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Abstract
In this article, we study the weak uniqueness and the regularity of the weak solutions of a fluid-structure
interaction system. More precisely, we consider the motion of a rigid ball in a viscous incompressible fluid and
we assume that the fluid-rigid body system fills the entire space R®. We prove that the corresponding weak
solutions that additionally satisfy a classical Prodi-Serrin condition, including a critical one, are unique. We
also show that the weak solutions are regular under the Prodi-Serrin conditions, with a smallness condition
in the critical case.

Key words. Navier-Stokes system, fluid-structure interaction, weak solution
AMS subject classifications. 35Q35, 76D03, 76D05, 74F10.

1 Introduction

1.1 Presentation of the model

We consider a fluid-structure interaction system composed by a rigid body immersed into a viscous incompress-
ible fluid. We suppose that the rigid body is a homogeneous ball of radius 1 and that the fluid fills the exterior
of the rigid body in R3. In particular, the structure domain S(¢) and the fluid domain F(t) at time ¢ > 0 are
given by

S(t) = B(h(t),1), F(t)=R3\S(t), (1.1)
where B(c,7) is the closed ball of R? of center a and of radius r.

The velocity and pressure fields in the fluid are denoted by u = u(t,z) € R® and p = p(t,z) € R whereas
the linear and angular velocities of the rigid ball are denoted by ¢ = £(t) € R? and w = w(t) € R3. The system
of equations governing the motion of this fluid-structure interaction system can be obtained by combining the
Navier-Stokes system and the Newton laws:

ou+ (u-Vu—pAu+Vp=0 (t>0, ze F(t)),

divu=0 (t>0, z € F(t), (12)
u(t,z) = 0(t) + w(t) x (z — h(t)) (t>0, z € dS(L)),
me(®) == [ Tapydn @>0),

05(t) (1.3)

Jw' (1) = —/ ( — h(t)) x T, p)v dys (¢ > 0),
25 (t)
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K=t (t>0), (1.4)
u(0,)=a iInF, h(0)=0, ¢0)=4, w(0)=uw,. (1.5)

Without loss of generality, we can assume as above that the initial position of the center of the rigid body is
at the origin. To simplify the study, we suppose that the viscosity u of the fluid and the densities of fluid and
of the structure are positive constants. We can assume that the fluid density is equal to 1 and if we denote by
ps > 0 the density of the rigid body, its mass and its inertia tensor are given by the standard formula:

4 2m
= — = 7]1 .
m = 2mps, J 5
We have denoted by v the unit vector field normal to dS(¢) and directed towards the interior of S(t). Finally,

the Cauchy stress tensor field in the fluid is given by the constitutive law
1
T(u,p) = ~plls + 2uDu,  Du = (Vu+ Vul),

and where M T denotes the transpose of a matrix M.

The initial and boundary value problem (1.2)—(1.5) and its generalization in the case of a rigid body of general
shape has been studied for many years. Let us mention some related works from the literature: existence of
Leray-Hopf weak solutions ([29, 9, 30]), existence and uniqueness of strong solutions ([31, 11, 8, 3, 12, 17, 23]),
existence of steady states ([15, 16]), existence of time periodic solutions ([13, 14]), large time behaviour ([4, 10,
24]), etc.

Concerning the weak solutions of (1.2)—(1.5), as in the case without structure, it is an open problem to know
if the weak solutions are unique or smooth. In the case where the fluid-rigid body system fills a bounded cavity
Q) (instead of the whole space R?), the uniqueness of weak solutions in dimension 2 of space has been obtained
only recently, see [18, 2]. Note that these uniqueness results are valid up to a contact between rigid bodies or
between a rigid body and the boundary of €2, as it is not clear how the solutions can be continued after the
contact (see [6, 28]). In dimension 3 and for a bounded cavity, the uniqueness and regularity of weak solutions
under the classical Prodi-Serrin condition was proved in [27] and [26] respectively. However, the critical case of
Prodi-Serrin condition was not included in these two articles, and in [26] regularly of weak solutions was proved
under additional assumptions on the rigid velocities besides the Prodi-Serrin condition (see Remark 1.7 and
Remark 1.9 below).

Our aim in this article is to prove the uniqueness of weak solutions of the system (1.2)—(1.5), under the Prodi-
Serrin condition including the critical case (see Theorem 1.4). Note that in the case without structure (that is
for the standard Navier-Stokes system), the uniqueness of weak solutions under the Prodi-Serrin condition in
the critical case was obtained by [21] by using a first result of [25]. We are going to follow the same approach
in our case and one of main arguments consists in showing the existence of mild solutions for initial conditions
in L2 N L3. We are also going to show the regularity of weak solutions if we assume the Prodi-Serrin condition
without the critical case (Theorem 1.8). In the critical case, we obtain the regularity property with an additional
smallness assumption (Theorem 1.10). Note that this condition may be technical since for the incompressible
Navier-Stokes system (without any structure), the regularity result is also true in the critical case without the
smallness assumption (see [5]).

1.2 Statement of the main results
First, one can perform a change of variables in order to write the above system using the fixed spatial domains
S:=B(0,1), F:=R*\S. (1.6)

Setting
v(t,y) = ul(t,y +h(t), q(t,y):=pt,y+h(t)),



1

the system (1.2)—(1.5) can be transformed in the following system

o+ ((v—40) - Vv—pAv+Vg=0 (t>0, yeF),
dive=0 (t>0, yeF), (1.7)
v(t,y) =L(t)+w(t) xy (>0, yedsS),

me) =~ [ Twawar, >0)

(1.8)

1) == [ uxTawd, (>0,
v(0,)=a inF, £0)=4, w(0)=uw,, (1.9)
h'=+¢ (t>0), h(0)=0. (1.10)

Note that in the above system, the equations for the velocities (1.7)—(1.9) are decoupled from the equation
(1.10) for the position of the rigid ball. In particular, the uniqueness and the regularity properties can be stated
only for the system (1.7)—(1.9) and will induce the same properties for the whole system.

In what follows, we extend the fluid velocity by the rigid velocity in S, that is

o(t,y) = L) +w(t) xy (>0, yeS)

and we do the same for the initial velocity a. We recall that (see, for instance, [32, Lemma 1.1] ), Dp =0 in S
if and only if there exist £, w, € R3 such that

oy) =Ly +wyxy (YES).

With this notation, we have in (1.7)—(1.9) £ = ¢, and w = w,.

We now introduce several function spaces in order to state our main results. Let G be a domain in R3. For
any ¢ € [1,00], and s > 0, we denote by L4(G) and W* (@) the usual Lebesgue and Sobolev-Slobodeckij spaces.
We also use the notation H*(G) = W*2(G). We also define the following spaces, associated with our problem:
for any ¢ € [1,00] and s > 0

L9={peL(R% |divp=0inR* D(p)=0inS}, (1.11)
H={pe H*R®) |divp=0inR?, D(p)=0in S}, (1.12)
Wl ={peW*UR?) |divp =0inR? D(p)=0inS}. (1.13)
We define a global density
1 inF,
P= ps inS,

and the scalar product in £2(R3)
(f,9)c2 = /RB pf-g dy. (1.14)
Note that if f,g € £2, then
(f:9)c2 = /Ff-g dy +mly - Ly + Jwyp - wy.

