n ∈ X n and lim n→∞

x n = z, we first construct by induction, for any k ∈ N, a sequence (y k n ) n∈N and a number n k such that

• y k n ∈ X n for all n ∈ N. • n k < n k+1 , • z -y k n Z ≤ 1 k+1 for any n ≥ n k . Indeed, let k = 0. Let x ∈ X be such that z -x Z ≤ 1 2 . Let (y 0 n ) n∈N be such that y 0 n ∈ X n for all n ∈ N and lim n→∞ y 0 n = x. We select n 0 ∈ N such that, for any n ≥ n 0 , x -y 0 n Z ≤ 1 2 .
Then zy 0 n Z ≤ 1 for any n ≥ n 0 . Assume that, for a given k ≥ 1, the construction for k -1 is done. Let x ∈ X be such that zx Z ≤ 1 2(k+1) . Let (y k n ) n∈N be such that y k n ∈ X n and lim n→∞ y k n = x. We select n k ∈ N such that n k > n k-1 and, for any n ≥ n k , xy k n Z ≤ 1 2(k+1) . Then zy k n Z ≤ 1 k+1 for any n ≥ n k . This finishes the proof of the inductive statement. We now set x n = y 0 n for n = 0, . . . , n 0 -1, and, for any k ≥ 1, x n = y k n for any n = n k , . . . , n k+1 -1. We then obtain that x n ∈ X n for any n ∈ N and that

z -x n Z ≤ 1 k + 1 for all n ≥ n k ,
which shows that lim n→∞

x n = z, and therefore that z ∈ X.

The following notion is also used in our paper.

Definition 2.5 (Limit of a sequence of subspaces for the weak topology). Let Z be a Banach space and let (X n ) n∈N be a sequence of subspaces of Z. We define the weak limit of the sequence

(X n ) n∈N by (2.3) w-lim n→∞ X n := {x ∈ Z : there exist x n ∈ X n such that x n ⇀ x as n → ∞}.
where ⇀ stands for "converges for the weak topology of Z".

Note that we always have lim

n→∞ X n ⊂ w-lim n→∞ X n .
The determination of lim Example 2.7. Let Z = L 2 ((0, 1)). Let n ∈ N ⋆ , let h = 1/n, and let X n be the set of all functions which are constant on ((i -1)h, ih) for all i = 1, . . . , n. Then lim n→∞

X n = w-lim n→∞ X n = Z. Example 2.8. Z = L 2 ((0, 1)). Let n ∈ N ⋆ , let h = 1/n,
let X n be the set of all functions which are constant on ((i -1

2 )h, ih) and null on

((i -1)h, (i -1 2 )h) for all i = 1, . . . , n. Then lim n→∞ X n = {0} and w-lim n→∞ X n = Z.
Indeed, let (y n ) n∈N with y n ∈ X n be a sequence which converges in L 2 ((0, 1)) to some function y ∈ L 2 ((0, 1)). We extend the functions y n and y to R by 0. Then y(• -1 2n ) converges to y in L 2 as n → ∞. We prove that y n (• -1 2n )y(• -1 2n ) tends to 0 in L 2 , using the change of variable s → s + 1 2n . We get that y n (• -1 2n ) converges to y in L 2 , and therefore y n y n (• -1 2n ) converges to y 2 in L 1 . Observing that y n (s)y n (s -1 2n ) = 0 for all s ∈ R, we deduce that y = 0. On the other hand, given y ∈ L 2 ((0, 1)), define y n ∈ X n by the constant value

2 h ih (i-1)h y(s)ds on ((i -1 2 )h, ih). Then y n ⇀ y as n → ∞, which shows that w-lim n→∞ X n = Z.
Lemma 2.9. On the space Z = L 2 ((0, 1)), there exists a sequence (X n ) n∈N of subspaces of Z such that w-lim n→∞ X n is not closed.

Proof. Let n ∈ N ⋆ , and let X n be the set of all functions which are null on ( i-1 n , i-u n,i n ) and constant on ( i-u n,i n , i n ), where u n,i = 1 4 ( i n ) 4 , for all i = 1, . . . , n. Define, for a given m ∈ N, the function y m : (0, 1) → {0, 1} by the value 0 on (0, 1 m ) and 1 on ( 1 m , 1). We show that y m ∈ w-lim n→∞ X n . Define (y n ) n∈N by the constant value 0 on (

i-u n,i n , i n ) if i < i n and by the constant value 1/u n,i on ( i-u n,i n , i n ) if i n ≤ i ≤ n where in-1 n < 1 m ≤ in n . Then y n 2 L 2 = n i=in 1 nu n,i ≤ 4m 4 .
Owing to this bound in L 2 , it is possible by density of C 1 c ((0, 1)) in L 2 ((0, 1)) to prove y n ⇀ y m by showing that, for any ϕ ∈ C 1 c ((0, 1)),

1 0 ϕ(s)y n (s)ds → 1 1 m ϕ(s)ds as n → ∞. Let M 0 = ϕ ∞ and M 1 = ϕ ′ ∞ . We have n i n i-1 n ϕ(s)ds - n u n,i i n i-u n,i n ϕ(s)ds = |ϕ(s 1 ) -ϕ(s 2 )| ≤ M 1 |s 1 -s 2 | ≤ M 1 n , where s 1 ∈ ( i-1 n , i n ) and s 2 ∈ ( i-u n,i n , i n ). Hence, noticing that 1 0 ϕ(s)y n (s)ds = n i=in 1 u n,i i n i-u n,i n ϕ(s)ds
and

1 1 m ϕ(s)ds = - 1 m in-1 n ϕ(s)ds + n i=in i n i-1 n ϕ(s)ds,
we can write

1 0 ϕ(s)y n (s)ds - 1 1 m ϕ(s)ds ≤ M 0 + M 1 n .
We deduce that y n ⇀ y m as n → ∞, which shows that y m ∈ w-lim n→∞ X n . We now observe that, as m → ∞, y m converges in Z to the constant function equal to 1 on (0, 1), denoted by y ∞ . Let us prove that y ∞ / ∈ w-lim n→∞ X n . Let us assume the contrary. Let (y n ) n∈N with y n ∈ X n such that y n ⇀ y ∞ as n → ∞. We denote by y n,i the constant value of y n on (

i-u n,i n , i n ). Then M := sup n≥1 y n L 2 = sup n≥1 n i=1 y 2 n,i u n,i n 1/2 < ∞.
Let 0 < a < min( 2 M , 1). Define ϕ a by ϕ a (s) = 1 for s ≤ a and 0 for s > a. Then, choosing i n ∈ {1, . . . , n} such that in-1 n ≤ a < in n and using the Cauchy-Schwarz inequality, we obtain

1 0 ϕ a (s)y n (s)ds ≤ in i=1 |y n,i |u n,i n ≤ in i=1 y 2 n,i u n,i n 1/2 in i=1 u n,i n 1/2 .
This gives

1 0 ϕ a (s)y n (s)ds ≤ M u n,in 1/2 = M 2 ( i n n ) 2 .
Letting n → ∞, we get

1 0 ϕ a (s)y ∞ (s)ds = a ≤ M 2 a 2 .
This contradicts a < 2 M . 2.3. A nonconforming approximation method. Let Z, Y be Banach spaces and let b : Z × Y → R be a continuous bilinear form, in the sense that there exists a constant M > 0 such that

(2.4) |b(z, y)| ≤ M z Z y Y , for all z ∈ Z, y ∈ Y.
Let (X n ) n∈N and (Y n ) n∈N be sequences of finite dimensional subspaces of Z and Y , respectively, such that X n and Y n have the same dimension for all n ∈ N. We assume that the Banach-Nečas-Babuška condition (abbreviated by BNB-condition) is satisfied. This means that there exists β > 0 such that

(2.5) sup y∈Yn, y Y =1 b(x, y) ≥ β x Z , for all x ∈ X n for all n ∈ N.
We deduce from (2.5) an inf-sup condition on lim n→∞

X n . Lemma 2.10. Let X = lim n→∞ X n . Then (2.6) sup y∈Y, y Y =1 b(x, y) ≥ β x Z , for all x ∈ X.
Proof. Let x ∈ X and let (x n ) n∈N be such that x n ∈ X n and lim

n→∞ x n = x in Z. For any n ∈ N, choose y n ∈ Y n such that y n Y = 1 and b(x n , y n ) ≥ β x n Z . Then sup y∈Y, y Y =1 b(x, y) ≥ b(x, y n ) = b(x -x n , y n ) + b(x n , y n ) ≥ -M x -x n Z + β x n Z .
Letting n → ∞ in the preceding inequality yields (2.6).

Let L ∈ Y ′ . Then, owing to (2.5), there exists one and only one x n ∈ X n such that (2.7)

x n ∈ X n , b(x n , y) = L(y) for all y ∈ Y n .

We now study the approximation of a solution x of the following problem:

(2.8)

x ∈ Z, b( x, y) = L(y) for all y ∈ Y.

Theorem 2.12 below provides sufficient conditions for the existence of such a solution.

Concerning approximations, we have the following result, which proves that, up to a constant, the discrete solutions converge with optimal speed. Lemma 2.11. Let L ∈ Y ′ and let x ∈ Z such that (2.8) holds. For any n ≥ 0, let x n be given by (2.7). Then we have (2.9)

x n -x Z ≤ (1 + M β ) min x∈Xn x -x Z , (2.10 
)

x n -x Z ≤ M β x -x Z for all x ∈ X n
and, if Z is a Hilbert space,

(2.11)

x n -x Z ≤ M β min x∈Xn x -x Z .
Proof. For any n ∈ N, define Q n : Z → X n by b(Q n z, y) = b(z, y), for all y ∈ Y n and all z ∈ Z.

Then Q n ∈ L(Z) is such that Q 2 n = Q n . Moreover, β Q n z Z ≤ sup y∈Yn, y Y =1 b(z, y) ≤ M z Z .
This shows that (2.12)

Q n ≤ M β .
Let now L ∈ Y ′ be given and let x n be the solution to (2.7). We get that b( x, y) = L(y) = b(x n , y) for all y ∈ Y n .

This proves that Q n x = x n . This first implies (2.10) owing to (2.12), since, for any x ∈ X n ,

x -

x n = Q n (x -x n ) = Q n (x -x).
This also yields that

(2.13) x -x n = x -x -Q n ( x -x) = (Id -Q n )( x -x),
which proves (2.9) again by (2.12). Now we use an argument due to Xu and Zikatanov [START_REF] Xu | Some observations on Babuška and Brezzi theories[END_REF], see also [START_REF] Arendt | Partial Differential Equations[END_REF]Theorem 9.42]. If X n = {0} and X n = Z, by a result of Kato [13, Lemma 4] (see also [START_REF] Arendt | Partial Differential Equations[END_REF]Lemma 9.41],

Id -Q n = Q n ≤ M β .
Using (2.13), for any x ∈ X n , we get

x -x n Z ≤ M β x -x Z ,
which concludes the proof of (2.11). In the case X n = {0} or X n = Z, the estimate (2.11) is trivial.

Under an additional hypothesis on X we now show that the solutions of the approximate problems converge to a solution of (2.8). Note that this solution x becomes unique since we require x ∈ X (and not merely x ∈ Z). Theorem 2.12 will be used later to prove convergence of the Euler-time scheme (see Theorem 4.14), and also convergence of the discontinuous Galerkin scheme in Section 5. It is a non-conforming convergence result since the X n are not subspaces of X.

