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Abstract

In this article, we consider additive functionals (; = fot f(Xs)ds of a cadlag Markov process
(Xt)i>0 on R. Under some general conditions on the process (X;)¢>o and on the function f,
we show that the persistence probabilities verify P(¢, < z for all s < t) ~ V(2)s(t)t™% as
t — oo, for some (explicit) V(-), some slowly varying function ¢(-) and some 6 € (0,1).
This extends results in the literature, which mostly focused on the case of a self-similar
process (X;)¢>0 (such as Brownian motion or skew-Bessel process) with a homogeneous
functional f (namely a pure power, possibly asymmetric). In a nutshell, we are able to
deal with processes which are only asymptotically self-similar and functionals which are only
asymptotically homogeneous. Our results rely on an excursion decomposition of (X;);>o,
together with a Wiener—Hopf decomposition of an auxiliary (bivariate) Lévy process, with
a probabilistic point of view. This provides an interpretation for the asymptotic behavior of
the persistence probabilities, and in particular for the exponent 6, which we write as 6 = pg,
with § the scaling exponent of the local time of (X;);>¢ at level 0 and p the (asymptotic)
positivity parameter of the auxiliary Lévy process.
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1 Introduction

The study of persistence (or survival) probabilities for stochastic processes is a widely investigated
problem and an extensive literature exists on this matter. It consists in estimating the probability
for a given stochastic process to remain below some level (or more generally below some barrier),
at least in some asymptotic regime. For instance, for a general random walk (.S, ),>0 or a Lévy
process (Z;)i>0 in R, fluctuation’s theory and the Wiener-Hopf factorization gives the following
characterization, see e.g. [13|. Letting T, for z > 0, denote the first hitting of (Sy)n>0 (resp.
of (Zi)i>0) above level z, then t — P(T, > t) is regularly varying with index —p, p € (0,1), if
and only if lim,, o0 = > 1 P(Sk, > 0) = p (resp. if and only if lim; o0 7 fot P(Zs > 0)ds = p).
The latter condition is known as Spitzer’s condition.

1.1 Persistence problems for additive functionals

In this paper, we consider a one-dimensional cadlag strong Markov process (X¢);>0 with values
in R, and we assume that 0 is recurrent for (X;);>0. We denote by P, the law of the process
starting from Xy = x; we also write P = Py for simplicity. For a measurable function f : R — R,
we consider the following additive functional of (X¢)¢>o:

G = /O F(X)ds. (1.1)

We are now interested in the asymptotic behavior of the persistence (or survival) probabilities for
the (non-Markovian) process ((;):>0, i.e. probabilities that the process ¢ avoids a barrier during
a long period of time.

For z > 0, we denote by T, = inf{t > 0, (; > z} the first hitting time of ({;);>0 at the level 2.
We aim at describing the asymptotic behavior of the probability P, (7, > t). More precisely we



show that, under some natural conditions on f and (X;);>o (presented below in Section 2.2),
there exist a persistence exponent 6 € (0, 1), a slowly varying function ¢(-) and a constant V(z)
such that

P(T, > t) ~ V(2)s(t)t™? as t — 0. (1.2)

1.2 Overview of the literature and main contribution

The study of persistence probabilities for additive functionals of random walks or Lévy processes
processes has a long history; we refer to the survey [2] for a thourough review. Let us here present
some quick (and updated) overview of the literature and outline what are the main novelties of
our paper.

The discrete case: integrated random walks. A question that has attracted a lot of
attention since the seminal work of Sinai [44] is that of persistence probabilities for the integrated
random walk. Let (U;);>1 be ii.d. random variables and let X, := >, U;. Then setting
Cn = Y p—q Xk, Sinai [44] proved that if (X,),>0 is the simple random walk (i.e. U; is uniform
in {—1,1}), then

P({r >0forall0 <k <n)x n~V4,

where u, = v, means that there are two constants ¢, ¢’ > 0 such that c'v, < u, < cv,.

In the case where E[X;] = 0 and E[X?] < +o0o0, this result has then been extended to include
the case of more general random walks. Vysotsky [48] gave the same =< n~1/4 asymptotic for
double-sided exponential and double-sided geometric walks (not necessarily symmetric). Dembo,
Ding and Gao [11] gave a general proof for the =< n~/4 asymptotic. Finally, Denisov and
Wachtel [12] proved the precise asymptotic behavior, i.e. there is some constant cg such that

P(CkZOforall()SkSn)wcon_l/A‘ asn — 00.

The case where E[X;] = 0 and (X;);>1 is in the domain of attraction of an a-stable random
variable with a € (1,2) is still mostly open. An example of a one-sided random variable X
with pure power tail is given in [11], for which one has P((z > 0 forall 0 < k < n) < n~?
with 6 = 0‘2—;1 Let us also mention [49], which gives the sharp asymptotic ~ con™? in the case
of a one-sided random variables (more precisely, right-exponential or skip free), with the same
exponent 6.

Let us stress that in the discrete case, the main focus in the literature has been so far on
intergrated random walks rather than some more general additive functionals of a more general
Markov process. Nevertheless, let us mention a series of article by I. Grama and R. Lauvergnat
and E. Le Page [18,19] where the authors study additive functional of discrete-time Markov
chain under a spectral-gap assumption. They show that the probability of persistence behave
like n'/2 as the simple random walk and they continue the analysis further by proving local
limit theorem for the additive functional conditioned to be positive.

We do not pursue further in this article the case of an additive functional ¢, = > ;_; f(Xy)
of a discrete-time Markov chain (X;),>0, but we mention [3] which uses a generalization of
Sparre Andersen’s formula to treat general cases where X is symmetric (and skip free) and f
is also symmetric; we also refer to Section 2.5 where continuous-time Bessel random walks are
considered. We believe that the methods of the present paper are general and could be adapted
to treat some more general (i.e. non-symmetric) cases.

Integrated Brownian motion and a-stable Lévy processes. Analogously to the discrete
case, the question that first attracted a lot of attention was that of persistence probabilities
for the integrated Brownian motion. Consider (X;):>o a standard Brownian motion and let
(= fot Xsds and T, := inf{t,(; > z}. It is then proven in [17,24] that one also has

P(T, > t) ~ coz"/St1/4 as — +00,
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with an explicit constant ¢y = 772313/%(1*2(/3%' Let us also stress that there exists an explicit formula

for the density of (T3, Br,), given by Lachal [32].

The case where (X;):>0 is a strictly a-stable Lévy process has been treated more recently.
First, Simon [43] proved that if o € (1,2) and (X¢)¢>0 is spectrally positive, then, as t — oo we
have P(T, > t) = t~0t°(1) with § = 2-1 (Note that this is the same exponent as in the case of
random walks mentioned above.) In the case o € (0, 2] and if (X¢);>0 has a positivity parameter

0 :=P(X; > 0), Profeta and Simon [38] proved that, as ¢t — oo,

_ . Y
P(T, > t) = t0+o() with 6= ————.
(T=>1) 1+ a(l-p)
These results do not include the case of general Lévy processes (X¢);>0. A natural conjecture,
which is still open, is that the above asymptotic behavior for the persistence probabilities re-
mains valid if (X;)¢>0 is in the domain of attraction of an a-stable Lévy process with positivity
parameter p.

Homogeneous additive functional of (skew-)Bessel processes. In the above, we only ac-
counted for the literature concerning integrated processes, i.e. additive functionals {; = fot f(Xs)ds
with the identity function f(z) = x. The case of a more general function f has also been con-
sidered, starting with the work of Isozaki [22].

First, in the case where (X;);>0 is a Brownian motion, Isozaki considered the function f is
homogeneous (and symmetric), given by f(z) = sign(x)|z|” for some v > 0 and proved that
P(T, > t) < t~'/* as t — +oo. This work was inspired by the one of Sinai [44] and exploits
the underlying idea that the fluctuations of (; are related to the one of Z; := (;, where 7 is the
inverse local time time at 0 of the Brownian motion. Observing that Z; is a Lévy process for
which fluctuation theory is well known, Kotani managed to solve the persistence problem for ; by
establishing a Wiener-Hopf factorization for the bi-dimensional Lévy process (73, Z¢)i>0. Later,
Isozaki and Kotani [23] considered the case where f is homogeneous but possibly asymmetric,
i.e. f(x) = [2[7(c4liz>0y — ¢~1liz<0y) for some ci,c. > 0 and v > —1: they prove the precise
asymptotic estimate P(T, > t) ~ C.t=P/? as t — +o00, where p is some asymmetry parameter
that depends (explicitly) on «y and the ratio ¢4 /c_. Note that the tools used in [23] are somewhat
analytical and do not rely on the Wiener—Hopf factorization established by Isozaki in the previous
article [22].

Let us also mention the work of McGill [34] who considers the case of a Brownian motion,
and a generalized function f taking f(z)dz = 1{,>0ym4(dz) — Lzcym—(dr), with m and m_
being Radon measures respectively on Ry and R_. The question raised in [34] is to give the
asymptotic behavior of P(T, > t) as z | 0, when ¢ is fixed, which is slightly different from our
persistence problem. Using excursion theory of the Brownian motion, McGill proves, under some
technical conditions on my, that P(T, > t) ~ CyV(z) as z — 0 where V is the renewal function
of the ladder height process associated to (Z;);>0 (see (2.4) for a definition), generalizing results
in [23].

More recently, Profeta 37| treated the case where (X¢)i>o is a skew-Bessel process with
dimension ¢ € [1,2) and skewness parameter n € (—1,1), i.e. roughly speaking a Bessel process
of dimension 0 € [1,2) which has some asymmetry n when it touches 0 (see Example 2 for a proper
definition). Profeta also considers the case of a homogeneous but possibly asymmetric function
f, namely f(x) = |z|7(cy1iz50) — - 1fz<c0y) for some ey, c— > 0 but his work is restricted to the
case v > 0. He proves that P(T, > t) ~ C,t~% as t — oo, with some explicit expression for the
constant C, and the exponent 6 (see section 2.5 below). Actually, [37] goes further and provides
some explicit expression for the law of different quantities related to this problem.

Let us also mention the work of Simon [43], which deals with the additive functional of a
strictly a-stable Lévy process (X¢)i>0 with a € (1,2] and a (symmetric) homogeneous functional
f(z) = sign(z)|z|” for some v > —3(1 + a). Letting 6 = %=1, the first result of [43] is that one
always have P(T, > t) < Ct~%; the second result is that if (X;);>o is spectrally positive, then
P(T, > t) = t~0+o(l),



Our main contribution. Before we briefly describe our contribution, let us make a few com-
ments on the above-mentioned results.

First of all, all the results on persistence probabilities for additive functionals of processes
are limited to: (i) self-similar Markov processes, i.e. Brownian motion, (skew-)Bessel processes
and strictly stable Lévy processes; (ii) functions f that are homogeneous, i.e. also enjoy some
scaling property. These two points are important in the proofs, since it immediately entails some
scaling property for the additive functional ((;):>0; which is then easily seen to be self-similar.

Second, the method of proof of Isozaki [22| relies on an excursion decomposition of the
process (X¢)i>0, together with a Wiener-Hopf decomposition for the auxiliary process (7¢, Z¢)>0.
Further works, in particular [23,34], did not completely rely on this decomposition to obtain the
sharp asymptotic behavior (and in particular the constant C,), but rather on a more analytical
approach. For instance, Profeta’s approach in [37] uses exact calculations to derive the densities
of various quantities of interest; the exact formulas available when dealing with Bessel processes
then becomes crucial.

Let us keep the following example in mind (from [37]), that we will use as a common thread:

Example 1.
(1) (X¢t)e>0 is a skew-Bessel process of dimension ¢ € (0,2) and skewness parameter n € (—1,1).
(ii) f is homogeneous f(x) = |z|7(cy 150y — c~L{z<oy) for some vy € R and cy,c > 0.

With that said, here are the main contribution of our paper

e We treat the case of a general Markov process (X;);>0 (with some minimal assumption);
in particular, we only need asymptotic properties on (X;);>0. Note that we also treat the
case where (X;);>0 positive recurrent (e.g. an Ornstein-Uhlenbeck process), which seems
to have been left outside of the literature so far.

e We treat the case of a general function f; in particular, we only need asymptotic properties
on f. In the case of Example 1, we also extend the range of parameters where (1.2) holds,
compared to [23,37], see Section 2.5.

Another contribution of our paper is that it somehow unifies all the above results, by using a
probabilistic approach. We push the excursion decomposition employed in [22,23| (our main
assumption on (X;);>0 ensures that it possess an excursion decomposition) and we prove on a
slightly more general Wiener—Hopf factorization for the bivariate process (7¢, Zt)¢>0. In particu-
lar, this provides a probabilistic interpretation of the exponent # in (1.2), which we decompose
into two parts: 8 = fp, with (i) 5 € (0, 1] which descibes the scaling exponent of the local time
of (Xt)i>0 at level 0 (we have § = 1 — /2 in Example 1); (ii) p € (0,1) which is an asymme-
try parameter, namely the asymptotic positivity parameter of (Z;);>o (explicit in Example 1,
see (2.8)). Our approach also provides a natural interpretation of the constant V(z) in (1.2).

2 Main results

2.1 Main assumptions and notation of the article

Throughout this paper, we will consider a strong Markov process (2, F, (F¢)t>0, (Xt)t>0, (Pz)zer)
with cadlag paths and valued in E C R. We assume that the filtration is right-continuous and
complete and that the process is conservative, i.e. it has an infinite lifetime P -a.s. for every
z € R. We also assume that 0 € E and we define ({;);>0 as in (1.1), with a function f that
verifies the following assumption.

Assumption 1. The function f is measurable and locally bounded, except possibly around 0. It
is such that a.s. |(t| < oo for any t > 0. Moreover f preserves the sign of x, in the sense that
f@®)>0ifx>0and f(x) <0 if x <O0. Finally, we assume that f(0) = 0.

As far as the Markov process (X;)¢>0 is concerned, we assume that 0 is regular for itself,
that is Po(no = 0) = 1, where 79 = inf{t > 0, X; = 0}. We also assume that 0 is recurrent for
(Xt)t>0. We make the following important assumption on (X;);>¢ (the most restricting one).



Assumption 2. Under Py, the process (Xi)i>0 is a.s. not of constant sign. Additionally, it
cannot change sign without touching 0.

These assumptions allow us to introduce the local time (L:):>0 of the process (Xi¢)i>o at
level 0. Its right-continuous inverse (7;);>0 is a subordinator and we denote by & its Laplace
exponent:

t®(q) = —logE[e ] for any ¢ > 0. (2.1)

We then introduce the process (Z;)i>0 = ((r)t>0 which we will refer to as the Lévy process
associated to the additive functional ((;);>0. Indeed, (Z;)t>0 is a pure jump Lévy process with
finite variations and should be understood this way:

2= Gy = /f ds—Z/ F(x (2.2)

s<t

We also introduce g¢, the last zero before ¢, and I, the contribution of the last (unfinished)
excursion: .
gr:=sup{s <t, Xy =0} and L= —(, = [ f(X,)dr. (2.3)
gt
To state our theorems, we need to introduce the renewal function V(-) of the usual ladder height
process (Hi)i>o associated with (Z;)i>0, see Section 4.3 for a proper definition of (Hi)¢>o:

V(z) = /000 P(H; < 2)dt, zeR,. (2.4)

2.2 Main results I: persistence probabilities

There are two main assumptions under which we are able to obtain the exact asymptotic behavior
for the persistence probability. The first one corresponds to the case where 0 is positive recurrent
for (Xi)¢>0, in which case the last part of the integral, i.e. the term I; (see (2.3)), becomes
irrelevant. The second one is a bit more involved since the last term I; plays a role; the assumption
is discussed in more detail in Section 2.3 below.

Assumption 3. The point 0 is positive recurrent for (X¢)i>o0.

Under this hypothesis, we have a necessary and sufficient condition so that (1.2) holds. This
condition is the analog of Spitzer’s condition for Lévy processes or random walks.

Theorem 2.1. Suppose that Assumption 3 holds and let p € (0,1). The two following assertions
are equivalent:

(i) limy_yoo 1 h fo (s > 0)ds =
(i) For any z > 0, the map t — }P’(TZ > t) is reqularly varying at oo with index —p.
Moreover, if (i) or (ii) holds for some p € (0,1), then there exists a slowly varying function ¢(-)
such that for any z > 0
P(T, > t) ~V(z)s(t)t™” ast— oco.

For instance, Theorem 2.1 applies to an Ornstein-Uhlenbeck process (X¢)¢>0, see Section 2.5
below. Let us stress that the slowly varying function ¢(-) and the so-called renewal function V(-)
can be described explicitly in some cases, see Section 2.5. In particular, if the process (Z;)>0 is
symmetric, for instance if (X;)¢>0 is symmetric and f is odd, then p = % and the slowly varying
function ¢(-) is constant (the expression in (5.2) is equal to 1).

Remark 2.2. It is shown below (see Theorem 5.2) that for any p € (0,1), condition (i) above
1s equivalent to + fO (Zs > 0)ds — p as t — oo. Therefore, it is also equivalent to the stronger
condition P(Z; 2 0) — p as t — oo, see for instance [6]. It is not clear whether or not these
conditions are equivalent to P(¢z > 0) — p as t — oo. Condition (i) of Theorem 2.1 is satisfied
if, for instance, there is some central limit theorem for ((t)i>0; we refer to [7, Thm 5 and 7] for
such instances, in the case of one-dimensional diffusions.



We now turn to the case where 0 is null recurrent: our assumption is the following.

Assumption 4. The point 0 is null recurrent for (Xi)i>o0. Moreover, there exist o € (0,2],
B € (0,1), some functions a(-) and b(-) that are regularly varying around O with respective
indices 1/a and 1/ such that the following convergence in distribution holds (for the Skorokhod

topology):
(Th Zh) i= (b(h)Ty/n, a(h) Zyp) @, (=0, 29 s h— 0
7 )is0 T t/hs t/h) >0 14t ) >0 )

where (10, Z0)¢>0 is a Lévy process. We additionally assume that a(b='(q))I. converges in dis-
tribution as ¢ — 0, where e = e(q) is an independent exponential random variable of parameter
q >0 and b= is an asymptotic inverse of b.

Let us stress that Assumption 4 is about the auxiliary process (7, Z;)¢>0 (and not directly about
the process (X¢)¢>0 and the function f), which may be difficult to verify. We present below in
Section 2.3 some conditions on (X;);>0 and f for Assumption 4 to hold; these conditions are
easier to verify in practice.

Remark 2.3. The limiting process (77, Z?)tzo necessarily satisfies the following scaling property:

d _ _
(TtO, Zf)tzo = (c l/ﬂTcot,c l/ath)tzo for any ¢ > 0.

Also, the fact that (b(h)mp)i>0 converges in distribution to a (-stable subordinator (7)o is
actually equivalent to the fact that the Laplace exponent ®(q) of (7¢)i>0 is reqularly varying with
exponent € (0,1) as g | 0. In that case, b(+) is an asymptotic inverse of ®(-) (up to a constant
factor), see Section 6.

Theorem 2.4. Suppose that Assumption 4 holds and assume that (Z?)tzo has positivity param-
eter p=P(Z > 0) € (0,1). Then there exists a slowly varying function <(-) such that, for any
z>0,

P(T, > t) ~ V(2)s(t)t PP ast — oo,

where B € (0,1) is given by Assumption 4.

Let us observe that Example 1, where (X¢):>0 is a skew-Bessel process and f is homogeneous,
verify our Assumption 4. Indeed, if v > —J, the bivariate Lévy process (7%, Z¢)r>0 directly enjoys
a (B, a)-scaling property (and similarly for I;) with f =1—-¢§/2 and a = (2—9)/(2+7) € (0,1),
so it trivially satisfies Assumption 4. Thus, Theorem 2.4 applies and the parameter p is also
explicit; we refer to Section 2.5 for further details. The advantage of our result is that we are
able to treat a general class of Markov processes (X¢)¢>o (for instance that are “asymptotically
skew-Bessel processes”) and of function f (that are “asymptotically” homogeneous).

2.3 Main results II: application to one-dimensional generalized diffusions

In this section we apply our result to a large class of one-dimensional Markov processes. We
recall the Ito6-McKean [27, 28] construction of generalized one-dimensional diffusions, based on
a Brownian motion changed of scale and time. Our main goal is to provide conditions on the
function f, the scale function s and speed measure m that ensure that Assumption 4 holds.

Let m : R — R be a non-decreasing right-continuous function sucht that m(0) = 0, and
s : R — R a continuous increasing function. We assume that s(R) = R, 5(0) = 0 and abusively,
we also denote by m the Radon measure associated to m, that is m((a,b]) = m(b) — m(a) for
all @ < b. We introduce m® the image of m by s, i.e. the Stieltjes measure associated to the
non-decreasing function mos~!, where s~ is the inverse function of 5. Then, we define A" the
continuous additive functional of a Brownian motion (Bi):>0 given by

AT = / LEm®(dz),
R

7



where (LY)¢>0.zer denotes the usual family of local times of the Brownian motion, assumed to
be continuous in the variables x and t. We let p; the right-continuous inverse of A}“S, and we set

X =s5"4B,,).

Then it holds that (X):>0 is a strong Markov process valued in supp(m), where supp(m) is the
support of the measure m. We refer to Section 7 for more details. We will therefore assume that
0 € supp(m) and in this framework, 0 is a recurrent point for (X;);>o. When supp(m) is some
interval J, (X¢)¢>0 is a one-dimensional diffusion living in J and its generator is formally given
by

_d d

= s
Example 2. A skew-Bessel process of dimension 6 € (0,2) and skewness parametern € (—1,1),
is the linear diffusion on R whose scale function s and speed measure m are defined as
1 —sgn(z)

N 12-6 1 51
z and wm(dx) = 1i20v|x|° "de.
55 Il (dz) e 2oy ||

s(z) = sgn(x) 1 —sgn(z)

Informally, this process can be constructed by concatenating independent excursions of the (usual)
Bessel process, flipped to the negative half-line with probability (1 —n)/2.

Example 3. When m® is a sum of Dirac masses, then (X¢)i>0 is a birth and death process,
see [45]. For instance, if s = id and m = Y 0n, then (Xi)i>0 is a continuous-time simple
random walk on 7.

For a function f as in Assumption 1, we also set dm/ := f o s~ 'dm®. Note that m/ is a signed
measure (recall that f preserves the sign). We suppose in addition that fos~! is locally integrable
with respect to m® so that mf is also a Radon measure. We will also denote by m/ the associated
function, i.e. mf(z) = Jo f o5 Hu)m*(du), which is non-decreasing on Ry and non-increasing
on R_.

We now give practical conditions on the scale function s, the speed measure m and the
function f so that Assumption 4 holds. We will consider three different assumptions.

Assumption 5. There exist 5 € (0,1), a slowing variation function As at 400, and two non-
negative constants m_, my with m— +my > 0, such that

m®(x) ~ my Ag(x)z/B! as x — +00,

m®(z) ~ —m_Aq(|a])]z] /P as x — —00.
Assumption 6. The function s is C', and there exist a constant m/(oc0) € (0,00) such that
limg 400 m7 (2) = mf (c0) and the function mf (co0) — mf belongs to L2(dx).

Assumption 7. There exist a € (0,2), a slowing variation function Ay at +00, and two non-
negative constants f_, f1 with f_ 4+ fi > 0, such that according to the value of o, we have

(1) If a € (0,1), then

{mf(x) ~ frhp(z)zt/o! as x — +00, (2.5)

m/ (z) ~ foAp(|]) ]! as & — —o0.

(1t) If a =1, then the following limit exists limy, g m(mf(l/h) —mf(=1/h)) = c and

Fe/h) — mf = f.logx x
T (/) = (Um) = £ o wse

(m/ (z/h) —m/ (=1/h)) = f_log|z|, Va < 0.

lim —
h—0

lim —
ns0 Ap(1/h)

Note that if the limit c exists, this implies that f1 = f_; we will assume for simplicity that

fe=1 =1



(iii) If a € (1,2), then there is a constant mf (c0) € (0,00) such that lim, 4o m/ (z) = m/(c0)
and

{mf(oo) —m/(z) ~ f+Af(x)a:1/“_1 as x — +00, 2.7)

m/ (00) — mf (2) ~ f_Ap(|a])]z]H/! as T — —o0.