The above definitions and notations allow us to define the notion of weak solutions for the system (1.7)—(1.9):
Definition 1.1. Assume a € L2 and T > 0. We say that v is a weak solution of (1.7)—(1.9) if

v e L®(0,T; L) N L0, T; HY), (1.15)
and if for any ¢ € HY(0,T;H*) such that o(T,-) =0,

T
— /0 (v, 0rp) p2 dt + //(O,T)X]R3 2uD(v) : D(p) dydr + //(O,T)x]-'(<v —4y)-V)v-pdydr
= (a,¢(0,-)) 2. (1.16)
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Remark 1.2. Note that if v satisfies (1.15), then all the terms in (1.16) are well-defined. Indeed, by the Sobolev
embedding H*(F) — L%(F), we have

v-Vou e LY0,T; L*?(F)), 4, -Vve L*0,T;L*(F)),
whereas ¢ € HY(0,T;H') yields ¢ € L>(0,T; L3(F)) and ¢ € L?(0,T; L*(F)). Therefore, in view of Holder’s
inequality all the terms in (1.16) are well-defined.

As mentioned in the introduction, the well-posedness of system (1.7)—(1.9) has been studied by several
authors (including if the rigid body has a general shape). In particular, we have the following result (see, for
instance, [30]):

Theorem 1.3. There exists a weak solution v of (1.7)—(1.9) in the sense of Definition 1.1, and it satisfies the
following energy inequality

1 K 1
Iz +2 [ [ POP dydr <5l (¢ e0.7). (117)
0

Our first main result corresponds to the Prodi-Serrin condition for the uniqueness of weak solutions:

Theorem 1.4. Let vV v be two weak solutions of (1.7)~(1.9) associated with the same initial condition
a € L2 in the sense of Definition 1.1. Assume v(Y) satisfies the energy inequality (1.17) and that v(?) €
L7(0,T; LY(F))3 with

2 3

- +-=1, re2,c|, q€[3,x]. (1.18)

rooq

Then
(D = ()

Remark 1.5. Let us remark that Theorem 1.4 holds if we replace (1.18) by the weaker assumption that NS
L7(0,T; LY(F))3 with

<1, rej2,00], q€l3 0] (1.19)

Indeed, if ¢ > 3 and (1.19) holds, there exists v’ < r such that % + 2 =1 and v® e L (0,T; L(F)) so that
we can apply Theorem 1.4 and deduce the result.

To prove Theorem 1.4, we are going to consider two cases:

e the noncritical case : ¢ € (3,00] (or r € [2,00));

e the critical case : » =00 and ¢ = 3.

The proof in the critical case combines arguments of [25] and [21]. In particular, we first show a weaker result:
we replace the hypothesis v(2) € L>(0,T; L3(F))? by the stronger hypothesis v(2) € C3([0,T); L*(F))* where
Cg denotes the set of right-continuous functions. The corresponding result states as follows:

Theorem 1.6. Let vV, v(®) be two weak solutions of (1.7)-(1.9) associated with the same initial condition
a € L2 in the sense of Definition 1.1. Assume vV satisfies the energy inequality (1.17) and that

v® € CR([0,7); L*(F))* N L>(0, T; L (F))*.
Then v = ),
Finally, using Theorem 1.6 and the method of [21] we prove Theorem 1.4 in the critical case, see Section 5.

Remark 1.7. Let us remark that in the case where the fluid-rigid body fills a bounded cavity, the corresponding
result was obtained in [27] in the noncritical case q € (3,00).
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Our second main result corresponds to the regularity of weak solutions under the Prodi-Serrin condition:

Theorem 1.8. Let v be a weak solution of (1.7)—(1.9) associated with the initial condition a € L? in the sense
of Definition 1.1. Assume v € L"(0,T; LY(F))? with
2 3
;+6:1’ r € [2,00), q € (3,00]. (1.20)
Then —
Cy,wy € C°°((0,T);R?), v e C™((0,T] x F)>.

Remark 1.9. Let us remark that in the case where the fluid-rigid body fills a bounded cavity, a similar result was
obtained in [26] in the noncritical case q € (3,00), and with the additional assumptions that £, w! € L>(0,T)3.

In the critical case, i.e. ¢ = 3 and r = 0o, we need a smallness condition:

Theorem 1.10. There exists € > 0 such that if v is a weak solution of (1.7)—(1.9) associated with the initial
condition a € L? in the sense of Definition 1.1 and if v € L>(0,T; L3(F))? with

HU||L90(O7T;L"3(]:)) <e (1.21)

then
ly,wy € C°((0,T);R?), v e C™((0,T] x F)>.

The outline of this article is as follows: first in the next section, we define the “fluid-structure” operator
associated with the system (1.7)—(1.9) and its properties. We also give some useful inequalities and define some
mollifiers. Then in Section 3, we show some important properties of the weak solutions of (1.7)—(1.9). In order
to prove Theorem 1.4 in the critical case, we need to show the existence of mild solutions for (1.7)—(1.9) if the
initial condition satisfies @ € £2 N £3. This is the aim of Section 4. Section 5 is devoted to the proof of the
uniqueness of weak solutions, that is to the proof of Theorem 1.4. Finally, in Section 6, we show Theorem 1.8
and Theorem 1.10 for the smoothness of the weak solutions of (1.7)—(1.9).

Notation 1.11. In the whole paper, we use C as a generic positive constant that does not depend on the other
terms of the inequality. The value of the constant C' may change from one appearance to another. We also use
the notation X S, Y if there exists a constant C > 0 depending only on the parameter p such that we have the
inequality X < CY.

2 Preliminaries

In this section, we introduce the “fluid-structure” operator associated with the system (1.7)—(1.9), and we
present some useful properties of this operator. We also recall some basic inequalities and properties of the
mollifiers.

2.1 The “fluid-structure” operator.

We start by the following Helmholtz type decomposition of the space £ defined in (1.11). From [33], we have
the following decomposition
LIR3)? = L0 G4 (2.1)

where

G = {p € LYR®? | 3r € L, (F), ¢=Vr i F,

/pgapdy—i—/ v dy, =0, /pgwxxdx—l—/ Wuxxd’yz:()}.
s a8 s a8



In the particular case ¢ = 2, note that £2 and G? are orthogonal for the scalar product in (-,-) 2 (defined by
(1.14)). Note also that ¢ € G? and Dy = 0 in S if and only if there exists m € L}, .(F), Vr € L9(F)3 such that

loc

p=Vr inF, Ll,=-m""! T Ay, Wy = —J_l/ v X x dyg. (2.2)
a8 88

We denote by P, : LY(R3)> — L7 the projection onto £¢ along G?. Then, we can define the operator
A, : D(A,) — L9 as follows

D(Ag) := {p e Wh | oz e WHUF)3Y, Agp = PyAgp,

where

_ pAp (y e F),

Agpr=9q _ -1 (/68 2D(p)v d’Yx) -J! (/asm x 2D(p)v d%) xy (yes).

