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Abstract: This paper deals with the stabilization of a transport equation subject to a boundary
disturbance. Our feedback design relies on the so-called strategy called active disturbance
rejection control (ADRC). The unknown disturbance is estimated by Levant’s differentiator and
one of the feature of this differentiator is that it allows to estimate in finite-time the disturbance.
We prove the existence of solutions of the closed-loop system and the global asymptotic stability
of the closed-loop system. A numerical example is given to illustrate the efficiency of our strategy.

1. INTRODUCTION

This paper deals with the stabilization of a transport
equation subject to a boundary disturbance.

Transport equations have received much attention for
many years due to the many physical phenomena they
model: e.g. aeronomy (Schunk (1975)), crystallization
(Mesbah et al. (2011); Omar and Rohani (2017)), biology
(Perthame (2007)) and more specific on the concentration
of polymers (Armiento et al. (2016)). A good overview of
the actual research lines concerning this topic is provided
in Bastin and Coron (2016) and Hayat (2021).

Stabilization of this kind of systems where the distur-
bances are rejected is not a new topic. The reader can refer
to Terrand-Jeanne et al. (2019); Coron and Hayat (2019)
which are based on PI controllers or Deutscher (2017a)
and Deutscher (2017b) which are based on backstepping
method and observer design. Note that, in these cases, the
disturbances might not be located at the same position as
the control. However, there are more constraints on the
disturbance under consideration: either the disturbance is
supposed to be constant or the dynamics of the latter
is assumed to be known. The objective of the current
paper is to propose a control strategy for a larger class of
uncertainties/disturbances as it was the case in Liard et al.
(2022); Tang and Krstic (2014); Balogoun et al. (2023)
with sliding mode control.

As the sliding mode control method, the active disturbance
rejection control (ADRC) is a powerful method to deal
with disturbances. It was initially proposed in Han (2009)
in the context of finite dimensional systems. The main
idea of the ADRC is to build an observer to estimate
a disturbance. Then, the disturbance is compensated in

* This work was supported by Ecole Centrale de Nantes and the
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a feedback law by its estimate. Recently, this approach
has been successfully applied to systems described by one-
dimensional partial differential equations (PDEs) (Liu and
Wang (2015); Guo and Jin (2013); Zhang et al. (2019);
Zhang and Wang (2021); Cai et al. (2022); Guo and Liu
(2014)).

The contribution of this paper is to apply the ADRC
strategy to design a feedback-law which allows to reject the
disturbance in finite time and to ensure that the resulting
closed-loop system is globally asymptotically stable. Our
ADRC is based on the Levant differentiator (Levant (2003,
2005)) which allows to estimate the disturbance in finite-
time. The PDE is reduced to an ordinary differential
equation (ODE) (more specifically, an integrator chain)
through the knowledge of n—th moment of the PDE’s
state, which is often possible in practice (Omar and Rohani
(2017); Armiento et al. (2016)). Note that this is much
better than what is normally done in the literature by
reducing PDE thanks to test functions in ODE, where the
full-state of PDE often have to be measurable, which is not
possible in practice. In contrast with (Guo and Jin (2013);
Guo and Liu (2014)), we do not derive the dynamics of
the output from the weak formulation of the PDE, which,
in general, leads to a scalar ODE. We rather compute the
dynamics of all the moments up to a certain degree n,
which leads to a much more complicated system. In our
case, this system corresponds to a chain of integrators. We
are, in general, closer to practical cases, since the output
that is assumed to be known in Guo and Jin (2013); Guo
and Liu (2014) does not correspond exactly to a moment.

This paper is organized as follows. Section 2 presents a
linear hyperbolic equation. Section 3 presents the ADRC
strategy and the main results of the paper. Section 4
contains the proofs of the main results. Section 5 illustrates
via numerical simulations the efficiency of our ARDC



strategy. Finally, Section 6 collects some remarks and
introduces some future research lines to be followed.