Note that if Assumption 6 holds, then Assumption 7 can not hold and conversely. The main
results of this section are the following.

Proposition 2.5 (Gaussian case). Suppose that Assumptions 5 and 6 hold. Then, Assumption /
is verified with B € (0,1), a = 2, and the following choice for a(-), b(+):

a(h) =hY2,  b(h) = hYP/As(1/R).
As a consequence, Theorem 2.4 holds under Assumptions 5 and 6, with p = P(Z? > 0) = 1/2.

Proposition 2.6 (a-stable case, o € (0,2)). Suppose that Assumptions 5 and 7 hold. Then,
Assumption 4 is verified with a € (0,2), 8 € (0,1) and the following choice for a(-), b(-):

a(h) = h'*/Ap(1/h),  b(h) = hP/AL(1/R).

As a consequence, Theorem 2.4 holds under Assumptions 5 and 7, with the following asymmetry
parameter p = P(Z > 0),

fe-re .
p= E + = arctan (1) where ¥ = { I+ T2 tan(ma/2) Tafl,
2 7 ¢ ifa=1.

2.4 Main results III: starting with a non-zero velocity

In this section, we are interested in the hitting time of zero of the additive functional z + (,
with some initial velocity Xg = x. A motivation to consider such a question is to construct
the additive functional conditioned to stay negative; of course, the only reason we deal with a
condition to remain negative (and not positive) is because we have treated above the asymptotics
of P(T, > t) for z > 0.

To avoid the introduction of lengthy notation, we only give an outline of our results, sum-
marizing the content of Section 8: the precise statement of the results are presented there. We
restrict ourselves to the case where (X;);>¢ is a regular diffusion process, valued in some open
interval J containing 0. We consider the process (¢, Xt)¢>0 as a strong Markov process. For a
pair (z,7) € R x J, we denote by P, ;) the law of ({;, X¢)i>0 when started at (z, ), i.e. the law

of (z + fot f(Xs)ds, X¢)e>0 under P,. Roughly, we derive two kind of results:

(i) We identify some finite function h : R x J — R, such that, under Assumption 3 or 4, we
have for any (z,z) € R x J\ {(0,0)},

P(z,fﬂ)(TO >t) ~ h(z,7)s(t) PP ast — 00,

for some slowly varying function ¢ (which does not depend on (z,x)) and some parameters
g € (0,1], p € (0,1) (given by the assumption). We refer to Theorem 8.4 for the precise
statement.

(ii) Secondly, we show that the function & is harmonic for the killed process ((iat,, Xeaty )0,
see Corollary 8.5. This classicaly enables us to construct the additive functional conditionned
to stay negative, through Doob’s h-transform, see Proposition 8.6. This result generalizes the
previous work [21] on the integrated Brownian motion conditioned to be positive and have the
same flavor of some results from Grama-Lauvergnat-Le Page [18] in a discrete setting. It is also
related to Profeta’s article [36] where he investigated other penalizations for the integral of a
Brownian motion.



2.5 A series of examples

In this section, we provide several examples of application to our main theorems. We start with
examples where Assumptions 3 or 4 are easy to verify; we then turn to examples where the
reformulation in terms of Assumptions 5, 6 or 7 are useful.

Ornstein-Uhlenbeck. Let (X¢);>0 be an Ornstein-Uhlenbeck process and f be some odd
function. Then 0 is positive recurrent for (X;)¢>o and since the Ornstein-Uhlenbeck process
started at 0 is symmetric (in the sense that the law of (—X3):>0 equals the law of (X)) it is
clear that P(¢; > 0) = 1/2 for any ¢ > 0. Therefore Theorem 2.1 holds with p = 1/2 and the
slowly varying function ¢ is constant (the term (5.2) is equal to 1 since Z; is symmetric).

Skew-Bessel and homogeneous functional, back to Example 1. Let (X;)¢>0 be a skew-
Bessel process of dimension § € (0,2) and skewness parameter n € (—1,1), as defined in Ex-
ample 2 by its scale function s and speed measure m. This process can be constructed by the
following informal procedure: concatenate independent excursions of the (usual) Bessel process,
flipped to the negative half-line with probability (1 — 7)/2. Let c4,c_ be positive constants
and consider the function f defined as f(z) = (c11{zs0y — c~1gz<oy) |2|7, with v > —§. The
persistence probability of ((¢)¢>0 is studied in Profeta [37] (for § € [1,2) and v > 0).

The condition v > —4 is here to ensure that |(;| < oo a.s. for all ¢ > 0. One can verify in this
case that (7¢)¢>0 is a S-stable subordinator where § = 1—¢/2. By the self-similarity of the skew-
Bessel process, it holds that the law of (7¢, X¢)>0 is equal to the law of (C_I/BTct, 0_1/2'8Xcl/6t)t20
for any ¢ > 0. This entails that the law of (7%, Z;)>0 is equal to the law of (C_l/BTCt, c_l/ath)tzo
for any ¢ > 0, where a = (2 —6)/(y +2) € (0,1). It also entails that for any ¢ > 0, the law of
t=P/2], is equal to the law of I;. These facts imply that Assumption 4 holds with a(h) = hl/e
and b(h) = h'/# (with an equality rather than a convergence in distribution); one can also verify
Assumptions 5 and 7 directly with the expressions of the scale function s and speed measure m
(which are pure powers, so the scaling properties are clear).

Therefore, Theorem 2.4 holds with § = 1—0/2 and p = P(Z; > 0). The positivity parameter p
can be computed, see for instance Zolotarev |51, §2.6]: we have

1 arctan(d tan(ra/2)) 1+n—(1- 77)(%)&
=3t B N (I TR

The computation of ¥ can be done as in |7, Lem. 11]. Finally, since (Z;);>0 is a stable process,
the renewal function V is such that V(z) = b2 for some constant by > 0. It is also clear that,
by self-similarity, the slowing varying function ¢ is constant. Hence, we fully recover and extend
the results of Profeta [37] to 6 € (0,1) and v € (—4,0].

Kinetic Fokker-Planck. Let (X¢):>0 be a solution of the following stochastic differential
equation

t
L X

X; = - = d B

t = 20 2/01+X828+t

where (Bi)¢>o is a Brownian motion, 4 > —1 and zp € R. The scaling limit of the process
(Ct)e=0 = (ngst)tzo, i.e. with the choice f = id, is studied in [10,15,33,35|. The corresponding
scale function and speed measure are given by

S(w)z/ (1+v?)"?dv  and m(:v):/ (1 + 0?)~*2do,
0 0

see for instance [15]. Then one can check that:
(i) If 6 € (—1,1), Assumption 5 is satisfied with 3 = £(u + 1) € (0,1) and Assumption 7 is
satisfied with o = %(/H— 1) € (0, %) Since m, s and f are odd functions, Theorem 2.4 holds
with 8 = %(,u +1), p= % and a constant slowly varying function ¢(-).
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(ii) When z > 1, 0 is positive recurrent for (X;);>0 and since z + z/(1+22) is odd, the process
(¢t, Xt)e>0 is symetric (when Xo = 0) so that P(¢; > 0) = 1/2 for any ¢ > 0. Therefore
Theorem 2.1 holds with p = 1/2 and a constant slowly varying function ¢(+).

Note that our results would also be able to deal with ((¢)t>0 = (fot f(Xs)ds)e>0 for more general
functions f.

Non-homogeneous functionals of Bessel processes. The previous examples are limited
to the case where a € (0,1) in Assumption 4 (or Assumption 7). Let us give here an example
where one has a € [1,2]; we consider a simplified example for pedagogical purposes.

Consider a symmetric Bessel process (X;)¢>o of dimension § € (0,2), i.e. a diffusion with
scale function s(z) = %\;ﬂ?_‘s and speed measure m(dz) = 1{x¢0}|x\5_1d:1:. Then, one can
check that Assumption 5 holds with 8 =1 — §/2. Now, let f be some odd function such that:
fol f(ul/(2_5))u1/ﬁ_1du < 400, for instance if f is bounded, to ensure that f o s~ ! is locally
integrable with respect to m® (so that {; < 400 for all ¢ > 0); f(z) ~ sign(x)|z|” as z — oo, for
some v € R. Then, we can check that

(i) if v > —(140) then Assumption 7 holds with a = (2 —0)(y+2) € (0,2) and f, = f_ (by
symmetry);
(i) if v < —(1 4 0), then Assumption 6 holds.
In all cases, we have the asymptotic behavior P(T}, > t) ~ c¢oV(z)t /2, since p = 1 and ¢(-) is
constant, by symmetry. Note that our Assumption 6 does not deal with the case v = —(1 + 9),
but the result should still hold in that case (one would need to deal with non-normal domain of
attraction to the normal law, which would require further technicalities).

Continuous-time birth and death chains (and Bessel-like walks). Let (X,),>0 be a
birth and death process on Z with transition probabilities given by

P(Xpp1 =i+ 1|Xpp1=i)=p;€(0,1) and P(Xpy1=i—1Xpp1=9)=¢=1-—gq,

for i € Z. We then define X; := X Ny, with (N¢)¢>0 an independent Poisson process of unit
intensity. Then (X¢):>, is a continuous-time birth and death chain, and can be described as a
generalized diffusion associated to a scale function s and a speed measure m as follows; we refer
to Stone [45] for more details. Let us define Ag = 1 and

i 0
bl Pk ke qk
= =i+1

The scale function s : R — R is increasing piecewise linear and such that s(i) = x; for i € Z,
with (z;);ez defined iteratively by xg = 0 and A; = z;41 — @, Vi € Z. The speed measure m is

defined as 1 1
= ; (2Ai + 2Ai_1>5i'

In a companion paper [3|, the first two authors use an elementary approach to obtain two-
sided bounds for the persistence of integrated symmetric (discrete-time) birth and death process
with an odd function f; they apply their results to symmetric Bessel-like random walk (see [1]
for a recent account). Let us now observe that we can apply our machinery to continuous-
time Bessel-like random walks and obtain sharps asymptotics for the persistence probabilities
P({s <0 for all s <t).

We define a symmetric Bessel-like random walk as a birth and death process with transition
probabilities

1

1 .
pii=*(1—ﬂ+.€z>,f0ri217 pi=q—;fori < -1, po=gqo=~.
2 21 2

Here, u is a real parameter and ¢; is such that lim; ,., €; = 0. Then, we have that the process is
recurrent if 4 > 1 and null-recurrent if p € (—1,1); the case = 1 depends on (&;);>0.

11



(i) In the case p > 1, by Theorem 2.1 we directly obtain the asymptotics
P(T, > t) ~ coV(2)t™ 2 ast— oo. (2.9)

(We have p = 3 and () constant thanks to the symmetry.)

(ii) In the case p € (—1,1), we use the following asymptotics: there exists a constant Cp and
a slowly varying function L(i) = exp(— Y 4_; k) such that A; ~ Cyi#L(i) as i — 400 (and
symmetrically for i — —oc). From this asymptotics we obtain that s(i) = z; = 2_:10 Ay ~
Cli'™L(i) as i — +oo and also that m(z) ~ C§ 2 #L(z)~! as * — oo. One can therefore
show that Assumption 5 is satisfied with 8 = 3(1 4 ) € (0,1) (and my = m_). If we consider
the function f(z) = z, Assumption 7 is satisfied with o = £(1 + ) and p = § (by symmetry).
Finally, Theorem 2.4 states that

P(T, > t) ~ V(z)s(t)t~(1FT1/4 as t — 0o, (2.10)

with ¢ some slowing variation function (depending on (g;);>0).

Obviously, by a simple de-Poissonization argument, the asymptotics (2.9)-(2.10) remain also
valid for discrete-time Bessel-like random walks. This therefore matches the results from [3] and
additionnally gives the sharp asymptotics of the persistence probabilities; obviously one could
consider a function f(z) = sign(x)|z|” with v € R withour affecting the conclusion (the exponent
a of Assumption 4 does not affect the persistence exponent ¢ in the symmetric case).

3 Ideas of the proof and further comments

3.1 Ideas of the proof: path decomposition of trajectories

Recall from (2.3) that I; = ¢ — (g,, we introduce

&t = S[(;ll:]) Cs and Ay =1; — (égt - Cgt) : (31)
t

We refer to Figure 1 for an illustration of (;,&:,&y,, I; and As. Then, to study the probability
P(T, > t) =P(& < z), the main idea is to decompose it into two parts: for any z > 0, we have

IP’(& < z) = P(ggt <z, A < O) +P(fgt + A <2,0< A < z). (3.2)

(The second term will turn out to be negligible.) As a first consequence of (3.2), we see that
P&y, < 2,A: <0) <P(&, < 2) <P(§, <z, At < z), from which one easily gets that

ct P(Sgt < z) < }P’(ft < z) < P(Sgt < z) .

with ¢, = P(I; <0) € (0,1). We will show that we actually have some constant ¢; € (0, 1] such
that
P& < z) ~ ca1P(&y, < 2) ast — 00. (3.3)

We will then control the probability P(§, < z) by using the fact that §;, = suppy Zs (see
Remark 4.1 below).

A standard trick to gain independence. To handle the quantities in (3.2), we will use the following
trick: letting e = e(q) be an exponential random time e with parameter ¢ independent of (X;);>0,
we will look at the quantity P(£. < z) instead of looking directly at P(§ < z). This corresponds
to taking the Laplace transform of P(§; < z) and we loose no information by doing this: indeed,
a combination of the Tauberian theom and the monotone density theorem (see [8, Thms. 1.7.1
and 1.7.2]) tells us that having an asymptotic of P({ < z) as ¢ — 0 is equivalent to having an
asymptotic of P(& < z) as t — oo.

The first advantage of this trick is that it allows us to factorize functionals of trajectories
before time g. and functionals of trajectories between times g. and e. The precise statement
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Figure 1: Graphical representation of the trajectory of a realization of ({s)o<s<¢+ and of its decomposition.
The above is a simulation in the setting of Bessel-like random walk (see Section 2.5): (X¢):>0 is a (symmetric)
Bessel-like random walk with g = 0.4, i.e. 8 = 0.7, and with the function f(z) = sign(z). The dots represent
the returns to 0 of (Xs)o<s<¢. In this particular realization, we have I; > 0 and A; < 0.

is presented in Proposition 4.2, which is inspired by [40]. This enables us to operate a first
reduction, treating I, separately from &g, ,(, . More precisely, using Proposition 4.2 below, by
independence, the first term in (3.2) (with ¢ replaced by an exponential random variable e) can
be rewritten as

P(fge <y, Ac < 0) = P(g.‘]e <y, le < §ge - Cge) = E[Fle (fge - Cge>1{£ge<y}] >
where F7_ is the c.d.f. of I,.

Wiener—Hopf factorization. A second key tool is a Wiener—Hopf factorization for the bivariate
Lévy Process (7, Zt)t>0, that among other things allows us to obtain the joint distribution
of &, and &, — (4., see Corollary 4.6 below. In particular, it shows that £, and &, — (4. are
independent, so (3.4) can further be decomposed as

P(&g. <y, Ae < 0) = E[FL, (&, — (o) |P(§. <y) =P(Ac < O)P(&y, < ). (34)

From this, we will be able to prove that P({. < y) ~ c1P(§y, <t) as ¢ | 0, d.e. (3.3), where the
constant ¢ is ¢; = limg0P(Ie < & — (g.) € (0,1]. Moreover, the Wiener-Hopf factorization
will also help us obtain the asymptotic behavior of P(&,, < y) as ¢ | 0.

Conclusion. With this picture in mind, we split our results into two categories, that correspond
to Assumptions 3 and 4:

(i) If X is positive recurrent. Then, lim; %gt = 1 and I; will typically be much smaller
than &, — (g4, as t — oo, so limgoP(I. < &, — (4.) = 1: we will have ¢; = 1 in (3.3), that is
P& < y) ~P(&. < y) as ¢l 0. Loosely speaking, the part of the trajectory between time g
and ¢t will have no impact on the behavior of the persistence probability. Then, the behavior of
P(&,. < y) is studied thanks to the Wiener-Hopf factorization, with the assumption that (Z;);>0
satisfies the so-called Spitzer’s condition.

(ii) If X is null recurrent then there are two cases, depending on whether a = 2 or a € (0, 2)
in Assumption 4 (or corresponding to Assumptions 6 and 7). First, if (Z;)¢>0 is in the (normal)
domain of attraction of a normal law, then also in that case I; will typically be much smaller
than &, — (4, as t — oo and we again have limg o P(I. < &g — (4.) = 1, that is ¢g = 1 in (3.3).
Second, if (Z;);>0 is in the domain of attraction of some a-stable law, o € (0,2), then under
Assumption 4 we have that limg o P(I. < &g, — () =P(I < W) =:¢; € (0,1), where I, W are
independent random variables, the respective limits in law of a(b=(q)) I and a(b=1(q)) (&g, — (4. )-
Then, the behavior of P(¢,, < y) is again studied thanks to the Wiener-Hopf factorization, with
the assumption that (7¢)¢>0 is in the domain of attraction of a stable subordinator.
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3.2 Comparison with the literature

We now discuss the novelty of our results and techniques and compare them with the existing
litterature.

Let us first start with the work of Isozaki [22], which treats the case of integrated powers of
the Brownian motion. Isozaki first uses the following Wiener-Hopf factorization of (7, Z;)i>0.
If e = e(q) denotes an independent exponential random variable and S; = Supjo,¢ Zs, then the
product of the Laplace transforms of (7, S.) and (7., Z. — Se) can be expressed in terms of the
characteristic function of (74, Z¢)¢>0. The rest of Isozaki’s method is somehow more analytic
and involves inversion of Fourier transforms. Also, he exploits deeply the self-similarity of the
Brownian motion. Of course, our work has been inspired by [22], but regarding the Wiener—Hopf
factorization, we go one step further. If we set G; = sup{s < t, Z; = S;}, then we are able to show
that the law of (G.,7q,,Se) and (e — Ge, 7e — 76, Ze — Se) are independent, infinitely divisible
and can be expressed with the law of (73, Z;);>0. This enables us to the study the quantities of
interest in the spirit of fluctuation’s theory for Lévy processes. We refer to Subsection 4.3 and
Appendix A for more details.

Let us now discuss the work of McGill [34], which seems to be the closest to our work. McGill
considers general additive functionals of the Brownian, i.e. {; = [ L¥m(dz) where (L});>0,zeRr is
the family of local times of the Brownian motion and m(dz) = 1(;>0ym+ (dz) — 1zcoym—(dz) is
a signed measure. With the above notation, he caracterizes the behavior of P({, < z) as z — 0,
for a fixed ¢ > 0; whereas we study P(§. < z) when ¢ — 0, for a fixed z. Let us quickly explain
the content of [34]. First, if we fix ¢ > 0 and set v(z) = P(& < z), he establishes the following
identity:

v(z) = /Z V(dy) )A/(dx)k(z —y—ux), (3.5)
0 R_

where V denotes the dual renewal function, V(dz) and V(dz) the Stieltjes measures associated
with the non-decreasing function ¥V and V and the function & depends on v and on ¢. This identity
is derived using martingale techniques and tools from the excursion theory of (Z;)¢>o below its
supremum. With this key identity at hand, McGill proves under some technical conditions his
main result: v(z) ~ C(q)V(z) as z — 0, where C(q) is some unknown constant. We emphasize
that we can (more or less) recover (3.5) and his main results from our work. Our interpretation
of (3.5) is the following: the random variable & can be decomposed as

56:£QE+A6\/07

where &, and A, = I, — (§, — (4.) are independent, see (3.1). Our bivariate Wiener-Hopf
factorization yields the following result (see Section 4.4): P(§,, € dz) = C(q)V,4(dz), where the
constant C(q) is known and V, is a non-decreasing function, which is close to V in the sense
that for any fixed z > 0, V,(2) increases to V(z) as ¢ — 0. Then, we claim that we are able to
show that v(z) ~ C(q)V,4(2) as z — 0. To match the result of Mcgill, it remains to show that
Vy(2) ~ V(2) as z — 0 and we believe this should hold, at least if V is regularly varying at 0: we
can show that their Laplace transforms are equivalent at infinity.

We insist on the fact that all of the above approach more or less relies on the fact that the
integrated process is a Brownian motion, whereas we are able to consider a very large class of
Markov process and of functions f, leading to a wide range of possible behaviors.

3.3 Related problems and open questions
Let us now give an overview of questions that we have chosen not to develop in the present

paper, that either fall in the scope of our method or represent important challenges.

Further examples in our framework. Let us give a couple of additional examples that we
are able to treat with our method (but that we have chosen not to develop), since they are
defined via their excursions (and satisfy Assumption 2).
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Jumping-in diffusions. A jumping-in diffusion in R is a strong Markov process (X;);>0 which has
continuous paths up until its first hitting time of 0. When the process touches 0, it immediately
jumps back into R \ {0} and starts afresh. These processes are somehow again a generalization
of diffusion processes and are typically constructed via excursion theory; we refer to the book of
It6 [25] for more details. Such processes obviously satisfy Assumption 2 and we can apply our
results.

Stable processes reflected on their infimum. The following example is not related to a diffusion
process and shows that our method are not only concerned with generalized diffusions. Let
(S§)t>0 be an a-stable process with some a € (0,2) such that (]S5*|)¢>0 is not a subordinator.
We consider (Rf')i>0 = (Sf* — infjg 4 S )i>0 the process reflected on its infimum. It is a positive
strong Markov process and 0 is a regular and recurrent point for (R{')¢>¢. Informally, we construct
the strong Markov process (X¢):>0 by concatenating independent excursions of (R{'):>0 flipped to
the negative half-line with probability 1/2. Then it also clear that (X}):>( satisfies Assumption 2.
It is also clear that this process is self-similar with index «, and as for (skew-)Bessel processes
(see Section 2.5), it entails that Assumption 4 is satisfied if we consider f to be homogeneous,
for instance f(x) = sgn(z)|x|” for some v € R (with some restriction to ensure that (; < 400
a.s., e.g. v > 0).

Asymptotics uniform in ¢,z. A natural question that we have chosen not to investigate
further is the case when the barrier z is “far away”. In other words, we are interested in knowing
for which regimes of ¢, z the asymptotics (1.2) remains valid. We would like to find some function
©(+) with ¢(t) — oo as t — oo so that the following statement holds:

P(T, > t) ~ V(2)s(t)t™%  uniformly for ¢, z > 0 with ¢(t)/z — co. (3.6)

In particular, this would allow to consider both the case when z is fixed and ¢ — oo and the case
when ¢ fixed and z | 0.

We have not pursued this issue further to avoid lengthening further the paper, but we believe
that our method should work to obtain such a result. Indeed, thanks to (3.3), we are reduced to
estimating P(§,, < z) in terms of ¢, z, which is standard in fluctuation theory for Lévy processes,
see [31]. Since we have identified that the correct scaling for &,, (and &, —(g,) is a(b~*(g)) under
Assumption 4, it is natural to expect that (3.6) holds with ¢(t) = a(b~1(t)).

In view of our proof, the main (and only?) step where an improvement is needed is in a
control of the convergence V,(z) T V(z) as ¢ | 0, where V, is defined in (4.9), see Corollary 4.7.

Additive functional conditioned on being negative. In Section 8, we construct the ad-
ditive functional ((;, X;) (under P, ;) with (2,7) # 0) conditioned to remain negative, see
Proposition 8.6. But there are several questions that we have left open.

Starting from (0,0). First of all, a natural question would be to construct the additive functional
conditioned to stay negative, but with starting point (0,0), that is starting from 0 with a zero
speed. One should take the limit (z,2) — 0 inside Proposition 8.6, but this brings several
technical difficulties and requires further work.

Scaling limit of the conditioned process. Another natural question is that of obtaining the long-
term behavior of the additive functional (conditioned to be negative or not) and in particular
scaling limits. Our approach should yield all necessary tools to obtain such results, and let us
give an outline of what one could expect:

(i) If (X¢)¢>0 is positive recurrent, i.e. under Assumption 3, then one should have that the
conditioned process converges to either a Brownian motion or an a-stable Lévy process condi-
tioned to be negative (depending on whether the process (Z;);>¢ is in the domain of attraction
of an a-stable law with o = 2 or « € (0, 2)).