We also define
—v® (v—1~,) inF,

F(v) := { 0 in S,
and using that (v ® (v —£¢,))v =0 on 98, we have

. | —((v—=4,)-V)v in F,
divF(v) := { 0 in S
This allows us to write (1.7)—(1.9) in the following abstract way:
v =Apw+P,divF(v) (t>0), v(0)=a. (2.3)

We now recall some properties of the “fluid-structure” operator A, from [4]. First we have (see [4, Proposition
7.3])

Proposition 2.1. Let 1 < g < co. Assume that ¢ € D(A,) and Ayp = Py(Flx) with F € W™4(F)3 for some
m € N. Then |z € WmT2:4(F)3.

Second, we have (see [4, Theorem 6.1] or [24, Theorem 4.3])

Proposition 2.2. Let 1 < p,q < co. Then A, is the infinitesimal generator of a bounded analytic semigroup
on L. Moreover, A, satisfies the mazimal LP-reqularity property: for any T > 0 and for any ¢ € LP(0,T; L9),
there exists a unique solution v € WP (0,T; L£9) N LP(0,T; D(A,)) of

v'=~Av+¢ in(0,T), v(0)=0.
We also recall the L? — L" decay estimates of the “fluid-structure” semigroup obtained in [4, Theorem 7.1]:
Theorem 2.3. Assume q € (1,00) and
g<r<oo or r=00.

Then a1 o
HetAqSOHCr gq,r t_§(5_?) ||90||£q (t > O’ Y e Cq) (2'4)
Assume 1 < g <r < 3. Then

_3(1_ 1
[Vettag) 3G ol (6> 0, 9 € £9). (2.5)

Lr(]:)s SQ,T
Finally, we state a useful lemma ([4, Lemma 8.1]) to deal with the estimate of the nonlinear terms:

Lemma 2.4. Assume

<qg<r<oo.

m nolw

There for any F € LY(R3)?, F =0 in S, divF € L"(R3)3,

|4 P, div F|

_3(1_1\_1
o Sar CFGT) T P L o
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2.2 Some inequalities and lemmas

Several of the results below are adapted from arguments of Navier-Stokes system without any rigid body, see
for instance [21], [25], [7], etc.

First, we recall that a consequence of the Sobolev-Galiardo-Nirenberg inequality is the following standard
estimate: for any w € H'(R?) and for any r € [2, 6],

1

ap 1—a, 1
Jullsr e S V055 Bl sy where 2= 3 (5= 1) € 0.1 (26)

Next, let us show a standard property for the nonlinear terms of our system:

Lemma 2.5. Assume v € H' and w € H'(R?)3. Then
/ (v=20,)-V)w-wdy = 0.
F
In particular, if v € H and wM w® € HY(R3)?, then
/ (v =1, - V) - w®dy = —/ (v =1,) - V)w® - wh dy.
F F

Proof. Let us consider a sequence (wy), C C°(R3)?, wy — w in H*(R*)®. Then an integration by parts and
the definition (1.12) of H! imply

Jwy,|” Jwy, |

/JT((UZU).V)wk.wkdy—/div(vév) . dy+/as(vfgv).,/

F

dy =0.

Now, we can write

/((U—EU)-V)w-wdy—/((v—ﬁv)-V)wk-wkdy
_F

F
:/((v—fv)-V)(w—wk)~wdy+/((U—&J)~V)wk~(w—wk)dy
F F

and using (2.6), we have w € L3(F)? and wy, — w in L3(F)3. This proves the lemma. O

We now show some estimates for the nonlinear terms by using the Prodi-Serrin condition:

Lemma 2.6. Assume w € L*(0,T; H*(F)3), v € L*(0,T; HX(F)*)NL>(0,T; L?>(F)3) and u € L"(0,T; LY(F))
with

2 3
+§:1, q€[3,00], re€][2 00].

,
If g € (3,00),

// (v-Vw)-udyds
(0,t)x F

t 1/r
3 2 -
S ||Vw||L2(o,t;L2(}‘)9) ||VU||L/2q(o,t;L2(;)9) (/0 [[v(s, ')||L2(]-')3 [[us, ')||7Lq(]:)3 dS) - (2.7)

If ¢ = oo, then

// (v-Vw) -udyds
(0,t)xF

t 1/2
SIVwllpe0.402(7)0) </O (s, M7 s (s, ) oo (s dS) : (2.8)




If g = 3, then

// (v-Vw) - udyds
(0,t)xF

Proof. First we assume ¢ € (3,00). Using the Sobolev-Galiardo-Nirenberg inequality

S IVl 242220 1VU 20,6020 14l e 0,600 5)9) - (2.9)

HU”LG(}‘)S S ||VU||L2(]_-)9 )

and the Holder inequality, we deduce that

3 1-3
(v V) - udy| S [Vl gz [0l pairys IV 20 0] 10rs - (2.10)
]:
If ¢ = oo, that is if u € L?(0,T; L>(Q)?), then
[0 90 wts] S 19l Bl s (211)

If ¢ = 3, that is if u € L°°(0,T; L3(Q)3), then

[0 V) wds| 190l Bl 190l (2.12)
Integrating (2.10), (2.10) and (2.10) in (0, ¢) and using the Holder inequality, we obtain (2.7), (2.8) and (2.9). O

In the critical case ((r,q) = (00, 3)), the above lemma is not sufficient to prove the uniqueness result. We
need the two following results obtained in [25]:

Lemma 2.7. Assume f € L*(0,T), f >0 and for any t € (0,7T), fot f(s)ds > 0. Assume (gi), is sequence in
L>(0,T) with g, > 0, right-continuous at t = 0 and such that for a.e. t € [0,T], the sequence (gi(t)), is non
increasing and converging to 0. Then

t t
Ve >0, AN €N, Vk > N, Vt € [0,T], / fgkdsés/ fds.
0 0

Lemma 2.8. Assume w € L2(ty,to; HY(F)3) and u € L™ (t1,t2; L3(F)3), u right-continuous at t = t1 in the
norm L3(F). Suppose that

t
Vit € (t1,t2), / Vw72 zy0 ds > 0.
ty

Then for any n > 0, there exists C,, > 0, independent of t, such that

‘// (w-Vw)-udyds
(t1,t)xF

2.3 Definition and properties of the mollifiers

2 2
<SnIVOllz2y r2m)o) + Cn Wl T2y pr2msy, 0 <t <t (2.13)

Let us introduce some standard mollifiers. We consider j € C*°(R), odd, nonnegative, with support in (—1,1)
and such that [ j(t) dt = 1. Then we set for € > 0,

jelt) = 1 (2) .