Notation: The set of non-negative real numbers is denoted
in this paper by R;. When a function f only depends
on the time variable ¢ (resp. on the space variable x),
its derivative is denoted by f (resp. f’). We define the
function sign as the multivalued function defined on R by
sign(x) = r7 for # # 0 and sign(0) = [-1,1]. For every
m >0 and ¢ € R, we use |2|™ to denote |z|™sign(z). A
function o : Ry — Ry is of class C, if it is continuous,
strictly increasing and satisfies «(0) = 0. A function
B :Ry xRy — Ry is of class KL, if for each fixed t > 0,
B(-,t) is of class K, and, for each fixed » > 0, B(r,-) is
decreasing and satisfies lim; . 3(r,t) = 0. For z € R", we
use x; with 4 =0,1...,n—1 to indicate the coordinates of
x. Given L > 0, the set L?(0, L) denotes the Hilbert space
of measurable square-integrable function with values in R.
The set H'(0, L) denotes the Sobolev space of absolutely
continuous R—valued functions whose derivatives are in

L2(0, L).

2. PROBLEM STATEMENT

Let L > 0 and A > 0. We consider the following linear
hyperbolic system
ye(t, ) + Ay (¢, 2) =0, (¢, 2) € Ry x [0, L]
y(t,0) = u(t) + d(t),t € R, (1)
y(0,z) = yo(x),z € [0, L]
where yq is real-valued, i.e. for all x € [0, L], yo(z) € R,
u(t) € R denotes the control and d(t) € R is an unknown
disturbance. We assume that there exists a known positive
constant C such that, for a.e t € R,
ld(t)] < C. (2)
When the system (1) is undisturbed (d = 0), it is known
that the feedback law
u(t) == ay(t, L),

allows to stabilize the system if |a| < 1, see (Bastin and
Coron, 2016, Theorem 2.1.). Let n € N fixed. We assume
that we measure y(t, L) and the n—th moment defined by

fOL x"y(t, x)dx and we denote by 7; the i-th moment of y,
where i =0,...,n ie.

I
7:(t) ::/O ziy(t, z)dx. (3)

Then, performing formal integrations by parts and using
boundary conditions of (1), we prove that the moments
satisfy the following chain of integrators:

M(t) = =AL"y(t, L) + n\n,—1(t),
fn—1(t) = =AL" " Yy(t, L) + (n = 1)Ana—2(t),
: (4)
7:71 (t) _>‘Ly(t, L) + >‘770(t)7
o (t) —Ay(t, L) + Au(t) + d(t)).
In this paper, the first goal is to estimate the disturbance
d in finite-time. Second, the second objective of this paper
is to use the disturbance estimate to design feedback

controller u in order to make the origin of (1) globally
asymptotically stable.

3. MAIN RESULTS

To achieve the first goal of this paper, we design an ob-
server for (4) using Levant’s differentiator (Levant (2003)),
of the form

() = —AL"y(t, L) + nAijn1(t)
. - kncvniJrl I_ﬁn _nnJ"nTa
Mn-1(t) = =AL"'y(t, L) + (n — Dih—2(t)

- kn,10% \_ﬁn - nnj ﬁa
(5)

n(t) = —ALy(t, L)+ VIO(tl)
. — k1O [y — | 7T

o) € —Ay(t, L) + Au(t) — koClin — 1 ]°
where k; for all, « = 0,1,...,n, are the output injection
gains to be selected to ensure the convergence of the
observer. We define the estimation error as e; := 7; — ;.
The error dynamics is given by

en(t) = nhen_1(t) — knC7iT ey | 7T,
én_l(t) = (TL - 1))\€n_2(t) - kn—lcﬁ LenJ erl )

= Xeg(t) — k1C7iT ey |77
€ —\d(t) — koClen]°

é1(t)

éo(t)

{ 6i(t) = ideima(t) — KO ey |7,
éo(t) € =AC[-1,1] — koCle, .

Using the following transformation

'lUZ‘—(ki+1)C‘7 2:1,...,71

_© (8)
wo = k_107
knJrl:]-

we obtain

Wit) = —ky (M:’:DJ+ w“(t)> i=1,...,n
wo(t) € ko (b(::l)f + 2{)[—1,1])

where

-~ ko ~ A+ Dk

ko = " and k; = it
The solution of system (9) is understood in the sense of
Filippov (Filippov (2013)) and the existence of the solution
will be proved later. From (Cruz-Zavala and Moreno, 2018,
Theorem 1 and Proposition 1), all trajectories of (9)
converge to zero in finite-time. More precisely, we have
the following Proposition.

i=1,...,n.

