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PATHOLOGICAL SET WITH LOSS OF REGULARITY FOR
NONLINEAR SCHRODINGER EQUATIONS

REMI CARLES AND LOUISE GASSOT

ABSTRACT. We consider the mass-supercritical, defocusing, nonlinear
Schrédinger equation. We prove loss of regularity in arbitrarily short
times for regularized initial data belonging to a dense set of any fixed
Sobolev space for which the nonlinearity is supercritical. The proof
relies on the construction of initial data as a superposition of disjoint
bubbles at different scales. We get an approximate solution with a time
of existence bounded from below, provided by the compressible Euler
equation, which enjoys zero speed of propagation. Introducing suitable
renormalized modulated energy functionals, we prove spatially localized
estimates which make it possible to obtain the loss of regularity.

1. INTRODUCTION

We consider the defocusing nonlinear Schrédinger equation, for m € N:
. 1 m
(1.1) 0+ 5 A = [P, Yo = fo,

where € R? and fo € H*(RY). We assume that the nonlinearity is L>-

supercritical,

d 1
=—-——>0,
S 2 m

and we suppose that 0 < s < s.: the nonlinearity is H®-supercritical. For
technical reasons, we also assume s < 2 (which is no further restriction when
d < 4). Our goal is to improve [I2, Theorem 1.4], recalled below, and prove
some loss on regularity in the spirit of [23]. We emphasize the fact that
our analysis remains valid for compact geometries, typically for (II]) on the
torus T<.

1.1. Context. It is known that when s > s., then the Cauchy problem (I.T])
is locally well-posed in H*(R%) (see [14]), whereas when s < s., then the
Cauchy problem is ill-posed, as established initially in [21I]. In [I5], the
notion of norm inflation was introduced, and proven in the case of (L)
there exists a sequence of initial data ( foh)he(og} in S(RY) going to zero
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2 R. CARLES AND L. GASSOT

in H®, but such that the corresponding maximal solutions (zﬁh)he(o,” are
defined on [0, "] for some t* — 0 and ¥"(t") goes to infinity in H*:

h h/ih
s —0 t s — +00.
lfo'll o 20, 1™ (") || 1 ot

It turns out that this norm inflation mechanism also occurs around any
initial data, as proven initially in [29] in the case of the wave equation
(see also [31] B2]), and more recently in [33] for a fourth-order Schrédinger
equation.

The question of norm inflation becomes more delicate when replacing
the sequence (fl);, of initial data by the sequence (ij * fo)n, where the
approximate identity ¢;, is given by

1 sz
() = WL (E) )
with ¢ € C2°(R?) and [p4 ¢(z)dz = 1. In this case, it has been shown in [12]
Theorem 1.4], in the case d = 3, that there exists a dense set of functions
fo € H*(R3) (called pathological set) such that norm inflation holds for this
sequence of regularized initial data:

ey, * fo = follms — 0, [[™ ("*)]| s — +oo.
k—o00 k—o00

The construction of such a pathological set was first evidenced in [2§] for the
wave equation, then extended to Schrodinger equations in [12] by removing
a finite speed of propagation argument. The result is also valid on T3.

On the other hand, ill-posedness for the range of exponents s < s. was
strengthened in [I] as a loss of regularity result (extending the cubic case
from [I3]; see also [30]). More precisely, there exists a sequence of initial
data (f§)ne(,1] € S(R?), global weak solutions (1), (0,1, and t" — 0, such

that:
1 els — 0, [ (#") | sre — 400, for all ¢ > —————
h—0 h—0 14+ m(sc — s)
This result is an analogue of the original loss of regularity theorem from
Lebeau [23] concerning energy-supercritical wave equations (s. > 1),

(O — Ayu+u*" 1 =0,
which is as follows. There exists fo in H® and " — 0 such that the solution

1 to the wave equation satisfies that for every o > I(s),

thk o — .
T P———

S

m When S 2 Ssobs

The exponent I(s) is given by I(s) =

— m : TSsob d 2m—+2 (mpd
Ssob = 5~ being such that H**"(R?) — L (RY),

and I(s) = 1 when s < sgop, (note that I(ssop) = 1). The result from [23]
uses in a crucial fashion the property that (weak) solutions to the nonlinear
wave equation enjoy finite speed of propagation. It is mostly because of this
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that the result of [I] concerns a sequence of initial data (one bubble) rather
than some fixed data (superposition of disjoint bubbles) like in [23]. In this
paper, we prove a result which is essentially the same as in [23], by looking at
the sequence of initial data (i * fo), regularized by convolution. Of course
there is no finite speed of propagation for (L.I]). Instead, our argument takes
advantage of a finite propagation speed property at the level of compressible
Euler equations, which naturally appears in the WKB analysis of the semi-
classical version of (L.

1.2. Main results. Our first result is in the spirit of [3I, Theorem 1.33],
and states that the main result from [I] is valid not only at the origin, but
near any initial datum in H*(R?):

Theorem 1.1 (Loss of regularity near any initial datum). Let 0 < s < s,
with s < 2. For any fo € H*(RY), there exists a sequence for € C°(R?)
and times tp, — 0 as k — oo, such that
- s — 0 t o — Vo > ————
[ fo — forllm 20 Ik (t) | e o Tee, Vo> (s 3
where for any (fized) k, ¢, € L=®(R; H' N L>™*2) solves (1)) with initial
datum fo .

As a corollary of this result, in the energy-supercritical case s, > 1, taking
5 = Sgop yields fo r converging to fq in the energy space H IAL2m+2 while 1)y,
is instantaneously unbounded in H for any o > 1, since I(sg,,) = 1. Like in
[28], one may ask how the above phenomenon depends on the approximating
sequence (fo ), and consider a general approximate identity. Our main
result is as follows, and somehow unites the results from [II, 13} [30] on the
one hand, and [12] on the other hand:

Theorem 1.2 (Loss of regularity for regularized data). Let 0 < s < s,
with s < 2. There exists a dense pathological set of initial data fo in H*(R?)
such that the following holds. For h > 0, let 1" be the solution to (L) with
initial data vy, * fo. There exist a sequence of parameters hy — 0 and times
tr — 0 as k — oo, such that

S

— s — 0, i t o — , Vo> —/—————.
lene  fo = follere = 0 0™ @)lle =2 +o0, Vo > ——me—0

Remark 1.3. We shall see in the proof that this result is also valid in T¢.

Remark 1.4. Note that as mentioned in [I2] Theorem 1.4 and Proposition
2.10], as soon as the Cauchy problem is globally well-posed in H*(R?) for
some k > g, then the set of initial data fy satisfying Theorem contains
a dense Gy set.

The pathological set of initial data, on which norm inflation or loss of
regularity happens, is the counterpart of the set of initial data such that
probabilistic well-posedness holds, initiated by Bourgain [6, [7] for the cubic
Schrédinger equation on T2, then developed by Burq and Tzvetkov [10 [11]
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for the cubic wave equation on manifolds, and by Burq, Thomann and
Tzvetkov [9] for the nonlinear Schrodinger equation on R. Indeed, as men-
tioned in [I2], Theorem 1.3], the generic well-posedness result from Bényi, Oh
and Pocovnicu [3] on the cubic Schrédinger equation on R? implies that for
% < 5 < 8¢, there exists a probability measure p supported on H*(R?) and a
dense set ¥ C H*(R3) with full u-measure such that the following holds. For
every fo € ¥, the solution 1" to (ILT)) with initial data ¢, * fy is well-defined
up to some time 7'(fp) and converge to some limiting distributional solution
¢ to (L)) with initial data fy on [0, T(fo)]:

i S h_ oo S .
len * fo — follr 0, 19" — ]| Loo (f0,1), 1 (®)) ;=20

This result was improved in [4], with the lower bound s > 1, and in [27]
with the lower bound s > % Consequently, the full-measure set ¥ must
be disjoint from the pathological set. In particular, if the pathological set
contains a dense Gy set, this cannot be the case for ¥. This conflict between
full measure (probability one for initial data) and density (of the pathological
set) is also striking in view of the results of [22] (see also [16] 27] where
the initial Sobolev regularity is lowered), since for the cubic Schrodinger
equation on R* (which is an energy-critical equation), it is proved that for
all initial data in H*(R?) with 2 < s < 1, the nonlinear evolution of the
randomization of f is almost surely global in time and stable in the sense
that it is asymptotically linear (scattering).