Then, for T € (0,00), r € [1,00), and X a Banach space, we consider the following approximation of w €
L™(0,T; X):

we(t, ) == /0 Je(t = T)w(r,-)dr. (2.14)

It has the following standard properties



Lemma 2.9. Assume T € (0,00). For any w € L™(0,T; X) with r € [1,00),

we € C%([0, T} X),  lim [Jw — w2l o 2y = 0-

For any w € C°([0,T); X),

1 1
lim w.(0,) = iw(O, ), limw (T, ) = §w(T, ).

e—0 e—0

Assume that X is a Hilbert space. Then for any w™, w® € L7(0,T; X)

T T T
/((‘3tw) wM)y dt =0, /(atuﬂ w®) x dt:—/ (Bw®, wM) x dt.
0 0 0

The proof of the above lemma is standard and we skip it.

3 Properties of the weak solutions

In this section, we derive some properties of the weak solution to (1.7)—(1.9) (see Definition 1.1). This results
are in the spirit of Navier-Stokes equation without any rigid body.

Proposition 3.1. Assume that v is a weak solution of (1.7)—(1.9). Then t — v(t,-) is continuous in [0,T] for
the weak topology of L*(R3)? and for any 0 < s <t < T and for any p € H' (s, t; H'),

— / (v, 0pp) p2 dT + 2u//( s D(v) : D(¢) dy dr + //( ) }_((v —4y)-Vv-pdydr
= (v(s,:),0(8,)) g2 = (v(t, ), 0t ) g2 (3.1)

Proof. Assume t € [0,T) and ¢ € H'(0,¢;H!'). We consider § € C1(R;[0,1]), § =1 in (—o0,1), and # = 0 in
(2,00). We set for @ > 0 small enough,
T—l+a
O0o(7) =0 —
=0 (T2)

and we use in (1.16) the test function 6,0 € H*(0,T;H') that cancels at ¢ = T for a small enough. Passing to
the limit as a — 0, we obtain (3.1) for s = 0 and for a.e. t € (0,T). In particular, if ¢ € H' (independent of
time), this yields

(W(t, ), Pz = wp—zu/ /R dydT—// v ly) - V- pdydr. (3.2)

This shows the continuity of ¢ +— (v(t,-),¢) 2 for any ¢ € H!, and by density for any ¢ € £2. Then, we use the
orthogonal decomposition (2.1) for ¢ = 2 to conclude. O

We now show that under Prodi-Serrin condition (1.18), weak solutions of (1.7)—(1.9) satisfy the energy
equality instead of the energy inequality (1.17):

Proposition 3.2. If v is a weak solution of (1.7)-(1.9) such that
v e LY 0,T; LY (F)?), (3.3)
then
gl e +2e [ D@ dyar = Jjalizs < 0.7 (3.4)

In particular, if v satisfies the Prodi-Serrin condition (1.18), then it satisfies (3.4).



Proof. First, if v satisfies the Prodi-Serrin condition (1.18), then it satisfies (3.3). Indeed, if ¢ > 4, then we can
combine (1.18) with v € L>(0,T; L?(F)?3) to deduce

v e LYE5(0,T; LA(F)?) € L0, T; LM(F)?).
If 3 < g < 4, then we can combine (1.18) with v € L?(0,T; L%(F)3) to deduce
v e L*7 (0, T; L\(F)) € L*(0, T; L*(F)*).

Assume now that v is a weak solution of (1.7)—(1.9) satisfying (3.3). We consider the approximation v. €
HY(0,t;H') given by (2.14) and we use it as the test function in (3.1) for s = 0. We obtain

_ /0 (v, Opve) 2 dT + 21 //(O,t)xR3 D(v) : D(ve) dydr + //(O’t)xf((v —£4,) - V)v-v.dydr
= (a,v(0,)) 2 — (v(t, ), ve(t, ) ez (3.5)

From Lemma 2.5, we have

// ((U—&J)~V)v-v5dydT:—// ((v—"~_y) - V)ve -vdydr
(0,)xF (0,t)XF

and thus

//(O,t)x]-'((v — &) Vv vdydr - //(O,t)x]-'((v —4y) - Vv, -vdydr

2 2
N <||”||L4(07T;L4(f>3) + HU”L“(&T;EQ)) v = ell 20,01y -

Using Lemma 2.9 and Lemma 2.5, we deduce

lim// ((v—&,)~V)vg-vdydT:// (v=14,)-V)v-vdydr =0.
=20 J(0,e)xF (0,5)xF

Moreover, Lemma 2.9 and the continuity of v in the weak topology of L?(R3)3 imply

lim// D(ve dydT—// (v)|* dydr,
€0 0t)><]R3 Ot)xR3

! . 1 , 1
/ (0, 0pvc) p2dT =0, lim(v(t,-),ve(t, ")) 2 = 3 lv(t, )||3:2 , 113(1)(@,118(0, N = 3 ||a\|22 .
0 £

e—0

Combining the above relations together with (3.5), we complete the proof of the proposition. O

4 Existence and uniqueness of mild solutions

In this section, we consider mild solutions for the system (1.7)—(1.9). More precisely, writing (1.7)—(1.9) as (2.3),
with the help of the fluid-structure operator A,, the function F and the projection operator P, introduced in
Section 2.1, we say that v is a mild solution of (1.7)—(1.9) or of (2.3), if v satisfies the following integral equation

v(t) = ea + /Ot e=AP divF(v)(s) ds. (4.1)

Here and in what follows, we can drop the indices g for A, and P, to simplify the writing. There is a strong
connection between mild solutions and weak solutions even if these notions are usually not equivalent. Here, we
consider initial data in £2 N £3 and we prove the local in time existence and uniqueness of mild solutions that
are also weak solutions in the sense of Definition 1.1. The precise statement is as follows:
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Theorem 4.1. Let us assume that a € L2 N L3. Then there exist T, € (0,T] and a unique mild solution
v e CU[0,Tu); £3) of (1.7)~(1.9) on (0,Ty) with

/4 € C°([0,T.]; £°%), t1%v € ([0, T,]; £2), t/2Vv € C°([0, T.]; L} (F)°), (4.2)

and

~0. (4.3)

1imHt1/4v(t)H +Ht1/%(t)H +Ht1/2Vv(t)‘
6 Lo L3(F)°

t—0

Furthermore, v is a weak solution of (1.7)~(1.9) on (0,Ty) and it satisfies the energy equality (3.4) and
3207310y € CO([0, T.J; £7) (g € [3,00)). (4.4)
In [4, Theorem 8.2], it was already proved that if a € £3, there exist T, € (0,T] and a unique mild solution
v € C[0,T.]; £3) of (1.7)~(1.9) on (0,T,) with (4.2) and (4.3). It is also shown in [4, Theorem 8.2] that this

solution satisfies (4.4). The proof of the existence of a mild solution is based on the Banach fixed point in the
Banach space