Proposition 1. There exists a valid set of differentiator
parameters k;, i = 1,...,n and a finite time ¢, > 0 such
that w;(t) =0,i=1,...,n for any t > t,.

Then, according to (8), w;(t) =0,i=1,...,nforallt > ¢,
implies that e;(t) = 0,4 = 1,...,n for all ¢ > ¢,. Thus,
according to the last line (6), the function

ci(t) = —@Sign(en(t)),

t>0
b\ 2

(10)



is an estimation of d for all ¢ > t¢,., where ¢, is the
convergence time. But, for all ¢ > ¢, e,(t) = 0. Thus,
t > t,, sign(e,(t)) = sign(0) = [—1,1]. This is why a low-
pass filter of the fast switching signal sign(0) is used for
such an estimate.

Then, in order to reach the second goal of this paper, we
design the feedback controller as follows:

u(t) = ay(t,L) + %sign(en(t)),

Note that the first term in (11) is a usual control that
makes the closed-loop system (1) exponentially stable
without the disturbance (Bastin and Coron, 2016, The-
orem 2.1). The second term is used to compensate the
effect of the disturbance.

la| < 1. (11)

The closed-loop system (1)—(11) is finally given by
ye(t, ) + Ay (t, z) =0,

y(4,0) € ay(t, ) + 2 sgn(in(t) — mn(0)

().

hi(t) = —AL'y(t, L) + A (f) (12)
— kiC AT |y — nnJ"H, i1=1,....n

no(t) = Ay(t, L) (a—1)
y(0,2) = yo(x),

7(0) =7’ e R
Remark 1. According to Proposition 1, e(t) = 0 for all
t > t,. Thus, é(t) = 0 for all ¢ > ¢,. Then, the mild
solution! y of (12) is a mild solution to
{yt(t7x) + )‘ym(tax) = 07

y(ta O) = ay(tv L)

(13)
for all t > t,.

The main results of this paper can be formulated as
follows:

Theorem 1. (Existence of solutions). Assume that (2)

holds. Then, for all T > 0 and for all (yo,%°) € L?(0, L) x

R+ the closed loop system (12) admits a mild solution

(y,ﬁ) € C(0,T;L*0,L) x R*H1).

Theorem 2. (Global asymptotic stability). There exists

a KCL-function « such that, the following inequality

ly(t, 2202y + le@)rnrt < alllyollzz(o,n) + € lrn+1,2)

(14)

is satisfied for any (yo,7°) € L2(0 L) x R**! for any

t > 0 and for all solution (y,7) of (12), where e = 7 — 1,

e =17’ —n” and 1} = 7;(0).

4. PROOF OF THEOREM 1 AND THEOREM 2
4.1 Proof of Theorem 1

Let’s consider the operator A : ¢ € D(A) C L*(0,L) —
Ap € L*(0, L) defined as

{A¢ = -\,

D(A) = {¢ € H'(0,L) | $(0) = a(L)}

where A\ is given in system (1). According to the proof

of (Bastin and Coron, 2016, Theorem A.l), it generates a

Co—semigroup (T(t));>0 of contractions in L?(0, L). Also,
consider the operator B defined as A(@, Bv) p(a-),p(a+y =

(15)

1 See e.g (Tucsnak and Weiss, 2009, Definition 4.1.5)

Ap(0)v for all v € R and ¢ € D(A*) where A* is the
adjoint operator of A and (-,-)p(a=),pa-y is the dual
product. Now, let’s prove that B is admissible 2 for
(T(t))e>0- To do so, consider the system

d *
az = A Zyy (16)
v =Bz

where A* : ¢ € D(A*) C L*(0,L) — A*¢ € L%*(0,L) and
B*:p € D(A*) — B* : ¢ € R are given by

Ao =g/,

DAY = {e e H'0.1) | ¢(L) = ap(0) ), (17)

B* : o € D(A") = Ap(0).

For all zy € D(A*), the function
z(t) = T*(t) 20 (18)

defines the unique classical solution of (16) where T*(t)
3 is a Cp—semigroup with infinitesimal generator A* on
L?(0, L). Now, consider the following function

L
E(t):/o (2(t,x))*dx.