Theorem 2.12. Let Z, Y be Banach spaces with Y reflexive and let b : Z × Y → R be a continuous bilinear form. Let (X n ) n∈N and (Y n ) n∈N be sequences of finite dimensional subspaces of Z and Y , respectively, such that X n and Y n have the same dimension for any n ∈ N. We assume that there exists β > 0 such that (2.5) holds. Let X ∞ = lim n→∞ X n . We assume that there exists a closed subspace X of X ∞ such that, given y ∈ Y ,

(2.14) (b(x, y) = 0 for all x ∈ X) implies y = 0.
Then one has X = X ∞ . Moreover, for any L ∈ Y ′ , there exists one and only one solution x ∈ X of (2.8). In addition, letting x n ∈ X n be the solution of (2.7), then x n converges to x in Z.

Finally the identity Y = w-lim n→∞ Y n holds.

Proof. Let B : X → Y ′ be defined by Bx, y Y ′ ,Y = b(x, y) for all (x, y) ∈ X × Y . Since b is continuous, B is continuous as well. Since X ⊂ X ∞ , (2.6) in Lemma 2.10 implies that

Bx Y ′ ≥ β x Z for all x ∈ X.
This property means that B is injective and has a closed range. Since Y is reflexive, (2.14) implies that the range of B is dense in Y ′ . Hence B is bijective, which proves the existence and uniqueness of x ∈ X such that (2.8) holds. Let x ∈ X ∞ . For L ∈ Y ′ be defined by L(y) = b(x, y) for all y ∈ Y , let x ∈ X be the solution of (2.8). Then b( xx, y) = 0 for all y ∈ Y. Since xx ∈ X ∞ , we deduce from (2.6) that xx = 0. Hence x = x ∈ X, which proves that X ∞ = X.

The convergence of x n to x results from Lemma 2.11, since lim n→∞ X n = X. In fact, Lemma 2.11 shows even that the convergence is at an optimal rate. Let us finally prove that Y = w-lim n→∞ Y n (see Definition 2.5). From Corollary 2.2 we deduce that the dual BNB inequality holds, with the same β as in (2.5). Let y ∈ Y be given. For all n ∈ N, let y n ∈ Y n be defined by b(x, y n ) = b(x, y) for all x ∈ X n . Using the preceding relation, we then get

(2.15) β y n Y ≤ sup x∈Xn, x Z =1 |b(x, y n )| = sup x∈Xn, x Z =1 |b(x, y)|.

This leads to

β y n Y ≤ M y Y .
Hence the sequence ( y n Y ) n∈N is bounded. Since Y is reflexive, there exists a subsequence (y n k ) k∈N which converges to some y ∈ Y for the weak topology of Y . Let x ∈ X, and let

(x n ) n∈N with x n ∈ X n converging to x in Z. Then we have, for all k ∈ N, b(x n k , y n k ) = b(x n k , y).
Passing to the limit k → ∞ in the above relation implies b(x, y) = b(x, y). We then have b(x, yy) = 0 for all x ∈ X.

By Hypothesis (2.14), this implies y = y. By uniqueness of the limit, the whole sequence (y n ) n∈N converges to y for the weak topology of Y , which concludes the proof.

The proof of Theorem 2.12 shows that also X is necessarily reflexive. In fact, since Y is supposed to be reflexive, also Y ′ is reflexive and B is an isomorphism between X and Y ′ . However, in our applications in Section 4 and 5, the space Z will not be reflexive. It is remarkable that, according to Lemma 2.11, the discrete solutions converge with optimal speed. This is what the estimates (2.9) and (2.11) say, which are similar to the famous Céa's Lemma [START_REF] Céa | Approximation variationnelle des problèmes aux limites[END_REF], see also [START_REF] Arendt | Partial Differential Equations[END_REF]Theorem 9.14]. In the conforming case

X n ⊂ X for all n ∈ N and if X is reflexive, then Condition (2.14) is automatically fulfilled if Y = lim n→∞ Y n (see [1, Theorem 2.4]).
However, in the nonconforming case X n ⊂ X, Condition (2.14) cannot be omitted. We give an example.

Example 2.14.

Let Z = R 2 , Y = R, b((x 1 , x 2 ), y) = x 1 y. Let Y n = Y , X 2n = {(λ, λ), λ ∈ R} and X 2n+1 = {(λ, -λ), λ ∈ R}, for all n ∈ N. Then lim n→∞ X n = {(0, 0)}. Even though the BNB condition (2.5) is satisfied, (2.14) fails. Moreover, (2.8) has no solution in X if L = 0.
The following result, which is reciprocal to Theorem 2.12, shows that the BNB condition (2.5) and the density condition (2.14) are necessary to ensure convergence properties. Proof. We first reproduce the (short) proof of [START_REF] Arendt | Galerkin approximation of linear problems in Banach and Hilbert spaces[END_REF]Proposition 2.8] in this case. The assumption that, for all L ∈ Y ′ , there exists x n ∈ X n satisfying (2.7) proves that the condition b(χ, y) = 0 for all χ ∈ X n implies y = 0 whenever y ∈ Y n , and this for all n ∈ N. Thus

y Yn := sup x∈Xn, x Z =1 |b(x, y)| defines a norm on Y n . Moreover, |b(x, y)| ≤ x Z y Yn for all x ∈ X n , y ∈ Y n .
We show that the set

B := y y Yn : n ∈ N, y ∈ Y n , y = 0 is bounded. For that purpose, let L ∈ Y ′ . By assumption there exist x n ∈ X n and C > 0 such that b(x n , y) = L, y for all y ∈ Y n and x n Z ≤ C for all n ∈ N. Now, for y y Yn ∈ B, L, y y Yn = |b(x n , y)| 1 y Yn ≤ x n Z ≤ C.
This shows that B is weakly bounded and thus norm-bounded. Therefore there exists β > 0 such that y Y ≤ 1 β y Yn , i.e. such that (2.15) holds. So far, we merely used that the sequence (x n ) is bounded. In the following argument we will use that it converges. By Corollary 2.2 we then get that (2.5) holds (again with the same value of β). Let y ∈ Y and let (y n ) be a sequence such that y n ⇀ y in Y . For L ∈ Y ′ , let x be the limit of the converging sequence (x n ) whose existence is assumed in the theorem. Then, passing to the limit in b(x n , y n ) = L(y n ), we get b(x, y) = L(y). This proves that, letting X = lim n→∞ X n , the mapping

B : X → Y ′ , defined by Bx, y Y ′ ,Y = b(x, y) for any (x, y) ∈ X × Y is surjective, which implies (2.

14).

Remark 2.16. There are very simple examples where the hypotheses of Theorem 2.15 are satisfied but X and Y are not reflexive. For example, let

X = ℓ 1 = c ′ 0 , Y = c 0 , b(x, y) = ∞ n=0 x n y n and X n = Span{e 0 , • • • , e n } in X, Y n = Span{e 0 , • • • , e n } in
Y where e nm = δ nm .

The evolution problem

3.1. The continuous problem with generalized time boundary conditions. Let us now provide the continuous framework for linear parabolic problems with general time boundary conditions.

Let T > 0, let U be a Hilbert space over R which is continuous and densely embedded into another Hilbert space H. Then there exists C H > 0 such that

(3.1) v H ≤ C H v U for all v ∈ U.
As usual we identify H with a subspace of U ′ by letting

y, u U ′ ,U = y, u H , for all y ∈ H, u ∈ U.
This yields the Gelfand triple

U d ֒→ H ֒→ U ′ . Let V = L 2 (0, T ; U ). Thus V ′ = L 2 (0, T ; U ′ ). Letting H = L 2 (0, T ; H), we have a further Gelfand triple V d ֒→ H ֒→ V ′ .
We define the classical space W associated with the Gelfand triple by

(3.2) W = {u ∈ V ; ∃C ≥ 0, u, v ′ H ≤ C v V for all v ∈ C 1 c ((0, T ); U )}, which enables us to define, for any u ∈ W , the element u ′ ∈ V ′ by (3.3) u ′ , v V ′ ,V := -u, v ′ H for all v ∈ C 1 c ((0, T ); U ).
In other words, we can write W as follows, introducing also a Hilbert structure,

(3.4) W = H 1 (0, T ; U ′ ) ∩ L 2 (0, T ; U ) with v W := v 2 V + v ′ 2 V ′ 1/2 , v ∈ W.
We recall that it is possible to identify W with a subspace of C([0, T ]; H) and that there exists

C T > 0 such that (3.5) sup t∈[0,T ] v(t) H ≤ C T v W , for all v ∈ W.
The following integration by parts formula ([18, III Corollary 1.1 p.106]) plays an important role.

Lemma 3.1. One has W ⊂ C([0, T ], H) and

v ′ , w V ′ ,V + w ′ , v V ′ ,V = v(T ), w(T ) H -v(0), w(0) H , for all v, w ∈ W.
In the following lemma we describe the trace space of W .

Lemma 3.2. For all x, y ∈ H there exists u ∈ W such that u(0) = x and u(T ) = y. 

Proof. One has H = [V ′ , V ] 1/2,1/2 , where [V ′ , V ] 1/2,
(0) = x and v ∈ W such that v(T ) = y. Then the function u(s) = 1 T ((T -s)w(s) + sv(s)) satisfies u(0) = x and u(T ) = y. Let A ∈ L(V, V ′ ) be defined by Av, w V ′ ,V = T 0 a(t, v(t), w(t))dt for all v, w ∈ V = L 2 (0, T ; U ), where a : [0, T ] × U × U → R is a function satisfying a) a(t, •, •) : U × U → R is bilinear for all t ∈ [0, T ]; b) a(•, v, w) : [0, T ] → R is measurable for all v, w ∈ U ; c) |a(t, v, w)| ≤ M v U w U for a.e. t ∈ (0, T
) and for all v, w ∈ U (we take M ≥ 1 for the sake of simplicity)

; d) a(t, v, v) ≥ α v 2
U for all t ∈ [0, T ], v ∈ U and some α > 0. Let Φ : H → H be a linear contraction (which means that Φv H ≤ v H for all v ∈ H). In the centre of this article is the following problem. Given f ∈ V ′ , ξ 0 ∈ H, , where selfadjointness is used in an essential way. The general case has been proved recently in [START_REF] Arendt | Lions' representation theorem and applications[END_REF] in the framework of a theory of derivations. We obtain another proof as a byproduct of our estimates which we give in Section 4.4.

(3.6) find u ∈ W such that u ′ + Au = f and u(0) -Φu(T ) = ξ 0 . Theorem 3.3. For all f ∈ V ′ , ξ 0 ∈ H,
Example 3.4. The following example is the prototype of parabolic problems:

• The considered steady problem is the homogeneous Dirichlet problem, which corresponds to U = H 1 0 (Ω), where Ω ⊂ R d is an open bounded set, and

u U = ∇u L 2 (Ω) d . • a(t, •, •) : U × U → R is defined by a(t, u, v) = Ω ∇u(x) • ∇v(x)dx. • We let H = L 2 (Ω).
• If Φ = 0 is selected, then the above hypotheses on the form a hold with M = α = 1.

Remark 3.5. The coercivity condition d) may be replaced by the more general condition

d') a(t, v, v) + λ v 2 H ≥ α v 2 U for all v ∈ U and all t ∈ [0, T ],
where λ ≥ 0 and α > 0 are fixed constants. In that case, we have to assume that Φ ≤ e -λT . In fact, the following rescaling allows one to reduce the problem to the case λ = 0:

let Φ = e λT Φ, a(t, u, v) = a(t, u, v) + λ u, v H . Then condition d) is verified for a. Let f ∈ V ′ . Define f by f (t) = e -λt f (t).
Then by Theorem 3.3 there exists a unique u such that u ′ + A u = f and u(0) -Φ u(T ) = ξ 0 , where Av = Av + λv, v ∈ V . Let u(t) = e λt u(t). Then u is the unique solution of Problem (3.6).