Remark 1.5. For d > 5, it was proven in [26] that for certain values of m at
least, concerning energy-supercritical cases (s. > 1), there exists a finite co-
dimensional manifold of smooth initial data with spherical symmetry such
that the solution blows up in finite time T, > 0, with

)| oo (maty oo T

A common feature of our analysis with the approach in [26] is the use of
hydrodynamical formulations, measuring a strong interaction between the
phase and the amplitude for the solution of (I.IJ), an aspect already at the
origin of the results in [I3]. In particular, it is proven in [26] that there
exists 1 < o < s, such that

)| o (e oo Too

Our main result concerns the whole range o > m, which, for s, > 1

and s = sgo, corresponds exactly to o > 1.

1.3. Scheme of the proof. The general strategy mixes ideas from [I] and
[12]. In [I], and like in [8] 15], the general data are of the form

fi@) = b2 (T).
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Introducing & = A™5<=%) and the change of unknown function
u®(t,x) = R/ 2= sk (h2€t, h:z:) )

the family of function (u®)p<c<1 solves the semiclassical version of (LII),

2

, €

it + —Auf = [uf|P"uf
2 )

with initial data uf,_, = a independent of €. The solution u® becomes in-

t=0
stantaneously 6—osclillatory, in the sense that there exists 7 > 0 (independent
of €) such that
1
€ ~
= (M)l ~ <

In principle, this property can be shown thanks to WKB analysis, as in [13]
for the cubic case m = 1, and in [30] for analytic data. However the proof in
[1] is cheaper in the sense that it merely requires the use of modulated energy
functionals, without justifying WKB analysis. Using various interpolation
estimates and the property ||u®(7)||;2 = ||a||z2 (independent of ¢), one infers

1
1w (Dl jge = = VYo = 0.

The result follows when using the scaling to go back to ¥", with t" = h2er.

The proof of Theorem [[LT] can be viewed as a consequence of the proof of
Theorem [.2, as we explain in Appendix[Bl, so we now focus on the proof of
the latter. Instead of starting from one concentrating data, we start from a
superposition of such bubbles, like in [23] initially, along a sequence hy, — 0
as k — 400 (see Section [2). As pointed out above, we also regularize this
sum of bubbles, like in [12]. We then adapt the modulated energy analysis
along the bubble corresponding to the scale hi. The more direct approach
is interesting under the constraint s < sg, (Section H). It is improved
in Section [ by considering a renormalized modulated energy. However,
unlike in the case of a single bubble recalled above, this is not enough to
conclude directly, as the L2-norm of the rescaled function u¢ is not uniformly
bounded, due to the (initial) bubbles corresponding to ¢ < k. In the spirit
of [23], we pick bubbles with initial pairwise disjoint supports. Using a finite
propagation speed for the approximate bubbles involved in the modulated
energy functionals, due to Makino, Ukai and Kawashima [25] (see Section [3]),
we prove spatially localized estimates in Section [, and then conclude. In
an appendix, we provide an alternative proof of the most delicate result of
Section [6, which does not use Fourier analysis, and is thus more flexible for
different geometries.

2. PATHOLOGICAL SET OF INITIAL DATA

2.1. Definition. Following [28| [12], we consider pathological initial data as
a superposition of bubbles displaying norm inflation at different scales, of
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the form

o
fo=wo+ > ek
k=ko
for some kg > 1. The background ¢g € C°(R?) automatically satisfies that
R4\ supp(pp) is a large set, in particular it contains a ball B(0,7). In order
to extend our result to T?, one should assume that T\ supp(g) contains an
open set B(0,7p). As such, we will choose bubbles ¢} with pairwise disjoint
supports inside of B(0,7g).
We fix some parameter M > 1, and define the scale

_ Ak
hy = e M,

Each bubble ¢, is a rescaling of a profile ag, € C°(R9) at scale hy, > 0:

1 s—g i
(2.1) or(x) = mhk ag <hk> .

We assume for simplicity that

an(z) = a <:L~ - Z-’;)

for some fixed profile a € C2°(R?), where the position x;, € R? will be char-
acterized later on. The radial case can be handled by considering instead,
for instance, ay(z) = a(|z* — ri/h2) with o € C°(R;). The logarithmic
factor aims at guaranteeing the convergence of the above series in H®, but
its presence can be forgotten to grasp the main ideas and details of the com-
putations. Let 1y solve (II]) with regularized initial data defined from fy
as
Yk|t=0 = thy,/100 * Jo-

We note that for any fixed k, we can find such a global in time solution,
Yp € L®(R; H' N L?™2), as a weak solution, from [I8]. If s. < 1, 1y, is
actually the unique, global, mild solution, and it is smooth for all time by
propagation of regularity. If s. > 1, as there exists a unique local solution
to (LI) in HY(RY) for N > d/2 by standard arguments, at least locally
in time, the weak solution is the unique, smooth, solution. Note that this
means that for any k, 1, remains smooth locally in time, on a time interval
which may shrink to {0} as k goes to infinity, in agreement with the result
from [26]. We expect that this regularized solution will display a norm
inflation in H? around the k-th bubble at some time ¢; to be defined in the
next paragraph.

2.2. Semiclassical form. In order to show a loss of regularity result in
the spirit of Lebeau [23], we rather consider the rescaled equation from [1]
following [13]: consider

(2.2) ex = B log ()™ — 0,
k—o0
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where this limit stems from the assumption s < s.. Rescale the function

as
d
S—s

ug(t,z) = [log(hi) |k Ur (hiext, hyx) .
The equation satisfied by uy is the semiclassical Schrodinger equation
. E% 2m
(2.3) iekOpuy, + ?Auk = up|"" up 5 k=0 = Uo,k-

According to the definition, the initial data wgy is given by the following
formula.

Lemma 2.1 (Rescaled initial data). One can write

oo
uok(z) = g% | wor+ D eon | |
(=ko

where ) = 11100,

oor(x) = |log(h) B> 0o (hy),

(@) — Loshw) (@)d/“a <h_>
PERE = Tlog (he)| \ he ')

and for £ > ky,

Proof. We have
o (%) = R (thy /100 * f0) 5

where Ry, is the scaling transformation

Ricf () = [log(hi) B2 7% f (hya).

We first write this initial data in a more convenient way. When k > 1,
> ky and h > 0 we have

o d/2-s
Ry (en * ¢r) () = _" lloi((f;ll;))’\ (%) 2 /%L (%) oy <Z—'zx - h%) dy

_ |log(hi)| (i \* (B ‘”2‘3/ hi M)
~ Tog(he)l \ 7 ) \ g A\RY) M\
When h = hy /100, then hy/h is independent of &, so that

(2.4) Ric (thy /100 * 92) = 7% Pr k-

The same argument works in the case £ = 0. O
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2.3. Norms of the bubbles. We now estimate the Sobolev norms of the
initial data.

Lemma 2.2 (Sobolev norms of the initial bubbles). Let s' > 0. When

< k, we have
[log (i)l ("™
o cerlie = Tog@ml \Be)
whereas when ¢ > k, there holds

M AN

As a consequence, when ¢ < k, then || * ‘Pf,kHHs’ is large when s’ < s but
small when s’ > s, and when £ > k, then ||7% g || ;7o is small for every s'.

Proof. When k > ¢, we have hy/hy — 0, so the initial data 7 * ¢, spread
as k — oo. When k < /, the initial data j * ¢, rather concentrate, but the
convolution prevents the growth of Sobolev norms.