The time derivative of E along the trajectories of (16)
reads as, for all ¢ > 0,

L
E(t) =2 /0 Oz(t, x)2(t, x)dx

L
:2)\/ Or2(t, x)z(t, x)dx
0

=A(|2(t, L)|* — |2(t,0)[*)

= Alz(t, 0)*(1 - a®)

0.

Then, from (19), one deduces that, for all T > 0

T T
| nopde=x [ o)par
0 0
T
= 2)‘ /E(t)dt
a*—1J

——2_(B(0) - E(T))

1—a?
A A ,
ST 2B0) = =5 112(0.)llz2(0,1)

where 7 come from (16). Then

T A
| npa < =0

Then according to (Tucsnak and Weiss, 2009, Definition
4.3.1 and Theorem 4.4.3.), this proves that B is admissible
for the Cy—semigroup (T(¢))¢>o.

Now, let (yo,7°) € L?(0,L) x R™*! such that 7° # n°.
Then, there exist to > 0 such that for all ¢ € [0,#], we
have 7j(t) # n(t). Therefore, for all t € [0, ], sign(7, (t) —
N (t)) = £1. Thus, for all ¢ € [0,t], the system (12) is
equivalent to the following system

(19)

N

(20)

L2010 (21)

2 See e.g (Tucsnak and Weiss, 2009, Definition 4.2.1)
3 See e.g (Tucsnak and Weiss, 2009, Proposition 2.8.5)



yt(tax) + )\ym(t;l’) = 07
koC
y(t,0) = ay(t, L) +d(t) £ OT
0i(t) = —AL'y(t, L) + A1 (t)
W . . (22)
. — k,C T L77n nan+17 271,...,77,
no(t) = y(t, L)(a—1)
y(O,ZL’) = yO(x)a
7(0) =7’ e R
Since the function d : ¢ — d(t) + k‘}\c sign (7, (t) — nn(t)) is

bounded on [0, t] and B is admissible for (T(¢));>0, then,
according to (Tucsnak and Weiss, 2009, Proposition 4.2.5),
there exist a unique mild solution y € C([0,to]; L?(0, L))
of (22). As a consequence, the functions y(-, L) and n,(-)
are continuous on [0, tg]. Then, the right hand side of the
system

0i(t) = —AL"H(t L) +iXii-1(t)
. — ki Cn"“ L L 77nJ "“
io(t) = Ay(t, L) (a — 1)

7(0) = 7" e R*TL

is continuous on [0, %] x R™"*1. Thus, according to (Cod-
dington and Levinson, 1955, Theorem 1.2), the system (23)
admits a solution € C([0,%0]). As a consequence, the
system (12) admits a mild solution on [0, tp]. Moreover,
for all t € [0,t0], y(t,-) € D(A) and satisfies the following
equations in D(A*)’

y(t,-) — tyz( ds+/Bd )ds, ¥t € [0,

ol-

Yo = —A

N/\w

24)
Thus, for all ¢t € [0, o], =
0,1...,n, forall (t,z) €

zy(t, x) — 2'yo(z) = —/\/0 2y, (s, x)ds —|—/0 2 Bd(s)ds.
(25)

n, and for

y(t,-) € D(A) and for all i
[0,to] x [0, L], y satisfies

As a consequence, we have for all i = 0,1...,
all ¢ € [0, to]

/ x'y(t, z)dx 7/ x'yo(z)dx
0 0

t L t oL X
= —)\/ / mzym(s,x)dxds—k/ / x'Bdxd(s)ds
0 Jo o Jo

(26)

Since B is the product of the delta function at x = 0 with
A, then for alli=1....,n

L
/ z'Bdx =0 (27)
0
and
L
/ Bdx = A, because 0 € [0, L]. (28)
0
Thus, for all i =1...,n, we have
L . L .
/ 2'y(t, x)dx — / ' yo(x)dx
0 0
t L
= f)\/ / 'y (s, x)dxds, Yt € [0,10] (29)
0 Jo

and

L L
/ (t,z)dx — yo(z)dx

0

¢

= f)\/ / Yo (8, da:der/\/ d(s)ds, Vte[0,tg].
0

(30)

Using an integration by parts, one immediately obtains

/ "yt ) - / o) da

= —,\/Ot <y(3 L) - (3,0)—d(s)>ds, vt € [0, to]