The purpose of this article is to define finite dimensional approximations of Problem (3.6) whose solutions converge to the solution of (3.6). In the case Φ = 0 a semi-discretization (i.e. a mere discretization in the space U and not in time) is given in [START_REF] Dautray | Mathematical analysis and numerical methods for science and technology[END_REF]. Our point is to discretize the time and space variables simultaneously.

3.2.

Formulation in an extended framework. In order to define a discrete approximation it will be convenient to give an equivalent variational formulation of Problem (3.6). We denote by B([0, T ]; H) the space of all bounded functions from [0, T ] to H and we define the space

(3.7) G = B([0, T ]; H) ∩ V = {w ∈ B([0, T ]; H) : w(t) ∈ U for a.e. t ∈ (0, T ), t → w(t) is measurable from (0, T ) → U and T 0 w(t) 2 U dt < ∞} Lemma 3.6.
G is a Banach space equipped with the norm

(3.8) w 2 G = sup t∈[0,T ] w(t) 2 H + w 2 V .
Proof. Let (u n ) be a Cauchy sequence in G. Then there exists u ∈ B([0, T ]; H) such that

u n (t) → u(t) in H uniformly on [0, T ]. Since the sequence (u n ) is a Cauchy sequence in V , there exists v ∈ V such that u n → v in V .
Consequently, there exists a subsequence of (u n ) converging almost everywhere to v in U . This shows that u ∈ G, u = v a.e. and that uu n G → 0 as n → ∞.

Notice that W ⊂ G.

Let us introduce the following spaces:

• We define (3.9) Z = V ′ × G and Y = V × H, with norms (z 1 , z 2 ) 2 Z := z 1 2 V ′ + z 2 2 G and (y 1 , y 2 ) 2 Y := y 1 2 V + y 2 2 H . • We define the space X ⊂ Z by (3.10) X = {(u ′ , u) ∈ Z, u ∈ W }. • We define the form b : Z × Y → R by (3.11) b((z 1 , z 2 ), (y 1 , y 2 )) = z 1 + Az 2 , y 1 V ′ ,V + z 2 (0) -Φz 2 (T ), y 2 H for all (z 1 , z 2 ) ∈ Z and (y 1 , y 2 ) ∈ Y.
Since, for any (z 1 , z 2 ) ∈ Z and (y 1 , y 2 ) ∈ Y , we have

|b((z 1 , z 2 ), (y 1 , y 2 ))| ≤ z 1 + Az 2 V ′ y 1 V + z 2 (0) -Φz 2 (T ) H y 2 H , we get |b((z 1 , z 2 ), (y 1 , y 2 )))| ≤ ( z 1 V ′ + M z 2 V ) 2 + ( z 2 (0) H + z 2 (T ) H ) 2 1/2 (y 1 , y 2 ) Y , which yields, since M ≥ 1, |b(z, y)| ≤ 2M z Z y Y . • We define L : Y → R by (3.12) L(y) = f, y 1 V ′ ,V + ξ 0 , y 2 H for all (y 1 , y 2 ) ∈ Y,
where f ∈ V ′ , ξ 0 ∈ H are the given data in Problem 3.6. We then observe that Problem (3.6) is equivalent to the variational problem:

(3.13) find x = (u ′ , u) ∈ X such that b( x, y) = L(y) for all y ∈ Y.
Defining suitable finite dimensional subspaces X n of Z and Y n of Y we will obtain the Euler scheme in Section 4 and the discontinuous Galerkin scheme in Section 5. In these sections it is proved that X ⊂ lim n→∞ X n (see Theorems 4.13 and 5.11). Note that X ⊂ lim n→∞ X n and the BNB condition imply the inf-sup condition (2.6) by Lemma 2.10. Nonetheless the inf-sup condition could also be proved using Lemma A. [START_REF] Arendt | Partial Differential Equations[END_REF].

In order to apply Theorem 2.12, it is also important to check that X is a closed space and fulfills Condition (2.14) which we do in the following lemma. Proof. Let (w n ) n∈N be a sequence of elements of W such that (w ′ n ) n∈N and (w n ) n∈N are converging sequences in V ′ and G to some functions r ∈ V ′ and w ∈ G, respectively. Then for all v ∈ C 1 c ((0, T ); U ), we have

w ′ n , v V ′ ,V = -v ′ , w n H for all n ∈ N.
Letting n → ∞ in the above relation, we get, since the convergence in G implies that in V and therefore that in

H, r, v V ′ ,V = -v ′ , w H . Using (3.2)-(3.
3) we deduce that w ∈ W and r = w ′ . We have shown that X is closed.

Turning to the proof of (2.14), let y := (w, z) ∈ Y = V × H such that b(x, y) = 0 for all x ∈ X.

Let us prove that y = 0. In view of the definitions (3.10) of X and (3.11) of b, the preceding relation means that

v ′ + Av, w V ′ ,V + v(0) -Φv(T )), z H = 0 for all v ∈ W. We first take v = r ∈ C 1 c (]0, T [; U ). Then we obtain r ′ , w V ′ ,V = r ′ , w H = -Ar, w V ′ ,V = -A * w, r V ′ ,V .
In view of the definitions (3.2) of W and (3.3) of w ′ , this shows that w ′ ∈ V ′ with w ′ = A * w. Hence w ∈ W . By Lemma 3.1 we get

v ′ , w V ′ ,V = -w ′ , v V ′ ,V + w(T ), v(T ) H -w(0), v(0) H . Then w(T ), v(T ) H -w(0), v(0) H + v(0) -Φv(T ), z H = 0 for all v ∈ W, which means that w(T ) -Φ * z, v(T ) H + z -w(0), v(0) H = 0 for all v ∈ W.
Lemma 3.2 implies that z = w(0) and w(T ) = Φ * w(0). Hence, since w ′ -A * w = 0, we get 1 2 ( Φ * w(0

) 2 H -w(0) 2 H ) -A * w, w V ′ ,V = w ′ -A * w, w V ′ ,V = 0.
The coercivity property A * w, w V ′ ,V ≥ α w 2 V and the property Φ ≤ 1 imply w = 0, and therefore z = w(0) = 0. This finishes the proof of Condition (2.14).

Euler time-space approximation

In this section we keep the framework of Section 3. In particular, Φ : H → H is linear and Φ ≤ 1. Moreover, f ∈ V ′ = L 2 (0, T ; U ′ ) and ξ 0 ∈ H are given. The aim of this section is to define a finite dimensional approximation of Problem (3.6) and to show that it fits into the framework of Section 2.

4.1. Description of the Euler schemes. Let U n be a finite dimensional subspace of U . For the moment, the lower index n is fixed and used for designing a fixed finite dimensional space. Let N ∈ N \ {0} and define k = T N . For all m = 0, . . . , N -1, A (m) : U n → U n denotes the coercive linear operator given by

A (m) u, v U = 1 k (m+1)k mk a(t, u, v)dt for all u, v ∈ U n and f (m) ∈ U ′ is defined by f (m) = 1 k (m+1)k mk f (t)dt.
The explicit Euler scheme consists in seeking N + 1 elements of U n , denoted by (w (m) ) m=0,...,N , such that (4.1) w (0) -Φw (N ) , u H = ξ 0 , u H for all u ∈ U n and (4.2)

w (m+1) -w (m) k , u H + A (m) w (m) , u U = f (m) , u U ′ ,U for all m = 0, . . . , N -1 and u ∈ U n .
Note that, if Φ ≡ 0, the scheme is the usual explicit scheme, and the existence of a solution to (4.2) is clear. In the general case, a linear system involving w (N ) must be solved, and its invertibility is proved by Theorem 4.3, under a condition on k. The invertibility of this system is not true in general (consider the case

H = U , N = 1, A (0) = 2Id, k = T = 1, Φ = -Id).
The implicit Euler scheme consists in seeking N + 1 elements of U n , denoted by (w (m) ) m=0,...,N , such that (4.1) holds and (4.3)

w (m+1) -w (m) k , u H + A (m) w (m+1) , u U = f (m) , u U ′ ,U for all m = 0, . . . , N -1 and u ∈ U n .
Both schemes are therefore particular cases of the so-called θ-scheme, given by (4.1) and, for a given θ ∈ [0

w (m+1) -w (m) k , u H + A (m) (θw (m+1) + (1 -θ)w (m) ), u U = f (m) , u U ′ ,U , 1], (4.4) 
for all m = 0, . . . , N -1 and u ∈ U n .

The case θ = 0 gives the explicit Euler scheme, the case θ = 1 gives the implicit Euler scheme, and the case θ = 1 2 leads to the Crank-Nicolson scheme. In the following, we will associate to each (w (m) ) m=0,...,N a step function and its discrete derivative, and we will show that this discrete solution approximates in Z (defined in (3.9)) the solution of Problem (3.13) (i.e. the variational formulation of Problem (3.6)). For this purpose, we now define the space W n ⊂ G (see (3.7)) of all functions w : [0, T ] → U n for which there exist N + 1 elements of U n , denoted by (w (m) ) m=0,...,N , such that (4.5) w(t) = θw (m+1) + (1θ)w (m) for all t ∈ (mk, (m + 1)k), for all m = 0, . . . , N -1 and w(mk) = w (m) for all m = 0, . . . , N.

We observe that the space W n is isomorphic to U N +1 n . Each element of W n defines a unique element of V , but this identification is not injective, because of the initial or the final values. To keep the notation simple, we do not distinguish the notation for the everywhere defined w ∈ W n and the element of V n ⊂ V it defines, where V n is the subspace of V defined by

(4.6) V n := {v : (0, T ) → U n := v is constant on (mk, (m + 1)k) for each m = 0, • • • , N -1}.
We define the discrete derivative of w ∈ W n as follows:

(4.7) ∂w(t) = w (m+1)w (m) k , t ∈ (mk, (m + 1)k) for all m = 0, . . . , N -1.

But we will have to define this discrete derivative as an element of V ′ in an unusual way. Let us denote by P V n the orthogonal projection on V n in V . Note that this can be explicitely written in the following way:

(4.8) P V n v(t) = 1 k (m+1)k mk P U n v(s)ds, t ∈ (mk, (m + 1)) for all v ∈ V,
where P U n denotes the orthogonal projection on U n in U . We now define the discrete derivative of an element w ∈ W n as an element ∂w of V ′ in the following way:

(4.9) ∂w, v V ′ ,V = ∂w, P V n v H for all v ∈ V. Using (4.8), one can check that ∂w, v V ′ ,V = T 0 ∂w(t), P U n v(t) H dt for all w ∈ W n , v ∈ V.
Note that ∂w is different from ∂w seen as an element of V ′ through the embedding of

H in V ′ , but that we have ∂w, v V ′ ,V = ∂w, v H for all w, v ∈ W n ,
as well as

(4.10) ∂w V ′ = sup v∈V, v V =1 ∂w, P V n v H = sup v∈Vn, v V =1 ∂w, v H for all w ∈ W n .
The definition (4.9) of ∂ will imply Condition (A.11) in Lemma A.3. This in turn will be used to establish the BNB condition.

In order to put this setting into the framework of Sections 2 and 3, we define the space

X n ⊂ Z := V ′ × G by (4.11) X n = {( ∂w, w) : w ∈ W n }.
The mapping W n → X n , w → ( ∂w, w) is then bijective. We now define the space Y n ⊂ Y := V × H by (4.12)

Y n = V n × U n .
Then Y n has the same dimension dim(U n ) N +1 as W n and X n . We recall that the bilinear form b : Z × Y → R is defined by (3.11) and L : Y → R is defined by (3.12).

Lemma 4.1. Let (w (m) ) m=0,...,N be a sequence of elements of U n . Let w ∈ W n be given by (4.5). Let x = ( ∂w, w). The following assertions are equivalent:

(i) The family (w (m) ) m=0,...,N satisfies (4.1) and (4.4).