Gp = {v | t1/% € CO([0, T); £9), t1/2v € CO([0, T); £, /2w € CO([O,T];L3(}')9)}, T>0,

equipped with the norm

= ||t 40t H Ht”z t H Htl/Qv t H : 4.5
HU||<€T H olt) L=< (0,T;L6) + vlt) L2 (0,T5L) * v(?) Le=(0,T;L3(F)?) 4.5)
More precisely, let us denote by
Cr.r = {vecr| [V, < R}, (4.6)
the closed ball of radius R > 0, and by N the map defined by
t
Nu(t) == ea +/ e=)AP div F(v)(s) ds. (4.7)
0

Then it is shown in [4] that for R > 0 small enough, there exists T > 0 such that €7, g is invariant by A" and
that on this ball, A/ is a strict contraction. It thus has a fixed point that satisfies (4.1). Furthermore, v is the
limit of the sequence

v =0, Un+1 :N’Un (TLGN)7

for which we have v,, € €, g for all n € N. It is then proved in [4] that

<¢ R (q€]3,x]). (4.8)

~q

Ht3/2(1/3_1/’1)v H
L*(0,Tr;L)

We are now in a position to prove Theorem 4.1:
Proof of Theorem 4.1. First we can show that by taking R > 0 possibly smaller, we have
ve C%[0,Tr]; £%), t/2Vv e C°([0, Tr); L*(F)?). (4.9)

Using (4.7), (4.8), Theorem 2.3 and Lemma 2.4, we find for ¢ € [0, Tg]

t
lons1(®)lles = INva (Bl g2 S llall = + |20 ol [ (6= 97272 s

L (0,Tr;L>)

S llallzz + Bllonll Lo 0,1:22) »

and
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|2 Vo) L S lall + #7216,

t
1/2 o —1/2.-1/2
L°(0,Th) Ht Vup, LOO(O,TR;LQ(f)FJ)/O (t—s)""*s ds

t
‘tl/vinH / (t— 5) /85~ 1/85=1/2 g5
L>(0,Tr;L*(F)?) Jo

< lall s + R||¢/29w,

L2(F)?

L4l/2 Hfl/gvn

‘LW(O,TR;E‘*)

Lo (0,Tr; L2(F)?)

Thus taking R small enough, the sequences (v,), and (t1/2an)n are bounded in L% (0, Tg; £L2(F)) and
L®°(0,Tr; L*(F)?) respectively. Passing to the limit, we deduce

ve L®0,Tr; £2) and tY/2Vv € L®(0, Tr; L3(F)?).

The arguments to deduce the continuity in time of v and Vv from the above relations are classical, see, for
instance [20] or [1, p.118]. We take T, = Tx from now on.
We deduce from (4.2) and (4.9) that

tPdivF(v) € L*(0,T,; £L?),
so that v(t) := tv(t) is the strong solution of
v =Au+tPdivF(v) +0 (¢t € (0,7y)), v(0)=0.
We thus deduce from Proposition 2.2 that ¥ € L2(0,T,; D(A2)) N H(0,Ty; £?) and that v € L?(e, Ty; D(Ag)) N

H(g, Ty; £?) satisfies
v' = Agv + Py divF(v) (4.10)

in a strong sense in (g,7}) for any € > 0. Multiplying the above equation by v, integrating over the interval
(e,t) and using Lemma 2.5, we obtain

1 2 t 2 1 2
sl 2 [ [ DOP dydr = F )2 (©0<e<t<T).
e JF
Letting € — 0, in the above identity we obtain the energy equality. From the Korn and the Poincaré inequalities,

we also deduce that v € L?(0,T,; H'). Assume ¢ € H'(0,T,;H') with p(T%,-) = 0. Multiplying (4.10) by ¢,
integrating over the interval (g,¢) and integrating by parts, we find

T.
_ /,5 (v, 0yp) p2 dt + //(E?T*)XRS 2uD(v) : D(p) dydr + //(E,T*)x}‘((v —0,)-Vv-pdydr
= <U(E, ')7 90(57 ')>£2‘

By letting € — 0, we recover (1.16) and we deduce that v is a weak solution of (1.7)—(1.9). O

5 Uniqueness of weak solutions

In this section, we show Theorem 1.4 in the non critical case and Theorem 1.6 by proceeding as in [25] and then
we show Theorem 1.4 in the critical case by following the method of [21].

Let vél) and véz) be the mollifiers of v and v(?) respectively. We apply Proposition 3.1 with ¢ = vél) and
p= vf). This leads to

t
_/0 WD, 8,02 22 dT+2M//(Ot) RSD(U(U) ;D(v£2))dydr+//(0 ) f((v(”—fw)-v)v“) 0P dydr
) X )X

= <CL,’U§2)(O, ')>E2 - <U(1)(t, ')7U£2) (tv ')>£27 (51)
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and

t
- /0 W@ 9wy o dr + 2 //(0 . D(v®) : DM dy dr + //(0 ) }_((v(z) —ly) - V)o@ oM dydr
X X

= <a'7 Uél)(0> ')>£2 - <’U(2) (t’ ')7 ’Uél)(TH -)>£2.

Then using Lemma 2.9, we have

t t
—/ (v(l), 3tv£2)>52 ds — / (v@), 8tv§1)>g2 ds =0,

0 0

Sasa)es - 5< o1, )02 )

Sl a)es — S0, 0P( ) .

Using these relations, summing (5.1) and (5.2) and passing to the limit e — 0, we deduce

<a’ U§2) (07 ')>£2 - <U(1)(tv ')7 U§2) (t’ ')>E2 —

<a7 Uél)(o, ')>£2 - <’U(2) (t, ')7 ’Uél)(t, ')>£2 -

(WO (), 0P (8, )z + g / / D(u®) : D(u®) dydr
(0,¢)xR3

+ // (0 = ,0)) - V)M - 0@ dy dr + // (v® = Ly) - V)o? oD dydr = (a,a) 2,
(0,6)xF (0,

Applying Proposition 3.2 and using that v(!) satisfies the energy inequality (1.17), we can also write

2
Lo //

L2 : (0,£)xR3
1, 5 2 //

- t, - +2
el ven ff

Combining the two above estimates with (5.6), we deduce

(1) | LT
o0t )| D(eW)| dydr < 5 Jlal% (¢ e 0.7)),

3 [

@) |? [T
D(e®)| dydr =3 Jlal% (¢ € 0.7)).