More precisely, let s’ > 0, then

sl  2EGHL (1)
7 S Tlog(he)l \ e
Note that in L*°, we get a small norm when ¢ < k and s < s, < d/2:
\bgmw<@>w*s
| log (he)]

hy
We now remark that the L'-norms of j and its derivatives are bounded
independently of k. Using Young inequality, we deduce that if 0 < 3 < &/,
then

loerllre S

< Hog(h)| ( hi S
hy ’

(25) HJ*SDZ,R”HS’ < HJHWI,BHQDZJCHHS -8 N m

As a consequence, when £ < k, choosing 8 = 0 we get the first inequality of
the statement, and when ¢ > k, we choose 8 = s’ so that we get the second
inequality of the statement. O

From these estimates, one can deduce upper bounds on the Sobolev norms
of ug

[log(hi)| ((he\* ™ |log ()| ( he)®
wosll e S + —
H = ]10g hg zzzk |log(he)| \ Pk

In the case s’ = s, the sum over bubbles ¢ < k is convergent, but a logarith-

mic factor remains, > ,_, % < |log(hk)|- Therefore, we get the upper
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bounds
(hk )S/_S+1 it 8> s
< hi—1 ’
luokll s S | log(hg)| if ¢ =s,

hZ,_S +1 if & <s.
The logarithmic unboundedness in the case s’ = s is essentially irrelevant
for the rest of this paper, as in case it appears, it is always multiplied by a

positive power of hy. For s’ = 0, using the conservation of mass, we deduce
the estimate

(2.6) Jur(®)llL2 < hy®

As pointed out in the introduction, this estimate is in sharp contrast with the
case of a single bubble considered in [I]: this above bound, which is sharp,
shows that the L?-norm of the initial data is not uniformly bounded in k.
This forces us to adapt the arguments from [I] at several stages: modulated
energy estimates, and interpolation steps to estimate u; in homogeneous
Sobolev spaces.

One can also estimate the semiclassical energy of wuy, which is (formally)
conserved by the flow of (23)):

2
9
Be(®) = L IVurt)]2 + — @352

Strictly speaking, for weak solutions (a case we may have to consider, if
s > 1, as explained in Section 2.1]), the energy is not necessarily conserved,
but it is a nonincreasing function of time; see [I8]. Let 0 < s < s.. From
the Sobolev embedding H5sb < L2M+2 we get

b, 2(1—s) Iy 2(mA41)(s50b—5)
Ep(t) < By(0) < | €2 <h > + <h > | log(hx)| + 1.
k—1 k—1

In view of (22)) and the algebraic relation

ms.+ 1= (m+ 1)sgp,

the first term on the right hand side is controlled by the second one, and

_ g 2(m+1)(ssob—5)
(2.7) Ei(t) < e [log(hg)| + 1.

Note that Fj stays bounded when s < s, but tends to infinity otherwise.

Remark 2.3 (WKB analysis). We emphasize that due to the unboundedness,
in L2(R%), of ug,k, and possibly also e, Vug (if s > ssop), WKB analysis
for ([2.3) is not obvious at all. Typically in the cubic case m = 1, where
the beautiful idea of Grenier [19] makes it possible to justify WKB analysis
in Sobolev spaces, the limit & — oo in (Z3]) is unclear. This is so even
in Zhidkov spaces X5(R%) (f € X°, s > 1, if f € L™ and Vf € H*™1),
where WKB is justified in [2]. We have seen above that e, Vugj need not
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be bounded uniformly in k. We will bypass this difficulty by considering
suitable modulated energy functionals, in Sections @] and [Bl

3. ANALYSIS OF SEMICLASSICAL BUBBLES

In view of Lemma[ZT] and of the semiclassical analysis from [1], introduce
the hydrodynamical system associated to the initial mode ¢, at scale k:

1
ek + =|Vourl® + lack”™ =0,  dprpu—o =0,
(3.1) 2

1
Oragr +Vour - Vagy + §az,kA<Z5e,k =0, Q=0 = J* P k-

We use the convention to denote (¢, i, ar k) = (¢k, k).

3.1. Cauchy problem and zero speed of propagation. Discarding the
dependence upon the parameters ¢ and k, the set of equations (BI]) can be
written in a universal way,

1
o + §’V¢‘2 +la*™ =0, ¢y =0,
(3.2) )
oa+Ve-Va+ §CLA¢ =0, ay=o = nit,

with the common feature that aiy € CSO(Rd). The following result will be
of constant use in the rest of this paper:

Lemma 3.1. Let ajnit € CSO(Rd). There exists T > 0 and a unique solution
(¢,a) € C([0,T); H*(RY)) to B2). Moreover, (¢,a) remains compactly
supported fort € [0,T], and

supp ¢(t,-), suppa(t,-) C Supp Ginit-
Proof. This result is a consequence of the analysis from [25], whose main
ideas we recall. Change of unknown function (¢, a) to

(V,A) = (Vg,a™).
It solves

OV +V -VV+V(JAP?) =0, V_g=0,

(3.3) m . m
OA+V-VA+ ZAdvYV =0, Apo = (@),

which turns out to be a symmetric hyperbolic system, with a constant sym-
metrizer. Indeed, denote U = (Re(A),Im(A),V)?: the system (3.3) be-

comes

d
(3.4) aU + Y M;(U)9;U =0,
j=1
where
d V¢ 0 2 Re(A)¢T
Y MU = 0 V.¢  2Im(A)”

j=1 2Re(A)¢ 2Im(A)¢ V€1,



PATHOLOGICAL SET WITH LOSS FOR NLS 11

Hence the matrices M; € Mgy2(R) are such that SM; € Sg42(R), with

([ mlg O
5= ( 0 4T ) '
Local existence in H? (R?) with ¢ > d/2+ 1 is then standard for (3.4]) hence

for (B3)); see e.g. [24]. We emphasize tame estimates, which show that the
lifespan T is independent of o > d/2 + 1. Let A =1 — A: by symmetry,

(;it (SA°U,A°U) = 2(SA?0,U, A°U).
In view of (34,
d
(SA"OU,AU) = = > " (SA” (M;(U)0;U) , A°U).
7j=1
Write

(SA (M;(U)0;U) ,A°U) = (SM;(U)0;A°U,A°U)
—(S[M;(U),A]0;U,AU).
Since SM; is symmetric,
1
(SM;(U)0;A°U,A°U) = —§<AUU, 0; (SM;(U))A°U),
As SM; is linear in its argument, we readily infer
|(SM;(U)0;A7U, A7U)| S 180;M;(U) ||z U370 S VU2 U |-
By commutator estimate (see [20]), we have
(S [M;(U), A% 9;U, A°U)| S VU= U 3o
We infer:
d
FTa
To return to the initial unknown (¢, a), we integrate the first equation from
(B2)) with respect to time

ol1) = — /0 V(r)dr — /0 A(r)Pdr.

We check that V = V¢, as
(Vo —V)=Vop— 0,V =

We go back to a by now viewing the second equation in (3.2]) as a transport
equation with smooth coefficients. This leads to the local existence result of
the lemma.

We now move to the zero propagation speed property, established initially
in [25] Theorem 2]. We see that there exists C' > 0 such that for every j,

|M;(U)| < CUJ.

(3.5) SAU,A°U) < |[VU || (SA°U, A°U).
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Fix (t,2) in [0,T] x R Since the solution is well-defined on [0,#], we can
define

C'(t,z) == sup  |0;Ux(t',z)| < +o0.
t€[0,t],1<5<d

Using the equation, for ¢’ € [0,¢] there holds
|0 U (', )| < dCC'(t, z)|Ug(t', z)|.

Using Gronwall lemma, we deduce that Ug(t,z) = 0 if and only if Ug(0,z) =
0, hence

supp(A(t), V(t)) = supp(A, V) |;—o = SUpp Ginit-
We go back to the unknown (¢, a) like described above. O

Remark 3.2 (Lifespan of the bubbles without convolution). Introduce bub-
bles without the initial convolution,

y 1. 5 y
Os ok + §\V¢z,k\2 + Jadek*™ =0,  Gpp—o =0,
(3.6) ) L
Orag ) +Vour - Vagy + §5Lz,kA<Z5e,k =0, Ggrt=0 = Pek-

Using the convention ((EM, apy) = ((Eg, ay), we check the algebraic relations

v Ek v Ekh% hk
t = = — R )¢ =
¢Z,k( 733) €Z¢Z <<€gh?> ) hgx 5

§ llog hye| (R \Y*7 ., [ (erh2\ | hx
t.x) = " Lk )y
Gek(t) = 0T \ e “\\enz )" n")

where we recall notation

(3.7)

£ = h;n(sc_s)| log hy|™.
Using a virial computation, showing that if a global smooth solution exists
for (3.0, then it is dispersive, the authors in [25] show that 7', in Lemma[3.T],

is necessarily finite. In view of (3.7), this implies that for ¢ < k, (QUSM, ag k)
remains smooth on [0, 7 ], with

2
€gh
Top = —=T — +o0,
Ekhk k—oo

while for £ > k, (quﬁg,k, ay 1) remains smooth on [0, 7y ;] for the same expression
of Ty, which now goes to zero as k goes to infinity.