(ii) The element x is solution of the following problem: (ii)=⇒(i).

For u ∈ U n , we select y := (v, z) ∈ Y n , with v ∈ V n defined from (v (m) ) m=0,...,N with v (m) = 0 for m = 0, . . . N -1 and z = u in (4.13). We recover (4.1). Now selecting z = 0 and v (m) = u for any m = 0, . . . , N -1, v (m ′ ) = 0 for m ′ = m, we recover (4.4).

It is remarkable that the continuous problem is obtained by injecting W in Z, and the discrete problem by injecting W n into Z. This will allow us to use the results of Section 2. For that we have to establish the BNB condition (2.5).

4.2.

The BNB condition. We keep the setting of Subsection 4.1. An important remark is the following: since all norms are equivalent in finite dimensional spaces, there exists a constant µ n such that

(4.14) u U ≤ µ n u H for all u ∈ U n .
We choose the best constant; that is,

µ n = max{ u U u H : u ∈ U n \ {0}}.
One should be aware that µ n strongly depends on U n , and generally tends to infinity as U n approximates U (in the case of a standard elliptic problem, and in the case where h is a mesh size, then µ n behaves as 1/h, see [11, Remark 1.143 p.77]). But recall that, for the moment, U n is fixed. Let us show the following preliminary lemma. ∂w H ≤ kµ n ∂w V ′ for all w ∈ W n .

Proof. Let v ∈ V n with v (m) = w (m+1)w (m) , m = 0, . . . , N -1. Then

N -1 m=0 k w (m+1) -w (m) 2 H = k ∂w, v V ′ ,V ≤ k ∂w V ′ v V ≤ k 2 µ 2 n 2 ∂w 2 V ′ + 1 2µ 2 n v 2 V ≤ kµ 2 n 2 ∂w 2 V ′ + 1 2 N -1 m=0 k w (m+1) -w (m) 2 H .
This yields (4.16)

N -1 m=0 k w (m+1) -w (m) 2 H ≤ k 2 µ 2 n ∂w 2 V ′ ,
which yields (4.15).

We now state and prove the BNB property for this scheme under a CFL-condition. This type of condition had at first been introduced by Courant, Friedrichs and Lewy in [START_REF] Courant | Über die partiellen Differenzengleichungen der mathematischen Physik[END_REF]. If µ n ≤ const n (as for the finite element method with h = 1/n), then it says that N ≥const•n 2 . Recall that b : Z × Y → R is the form defined by (3.11) where Z = V ′ × G, Y = V × H with the natural norms. The subspaces X n of Z and Y n are given by (4.11) and (4.12). In the following key lemma the essential hypothesis is that the time step k = T N is small enough. Recall that µ n is the constant of (4.14). Lemma 4.3. Let θ ∈ [0, 1 2 ). There exists a constant β ∈ (0, 2M ], only depending on α, M , T , θ and C H , such that the following holds. If N is so large that

(4.17) k ≤ α 2 24 µ 2 n M 3 ( 1 2 -θ) , then (4.18) sup y∈Yn y Y =1 b(x, y) ≥ β x Z for all x ∈ X n .
Proof. We have, for 0

≤ m < m ′ ≤ N , (4.19) 
m ′ k mk ∂w(t), w(t) H dt = m ′ -1 p=m k w (p+1) -w (p) k , θw (p+1) + (1 -θ)w (p) H = 1 2 w (m ′ ) 2 H + (θ - 1 2 
)

m ′ -1 p=m w (p+1) -w (p) 2 H - 1 2 w (m) 2 H .
Letting m ′ = N in the previous equation provides

1 2 w(T ) 2 H + ∂w V ′ w V ≥ 1 2 w (m) 2
H for m = 0, . . . , N.

Using the Young inequality and the triangle inequality, this gives (4.20) sup

t∈[0,T ] w(t) H ≤ ∂w 2 V ′ + w 2 V + w(T ) 2 H 1/2
for all w ∈ W n .

From (4.19), we get, letting m = 0 and m ′ = N ,

1 2 ( w(T ) 2 H -w(0) 2 H ) = ∂w, w V ′ ,V + ( 1 2 -θ) N -1 p=0 w (p+1) -w (p) 2 H ,
and therefore, applying (4.15) in Lemma 4.2,

1 2 ( w(T ) 2 H -w(0) 2 H ) ≤ ∂w, w V ′ ,V + ( 1 2 -θ)kµ 2 n ∂w 2 V ′ .
Now using assumption (4.17), we obtain

(4.21) 1 2 ( w(T ) 2 H -w(0) 2 H ) ≤ ∂w, w V ′ ,V + α 2 24 M 3 ∂w 2 V ′ .
Letting m = 0 in (4. [START_REF] Tantardini | The L 2 -projection and quasi-optimality of Galerkin methods for parabolic equations[END_REF], we obtain

k 2 w (m ′ ) 2 H + k ∂w V ′ w V ≥ k 2 w(0) 2 H for m ′ = 0, . . . , N.
Summing the preceding equation on m ′ = 0, . . . , N -1 and multiplying by 2, we get

k N -1 m ′ =0 w (m ′ ) 2 H + 2T ∂w V ′ w V ≥ T w(0) 2 H .
We now remark that

w 2 H = N -1 m=0 k θw (m+1) + (1 -θ)w (m) 2 H ≥ (1 -2θ) 2 N -1 m=0 k w (m) 2 H + θ(1 -2θ)k( w(0) 2 H -w(T ) 2 H ).
The two preceding relations give

C 2 H (1 -2θ) 2 w 2 V + θ 1 -2θ k( w(T ) 2 H -w(0) 2 H ) + T ( ∂w 2 V ′ + w 2 V ) ≥ T w(0) 2 H .
Using (4.21) and k ≤ T , we deduce

C 2 H (1 -2θ) 2 w 2 V + θ 1 -2θ T 2 ∂w, w V ′ ,V + α 2 12 M 3 ∂w 2 V ′ +T ( ∂w 2 V ′ + w 2 V ) ≥ T w(0) 2 H .
This leads to the existence of C 1 > 0, only depending on T , C H , α, θ and M such that

α 2 24 M 3 ( ∂w 2 V ′ + w 2 V ) ≥ C 1 w(0) 2 H . In addition to (4.21), we obtain ∂w, w V ′ ,V + α 2 12 M 3 ( w 2 V + ∂w 2 V ′ ) ≥ 1 2 ( w(T ) 2 H -w(0) 2 H ) + C 1 w(0) 2 H , for all w ∈ W n .
We then obtain (A.12) with ω = 1 2 and δ = min( 1 2 , C 1 ) (note that ω and δ only depend on α, M , T , θ and C H ). We can now apply Lemma A.3, letting X = {( ∂w, w, w(0), w(T )) : w ∈ W n }, since the quantities X i defined in the lemma satisfy X 2 = V n and X 3 = U n . We get the existence of β, only depending on α, M , T , θ and C H , such that sup

y∈Yn y Y =1 b(( ∂w, w), y) ≥ β ∂w 2 V ′ + w 2 V + w(0) 2 H + w(T ) 2 H 1/2
for all w ∈ W n .

Using (4.20) we obtain β (with the same dependencies) such that (4.18) holds. with the following dependencies.

Case Φ < 1.

Then β may be chosen only depending on T , α, M and Φ .

Case Φ = 1.

Assuming that kµ n ≤ C, for some given C > 0. Then β may be chosen only depending on α, M , T and C.

Proof. We have, for 0 ≤ m < m ′ ≤ N , (4.23)

m ′ k mk ∂w(t), w(t) H dt = m ′ -1 p=m k w (p+1) -w (p) k , 1 2 (w (p+1) + w (p) ) H = 1 2 w (m ′ ) 2 H - 1 2 w (m) 2 H .
Letting m = 0 in the previous equation yields

1 2 w (m ′ ) 2 H ≤ ∂w V ′ w V + 1 2 w(0) 2 H for m ′ = 0, . . . , N.
Using the Young inequality and 1 2 (a + b) ≤ max( a , b ), and recalling that w(t)

= 1 2 (w (m ′ ) + w (m ′ +1) ) for some m ′ ∈ {0, • • • , N }, we find (4.24) sup t∈[0,T ] w(t) H ≤ ∂w 2 V ′ + w 2 V + w(0) 2 H 1/2
for all w ∈ W n .

From (4.23), we get, letting m = 0 and

m ′ = N , (4.25) 1 2 ( w(T ) 2 H -w(0) 2 H ) = ∂w, w V ′ ,V .
Case Φ < 1. We deduce from (4.25) that

∂w, w V ′ ,V + α 2 12 M 3 ( w 2 V + ∂w 2 V ′ ) ≥ 1 2 w(T ) 2 H - 1 2 w(0) 2
H , for all w ∈ W n . We then obtain (A.12) with ω = 1 2 and δ = 1 2 (1 -Φ 2 ) (note that ω and δ only depend on Φ ). We can now apply Lemma A.3, letting X = {( ∂w, w, w(0), w(T )) : w ∈ W n }, since the quantities X i defined in the lemma satisfy X 2 = V n and X 3 = U n . We get the existence of β, only depending on α, M and Φ , such that sup

y∈Yn y Y =1 b(( ∂w, w), y) ≥ β ∂w 2 V ′ + w 2 V + w(0) 2 H + w(T ) 2 H 1/2
for all w ∈ W n .

Using (4.24) we obtain β > 0 only depending on T , α, M and Φ such that (4.22) holds.

Case Φ = 1.

Letting m ′ = N in (4.23), we obtain

k 2 w(T ) 2 H ≤ k ∂w V ′ w V + k 2 w (m) 2
H for m = 0, . . . , N.

Summing the preceding equation on m = 1, . . . , N and multiplying by 2, we get

T w(T ) 2 H ≤ T ∂w 2 V ′ + T w 2 V + k N m=1 w (m) 2 H .
We now remark that, using

w (m+1) = 1 2 (w (m+1) + w (m) ) + 1 2 (w (m+1) -w (m) ), k N m=1 w (m) 2 H ≤ 2 w 2 H + k 2 N -1 m=0 w (m+1) -w (m) 2 H .
We obtain, applying (4.15) in Lemma 4.2,

k N m=1 w (m) 2 H ≤ 2 w 2 H + 1 2 k 2 µ 2 n ∂w 2 V ′ .
We thus obtain

T w(T ) 2 H ≤ (T + 1 2 k 2 µ 2 n ) ∂w 2 V ′ + T w 2 V . Using kµ n ≤ C, we get T w(T ) 2 H ≤ (T + 1 2 C 2 ) ∂w 2 V ′ + T w 2 V .
This leads to the existence of C 2 > 0, only depending on T , α, C and M such that

α 2 12 M 3 ( ∂w 2 V ′ + w 2 V ) ≥ C 2 w(T ) 2
H . In addition to (4.25), we obtain

∂w, w V ′ ,V + α 2 12 M 3 ( w 2 V + ∂w 2 V ′ ) ≥ ( 1 2 + C 2 ) w(T ) 2 H - 1 2 w(0) 2 H , for all w ∈ W n .
We then obtain (A.12) with ω = 1 2 + C 2 and δ = C 2 (note that ω and δ only depend on α, M , T , C and C H ). We can now apply Lemma A.3, letting = {( ∂w, w, w(0), w(T )) : w ∈ W n }, since the quantities X i defined in the lemma satisfy X 2 = V n and X 3 = U n . We get the existence of β, only depending on α, M and T such that

sup y∈Yn y Y =1 b(( ∂w, w), y) ≥ β ∂w 2 V ′ + w 2 V + w(0) 2 H + w(T ) 2 H 1/2
for all w ∈ W n .