(31)
n, for all ¢t € [0, to]
L L
/ x'y(t, x)dx — / z'yo(x)dx
0 0

t pL t
= i)\/ / 2 ly(s, x)dxds — /\/ Liy(s,L)ds. (32)
0 Jo 0

Using (3) and the fact that, for all ¢ € [0, o], y(t,-) € D(A),
we obtain, for all ¢t € [0, ¢

and foralle=1...,

m(t) = m0) = = [ (y<s,L><1—a>—oZ<s>)ds (33)

and for all i =1...,n, for all t € [0, ¢q)

ni(t) —ni(0) = /Ot <i>\?7i—1(3) - )\Liy(va)>dS~ (34)

This prove that, for all i = 0,1...,n, the i—th moment 7,
of y is a Carathéodory solution to (4) on [0, to].

Now, we assume without loss of generality that tg < ¢,
where t, is given in Proposition 1. Thus, according to
Proposition 1, 7j(t) # n(t) for all t € [to,t,[. As a result,
the same reasoning at time interval [0, ¢o] is step-by- Step
applied to time interval [to,t,[, by considering y(to,-) as
the initial condition. As a consequence, the system (12)
admits a solution on [0, t,[.

Moreover, on one hand, according to Proposition 1, 7j(t) =
n(t) and d(t) — d(t) = 0 for all ¢ > ¢,. Thus, for all ¢t > ¢,,
the system (12) is equivalent to the following system

ye(t, ) + Ay (t,z) =0,
y(t>0) = ay(tvL)7

Bi(t) = =AL'y(t, L) +ixpia(t), i=1,...,n
() = y(t,L)(a—1)
y(0,7) = yo(x),
00) =7 R
(35)

It can be proved as before that the system (35) admits a
solution on [t,., co[. Then, 1n conclus10n for all (yo,7°) €
L?(0,L) xR"*! such that O£ 7Y the system (12) admits
a solution on [0, col.

Let (yo,7°) € L2(0, L) x R"*! such that 7° = n°. Then,
there exist to > 0 such that, for all ¢ € [O to[, we have
f(t) = n(t). Then, there exists a mesasurable function
¢ : [0,to[— [—1,1] such that, for all ¢ € [0,%o[, y(¢,0) =
ay(t, L)+d(t)+ "€ c(t). Thus, for all, t € [0, o[ the system
(12) is equivalent to the following system



yt(t7x> + )\ym(tax) = 03
koC

y(t,0) = ay(t, L) +d(t) + ——c(t),
ﬁl(t) = —)\Lly(t, L) + i)\ﬁi_l(t), 1=1,....n
o(t) = Ay(t, L) (a — 1)
y(O,m) = yo(x)a
7(0) = 7" e R
(36)

Since the function ¢ — d(t) + #3¢(t) is bounded on [0, %]
then we conclude as before that the system (36) admits
a solution on [0,¢y[ and the i—th moment 7; of y is a
Carathéodory solution to (4) on [0, %]

However, since 7j(t) = n(t) for all ¢t € [0, ¢o[, then according
to Proposition 1, ¢ty > t,.. Thus, for all ¢ > ¢,., the system
(12) is equivalent to system (35). As a consequence tg = 0.

This conclude the proof of Theorem 1.

4.2 Proof of Theorem 2

Let (yo,7°) € L?(0, L) x R**!. Using the error variable e
defined in (6), we can write the equivalent system of (12)
as follows:

yt(twr) + )‘yw(t7x) = 07

y(1,0) = ay(t, T) ~ Séol?),

éi(t>:i)\6i71(t)—k‘ic%llzl_enjﬁ, i:L...,’I’L

éo(t) € —Ad(t) — koCsign(e,(t)).

(37)

Then, according to Proposition 1 and Remark 1, there
exists a finite time ¢, such that, for all ¢ > ¢,., the solution
y of (37) is equivalent to the system (13) and hence is
globally exponentially stable in L?(0, L) from (Bastin and
Coron, 2016, Theorem 2.1). Therefore, to conclude the
proof of Theorem 2, it is just necessary to prove that the
system (37) depends continuously on initial conditions on
the time interval [0, ¢,.]. It is stated in the following Lemma.