Remark 3.3 (On low modes). The scaling ([3.7)) also shows that for ¢ < k
and t &~ 1, nonlinear effects are negligible in (3.0), a remark reminiscent
of the strategy adopted in the proof of [12, Proposition 2.6], where the
linear evolution of “low modes” is considered. Actually, in this régime,
even the linear evolution of the initial data is negligible: the low modes are
essentially constant in time, a remark which is exploited in the introduction
of a renormalized modulated energy functional in Section [Bl
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3.2. Superposition principle. Let us assume that the points zy are chosen
so that the profiles j * ¢, have disjoint supports. We recall that ay(x) =
alr — z—’;) Assuming that a and 7 = ¢(-/100) are supported in B(0,71) for
some small constant r; > 0, we have

— (@ hy

supp(y * pek) C B 7=, 2r1— |
hi " hy

Choosing the points x; sufficiently far away from each other so that

|Tg — xp41| > 4r1hy,

the bubbles are therefore disjoint.

In this case, we may use a nonlinear superposition principle. Introduce
the following intermediate approximate solution with initial data including
all the scales ¢ < k:

- 1 - o -

i + §|V¢k|2 +|ak*™ =0,  Pyemo =0,
(3.8) 3 _ 1 - R
Ok + Vor - Vag + 5akldp =0, age=o = > 1.

1<k
Lemma [B.1] implies that
(brsin) = Y (b an),
<k
where each bubble is given by BI). In view of the above analysis, we also
introduce (Vj, Ai) = (Voy,ap'), which solves
OV + Vi VVe+V <|Ak|2> =0, Vipzo =0,

(3.9) e i
0: AL + Vi, - VAL + EAk divVy =0, Ak\t:o = Z] * Qo k
1<k

Since the functions 7x* g 1, have pairwise disjoint supports, we may also write
Aemo =D (9 00)™.
1<k

Like above, the zero speed of propagation from Lemma B.1] then implies the
relation

(Vi, Ag) = Z(Ve,k,Az,k),
<k

where each (Vp 1, Ag 1) solves the same system as (f/k, flk), with initial datum

(Ves Ao i) i=o0 = (0, (% 0o )™) -
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3.3. Refined estimates for the bubbles. Like Lemma B.1] the following
lemma will be crucial for the rest of this paper:

Lemma 3.4 (Uniform estimates for the bubbles). There exist C > 0 and
T > 0 such that the smooth solutions (Vk,fik) have a lifespan Ty which is
uniformly bounded from below: Ty, > T > 0. Moreover, for every t € [0,T],
for every k > 1 and for every integer o, there holds

IV 1I7Va®ll 2 + V17 Ak 2 < CIVITARO)] 2

d

Ry, o+1+m(sc—s)—5

e () |
hi—1

Note that in particular, the Sobolev norms are bounded as soon as o +1 >
%l. Considering the equation satisfied by (Vj, A), this implies that

) i B hk O'+1+m(sc_s)
VI Tl o+ 1V17 Ak (@ S NVI7Ap(0) = < ”(hk_‘l) '

Proof. The proof relies on the symmetry of the hyperbolic system (3.9]). Let
N > 1+4d/2 and 0 < N be integers, and D? denote the family of differential
operators in space, of order o. In particular, the notation || D?U]||2 stands
for
DUz = > 105U 2
|Bl=c
Like in the framework recalled in the proof of Lemma [3.1] denote

Uy = (Re(A), Im(Ay), Vi))"

It solves (B.4). First, we examine its initial data. In view of Section [2.3]
since ¢ is an integer, and the initial bubbles have pairwise disjoint supports,
Leibniz rule and Hélder inequality yield

d
2

hy, > o—ms+(m—1)

1DVl = X107 )z S 1+ (7

<k

We rewrite the last power as

d d
0—m8+(m—1)§ :0+1—§—|—m(sc—8).
In particular, for d < 2, Uy (0) is uniformly bounded in H (R%) (we choose
o = 0), and for d < 4, VU(0) is uniformly bounded in HY~'(R?) (we
choose 0 = 1). We start by proving Lemma [3.4] in the case d < 4. For
1< n<d, 0,U solves

d d
00 Ui + Y M; (Uy) 0;00U = — > M; (0,Uy) O;Up.

j=1 7j=1
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We proceed classically, like in the proof of Lemma [B.1], by viewing the term
on the right hand side as a perturbative (semilinear) term, and compute

d
d _ _ _ _
E<5AN L0, U, ANT10,Uk) = =Y (SANTH (M;(UR)0;00Uk) , AN 0,U5)

Il
—

J

(SAN=Y(M; (0,Uy) 9;U) , ANT10,U3,).

M=

1

Using the fact that HV~(R9) is a Banach algebra, and since M; is linear in
its argument, the last term is controlled by ”VUk”?fmﬂ' For the first term
on the right hand side, we proceed exactly like in the proof of Lemma [B.1],

and write

<.
Il

(SANTY (M;(UL)0;0,Uy) , AN 10, Uy,
= (S (M;(Ux)0;AN~10,Uy) , AN ~10,Uy)
+ (S ([AN=1, M;(Uy)]0;0,Uy) , ANT10,Uy).
By symmetry, the first term on the right hand side is controlled by
IV Ukl £ IV Ukl 75—
and by Kato-Ponce commutator estimate, the last term is estimated simi-
larly:
CSAN 10,05, AN 10,04 < VUL VUl + [V s

dt
S AIVUIGx-1,

where we have used the Sobolev embedding. Summing over n € {1,...,d},
and recalling the equivalence of norms

(SANTIVU, ANTIVUL) ~ | VU3 n-1 s

we infer that there exists 7' > 0 independent of k such that (VUy)y is
uniformly bounded in L*([0,7]; H¥~!), and Lemma [3.4] follows in the case
d<A4.

When d > 5, we replace the above quantity ||VUg|| gv-1 by || D7 Ug|| gv—o
for og > 1:

N
1Usklloo.n o= D7 Ul gv-eo = Y DUyl 2.

o=00
Three conditions are required:

e The initial norm ||U(0)||s,,~ is bounded uniformly in k.
e The norm || - |5, ~ controls the L>-norm of VUj,

VU Lo S Ukl oo,

e This norm controls each term in the analogue of the above energy
estimates.
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As we have seen above, the first condition is fulfilled for oy > %l —1, and we
choose

d e 1
(3.10) o = {5 —1 if dis even,

(4] ifdis odd.

The second condition is satisfied, in view of the following elementary result,
valid in any space dimension:

Lemma 3.5. Let d > 1, o9 given by BI0), and K > %l. There exists
C = O(d,K) such that for every f € H(R?),

[fllzee < CID? fll o -
Proof of Lemma[3.3. We use the inverse Fourier transform to infer

Il 5 [ 1€l

Cauchy-Schwarz inequality yields

( /. \f(s)\ds)2 < ( | e <§>2<K“’°>rf<s>\2d§> ( /. AET <§;(K_(,O)ds) .

Since 2K > d, the last integral is convergent at infinity, and our definition
of o0y makes it convergent near zero, as we always have d—1—20¢ > —1. [

Resume the strategy presented for d < 4: the equation satisfied by D7°Uy,
is of the form
d d
0:D7Ui + Y M;(Uy)9; DUy, = — > [D°, M;(Uy)10; Uk
J=1 J=1
When considering

d
3 (SANTT DU, AN D),

the terms coming from M;(Uy)0; DUy, (left hand side above) are treated
like before, by using symmetry and Kato-Ponce commutator estimate, as
DU}, is estimated in the inhomogeneous Sobolev space HN =7, To control
the terms coming from the right hand side, by Leibniz rule and Cauchy-
Schwarz inequality, we have to estimate a combination of terms of the form

HDJlUkDJZUkHLQ, 01,0021, op+1<01+09 <N+ 1.