Using (4.24) we obtain β (with the same dependencies) such that (4.22) holds.

Remark 4.5. We cannot expect a BNB condition if θ = 1 2 and Φ = 1 without further assumptions. In fact, if θ = 1 2 and Φ = 1, a BNB condition implies a CFL condition. Indeed, let Φ = Id, T = 1, N = 0 an even integer. Let u ∈ U n and let w (m) = (-1) m ku. Define w ∈ W n by (4.5). Since Φw(T ) = w(0) and w(t) = 0 for a.e. t, we seek (y, z) ∈ Y n with (y, z) Y = 1 providing the maximum value for b(( ∂w, w), (y, z). We have b(( ∂w, w), (y, z))

= N -1 m=0 k (-1) m+1 2u, y (m) H .
The maximum value is obtained for y (m) = (-1) m+1 αu and z = 0 where α = 1/ u U . Then b(( ∂w, w), (y, z))

= N -1 m=0 k (-1) m+1 2u, y (m) H = 2 u 2 H u U .
The inequality

β sup t∈[0,T ] w(t) H = βk u H ≤ 2 u 2 H u U implies βk u H ≤ 2 u 2 H u U .
Then we deduce that

kµ n ≤ 2 β .
Thus, the condition considered in Lemma 4.4 in the case

Φ = 1 is fulfilled for C = 2 β . Lemma 4.6. Let θ ∈ ( 1 2 , 1]
. There exists a constant β > 0, only depending on α, M , T , θ and C H , such that

(4.26) sup y∈Yn y Y =1 b(x, y) ≥ β x Z for all x ∈ X n .
Proof. We have, for 0 ≤ m < m ′ ≤ N , (4.27)

m ′ k mk ∂w(t), w(t) H dt = m ′ -1 p=m k w (p+1) -w (p) k , θw (p+1) + (1 -θ)w (p) H = 1 2 w (m ′ ) 2 H + (θ - 1 2 
)

m ′ -1 p=m w (p+1) -w (p) 2 H - 1 2 w (m) 2 H .
Letting m = 0 in the previous equation provides, since θ

≥ 1 2 , 1 2 w (m ′ ) 2 H ≤ ∂w V ′ w V + 1 2 w(0) 2 H for m ′ = 0, . . . , N.
Using the Young and the triangle inequalities, this gives (4.28) sup

t∈[0,T ] w(t) H ≤ ∂w 2 V ′ + w 2 V + w(0) 2 H 1/2
for all w ∈ W n .

From (4.27), we get, letting m = 0 and

m ′ = N , (4.29) 1 2 ( w(T ) 2 H -w(0) 2 H ) ≤ ∂w, w V ′ ,V .
We notice that, in the case Φ < 1 we could conclude as in the proof of Lemma 4.4. But our aim is to handle the general case Φ ≤ 1.

Letting m ′ = N in (4.27), we obtain

k 2 w(T ) 2 H ≤ k ∂w V ′ w V + k 2 w (m) 2
H for m = 0, . . . , N.

Summing the preceding equation on m = 1, . . . , N and multiplying by 2, we get

T w(T ) 2 H ≤ 2T ∂w V ′ w V + k N m=1 w (m) 2 H .
We again remark that

w 2 H = N -1 m=0 k θw (m+1) + (1 -θ)w (m) 2 H ≥ (2θ -1) 2 N m=1 k w (m) 2 H + (1 -θ)(2θ -1)k( w(T ) 2 H -w(0) 2 H ).
The two preceding relations give

C 2 H (2θ -1) 2 w 2 V + T ( ∂w 2 V ′ + w 2 V ) ≥ (T + 1 -θ 2θ -1 k) w(T ) 2 H - 1 -θ 2θ -1 k w(0) 2 H .
This leads to the existence of C 3 > 0, only depending on T , C H , α and M such that

α 2 12 M 3 ( ∂w 2 V ′ + w 2 V ) ≥ C 3 (1 + 1 -θ 2θ -1 k T ) w(T ) 2 H - 1 -θ 2θ -1 k T w(0) 2 H .
In addition to (4.21), we obtain

∂w, w V ′ ,V + α 2 12 M 3 ( w 2 V + ∂w 2 V ′ ) ≥ µ w(T ) 2 H -ν w(0) 2 H , for all w ∈ W n , with µ = 1 2 + C 3 (1 + 1 -θ 2θ -1 k T ) and ν = 1 2 + C 3 1 -θ 2θ -1 k T .
We then obtain (A.12) with ω = 1 2 +C 3 (1+ 1-θ 2θ-1 ) and δ = C 3 (note that ω and δ only depend on α, M , T , θ and C H ). We can now apply Lemma A.3, letting X = {( ∂w, w, w(0), w(T )) : w ∈ W n }, since the quantities X i defined in the lemma satisfy Y n = X 2 × X 3 . We get the existence of β, only depending on α, M , T , θ and C H , such that sup

y∈Yn y Y =1 b(( ∂w, w), y) ≥ β ∂w 2 V ′ + w 2 V + w(0) 2 H + w(T ) 2 H 1/2
for all w ∈ W n .

Using (4.28) we obtain the constant β (with the same dependencies) such that (4.26) holds.

Remark 4.7.

(a) Note that β does not depend on N or on U n . This will be important when we discuss convergence. (b) Of course in the three previous lemmas establishing the BNB-condition, there exists an optimal β > 0. Since the continuity constant of b is 2M , an upper limit of β is 2M .

4.3.

Conclusion: optimal error estimate. We now obtain the following error estimate for a solution u of Problem (3.6). Only later we will deduce from our estimates that a unique solution of (3.6) exists.

Theorem 4.8. Let θ ∈ [0, +∞) be given. Let U n ⊂ U be a finite dimensional subspace of U and let N ∈ N. In the case where θ ∈ [0, 1 2 ) assume that N is so large that the CFL-condition (4.17) is satisfied.

Then for each f ∈ V ′ and ξ 0 ∈ H, the θ-scheme (4.4) has a unique solution to which we associate the step-function w n ∈ W n via (4.5). Moreover, there exists β > 0 such that

(4.30) u ′ -∂w n 2 V ′ + u -w n 2 V + sup t∈[0,T ] u(t) -w n (t) 2 H 1/2 ≤ (1 + 2M β ) inf{ u ′ -∂w 2 V ′ + u -w 2 V + sup t∈[0,T ] u(t) -w(t) 2 H 1/2 : w ∈ W n },
where u is a solution of (3.6). The constant β > 0 may be chosen depending only on a) θ, M , α, T and

C H if 0 ≤ θ < 1 2 , b) M , α, T and C if θ = 1 2 and Φ = 1 where C > 0 is a constant such that kµ n ≤ C, c) M , α, T and Φ if θ = 1 2 and Φ < 1, d) θ, M , α, T and C H if 1 2 < θ ≤ 1. Proof.
Recall the definitions of Z and Y given in Section 3.2. Choose β > 0, as given by Lemma 4.3 in the case θ ∈ [0, 1 2 ), by Lemma 4.4 in the case θ = 1 2 and by Lemma 4.6 for θ ≥ 1 2 . Thus b satisfies the BNB-condition (2.5). Since dimX n = dimY n < ∞, Problem (4.13) has a unique solution w n ∈ W n , where w n is given via (4.5) from (w (m) ) m=0,...,N ⊂ U n satisfying (4.1) and (4.4), see Lemma 4.1. Recall from (3.11) that the continuity constant of b is 2M . Recalling that

|(z 1 , z 2 ) Z = z 1 2 V ′ + z 2 2 V + sup t∈[0,T ] z 2 (t) 2 H 1/2
, we see that Lemma 2.11 implies (4.30).

Interpolation results.

In this subsection we estimate the distance in Z of a given function w ∈ W from W n (recall that W n is not a subspace of W ). Let θ ∈ [0, 1] be given. For any w ∈ H 1 (0, T ; U ), we define an interpolation of w in W n by (4.31) w n ∈ W n defined by (4.5) using the sequence (P U n w(mk)) m=0,...,N , where we recall that we denote by P U n : U → U n the orthogonal projection on U n in U . Let δ n : V → [0, +∞) be defined by

(4.32) δ n (v) := v -P U n • v V = T 0 v(t) -P U n v(t) 2 U dt 1/2 for all v ∈ V.
We start by a simple lemma whose proof can be omitted.

Lemma 4.9. Let R U : U ′ → U (resp. R V : V ′ → V ) be the Riesz isomorphism, given by r, u U ′ ,U = R U r, u U for all (r, u) ∈ U ′ ×U (resp. f, v V ′ ,V = R V f, v V for all (f, v) ∈ V ′ ×V ). Then R V f, v V = T 0 R U f (t), v(t) U dt.
Using the Gelfand triple embeddings, we have

R V w, v V = w, v H for all v, w ∈ V.
In the case where w ∈ H 1 (0, T ; U ), we have

R V w ∈ H 1 (0, T ; U ) with (R V w) ′ = R V (w ′ ).
We then have the following lemma.

Lemma 4.10. Let w ∈ H 1 (0, T ; U ) and let w n ∈ W n be defined by (4.31). Then

w -P V n w V ≤ w -w n V ≤ δ n (w) + k w ′ V Proof. We can write w -w n V ≤ w -P U n • w V + P U n • w -w n V .
We have, for all m = 0, . . . , N -1 and for a.e. t ∈ (mk, (m + 1)k),

P U n w(t) -w n (t) U = P U n w(t) -(1 -θ)P U n w(mk) -θP U n w((m + 1)k) U ≤ (1 -θ) w(t) -w(mk) U + θ w(t) -w((m + 1)k) U = (1 -θ) t mk w ′ (s)ds U + θ (m+1)k t w ′ (s)ds U ≤ (m+1)k mk w ′ (s) U ds.
Note that P U n w(t)w n (t) = 0 for t = mk and t = (m + 1)k. This yields, owing to the Cauchy-Schwarz inequality,

P U n w(t) -w n (t) 2 U ≤ k (m+1)k mk w ′ (s) 2 U ds, and therefore (m+1)k mk 
P U n w(t) -w n (t) 2 U dt ≤ k 2 (m+1)k mk w ′ (s) 2 U ds,
which concludes the proof of the lemma.