(i) If (X¢)¢>0 is null-recurrent and Assumption 4 holds, then one should have that the
conditioned process converges to:
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Figure 2: Graphical representation of the trajectory of a realization of (¢s)o<s<: conditioned to be positive.
These are simulations in the setting of Bessel-like random walks: (X¢)¢>0 is a (symmetric) Bessel-like random
walk and f(z) = sign(z)|z|” for some v € R; the dots represent the returns to 0 of (Xs)o<s<¢. The first
two simulations are when (X;):>o is positive recurrent and (Z;):>o converges either to a Brownian motion
(first) or an a-stable Lévy process (second). The last two simulations are when (X;)>o is null recurrent and
Assumption 4 holds either with o = 2 (third, corresponding to Assumption 6) or with o € (0,2) (fourth,
corresponding to Assumption 7).

e If o =2, a time-changed Brownian motion conditioned to stay negative, namely (ng)tzo,

where B is a Brownian motion Z° conditioned to stay negative and LY is the inverse of
the B-stable subordinator 7%; note that necessarily 7° and Z° are independent.

e Ifa € (0,2), a“squeleton” given by a time-changed a-stable Lévy process conditioned to stay
negative, namely ng as above (with here Z° an a-stable Lévy process), then “filled” with

the integrals of excursions conditioned to bridge the squeleton (i.e. excursions of lengths
72 — 72 with the integral f(f(ss)”’ds conditioned to be equal to Z — Z ).

We refer to Figure 2 for illustrative simluations. Let us also mention that one might also be
interested in some local limit theorems for the conditioned process, in the spirit of [9] for random
walk and [18] for additive functional of Markov chain under a spectral gap assumption.

Additive functionals of Markov processes with jumps. Finally we stress that our main
assumption on the process (Xi)i>0, i.e. Assumption 2, is not satisfied for a large class of pro-
cesses, including Lévy processes with jumps (except for the difference of two independent Poisson
processes). When Assumption 2 is not satisfied, it is not clear how to attack the problem and the
only result so far in this direction seems to focus only on (symmetric) homogeneous functionals of
strictly a-stable Lévy processes, see [43]. Generalizing this result, for instance to aymptotically
a-stable processes, remains an important open problem.

3.4 Overview of the rest of the paper

The rest of the paper is organized as follows.

e In Section 4, we develop several key tools that are crucial in our proof. We decompose
the paths of the process (X¢)i>0 around the last excursion and we establish a Wiener-Hopf
factorization for the bi-dimensional Lévy process (7%, Z;)t>0, using the excursions of Z; below
its supremum, in the spirit of Greenwood-Pitman [20]. With these tools at hand we are able
to compute the Laplace transform of (§,,,&, — (4. ) which is the key identity of our paper, see
Corollary 4.6, and seems to be new to the best of our knowledge.

e Using the tools of Section 4, we are able to show our persistence result in two different
settings. In Section 5 we prove Theorem 2.1 under the assumption that 0 is positive recurrent;
in Section 6 we prove Theorem 2.4 under Assumption 4 (corresponding to the case where 0 is
null recurrent).

e In Section 7 we consider the case of generalized diffusions and we give tangible conditions
which ensure that Assumption 4 holds.

e Finally in section 8 we treat the case where (X¢, (¢)r>0 does not start at (0,0). To handle
the proof we assume that (X¢);>0 has continuous paths.

e We also collect some technical results in Appendix: in Appendix A we prove our Wiener—
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Hopf factorization are related results (based on well-established techniques), in Appendix B we
present results on convergences of Lévy processes and of their Laplace exponents that serve in
Section 7, in Appendix C we give technical results on generalized one-dimensional diffusions that
are used in Section 8.

4 Path decomposition and Wiener—Hopf factorization

4.1 Preliminaries on excursion theory

Recall we assumed that 0 is regular for itself, that is P(ng = 0) = 1 where 7y := inf{t > 0, X; = 0}
(and P = Py), and that 0 is a recurrent point. In this setting, we have a theory of excursions of
(X¢)t>0 away from 0, see for instance Bertoin [4, Chapter IV] or Getoor |16, Section 7|. Setting
S =inf{t > 0, X} # 0}, then Blumenthal 0-1 law gives that either P(S =0) =1 or P(S =0) = 0:
in the first case, 0 is called an instantaneous point; in the second case, 0 is called a holding point.

The process (X¢)i>0 possesses a local time (L;);>0 at the level 0, in the sense that there is a
non-decreasing and continuous additive functional whose support is the closure of the zero set
of (X¢)t>0. Then there exists some m > 0 such that a.s. for any ¢ > 0

t
mLt = / 1{X5=0}d8'
0

The right-continuous inverse (7¢)¢>0 of the local time is a (cadlag) subordinator and we will denote
by ® its Laplace exponent, see (2.1). The subordinator (7¢);>0 has the following representation:
for any t > 0 -
7 = mt + ZATS, with A7y := 74 — Ts_ .
s<t
Let us also recall that there are two cases:
e If 0 is an instantaneous point, then the Lévy measure of (7¢);>0 has infinite mass.

e If 0 is a holding point, then the Lévy measure of (7¢);>0 has finite mass and m > 0. In other
words, (7¢)¢>0 is a drifted compound Poisson process.

We denote by D the usual space of cadlag functions from Ry to R, and for € € D, let us
introduce the length of €
l(e) =inf{t > 0, &, = 0},

and we will often write for simplicity ¢ instead of ¢(¢).

Then the set of excursions £ is the set of functions € € D such that: (i) 0 < () < oo; (ii)
gy = 0 for every t > £(g); (iii) &, # 0 for every 0 < ¢t < ¢(¢). This space is endowed with the
usual Skorokhod’s topology and the associated Borel o-algebra.

We now introduce the excursion processes of (X;):>0, denoted by (e:)r>0, which take values
in & = EU{Y}, where T is an isolated cemetery point. The excursion process is given by

T otherwise, .

A famous result, essentially due to Itd [26], states that (e;);>0 is a Poisson point process and we
denote by n its characteristic measure, which is defined for any measurable set ' by

1
n() = SE[Ner]  where  Nip = > r(es).

s<t

Here again, let us distinguish two cases:
e If 0 is an instantaneous point, then n has infinite mass
e If 0 is a holding point, then n has finite mass and is proportional to the law of e; under P.
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For a non-negative measurable function F' : & — R, we also write n(F) = [, F(e)n(de).
Let us stress that, from the exponential formula for Poisson point processes, we can express the
Laplace exponent ® of (7¢):>0 in terms of m and n:

®(q) = mg +n(l —e ).

Recall the definition (2.2) of the Lévy process (Z;)t>0, and recall Assumption 1 on the
function f. Let us stress that if 0 is an instantaneous point, then the Lévy measure v has
infinite mass, whereas if 0 is a holding point, then (Z;):>0 is a compound Poisson process.

Recalling the last expression in (2.2), the Lévy measure v of (Z;);>0 can be expressed through
the excursion measure n. For ¢ € £, we define

l
3(e) = /0 F(e2)ds. (41)

Then the exponential formula for Poisson point processes ensures that v(dz) = n(F € dz). Then,
Assumption 2 that the process (X);>p cannot change sign without touching 0 (and is not of
constant sign) can be reformulated as follows:

Assumption 2’. The measure n is supported by the set of excursions of constant sign. Moreover,
n is neither supported by the set of positive excursions, nor by the set of negative excursions.

This assumption, combined with Assumption 1 on the function f, leads to the following
remark, which is crucial in our study.

Remark 4.1. Under Assumptions 1 and 2°, (|Z¢|)t>0 is not a subordinator. Moreover we have
almost surely supyg ,,] Cs = supgy) Zs, for every t > 0. Indeed, for every s > 0, (Xt)t>0 is of
constant sign on the time-interval [Ts—, 7] and consequently t — (; is monotone on every such
interval. As a consequence, the supremum is necessarily reached at the extremities, i.e. we have

SupuG[TsﬂTs] Cu = C’st \ CTS .

4.2 Decomposing paths around the last excursion

We now show a path decomposition at an exponential random time. Recall the definition (2.3)
of g¢ = sup{s < t,Xs = 0}, the last return to 0 of X before time ¢. The following result,
inspired by Salminem, Vallois and Yor [40, Thm 9] allows us to decouple the path of X at an
exponential random time into two independent parts, before and after the last return to 0. An
important application of this independence has already been presented in (3.4). Additionally,
Proposition 4.2 provides useful formulas for computing functionals of the path before and after
the last zero, respectively.

To make the statement more precise, let us introduce some notation: for ¢ > 0 we let D,
denote the space of cadlag funtions from [0,¢) to R, and for t > 0 we let D, denote the space of
cadlag funtions from [0, to R.

Proposition 4.2. Let e = e(q) be an exponential random variable of parameter q, independent
of (X¢)t>0. Then the processes (Xu)o<u<ge and (Xgo4v)o<v<e—g. are independent. Moreover, for
all non negative functionals F : Ut>0 Dy — Ry and Fy : | Jy»o Dy — Ry, we have

B[ ((Xosues. )] = 000) [ T E [F((Xu)ozucn)e ] di (42)

and

E [F2((Xge+v)o<v<e—g.)] = (I)Lq) (sz(ﬁ) + "(/OZ€QUF2((5v)0<v<u)dU)> ; (4.3)

where 0 denotes the null function of 50.

Let us stress that the strict inequality in considering (X )o<u<g. is crucial in the proof.
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Proof. Let Fy and F5 be as in the statement. We have
E [Fl((XU)0§u<ge)F2((Xge+v)0§vﬁe*ge)}

=E [q/ eithl((XU)0§u<gt)FQ((th"F’U)OSUSt_Qt)dt .
0

We decompose the above integral in two parts, according to whether X; = 0 or not. If g and
d denotes the left and right endpoints of an excursion, then the excursion straddling time ¢ is
the only excursion such that ¢ <t < d. Indexing the excursions by their left endpoint g, i.e. by
G ={mn—;An > 0,t € Ry}, the previous display is then equal to

E [q/ ethl((Xu)0<u<t)F2(6)1{Xt:0}dt:|
0
+E [q/ e Z Fi((Xu)o<u<g) F2((Xgrv)o<vsi—g)Lg<t<aydt| -
0
g€eg

Regarding the first term, it is equal to

mF2(6)qE|:/(;OO e_th1<(Xu)0§u<t>st:| = mF2<6)q/OOOE [Fl((XU)OSU<Tt)e_th] dt.

For the second term, it is equal to

¢
E[ZFl((Xu)ogKg)e_qg/ qe_thQ((Xg+v)OSv§t)dt]7
geg 0

where we simply used that (73):>¢ is the right-continuous inverse of L.
Using the compensation formula for Poisson point processes, we end up with

E [ /OOO Fl((XU)OSu<Tt)e_thn< /OK e 1 Fy ((6v)0§v§u)du> dt]

- /O T E [A((Xu)ozuen)e™™] dt xn /0 e (o) du).

To summarize, we have showed that E[F;((Xy)o<u<g. ) F2((Xge+v)o<v<e—g.)] is equal to

00 l
/ E [Fl((Xu)0§u<Tt)eith] dt x q(mFg(O) + n(/ eung((EU)0<v<u)du>),
0 0
and the result follows since we have ®(q) = ( [y E[e™™]dt)™" = mq + n(1 — e~ %). O

4.3 Wiener—Hopf factorization

In this section, we derive a Wiener—Hopf factorization for the bivariate Lévy process (7¢, Z¢)i>0-
This factorization is similar to the one in Isozaki [22]| although the factorization therein is some-
how incomplete and our method is a bit different: we follow the approach of Greenwood and
Pitman [20] which can also be found in Bertoin [4, Chapter VI|. We will only display in this
section the results needed as it is not the main purpose of the paper: the proofs are postponed to
Appendix A. In fact, our results hold for any bivariate Lévy process (74, Z;)i>0 for which (7%)¢>0
is a subordinator.

We define S; = Sup[) Z¢ the running supremum of Z;. Then the reflected process (R¢)t>0 =
(St — Zi)i>0 is a strong Markov process (see |4, Proposition VI.1|) and possesses a local time
(LE)i>0 at 0 and we denote by (0y)> its right-continuous inverse, called the ladder time process.
Next we define 0; := 7,, and H; := S,, the ladder heights processes. Then (oy,0:, Hi)i>0 =
(0t, Toys Sop )t>0 18 a trivariate subordinator possibly killed at some exponential random time,
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according to wether or not 0 is recurrent for (R:):>0 (see Lemma A.1 in Appendix A). We denote
by k its Laplace exponent: for any non-negative «, 3, y:

w0, B,7) = —1ogE [T =M1y ny ) (4.4)

If 0 is transient for (R;)¢>0, then £(0,0,0) > 0 and LZ has an exponential distribution of
parameter (0,0, 0) whereas if 0 is recurrent, then £(0,0,0) = 0 and L% = oo a.s. In any case,
using the convention e=* = 0, we have for any «, 8,y > 0 such that a + 8+~ > 0,

E [e—wt—%—ﬁt} = exp (—k(a, B,7)t). (4.5)

Let us also set Gy = sup{s < t,Zs = Ss} be the last time before ¢ where (Z;);>¢ attains its
supremum, or equivalently the last return to 0 before ¢ of (Ry):>o.

We now state a Wiener-Hopf factorization for the process (7, Z¢)¢>0, which will allow us
below to obtain (among other things), the joint Laplace transform of &, and &, — (g, see
Corollary 4.6 below. Let us stress that we need to separate two cases, according to whether 0 is
regular or irregular for the reflected process (Ry):>o.

Theorem 4.3 (Wiener—Hopf factorization). Let e = e(q) be an exponential random variable
of parameter q, independent of (T¢, Zt)e>0-
(A) If O is irregular for the reflected process (Ri)i>o0, then we have the following:

(i) The triplets (Ge,Tq,,Se) and (e — Ge, Te — Ta,, Ze — Se) are independent.
(i) The law of (Ge,Tq,, Se) is infinitely divisible and its Lévy measure is
p(dt, dr, dz) = eTIP’(Tt edr,Z; edx)dt, fort>0,r>0,2z>0.
(11i) The law of (e — Ge,Te — TG, Ze — Se) is infinitely divisible and its Levy measure is
—qt

pu—(dt,dr,dz) = eTIP(Tt edr,Zy e dx)dt,, fort>0,r>0,z<0.

(B) If 0 is regular for the reflected process, then the same statements hold with T, replaced by
TG.— and 1. — 7q, replaced by T. — T —.

Let us give a corollary, which is key in our analysis, that expresses the Laplace transform of
(Sey Se — Ze, 7e); let us stress that a more general formula is available, see (A.1) in Appendix A.

Proposition 4.4. Let e = e(q) be an exponential random variable of parameter q, independent
of (7¢, Zt)t>0. There exists a constant ¢ > 0 such that

—Oét Br—~x
k(a, B,7) = cexp </ /[ ; 1>y P(r €dr, Z; € dx)dt).
0,00)
Also, for any positive a, 3,7, we have
E [e—ase—ﬁ(ze—se)—m _ #(4,0,0) £(¢,0,0) (4.6)
k(g7 @) K(q,7,B)

where we have defined

e—ot— Br4+~x
R(a, B,7v) = exp (/ / 1pcyP(re €dr, Z; € dm)dt).
[0,00) xR 13

Remark 4.5. We can also introduce the same objects as above for the dual process (Zt)t>0 =
(—Z)t>0. If we set (St)t>0 = (Sup[o 4 Zt)t>0, then the dual reflected process (Rt)t>0 = (Stht)t>0
also posesses a local time at 0 denoted by (LF)i>o, with right-continuous inverse (6¢)i>0. Finally,
we set (64, ét, ﬁt)tzo = (6¢, 75, S&t)tz(), which is again a trivariate subordinator possi_bly killed at
some exponential random time with Laplace exponent that we denote &, i.e. such that &(c, 5,7) =

—logE e_a01_561_7H11{1<L§0}] for any non-negative o, 8,7y. Then, we prove in Appendiz A that

if (Z¢)e>0 is not a compound Poisson process, there exists a constant ¢ > 0 such that k = ¢ k.
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4.4 Consequences of the Wiener—Hopf factorization

From Proposition 4.4, using also Proposition 4.2, we can compute the Laplace transform of
(&g, &g. —Cg.) in terms of k and &, where e = e(q) is an exponential random variable of parameter
q > 0 independent of the rest.

Corollary 4.6. Let e = e(q) be an exponential random variable of parameter q, independent
of (X¢)t>0. Then for every A, u >0, we have

]E e_)‘gge _“(695_496) — K(O’ q’ 0) R(O’ Q7 0) . (47)
£(0,q,A) K(0, ¢, )
As a consequence, §g, and &g, — (4. are independent, the law of &, , §g. — (g and (g4, are infinitely
divisible.

Proof. Since ((;)i>0 and (& )¢>0 are continuous, we have (4, = (45— and §;, = &, — and we can
apply Proposition 4.2-(4.2):

E [efkége*u(égefége)} = ®(q) /oo E [ef&qfu(érﬁcrt)*qn] dt
0

) [E e a

In the last equality, we have used Remark 4.1 which tells us that &, = S; a.s. We now introduce
some additional Laplace variable ¢ > 0 so that the above integral becomes a quantity evaluated
at an exponential random variable € of parameter §. We write:

E ef}\éjgeflu‘(ggefcge)] = lim @( ) OO]E [e*ASt*#(St*Zt)qut*qt} dt
q—0 0
— lim (I)(q)E {e—)\Sg—u(Sg—Zg)—qTé}
i—0 ¢ ’
where é = €(¢) is an independent exponential random variable of parameter ¢. Therefore,
using (4.6), we obtain

E [e_xﬁge—u(ﬁge—Cge)} = lim ®(g) #(,0,0) #(4,0,0) (4.8)

i~0 G K(q,q,N) R(q,q,p)

Using Frullani’s formula [;® %du = In(b), we can write

00—t _ —P(g)t 1 00—t _ ,—qt
@@):exp(/ eedt), ~:exp(_/ eedt>,
0 t q 0 t

so that writing e~ ®(@* = E[e~97], we obtain

2@ _ o (/0+°° /0+°° e_qt;e_WP(Tt € dr)dt> _ <(I)qu)>+ <¢E].Q)>,

where we have set

P + 400 —qt __ ,—qr
<(~Q)> = exp </ / il{xzo}ﬂl’(ﬁ edr, 7, € dx)dt),
q 0,400) X
P o0 _ a—gr
<qu> = exp </ / ¢ 1{$<0}P(Tt edr, Z; € dl‘)dt) .
0,400) X

Then, by Proposition 4.4, we observe that for all ¢ > 0,

+00 —qr
<<I>(~q)> k(q,0,0) = cexp (/ / —° ——— 1 P(redr, Z; € dw)dt)
q [0,400) x N
1(0,4,0),
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and

P o +00 _gr
< (ﬂ)) k(q,0,0) = exp </ / —¢ ——— 1P edr, Z; € d:c)dt)
e [0,400) xR

=£(0,4,0

Finally equation (4.8) gives that

E {e_/\gge—ﬂ(fge—fge)] — llm K/(97 q’ 0) R(?’ Q7 0) — H(O7 q7 O) E(()? q7 0)’
—0K(q,q, ) R(G,q, 1) K(0,q,X) R(0,q, 1)

which is the desired result.
Finally, we show that the law of {,, and £, — (g4, are infinitely divisible. Let us start with &, .
By Proposition 4.4 and the expression of k(«, 3,7), we have for any A > 0,

E [ Aﬁqe —exp </ / le=ar (e — D1l P(r €dr, Z; € dm)dt)
[0,4-00) B

~ exp < /( . (e—” - 1)u(d$)>a

p(dz) = 1{x>0}/ t e " P(r; € dr, Z; € dx)dt.
[0,00)2

where we have set

It only remains to show that f(o ooy LA zp(dr) < oo. We have

/ 1A zp(dz) = / t'E [e (1A Z) 1 z,50}] -
(0,00) 0

It can be shown, see for instance Lemma B.3, that there exists a constant C' > 0 such that for
any t > 0, E[1 A |Z;]] < Cv/t which is enough to check that f((),oo) 1 A zp(dz) < oo. This shows
that &, is infinitely divisible. The same proof carries on for §,, — (4. Since these variables are
independent, it comes that (4, = &;. + ({5, — &g.) is also infinitely divisible. O

From this result, we can deduce a formula for P({, < z) with z > 0 by inverting Laplace
transforms. For ¢ > 0, define the function V,; on R as

Vq(z) =E |:/ eiqgtl{HtSZ}dt , (4.9)
0
where we recall that (Gt,Ht)t>0 are the ladder heights, defined in Section 4.3. Recalling from
(2.4) that for any z > 0, V(z) = [;°P(H; < z)dt, we observe that Vy(z) increases to V(z) as
q— 0.

Corollary 4.7. For any z > 0, P(&,, < z) = £(0,¢,0)V,(2).

Proof. By Corollary 4.6, we have for any ¢ > 0 and any A > 0

o _ 0,¢,0)
A Ap ds = F 6= :M'
/0 PGy < 2)dz =B [ 50, ¢, \)

By the definition of V,, we also have

0o e oo 1
)\/ MV (2)dz = E [/ eqet)\Ht] dt — / e~ tr(0:a:0) 4 = _,
0 q( ) 0 0 H(O, q7 )‘)

and the results holds by injectivity of the Laplace transform. O
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We finally end this section with the following proposition, which allows us to decompose
P(ée < z), our quantity of interest.

Proposition 4.8. The random variables &g, , £;. — Cq. and I, are mutually independent. More-

over, we have for any z > 0,

e

P& < 2) =P(&g. < 2)P(Ac <0) +P(& + Ac < 2,A¢ € (0, 2)), (4.10)

where Ae = Ie + (g, — &g = Ce — &g. -

Proof. By Proposition 4.2 and since §;, = &, — and (4, = (4 —, we get that I. is independent of
(€905 &g — Cgo)- Then by Corollary 4.6, &, and &, — (,. are independent. This implies that the
three random variables are mutually independent.

Now observe that thanks to Assumptions 1 and 2, s — (s is monotone on the interval [g;, t]
for every ¢ > 0. This implies that sup,¢y, 4y (s = (g, V ¢¢ which in turn implies that & = &g, V (.
We get the identity

& = E&ulin, <oy + (§g + At)1ia,>0p = &g + max(Ag, 0). (4.11)

This allows to derive the desired identity. O

5 The positive recurrent case: proof of Theorem 2.1

In this section, we focus on the case n(¢) < oo, which corresponds to the positive recurrent
case, i.e. Assumption 3. In this case, we have that 7+ =~ ¢t as t — oo and thus we should
expect & to behave as Sy, as we shall see. We recall that the Laplace exponent ® is expressed
as ®(q) = mq + n(1 — e~%). Therefore, if n(f) < oo, we have ®(q) ~ (m + n(f))q as ¢ — 0
which shows that E[71] = m 4+ n(¢) = m; < co. Then by the strong law of large numbers for
subordinators, it holds that a.s.

tliglo 77Tt =mr. (5.1)

Our main goal is to prove Theorem 2.4 under Assumption 3. We procede in three steps: we deal
with the contribution of the unfinished excursion (this will show that I, can be neglected); we
study the behavior of x(0,¢,0) as ¢ | 0; we conclude the proof by combining the above with
Corollary 4.7 and Proposition (4.8).

5.1 Estimate of the last excursion

Let us first estimate I, as ¢ | 0. It turns out that in the positive recurrent case, it converges in
law.

Lemma 5.1. If n({) < oo, then I, converges in law as ¢ — 0 to some random variable Iy which
is a.s. finite and such that P(Ip < 0) > 0.

Proof. Let F': R — Ry be a bounded continuous function. Using Proposition 4.2, we have

E[F(L)] = % <mF(0) + n< /0 Z e tp /0 t f(sr)dr>dt>>.