Let us fix such exponents o1, o9. We have that

1 1 1
|D 0D Uiz < D7 Ulles [D* Uil 4+ =5,

In view the Sobolev embedding H41/2-1/P)(R%) — LP(RY), we infer
D7 Uk D7 Ukl L2 < [|D7 Ukl grasa D7 Ukl gras-
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By symmetry of the roles, we assume that o1 > o02. In everything that
follows we assume that g is an integer. We get
ID URD*2 Uy 2 < |D7 49U || 12| D> PIU raso-1asm
< | DHY Y| 2 | D7 | g
From a bootstrap argument based on the control of ||VUy(t)| e uniformly

in k and t € [0,7], it suffices to check that we may find such p and ¢,
satisfying in addition

oo <o1+[d/g) <N, o9g<oz+[d/p] <N -1

We proceed as follows.

e If 01 > 09, we choose ¢ = oo and p = 2. We get that
01 + [d/q] =01 € [007N]7

oy + [d/p] > [d/2] > oy.
Moreover, since 209 < 01 + 09 < N + 1, we have

N +1 i d
2 2’
which is bounded above by N — 1 when N is chosen large enough.
e Otherwise, we have 09 < 01 < 09— 1. If d = 1 we have gy = 0 hence
this case does not occur. Let ¢ € [2,00) such that g is an integer
and

o9+ [d/p] <

d
Ul—i-a 201+[d/q] = 0g.

In particular we check that o1+[d/q] € [o0, N]. Then o1+02 > 0p+1

hence
d d d d tor > d 1
=572 o0+ 0125 o9.
Therefore, we have
d_d
oo+-2>-+1
p - 2

In particular,
d
o2+ [d/p] > 5 = 00
Finally,

d d
02+[d/p]§0’1+§§00—1+§,

which is bounded above by N — 1 when N is chosen large enough.
O
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4. MODULATED ENERGY ESTIMATE

We now use the approximate bubbles analyzed in the previous section in
order to establish some information regarding the actual solution uy to (2.3]).

We emphasize that even in the case of a single bubble, axe’®#/¢ must not be
expected to approximate uy, in L2, due to phase modulations; see [I3]. But
even if phase modulations are taken into account, the unboundedness of ug ;.
in L? is an issue to justify WKB analysis, see Remark 23l We follow the
strategy of [Il, Theorem 4.1], and introduce a modulated energy functional

H(t) = 3T =Tulat [ | (Pwl) = F) = (fal? = 50 (3) do

moa

where pi = |dk|2, fly)=y",
Fy) =

Denote the kinetic part by

1

nd
Y B ym—l—
/0 f(z)dz = n

m+1

1 o~
Ky (t) = §||(€kv — Vi ug |72

and the potential part by
Pt = [ (P(Qu) = Fp0) = (s = ) ()

We know from [I] that the potential part is bounded from below by

P(t) > ¢ /R sl = ] QP+ )™

for some ¢ > 0 depending only on m. In particular, Hj is the sum of two
nonnegative terms.

We first detail the case s < sgp (With s < 2), for the sake of clarity.
When ¢ = 0, we get, in view of Section 23]

1 —s
Ki(0) = 5llecVuoullzs < ckh = log ()]

Under the assumption s < sgob, Ki(0) = O(c3) as k — oco. Indeed, we note
the algebraic relation

Eihi(l_s)‘ log(hk)] — ‘ log hk‘2m+1hzm(sc_8)+2(l_8) — ‘ lOg hk‘2m+1h§€2m+2)(880b_8).
As for the initial potential part, we first use the fact that P, corresponds to
the beginning of a Taylor expansion,
1 2 ! - -
Py = 5/ (lurl® = pr) / F' (Pr + 0(lur* = pr)) doda.

R 0
Considering this quantity at time ¢t = 0, and using the fact that the supports
of the initial bubbles j * ¢y} are pairwise disjoint,

Supp J * @gk Nsuppy* pp =0, VO#L,
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we obtain the rough bound

0 < P(0 <Z/ |]*90ék|4><2|]*90£’ P2 g x ekl

>k >k

In view of the embedding Hssob <y L2m+2, we infer, thanks to Lemma 2.2],
and since the map z — M* e¢~M" is integrable on [1,00) and decreasing for
z>z9 > 1,

| lOg(hk)| > 2m+-2 <hk+1 > (2m+2)s
P.(0) < | —2 —_— log(hyg)|.
0% (o hk os(h)

Choosing M > 1 sufficiently large, we have in particular P (0) = O(2).

Proposition 4.1 (Modulated energy estimate). Let s < Sgop with s < 2.
Then for every t € [0,T],where T is given by Lemma[3-], there holds

Hi(t) < Ek + h2(m+l)(ssob s)

Proof. We estimate the time derivative of Hy.
We follow line by line the proof of [I, Theorem 4.1], taking into account
the fact that the L?-norm of u; has the upper bound

ukllpz = lluokllze < hy*s
hence it is not necessarily bounded as k — oo. Similarly, low order Sobolev
norms of Vj, may grow to infinity as k — co.

Since we only consider weak solutions uy, some integrations by part may
not make sense. For simplicity, the following proof will hence be formal only,
but can be fully justified by working on a sequence u,(:) € C(R, H?) of global
strong solutions to the equation

. n 82 n n 2 n
zakatu,(f )+ ?’“Aul,(C ) = fn <‘u/§C ) > ; U,(f‘t)zo = Uo,k;
Faly) = —L— 6, 0%,
L+ (3py)™

Indeed, as n — oo, the sequence (u,in))n will converge to a weak solu-
tion to (Z3]) with initial data wgy. In this case, one should replace F' by
= fo fn(2)dz in the formula for the modulated energy H, (n ) and
fo 2f'(z dzbyG fo 2f(z
In order to estimate Hy(t ), we use Madelung transform and switch to the
hydrodynamic variables
p=|url?, J=Im(epuxVuy),

satisfying the equation

Op +div(J) =
9 d
£
i+ > 0i (ARe(0;m0pur) — Opsp) + 0;G(p) =0

p=1
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As in [I], we write the time derivative of the kinetic energy using the hy-
drodynamic variables, then proceed by integration by parts. We get the
formula

d

CHe= 311~ / (G(p) — G() — (0 — )G () div T,

where

fzsz/v (divf/k) - Vugl?,

I'= RGZ/aj(Vk)p(%@jm — (Vi) jun) (exOptin — i(Vi)pug)-

p,J

We note that || V'V is uniformly bounded, hence I’ = O(K}).
The only new difficulty, compared to [1], is to show that I = O(K}, +£32).
We have

[=e /v (div Vk) - (Uk(akv Vi) + (e — z‘f/k)uk> .

We note that if we proceed like in [I], we invoke Cauchy-Schwarz then Young
inequalities to get the upper bound

11 < (erV = iVi)url|Z2 + et uel 22,

which may go to infinity as k — oo since we only know that |juy|2 < h, .
Instead, we decompose

’I’ < Ek/‘v <le‘7k>‘ X \uk] X ‘(akV—sz)uk‘ =II+1II
where

9

I =& / (v <div Vk>( X <|uk| - \/,5_k) X ((skv — iV

11T = €k/‘v <div‘~/k>‘ X A/ P X ‘(ekv — ka)uk‘ .
Then using Hoélder inequality,

11 < e HVdivffk( (1Y — iVi)ug]| 2.

el = /7

We know thanks to Lemma [3.4] and Sobolev embedding, that for N suffi-
ciently large,

L2+% [2m+2 ”

3+m(sc—s)— %

HVdika( 2 S HVdivf/kHHN <1+h

L2

Rewriting

3+m(sc—s)—g:(m—1) (g—s>—|—2—s,
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we see that this power is nonnegative as soon as s < 2. Moreover, the last
two factors are estimated respectively by

[fesl = V7o = [ el = V]

2
S [ flanl = 7 QueP™ + ™) <

2m—+2 2m—+2

L2m+2

and )
1(eeV — iVi)ug|72 = 2K
Therefore,

1 m-+1

1
1 om+1
11| SepPl" Ky S K+ eiPr S K+ Pete, ™,

where we have used Young inequality twice. Finally, using a similar strategy,
we obtain the estimate

[[11] < ey HVdiV Vka H\/ ﬁkHLm 1(exV = iVie)u| 2-
In view of Lemma Bl (37)), Lemma B.4] and Sobolev embedding, we have

19|l oo (0,77 100y S 1-

To estimate V div Vj, that is V3¢, in L2, we invoke Lemma [3.4 like above,
to have, since s < 2,

| v v 7% <1
Le=([0,T};L2)

Therefore,

\I1T] < ep/Ki < €2 + K.