Lemma 1. There exists a C-function S such that for all
(yo,€%) € L2(0,L) x R*! for all t € [0,t,],
ly(t, ML20,2) + lelrn+r < Bllyollz20,z) + 1€°|rnt1)-
(38)
for all solution (y,e) of (37).

Proof. Let (yo,¢") € L?(0,L) x R™"! and we consider
(y, €) a solution of (37) associated (yo, €”). Then, according
to (Tucsnak and Weiss, 2009, Proposition 2.1.2), there
exists Ko > 0 such that, for all ¢ € [0,¢,], we have

ly(t, M e20,0) < Kollyo()ll2(o,1)

. Hi /Ot’}I‘(t — 8)Béo(t)ds (39)

L2(0,L)

As a consequence, since (T(t));>0 is exponentially stable
and B is admissible operator for (T(t)):>0, then we have
according to (Tucsnak and Weiss, 2009, Proposition 4.4.5),
that there exists K7 > 0 independent of ¢,. such that

ly(t, )220,y < Ka (yo()llm(o@) + o)l L2 (0.t >
(40)

y(t,x)

Fig. 1. y versus « and time.

Since d and the sign function are bounded then according
to (6), ég is also bounded. Therefore, there exists Ky > 0
such that ,
1€ol[Z2((0,,),m) < Katr- (41)
Now, according to (Cruz-Zavala and Moreno, 2018, The-
orem 1), there are positive constants K3, K4 (dependent
on the bound of d) such that
t?" < K3‘€O|Rn+1
! 42
{ le|gn+1 < K4|60|Rn+1. (42)
As a consequence, according to (40), (41) and (42), there
exists C1 > 0 (independent of t,) such that, for all
te[0,t],
ly(t, )220,y + lelrntr < Blvollz2(0.2) + 1€°|rn+1)-
(43)
where 8 is given by 8 : s € Ry — Cy(s + /s). This
concludes the proof of Lemma 1.

Since for all ¢ > ¢,., the solution y of system (37) is globally
exponentially stable in L?(0, L), then according to Lemma
1 and Proposition 1, there exists a KL-function « such
that, for any yo € L?(0, L), for any 7° € R"*! and for any
t>0:
ly(t, 220, + le®)lrn+r < alllyollz2(o,ny + [€lrn+1, 1)
(44)
for all solution (y,e) of (37). This concludes the proof of
Theorem 2.

5. NUMERICAL ILLUSTRATION

Let L=3,A=2n=1k =ky=2 a=047, C = 1.
The time-space step variation (At, Az) = (0.0015,0.0150)
satisfies the CFL condition ’\f‘; < 1. We consider a step
disturbance
d(t) = 1,1)(t) — L(1,5)(t) + 0.51 (56 (t) — 0.71(5,10)(t)
+ 01 10,15) (t) + 0.61(15,23) (t) — 0.21(23,30) (t)
— 1 (30,35) (1) + 135,40y (t) — 0.8T (40, 100) (1)
(45)

In Figure 1, the robust stabilization of y is illustrated.
Figure 2 shows that, d estimates well d.

6. CONCLUSION

In this paper, we apply the ADRC method based on
a differentiation to stabilization of a linear hyperbolic
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Fig. 2. d (- -) and the disturbance d (-) versus time (sec).

system (transport equation to be more precise) subject to
a boundary disturbance. The disturbance is supposed to
have a known boundary. The Levant differentiator is used
to estimate the disturbance in finite time. The existence of
solutions of the closed-loop system is shown, and the global
asymptotic stability of the closed-loop system is proven.

REFERENCES

Armiento, A., Doumic, M., Moireau, P., and Rezaei, H.
(2016). Estimation from moments measurements for
amyloid depolymerisation. Journal of theoretical biol-
ogy, 397, 68-88.

Balogoun, 1., Marx, S., Liard, T., and Plestan, F. (2023).
Super-twisting sliding mode control for the stabilization
of a linear hyperbolic system. IEFE Control Systems
Letters, 7, 1-6.

Bastin, G. and Coron, J.M. (2016). Stability and bound-
ary stabilization of 1-d hyperbolic systems, volume 88.
Springer.

Cai, R.Y., Zhou, H.C., and Kou, C.H. (2022). Active
disturbance rejection control for fractional reaction-
diffusion equations with spatially varying diffusivity and
time delay. Science China Information Sciences, 65(2),
1-3.