2 2
1 (0@ — M), )’ +2u // D(v® — v(l))’ dydr
L2 (0,t) xR3
< // (v® —ly) - V)P oM dydr
(0,t)x F
+ // (0™ = L,0)) - V)o@ dydr, (¢t e[0,T)).
(0,t)xF

Set

w = oM — @),

Using Lemma 2.5, we obtain

/((U@) ) V)@ D dy+/ (0D = ,0) - VYo - @ dy
F F

(5.2)

(5.3)

(5.6)

(5.7)

- / ((w—Ly) - V)U(l) e dy = / (w—Ly) - V)w - ) dy.
F F

Comblmng this with (5.7), we finally arrive to

||w ||L2+2M// > dydr < // (w—1Ly) - V)w-vP dydr (¢t e0,T)).
0,t) ><]R3 (0,t)xF

(5.8)

We are now in a position to prove the uniqueness results. We start by proving Theorem 1.4 in the non-critical

case:

13



Proof of Theorem 1.4 in the noncritical case : ¢ > 3. We apply the estimate (2.7) on (5.8) to obtain

2 (e, )2 +2u// 2 dydr
0,t) ><R3

‘ , 1/r
143 2
S ||VwHLJ2r(O/§;L2(]:)9) (/0 ||w(s, ')”L’A‘(]—')3 La(F)3 dS)

¢ 1/2
(2) 2
+ Hv HLOO(O,T;LZ) IViellzso ey </0 1 (5) ds) '

Therefore by Young’s inequality, for any 7 > 0 there exists ', > 0 such that

g lwtt s + 2 f * dydr
Ot)xR3

< IV z5 ) +Co / (s, M oy ||

v 2)(s,~)‘

()(,)‘

ds +C, H @) H / 10 (5)]? ds.
La(F)3 Lo (0,T;£2)

(5.9)
In particular, taking n small enough, we deduce
t T
2 2
it S [ (0@ + [0y ) o 0 0T, G10)
and from the Gronwall lemma, w = 0 in [0, 7. O

Proof of Theorem 1.6. We claim that there is a o > 0 such that v = v() on [0,,). Else, for any t € (0,7,
w = v — ) satisfies

t
/O IVw(s, )72y ds > 0. (5.11)

In that case, since v(2) € L>(0,T; L3(F)?) and since v(?) right-continuous at ¢ = 0 in the norm of L?, we can
apply Lemma 2.8 on (5.8): for any 1 > 0, there exists C, > 0 such that

||w Hﬁz +2u //0 : ]R3 ? dydr < 77va||i2(o,t;L2(f)9)
)%

+C, / (s, )[F2cry ds+Cy H”(2 ”mecz)/ 6o(s)> ds (t€[0,T]). (5.12)

Taking 7 small enough and using the Gronwall lemma, we conclude that w = 0 which contradicts (5.11).

In a similar manner, if v(V(t,-) = v®)(t,-) for t € (0,T), then there exists ¢y > 0 such that v() = v(®) on
[t,t + to). Using this property and the weak contintuity of v(!) and v(®) (see Proposition 3.1, we deduce the
result. O

It remains to show the uniqueness in the critical case, and we can obtain it by following the method of [21]
and by using Theorem 1.6.

Proof of Theorem 1.4 in the critical case. We show that v(?) € CR([0,T); L3(F))? so that we can apply Theo-
rem 1.6 and deduce that v(? = v(1),
Assume t € [0,T) and let (t;) be a sequence in (0,7T) such that ¢; — ¢ and such that

(IO

<[

L3(F) Lo (0,33 (F)3)
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Then, using Proposition 3.1, we deduce that up to a subsequence,
v (tg,-) = v@(t,-) weakly in L*(F)3 N L3(F)3.

In particular, we deduce that v(®) (t,-) € £L2N L£3. From Theorem 4.1, there exist T, > 0 and a weak solution
9@ € CO([t, T.]; £3) of (1.7)~(1.8) in [t, T}] with initial condition 7(?) (¢, -) = v(?)(t,-) (instead of (1.9)). Applying
Proposition 3.2, v(?) satisfies the energy inequality (1.17) and thus from Theorem 1.6, we deduce that 7@ =
in [t, T.]. Consequently, v(®) € CO([t, T.]; £3) and is right-continuous at t. We deduce v(?) € C%([0,T); L3(F))?
and this concludes the proof of Theorem 1.4 in the critical case. O

6 Regularity of weak solutions

In this section, we prove Theorem 1.8 and Theorem 1.10. Assume v is a weak solution of (1.7)—(1.9) in the
sense of Definition 1.1, and satisfies the hypothesis of either Theorem 1.8 or Theorem 1.10:

2 3
v e L™(0,T; LY(F))® for some q € (3,00) and = + = =1, (6.1)
roq
or for e >0
v e L=(0,T; L*(F))® with [[v]] oo (g 1,0y < € (6.2)

In order to show the regularity property in Theorem 1.8, we notice that v satisfies (in a weak sense and for
f = 0) the following linear problem

ow — pAw+Vr+ (v—4,) - Vw=f (te(0,T), yeF),
divw=0 (te€(0,T), y<eF),
w(t, y) = Lw(t) +wu(t) xy (€ (0,7), y €dS),
ml,(t)=— [ T(w,m)v dy, +mls (t€(0,T)), (6.3)
88
Jwl,(t) = — /asy x T(w,m)v dvy, + Jwy (t € (0,T)),
w(0,-) =a inF, £,(0) ="~y wy(0)=uw,.

Let us introduce the bilinear operator
B(v,w) = —P (v —£,) - V) wlz), (6.4)

where PP is the projection operator defined in Section 2.1. Using the operator A, also introduced in Section 2.1,
we can write the above system in the following form:

Ow = Aw +B(v,w) +Pf in (0,7), w(0)=a. (6.5)

The proofs of Theorem 1.8 and Theorem 1.10 rely on the regularity of this linear system. Indeed, in what
follows, we are going to show that v = w a.e. in [0,7) x F, and that w has more regularity than that initially
assumed on v.

6.1 Strong solutions for the linear system

Here, we consider strong solutions of (6.3) or equivalently of (6.5), that is solutions in a space
X9(0,T) = LU0,T; D(Aq)) NWH4(0,T; L),
for some g > 1. In the case ¢ = 2, we recall that

X*(0,T) c C°([0, T); 1Y),
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and we can thus equip X2(0,7) with the norm

lwll 20,7 = Wl p2(0.7,m2(7)2) + Wl E10,7,22) + 10l 0o (0,77, -
We can show the following result:
Proposition 6.1.

o Assume v is a weak solution of (1.7)~(1.9) and that v satisfies (6.1). Assume also that Pof € L?(0,T; L?)
and a € H. Then there exists a unique strong solution w € X2(0,T) of (6.5).

e There exists € > 0 such that for any v weak solution of (1.7)—(1.9) satisfying (6.2) and for any Pof €
L2(0,T; L?), a € H!, there exists a unique strong solution w € X?(0,T) of (6.5).