We then conclude as in the proof of [I, Theorem 4.1] that
dHy,
dt

and the proposition follows from a Gronwall argument. 0

ng —I-Ei,

5. RENORMALIZED MODULATED ENERGY ESTIMATE

When s > sgp, the approach from Proposition 1] is not satisfying since
the modulated energy functional is large even at time ¢ = 0, due to the
kinetic part. It turns out that this initial value is the main responsible for
the failure of the approach: we renormalize the modulated energy functional
by removing the initial bubbles ¢ < k (those which have large lower-order
Sobolev norms). More precisely, we introduce

Hy(t) = Ky(t) + P(t),

where we denote the renormalized kinetic part by

~ 1 .
Ky (t) = SV = iViJuy, — exVolliz, © = 1% wuk,
i<k
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and we leave the potential part unchanged. With this choice, at ¢ = 0,
H,(0) S -

Note that this strategy somehow meets the approach followed in the proof
of [12] Proposition 2.6], as noted in Remark [3.3]

Proposition 5.1 (Renormalized modulated energy). Let 0 < s < s., with
s < 2. For every t € [0,T], there holds

Hi(t) S et

The rest of this section if devoted to the proof of Proposition B.Il To
emphasize the new terms compared to Section [ we develop

Ki(t) = Ki(t) — L(t) + lex V|32,

Li(t) = 2Re((exV — iVi)ug, ex V),

then we evaluate the time derivative of the two components Ky (t) and Ly(t)
separately (Vi is obviously time-independent).

5.1. Localized Sobolev norms of the WKB ansatz. Let x; € C°(R?)
such that x; localizes in space around the k-th bubble z ~ ;CL_Z

Xe =1 on  supp()* @px) = supp() * ay),
Xt =0 on supp(y*er) for £#E.
~On~ the support of (1— xy), we will use the fact that the Sobolev norms of
(Vi, Ag) are proportional to the restriction of the Sobolev norms of its initial

data (0, (pr)™) to the support of (1 — xx), hence the higher order Sobolev
norms are decaying in k. More precisely we establish the following lemma.

Lemma 5.2 (Localized Sobolev norms of the approximate phase). For every
n > 0, there holds

1L = x)IVI" Vil S ekhi ™.

Proof. We note that at time ¢ = 0, we have \V!"VW:O = 0. Hence we use
the equation (B3) satisfied by Vj:

d ny; __ n (Y, 7 112
SV = =V (Ve - VT = V(A)) -

Then we note that on the support of (1—xy), the Sobolev norms of |Ay|? are
proportional to the Sobolev norms of the restriction of its initial data (pg)™
according to Lemma [34l Therefore the equality right below Lemma [3.4]
taking into account the localization implies the estimate

n bt 1+n+2m(2—s) n
1L = x) V"V (| Ak S by, 2V = e
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Let us now treat the convective part. Similarly, this term vanishes at time
t = 0 hence we compute one more time derivative:

d n (Y 7 _ n 7 7 A 12 7
SV (Vi 9T) = =91 (V- VW = V(AR ) - V1)
191 (V- ¥ (Vi VW = V(A2) )
The terms involving Ay are small thanks to the same argument as before.

Regarding the terms involving only Vi, the terms are of the form

3m(%—s)

V" (Vi - VV&) - VVi) Lo S BT By < hytred,

hence the lemma after integration in time. O

5.2. Linear part. We compute

%Lk(t) =2 Re((&‘kv — ivk)atuk, EkV(p> + 2 Re(—i@thuk, EkV<p>

= — Re(iep Auy, (e, V — ivk)Eng0> +2 Re(z‘\uk]2muk, (exV — z’Vk) V)
-2 Re(z’@tf/kuk, Ekv<p>.
In the subsequent estimates, we leave out the dependence of £, upon
log(hy) (see (22])) to lighten the notations, since, as pointed out before,

the logarithmic correction is irrelevant when we deal with open algebraic
conditions.

e First, we note that
|iex Aug, e @) | < llex Vgl 2 |ERVAQl L2 S efhy 2,

where we have used ([27)) to estimate e, Vuy, and the first part of Lemma[2.2]
with s’ = 3 to estimate VAp.
e We now estimate (i|uy,|*™ug, exAg). First, we decompose
(ilur g, e Ap) = (ilug*™ — |ar ™ Yur, ek Ap) + (ilar ™ u, exAg).
The first term on the right hand side has the upper bound
|G *™ = |ar] ™ ur, ex D) | S |||uk|2m—|5k|2m||L%n%2 g || L2m+2 ||ex Ap|| 2m+2.

This implies, in view of (27, the embedding H*eb < L¥"+2 Lemma 22,
and Young inequality,

. 2m |5 |2m A <P272n712h%_5_ﬁ h2+%_s_ﬁ
| (i) |ax "™ Yur, exAp)| S PRy exly,

<P+ 6karlhz(n~b+1)+2(n~b+1)(%—s)—d

2(m+1)4+2m (% —s)—2
§Pk+5?+lhk(m ) m(2 s) s.
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d_gy_
We note that Zm(% —5)—2s =2+ 2m(s. — ), s0 hzm(Q 5)—2s

>y, ex Ap):

= e7h2. Let
us now investigate the second term (i|a

e - 2m(¢—s)4+2-2 _
il s, ex5)| S exllanll 2 unl | A2 < exh2™ (G272 gpa-2s

We conclude that when t < 1,
| Gilun | uk, en Ap)| S Pr + eihy >
e Then we note that
‘(%ch,f/k : €kV90>‘ =< ‘(uk,A(Vk Vo)) .

As a consequence, since Vo = (1 — x;)V, using the conservation of L2
norm and Lemma [5.2],

‘(%ch, Vi, - €kV90>‘ S ephi ¥ erhi.

e Moreover, (27) and Lemma [5.2] yield

Gilur ™, iV - V)| S Tl 25510 = x0) Vil [Vl e
< e2h2B 2R3,

e Finally, we estimate (i, Viuy, e, V) on the support of .
Using the equation (B3] satisfied by Vi and Lemma [5.2] we have the
estimate B
18:Vill e < eibi,
and so
‘(iatvkukagkvcp>‘ < ephy

e In conclusion,

%Lk(t)‘ < Py(t) +ephi .

5.3. Nonlinear part. We now also replace K by K}, in the upper bounds
for estimating dd% that appear in the proof of [I, Theorem 4.1].

e First, we treat the following problematic term evidenced in the proof of
Proposition 4],

I= 6%/V <div\7k) -V (|ug|?).

The same argument as in Section [ would lead to the inequalities

€k / v <div Vk> . <Ek(€kVuk — iVieup — &?kV@)
Ser(1+h%) (Pﬁ“ + 1> \/;

~ _1
€2 / v ((aiv %) -(ukw)‘ < e2pd2 (P;m+2 + 1> .
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However, since we want to tackle exponents s that may be larger than %,
we refine slightly the argument in order to improve the estimate. Indeed, as
we wish s to be arbitrarily close to s., the power of ¢ is essentially useless,
and we need the remaining power of h; to be nonnegative.

Lemma taken with two derivatives leads to

(1 = xx)V div Vi ||z S ephi,
and applying this estimate in the formula for
I=¢ /V (div f/k) . (Uk(skv — z'f/k)uk + ukm> )
we get
1] < Hy+ 2012,

e We also need to estimate the second problematic term from the proof
of Proposition [(.1]

I'=-Re} / 0, (Vi)s(exdsun — i(Te)yun) (exdrun — i(V)eup).

,J
We decompose again (e,V — zf/k)uk = (e, V — zf/k)uk —erVo+epVo to get
115 Rt 2 Y [ 10Tllendieliadin. — iVl
i7j
+3 [1,lladselediel
i7j
The second term on the right hand side can be estimated from the first and
third terms on the right hand side. Finally, Lemma implies
(1 = x#)05Vicll e S khi,

so that ,since (1 — xx) = 1 on the support of ¢,

[ 10,llesdyllendiel < chng ™.
This leads to
1I'| S Ky, + ezhi 2.
e In conclusion, we get
dH;,

Whe < 1, + e2ni=>,

hence Proposition [B.1] by integration.
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6. LOCALIZED ESTIMATES AND CONCLUSION

6.1. Localized mass estimate. Like in Section [, let x; € C°(R?) such

Tk

that y; localizes in space around the k-th bubble = ~ e
Xe =1 on  supp()* @px) = supp() * ay),
Xt =0 on supp(y*er) for £#E.