Again, ®(q) ~ myq as ¢ — 0, and we get by the dominated convergence theorem that

mF(0) +n(f0€F<f0t f(er)dr>dt)

E[F(I)] —
my

as ¢ — 0,
which shows the result. Since 0 is recurrent for (X¢):>0, for n-almost every excursions ¢, ¢ has

a finite lifetime ¢, which shows that [y is a.s. finite. By Assumption 2’, n charges the set of
negative excursions so that we necessarily have P(Iy < 0) > 0. O
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5.2 Asymptotic behavior of the Laplace exponent

Let us now study the asymptotic behavior of x(0,¢,0) as ¢ | 0. Since by Corollary 4.7 we
have that P(§,, < z) = k(0,q,0)V,(2) with V4(2) T V(2) as ¢ | 0, the behavior of x(0,q,0)
characterizes the behavior of P(§,, < 2).

Theorem 5.2. Assume that n(f) < oo and let e be an exponential variable with parameter g,
independent of (Xt)t>0. Then the following assertions are equivalent for any p € (0,1):

(i) limy_o0 t fo (Zs > 0)ds = p;

(i1) hmt_mo fo (s > 0)ds = p;
(i1i) The functwn q +— k(0,q,0) is reqularly varying as q | 0, with index p.

Proof. Step 1: We show that (1) is equivalent to (%ii). By Proposition 4.4, we have for any ¢ > 0,

>~ K e*t — e 1)1
log k(0,¢,0) = 10gc—|—/ [( t ) {tho}}
0

00—t _ —P(q)t O FE [(e=t — e 97)(1 _
=logc+ p/ ¢ -° 7 : dt + / [(e © I {220} p)] dt
0 0

dt

t
XK [(e7t —e ) (1 -
=logc+ plog ®(q) + / ( t)( (ziz0p ~ 1) dt,
0
where we used Frullani’s identity in the third equality. Let us define the function ¢ for ¢ > 0 as
o R [(e=t — e 97)(1 —
$(q) = exp (/ I 3< (z20 = 0] dt) . (5.2)
0

Since ®(q) ~ myq as ¢ — 0, it is clear that ¢ — k(0,¢,0) is regularly varying as ¢ — 0 with
index p if and only if ¢ is slowly varying at 0. We have for A > 0 and ¢ > 0

0 [(e—4Tt — o= ATt (] B
log ¢(Ag) —log<(q) =/ G ) Lm0y — )]
0

t
(5.3)

)}dt:I—l—II,

oo B [(e_‘m/" — e M) (g, S0y — P
_ /0 t

where we have set

[e’e] e—mlt - e—m1>\t
1= /0 ————— (B(Zyyy 2 0) — p)
I := > 1E —qTi/q —mit —mj At —AqTy/q 1 dt
=) (e —e +e —e )( {Zt/qzo}—ﬂ) .

We first show that the term II always converges to 0 under the assumption n(¢) < oo.
Let us set F(t,q) = Fi(t,q) + F»(t,q) where Fy(t,q) = E[(e™7t/a — e_mlt)(l{Zt/qZO} — p)] and
Fy(t,q) = E[(e™mM —e_)‘q”/q)(l{zt/qzo} —p)]. By (5.1), we have that for any t > 0, q7;/, — m1t
a.s. as ¢ — 0. Therefore by the dominated convergence theorem, we have for any ¢ > 0,
F(t,q) — 0 as ¢ — 0, and it only remains to dominate F'(¢,q) to get that IT = foo 1Pt q)dt
goes to zero as q J. 0. We only show that we can dominate F7; the same domination can be done
on Fs. We write

|Fi(t,q)| < 2E [le”7t/a — e™ ] < 2E [|e™97/a — e—m1t|2]1/2
< 2 (700020 _ go-(mte@/at | efzmlt)l/?

We set by = supye(o,1) ®(¢)/q and b— = inf¢(o,1) P(g)/q which are two finite and strictly positive

(¢
real numbers. Then it is clear that for any ¢ € ( ) %) for any ¢ > 0,

‘Fl(t q)’ %( —2tb_ 2e—(m1+b+)t +e—2m1t)1/2.
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The term on the right-hand side is integrable: indeed, for ¢ € [0,1] it is bounded by a constant
times ¢t~ Y/2, whereas for t > 1 it is bounded by 2(e 20— e*2m1t)1/2. We can conclude by the
dominated convergence theorem that IT = fooo %F (t,q)dt goes to zero as q | 0.

At this point, we know that (7:7) holds if and only if for any A > 0, the term I goes to 0 as ¢ | 0.
We now use well-known results about Lévy processes. The usual Laplace exponent of the ladder
time process of (Z;)i>0 is ¢ — k(g,0,0) and it is well-known, see for instance [4, Prop. VI.18
and its proof| that (i) holds if and only if ¢ — k(g,0,0) is regularly varying at 0 with index p.
Recalling Proposition 4.4, we have for any ¢ > 0,

© t
logn(q,0,0)zlogc—i—/ S
0

——P(Z, 2 0)dt

© o t_e—qt
zlogc+plogq+/ f(]P)(ZtEO)—p)dt.
0

We therefore obtain that (i) holds if and only if, for any A > 0
00 —gAt __ e—at

log k(Ag, 0,0) — log k(q,0,0) — plog A = / ¢ ; (P(Z; >0)— p)dt — 0
0

as ¢ | 0. But this is clearly equivalent to having the term I going to 0 as ¢ | 0, for any A > 0.
This concludes the proof that (i) holds if and only if (iii) holds.

Step 2: Next, we show that (i) holds if and only if we have (i) lim;_o0 7 fo (Cgs 2 0)ds = p.
Let e = e(q) be an independent exponential random variable of parameter ¢ > 0 and ¢’ = e(m1q)
be an independent exponential random variable of parameter myq > 0. We have

P(¢g, > 0) = q/ e "P((y, > 0)dt and P(Z. >0) = mlq/ e ™9'P(Z, > 0)dt.
0 0
Then by the Tauberian theorem, see |8, Thm. 1.7.1|, we have that limq 10 P(Zy > 0) = pif

and only if (i) holds, and limgoP((;, > 0) = p if and only if lim;o 7 fo (Cgs = 0)ds = p.
Therefore, to conclude, it only remains to show that limg_,o [P((g, > 0) —P(Z > 0)| = 0.

Applying Proposition 4.2-(4.2) with the functional F; =1 (Cy, >0 We get

(G, > 0) = 3(q) /O E e 1 5,50)] dt.

Then we obtain that [P((,, > 0) — P(Z. > 0)| is bounded by
‘ /OOOE [(®(g)e™™ —mige ™)1 7,501 dt‘
< m1CI|/ (791 7,501 At + my /000 E [|ge™ " — g™ "|1z,501] dt
<10(q) — gl g+ [ E [l — e di
(Q) 0

By assumption, we have lim,_,o ®(¢)/¢ = mi, so the first term goes to 0. By the law of large
numbers (5.1) and dominated convergence, we have that for any ¢t > 0, E[le” 7t/ — e~ ™[]
converges to 0 as ¢ J 0. We conclude again by dominated convergence that the second term goes
to 0, since E[|e /e — e~ ™1t|] < E[e97/a] 4 e M1t = ¢~1P(0)/0 4 o=t < bt | o=t

Step 3: Finally, we show that (ii) is equivalent to (4i’) limy_oo 1 fo (Cgs > 0)ds = p. Again, by
the Tauberian theorem, (%) holds if and only if limg o P({. > 0) = p and (%i’) holds if and only if
limg_,0 P({4. > 0) = p (with e = e(g) an independent exponential random variable of parameter
g > 0). Therefore it is enough to show that limg o [P({;. > 0) — P({c > 0)] = 0 in the case
n(¢) < oo. To prove this, we write

P(Cge 2 0) = P(Ce =2 0) =P(¢g. = 0,6 < 0) = P(¢g. < 0,¢ = 0).
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We will only show that limg_oP((y. > 0,{c < 0) = 0 as the proof for the other term is similar.
By Lemma 5.1 above, the term I, = (. — (4, converges in law as ¢ — 0 to some real random
variable Iy. We let A > 0 and we decompose the probability as

P(Cge > 0,Ce < 0) =P(Cge = 0,¢g. + Lo <0,Ie < —A) +P(Cg > 0,¢g + Lo <0, I > —A),
which yields the following inequality:
P(¢g. > 0,¢ < 0) <Pl < —A) +P(y, € [0, A4]).
By Proposition 4.2, we have

> —qT P * —qT,
P(¢g. € [0, A]) = ‘I’(Q)/O E [e™ " 1¢z,cp0,a3] dt = f}q)/() E [e Malyz, , eo,Ay| dt.

For every A > 0, we have limy_, P(Z; € [0, A]) = 0, see e.g. Sato [41, Ch. 9 Lem. 48.3]. Since
limg0 ®(q)/q = my and E[e™ /117 cjo ap] < Ele™?/4] = e t®W@/a < o=t it follows from
the dominated convergence theorem that limg_,o P({,4, € [0, A)) = 0. We deduce that

limsup P({4, >0, < 0) <limsupP(l, < —A) <P(Ip < A).
q—0 q—0

Since I is a.s. finite, the result follows by letting A — oo. O

5.3 Conclusion of the proof of Theorem 2.1 under Assumption 3

We are finally able to prove our main theorem in the positive recurrent case.

Proof. We assume that n(¢) < oo, and will first show that, by setting ¢y = liminf, o P(A. < 0),
we have ¢ € (0, 1] and for any z > 0,

oV (z) < limint 268 <2 iy g, PlEe < 2)

=0 £(0,¢,0) a0 £(0,¢,0) < V(2). (5.4)

Then we will see that if ¢ — P(& < 2) is regularly varying at 0 with index p € (0,1), or if
1 fo ({s > 0)ds — p as t — oo, then necessarily ¢y = 1. Using (4.10), we deduce the following
inequalies

B(¢, < 2)B(A < 0) < PG < 2) < P(g, < 2).

By Corollary 4.7, we have P(§,, < z) = k(0,¢,0)V,;(2) for any z > 0, and since V,(z) = V(z),
(5.4) holds if we can show that P(A. < 0) converges to some positive constant as ¢ — 0.

Remember that I, and ¢, — &, are independent, that A, = I. + (5, — &, and that by
Lemma 5.1, I, converges in law as ¢ — 0. We will show that, either (,, — £, converges to —oo
as ¢ — 0 in probability, or (4, — &, converges in law to some (finite) random variable as ¢ — 0.
By Proposition 4.2, we have for any pu > 0,

- - > —qri— —Z O(q) [ - - -z
E [e p(€ge Cge)} = 3(q) E [e qri—p(St t)] dt = —\4) E [e ami/q—1(St/qa=Z110) | .
0 4 Jo
Recall that ®(q)/q — my as ¢ — 0 and that qTi/g = mit as ¢ — 0. Duality entails that for
every t > 0, S — Z, is equal in law to St where St = SUPse(o,q) Z and Zt —Zy, see [4, Ch. VI

Prop. 3|. Since (St)tzo is increasing, Sy — S as t — oo. By the 0-1 law, P(liminf;_, o Z; = 00)
is equal to 0 or 1, two cases are to be considered:

e If liminf; .o, Z; = oo a.s., then S = oo a.s. and thus, Sy — Z; converges in probability
to oo as t — oo. Since E[e™9/a H(St/a=%/0)] < E[e™9T/a] = e '®(@)/4 we can apply the
dominated convergence theorem which shows that §, — (4, converges in probability to co
as ¢ — 0. It comes that P(A, <0) - 1 as ¢ — 0.
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e If liminf; .o, Z; < oo a.s., then goo < oo a.s. and thus S; — Z; converges in law to S’OO
as t — oo. By Slutsky’s lemma, for any ¢ > 0, (q7y/4,S¢/q — Z1/q) converges in law to
(mt, S’Oo) and we can again apply the dominated convergence theorem, which shows that
&g. — (g converges in law to some non-negative finite random variable that we name & — (.
Then we have P(A, < 0) — P(¢o — & + Ip < 0) where (o — & and I are indepedent. By
Lemma 5.1, P(Iy < 0) > 0 which shows that P({y — & + Ip < 0) > 0.

We showed that in any case (5.4) holds. Let us now assume first that ¢! f(f P(¢s > 0)ds — p
as t — oo for some p € (0,1). Then by Theorem 5.2, it also holds that ¢! fg P(Zs > 0)ds — p
as t — oo, which implies that liminf; ., Zy = 0o a.s., see for instance [4, Theorem VI.12|, and
therefore the constant ¢o in (5.4) is equal to 1. We then have P(¢. < z) ~ k(0,¢,0)V(z) which
shows by Theorem 5.2 that ¢ — P({. < z) is regularly varying with index p.

Let us now assume that ¢ — P(&. < 2) is regularly varying at 0 with index p € (0,1). Then

by (5.4), for any 6 > 0, ¢°7/k(0,q,0) — 0 as ¢ — 0. Now remember from Proposition 4.4 that

> g —t _ o—qTt 1
’{(07(170) = cexp (/ [(e © ; ) {Zt>0}]dt>
0

and

© El(e~t — e—97)1
7(0,¢,0) = exp </ (e © - ) {Zt<0}]dt).
0

We see by Frullani’s identity that x(0,q,0)&(0,¢,0) = ¢®(q) and since ®(q) ~ myq as ¢ — 0
it comes that %(0,¢,0) — 0 as ¢ — 0. Recall that by Corollary 4.6, for any © > 0, we have
E[e~#(se=Coe)] = 5(0, ¢,0)/R(0,q, 1), and since &(0,q, ) — &(0,0,) > 0 as ¢ — 0, we see that
E[e~#(se=Ce)] — 0 as ¢ — 0 which shows that, in this case §g. — Cg. converges in probability to
oo. From the previous analysis, we see that we are necessarily in the case liminf, .., Z; = oo
a.s. and therefore the constant ¢y from (5.4) is equal to 1 so that P(. < z) ~ k(0,q,0)V(z) as
g — 0. This shows that ¢ — k(0,q,0) is also regularly varying at 0 with index p and thus, by
Theorem 5.2, t~! fg P(¢s > 0)ds — p as t — oo. O

6 The null recurrent case: proof of Theorem 2.4

In this section, we assume that 0 is null recurrent, i.e. that n(¢) = oo and suppose that Assump-
tion 4 holds: in a nutshell,

(b(h)Tt/haa(h)Zt/h)tzo — (TtO,Z?)tZO as h — 0,

with (72, Z?)i>0 a bivariate Lévy process, (7);>0 being a 3-stable subordinator and (Z7);>¢ an
a-stable process. Assumption 4 also entails that a(b=1(h)) I, /h converges in law as ¢ — 0 to
some (possibly degenerate) random variable I.

Remark 6.1. Let us stress that since (b(h)7y /)10 converges in law to (1)i>0 as h — 0, the
Laplace exponent ®(q) of (1¢)t>0 is reqularly varying at 0 with index 5. More precisely, ®(-) is
an asymptotic inverse (up to a constant) of b(-) near 0. Indeed, (b(q)7;/4) converges in law to a
B-stable subordinator, and therefore

®(b(q)) a0, 1

1 logE [e_b(q)”/ﬂ = —logE [e_TtO] .
t q t

This also implies, see [8, Thm. 1.5.12], that q/b(®(q)) converges to some some positive constant
b as g — 0. For simplicity and without loss of generality, we assume in the following that b =1
Since (b(P(q)) 7 /o (q)> A(P(0)) Ztja(q))tz0 converges in law to (7, Z))i=0 as ¢ — 0, it comes that

(q7e/0(0) U P(2) Zeja(g)) =0 — (75 Z)iz0  as ¢ — 0. (6.1)

Below, we use some convergence results for Lévy processes, whose proofs are collected in
Appendix B.
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6.1 Laplace exponent and convergence of scaled ¢, — ¢,

€

We start with the following result.

Proposition 6.2. Suppose that Assumption 4 holds. Then the function q — (0, q,0) is reqularly
varying as q — 0 with index Bp with p :=P(Z) > 0).

Proof. Recalling Proposition 4.4, we start by writing that

> [, e—t — e4Tt)]
IOg /ﬁj(o’ q, 0) = log c+ / [( - ) {ZtZO}] dt
0
% ot/ ®(a) _ ot o Ef(e™t — e 9m/®@) 1y,
- 1Ogc+/ ————P(Zyay 2 0)dt + / [ i (o) Zywg20)] gy
0 0

Using the convergence (6.1) and Proposition B.1 in Appendix B, the last term converges as
q — 0. Then, with p = P(Z > 0), the second term becomes, by Frullani’s identity

o0 L—t _ ef<1>(q)t

plog ®(q) + / >

O : (P(Z, > 0) — p)dt.

As we argued in the proof of Theorem 5.2, the function

9] eft o efé(q)t
q > exp / — (B(Z:20) - p)dt
0

is slowly varying as ¢ — 0. Since ® is regularly varying with index (3, it comes that ¢ — (0, ¢, 0)
is regularly varying with index Bp, which establishes the results. O

Proposition 6.3. Suppose that Assumption 4 holds and let e be an exponential variable with
parameter g > 0, independent of (Xy)¢>0. Then a(®(q))(&g. — (g.) converges in law as ¢ — 0:
more precisely, we have that for any A > 0

=0
lim B [0 66| = F(0,1,0)
q—0

where R° is defined, analogously to K, as

0o e—t _ e—at—,@r—&—ym 0 0
I_ﬁo(ajlﬁ’fy) = exp (/ / 7 1{x<O}P(Tt edr Z; € dl’)dt)
0 [0,00) xR

Proof. By Corollary 4.6, we have that the Laplace transform of a(®(q))(&g. — (g.) is

7(0,q, Aa(®(q)))

Now, by the definition of & (in Proposition 4.4), we have

E [e—ka(‘b(Q))(fge—Cge)} — R(O’ 7, O)

© R [(e*thJr/\a((b(fJ))Zt — e ™)

t

1{Zt<0}:| dt.

log £(0, 4,0) — log £(0, ¢, Aa(®())) = /0

Making the change of variables ¢ = u/®(q) and splitting the integral in two parts, we get that
the above quantity is equal to

/0 t 'E [(eit - eith/(P(Q))l{Zt/@(fIKO}] dt
_ /0 tE {(eft - e’q”/‘i’@“a(@(q))zﬁ‘b(q))1{Zt/<1><q)<0} dt.
By (6.1) and Proposition B.1, log (0, ¢, 0) —log 5(0, ¢, A\a(®(q))) is a difference of two converging

terms. More precisely, Proposition B.1 entails that it converges to log £°(0,1,0) —log £°(0, 1, \),
which completes the proof. O
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6.2 Conclusion of the proof of Theorem 2.4 under Assumption 4

Finally, we are able to prove our main theorem in the null recurrent case.
Proof. We start by recalling that, from (4.10), for any z > 0 we have
P& < 2) =P(&. < 2)P(Ac < 0) +P(&y, + Ac < 2,Ac € (0,2)).

We also remind that by Proposition 4.8, the random variable I, £, and £, — (, are mutually
independent. Since A, = I, + (4. — &g, , it is independent from £, and we get that

P&y, < 2)P(Ac <0) <P(&e < 2) < P(&, < 2)P(Ae < 2).

By Corollary 4.7, we have P(§,, < z) = (0,¢,0)V,(2) and since x(0,q,0) is regularly varying
at 0 with index Sp and V,(z) increases to V(z), it only remains to control P(A. < 0) and
P(A. < z). By Assumption 4, and recalling that ®(-) is an asymptotic inverse of b(-), we have
that a(®(h))I, 5, converges in law as h — 0 to some random variable I. This easily implies that
a(®(g))I. converges in law as ¢ | 0 and thanks to Proposition 6.3 so does a(®(q))(¢g. — &g.)-
Since I, and (g, — &, are independent, it gives that a(®(q))A. converges in law as ¢ — 0 to
some random variable, that we denote Ag. Finally, we end up with

ImP(A, <0) =lmP(A, < 2) =P(Ag <0),
ql0 ql0
which completes the proof. O

6.3 The case of Gaussian fluctuations

In this section, we treat the special case where Assumption 4 is satisfied with o = 2, i.e. when the
limiting process (Z{):>0 is a Brownian motion. This case is somehow simpler since (7¢)¢>0 and
(Z2);>0 are then necessarily independent (this can be seen directly from the Lévy-Khintchine
formula), and the convergence of (b(h)7/5)i>0 and (a(h)Zy/p)i>0 alone implies the convergence
of the bi-dimensional process, see Lemma B.4. We are going to prove that in that case, we can
somehow weaken Assumption 4 (relaxing the assumption on the convergence of the last part
a(b1()) Iun).

Recall that for a generic excursion ¢, we denote § = §(e) = foe f(es)ds, see (4.1).

Assumption 8. There exists some B € (0,1) such that ® is reqularly varying at 0 with index 3,
and n(F) = 0, n(F?) < co.

We then have the following result.

Theorem 6.4. Suppose that Assumption 8 holds. Then there exists a slowly varying function ¢
such that for any z > 0,

P(T, > t) = V(2)s(t)t /% ast — oo,
where 3 is given by Assumption 8.

Proof. We simply check that Assumption 8 implies that Assumption 4 is satisfied. Let us de-
note by v(dz) = n(§ € dz) the Lévy measure of (Z;);>9. Then Assumption 8 entails that
fR\{o} 2?v(dz) < oo, which implies that (h1/2Zt/h)t20 converges in law towards a Brownian
motion (Z)i>0 as h — 0 (this can be easily checked via the characteristic function).

Moreover, if b is an asymptotic inverse of ® at 0, we have that (b(h)7;,)i>0 converges in
law to a 3-stable subordinator (70);>0 as h — 0. By Lemma B.4, this shows that the bivariate
process (b(h)7/p, hl/QZt/h)tZ(] converges in law to (10, Z0)t>0 as h — 0.

Finally, we show that ®(q)'/2I, converges to 0 in L? as ¢ — 0. By Proposition 4.2-(4.3),
setting Fu(e) = [y f(ev)dv for any u < £(e), we have

L(e)
E [8(q)%] = q /g /0 15, (=)2dun(de) < /g §(0)2(1 — e~2E) Yn(de) .
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Indeed Assumptions 1 and 2’ entail that the map u — F,(e) is monotonic on [0,4(¢)] and
thus Fu(e)? < F(e)?. Since n(F?) < +oo, we can use dominated convergence to deduce that
limg—0 E[®(q)I?] = 0. We can then apply Theorem 2.4 with p = P(Z) > 0) = 1/2. O

7 Application to generalized diffusions

In this section we apply our result to a large class of one-dimensional Markov processes called
generalized diffusions. These processes are defined as a time and space changed Brownian mo-
tion. Originally, it was noted by It6 and McKean [27,28| that regular diffusions, i.e. regular
strong Markov processes with continuous paths can be represented as a time and space changed
Brownian motion through a scale function s and a speed measure m. In the mean time, Stone [45]
also observed that continuous-in-time birth and death processes could be represented this way.
As we shall see, this construction leads to a general class of Markov processes. Our main goal is
to provide conditions on the function f, the scale function s and speed measure m that ensure
that Assumption 4 holds. Let us now recall the notation of Section 2.3.

Let m : R — R be a non-decreasing right-continuous function such that m(0) = 0, and
s : R — R a continuous increasing function such that §(0) = 0 and s(R) = R. We assume
moreover that m is not constant and will also denote by m the Radon measure associated to m,
that is m((a,b]) = m(b) — m(a) for all @ < b. Recall that m® is the image of m by s, i.e. the
Stieltjes measure associated to the non-decreasing function m o s~'. We consider a Brownian
motion (By)¢>o on some filtered probability space (2, F, (Ft)i>0,P) with (L§)i>0er the usual
family of its local times and we introduce

AN = / Lim®(dx).
R

The process (A );> is a non-decreasing continuous additive functional of the Brownian motion
(Bt)¢>0. For every x € R we have LY, = oo a.s., and since the support of the measure m® is not
empty we see by Fatou’s lemma that A™ = oo a.s. Now we introduce (pt)t>0 the right-continuous
inverse of (A™);>0 and we set

Xi = 5_1(Bpt)'

As the change of time through a continuous non-decreasing additive functional of a strong Markov
process preserves the strong Markovianity, see Sharpe [42, Ch. VIII Thm. 65.9], and since s is
bijective, it holds that (X;);>0 is a strong Markov process with respect to the filtration (F,,):>o.
Let us denote by supp(m?) the support of the measure m®. It is rather classical, see again
Sharpe [42, Ch. VIII Thm. 65.9] or Revuz-Yor [39, Ch. X Prop. 2.17|, that (X;);>0 is valued
in 5! (supp(m®)) = supp(m). From now on, we will always assume that 0 € supp(m®) so that,
since 5(0) = 0, (X¢)¢>0 spends time in 0. Since 0 is recurrent for the Brownian motion, it is also
recurrent for (X;):>o. We have the following proposition, which shows that the process (X¢)i>0
satisfies the hypothesis of this article and that its local time at the level 0 can be expressed with
the local time of the Brownian motion. The proof is postponed to Appendix C.1.