Proof. We consider for 7 € (0,7] the mapping
N L*0,7;£%) — L*(0,7; £%), g+ B(v,w) + Pf, (6.6)
where w € X2(0,7) is the solution (see Proposition 2.2) of
Ow=Aw+g¢g in(0,7), w(0)=a. (6.7)

We have the estimate
lwllvz0,7) S 1191l L20,7522) + 1@l -

We can see that the corresponding constant does not depend on 7 by extending g by 0 on (7, 00).
We first consider the case when v satisfies (6.1). If ¢ € (3, 00), using interpolation and Sobolev embedding
yield that for a.e. t € (0,7),

3 1-3
||Vw(t)||L2q/<q72>(}')9 < va(t)||H3/q(]:)9 S ||w(t)||1{2q(}')3 ||w(t)||H1(ég)3 )

and thus y y
2 1-2
||vw||L2r/(7-72)(077;L2q/<q72>(}'))9 < Hw||L£(o,T;H1(]:))3 ||wHL2(0,:;H2(]:))3 < Hw”X?(o,r)‘

From the Holder inequality, we deduce

1B, w)l 20.ri22) S (190l 0min0s + Wolliagomms) ) 1l ooy (6.8)
and thus N is well-defined. If ¢ = oo, then we have
1B, )l z2(0.ri22) S (101l 20urizm s + 1ollzo,rizs) ) IVl poe o rzmye
S (1l om0 s + Neoll oo mmsy ) N0l o - (6.9)

Therefore, in this case also N is well-defined. Moreover, we deduce from the above estimates the existence of a
constant Cy > 0 such that

HNgu) —J\/g(2)‘

<Co (o @)

vromnaEy T 10l ) [lo — 9

L2(0,m:£2) £2(0,75£2)

and there exists 71 € (0,7 such that

1
Co (HUHL"(O,TI;L‘I(]-'))B + ||€v||L2(0,n;]R3)) < 9"

For such a 71, A/ admits a unique fixed point g € L?(0,7;£?) and the corresponding solution w of (6.7) is a
strong solution of (6.5) in (0,71). By considering an increasing sequence 7, > 0, k = 1,..., N with 7v = T and

such that 1

Co (100 sz + Mo liamnin) € 30 =T, N = 1),
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22

we can extend this solution to a solution of (6.5) in (0,T).
It remains to consider the case where v satisfies (6.2). In this case, we take 7 = T, and using Sobolev
embedding, we infer that

||B(an)||L2(o,T;z:2) < HU”LOO(O,T;LS(f))s vaHL2(O,T;LG(]—'))9 + ||ZvHLoo(o,T;R3) vaHL2(O,T;L2(}'))9
S (Il o o,rszs s + Mol o1:m9) ) 0l s oy (6.10)
and thus N is well-defined and there exists a constant C; > 0 such that

HNgu) —Ng@)’

(2) ‘

sG (||v||L°°(07T;L3(.7:))3 + HEUHLOO(Q,T;R%)) Hg(l) -9

L2(0,1;:£2) L2(0,1;£2)

Therefore, by choosing € < ﬁ in (6.2), we obtain that N admits a unique fixed point g € L?(0,T; L?) and
the corresponding solution w of (6.7) is a strong solution of (6.5) in (0,7"). This completes the proof of the
proposition. 0

Let us consider the adjoint system of (6.5):
—0rp =Ap —B(v,0) +Pf  in (0,T7), »(T)=a. (6.11)
We can show the following result with a proof similar to to the proof of Proposition 6.1:

Proposition 6.2. Assume v is a weak solution of (1.7)—(1.9) and that v satisfies (6.1) or (6.2) with € given in
Proposition 6.1. Assume also that Pof € L?(0,T;L?) and a € H'. Then there exists a unique strong solution
© € X%(0,T) of (6.11).

6.2 Weak solutions for the linear system

Let us introduce two different notions of weak solutions for (6.5):

Definition 6.3. Assume Pof € L?(0,T;L?) and a € L2.

e We say that w € L>=(0,T; £%) N L*(0,T;HY) is a weak solution of (6.5) if for any ¢ € H*(0,T;H") such
that o(T,-) =0,

T
—/ (w, Oy p) p2 dt—l—// 2uD(w) : D(p) dydT+// (v—=4,)-V)w- pdydr
0 (0,T)xR3 (0,T)x F

T
=A<%ﬂ@w&+ww@%y-mﬂ)

o We say that w € L?(0,T;L?) is a very weak solution of (6.5) if for any ¢ € H*(0,T;D(A)) such that
LP(T; ) =0,

T T
— / (w, ¢y p2 At — / (w, Ap) g2 dt — // ((v—"~y) V) -wdydr
0 0 (0,T)xF
T
— [ Eafdlerdt+ (@p0. e (613
0
From the above definition, one can check that a strong solution of (6.5) is a weak solution of (6.5), and that

a weak solution of (6.5) is a very weak solution of (6.5).

Lemma 6.4. Assume v is a weak solution of (1.7)—(1.9) and that v satisfies (6.1) or (6.2) with € given in
Proposition 6.1. Then there exists at most one very weak solution of (6.5).
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Proof. Let us consider w™, w(? € L2(0,T; £L?) two very weak solution of (6.5). Then for any ¢ € H'(0,T;D(A))
such that ¢(T,-) = 0, we have

T T
*/ <w(1) - w(2),3t90>ﬁ2 dt — / <w(1) - w(2),A<p)L2 dt
0 0
—//( : (v —=10,)-V)p- (w<1> —w(2)> dydr =0. (6.14)
0,T)xXF

Then, using Proposition 6.2, there exists a strong solution ¢ € X%(0,T) of
_at()o = ASD - B(U7 80) + w(l) - w(2) in (07 T)a QP(T) =0.

We can use the approximations ¢. € H'(0,T;D(A)) of ¢ given by (2.14) as test functions in (6.14). Using
Lemma 2.9 and (6.8), we can pass to the limit ¢ — 0 in (6.14) and we deduce w™® = w(?), O

Remark 6.5. In particular, if v is a weak solution of (1.7)—(1.9) and if v satisfies (6.1) or (6.2) with ¢ given
in Proposition 6.1, then a very weak solution w of (6.5) with f = 0 and with the same initial condition a € L>
as in (1.9), satisfies

w=v.

We use this property in what follows to deduce properties of v from the same properties for w.

Proposition 6.6. Assume v is a weak solution of (1.7)—(1.9) and that v satisfies (6.1) or (6.2) with & given
in Proposition 6.1. Assume also Pof € L?(0,T;L?) and a € L2. Then there exists a unique weak solution w of
(6.5). Moreover w € C°([0,T]; £L?).

Proof. The uniqueness comes from Lemma 6.4. For the existence, we consider a sequence a(®) € H! such that
a®) € H' and a® — @ in £2. Then for any k > 0, there exists a unique strong solution w*) € X2(0,T) of
(6.5) where a is replaced by a(*). We have in particular the relations

o (w® —w)) = & (w® —w®) +B (v, (w® =) in (0,7),

(w(k) _ w(k’)) (0) = (a(k) _ a(k’)) . (6.15)

Multiplying the above first relation with (w(k) — w(k/)) and using Lemma 2.5, we deduce that

w® — )

)

me —w®)

< Haw) _ o)
=

+|
’LOO(O,T;LQ) L2(0,T;H! £2

so that (w®)) is a Cauchy sequence in C°([0, T]; £2)NL*(0, T; H') and its limit w is a weak solution of (6.5). [

6.3 Regularity of the weak solutions of the linear system

Lemma 6.7. Assume v is a weak solution of (1.7)—(1.9) and that v satisfies (6.1) or (6.2) with € given in
Proposition 6.1. Then tv € X2(0,T).