More precisely, we choose a cutoff function x independent of k, and a scal-
ing parameter Ry = 1 (which will be crucial in the alternative argument
presented in appendix), and set

Xk (@) = X (x ;zkxk> :

We recall that in view of Lemma Bl for £ < k and ¢ € [0, T,

supp Vg i.(t,-) Usupp pei(t,-) C supp g * @o k.

We consider the mass localized near the bubble living at scale k,

My (t) == | xrue(®)]|72,
and show that is bounded.

Lemma 6.1 (Localized mass estimate). There exists C' > 0 such that for
every t € [0,T] and k > 1,
Mi(t) < CMy(0) S 1.

Proof. At t =0, we have

M (0) = llg* arllLz = llg* all 2.
Let us now estimate the time derivative of the localized mass. Using the
equation satisfied by wug, (23], we get
dM;

Tl 2Re/xzuk8tuk =€ Re/xiukiAuk = 2¢y, Im/XkukVXk -Vug.

Given that Vyj; = 0 on the support of ¢, and of , we have

% = 2Im/XkukVXk . ((&?kVuk - quNﬁk) up — EkV<P> .

Cauchy-Schwarz and Young inequalities yield

dMj,
dt

where Hj, is small, from Proposition 5.1l Gronwall lemma implies that for
te[0,T7],

SAIVxkllzee (ﬁk + Mk) :

My (t) S Mg(0) + o (1) < My(0). O
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6.2. Lower and upper bounds on the H' norm.

Lemma 6.2 (Bounds on the local energy). There exist C > 0 and 7 € [0,T]
such that for every k > 1,
1
& = V) Okun) (7)]2 < C.
Proof. We develop

(€6 V) (Xkuk) = exurV Xk + Xker Vg
Let x € C2° such that x > |Vx| on supp(x), and such that

_ Sz
Xe=X{ g

Xk =1 on  supp(y* Yrk),
Xt =0 on  supp(y* k), L£# k.

also satisfies

Then Lemma applied with x} instead of xj yields
IVxkue(@llze < [Xpwn(®)|z2 < 1.
Moreover, since ¢ and x have disjoint supports, we have the inequality
IxkerVurllze 2 I Viurlle — Ixe((ExV — iVi)ur — ex V)| 2

Now we argue like in [I, Lemma 5.3]: in view of the coupling in ([3:2), there
exists 7 € [0,7] such that

la(T)V(T)ll2 2 1,
hence, for every k,
Ik Vi (T)a(7) | 2 = llaw(T)Vér(T)] L2 Z 1.

Using that |ag|? — |ug|? is small in L™*! thanks to the renormalized modu-
lated energy estimate from Proposition 5.1l we deduce that

lIxeVieur || g2 2 1.

Using Proposition .11 to estimate the term ||xx((exV — iVi)us, — ex V)| 12
(which is controlled by the renormalized kinetic term), we deduce that

Ixker Vur(T)llz2 2 1.
Note that there also holds
Ik Vi(Bar(®)l 2 S 1, vt € [0,T],
hence we also know that there is also an upper bound with the same order:
IxeerVur(®)llz S 1, vt €0,T],

hence the lemma. O
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6.3. Higher-order Sobolev norms. In this section, we fix 0 < ¢ < 2, and
prove that the homogeneous Sobolev norm HY of the solution uy at time
7, provided by Lemma 6.2 grows like £,,7 as k — 4o00. First, in view of
Lemmas [6.1] and [6.2, we have, by interpolation, for o > 1,

1-1/0 o 1/0
1S 1eRY) Oarun(™) 2 < Ixwur (D152 NexV17 Gorur (7)1 1
o 1/0
< NewV 17 Oxpun (1)1
For the case 0 < ¢ < 1, we invoke the following result:

Lemma 6.3 (Lemma 5.1 from [I]). There exists a constant K such that, for
all € €]0,1], for all o € [0,1], for all u € H'(R™) and for all v € W1 (R"),

o7 ullz2 < [[leDal"ull 2+ eV —iv)ullFallull 127+ K (1 + |0 ]z ) [|ull 2

Applying this lemma to u = ygur, v = V@i, and noticing that xxVeo =0
so we may invoke Proposition [5.1] we infer, thanks to Lemma

(6.1) ee V17 (xpu (7))l ;2 2 1, Yo >0.

Proposition 6.4 (Norm inflation). Let 0 < o < 2, then, with T € [0,T] as
in Lemma [6.2,

er V| up(T)|[ 12 2 1.

Roughly speaking, the above result consists in getting rid of the cutoff
function in (6.1). In the case o = 2, this is direct from Leibniz formula:

E2A (xpur) = 2xpAug + 262V x5 - Vug, + e2upAxp.

The L2%mnorm of the second term is O(e) from Lemma 6.2, and the last
term is O(e7) from Lemma 6.1} hence, in view of (6.1),

ek Aur ()22 = llefxnAur(r)l| 2 + Oler) 2 1.

To prove Proposition [6.4] in the case 0 < o < 2, we first recall a charac-
terization of the homogeneous Sobolev norms, based on the seminal work
[5], which then makes it possible to easily extend the above Leibniz formula
to the case of fractional derivative.

Lemma 6.5. Let 0 € (0,2), 0 < d/2. The following equivalence holds:

dzdy
lull2,, ~ // e +y) + u(w — ) = 2u(a) S

Proof. From Plancherel equality in z, the quantity on the right hand side is

equal to
dédy
// cos(y - &) = 11 ()
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By an homogeneous change of variable and a rotation, the integral in y is

equal to
dy §
cos(y - €) — 1/ = 2"/ cos(z-—)—l
[ feosty-€) =11 gl < e [ ¢
dz

2
= [¢]* /Rd |cos (21) — 1] [2]#27

This quantity is finite as soon as o € (0,2). O

2 Az
|2|d+20

Note that for § > 0, the integral analyzed in the proof of the lemma, when
restricted to the region {|y| > d}, is controlled by

dy dy -2
rcos<y'§>—1rzr—§4/ S
/y|>5 |ly|d+2o > 1y|4T20

and so

dzdy 9
//| e 1)+ e =) = 2u(o)? T 57l
y|>

We apply these properties to the function ypug: for § > 0 to be fixed later,
we have

ek 20
el S ()7 Ioweuel 32
2 9 dady
+e€j, y 5\(Xkuk)(f€+y)+(Xkuk)(l’—y)—2(Xkuk)(f€)\ e
yl<

We leave out the index k in order to lighten notations. For the last integral,
we use a discrete form of Leibniz formula:

(xu)(z +y) + (xu)(z —y) — 2(xu)(z) =
x(x) (u(z +y) + ulz —y) — 2u(x))

+ (x(z +y) — x(@)) (w(z +y) — u(x))

+ (x(2) = x(z — ) (u(@) —u(z —y))

+ul@) (x(z +y) + x(@ —y) — 2x(x)) -
The integral corresponding to the first term on the right hand side is obvi-
ously estimated by

[

The second and third terms are similar, and the corresponding integrals are

actually equal, through the change of variable y — —y. We choose § > 0
(independent of k) such that

Ve #k, (suppx + B(0,35)) Nsuppag = 0,

and we pick another cut-off function x; € C§°(R%[0,1]) such that x; = 1
on supp x + B(0,6), and

supp x1 C supp x + B(0, 39).



30 R. CARLES AND L. GASSOT
We thus have

(x(z +y) — x()) (u(z +y) —u(x))
= (x(z +y) — x()) ((x1w)(z +y) — (x1u)(z)) .