Proposition 7.1. The following assertions hold.

(i) The family (LZ&I))QO@E]R defines a family of local times of (Xt)¢>0 in the sense that a.s., for
any non-negative Borel functions h, for any t > 0, the following occupation times formula
holds:

t
/ h(X,)ds = / h(z) L3 m(dx).
0 R
(ii) The point 0 is reqular for (X¢)i>o0.
(11i) The process (Lgt)tzo is a proper local time for (X¢)i>0 at the level 0 in the sense that it is

a continuous additive functional whose support almost surely coincides with the closure of
the zero set of (X¢)i>0.
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(iv) Let (T¢)i>0 be the right-continuous inverse of (Lgt)tz[] and (78)i>0 be the right continuous
inverse of (LY)¢>0, then we have

5

T = / Lfpm®(dz) = AT5.
R t t

Moreover, it also holds that for any t >0, p,, = 7.
In this framework, the Lévy process Z; = [J* f(Xs)ds can be expressed, thanks to items (i)

and (iv) of Proposition 7.1, as
Zy = / Lmef(dx),
R t

where we have set m/ (dx) := fos~!(x)m®(dz). Note that m/ is a signed measure (recall that by
Assumption 1, the function f preserves the sign). We suppose in addition that fos~! is locally
integrable with respect to m® so that m/ is also a Radon measure. We will also denote by m/
the associated function, i.e. m/(z) = Jo f o5 ' (u)m*(du), which is non-decreasing on Ry and
non-increasing on R_. Then it holds that (Z;)¢>0 is a Lévy process with finite variations, with
zero drift (since f(0) = 0). The aim of this section is to show Propositions 2.5 and 2.6

7.1 Excursions of (X;);>o using those of (B;);>

Let us first describe the excursions away from 0 of (X;):>0 in terms of the excursions of the
Brownian motion. Let us denote by D the usual space of cadlad functions from Ry to R, and
for € € D, let us introduce

l(e) = inf{t > 0, &, = 0}.

Then the set of excursions £ is the set of functions € € D such that 0 < ¢(¢) < oo, for every
t > l(e), e = 0, and for every 0 < ¢t < l(g), e¢ # 0. This space is endowed with the usual
Skorokhod’s topology and the associated Borel o-algebra.

We now introduce the excursion processes of (B;)i>0 and (X;)i>0, denoted by (ef);>¢ and
(e)¢>0, which take values in £ U {Y}, where Y is an isolated cemetery point, and are given by

eB _ (BT£+S)SE[O7ATtB] if ATtB >0 and €X _ (XTt7+S)S€[07ATt] if Ary >0
¢ T otherwise t T otherwise

A famous result, essentially due to Ito [26], states that (eP);>0 and (e )i>0 are Poisson point
processes and we will respectively denote by n? and n their characteristic measure, which are
defined by

nB(I) 1E[Nfr} and n(I‘):%E [N7T] (7.1)

Tt
for any measurable set I', where

Nfr = Z 1r(eB) and Nt)} = Z 1r(eX).

s<t s<t

Our first aim is to describe the measure n in terms of n?; we will see n as a push-forward of
n®? by some application 7" () To this end, we first introduce the subset C of £ of functions which
are continuous. It is clear that every function in C has constant sign, and that n?(£\ C) = 0.
We have the following lemma.

Lemma 7.2. Under w2, almost every path posseses a family of local times (L¥)t>0,2¢r, in the
sense that for any Borel function g and every t > 0, we have

[ stcas = [ gtonzar

The family (L )i>0.zer s jointly continuous and for any v € (0,1/2) the map x — L is Holder
of order v uniformly on compact time intervals.
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Proof. Consider some ¢ > 0 such that A7” > 0 and set for any 2 € R and any s € [0, A77],
Ly =L7s, - LftB_. Then (L) cp0,a78) ek 18 the family of local time of eP. Indeed, for any

Borel function g and s € [0, A7], we have,

/Os g(ef (u))du = /OS 9(B.5 1,)du = /IRg(:E)(LftB+s - Lfg{)dfﬂ-

Since the Brownian local times are jointly continuous and almost surely Holder of order v (for
any v € (0,1/2)) in the variable  uniformly on compact time intervals, so is (L{)¢>0.zcr. Hence
we showed, almost surely, for any ¢ such A7® > 0, eP has the property stated in the lemma: by
(7.1), this shows that outside of a negligeable set for n?, every path has the stated property. [

We denote by C4 and C_ the subsets of C of positive and negative (continuous) excursions.
We introduce the first point of increase and decrease of m* around 0, i.e. the real numbers defined
by

zy = inf{x >0, m°*(z) >m*(0)} and x_ =sup{z <0, m*(z) < m*°(0—)}.

(Note that for standard diffusions we have x4 = z_0, but one may have z_ < 0 < x4, for
instance for birth and death chains, see Section 2.5.) Under Assumption 2’ they are finite, i.e.
m® eventually increases and decreases. For a path ¢ € C, we let M(e) = sup{|es|,¢ > 0} and we
introduce the measurable set

Coya = (CN{M(e) > 24} U(C- N{M(e) > [z_[}).

For e € Cy, »_, we define the time-change

(pzess = (| Lfmﬁ(dm)ow. (72)

Observe that A} > 0 if ¢ € C,, ,_ (whereas A} = 0if ¢ € C\ Cp ;). We denote by
(pi)o<t<a, the right-continuous inverse of (A7)o<;<¢ and finally define the measurable application
T:Cy, » — & such that,

T(e)r =5 '(ep5) if t<A} and T(e)y=0 if t>Aj

A key tool in this section is the following result, which expresses the measure n as the pushforward
measure of n? by T.

Proposition 7.3. For any measurable set T, we have n(T') = nB(T~1(T)).

Let us note that, since T1(T') C C,, _, the measure n is a finite measure if and only if 2} > 0
and z_ < 0, since in this case n?(Cy, , ) < oo.

Proof. We first emphasize that thanks to Proposition 7.1-(iv), we have a.s., for any ¢ > 0,

Am = ATy — AT = / (Lt — L7p Jmé(da).
R

t— t—
Thus, it should be clear that
A >0 if and only if ATtB >0 and e? €Cypz .

Let us now consider some ¢t > 0 such that Ar > 0, i.e. some ¢t > 0 such that ATtB > 0 and
eP €C,, » . Weset forz € Rand s € [0, A7), LY = L%, L% , the local time of eP. Then
t—

Ty, +S$

we introduce the time change (A%) 0,ar7), defined by

s€|

Al = /RLgms(dx) = AZ%JFS — T
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If (p%)sepo,ar] denotes the right-continuous inverse of (A%)
we get the following identity.

s€[0,ArB)> then for every s € [0, A7,

t . s B
py = inf{u > 0, A::B,—Fu >Ti + 8} = pry_gs— i

Therefore, we conclude that, if ¢ is such that A7 > 0, then we have

e%X = (5_1(Bprt,+s>)se[O,ATt} = (5_1(BT£+pg))sE[O,ATt] - T(etB)'

Therefore, for any measurable set I', we have for any ¢ > 0, a.s. Nt)% = NtBT,l(F), which, by (7.1),
shows the result. O

We are now able to express some quantities of interest of (7¢, Zt)t>¢ using the Brownian

excursion measure. We first define for any e € Cp ,_

(hocrce=( [ L‘fmf(dw)>0<t<€ . (73)

Lemma 7.4. The following assertions hold.
(i) For any A >0 and any p € R,

—logE [e_)‘“H“Zl} =nB (1 — exp (—)\AZ + iuAg)) .

(i) Let e = e(q) be an independent exponential random variable of parameter ¢ > 0. Then for
any b € R,

‘ 74
5] = g (e ([ esp-qat il )

where we recall that m is the drift coefficient of (T¢)i>0, see Section 4.1.

Proof. Let us start with the first item. By the exponential formula for Poisson point processes,
it is straightforward that for any A > 0 and any p € R,

l
YA, ) = —logE [e‘”ﬁi“zl} = n(l — exp ( — M+ iu/ f(ss)ds>> :
0

Applying Proposition 7.3, we get that

A7
V(A p) = nP <1{5€Cz+,z_} (1 — exp ( — ANAJ +ip ; f(sl(apg))ds>>)

.., we have fOAj f(s7Heps))ds = foef(ﬁ_l(eu))dAZ = Ag. Remark that if
then A} = A{ = 0 so that

W\ p) =nB (1 ~exp (—)\AZ + z'uA{)) .

We now show the second item. By Proposition 4.2, we have for any u € R,

E [eitle] = (I)E]q)<m+n</ozexp<—qt—|—w/0tf(€s)ds>dt>> = %(mjte(u,q)).

Then, by Proposition 7.3 again, we get

A3 t
G(u,q) = n” (1{aECI+,I}/O exp ( —qt+ iu/o f(5_1(6pg))d8> dt)-

Performing the change of variables ¢t = A7, and using the occupation time formula for the Brow-
nian excursion, we get

For any ¢ € C,
e¢ C,

5T

¢
G(p,q) =n” <1{aeCZ+7I} /0 exp(—qA] + z'uA{)dAi)

If e ¢ Cy, n, then A7 = 0 for any ¢ € [0,/] and we can remove liec,, . } from the above
expression, which gives the desired statement. O
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7.2 Additive functionals for strings with regular variation

Assumptions 5 and 7 state that m® and m/ are regularly varying and we will show that it implies
that (7, Zt)i>0 belongs to the domain of attraction of a bivariate stable process. To prove
that, we remark that the jumps of the rescaled process (7}, Z[);>0 (with h | 0) are also additive
functionals of the Brownian motion (B;)¢>( but involving rescaled measures mj, and mg. We need
technical tools to go from the convergence of (mﬁb,mi) to the convergence of the law of those
additive functionals. The goal of this section is to provide those technical tools which are mainly
inspired by a work by Fitzsimmons and Yano [14]| and are based on classical result from regular
variation theory [8|. All the proofs of the following results are postponed to Appendix C.2.

Let us now give some convergence results for sequences for additive functionals of Brownian
excursions, in the spirit of [14, Thm. 2.9]; we will apply them to m® and m/ (more precisely to
their restrictions to Ry and R_). We consider a string, i.e. a non-decreasing right-continuous
function m on Ry such that m(0) = 0, with regular variation in the sense that there are some
a € (0,2), and some smooth, locally bounded slowly varying function A : Ry — (0,00), such
that, according to the values of «, we have

e If a < 1, then m(z) ~ A(z)z'/* 1 as 2 — oo.
e If a =1, then for any x > 0, (m(xz/h) —m(1/h))/A(1/h) — logx as h — 0.
o If a € (1,2), then lim, o m(z) = m(c0) < 0o and m(co) — m(z) ~ A(z)z'/* ! as z — oo,
For such a string m, we define the family of rescaled strings my, h > 0 as follows:
o If a < 1, then my,(z) = RY* 'm(z/h)/A(1/h).
o If @ =1, then my(z) = (m(xz/h) —m(1/h))/A(1/R).
o If a € (1,2), then my,(z) = hY/* Y (m(z/h) — m(c0))/A(1/h).
Note that in all cases, we have my(dz) = %m(d(w/h)) Moreover, it is easily checked that
e If & € (0,1), then for any = > 0, my,(z) — z/* 1 as h — 0.
e If « =1, then for any z > 0, my,(z) — logz as h — 0.
e If a € (1,2), then for any > 0, my,(z) — —z/* 1 as h — 0.
The following lemma shows that the regular variations of m implies the convergence for additive

functionals with respect to the rescaled strings mj, (as h — 0). This will reveal to be a key result
in the proof of Proposition 2.6 and is close from results in [14].

Lemma 7.5. Let m be such a string with regular variation and g : [0,00) — R some compactly
supported continuous function such that g(0) = 0 and which is y-Hélder at 0 for any v < 1/2.
Then

lim g(z)mp(dx) = ca/ g(z)z'/* 24z,
hl0 R, R,

where co, = |1/a— 1| if a # 1 and cq = 1 for a = 1.

Remark 7.6. Thanks to Lemma 7.2, the previous lemma applies to the family of local times of
the Brownian excursion, i.e. x — Lf. Fort € [0,/], we have n¥-a.e,

lim Limy(dx) = ca/ L? z'/°2dz.
hl0 R, Ry

Note also that since t — fR+ Limy,(dx) is non-decreasing and the limiting function t — fR+ Lez'/*2dx
18 continuous, the convergence holds in uniform norm on compact set.

We will use the following technical lemma to go from the convergence of additive functionals
for an excursion to the convergence in measure (it is a truncation and domination lemma).

Lemma 7.7. Define As := {e € C,supy¢jg g les| < 6} then for 0 <5 <1 :
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(i) If a € (0,1) then limsup n? [(fR+ Lfmh(d:z:)>1A6} < 2651, which goes to 0 as § | 0.
hl0

(ii) If a € [1,2) then
limnf[ sup (/ Lfmh(dx))QlAé] =0.
610 he(0,1) N JR,

(i) If a € (1,2) then

nf[ sup (/ Lfmh(dx)>1Ag] < 400.
he(0,1) N JR,

(iv) If « =1 then

1
nf[ sup (/ Lfmh(da:)) 1A§] < 400.
he(0,1) N Jo

Although these results are stated for functionals of positive Brownian excursions, they obvi-
ously hold for functionals of negative excursions as the measure n? is invariant by the application
e — —e. In the following, we apply these results to the strings m® and m/. Indeed, since we
assumed that m*(0) = 0 and m/(0) = 0, we can first apply the results to m® and m/ restricted
to Ry, denoted m?% and mi. Then we can also apply them to m® and m’ defined on R_ as

m® =m® —m*(0—), m/ =m/ — m/(0—) on (—00,0) and m® (0) = 0, m’i(O) =0.

7.3 Proof of Proposition 2.6

We finally prove here Proposition 2.6. We let the reader recall Assumptions 5 and 7, which are
assumed throughout this proof (they tell that m% and mi are strings with regular variation).
Let us also introduce the following notation: for a,b,r € R, we set sgn,, ,(z) = alizsoy+01l<0)-
The function sgn will denote the usual sign function, i.e. sgn(z) = sgn; _;(x). Then, for ¢ € C,
let us denote:

¥ Y/
AJ(e) = cs / S8, (e)|es] /P 2ds,  Af(e) = ca / sgny, _p()|es|'/*7%ds,

where ¢, is as in Lemma 7.5. In the case « = 1, fi = f_ = 1s0 A}(e) = (fg—j.
We proceed in two steps: first, we prove that the rescaled Lévy process (Tth, Zf)tzo converges

as h | 0; then we prove the convergence of the other term a(b=1(q))I. as ¢ | 0.

Step 1: Convergence of (7}, Z['). Let us set b(h) = h'/#/As(1/h) and a(h) = hY/*/A;(1/h).
We show that (7!, Z]')i>0 = (b(h)Ti/h, a(h)Zyp)e=0 converges in distribution to (7, Z)s0,
where (72, Zto)tzo is a Lévy process, without drift (except in the case a = 1 where the drift is
some constant €) and without Brownian component, whose Lévy measure 7°(dr,dz) is defined
as

70(dr,dz) = n® (A?(E) e dr, Ay (e) € dz) :

To this end, we will show that the following convergence holds for every A > 0 and u € R:

limE [e*)‘TthH“Zth] =E [e*)‘ftoﬂﬂzﬂ . (7.4)
hl0
Let us set for any A\,h > 0, and any p € R, (A, p) = —logIE[e_)‘Tthri“Z{l]. Then we get by

Lemma 7.4-(3) that

U\ ) = %nB (1—exp (—Ab(h) /R Lim®(dz) + ipa(h) /R Lfmf(dx)».

We will now use the scaling property of the Brownian excursion measure: for every h > 0, we
have ng = hngol; !, where \j : £ — & is defined by A\, () = (he2)i>0. Now if (L) zer e,
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denotes the family of local times of ¢, then (h_lLiL}ﬁ)xeR,te[O,é/hﬂ is the family of local times of
An(€). Then we get

Y\, 1) =n <1—exp< )\/Lgmh dx)—l—i,u/RLfmi(dx)>>,

where the measures mj and mh are defined as follows:
e For every 2 € R, m} (z) = R/~ 'm?(x/h)/As(1/h) (recall B € (0,1)).
e According to the values of «, we have:
(i) If a € (0,1), for every x € R, mﬁ(:p) = h/e"tmf (x/h)/As(1/h)
(i) If a = 1, for every x > 0, mi(m) = (m/(x/h) — m/(1/h))/A¢(1/h) and for every z < 0,
mj () = (wf (w/h) —mf (~1/R))/As(1/h).
(iii) If @ € (1,2), then for every z € R, mh( z) = h/eHmf (x/h) — mf(c0))/As(1/R).

Before going further, we introduce the following notation, analogous to (7.2)-(7.3)

A (e) = /R Limi(dz),  AP(e) = /R Limi (dz), (7.5)

so that v (X, ) = 07 (p(47", AP")) with p(z,y) =1 — e At
Then, thanks to Assumptions 5 and 7 we can apply Lemma 7.5: we have for n®-almost every
excursion ¢ € C,

s,h B fh a
lim A7"(e) = Aj(e)  and  lmAM"(e) = A%(e). (7.6)

It remains to prove that we can exchange the limits inside ¢y, (\, p). Recall that we set, for § > 0,
As ={e €C,M(|e]) <6} and that nP(AS) < +oc.

Case o € (0,1). We need to prove that limp o ¥p (A, 1) = Yo(A, @) := nB[go(Af, A%)], where 1)
is the characteristic exponent of the limit process (7, Z);>0. We have

[n(0, 1) = o )] < 0P [[(AF", AP = (A7, A8) [1ac] + 07 [Jo(AF", AT 14,
B lpa], A7) 1, ]

Since ¢ is bounded and n”(Aj) < +oo, by (7.6) and the dominated convergence theorem, it
comes

lim sup n” [‘@(AZ’}L, A{’h) - gp(A?,At?‘)‘lAg] =0.
h—0

Since there is some C) , > 0 such that |¢(z,y)| < C) . (x+y|) for all z > 0,y € R, from item (%)
of Lemma 7.7 (decomposing for positive and negative excursions), we get that

lim sup n? [|<p(A;’h, Ag’h)llAé} —0 as 0 0.
h—0

By Fatou’s lemma, we also get that n® U(p(A?, A$)|1a,] converges to 0 as 6 | 0. We now quickly
explain the value of the constant p = P(Z? > 0) in Proposition 2.6. One can easily see that a
representation of the limiting a-stable process (Z7)¢>0 is

B

T
z :/0 sgnf+7_f7(Bs)]Bs|1/a*2ds

where we recall that (B;);>0 is a Brownian motion and (7);> is its inverse local time at 0. The
characteristic function of (Z?);>0 is computed in [7, Lemma 11] and we can deduce the value of
p using a formula due to Zolotarev [51, §2.6].

Case a € (1,2). Recall that there exists a positive constant m/(c0) < co such that m/(z) —
mf(c0) as  — +oo. It follows that m/(1) = 0 and by Lemma 7.8 below (whose proof is
postponed to Appendix C.1), we have that n( fo (s ds) = 0, which in turn implies n (Ag) =0.
Obviously, we also have n (Ag h) = 0 for any h > 0.
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Lemma 7.8. Let g be a positive Borel function such that mi(g) < o0 and [m’ (g)| < co. Then
we have m/ (g) = n( foe((g 05) X f)(es)ds).

Let us introduce @(z,y) = 1 — e Y — j;x(y) where x(y) = y on [—1,1] and is continuous
with compact support and odd. Thus

Un(hm) = 0 [@(A7" AP i [x(afh)] .

Since @ is bounded and since there exists a constant C) , > 0 such that |@(z,y)| < Cx u(z + y?)
for any x > 0, y € R, we obtain by points (i)-(7i) of Lemma 7.7 and decomposing as previously
on As and A§ that

lim nB [@(Aj’h,Ag’h)] —nB [@(Af,A;")] .

It remains to check that nB[X(A{’h)] converges as h | 0. Recall that nB(A{’h) = 0, so that

nB[X(Ag’h)] = —nB[Ag’h - X(A{’h)]. Note that there exists C' > 0 such that |z — x(z)| < Cz?,
by item (i) of Lemma 7.7, it comes that

lim sup nB [(A{’h — X(Ag’h))lAé]
R0

—0 as 0 | 0.

Moreover, for any § > 0, by item (%) of Lemma 7.7 and since |z — x(z)| < C|x|, we get by the
dominated convergence theorem that for any § > 0,

limn” | (A7 —x(A")1ag] = n®| (A7 — x(4D)1ag).

We conclude that that

. h h
limn” [ 4]" — x(4]")] = 0% |47 — x(4)].
so that n [X(Aéc M7 converges to n [x(A?)] as h | 0. Again, let us quickly explain the value of
p. In the case a € (1,2), the limiting process has the following representation

70 = /R sgny, g ()] A(LTp - )da

where we recall that (L})¢>0,zer denotes the family of local times of (By);>0. Again, the charac-
teristic function of (Z));>¢ is computed in |7, Lemma 12] which is sufficient to deduce the value
of p.

Case o = 1. Using the same notation as in the previous case and with the same reason-
ing, we also have that nB[@(AZ’h,Ag’h)] converges to nB[cﬁ(Af,A?)] when h goes to 0. It re-

mains to prove that the extra assumption limy o W(mf (1/h) —m/(—1/h)) = c implies that

nB [X(Ag )] converges. Note that the limit is not n? [x(A9)] which is infinite when o = 1. Writ-
ing that m/(1/h) — m/(—=1/h) = [z Lize(—1/n,1/nym (dz) and using Lemma 7.8 with g(z) =
leze(—1/n1/m)), We get

! (1/1) ~ w1/ = ((gos) x Pieads).

Then, using Proposition 7.3 and the occupation time formula for the Brownian excursion, we

easily get that
1

—————(m/(1/h) —mf (—=1/h)) =P |A]"
o O/ = (1) = [4]1]
where A{’h = |z Lfl{xe(_l’”}mz(daz). Note that as in (7.6), thanks to Lemma 7.5 (and As-
sumption 7) we have for n®-almost every excursion ¢ € C

lim APP = 49 .= ¢ / L7 sgn )zt 2dy .
hio f ¢ “Ja ¢ seng, p (o)
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Recall = f_ in the case a = 1). Remark that we have A7" = A7" for every € € Aj: we can
+ ¢ 14
then decompose

WA = 0PI (AP 1a,] + 0P [ (A" 1a¢]
= 0| ((A0") = AP )14 ] + 0P (AP - 0P AT 1] + 0P [W(AF ") 1ag).

The second term converges (to c¢) by assumption. It remains to check that the other three
terms converge. Regarding the first term, using item (i) in Lemma 7.7, and the fact that
|x(7) — x| < Cz? for some constant C' > 0, we get that n® [suphe(o,l)(x(Ag’h) —A{’h)lAl] < 400.
By the dominated convergence theorem, it comes that
limn? | (x(A7") = A7) 1a, | = n®| (x(47) - A7) 14, ].
limn”| (x(4") — 47" ) 1a, X(A7) = A7 )14,
We obtain the convergence of the third term applying point (i) in Lemma 7.7 (and dominated
convergence). As a conclusion, we have
. B h B i i B[} B
tim o[ (AF")] = 0% | (x(47) 47 )14, ]~ n®[A7La] + 0% [W(AD)1a] + e
Now we point out that, since x is odd and f. = f_, the first three terms in the above limit are

null by symmetry. Hence the limiting process (Z7)¢>0 is a Cauchy process drifted by ¢ (whence
the value of p from the statement).