Coddington, E.A. and Levinson, N. (1955). Theory of
ordinary differential equations. Tata McGraw-Hill Edu-
cation.

Coron, J.M. and Hayat, A. (2019). Pi controllers for 1-
d nonlinear transport equation. IEFEE Transactions on
Automatic Control, 64(11), 4570-4582.

Cruz-Zavala, E. and Moreno, J.A. (2018). Levant’s
arbitrary-order exact differentiator: a Lyapunov ap-
proach. IEEE Transactions on Automatic Control,
64(7), 3034-3039.

Deutscher, J. (2017a). Finite-time output regulation for
linear 2x 2 hyperbolic systems using backstepping.
Automatica, 75, 54—62.

Deutscher, J. (2017b). Output regulation for general lin-
ear heterodirectional hyperbolic systems with spatially-
varying coefficients. Automatica, 85, 34—42.

Filippov, A.F. (2013). Differential equations with dis-
continuous righthand sides: control systems, volume 18.
Springer Science & Business Media.

Guo, B.Z. and Jin, F.F. (2013). The active disturbance
rejection and sliding mode control approach to the

stabilization of the Euler—-Bernoulli beam equation with
boundary input disturbance. Automatica, 49(9), 2911—
2918.

Guo, B.Z. and Liu, J.J. (2014). Sliding mode control
and active disturbance rejection control to the stabiliza-
tion of one-dimensional schrédinger equation subject to
boundary control matched disturbance. International
Journal of Robust and Nonlinear Control, 24(16), 2194
2212.

Han, J. (2009). From PID to active disturbance rejection
control. IEFEE transactions on Industrial FElectronics,
56(3), 900-906.

Hayat, A. (2021). Boundary stabilization of 1d hyperbolic
systems. Annual Reviews in Control, 52, 222-242.

Levant, A. (2003). Higher-order sliding modes, differentia-
tion and output-feedback control. International journal
of Control, 76(9-10), 924-941.

Levant, A. (2005). Homogeneity approach to high-order
sliding mode design. Automatica, 41(5), 823-830.

Liard, T., Balogoun, I., Marx, S., and Plestan, F. (2022).
Boundary sliding mode control of a system of linear
hyperbolic equations: a lyapunov approach. Automatica,
135, 109964.

Liu, J.J. and Wang, J.M. (2015). Active disturbance rejec-
tion control and sliding mode control of one-dimensional
unstable heat equation with boundary uncertainties.
IMA Journal of Mathematical Control and Information,
32(1), 97-117.

Mesbah, A., Huesman, A.E., Kramer, H.J., Nagy, Z.K.,
and Van den Hof, P.M. (2011). Real-time control of a
semi-industrial fed-batch evaporative crystallizer using
different direct optimization strategies. AIChE journal,
57(6), 1557-1569.

Omar, H.M. and Rohani, S. (2017). Crystal population
balance formulation and solution methods: a review.
Crystal Growth & Design, 17(7), 4028-4041.

Perthame, B. (2007). Transport equations in biology
(frontiers in mathematics). birkh.

Schunk, R. (1975). Transport equations for aeronomy.
Planetary and Space Science, 23(3), 437-485.

Tang, S. and Krstic, M. (2014). Sliding mode control to
the stabilization of a linear 2x 2 hyperbolic system with
boundary input disturbance. In 201/ American Control
Conference, 1027-1032. IEEE.

Terrand-Jeanne, A., Andrieu, V., Martins, V.D.S., and
Xu, C.Z. (2019). Adding integral action for open-
loop exponentially stable semigroups and application to
boundary control of pde systems. IEEFE Transactions
on Automatic Control, 65(11), 4481-4492.

Tucsnak, M. and Weiss, G. (2009). Observation and control
for operator semigroups. Springer Science & Business
Media.

Zhang, Y.L. and Wang, J.M. (2021). Tracking control of a
wave equation with boundary disturbance: Combining
adrc and differential flatness. In 2021 40th Chinese
Control Conference (CCC), 897-902. IEEE.

Zhang, Y.L., Zhu, M., Li, D., and Wang, J.M. (2019).
ADRC dynamic stabilization of an unstable heat equa-
tion. IEEE Transactions on Automatic Control, 65(10),
4424-4429.