We infer
/ / (0@ + ) — X(2)) (ule + ) — u(e)) 2 -2
ly|<é ly|
dxd
<Vl / /IM (e +9) = (o)) sy

5 HVXH%OO ”Xluuﬁ'_‘[max(ﬂ,afl) ’

where we have used the more standard characterization of the H°~l-norm
(note that o — 1 < 1) analogous to the one given in Lemma [6.5]
Finally, the last integral is equal to

dzdy

2

/ / 0@ ) 43 =) - 2@ s S Il sl
yl<

1 ,.d-1
/ 3320 5 / 2—20 dr < oo.
yl<s Yl 0o
We conclude:

1S (e S & ulr) % +<2 (xR + 1 uZmor s ),

=0(g29)

since, for § <1,

hence
e¥|ul%, 21, Vo€ (0,2).
6.4. Conclusion. We can now go back to the original function
_d 1 t T
t,x) = h; 2 U ( ,—> .
Vilt ) = hy [log(he)| * \exh2’ hy,

This function satisfies

V17 %k (exhit)l| 2 = hy~ 7 og ()|~ 1V |7k (8)]| 2

Let ¢, = €khz7', where 7 stems from Lemma tr > 0as k — +oo. In
view of Proposition [6.4] we know that when 0 < o < 2,

IIVI7¢r(t)llz2 2 by~ e 7| log(hu) [~

m(sc—s

Given the choice g}, = hy, )| log(hk)|™, the lower bound goes to infinity
as k goes to infinity as soon as

s <o(l+m(s.—s)).

Finally, the density of initial data fp in the pathological set is a direct
consequence of [I12] Proposition 2.10].
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APPENDIX A. ALTERNATIVE PROOF OF LOCALIZED ESTIMATES

In this appendix, we provide an alternative proof of Proposition It
has the drawback of being longer than in Section [6.3] but the advantage of
being more flexible, and easily adapted to the case of geometries different
from R?, typically T¢.

A.1. Tuning the size of cutoff functions. We provide a proof that relies
on the sizes of the cutoff Ry, around the bubble &, as introduced in Section [6l
We first show that up to some conditions on Ry, norm inflation occurs. In
a second step, we prove that such conditions on R}, can be met even on T¢.

Lemma A.1 (Size of the cutoff functions). Let 0 < o < 2. There exists
C,C" > 0 such that for every t <1 and k > 1, assuming that

Rgzclhlzsgﬁ Zf 0<0<17
Ry > Oy tegnm ™ i 1<o <,

then there holds
exV|7url| 2 2 1.

The conclusion of the above lemma. corresponds to that of Proposition[6.4]
and from that the proof of norm inflation is inferred like in Section

Proof. Recall that in view of (6.1]),
1ex V|7 (xpur(T)l 72 21, Vo > 0.
We first treat the case 0 < o < 1, and write
IVI7(xkue) = [IVI7, XaJuk + Xkl V|7 ug.

Using the commutator estimate recalled in Lemma [A.3] below,

Jur| 2

NS ACATERS Ry

Given the non-localized estimate (2.8) on the L?-norm of wuy, the upper

bound is less than 52’“—0 as soon as for some C’ > 0, we have
R} > C'h; %€y
In this case we conclude that

Xk VI 7ur(T)ll 2 2 €
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In the case 1 < 0 < 2, we expand
V17 (xkur) = (V177 H(Vxwug + xxVug)
= |VI" (Vxrur) + V7 Xk Vur + x| V| T
Using interpolation, we have
V17V xwun) 22 S IV xwunl 727 1V (V) 172

Thanks to Lemmas and applied to the cutoff function Vg, this term
is uniformly bounded in k when ¢ € [0,7]. Concerning the second term in
the expansion, we apply the commutator estimate from Lemma [A.3] with
a =0 — 1 and get that

< IVl
~ -1 N
Ry

As a consequence of the energy estimate ([2.7)), if

1IV]7, Ve V]| 2

1 111—5 o1 (m+1)(ssob—5)
Ry > Chy ey T
for some C’ > 0 large enough, we get that
Xk VITuk ()| 22 Z &,

In the case 0 = 2, the argument presented in Section 6.3l based on Leib-
niz formula and localized estimates in L? and H!, respectively, needs no
modification. O

We now check that the condition on the size of R, from the above lemma
can be realized with a suitable choice of positions fL—Z for the bubbles.

Lemma A.2 (Fitting the bubbles on the torus). One can fix xj, such that
there exists Ry, satisfying E(fl—z, Ri) Nsupp(y * pe i) =0 for € # k and

R] > C'h; e} if 0<o<l,
RyL > C'hiseqht i) i 1< <2,
Under these conditions, it is possible to construct a cutoff x; of radius Ry,
around the k-th bubble located around position ﬁ—’; in the rescaled variables
for ug.

Proof. We recall that in the original variables, we have

n(t.a) = 1 tog(m) (i)
’ k k 5khz’ hk '
In the original variables, the cutoff x corresponds to a cutoff of size hj Ry
around position z;. Moreover, h; = e~ M * for some parameter M > 1. As
a consequence, it is possible to fit all the bubbles in the torus if there exists
d > 0 such that

hi R < RS
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In the case 0 < 0 < 1, we combine this condition with the lower bound
and Ry and we deduce that this is possible if

hz(é_l) 2 ceph .

Given the formula ¢ = hkm(s“_s)| log(hg)|™, it is enough that

o(d—1) <om(s.—s)—s,
that is,

o(l14+m(s.—s)—09) > s.
We check that when

a(14+m(s.—s)) > s,
then it is always possible to chose § > 0 small enough so that this condition
is satisfied.
In the case 1 < ¢ < 2, this condition is compatible with the lower bound

on Ry if

h](:-_l)(é_l) Z Cg%hllg_sh]irﬁi_l)(SSOb_S) )

Given the formula for e, it is enough that
(c—=1)(0—1)<om(sc—s)+1—s,
that is
o(l4+m(sc—s)—0) >s—0.
We check that when
o(l+m(s.—s)) > s,

then it is always possible to chose § > 0 small enough so that this condition
is satisfied. O

A.2. Commutator estimate.

Lemma A.3 (Commutator estimate). For every 0 < o < 1, there holds

a [xllwr.00
VI Xkl fllze S sz 1£1l2-
k

We give an elementary proof of this result, which is adapted from [17,

Lemma D.1].

Proof. The operator |V|* is the convolution operator with the tempered
distribution £ = F~1(|¢|*), which is homogeneous of degree —a — d and
even. We deduce that there exists a universal constant ¢ such that

VI f@) = % fla) = [ LW —T@)

gd |y — x|otd

As a consequence,

IV s = [ =X rg)ay,

|y _ $|a+d
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We split the integral between the parts |y — x| < Ry and |y — x| > Ry. First,

using the fact that yj is Lipschitz continuous, ‘X’T?Sy_);‘ﬁgx” < ‘ﬂvfc“ﬂ'fdml SO
that
Xk(y) — xx(2) Liz|<Ry
o fWdy|l S IVxkllee ||amer < f
/y z| <Ry |y - $|a+d 12 |x|a+d ! L2
~ Ry, ’x‘a-l—d—l o L
~ Ry |z|atd-1 o L2
The term H‘ ‘Lﬁll |21 is finite since o +d — 1 < d. Then, we have
/ SO pay| S ol |25
|ly—z| >Ry, |y _x|a+d 12 ~ | |a+d
1
< - |z[> Ry,
S e
< ”X”Lo" 1‘$‘>1 ||f||L2
SRy (el
The L'-norm is finite since a 4+ d > d. O

APPENDIX B. PROOF OF THEOREM [1.1]

As mentioned in the introduction, the proof of Theorem [[2] is readily
adapted in order to prove Theorem EI:IJ Let fo € H*(RY): first, there exists
a sequence go x € C°(R?) such that

1fo — go,ll s — 0.
k—o0
We then complement the initial datum go j with a single bubble,

fo.k = Gok + Ok,

where @y, is like in the rest of the paper, as introduced in Section 21, with
the requirement that for any k, the supports of gg; and ¢ are disjoint. In
view of the logarithmic factor |log(h)|~! in (21)),

Ifo — forlles < |lfo— goklles + okl — O.
k—oo

The proof of Theorem can then be repeated, by rescaling the unknown
function as in Section the initial datum ug is the sum of the profile a
(possibly shifted in space), and a unique “low mode” stemming from go j.
The modulated energy estimate from Section [5l remains valid (note that the
low mode stemming from go; must be incorporated into the renormalized
modulated energy, in the spirit of the proof of [31, Theorem1.33], and as in
[28] [12]), and we conclude like in Section [G
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