Lemma 4.11. Let w ∈ H 2 (0, T ; U ) and let w n ∈ W n be defined by (4.31). Then

(4.33) w ′ -∂w n V ′ ≤ δ n (R V w ′ ) + k R V w ′′ V + C 2 H (δ n (w ′ ) + k w ′′ V ). Proof. Let w ′ n ∈ V ′ be defined by (4.34) w ′ n , v V ′ ,V = w ′ , P V n v V ′ ,V = w ′ , P V n v H for all v ∈ V. We notice that w ′ -∂w n V ′ ≤ w ′ -w ′ n V ′ + w ′ n -∂w n V ′ . We have, for all v ∈ V , w ′ -w ′ n , v V ′ ,V = w ′ , v V ′ ,V -w ′ , P V n v V ′ ,V = R V w ′ , v V -R V w ′ , P V n v V = R V w ′ -P V n R V w ′ , v V . This proves that w ′ -w ′ n V ′ = R V w ′ -P V n R V w ′ V .
Using Lemma 4.10 with R V w ′ instead of w, we get the first two terms of the right-hand-side of (4.33). We also have that

w ′ n -∂w n V ′ = sup v∈V, v V =1 w ′ n -∂w n , v V ′ ,V = sup v∈V, v V =1 w ′ -∂w n , P V n v H ≤ C H w ′ -∂w n H .
Using (4.8), we observe that, for a.e. t ∈ (mk, (m + 1)k) and all m = 0, . . . , N -1,

P V n (w ′ )(t) = 1 k (m+1)k mk P U n (w ′ )(s)ds = 1 k (m+1)k mk (P U n w) ′ (s)ds = P U n w((m + 1)k) -P U n w(mk) k = ∂w n (t).
Therefore, P V n (w ′ ) = ∂w n , and we get

w ′ -∂w n H = w ′ -P V n (w ′ ) H ≤ C H w ′ -P V n (w ′ ) V .
We then use Lemma 4.10 with w ′ instead of w to conclude the proof. Lemma 4.12. Let w ∈ H 2 (0, T ; U ) and let w n ∈ W n be defined by (4.31). Recalling that C T is introduced in (3.5), we have

sup t∈[0,T ] w n (t) -w(t) H ≤ kC H ( 1 √ T w ′ V + √ T w ′′ V ) + C T (δ n (w) + C 2 H δ n (w ′ )).
Proof. Let us first compute a preliminary inequality. We observe that, for s, t ∈ [0, T ],

w ′ (t) = w ′ (s) + Integrating with respect to s and using the Cauchy-Schwarz inequality, we obtain

(4.35) sup t∈[0,T ] w ′ (t) U ≤ 1 √ T w ′ V + √ T w ′′ V .
For all t ∈ [0, T ], we have

w n (t) -w(t) H ≤ w n (t) -P U n w(t) H + P U n w(t) -w(t) H ≤ C H w n (t) -P U n w(t) U + P U n w(t) -w(t) H .
In the proof of Lemma 4.10, we show that for all m = 0, . . . , N -1 and all t ∈ [mk, (m + 1)k], we have

P U n w(t) -w n (t) U ≤ (m+1)k mk w ′ (s) U ds.
Using (4.35), we obtain

P U n w(t) -w n (t) U ≤ k( 1 √ T w ′ V + √ T w ′′ V ).
Now, we write, owing to (3.5),

P U n w(t)-w(t) H ≤ C T ( P U n •w-w 2 V + P U n •w ′ -w ′ 2 V ′ ) 1/2 ≤ C T ( P U n •w-w V + P U n •w ′ -w ′ V ′ ).
We now write

P U n • w ′ -w ′ V ′ = sup v∈V, v V =1 P U n • w ′ -w ′ , v V ′ ,V = sup v∈V, v V =1 P U n • w ′ -w ′ , v H ≤ C H P U n • w ′ -w ′ H .
We then get that

P U n • w ′ -w ′ H ≤ C H P U n • w ′ -w ′ V = C H δ n (w ′ ).
This concludes the proof of the lemma. The defintion of W n is given in (4.5).

Recall that W = H 1 (0, T ; U ′ ) ∩ V and that the spaces Z, Y , X and X n are defined by

Z = V ′ × G and Y = V × H, X = {(w ′ , w) : w ∈ W }, X n = {( ∂w, w) : w ∈ W n } and Y n = V n × H.
Thus, X n and X are subspaces of Z and Y n is a subspace of Y . Note that

X n ∩ X = {(0, ξ) : ξ ∈ U n }
is a very small space. Nonetheless we will show that, under the CFL-condition, one has lim n→∞ X n = X . We first prove one inclusion without any further condition.

Theorem 4.13. Let (N n ) n∈N be a sequence of elements of N which tends to infinity. Let w ∈ W . Then there exist w n ∈ W n for all n ∈ N such that

(4.36) w ′ -∂w n 2 V ′ + w -w n 2 V + sup t∈[0,T ] w(t) -w n (t) 2 H → 0 as n → ∞.
This implies in particular that X ⊂ lim Since the estimate (4.30) holds, the speed of convergence in (4.37) is optimal. Theorem 4.14 also makes more precise the interpolation result, Theorem 4. [START_REF] Kato | Estimation of iterated matrices, with application to the von Neumann condition[END_REF]. It says that we can approximate each w ∈ W by discrete functions w n in the sense of (4.37). We now show that also the converse is true: the functions in W are exactly those functions which can be approximated by discrete elements in the sense of (4.37). In other words, the following surprising corollary holds.

Corollary 4.17. Under the assumptions of Theorem 4.14 one has

X = lim n→∞ X n .
This means the following. Let

W n = {w : [0, T ] → U n : w(t) = (1 -θ)w(mk) + θw((m + 1)k) on (mk n , (m + 1)k n )
for all m = 0, . . . , N n -1}.

Then for ( v, v) ∈ V ′ × G, the following assertions are equivalent.

(i) There exists w n ∈ W n such that

v -∂w n 2 V ′ + v -w n 2 G → 0 as n → ∞; (ii) v ∈ W , v = v ′ .
Proof. We have seen in Theorem 4.13 that X ⊂ lim n→∞ X n . The reverse inclusion follows from Theorem 2.12. Moreover, Condition (i) means that x := ( v, v) ∈ lim n→∞ X n , and x ∈ X exactly means (ii).

Discontinuous Galerkin scheme

We focus in this section on the time discontinuous Galerkin scheme. We again keep the framework of Section 3. 5.1. Description of the scheme. As in Section 4, let U n be a finite dimensional subspace of U , P U n be the orthogonal projection on U n for the scalar product of U , N ∈ N ⋆ , and define k = T N . Let q ∈ N. For any vector space E we denote by P q (R; E) the set of all functions P : R → E such that there exists p 0 , . . . , p q ∈ E with P (t) = q i=0 t i p i for all t ∈ R.

Let W n ⊂ G be the set of all functions w : [0, T ] → U n verifying the following property: for all m = 1, . . . , N , the restriction of w to ((m -1)k, mk] is an element of P q (R; U n ), which means that there exist q + 1 elements of U n , denoted by w (m) 0 , . . . , w

(m) q such that w(t) = q i=0 t -(m -1)k k i w (m) i for all t ∈ ((m -1)k, mk].
We then define the "broken derivative" ∂ b w ∈ V , for any w ∈ W n , as the function equal to w ′ (t) for a.e. t ∈ ((m -1)k, mk) (we have ∂ b w = 0 if q = 0). The time discontinuous Galerkin scheme [START_REF] Eriksson | Time discretization of parabolic problems by the discontinuous Galerkin method[END_REF][START_REF] Saito | Variational analysis of the discontinuous Galerkin time-stepping method for parabolic equations[END_REF] amounts to finding w ∈ W n such that

(5.1) w(0) -Φw(T ), v H = ξ 0 , v H for all v ∈ U n and (5.2) mk (m-1)k ∂ b w(t), v(t) H dt + w (m) 0 -w((m -1)k), v((m -1)k) H + mk (m-1)k a(t, w(t), v(t))dt = mk (m-1)k f (t), v(t) dt
for all m = 1, . . . , N and v ∈ P q (R; U n ).

Remark 5.1. Note that, letting q = 0, since w(mk) = w which is the same expression as the one given for θ = 1 for the Euler implicit scheme in Section 4.

We now observe that the space W n is isomorphic to U m(q+1)+1 n

. As in Section 4, we have that each element of W n defines a unique element of V , but this identification is again not injective, because of the initial value (it was the final value in Section 4), and we again do not distinguish the notation for the everywhere defined w ∈ W n and the element of V n it defines, where V n is the subspace of V defined by (5.4)

V n = {v ∈ V : v |((m-1)k,mk) ∈ P q (R; U n ) for all m = 1, . . . , N }.
In order to put this setting into the framework of Sections 2 and 3, we define the discrete derivative of an element of w ∈ W n by modifying the broken derivative ∂ b . For any i = 0, . . . , q, let ψ i ∈ P q (R; R) be the polynomial such that (5.5) 1 0 ψ i (s)s i ds = 1 and 1 0 ψ i (s)s j ds = 0 for all j ∈ {0, . . . , q} \ {i}.

In the case q = 0, we set ψ 0 (s) = 1 for all s ∈ [0, 1]. Note that, for i = 0, . . . , q, the q + 1 coefficients of the polynomials ψ i with degree q are the coefficients of the i-th line or column of the inverse of the Gram matrix whose coefficients are equal to 1 0 s i+j ds = 1 i+j+1 for j = 0, . . . , q, and are elements of Z \ {0} (see Appendix B). For all w ∈ W n , we then have the relation

(5.6) 1 k mk (m-1)k ψ 0 t -(m -1)k k w(t)dt = w (m) 0 = lim t→(m-1)k t>(m-1)k w(t) for all m = 1, . . . , N -1.
We then define ∂ :

W n → V n , by (5.7) ∂w(t) = ∂ b w(t) + 1 k ψ 0 t -(m -1)k k (w (m) 0 -w((m -1)k)),
for a.e. t ∈ ((m -1)k, mk), for all m = 1, . . . , N, for all w ∈ W n .

Then ∂w ∈ V ′ is again defined by (4.9), where P V n , the orthogonal projection on V n in V . It is explicitely given by (5.8)

P V n w(t) = q i=0 1 k mk (m-1)k s -(m -1)k k i P U n w(s)ds ψ i t -(m -1)k k ,
for a.e. t ∈ ((m -1)k, mk), for all m = 1, . . . , N and for all w ∈ W n .

Similarly to what has been done in Section 4, we define X n by (5.9) (ii) The element x is solution of the following problem:

X n = {( ∂w, w) : w ∈ W n },
(5.11)

x ∈ X n , b(x, y) = L(y), for all y ∈ Y n .

Proof. This property holds by (5.7) and (5.6).

Let us now prove that the conditions allowing to use the results of Sections 2 and 3 are fulfilled.

BNB estimates.

In order to prove the BNB estimate using Lemma A.3, we need some preliminary lemmas. For any w ∈ W n , we define ∂ b w ∈ V ′ by (5.12)

∂ b w, v V ′ ,V = ∂ b w, P V n v H for all w ∈ W n and v ∈ V.
Note that, as in the definition of ∂w, ∂ b w is different from ∂ b w seen as an element of V ′ by the standard embedding of H in V ′ , but that we have

∂ b w, v V ′ ,V = ∂ b w, v H for all w, v ∈ W n ,
as well as

(5.13) ∂ b w V ′ = sup v∈V, v V =1 ∂ b w, P V n v H = sup v∈Wn, v V =1 ∂ b w, v H for all w ∈ W n .
Lemma 5.3. There exists C 4 > 0 only depending on q such that

1 C 4 N m=1 k q j=0 v (m) j 2 U ≤ v 2 V ≤ C 4 N m=1 k q j=0 v (m) j 2 
U for all v ∈ W n .

Proof. We have

v 2 V = N m=1 k q i=0 q j=0 1 i + j + 1 v (m) i , v (m) j U ,
and the result holds from the fact that the Gram matrix A of Appendix B is symmetric definite positive.

Lemma 5.4. There exists C 5 > 0 only depending on q such that (5.14)

∂ b w V ′ ≤ C 5 ∂w V ′ for all w ∈ W n , and (5.15) 
N m=1 w (m) 0 -w((m -1)k) 2 H ≤ C 5 ∂w V ′ w V for all w ∈ W n .
Proof. We first observe that, for any m = 1, . . . , q, we have

mk (m-1)k ∂w(t)ψ q t -(m -1)k k dt = mk (m-1)k ∂ b w(t)ψ q t -(m -1)k k dt + 1 k mk (m-1)k ψ 0 t -(m -1)k k ψ q t -(m -1)k k dt (w (m) 0 -w((m -1)k)),
where the polynomial ψ q is defined by (5.5). Since ∂ b (w)(t) ∈ P q-1 (R; U n ) for a.e. t ∈ ((m -1)k, mk), the first term on the right-hand-side of the above equation vanishes. Moreover, we have

1 k mk (m-1)k ψ 0 t -(m -1)k k ψ q t -(m -1)k k dt = 1 0 ψ 0 (s)ψ q (s)ds = ψ q,0 = 0,
by the results of Appendix B. This leads to

w (m) 0 -w((m -1)k) = 1 ψ q,0 mk (m-1)k ∂w(t)ψ q t -(m -1)k k dt. Let v ∈ W n . We have ∂ b w, v H = ∂w, v H -∂w, v H , where v ∈ W n is such that, for a.e. t ∈ ((m -1)k, mk), for any m = 1, . . . , q, v(t) = 1 ψ q,0 ψ q t -(m -1)k k v (m) 0 .
Since v V ≤ C 6 v V by Lemma 5.3, we conclude (5.14).