Step 2: Convergence of a(b~'(q))Ic. Let us stress that since b(h)7; /), converges in distribu-
tion, b is an asymptotic inverse of ® (see Remark 6.1); in particular, ® is regularly varying at 0
with index g € (0, 1).

By Lemma 7.4-(ii), we have that for any p € R,

0
E [ew(b 1((1))“16} = % <m+nB(/0 exp (—qAﬁ—Ha(b_l(q))uA{)dAf)) =: %(m—FG(u, q)),
where we recall that m is the drift coefficient of (7¢);>0 and Aj, A{ are defined in (7.2) and (7.3)
respectively. Since ® is regularly varying with index 8 € (0,1) we have limgjo m/®(q) = 0.
Therefore, it remains to show that ¢G(u,q)/®(q) converges as ¢ | 0, or equivalently that
qG(11,q)/b~*(q) converges. Using the scaling property of the Brownian excursion measure, i.e.
ng = hngo /\gl, with h = b~1(q), we get

4
q B 59 |+, 2Fa 5,q
G = A7 +iuA dA 7.7
b_l(q> (/’L7 q) n (/(; exXp < t L t ) t ) ’ ( )

where, similarly as in (7.2)-(7.3), we have set
A5 — /R Limg o (d), A = /R Lim{ ,, (do),

and the measures mj and m£ are the measures defined in Step 1, see above (7.2). By Lemma 7.5
(and Assumptions 5 and 7), we have that for n®-almost every excursion ¢ € C, for any t € [0, /],
limgyo A7? = AP and limg o A7 = A2

Let us show that for n®-almost every excursion,

0 0
lim | exp (—Af’q +ipAf "1) dAST = / exp (—Af + wAg“) dA? . (7.8)
q 0 0
First, the finite measures dA%? on ([0, £], B([0,£])) converge weakly to the finite measure dA® as
g — 0. Since t — exp(—cAf + i Af') is continuous and bounded, we deduce that
l

l
lim | exp (—Af + mAg) dASY = / exp (41? + iuA?) a4?.
a0 Jo 0
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Next, we bound

‘ /Z (exp <—A§’q + i/ﬁA{’q> — exp < — Atﬁ + iMA?>>dA§’q
0

< AZ’Q Sl[z)pe] exp ( — Ai’q + i,uA{’q) — exp ( - Atﬂ + WA?) ‘
te(o,

By Remark 7.6, the convergence of A3 and AJ*? is uniform on [0, ], i.e. supyeqo,q |47 — AP+

|A{’q — A{'| vanishes as ¢ | 0. Since (z,y) — exp(—=z + iy) is Lipschitz, it is clear the above
quantities converges to 0 as ¢ | 0, which proves (7.8).
Finally, we bound the integrand in (7.7) to apply dominated convergence. We have

L
< / exp (— Ay7)dAY?
0

=1—exp(—A4y7) <1AA.

0
| / exp (— ADY + ip Al ) d A
0

(7.9)

We conclude as before, by introducing some arbitrary small § > 0 and by splitting the inte-
gral (7.7) into two parts, on the sets As and A§. Using the bound (7.9), we obtain thanks to
item (i) in Lemma 7.7 (recall 8 € (0,1)) that

L
lim sup n [(/ exp ( — APY + i,uA{’q)dAi’q> lAé] —0 as 610.
q—0 0

Moreover, the bound (7.9) dominates uniformly in ¢ the integrand and we conclude using the
dominated convergence theorem (recall that n? is finite on A§) that

lqif(r)lnB{(/oeexp ( — Ap1 +iuA{’q>dA§’q>1Ag] = nB[</Oeexp(— AP +iuAf‘>dAt’B>1Ag].

From this, we get that

¢ l
lif(r)l n? [/ exp < — AP+ z',uA{’q> dAf’q] =nP {/ exp ( - cAfT + i,uA?‘)dAf] ,
q 0 0

which completes the proof of Step 2. O

7.4 Proof of Proposition 2.5

In this section, we prove Proposition 2.5. We let the reader recall Assumptions 5 and 6 (which
corresponds to the case a = 2). Our goal is to show that Assumption 8 holds, i.e. that ® is
regularly varying at 0 with index 8 € (0,1), that n(g) = 0 and that n(§?) < oo. First, as in
the proof of Proposition 2.6, we can show that, by setting b(h) = h'/#/A;(1/h), the rescaled
process (b(h)7/;)t>0 converges as h — 0 toward a S-stable subordinator. This entails that ® is
an asymptotic inverse of b (see Remark 6.1) and in particular that it is regularly varying with
index (.

Next, we apply Lemma 7.8 with g = 1. This tells us that m/(1) = n(foz f(es)ds) = n(F).
Since mf (1) = lim, o (m/ (2) — mf(—x)) = 0, it comes that n(F) = 0. It remains to show that
n(§?) < oo. Recalling that the Lévy measure of (Z;);>0 is n(F € dx), this is equivalent to having
E[Z?] < oo for any t > 0, see for instance Sato [41, Thm. 25.3]. We will show that the condition
m/ € L%(dz) implies the latter one (it is actually equivalent). To do so, let us first define the
function g : R — R as

oa) = [ #10) [ rumaue

Making two changes of variables, it holds that
g(s™1(z)) = / h(v)dv, where h(v)= / fos (uwm®(du) = m/ (00) — m/ (v).
0 v
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1 is a difference of two convex

Since mf in non-decreasing on R and non-increasing on R_, gos™
function and we can apply the It6-Tanaka formula, see [39, Ch. VI Thm. 1.5], which tells us

that
o (B) = [ WByaB~ 5 [ 7 @) Lme(a).

Substituting p; in the preceding equation, and using the occupation time formula from item (7)
of Proposition 7.1, we see that (with a change of variable y = s~1(x))

o060 = [ nBgas. - 5 [ fexas

We now substitute 7, in the preceding equation, and using that X; = 0 so g(X,) = 0 and

pr, = T (see Proposition 7.1-(iv)), we get that

7, = /0” F(X,)ds = z/OTtB h(B,)dB..

Let us set for any fixed ¢t > 0, (M})y>0 = (fOUATtB h(Bs)dBs)u>0 which is a (centered) local
martingale. Its quadratic variation is such that, for any u > 0,

E [(M*),] :E[ /R Ly, h(m)zdx} < /R E[LftB][h(:v)]de:t / h(z)*dz,

R

where in the last equality, we used that by Ray-Knight’s theorem, E[L? ] = t for any = € R. Since
t

h € L?(dz), (M})u>0 is a martingale bounded in L?(P), i.e. sup,>q E[(M{)?] < co. Therefore, it
converges in L2(P), which entails that

B B

IE[(/OTt h(Bs)st>2} :E[/On h(Bs)st] :t/Rh(x)de.

We have shown that for any t > 0, E[Z7] = 4t [, h(z)*dz < 400, which completes the proof. [

8 Hitting time of zero

In this section, we will assume for simplicity that the process (Xt )¢>0 is a regular diffusion valued
in an open interval I = (a,b) with a € (—o00,0) U{—o0} and b € (0,00) U{oo}. We will consider
the process (¢, X¢)e>0 as a strong Markov process. For a pair (z,2) € R x I, we will denote by
P ) the law of ((;, X¢)¢>0 when started at (z,z) i.e. the law of (2 + f(f f(Xs)ds, X¢)i>0 under
P, where P, denotes the law of (X;)i>o started at .

The aim of this section is to describe the asymptotic behavior of P, ,)(To > t) as t — oo
when (z,z) # (0,0). We will naturally place ourselves under Assumption 3 or 4. As a rather
classical application, we will identify a harmonic function for the killed process, which will in
turn enable us to construct the additive functional conditionned to stay negative through Doob’s
h-transform.

First, we recall that a regular diffusion is a continuous strong Markov process such that, if
set 1, = inf{t > 0, X; = =}, then for any (z,y) € I?, P,(n, < oo) > 0. It is well-know that
regular diffusions are space and time changed Brownian motion. First, there exists a continuous
and increasing function s : I — R such that (s(X¢))¢>0 is a local martingale, see Kallenberg |30,
Chapter 23, Theorem 23.7]. We will assume that s is such that s(I) = R and will denote by 5!
its inverse, defined on R and valued in I. Let (W});>0 be a Brownian on some probability space
and denote by (LY ):>0zer its family of local times. Then there exists an increasing function
m® : R — R such that, if we set

A = / Lim®(dz) and p; =inf{s >0, As > t},
R
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then for any x € I, the probability measure P, coincides with the law of (s71(W,,));>0 with
(Wi)e>0 started at s(z). We refer to Kallenberg |30, Chapter 23, Theorem 23.9] for more details.
We will first show the following lemma. Let us also define

Il :=1Nn(0,00), and I" =IN(-00,0).

Lemma 8.1. Recall that we denote by §(e fo (es)ds for some excursion € € € of (X¢)i>0.
The two following assertions hold.

(i) For any x € I'., we have
n(M >xz,§<0)=1/2|s(x)]) and n(M >z,§>0)=1/(2|s(x)]),

where M = M (g) = supg>q |es|-
(i4) For any x € I (respectively any x € 1), the law of (X, +t)ic(0,d,, —g,,] under P is ezactly
n(-|M >z, §>0) (respectively n(-|M >z, § < 0)).

Proof. Remember first that, since excursions have constant sign, §(¢) > 0 if and only if € is a
positive excursion. By Proposition 7.3 and since A; is increasing it comes that for any z € I, we
have n(M > x,§ > 0) = nf(M > s(z)) (respectively n(M > z,§ < 0) = nz(M > s(z))), where
njg is the Brownian excursion measure restricted to the set of positive excursions (respectively
ny is the Brownian excursion measure restricted to the set of negative excursions). The first
result follows immediately since nf(M > z) = nz(M > z) = 1/(2z) for any z > 0.

Regarding the second point, let us denote for z € I*, Uf = {e € £, M(e) > z, §(e) > 0}.
Recall that (e;)¢>0 denote the excursion process and set Tj;+ = inf{t > 0,e; € U+} Clearly,

we have e vt = = (Xy,,

from [39, Chapter XII Lemma 1.13| which tells us that for any measurable set I', we have

+)4€[0,dy, —gn,] A0 since n(UF) < oo by the first point, the result follows

n(TNU) = Pler , € D)n(U;).

T

The same proof holds for x € I*. O

Let us consider the set H := [(—00,0) x I] U [{0} x I*]. We will only consider starting points
(z,2) € H so that P, ,y(Tp > 0) = 1 and the process ((iat)i>0 is negative under P, .. We
recall that 1V denotes the renewal function and that for any x > 0, V(x fo (Hy < x)dt.
Finally, we set ng = inf{t > 0, X; = 0}, the first hitting time of zero of (Xt)t207 and we consider
the positive function h: H — Ry U {oo} defined for every (z,x) € H as

h(z,7) = By V(—gm)l{cnow}} .
Proposition 8.2. For any (z,z) € H, h(z,x) < co.

This result is not obvious at first sight. However since (;,, is a piece a integrated excursion, its
law is directly linked with the Lévy measure of (Z;):>0, and so is the function V. As we shall
see, this link is given by the équations amicales of Vigon.

Proof. Let (z,z) € H and remember that

70
h(Z, l') = Ex |:V( -z 0 f( )ds) 1{z+fn0 Xs)ds<0}

First case: z < 0 and z > 0. If x = 0, then 79 = 0 a.s. and h(z,z) = V(—2). If z > 0, then

0 f(Xs)ds > 0 a.s. and since V is non-decrasing, h(z,z) < V(—z).

Second case: z < 0 and # < 0. Then in this case [ f(X,)ds < 0 a.s. By the strong Markov
property, and since (X;);>0 is continuous, the law of fgo f(Xs)ds under P, is equal to the law

of fd”‘” f(Xs)ds under Py. But since f " f(Xs)ds > fgi’;x f(Xs)ds and by Lemma 8.1-(ii), the
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law of fgci’:” f(Xs)ds under Py is equal to the law of §(¢) under n(:|M > z, § < 0) we get the
following bound:
n(V(=2 = §)lmsalz<oy)

n(M >z, §<0) '
Since n(M > x, § < 0) < 00, it remains to show that n(V(—2z — §)1{ar>ay 1{z<o}) < oo. We split
this quantity in two parts:

h(z,z) <

1 (V(—z =) usayliz<oy) =0 V(=2 = F)1nsap Li—1<z<o})
+n V(=2 = F)lpsaylga-1y) -

The first term on the right-hand-side is smaller than V(—z 4+ 1)n(M > x) < oo (since V is non-
decreasing). Regarding the second term, we first recall that V is subadditive, see for instance [4,
Chapter III|, i.e. for any z,y > 0, V(z +y) < V(x) + V(y), so that we can write

n (V(—Z — 3)1{M>x}1{3<—1}) S V(—Z + 1/2)11(M > iL‘) +n (V(—1/2 — 3)1{3<_1}) .
We finally show that n(V(—1/2 — §)1;z<_13) < oo. Recall now that the Lévy measure v of
(Zt)e>0 is v(du) = n(F € du) so that

n(V(=1/2 = §)1lz<_1y) :/( V(—1/2 — u)v(du)

_Oo’_l)
- /R /R+ 1{"<—1}1{yS—1/2_u}V(dy)y(du)’

where V(dy) stands for the Stieltjes measure associated to the non-increasing function V. We
then have the following bound

n(V(-1/2 - $)1gge_ry) < /R /R 1y et/ (du)V(dy) = (v V)((—00, ~1/2]),

where v ) is the convolution of the measures v and V. The équations amicales of Vigon, see for
instance [46, 47|, states that the measure v * )V coincides on (—o0,0) with the Lévy measure of
the dual ladder height process (—Hy)¢>o. Therefore (v % V)((—00, —1/2]) < oo, which completes
the proof. O

We will now show the following technical result, which describes the asymptotic behavior
of the Laplace transform P, ,y(Tp > t) and recall that e = e(q) is an independent exponential
random variable of parameter q.

Proposition 8.3. Grant Assumption 8 or 4. There exists a constant co > 0 such that for any
(z,z) € H, we have
P o (To > e) ~ coh(z,2)k(0,¢,0) asq— 0.

Moreover, there exists a constant M > 0 such that for any (z,z) € H, for any q € (0,1),
P, (To > e) < Mk(0,4,0)(|s(2)| + h(z,z)).

This proposition, combined with the Tauberian theorem, the monotone density theorem,
Theorem 5.2 and Proposition 6.1 leads to the following theorem.

Theorem 8.4. Grant Assumption 8 or 4. Then there exists a slowly varying function A such
that for any (z,z) € H,

Py (To > t) ~ h(z,x)A)t™"  ast — oo,

where p € (0,1) is either given by Assumption 3, or p = BP(Z > 0) if Assumption 4 is in force.
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Proof of Proposition 8.3. Step 1: We first focus on the quantity P, (9 > €) where x € I. We will
first show that there exists a constant C' > 0 such that for any ¢ € (0,1) and any = € I,

Py (no > €) < Ck(0,q,0)|s(z)]. (8.1)

Let € I, and remember that 1, = inf{t > 0, X; = x}, and that by the strong Markov property
the law of 19 under P, is equal to the law of d,, — 7, under Py. Therefore we get

o0
Ban > €) < Poldy, — g, > ) =a [ ¢ Ro(dy, gy, > )
0

By Lemma 8.1- (%), the law of d,, — g,,, under Py is the law of £ under n(-|M > z,§ > 0) and by
Lemma 8.1-(3), n(M > x,§ > 0) = 1/(2|s(x)|) so that

B.(m > o) < a1 - oo (5.2)

This bound also holds for z € I* by Lemma 8.1 again, and for x = 0 since P,(n > e) = 0.
Remember now that n(1 — e~%) = ®(¢) — mq and that under Assumption 3 or 4, ® is regularly
varying at 0 with index 8 € (0,1] (8 = 1 under Assumption 3 and 8 € (0,1) under Assumption
4). By Theorem 5.2 and Proposition 6.1, ¢ — (0, ¢, 0) is regularly varying at 0 with some index
p € (0,8). Tt is clear that n(1 —e~%)/k(0,¢,0) — 0 as ¢ — 0, which shows that (8.1) holds and

that for any = € 1,

P (no > e) .
0.2.0) —0 asq—0. (8.3)

This completes the first step.

Step 2: We now focus on the quantity P, ,)(To —no > e) for (2,z) € H. We first remark that
P, »)-almost surely, To > n if and only if ¢,, < 0. First, if < 0, then P, ;)-almost surely,
(Gt)e>0 is decreasing on [0,70] so that P, ;)((yy < 0) = P, 5)(To > nmo) = 1. Next, if > 0, then
P, »)-almost surely, ({;)¢>0 is non-increasing on [0, 7] and thus, we see that if ¢;, > 0, then
Ty < no whereas if ¢, < 0, then Ty > np.

We define the processes (Ct, Xt)t>0 = (Ctno — Gios Xttno)t>0 and & = sup,epoq Cs- By the
strong Markov property again, (¢, X1)i>0 and Cyo are independent under P, ;). Moreover the
law of ((¢, Xt)i>0 under P, .y is equal to the of ((;, X¢)i>0 under Pgg) = P. We see that
P, o -almost surely, To —no > e if and only if { < —(;, and ¢, < 0. By independence, we get

P(z,m) (TO — o > 6) = [ 0 P(&e < —U)P(z,m)(gno € du) (8'4)

We will first show that for any ¢ € (0, 1), for any (z,2) € E, we have
P2 (To —no > e) < h(z,x)k(0,q,0). (8.5)

Recall from (4.11) that & = &, + max(A,0) and that &, and A. are independent. Since
moreover P(§,, < —u) = k(0,q,0)V,(—u) < k(0,¢,0)V(—u) we get the following bound:

P(€e < —u) < P&, < —u)P(Ac < —u) < £(0,4,0)V(~u),

which, combined with (8.4), leads to (8.5). We will now show that there exists a constant co > 0
such that for any (z,x) € E,

P(z,x) (TO — o > 6) ~ COh(zax)"{(Oa Q70) as ¢ — 0. (86)

It is shown in the proofs of Theorem 2.4 that P(&, < —u) ~ ¢V (—u)k(0,¢,0) as ¢ — 0, where
co = limg,0 P(Ae < 0). Since P(& < —u) < k(0,¢,0)V(—u), it is clear that we can apply the
dominated convergence theorem in (8.4) to deduce that (8.6) holds. This completes the second
step.
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Step 3: We conclude. First, we have by (8.6) that for any (z,z) € H,

coh(z,x) = lim inf Pl (To — 10 > ) < lim inf Pl (To > )
0 ’ q—0 ﬁ(O,g, 0) T ¢—0 K(OaQa 0)

Let § € (0,1) and write

P(z,m) (Th > e) :P(z,x)(TD > e, Ty —no > de) + P(z,m) (To > e, Ty — no < de)
<P o)(To —mo > de) + Pr(no > (1 = d)e).

By (8.3), and since ¢ — x(0, ¢, 0) is regularly varying at 0 with index p € (0,1), the second term
divided by (0, ¢,0) vanishes as ¢ — 0. Since Je is an exponential random variable of parameter
q/9, we have by (8.6) that

P, o (To —no > de) ~ cod Ph(z,7)k(0,q,0) as g — 0.

Therefore, we get that
P Tp > e
lim sup M < cpd Ph(z, ).
q—0 "{(07 q, 0)
Letting 6 — 1 shows the first part of the proposition. Regarding the second part, it comes by
(8.1) that there exists a constant C' > 0 such that for any ¢ € (0,1) and any (z,x) € H, we
have P,(no > (1 — d)e) < M|s(x)|x(0,q,0). Then, by (8.5), we see that for ¢ € (0,1) and any

(z,z) € H, we have

k(0,6/q,0
Pe(To — o > 6¢) < h(z,2)r(0,/5,0) < h(z 2)r(0,q,0) x sup “00/0:0)
qe(0,1) H( y 4, )

This finishes the proof. O

From this proposition, we are able to show that the function h is harmonic and thus, we are
able to define the additive functional conditionned to stay negative.

Corollary 8.5. Grant Assumption 3 or 4 and assume that for any x € 1 and any t > 0,
E;[|s(X¢)|]] < co. Then the function h is harmonic for the killed process ((inty, Xeaty)t>0, i-€.
for any (z,z) € H and any t > 0, we have

E(z,x) [h(ctaXt)l{To>t}] = h(z,x)

We emphasize that the assumption E,[|s(X¢)|] < oo for any = € T and any t > 0 is satisfied
by a large class of processes (as for example Brownian motion or Ornstein-Uhlenbeck processes).
However one can easily find a recurrent process for which it is not satisfied.

Proof. Step 1: We first show that for any (2,z) € H, E(; ;) [h(G, Xi)1in>n] < h(z,2) < oo.
This is a direct application of Fatou’s Lemma, Proposition 8.3 and the Markov property. Let
t > 0 and note that as long as Ty > t, ({(;, X¢) € H. We have

.. Pr,x)(To>e)

P(CuXt)(TO > 6) 1
COKJ(Oa q, 0) {To>t}
P (Tp > e+t
< lim inf (’)( 0>e+t)
q—0 605(07Q7 0)

<liminfE(, ;)
q—0 ’

For any (z,z) € H and for any ¢ > 0, we have
P(z,:c) (Th > e+ t) = q/ e_qu(zjx) (To > s+ t)ds = E(z,x) |:(1 — e_Q(TO_t))l{TON}} .
0
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Since P, ,1(To > e) = E(, 5)[1 - e~970], we get that

P(z,a:) (TO > 6) - P(z,x) (TO >e+ t) :E(z,x) [(1 - e_qTO)l{Togt}] + E(z,x) [e—qTo (eqt - 1)1{To>t}]
<qt+e? —1.

At this point we conclude that for any ¢ > 0 and for any (2,2) € H, P(, ,y(To > e +1) ~
coh(z,x)k(0,q,0) as ¢ — 0 and thus

E(z,x) [h(ctaXt)l{To>t}] < h(Z,iL‘)

Step 2: We now use the dominated convergence theorem. Indeed, we have

. P(C,X)(T0>e)
E(. 2 [7(C X0)linyst] = B gl_f}(l) ctont(o,q, 0) Linp>ey|

and by Proposition 8.3, there exists a constant M > 0 such that for any ¢ > 0 and any ¢ € (0, 1),

P(§t7Xt) (TO > 6)
COK(Oa q, 0)

Lirysey < M (|s(Xe)| + h(Ct, Xt)) Lizy>ey-

By assumption E.[s(X;)] < oo and by the first step, E(, ;) [h(C, X¢)1in,>n] < 00 so that we
have by the strong Markov property and by the computations from the first step,

P(z,:c) (To > e+ t)

E(z,x) [h(ctht)l{To>t}:| = ;1_1;% C()/‘&(O,Q,O) = h(z7x)

This completes the proof. O

Let (Fi)i>0 be the filtration generated by (X;)i>0. For (z,z) € H, we introduce a new
probability measure Q, ,y such that for every ¢ > 0, for every A € F,

1
A= ——
Q(z,x)( ) h(Z, .’E)
The preceding proposition ensures that this measure is indeed a probability measure. It is in fact
the law of (¢, X+)t>0 where ((¢)¢>0 is conditioned to remain negative. Using similar arguments as
in the previous proof, we could easily show the following result, which justifies the terminology.

E(. 2 [M(C, X)L an(ry>ty] -

Proposition 8.6. For any (z,x) € H, for any t > 0 and any A € F;, we have

Q(z,z) (A) = élﬁI\%P(z,x)(A|T0 > 6)3

A Wiener—Hopf factorization

In this section, we derive the Wiener-Hopf factorization from Subsection 4.3, i.e. Theorem 4.3.
We consider, in all generality, a bivariate Lévy process (73, Z¢)i>0 with respect to some filtration
(Ft)t>0, where (73)¢>0 is a subordinator. This section is very close to [4, Ch. VI] and follows
the same approach. However, our result requires some new arguments and we chose to establish
properly Theorem 4.3.