Proof. Let us set
w(t, ) =tv(t,-) (t€(0,T)). (6.16)

Then we deduce from (1.16) that w is a weak solution of
Ow = Apw + B(v,w) +v in (0,7), w(0)=0.

Since v € L%(0,T; £?), we deduce from Proposition 6.1 that the above equation admits a unique strong solution
in X2(0,7T). By using, Lemma 6.4, we conclude that w € X2(0,T). O

18



Lemma 6.8. Assume v is a weak solution of (1.7)-(1.9) and that v satisfies (6.1) or (6.2) with ¢ given in
Proposition 6.1. Then t*v € X4(0,T).

Proof. Let us set
w(t,-) =t2(t,) (t€(0,T)). (6.17)

Then we deduce from Lemma 6.7 that w is a strong solution of
Oiw = Aw + B(tv, tv) + 2tv  in (0,T), w(0) =0,

with tv € X2(0,T).
On the other hand, from Sobolev embeddings (see, for instance, [22, Lemma 3.3, p.80], [17, Proposition 4.3)),
we have

L2(0,T; H*(F)) N HY(0,T; L*(F)) < L*(0,T; L'°(F)) n L¥3(0, T; W 10/3(F)).

We thus deduce that
B(tv, tv) + 2tv € L>/%(0,T; £5/?)

and applying Proposition 2.2, we obtain w = t?v € X5/2(0, T).
We can now repeat the argument: we set

w(t,-) =th(t,) (te€(0,T)) (6.18)
which is the strong solution of
Orw = Aw + B(t?v, t*v) +4t3v  in (0,T), w(0) =0,

with t2v € X5/2(0,T). From Sobolev embeddings (see, for instance, [22, Lemma 3.3, p.80], [17, Proposition
4.3]), we have

LY2(0, T3 W2S2(F)) nWHS2(0, T; LY2(F)) < L7(0, T3 L7 (F)) N L2(0, T3 WS (F))
for any r > 5/2. We thus deduce that
B(t%v, t?v) + 4t3v € L*(0,T; L*)

and applying Proposition 2.2, we obtain w = t*v € X4(0,T).
O

Lemma 6.9. Assume v is a weak solution of (1.7)—(1.9) and that v satisfies (6.1) or (6.2) with & given in
Proposition 6.1. Then

t'v € H*(0,T; £*) N H*(0,T; D(A2)) N L2(0,T; H*(F)?).

Proof. Let us set
w(t,-) = t30w(t,-) (t € (0,7)). (6.19)

Then we deduce from Lemma 6.7 that w is a very weak solution of
Orw = Aw + B(v, w) + B(t*0v, t*v) + 870w in (0,T), w(0) = 0.
Since t*v € X4(0,T) and tv € X2(0,7),
B(t* 0w, tv) + 8t"0pw € L?(0,T; L?).
Combining Proposition 6.1 and Lemma 6.4, we deduce that w = t*9,v € X2(0,T). Note in particular that

tSv € HY(0,T; H*(F)3) = L>(0,T; L>(F)?3). (6.20)
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From (1.7), we have
t3Agv = —t30,v — t°B(v, ). (6.21)

Using that ttv € X*(0,7T) and and tv € X?(0,T), we deduce that
t3((v —£) - V)v € L*(0,T; H (F))>.

Then, using Proposition 2.1, we deduce that t8v € L2(0,T; H3(F))3. Using this relation and (6.20), we deduce
(v —0) - V)v € L*(0,T; H*(F))?,

and repeating the above argument on (6.21) allows us to obtain t'v € L2(0,T; H*(F))3. O

We are now in a position to prove Theorem 1.8 and Theorem 1.10.

Proof of Theorem 1.8. We show by induction that for any k > 2, there exists m > 1 such that
tmolv e L2(0,T; H**=D(F)?) (0<j < k). (6.22)

We can check that w = t>"+19Fv is a very weak solution of
L ‘ ‘
Opw = Aw + B(v,w) + 2" ( .)B(agv, vy + (2m+1)*™w  in (0,T), w(0) =0. (6.23)
J
j=1

We deduce from (6.22) that for 1 < j <k,
9y € L2(0,T; H* (F)*) n HY (0,T; H2U=V(F)?3)
and thus,
v (o) € L0, T HY2(F)?).
For j > 2, we deduce from a Sobolev embedding that tm“af*jw € L>(0,T; L>=(F)?) and thus
2 HIB(@Iv, 0F Iv) € L2(0,T; £?).
For j = 1, we deduce from a Sobolev embedding that
t"HOFTIVY € L0, T; L2(F)?), 70w € L2(0,T; H***(F)®) — L*(0,T; L™ (F)?%)

since k > 2. We thus deduce from Proposition 6.1 and Lemma 6.4, applied on (6.23), that w € X2(0,T).
It remains to show that for j = 0,...,k — 1, there exists m; > 1 such that

tmiglv e L2(0,T; H2F—I+1 (F)3). (6.24)

We have already obtained the above relation for j = k+ 1 and j = k, and we proceed by backwards induction.
Let us assume that (6.24) holds from k + 1 to j with 1 < j < k — 1. We can assume that m; = m+ 1 where m
is the exponent in (6.22) and we want to show (6.24) for j — 1. From the equation satisfied by v, we deduce

J—1 .
. : -1 ) : )
2 A o = 20y — 7 j(j , )B(a;v,ag“v). (6.25)
1
=0

Using (6.22), we have

t™i 9l € L2(0,T; H**=3HD(F)3), ¢mive! ™' ' e L0, T; H*F—3HD(F)%), (e {l,...,j—1}),
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21

22

23

24

25

26

27

and for ¢ = 0, ‘ ‘
tmiv e L0, T; H*Y(F)?), t™ive! v e L2(0,T; H*~2+1(F)%). (6.26)

Thus, using that 2k — 25 4+ 1 > 3 so that H**~2/+1(F) is an algebra, we deduce from (6.25) and Proposition 2.1
that
197w e L2(0,T; H?*~2+3(F)3).

Using this, we can improve (6.26) and obtain for j > 2
t™miy € L0, T; H**=Y(F)%), *™ival~ v e L0, T; H**—7+Y(F)?) (6.27)
and for j =1
t*miy € L°(0,T; H**(F)3), t*™iVuv € L*(0,T; H*(F)?). (6.28)

In both cases, we can use Proposition 2.1 and we find
t4mi9i "t € L2(0,T; H**F=3+2)(F)?)

and this concludes our inductions in k and j. We thus deduce (6.22) and thus that for any j, k € N, there exists
m > 1 such that _
t™v e HI(0,T; H*(F)?)

and this ends the proof of the theorem. O
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