Moreover, we have

N m=1 w (m) 0 -w((m -1)k) 2 H = ∂w, w H ,
with, for a.e. t ∈ ((m -1)k, mk), for any m = 1, . . . , q, w(t) = (w

(m) 0 -w((m -1)k)) 1 ψ q,0 ψ q t -(m -1)k k ,
which implies (5.15) again using Lemma 5.3.

Lemma 5.5. There exists C 7 > 0, only depending on q, T and on C H (see (3.1)), such that

(5.16) sup t∈(0,T ] w(t) 2 H ≤ C 7 ( ∂w 2 V ′ + w 2 V ) for all w ∈ W n .
Therefore there exists ρ > 0, only depending on q, T and C H , such that

(5.17) sup t∈[0,T ] w(t) H ≤ ρ ∂w 2 V ′ + w 2 V + w(0) 2 H + w(T ) 2 H 1/2
for all w ∈ W n .

Proof. We notice that, in the case where (m -

1)k < s ≤ t ≤ mk, w(t) 2 H -w(s) 2 H = 2 t s ∂ b w(τ ), w(τ ) H dτ ≤ 2 ∂ b w V ′ w V ≤ (C 5 ∂w 2 V ′ + w 2 V ).
We have, in the case where s < mk ≤ (m ′ -1)k ≤ t ≤ m ′ k with m < m ′ , that w(t) This implies, using Lemma 5.4, that for any s, t ∈ (0, T ],

| w(t) 2 Hw(s) 2 H | ≤ C 8 ∂w V ′ w V . This implies w(t) 2 H ≤ w(s) 2 H + C 8 ∂w V ′ w V . Integrating the preceding relation on s ∈ (0, T ) concludes the proof of (5.16). Then (5.17) follows from the presence of the term w(0) H in the right hand side.

Proof. Recalling the definitions of Z and Y from Section 3.2, we observe that β, given by Lemma 5.6, satisfies (2.5). Therefore, we apply Lemma 2.11, which provides (5.19). 5.3. Interpolation results. In the same way as above for the explicit Euler scheme, we now estimate the distance in Z of a given function w ∈ W from W n (recall that, again, W n is not a subspace of W ). For a given w ∈ H q+1 (0, T ; U ), we define the interpolation w n ∈ W n by (5.20) w where we denote by w [i] (t) the ith time derivative of w for i = 0, . . . , q + 1. Then w n (0) = w (s -(m -1)k) q q! P U n w [q+1] (s)ds.

We then have the following lemma.

Lemma 5.8. Let w ∈ H q+1 (0, T ; U ) and let w n ∈ W n be defined by (5.20). Then

w -P V n w V ≤ w -w n V ≤ δ n (w) + k q+1 q! w [q+1] V .
Proof. Owing to (5.22), we have, for any m = 1, . . . , N and t ∈ ((m -1)k, mk], w(t)w n (t) = w(t) -P U n w(t) + t (m-1)k (s -(m -1)k) q q! P U n w [q+1] (s)ds.

We notice that, owing to the Cauchy-Schwarz inequality, we have

t (m-1)k (s -(m -1)k) q q! P U n w [q+1] (s)ds 2 U ≤ k 2q+1 (q!) 2 mk (m-1)k w [q+1] (s) 2 U ds.
Another application of the Cauchy-Schwarz inequality concludes the proof of the lemma.

Lemma 5.9. We define R V : V ′ → V as in Lemma 4.9. Let w ∈ H q+2 (0, T ; U ) and let w n ∈ W n be defined by (5.20). Then, for q = 0, we have

(5.23) w ′ -∂w n V ′ ≤ δ n (R V w ′ ) + k w ′′ V ′ + C 2 H (δ n (w ′ ) + k w ′′ V )
. and, for any q ≥ 1, there exists C 9 only depending on q such that (5.24) (s -(m -2)k) q q! w [q+1] (s)ds 2 U ≤ C ψ k 2q (q!) 2 w [q+1] 2 V .

w ′ -∂w n V ′ ≤ δ n (R V w ′ ) + k q+1 q! w [q+2] V ′ + C 9 (δ n (w ′ ) + k q ( w [q+2] V ′ + w [q+1] V )).
Gathering these results provides (5.24).

Let us now consider the case q = 0. The reasoning of Lemma 4.11 (s -(m -1)k) q q! w [q+1] (s) U ds.

Applying (4.35) to w [q+1] (s) instead of w ′ , we obtain

w n (t) -P U n w(t) U ≤ k q+1 (q + 1)! ( 1 √ T w [q+1] V + √ T w [q+2] V ).
This concludes the proof of the lemma.

Putting together the results of this section, we now show that we can approximate each function of W by elements of W n . For this we now consider a sequence of finite-dimensional subspaces (U n ) n∈N of U such that lim Recall that W = H 1 (0, T ; U ′ ) ∩ V . We have the following approximation results.

where we denote the binomial coefficients by C(k, j) = k! j!(kj)! for all k ∈ N and j = 0, . . . , k.

Proof. We consider the Legendre polynomials defined by

P k (x) = d k dx k √ 2k + 1 k! (x(1 -x)
) k for all x ∈ R and k = 0, . . . , q, .

Denoting these polynomials by P k (x) = k i=0 P ik x i , one defines the upper triangular matrix P with side q + 1 such that P ik is the coefficient of P at the column k = 0, . . . , q and at the line i = 0, . . . , k. Since we can check, integrating by parts, that 1 0

x i P k (x)dx = 0 for all k = 1, . . . , q and i = 0, . . . , k -1 and 1 0 (P k (x)) 2 dx = 1, we get that the family of polynomials (P k ) k=0,...,q is an orthonormal basis of P q (R; R) (it is the basis issued from the Gram-Schmidt method applied to the basis (x i ) i=0,...,q ). The relation ( P k , P ℓ ) k=0,...,q ℓ=0,...,q = P t AP = Id implies A = (P t ) -1 P -1 and therefore A -1 = P P t . The expression P ik = (-1) k-i √ 2k + 1C(k, i)C(k + i, i) for all k = 0, . . . , q and i = 0, . . . , k concludes the proof of the lemma.

Example 2 . 6 .

 26 Let Z = R 2 , and for all n ∈ N, X 2n = {0} × R and X 2n+1 = R × {0}. Then lim n→∞ X n = w-lim n→∞ X n = {(0, 0)} (in finite dimension, the weak and the strong topology are identical).

Example 2 . 13 . 1 0 2 / 2 :

 213122 In general, one does not have Y = lim n→∞ Y n under the hypotheses of Theorem 2.12. Indeed, let Z = Y = L 2 ((0, 1)), b(z, y) = z(s)y(s)ds. Let (X n ) be defined by Example 2.7 and (Y n ) be defined by Example 2.8. Then X = lim n→∞ X n , the BNB condition (2.5) holds (one has β = √ consider x ∈ X n defined by the values x i , i = 1, . . . , n on each interval ((i -1)h, ih), and y ∈ Y n defined by the values x i , i = 1, . . . , n on each interval ((i -1 2 )h, ih)) and the surjectivity condition (2.14) holds as well. Then one has lim n→∞ Y n = {0} whereas Y = w-lim n→∞ Y n as asserted by Theorem 2.12.

Theorem 2 . 15 .

 215 Let Z, Y be Banach spaces and let b : Z×Y → R be a continuous bilinear form. Let (X n ) n∈N and (Y n ) n∈N be sequences of finite dimensional subspaces of Z and Y , respectively, such that X n and Y n have the same dimension for all n ∈ N. Let us assume that Y = w-lim n→∞ Y n and that, given L ∈ Y ′ , for any n ∈ N there exists x n ∈ X n satisfying (2.7) and that the sequence (x n ) converges in Z as n → ∞. Then there exists β > 0 such that (2.5) holds, and, letting X = lim n→∞ X n , (2.14) holds as well.

Lemma 3 . 7 .

 37 The space X defined by (3.10) and (3.9) is a closed subspace of Z and fulfills Condition (2.14) with respect to the bilinear form b.

(4. 13 )

 13 find x ∈ X n such that b(x, y) = L(y) for all y ∈ Y n .Proof. (i)=⇒(ii).Let y := (v, z) ∈ Y n , with v ∈ V n defined from the constant values (v (m) ) m=1,...,N . Letting u = kv (m) in (4.2) and u = z in (4.1), adding the result provides (4.13).

Lemma 4 . 2 .

 42 The following holds.

Lemma 4 . 4 .

 44 Let θ = 1 2 . Then there exists β > 0 such that (4.22) sup y∈Yn y Y =1b(x, y) ≥ β x Z for all x ∈ X n .

w 0 w

 0 ′′ (τ )dτ, which leads tow ′ (t) U ≤ w ′ (s) U + T ′′ (τ ) U dτ.

4. 5 .

 5 The convergence result. Using the results of Section 4.4, we first show that we can approximate each function of W by elements of W n . For this we now consider a sequence of finite-dimensional subspaces(U n ) n∈N of U such that lim n→∞ U n = U. This is equivalent to saying lim n→∞ u -P U n u U = 0 for all u ∈ W,where P U n denotes the orthogonal projection of U to U n . For each n ∈ N we let µ n be the best constant such that u U ≤ µ n u H for all u ∈ U n . Let N n ∈ N such that lim n→∞ N n = ∞. For each n ∈ N, let k n = T Nn be the time step and letV n = {v : (0, T ) → U n : v is constant on (mk n , (m + 1)k n ) for m = 0, . . . , N n -1}.

  n→∞ X n . that b(x n , y) = L, y Y ′ ,Y for all y ∈ Y n . Then, for each n ∈ N, there exists w n ∈ W n such that x n = ( ∂w n , w n ). If the conclusion of Theorem 4.14 is true, it follows in particular that (x n ) n∈N converges in Z. Then Theorem 2.15 yields β > 0 such that sup y Y ≤1,y∈Yn b(x, y) ≥ β x Z for all x ∈ X n and all n ∈ N. Then Remark 4.5 implies that k n µ n ≤ 2 β , where k n = 1 Nn . Thus µn Nn ≤ 2 β for all n ∈ N.

( 5 . 2 )

 52 is reduced to(5.3) w(mk)w((m -1)k), v H + mk (m-1)k a(t, w(mk), v)dt = mk (m-1)k f (t), v dtfor all m = 1, . . . , N and v ∈ U n ,

Lemma 5 . 2 .

 52 and the mapping W n → X n , w → ( ∂w, w) is again bijective. We now define the space Y n ⊂ Y := V × H by (5.10)Y n = V n × U n .The linear mapping W n → Y n , w → (w, w(0)) is bijective as well. Keeping the definitions (3.11) for b and (3.12) for L, we now have the following result. Let w ∈ W n . Let x = ( ∂w, w) ∈ X n . The following assertions are equivalent: (i) The element w satisfies (5.1)-(5.2).