A.1 Preliminaries

Let us recall briefly the notation introduced in Section 4.3. Let S¢ = supyy, Z¢ the running
supremum of Z; and consider the reflected process (R:)i>0 = (St — Zt)¢>0, which is a strong
Markov process (see [4, Prop. VIL.1]) and posesses a local time (Lf);>o at 0. We denote by
(04)¢>0 its right-continuous inverse, and we define (ov, 8¢, Hy)i>0 := (0t, To,, S0t )t>0-

Lemma A.1. The two following assertions hold.
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(i) If 0 is recurrent for the reflected process, then (o, 0, H)i>0 is a trivariate subordinator.

(ii) If O is transient for the reflected process, then there exists some q > 0 such that L% has
an exponential distribution with parameter q. Moreover, the process (o, 6y, Ht)0§t<L§O s a
trivariate subordinator killed at rate q.

Proof. The proof is essentially the same as in Kyprianou [31, Ch. VI Thm 6.9] and we will show
the two items at once. Let ¢ > 0, we first place ourselves on the event {t < LE} = {0y < 00} so
that oy is a finite stopping time.

The strong Markov property tells us that the process (7s, Zs)szo = (Toy+s—Tors Zor+s— Loy )s>0
is a Lévy process independent of F,,. Then it is clear that the corresponding local time (jis) $>0
is such that for any s > 0, Ly = Lfﬁs — t so that its right-continuous inverse (Gs)s>0 is

0s = 0445 — 0. Moreover, since S,, = Z,,, it comes that for any s > 0

Ss= sup Zy = sup (Zo,4u — Zo,) = Soy+s — So,-
u€(0,s] u€l0,s]

This shows that, on the event {t < L2}, the shifted process

(&Su 057 ﬁs)sZO = (6'57 7:657 565)520 = (Ut-i—s — O¢, 9t+s - 0t7 Ht+s - Ht)520

is independent of F,, and has the same law as (0, 65, Hs)s>0. Finally, we see that for any s, > 0
and any «, 8,7 > 0,

E e7&0“37’8(%“7“{%31{t+s<LR }}
=E [e_ag’f—ﬂet—ﬂ{t Ly<pnyE [e_a&S_BGS_VHS 1{s<ioo} ’fat] ]
- [e_aat_ﬁet_m 1{t<L§o}] . [e_ws_%_ws 1{s<L§o}} |

We classicaly deduce from this, and the right-continuity of (oy, 6;, Ht) >0, that for any ¢ > 0 and
any «, 3,7 > 0, we have

E {efaatfﬁgtﬂHtl{KLR }} = e,

where
K(a, B,7) = —logE [e’a"l’591*7H11{1<L§0}] > 0.

We also see that for any ¢ > 0, P(LE > t) = e #(0.0.0)¢ 50 that L2 is exponentially distributed
with parameter (0,0,0) > 0 (if £(0,0,0) = 0, then LE = oo a.s.). It is a well-known fact that 0
is recurrent for the reflected process if and only if LORO = oo a.s., which completes the proof. [

[e o]

Using the convention e™>° = 0, we have for any ¢t > 0 and any «, 3,7 > 0 such that

E e—aat—ﬂet—th} — er(@Bt

From now on, we will assume for simplicity that 0 is recurrent for the reflected process but
the proof carries through if it is not the case, with minor adaptations. Recall now that we have
defined Gy = sup{s < t,Z; = Ss} the last return to 0 before t of (R;)t>0. Let us state the
following lemma, of which we omit the proof since it is no different from the proof of [4, Ch. VI
Lem. 6].

Lemma A.2. Let e = e(q) be an exponential random variable of parameter q, independent of
(T¢5 Zt)t>0-
(i) If O is irreqular for the reflected process (Ri)i>0, then the processes (Tt,Zt)te[O,Ge] and
(TGt = TGes Zt+G. — ZG. )te[0,e—G.) are independent.
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(ii) If 0 is regular for the reflected process (Ry)i>0, then the processes (7, Zt)icpo,c.) and (TG +t—
TGo—s Zt+Ge — ZGo—)tel0,e—G.) aT€ independent.

Recalling Remark 4.5, we also introduce the same objects for the dual process (Zt)t>0 =
(—Z¢)t>0. If we set (St)t>0 = (sup[o f Zt)t>0, then the dual reflected process (Rt)t>0 = (St
Zi)i>0 also posesses a local time at 0 denoted by (LtR)t>o, with inverse (6¢)¢>0. Lemma A.1

also holds and so the process (at,Gt, Ht)t>0 = (6, 75, Sot)t>0 is a trivariate subordinator with
Laplace exponent that we denote by k.

A.2 Laplace transform of (G, ¢, S)

An crucial step in the proof of Theorem 4.3 is the following result, where we recall that « is the
Laplace exponent of (oy, 0, Hy)i>0, defined in (4.4).

Proposition A.3. Let e = e(q) be an exponential random variable of parameter q, independent

of (7t Zt)t>0-
(A) If 0 is irregular for the reflected process (R¢)i>o, then

E e—aGe—,BTGe—wse _ K(%O?O)

rla+q,8,7)
(B) If 0 is regular for the reflected process, then the same result holds with T¢, replaced by 1¢, —.

We split the proof into two parts: we first treat the case where 0 is irregular for the reflected
process and then we treat the case where 0 is regular (which is more involved and needs some
preliminary estimates).

Remark A.4. We mention the following classification, see for instance Bertoin [5]: if (Zi)i>0
has infinite variations, then 0 is reqular for (R¢)i>0. If it has finite variation, then denote by d
its drift coefficient. If d > 0 then 0 is regular for (R¢)i>0 whereas if d < 0, it is irreqular. In the
remaining case d = 0, let us set Zt+ = ngt AZsliaz, >0y and Z; = _Esgt AZsliaz, <0y SO
that Zy = Z;* — Z; . Then 0 is irregular for (Ry)i>o0 if and only if limy_o Z{"/Zt_ =0 a.s.

Case (A): assume 0 is irregular for the reflected process

Proof of Proposition A.3 in case (A). We assume here that 0 is irregular for the reflected process.
Therefore, the zero set of (Rt)>¢ is discrete (without accumulation points) and we can define for
any n > 0, T,y1 = inf{t > T,,, Ry = 0} with Tp = 0. Then the sequence (7},)n>0 is an increasing
random walk. Moreover, for any n > 0 and any ¢ € [T}, Ty,11), Gt = T;, and S; = Sp,,.

Note that the the ladder time process (0¢):>0 is a compound Poisson process and its Lévy
measure is proportional to the law of Tj, where 77 = inf{t > 0, Ry = 0}. This forces the
trivariate subordinator (o, 6, Hi)i>0 to be a trivariate compound Poisson process with Lévy
measure proportional to the law of (17,77, S7,). For any non-negative a, 3,7, we have

E [e—aGe—ﬁTGE—WSe} —F |:q /oo e_qt—aGt—ﬁTGt —'yStdt:|
0
Tn+1_Tn
_ Z ]E[ (a+q)Th—B1T, 75T, / qe_qtdt:| )
n>0 0

By the strong Markov property, (7iy1, — 71,, Ri+1, )ie(o,7,,,1—T,) 1S independent of Fr, and is
equal in law to (7¢, R¢)icpo,1;)- Therefore, we get

E e—aGe—ﬁrGe—wse} —E[1-e "]} E [e—(a+q)Tn—ﬁm —vSTn} .
n>0
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By the strong Markov property, the sequence (T, 71, , ST, )n>0 is a random walk and thus, we
get

E e—aGe—ﬁTGe—wse} _ E [l —e "] _ K(4,0,0)
E {1 _ o~ (ata)Ti—prr, —vsTl} k(o +q,58,7)

where we recall that x is the Laplace exponent of (o¢, 0, Ht)t>0. a

Case (B): assume 0 is regular for the reflected process. Before proving Proposition A.3
in the regular case, we first recall and show a few resuts when 0 is regular.

Lemma A.5. If 0 is reqular for the reflected process (R¢)i>0, then a.s. we have S, = Sg,— =
Zq,—. Moreover, if (Zi)¢>0 is not a compound Poisson process and 0 is also reqular for the dual
reflected process (Ry)i>0, we have Zg,— = Zg, and 76,— = 7q, -

Proof. 1t is proved properly in [4, Ch. VI Thm. 5-(i)] that if 0 is regular, then S, = Sg,— = Zg, —,
so we refer the reader to it. It is also proved there that (Z;):>¢ cannot make a positive jump at
time Ge, i.e. that Zg,— > Zg,.

We now turn to the second part of the lemma: we assume now that (Z;)>0 is not a compound
Poisson process. Let us define the process (Z;)i>0 = (Z(e—t)— — Ze)ie[o,e], Which, by duality, is
equal in law to (— Zt)te[o ¢ Since (Zt)¢>0 is not a compound Poisson process, [4, Proposition 4
Chapter VI| implies that the _supremum is reached at a unique time. This ensures that, in the
obvious notations, we have G, = ¢ — G, and S, = S, — Z.. Now if 0 is regular for the dual
reflected process, we have Z > ZG ,l.e. Zg, > Zg,— which shows that Zg,_ = Zg,.

Finally, we show that 1f Ge is a point of continuity of (Z;);>0, then it is also a point of
continuity of (7¢);>0. We denote by II the Lévy measure of (74, Z;)¢>0, and m > 0 the drift
coefficient of (7¢);>0. Now remark that the Lévy measure IL; of (7¢):>0 can be decomposed into

two parts:
I, (dr) —/ II(dr,dz) —/ II(dr,dz) +/ II(dr,dz) .
z€R z€R* z=0

In other words, we can decompose the subordinator (7%):>0 as

Tt = mt + ZATsl{\AZSbO} + ZATsl{\AZS|:O} =mt + Tt* + Tto,
s<t s<t

which is then a sum of a drift and two independent indenpendent subordinator (since they do
not jump at the same time). We see first that if ¢ is a jumping time of (7))s>0, then it is also
a jumping time of (Zs)s>0 so that any point of continuity of (Zs)s>0 is a point of continuity
of (77)s>0. Next, we see that (70)¢>0 and (Z;)¢>0 are independent since they do not jump at
the same time and since G, is a functional of (Z;);>0, it is also independent from (77);>0 and
therefore it can not be a point of discontinuity of (70)¢>0. This completes the proof. O

When 0 is regular for (R;);>0, the ladder time process (o¢)i>0 is a strictly increasing subor-
dinator. For the local time (Lﬁ)tzo of the reflected process at the level 0, we have that there
exists some mp > 0 such that a.s., for any ¢t > 0,

¢
mRLf = / 1{p,—oyds and oy =mpt+ Z Aos.
0 s<t

Then, it is well-known that the excursion process (ef?);>¢ defined by

et:

R (Roy_+s)sefo,a0,)  if Aot >0,
T otherwise,

is a Poisson point process valued in the excursion space & (with the notation introduced in
Section 4.1). We will denote by np its characteristic measure. Finally, since (o¢)i>0 is strictly
increasing if 0 is regular, we have almost surely for every ¢ > 0, 6, = 7, ) and H;— = S(5,_)_.
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Proof of Proposition A.3 in case (B). The idea of the proof is similar to that in case (A), al-
though it is a little bit more tedious. Using that S. = Sg,_, and summing over all excursions
of (Rt)¢>0, indexed by their left end-point g and their right end-point d (using the same decom-
position and similar notation as in the proof of Proposition 4.2), we have for any non-negative

a, 3,7y

E[e_aGe_BTGe—_'YSe} . ) [/oo qe—qt—aGt—BTGt—_’YSGt—dt]
0

_ E[ /0 g HD P15y RtO}dt] +E[ 3 el aepn s (1 gmid0) ]
9€Gr

Since for every t > 0, almost surely ¢ is not a discontinuity of (73);>¢ and (S¢)¢>0, the first term
on the right-hand-side is equal to

E [/oo qe—(a-l—Q)t—ﬁTt—’YStl{RtO}dt:| = gqmpE |:/OO e—(OC-FQ)t—ﬁTt—WStde»]
0 0

oo
= qmp / E [e—(aﬂ)"t—ﬁ"t—ﬁt} dt = — 128
0 H(Oé +4q, 67 7)

where we have also used that (o);>0 is the right-continuous inverse of (Lf)i>o for the second
identity. For the second term, we use the Master formula for Poisson point processes which tells
us that

E[ Z e—(a-i—q)g—ﬁTgf—ngf (1 - e—q(d—g)):| _ nR(l . e_‘ﬂ)E |:/°O e,(aJrq)crtf*ﬁTat,7*750t,7dt
9€GRr 0

Then, using that almost surely for every ¢t > 0, 6;— = 7,,_)_ and H;_ = S(Ut_)_, and that for
every t > 0, almost surely, ¢ is not a discontinuity of (oy, 6;, H¢)r>0, this is equal to

nR(l — e_qé)

np(l —e % /OOIE e-(et@)oe=p0i—yHe | qp — -~ )
R( ) 0 |: ] H(OZ—Fq,B”}/)

Since k(q,0,0) is the Laplace exponent of (o¢)¢>0, it follows from the exponential formula for
Poisson point processes that (g, 0,0) = gmpg + ng(1l — e~ %), which gives the desired result. [

A.3 Proof of Theorem 4.3 and Proposition 4.4

We are finally ready to give the proof of Theorem 4.3. Afterwards, we deduce Proposition 4.4
from it.

Proof of Theorem 4.3. The independence of the two triplets follows from Lemma A.2 and that
Se = Zg,— in the regular case and S. = Z, in the irregular case (recall Lemma A.5). We now
turn to proving items (ii)-(i1): we first deal with the case where (Z;)¢>0 is not a compound
Poisson process, and then we treat the case of a compound Poisson process by approximation.
The main idea is to prove that the law of (G, 7q,,Se) and (e — Ge, e — TG, Se — Z.) (resp. of
(Ge,76,—, Se) and (e — Ge,Te — TG,—, Se — Ze) in the irregular case) are infinitely divisible; we
then deduce their Lévy measure.

Step 1: We show that the law of (G, 7¢,, Se), resp. of (Ge, TG, —, Se), is infinitely divisible if 0 is
irregular, resp. regular, for the reflected process (R)i>0. We only prove it in the irregular case

as the proofs are identical.
For any positive ¢, «, 8,7y, the Lévy-Khintchine formula tells us that

k(a+q,8,7) — £(q,0,0) = / (1 — e~ =Ar=72)e =01 (dt, dr, dz),
[0700)3
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where II is the Lévy measure of (oy, 0, H¢)i>0. By Proposition A.3, we have

E [ —aGe—pP1a —'ySe] _ H(Qa070)
e € == 3
1(¢,0,0) + (k(a + ¢, B,7) — K(q,0,0))

and we therefore see that the law of (G, 7¢,, Se) is equal to the law of a pure jump Lévy process
with Lévy measure e~ ?I1(d¢t, dr, dz), evaluated at an independent exponential time of parameter
k(q,0,0). Therefore, it is infinitely divisible and it has no drift part and no Brownian part, so it
is characterized by its Lévy measure.

Step 2: We assume that (Z;);>¢ is not a compound Poisson process, and we show that the
law of (e — Ge,Te — 7,, Se — Z¢), resp. of (e — Ge, Te — TG.—,Se — Z.), is infinitely divisible
if 0 is irregular, resp. regular for the reflected process (R;):>0. Note that the corresponding
distributions are again characterized by their Lévy measure.

Let us define the process (7, Z;)i>0 = (e — T(e—t)—s L(e—t)— — Ze)telo,e], Which, by duality, is
equal in law to (7¢, —Z¢)efo,e]- Since (Z;)i>o is not a compound Poisson process its supremum is
reached at a unique time so we have G, = ¢ — G and Se = S. — Z., with the obvious notation.
Moreover, we have T Té, = Te = TGo— and T TG, =Te =TG-

If 0 is irregular for (Rt)t>0, then it is necessarily regular for (Rt)t>0, see Remark A.4 and we
can apply Step 1 with (Ge,TGe_ S, ). If 0 is regular for (R¢)¢>0 and irregular for (Rt)t>0, then

we can apply Step 1 with (@e,%Ge, Se). Finally, if 0 is regular for both sides, then 7¢, = 7¢.—
by Lemma A.5 and we can again apply the first step.

Step 3: We are now able to conclude the proof of items (ii) and (ii7) when (Z;):>0 is not a
compound Poisson process. Again, we only show it in the irregular case. It is well-known that
(e, Te, Z,) is infinitely divisible, see [4, Ch. VI Lem. 7|, and that its Lévy measure is given by

p(dt,dr,dz) =t te "P(ry € dr, Z; € dz)dt.

Let us denote the Lévy measures of (G, 7q,,Se) and (e — Ge, 7e — 7,y Ze — Se) by py and p—
and recall that by Steps 1 and 2 that they characterize their distributions. Now, observe that

(ea Te, Ze) = (GeaTGea Se) + (6 = GeyTe = TGy Le — Se) )

with the triplets being independent. It follows that p = py + p—. Since (Z;)i>0 is not a
coumpound Poisson process, we have P(Z; = 0) = 0 for every ¢t > 0, and since p is supported
on [0,+00)% and p_ on [0, 4+00)? x (—oc,0], we get

g (dt, dr, dz) = t~te MP(r; € dr, Z; € dx)dt, (t>0,7>0,2>0)
p_(dt,dr,dz) =t te "P(r; € dr, Z; € dx)dt, (t>0,7r>0,2<0),

which finishes this step.

Step 4: We now extend the proof of items (it) and (ii7) when (Z;);>0 is a compound Poisson
process. Note that in this case, 0 is regular for both sides. We proceed by approximation and
consider (Z5)i>0 = (Zi + €t)s>0 which is a Lévy process but not a compound Poisson process. It
is easy to see that 0 is regular for (RS);>o but is irregular for (Rf);>0, with the obvious notation.

Let us now show that a.s. Gf — G¢, S¢ — Se and 7g:~ — 7¢,— as € — 0. This is obvious
on the event {G. = e}, since we have G = G, and S: = S, + ce. Now, on the event {G, < e},
since (Z¢)¢>0 is a compound Poisson process, we have Z; < Zg,_ = S, for any t € [G.,e|. Let
De = supei, . Zt < Se and set g = (Se — De)/e: we see that for any ¢t € [Ge, €] and any
e € (0,¢0),
Zi =Zi+et < S. < Zg, _.

Therefore, for any € € (0,¢q), we have G¢ = G., which implies again that a.s. G5 — G, S — S,
and 7ge— — 76, as € — 0.
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Finally, as ¢ — 0, the measures
1oy P( €dr, Zp €dz) and  1g, 0yP(7 € dr, Zf € dx)
respectively converge to
1> P(re €dr, Zy €dz) and  1ycqyP(r € dr, Z; € do).
Then the result follows by approximation. O

Proof of Proposition 4.4. Paraphrasing Corollary VI.10 p 165 in [4]: for ¢/ > 1, the formula

00 et — efa’tfﬁrf’ya:
k(a,B,7) = cexp (/ / 1{x>0}P(Tt €dr,Z; € dz:)dt)
0 J[0,00)xR 3 =

follows from Theorem 4.3 and Proposition A.3 applied with ¢ = 1 (and o/ = a+¢). The identity
is extended by analyticity.
Recall also the definition

0o e—t o e—at—6r+’y:v
R(a, B,7) = exp (/ / 1peoyP(re €dr, Z; € da:)dt).
0 J[0,00)xR t

Then, if 0 is irregular for (R;):>0, we have for any positive «, 8,7, &, B, 4, we have

E[efaGefﬂTGef'ySefd(efGe)*B(TEfTGe)*’?(Ze*Se)] — (ﬁ(j]_’o’g) ) (K;(q707 (I)B)A) . (Al)
Rla+q,P,7) k(o +q, by

If 0 is regular for (R;)¢>0, then the same identity holds with 7¢, replaced by 7¢,— and 7. — 7¢,
replaced by 7. — 7¢,—. This formula yields (4.6).

Moreover, the duality entails that, if (Z;)¢>0 is not a compound Poisson process, there exists
a constant ¢ > 0 such that #(«, 8,7) = ¢k(a, B,7). O]

B Convergence of Lévy processes

In this section, we give some results on converging sequences of Lévy processes.

B.1 Convergence of processes and convergence of Laplace exponents

We consider a family of Lévy processes {(7f, Z")i>0,h > 0} with (7/);>0 a subordinator (for
every h > 0), which converges in law for the Skorokhod topology as h — 0, to some Lévy process
(72, Z) >0, with (7)>0 also a subordinator and (Z})¢>0 not a compound Poisson process. Note
that, according to Jacod-Shiryaev [29, Thm. 2.9 p 396], (7}, Z]);>0 converges in law for the
Skorokhod topology if and only if (7', Z}') converges in law to (17, Z)) as h — 0. For non-
negative «, 3, such that o + 8 4+« > 0, we introduce the quantities

00 e—t _ e—at—ﬁr—'yac I "
(bh(aa 67’7) = / / 1{x>O}P(Tt S d?", Zt S dl’)dt
0 J[0,00)xR 13 =

and

_ 00 et — e*Od*,BTﬁ*’YI b N
on(, B,7y) = / / 1coyP(rf € dr, Z]' € dz)dt.
0 J[0,00)xR t

We will denote by ¢o(c, 3,7) and ¢o(a, 3,7) the corresponding quantities for (7, Z);>0. As we
should expect, we have the following result.

Proposition B.1. Let (1), Z!)1>0 and (10, Z)i>0 be as above. Then we have for any non-
negative o, 3, such that o+ 8 > 0,

flLii)%¢h(a7577> - ¢0(aa677) and }llg%&h(aw@af)/) = (50(a7677) .
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Proof. We will only show the convergence of ¢, as the proof for ¢y, is similar. We only stress
that since P(Z = 0) = 0, by dominated convergence we have

fim B {(e7" ~ e_at_ﬁﬁl_vzf)l{z{bzo}} =K [(e_t - e_at_BTtO_WZ?)l{Zeo}} '

Now since
>*1

(bh(aa 67’7) = /0 ;E |:(e_t - e_at_BTth_’YZth)l{ZchO}] dt,

it only remains to dominate the integrand. We first dominate for ¢ € (0,1). We have
B (et — ettty | <1t B [0 - et )

<L—e '+ E (B +120) A1)

Then by Lemma B.3 below (applied to the sequence of bivariate Lévy process (7}, Z}) valued
in R?), there exists a constant Cs., > 0 such that for any h € (0,1) and for any ¢t € (0,1),
E[(Brf +7|Z]) A1) < Cg,V/t. Thus we get for any h € (0,1) and any ¢ € (0,1),

Cﬁﬁ
\/% ’

1 ‘E [(eft _ efatfﬁrf‘*vZf‘)l{Zfzo}} ‘ <1+
which is integrable on (0,1). Next, we dominate on [1,00). We have
‘E |:(e_t — e_at_/BTth_fthh)l{ZfZO}} ‘ S e_t =+ ]E [e—at—ﬁTt}L—’yZ{Ll{ZchO} .

If & > 0, then we can dominate by e~! + e~ which, divided by ¢, is integrable on [1,00). If
a =0, then g > 0 and we have

‘E |:(e—t _ e—oct—BTth—vZf)l{ZchO}} ‘ < et + e—q)h(,@)t7

where ®j, is the Laplace exponent of (Tth)tzo. Since the latter converges in law to (7)¢>0, we
get that limy, 0 ®,(8) = ®¢(8) > 0 as h — 0 where ® is the Laplace exponent of (7)¢>0.
Therefore, there exists a constant cg > 0 such that for any h € (0,1), ®4(8) > cg. Finally, we
see that for any h € (0, 1), for any ¢ > 1, we have

‘]E |:(e—t — e—at_ﬁq—th_,yzzb)l{zfzo}} ‘ S e_t + e_cﬁtu

which, divided by ¢, is integrable on [1,00). This completes the proof. O]

Proposition B.2. Let (7', Z) >0 and (10, Z?)i>0 be as above and assume that 0 is recurrent for
the reflected limiting process (RY)i>o0 Then we also have for any v > 0, ¢,(0,0,7v) — ¢0(0,0,7)
as h — 0.

Here, we cannot use the dominated convergence theorem as it is not clear how to dominate
Ele %1 { Zth>0}]. We will instead use an argument of tightness combined with the continuity of
the Laplace transform.