2 H

 2 w(m ′ k) 2 H = -2 m ′ k t ∂ b w(τ ), w(τ ) H dτ, w(m ′ k) w((p -1)k) 2 Hw(mk) 2 H = 2 m ′ k mk ∂w(τ ), w(τ ) H dτ, w(mk) 2 Hw(s) 2 H = 2 mk s ∂ b w(τ ), w(τ ) H dτ.Adding the three above equalities, this yields(5.18) w(t) 2 Hw(s) 2 H = -2 m ′ k t ∂ b w(τ ), w(τ ) H dτ + 2 m ′ k mk ∂w(τ ), w(τ ) H dτ + 2 mk s ∂ b w(τ ), w(τ ) H dτ -

  w[i] ((m -1)k) for all m = 1, . . . , N and i = 0, . . . , q,

  for all m = 1, . . . , N and t ∈ ((m-1)k, mk].Recall that the following Taylor expansion formula holds:(5.21) w(t) = q i=0 (t -(m -1)k) i i! w [i] ((m -1)k) + t (m-1)k (s -(m -1)k) q q! w [q+1] (s)ds for all t ∈ ((m -1)k, mk].This provides, for any m = 1, . . . , N and t ∈ ((m -1)k, mk],(5.22)P U n • w = w n + T (m) n w with T (m) n w(t) = t (m-1)k

∂w n -∂ b w n 2 V

 2 

  U n u U = 0 for all u ∈ W,where P U n denotes the orthogonal projection of U to U n . Let N n ∈ N such that lim n→∞ N n = ∞. For each n ∈ N, let k n = TNn be the time step and let W n = {w : [0, T ] → U n : w |((m-1)k,mk] ∈ P q (R; U n ) for m = 0, . . . , N n -1}.

  Problem (3.6) has a unique solution.

	For Φ = 0, Problem (3.6) is an initial value problem whose well-posedness is due to J-L. Lions
	[14, Théorème 1.1 p.46], see also [18, III Proposition 2.3 p.112] or [8, XVIII.3 Théorème 2]. For
	Φ = Id, ξ 0 = 0, we find time-periodic boundary conditions. If Φ is an arbitrary contraction and
	a is symmetric, then Theorem 3.3 is proved in [18, II. Proposition 2.3]

  applies to this case, and we again get Lemma 5.10. Let w ∈ H q+2 (0, T ; U ) and let w n ∈ W n be defined by(5.20). Then H ≤ C H w n (t) -P U n w(t) U + C T (δ n (w) + C H δ n (w ′ )).

	(m+1)k mk	P U n w ′ (t) -∂w n (t) 2 U dt ≤ k 2	(m+1)k
	sup		
	t∈[0,T ]		
	Using (5.22), we have		
	w n (t) -P U n w(t) U ≤	

mk

w ′′ (τ ) U dτ.

w n (t)w(t) H ≤ C 10 (k q+1 ( w [q+1] V + w [q+2] V ) + δ n (w) + δ n (w ′ )).

Proof. For m = 1, . . . , N and all t ∈ ((m -1)k, mk], we have

w n (t)w(t) H ≤ w n (t) -P U n w(t) H + P U n w(t)w(t) t (m-1)k

Proof. We use the preceding results, letting θ = 0. Let us first observe that the property lim h→0 u -P U n u U = 0 for all u ∈ U implies, by Lebesgue's convergence theorem, that

Let w ∈ W and let ε > 0. By the proof of [18, III. Proposition 1.2, p. 106] there exists v ∈ H 2 (0, T ; U ) such that w ′v ′ V ′ + wv V ≤ ε. By (3.5) this implies that sup t∈[0,T ] w(t)v(t) H ≤ C H ε. Let v n ∈ W n be given from v via (4.31), which means that v n (t) = P U n v(mk n ) on [mk n , (m + 1)k n ) for m = 0, . . . , N n -1 and v n (T ) = P U n v(T ). Then, by Lemma 4.10, v nv V → 0 as n → ∞. By Lemma 4.11, lim n→∞ v ′ -∂v n V ′ = 0 and, by Lemma 4.12, lim

Since ε > 0 is arbitrary, the proof is complete. The preceding proof shows that X ⊂ lim n→∞ X n .

Next we show that the discrete solutions converge to the solution of the continuous problem. We know that a unique solution of Problem (3.6) exists (see Theorem 3.3 and the comments after it). But our estimates give also a new proof of this result which we incorporate into the formulation and the proof of the following theorem. Recall that Φ ∈ L(H) and Φ ≤ 1.

Theorem 4.14. Let f ∈ V ′ and ξ 0 ∈ H. Then Problem (3.6) has a unique solution u ∈ W . Let (N n ) n∈N be a sequence of elements of N which tends to infinity such that the following holds.

Case θ ∈ [0, 1 2 ). We assume that Condition (4.17) is fulfilled. Case θ = 1 2 and Φ = 1. We assume that sup n∈N µn Nn < ∞. Case θ = 1 2 and Φ < 1. No additional condition is required.

No additional condition is required. Then the Euler Scheme (4.1)-(4.4) has a unique solution to which we associate the step function w n ∈ W n via (4.5). These discrete solutions w n converges to u in the following sense:

Proof. We apply Theorem 2.12 in our situation. There are three hypotheses to be verified. Lemma 4. Lemma 5.6. The spaces X n and Y n defined by (5.9) and (5.10) satisfy Hypothesis (2.5) of Theorem 2.12 (without any CFL condition), with β > 0 only depending on q, T , C H , α and M .

Proof. We remark that

H .

Since we have

We also notice that (5.16) implies

Adding the two previous inequalities yields (A.12) with ω = 1 2 + α 2 12 M 3 C 7 and δ = α 2 12 M 3 C 7 (hence no CFL condition will be required for satisfying the BNB estimate). We can now apply Lemma A.3, letting X = {( ∂w, w, w(0), w(T )) : w ∈ W n }, since the quantities X i defined in the lemma satisfy X 2 = V n and X 3 = U n . We get the existence of β, only depending on α, M , T and C H , such that

for all w ∈ W n .

Using Lemma 5.5 concludes the existence of β (with the same dependencies) such that (2.5) holds.

We can now give an error estimate for the discrete solution.

Theorem 5.7. Let β > 0 be given by Lemma 5.6. Let U n ⊂ U be a finite dimensional subspace of U and let N ∈ N be given. Then the following holds.

For each f ∈ V ′ and ξ 0 ∈ H, the time discontinuous Galerkin Scheme (5.1)-( 5.2) has a unique solution w n ∈ W n . Moreover

where u is the unique solution of Problem (3.6).

Proof. Let w ′ n ∈ V ′ be defined, for a.e. t ∈ (0, T ), by (5.25)

We then apply Lemma 5.8, and we get

This yields the first two terms of the right-hand-side of (5.24). We also have that, for any v ∈ V ,

We then apply

). We can write, for a.e. t ∈ ((m -1)k, mk) and all m = 1, . . . , N , that

Let us first consider the case q > 0. We write

On the other hand, we have, using

Theorem 5.11. Let w ∈ W . Then there exists w n ∈ W n such that

This proves that X ⊂ lim n→∞ X n , letting X be defined by (3.10) and X n be defined by (5.9).

Proof. Let w ∈ W and let ε > 0. There exists v ∈ H q+2 (0, T ; U ) such that (5.20). Then, by Lemma 5.8, v nv V → 0 as n → ∞. By Lemma 5.9, lim n→∞ v ′ -∂v n V ′ = 0 and, by Lemma 5.10, lim

Since ε > 0 is arbitrary, the proof is complete.

Conclusion

Let (N n ) n∈N be a sequence of integers which tends to infinity. Recall that W n is the space of piecewise polynomial functions defined in Subsection 5.1.

Theorem 5.12. For given f ∈ V ′ and ξ 0 ∈ H, let u be the unique solution of Problem (3.6).

Then we have

where X, Y and Z are defined in Section 3.2 and X n and Y n are defined by (5.9) and (5.10) from W n and V n defined in Section 5.1. Moreover, letting w n ∈ W n be the unique solution of the time discontinuous Galerkin Scheme (5.1)-(5.2) for each n ∈ N, we have

Proof. Relations (5.26) are immediate consequences of Theorem 5.7. Since, in addition, Theorem 3.3 implies that Condition (2.14) is fulfilled, we can apply Theorem 2.12, which concludes the proof of the theorem.

Appendix A. Technical lemmas in Hilbert spaces

We present some technical lemmas involving operators on Hilbert spaces.

Lemma A.1. Let V be a Hilbert space and let A : V → V be a M -continuous and α-coercive operator for M ≥ 1 and α > 0, which means that

Proof. Consider A + := A+A * 2 and A -:= A-A * 2 . Then, for any v ∈ V ,

and thus

It follows that the selfadjoint operator A + is positive and invertible. Let S be the (invertible and positive) square root of A + . Since Sv 2

In addition, note that

Using (A.4) we first get, for all v ∈ W ,

Note that

Now we use the celebrated Peter-Paul inequality combined with the Cauchy-Schwarz inequality to estimate, for all γ > 0,

We then get, choosing γ < 1,

1+s where s > 0 will be fixed later. Then 1γ = s 1+s and 1 -1/γ = -s. Then, by (A.4) and (A.5), it follows that

Then we choose s = α 2 2M 2 and we obtain

, where, using α ≤ M and 1 ≤ M ,

Let H be a Hilbert space, and let Φ : H → H be a contraction (which means that Φ ≤ 1). Let a > 0 and b ∈ [0, a] be given reals such that γ := ab Φ 2 > 0. The following estimate holds

Proof. Let v, w ∈ H be given. By the Peter-Paul inequality, we have for any µ > 0,

Choosing µ > 1 and using that Φ is a contraction, this implies that

Let β := b Φ 2 ∈ [0, a) and µ := β+2a 2β+a ∈ (1, +∞). Let θ > 0 and α > 0 be such that

Using Φ 2 ≤ 1, this system is satisfied for

Using the preceding equation and b ≤ a, we get

We then obtain

The above inequality gives (A.7).

We now give a sufficient condition for proving the BNB condition for the different schemes studied here.

Lemma A.3. Let V and H be Hilbert spaces. Let Z and Y be the Hilbert spaces defined by

be a continuous and coercive linear operator in the sense that there exist 0 < α ≤ M such that

for all (z 1 , z 2 , z 3 , z 4 ) ∈ Z and for all (y 1 , y 2 ) ∈ Y . Let X ⊂ Z be a subspace of Z. We define the spaces X i for i = 1, 2, 3, 4 by

Then X 1 ⊂ V ′ , X 2 ⊂ V , X 3 ⊂ H and X 4 ⊂ H are Hilbert spaces. We assume that

for all x 1 ∈ X 1 and v ∈ V, where we denote by P V 2 the orthogonal projection on X 2 in V . Assume that there exist ω > 0 and δ > 0 such that (A.12)

Then, there exists β > 0, only depending on α, M , ω and δ (and not on µ, ν and Φ ) such that

Proof. By the Riesz representation theorem, there exists an operator R :

We then have, in view of (A.11), (A.15)

We also define the operator A :

Then A is α-coercive and A ≤ M . Let P H 3 : H → X 3 ⊂ H be the orthogonal projection on X 3 . Then (A.17)

b(x, y) for all x ∈ X.

We then obtain, for θ > 0 to be chosen later

We apply Lemma A.1 to V = X 2 with the scalar product of V and obtain, by (A.14), 

Appendix B. Inverse of the Gram matrix

The following lemma is used in Section 5.

Lemma B.1. Let q ∈ N. We consider the scalar product f, g = 1 0 f (x)g(x)dx on the space P q (R; R) with its natural basis. Let A be the resulting square Gram matrix with side q + 1 defined by A ij = 1 0 x i+j dx, therefore equal to A = ( 1 i+j+1 ) i,j=0,...,q . Then A is symmetric positive definite and the coefficients of the inverse of A are the nonzero integers given by (B.1) (A -1 ) ij = (-1) i+j q k=max(i,j) (2k + 1)C(k, i)C(k + i, i)C(k, j)C(k + j, j) for all i, j = 0, . . . , q,