Proof. For every h > 0, let (of',0F HJ');>¢ be the trivariate subordinator associated with
(1", ZM)¢>0, as in Appendix A. Since the local time of the reflected process (R})¢>0 is defined up
to a constant, we can normalize it so that for any non-negative «, 3,7y, we have

kn(a, B, ) = exp(dn(a, ,7)),

where #y, is the Laplace exponent of (o}, O, H');>¢. In other words, we can choose the constant
¢y, in Proposition 4.4 to be equal to 1. Similarly, we consider (a?,@?,H?)tzo the trivariate
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subordinator associated with (10, Z9);>0, whose Laplace exponent kg is such that for any non-
negative «, 3,7, we have ro(«, 5,7) = exp(¢o(a, 5,7)). Then by Proposition B.1, kp(«, 8,7)
converges to ko(a, 3,7) for any non-negative «, 3,y such that a + 5 > 0. In particular, we have
for any v > 0,

lim E [e—'y(o?JrH{‘)} — lim e~ #r(1:07) — =R (7.07) — | [ —7(01+H°)}
h—0 h—0

)

which implies that o + H} converges in law to o + H) as h — 0. Since 0 is recurrent for
(RY)¢>0, the random variables ¢ and HY are a.s. finite. This implies that the family of random
variables (o7 + H{L)he(o,l) is tight in Ry, which in turn implies that the family ((o}, H} Nhe0,1)
is tight in R2. Let ( (o, H"))en be a subsequence which converges in law towards some finite

random variables (g, H). Using Proposition B.1 again, we see that for any o > 0 and any v > 0,
we have
E {efaé'f'yfl} —F [efaa?f'yHﬂ

Since H and HY are finite, the above equality also holds for & = 0 and v > 0 by the monotone
convergence theorem, which shows that the law of (&, H) is uniquely determined and therefore
(oh, H') converges in law as h — 0 to (0¥, HY). Hence H} converges in law to HY, which
completes the proof, since this implies that x4(0,0,y) converges to k¢(0,0,~) for any v > 0. O

B.2 Technical lemmas

Lemma B.3. Let (Z]')>0, n > 1 be a sequence of Lévy processes on R® which converges in law
to a Lévy process (Zi)i>0. Then there exists a constant C > 0 such that for any n > 1, for any
t > 0, we have
E[|Z A1) < CVE.

Proof. We classically decompose the sequence of Levy processes as a sum of a Brownian motion,
a compound Poisson process, a pure jump martingale and a drift: Z;* = ¢, B + C}* + M + but,
where b, € R?, ¢, is a d x d matrix. Let us denote by v,, the Levy measure of X, then the Levy
measure of C™ is 1y>11¥n(dr) and M™ has Levy measure 1(,<13vn(dz). For any n > 1, for
any t > 0, we have

E[|Z7)? A1) < 4 (E[|en BP] + E[|MP 2] + E[|C7 1 A1) + 2[ba> A1)
By the maximum inequality for compensated sums, we have
B (M) <E[suwp 0] <¢ [ e va(da).
[0,¢] {lzl<13\{0}

We introduce the truncation function y : R — R? which is a bounded continuous function such
that x(z) = z if |z] < 1. Setting &, := cicn + [ x(2) ® x(2)vy(dz), which is a d x d symmetric
nonnegative matrix, we get by the above inequalities E[|c, BP*|?] + E[|M}*|?] < Tr(¢,)t.

Let us now introduce the smooth function ¢ : R? — R such that ¢(z) = |z|? if |z| <1 and
e(x) =21if |z| > 2 and 1 < p(z) <2 if |z| € [1,2]. By Ité formula, we have
t
BICHE A1) S ElO7) = [ Blp(Cr ) —plChlman) 2 | i)
T|> x|>

By Theorem 2.9 p 396 in [29], since (Z]')¢>0 converges in law to (Z;)i>0:
b, — b, ¢, — ¢ and / x )V (dx) %/

for all continuous bounded function g : R¢ — R such that g is equal to 0 in a neighborhood of
0. Thus, setting C1 = sup,, Tr(¢é,), Co = 2sup,, flw\>1 vn(dz), Cy = (sup,, |ba]?)Y/2, C4 = C3 Vv 1
and C' = 4(Cy + Cy + Cy), which are finite quantities, we get for any n > 1, for any ¢ > 0,

E[|Z"]> A 1] < Ct.
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Indeed, we have (#2[b,|?) A1 < (#2C%) A1 < Cyt. The result follows from Cauchy-Schwartz
inequality. O

Lemma B.4. Let (7", Z]")i>0 be a sequence of Lévy processes taking values in Ry x R. Suppose
that the sequence of subordinators (1{*)i>0 converges in law to (7¢)i>0 and (Z}')t>0 converges to
a Brownian motion (Z;)i>o. Then (1{*, Z}")i>0 converges in law to (1, Z¢)r>0 where (7¢)¢>0 and
(Z¢)e>0 are independent.

Proof. Denote by m,(dr, dz) the Lévy measure of (7, Z}');>0 and define by x(r,z) = (1Ar, =1V
(x A'1)) a truncation function on Ry x R. It is continuous, bounded and equals (r,z) on a
neighborhood of 0 in R4 x R. Then for all « > 0, 8 € R,

E[e—aT{‘-‘riﬁZtn] = exp (twn(a, /8))

where

A~ 2 .
Ynle, B) = —aby + by — T8 + /IR eI = (ayiB) (@) ma(dr, da).
+ X

We denoted by (bn,b,) € Ry x R the drift coefficient (which depends on the choice of the
truncation function) and o2 the Brownian coefficient of (Z]*);>o. Then making o =0 and 3 = 0
in the expression we deduce that the characteristics of (77");>0 and (Zf'):>0 are respectively
(b, vn) and (l;n,ag, fin), where v, and pu, are defined as

vp(dr) == /]R T(dr,dz),  pn(dz) == /R ) Ton(dr, dz).

By Theorem VII.2.9 p 396 [29], the convergence in law of (7{");>0 and (Z{'):>0 implies that by,
bn, Jg 1AT?0y(dr) and o2 + [p 1Aa?py(dz) converges and that forall g : Ry — Rand §: R —» R
continuous bounded which are 0 around 0

[ srwa@n o [ g, ama [ gm0
Here we denote by v(dr) the Lévy measure of the limit process (7¢)i>0. It follows that for all
6 >0, [p1jz>stin(dz) goes to 0 and which implies that

[L R]+ﬂ25ﬂn«h}dx) — 0. (BQU
+ X

n——400

By Theorem VII.2.9 p 396 [29] again, the convergence of (7", Z}');>o will follow if we can show
that (i)

/ (1 APY(=1V (2 A 1)) 7 (dr, dz)
R4 xR

converges as n — oo, and that (i) for all continuous function g : Ry x R — R which is constant
outside a compact set and is 0 around 0, [ g(r, z)m,(dr, dz) converges.

Regarding item (), we set f(r,z) := (1Ar)(—=1V (zA1)) and fix § > 0. By (B.1), and since
f is bounded, f‘x|>5 | f(r,x)|m,(dr, dz) vanishes as n — oo. It follows that

lim sup
n—oo

/ f(r,x)my(dr, dx)
R4 xR

< lim sup/ |f(r, z)|mn(dr,dz) < 6lim sup/ 1 ATy (dr).
|z[<8

n—oo n—o0

Now, remark that b, — [ 1 A 7y (dr) is the drift coefficient of the subordinator (77');>0 and
therefore, it must be positive. Since b,, converges, it follows that

0 <lim sup/ 1 Arvy(dr) < limsupb, < co.
R

n—o0 n—oo

o4



Making d to 0 shows that fﬂth f(r,x)m,(dr,dx) converges to 0.

For item (i), we consider a function g : Ry x R — Ry which is constant outside a compact
set and is 0 around 0, say on K := {r < 1,|z| < 1}. It is uniformly continuous and for all £ > 0
there is some 1 > ¢ > 0 such that |z| < § implies |g(r,xz) — g(r,0)| < e. Using (B.1) again, and
using that [ g(r,0)vn(dr) = [5 g 9(r,0)ua(dr, dz)

lim sup
n—oo

A+XR9(T7$)ﬂn(dr7dZ)_/ g(r, 0)un(dr)

R+

< Tim sup / g(r, ) — g(r, 0)|ma(dr, d)
|z| <8

n—oo

n—oo n—0o0

= lim sup/ lg(r,z) — g(r,0)|m,(dr, dz) < elimsup v, (R4 \ [0, 1]).
Ken{|z|<o}

Since limsup,,_,, vn(R4 \ [0,1]) < 400 and since fR+ g(r,0)vy(dr) converges to [ g(r,0)v(dr),
we conclude that

[otramards) — [ gtr.0pwiar).

To summarize we get that (77", Z}")+>0 converges in law and the limiting characteristic Laplace-
Fourier exponent is

Y(a, B) = —ab +ifb — 0'2252 +/R (e —1+alAr) v(dr),

where b := lim,, by, b= lim,, En and o2 := lim, a,% + f 1A x2un(dw). This is the characteristic
exponent of (73, Z;)¢>0 where 7 and Z; are independent. O

C Technical results on generalized one-dimensional diffusions

In this appendix, we prove some technical results from Section 7. We do not recall here the
notation here, so we refer the reader to the introduction of Section 7.

C.1 Local times and the occupation time formula

The goal of this section is to prove Proposition 7.1 and Lemma 7.8. We do not recall the
statements and refer the reader to Section 7.

Proof of Proposition 7.1. Item (i). Let t > 0 and h be a Borel function. Using a change of
variables, we have

t t Pt 5
/Oh(Xs)ds—/O h(s 1(Bps))ds—/ h(s ! (B,))dA™.

0
By Corollary 2.13 in [39, Ch. X], it holds that for any u > 0,

| s Baar = [ nis ) L ao)
0 R

and the first item follows by substituting p; in the preceding equation and performing a the
change of variables y = s~ !(x).

Item (i1). Let us now show that 0 is regular for (X;)¢>0. More precisely, we will show that the
time ¢ = 0 is an accumulation point of Zx = {t > 0,X; = 0} = {t > 0,B,, = 0}. First we
remark that for every (F:):>o-stopping time 7" such that By = 0, we have A?:a — A% > 0 for
every € > 0. Indeed, the family (L7, +t — LF)t>0,2er is the family of local times of the Brownian
motion (Bri¢)i>0. Therefore, L0T+a — Lg« > 0 for every € > 0 and by the continuity of the
Brownian local times in the space variable, L7, — L7 > 0 in a neighbourhood of 0. Finally,
since 0 € supp(m?), we get

mAY = /R (L. — Li)m*(dz) > 0
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for every € > 0. Hence, for such a stopping time 7', we have Pame = inf{s >0, A™ > A?s} =T.
Let us define for any ¢t > 0, d; = inf{s > t, B; = 0} the first zero of (B,),>0 after time ¢,
which is an (F;)s>o-stopping time. Consider a decreasing sequence (t,)nen which converges to
0 as n — oo. Then for any n € N, dy, is a stopping time such that By, = 0 and therefore

pams = dy, . Let us set (up)pnen = (A‘C‘li JneN, then it is clear that it is a non-increasing sequence
tn

of points in Zx. Since d;, — 0 as n — oo and since (A‘t“s)tzo is continuous, it comes that u,, — 0
as n — oo which shows that 0 is an accumulation point of Zx.

Item (iii). We show item (7i) and start by showing that (Lgt)tzo is continuous. Let Xy be
the complement of the open set |J |72, 78] where (75)i>0 is the right-continuous inverse of
(LY)¢>0. The set £, a.s. coincides with the set Zg = {t > 0, B; = 0}. Let ¥4 be the complement
of Us>0lps—, ps[- It is shown in [39, Ch. X Proposition 2.17] that ¥4 a.s. coincides with the set
| :_{t > 0, By € supp(m®)} and with the support of the measure dA™ . Since 0 € supp(m?),

it comes that I';, C I'4 a.s. and therefore, we have

Ulps—pslc JI7Z, 71

s>0 s>0

Since J,»q]72 , 78] also coincides with the flat sections of (L?)¢>o we get that for any ¢ > 0 such
that pi— < p¢, then Lgt, = Lgt which shows that (Lgt)tzo is continuous. The fact that (L?);>0
remains an additive functional after time-change is rather classical. It follows from the fact that
(pt)e>0 is itself the inverse of a continuous additive functional, and (L?);> is a strong additive
functional. We refer to Revuz-Yor [39, Ch. X, Propositions 1.2 and 1.3] for more details.

Let us show that the support of the measure dLgt = p(dt) is included in the closure of Zy.
We introduce the measure v(d¢) which is the pushforward measure of p by (pt)i>0. It is the

Stieltjes measure associated to the non-decreasing process (L?)Ams )i>0. Let t > 0 be fixed, then
t

= LY. On the other hand, if ¢ is such that there

5

if Ay > Ay for every € > 0, we have LgAm
t
exists ¢ > 0 such that A™ = A _, then A™ is a jumping time of (ps)s>0 and since (L9)s>¢ is

constant on [p,_, pu] for every u such that Ap, > 0, we get LY = LgAms. In the end, we see that
t

v is the Stieltjes measure associated to (L?) and, applying the change of variables, we get

t
1 drb = /
/0 {Xs#0} Ps [O }

Pt
1{Bp57é0},u(ds> = / 1{357&0}”((13) < / 1{357&0}(1[12 = 0.
it p([0,2]) 0

This shows that the support of the measure p is included in the closure of Zx.

We now show the converse and we will assume that 0 is an instantaneous point for (X)¢>o,
as the proof is easier when 0 is a holding point. In this case, the closure of Z, is a perfect set with
empty interior. For any t > 0, we denote by dX = inf{s > ¢, X; = 0} the first zero of (Xs)s>0

after t. Then for any ¢ > 0, deix = 0 and since Pax is an (F;)-stopping time, Lgdt+€ > Lgdt
for every € > 0. Since (AT );>0 is continuous, (p;);>o is increasing and therefore L9 > LY

Pdy+e Pd
for any € > 0. This shows that almost surely, for any ¢t € Q4, d; belongs to the su[;port of ;Lt.

Consider now some ¢ in the closure of Z, and some € > 0. Then since Zx has empty interior,
there exists r € QN [t —e,t) such that r ¢ Zx and d, < t. Hence ¢ is a limit of points belonging
to the support of u, which is a closed set, and therefore t belongs to this set.

Item (iv). We now consider (7)¢>0 the right-continuous inverse of (LY, )¢>o. Let us show that for
anyt >0, 7w = A‘;‘;. The continuous non-decreasing process (A}“S)tzo is also the right-continuous
t

inverse of (p¢)¢>0 so that we have for any ¢ > 0,
A‘T‘?; = inf{s > 0, ps > 75} = inf{s > 0, Lgs >t} =m.

For any t > 0, 77 is a stopping time such that BTtB = 0 and thus, by the argument from the

second step, we have p ms = pr, = 5. 0
B
Tt
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Proof of Lemma 7.8. We introduce the Lévy process Z7 = OTt ((gos) x f)(Xs)ds. It is clear that,
by assumption and by the occupation time formula from item (%) of Proposition 7.1, this process

is well defined. Let us denote by v,(dz) = n(f(f((g 0s) x f)(es)ds € dz) the Lévy measure of
(Z¢)t>0. On one hand, we have

E[Z] :t/Rzyg(dz) —tn (/Oe((goﬁ) X f)(es)ds).

On the other hand, it holds by items (i) and (iv) of Proposition 7.1 that

E[Z]=E [ /R Lﬁﬁg(:ﬁ)mf(dm)} _ /R E[L7s]g(x)m (dx).

By Ray-Knight’s theorem, see [39, Chp. XI, Thm. 2.3|, for any fixed ¢t > 0, the processes (L* 5 )z>0

B
Tt
and (Lf 5)z<0 are two independent squared Bessel processes of dimensions 0 starting at ¢ and

t
therefore E[L*3;] =t for any x € R, which completes the proof. O]
Tt

C.2 Convergence of strings under the Brownian excursion measure

The goal of this section is to prove the technical Lemmas 7.5 and 7.7 about strings with regular
variation. Again, we do not recall the notation nor the statements of the results; we refer the
reader to Section 7.2. In particular m is a string of regular variation with regular variation of
index a € (0,2) and my, denote its rescaled version.

Let us start with a technical lemma in the case o € [1,2), which is an almost direct application
of Potter’s bound [8, Thm. 1.5.6].

Lemma C.1. Let m be a string with regular variation of index o € [1,2). Then for any n > 0,
there exists a constant C' > 0, such that for any x > 0 and any h € (0,1),

|mp(z)| < Czt/omimny gl/a—1n, (C.1)

Proof of Lemma C.1. When « = 1, this is a direct application of [8, Thm. 3.8.6]. When « €
(1,2), we have that there is a constant C, such that

m(o0) —m(y) < Col(y)y'/*!  for any y > 0,

using also that 1/a — 1 < 0 so the upper bound diverges as = | 0. It then simply remains
to show that ﬁgﬂg < Czx7" v z" for any z > 0, which is exactly the content of Potter’s

bound [8, Thm. 1.5.6]. O

Proof of Lemma 7.5. When « € (0,1) there is nothing to prove since g/l = ¢, fox ytoe2dy is
the cumulant to the Radon measure 2/ 2dz on Ry and z — g(x) is continuous with compact
support. When « € [1,2), then for any ¢ € (0, 1), then we have

e} oo

lim Limy(dx) = ca/ Liz'/ 24,

o0 Js s
Again, this is a direct consequence of the fact that the measure my, restricted to (9, 00) converges
weakly to the measure z'/*~2dz restricted to (8, 00), and that 2 — L¥ is continuous with compact
support.

Now consider some v € (0,1/2) such that 1/a — 1+~ > 0, which is possible since a < 2.

Since x + g(x) is Holder of order «y, and ¢g(0) = 0, there exists a constant D > 0 such for any
z € (0,9), g(z) < Dz?. Therefore we have

)
Ca/ g(:E)LUl/aiQde‘ SD/(;l/aflJr'y’
0
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for some constant D’ > 0. Now pick some 7 € (0,1/a — 1+ 7), so by (C.1) there exists C > 0
such that |my(z)| < Cz'/*=1=" for any z € (0, ]. Therefore we have

1) 5 5
/ g(x)mh(dx) < D x’ymh(dx) < 57‘111]1((5)‘ —+ fy/ $7_1‘mh($)’dx < Cdl/oa—l-i-’y_n’
0 0 0

for some constant C' > 0, the second inequality being obtained by integration by parts. Therefore,
we have just proved that for all § € (0, 1), we have

/]R+ g(z)mp(dx) — cq /]R+ g(z)z'/* 2z

Letting § | 0 proves the result. O

lim sup S D/é‘l/a—l—f—’y + Cé*l/a-l+ry_77'

h—0

Proof of Lemma 7.7. Before we start with the proof of teh four items, let us recall William’s
decomposition of the excursion measure, see [39, Chp. XII, Thm. 4.5]. Take (Uy)¢>0 and (Uy)¢0
two independent 3-dimensional Bessel processes starting from 0, defined on some probability
space. For any ¢ > 0, let T, and T, be their respective first hitting of ¢. We define the process

(Qf)i=0 by

U; Hfo<t<T,
ng C_Ut—Tc ifT. <t<T.+T.
0 ift > T..

Then, the law of a positive excursion conditioned to M(e) = ¢ is equal to the law of (Qf):>0,
and for any measurable set I', we have

W) =5 [ B(@)a € D)y (c2)

Then, denoting by L¥(X) the local time in z at time ¢ of a process (X;s)s>0, we have

Ly 5, (@) = Lf, (U) + L, (U) < LE(U) + LE(U) =: Ra. (C.3)

Recalling the variant of the second Ray-Knight’s theorem, see [50, RK2.a)|, (L5, (U))z>0 and
(L, (U))z>0 are two independant 2-dimensional squared Bessel process started at 0 and so
(Ry)u>0 is a square Bessel process of dimension 4 started at 0.

Item (7). Consider the first point and take o € (0, 1), then combining (C.2) and (C.3) we have

n? {( / + ;fmh<dx>)1A5} -, /:E[ R <@y>mh<du>] sy

1[0 v
= / E [ / Rumh(du)] y2dy, .
2 Jo 0

Since E[R,,] = 4u, this is bounded by

2/05[/[]yumh(du] 2dy—2/ /+00dmhdu —2/ my (du) = 2my,(9).

The first point of the Lemma follows since }llil%mh(é) =21 and a € (0,1).
—>

IN

Item (ii). Take a € [1,2) and consider ¢ = z? so that

2 1 [0 Y 2
nf[ sup (/ Lfmh(dq:)> IAJ < 2/ E[ sup (/ Rumh(du)) }y_2dy.
he(01] N JRy 0 he(0,1] N Jo
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Fix n > 0 (how small depends on «). Since (Ry)y>0 is a sum of independent square of Brownian
process, by Kolmogorov’s regularity criterion (see [39, Thm. 2.1]), we have that R, < Cpu!™"
for all u € [0, 1], where C;, > 0 is a square integrable positive random variable. So for ¢ € (0,1],

2 1 g Y 2
nf[ sup (/ Lfmh(dx)> 1A5] < 2IE[C,2]]/ sup </ ulfnmh(du)> y2dy. (C4)
he(0,1] N JRy 0 he(0,1] ~Jo

Moreover, since [ u'~" my(du) = y'~my (y) n) J§ wmp(u)du, we have

( /0 yuk”mh(du)> g4(y2*2"mh(y)2+ ( /0 ’ u*nymh(undu) )

Take 0 < 2n < 1/ — 1/2 (which is possible since a < 2), by Lemma C.1 we get that |my(u)| <
cyul/ @1 uniformly in b € (0,1) and u € (0, 1], for some constant ¢,. Since 1/a—1—2n > —1
there is a constant ¢, > 0 such that

) 2
sup ([ ul (@) < e, vy e 0,1
re(0,1] NJo

Hence for n > 0 small enough, the left-hand side of (C.4) is bounded by a constant (that depends
on n) times §2/¢~~1=4_which goes to 0 as § | 0.

Item (iii). We proceed in the same vein. Similarly as above, we have

+o00 1
nf[ sup (/ Lfmh(dx)>1Ag] < / [ sup / Rymy( du ] 2dy .
he(0,1) N Jo 2 he(0,1)

Fix n > 0. By time-inversion, (]N%u)uzo = (u? Ry /y)u>0 has the same law at (R,).>0, hence
Kolmogorov’s regularity theorem applied both to (Ru)ugl and (R,)yu<1 gives that

R, <Gy (u1_77 Vv u1+’7), Yu >0,
with ), some integrable random variable. Thus we have,
+o00 1 +o0 Y
nf[ sup </ Lfmh(dx)>1Ag} < E[C’n]/ sup (/ ut™" \/uH”mh(du))yﬁdy
he(0,1] N Jo 2 s he(1] Mo

Then we write for all y > 9,

y yAl yv1
/ ut ™ g, (du) = / u My, (du) + / ut My, (du).
0 0 1

If n is small enough so that 2n < 1 — 1/a and 21 < 1/«, which is possible since a € (1,2), it
follows from Lemma C.1 that |my(y)| < Cy'/@=1=1v yt/e=1#1 Then, recalling that my,(0) = 0,
we see that

yA1l
/ u "My, (du) < (y A D T Tmp(y A1) < Cy AV < O
0

Similarly we have
yV1
/ W (du) < (g VD) (m(y v 1) — mp(1)) < Cly v 1)V,
1

In the end, we have for any y > d the bound [ u! =7V u'*my,(du) < C+ C(y v 1)1/2+27 which
is integrable with respect to the measure y~2dy on [, o0) since 2 —1/a —2n > 1. This concludes
the proof item (7).

Item (iv). This point is similar. We write similarly as above

B 1 1 00 1Ny 5
n+[ sup (/ fmh(dx)>1Ag] = 2/ E{ sup / Rumh(du)}yf dy
he(0,1) N Jo 5 he(0,1) Jo

+oo yAl
fE [Cy] / sup / u' "My, (du))y*Qdy,

he(0,1]

| A

which is finite as in the case of the previous item. O
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