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PARAMETRIC INFERENCE FOR ERGODIC MCKEAN-VLASOV
STOCHASTIC DIFFERENTIAL EQUATIONS.

V. GENON-CATALOT®™, C. LAREDO®

ABSTRACT. We consider a one-dimensional McKean-Vlasov stochastic differential equation with
potential and interaction terms depending on unknown parameters. The sample path is contin-
uously observed on a time interval [0, 27]. We assume that the process is in stationary regime.
As this distribution is not explicit, the exact likelihood does not lead to computable estimators.
To overcome this difficulty, we consider a standard kernel estimator of the invariant density
based on the sample path on [0,7] and obtain original properties of this estimator. Then, we
derive an explicit approximate likelihood using the sample path on [T, 2T, including the kernel
estimator of the invariant density and study the associated estimators of the unknown parame-
ters. We prove their consistency and asymptotic normality with rate v/T as T’ grows to infinity.
Several classes of models illustrate the theory.

April 17, 2023
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Keywords and phrases: McKean-Vlasov stochastic differential equations, Continuous observa-
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1. INTRODUCTION

Stochastic systems of N interacting particles and their mean-field limits for large N, the
McKean-Vlasov stochastic differential equations (SDEs), were first described in [38]. They ap-
peared later in various areas of applications: for the modelling of granular media in statistical
physics ([8]), in neurosciences (see e.g. [18], [3]), for population dynamics and ecology ([43], [9]),
for epidemics dynamics ([4], [21]) , in finance (see e.g. [26] and the references therein).

During the past decades, most contributions were devoted to their probabilistic properties (see
e.g. among many references 50|, [42], [6], [7], [27], [34]).

During the same period, statistical inference for these models remained unstudied except [32].
But recently, the interest for this topic is growing in two directions. Either, statistical studies are
based on the direct observation of large interacting particle systems: see e.g. [19], [20], [26], [12],
[5], [14], [2], [45]. Or, statistical inference is based on the observation of the mean-field limit,
the McKean-Vlasov process. Indeed, observing the whole N-particles system might seem too

(: Université Paris Cité, MAP5, UMR. 8145 CNRS, F-75006, FRANCE,
email: valentine.genon-catalot@mi.parisdescartes.fr

(2). Université Paris Cité, Laboratoire de Probabilités, Statistique & Modélisation, LPSM, France
email: catherine.laredo@inrae.fr.
1



2 V. GENON-CATALOT, C. LAREDO

demanding or unrealistic for large N. Thus, inference for the limiting process of one typical par-
ticle for large N is now the subject of several contributions: see e.g. [48], [23],[24], [25], [46], [37].
This latter point of view is adopted in this paper. More precisely, consider the one-dimensional
McKean-Vlasov stochastic differential equation (SDE)

(1) dXy = —b(o, X¢)dt — / O(B, Xi — y)uf (dy)dt + odWs,  Xo =1
R

where (W;) is a Wiener process, 7 is independent of (W) and ¢ is the distribution of X;. The
functions b(«, ), ®(5, z) depend on an unknown parameter § = (a, ) belonging to a convex set
O, x O C R? x R?. The potential term b(a, z) is an usual drift term describing the geometry
of the space and ®(f3,z) is an interaction term describing the interaction between particles in
the original system. A solution of (1) is a couple ((Xy, uf),t > 0) composed with a process (X;)
and a family of distribution (uf) satisfying (1). When defined, (X;) is a time-inhomogeneous
Markov process. Assumptions for existence and uniqueness of a solution to (1) and existence
and uniqueness of an invariant distribution are known. Below, we assume that (1) admits an
invariant distribution 7 and that the process is in stationary regime, i.e. n ~ my.

Our aim is to estimate 6 from a continuous observation of (X;) throughout a time interval [0, 27|
with asymptotic framework 7" — 400.

A large number of contributions is concerned with statistical inference for ergodic diffusions (see
e.g. the books [35], [31], [33], [30] and a lot of papers (see e.g. [1], [16], [17], [29], [44], [41]).
For what concerns McKean-Vlasov SDEs in stationary regime, papers are not so numerous: to
our knowledge, we can refer to [48], [46] and [25] where the special McKean-Vlasov model with
no potential term and with odd polynomial interaction term is considered. The McKean-Vlasov
SDE studied here is much more general than in the latter paper and the approach quite different.
Assuming that the initial variable 1 of process (1) follows the invariant distribution implies that,
for all ¢ > 0, the marginal distribution pY(dy) is constant and equal to the invariant distribution
mg(dy). Therefore, the drift term of (1) does no longer depend on t and is given by

(2) x— 8S0,z) = —bla,z) — /be(ﬁ,x —y)mp(dy) = =bla, x) — D(B,.) x mg(x).

Nevertheless, the invariant distribution is not explicitely known so that, although the exact
likelihood can be theoretically studied, it does not lead to computable estimators. To overcome
this difficulty, we start by studying a kernel estimator 7p(x) of the invariant density based on
the sample path (X;,t € [0,7]). This estimator is studied in [10], [36], [35], [16], [49]. Its
noteworthy property is that its variance rate is v/T, i.e. the parametric rate which is important
for our parametric setting. Nevertheless, the existing results concerning this estimator cannot
be directly applied. For our purpose, we study a weighted mean integrated risk fitted to our
problem and moreover we prove a convergence in distribution result which, up to our knowledge,
are new results of intrinsic interest. In a second step, we propose an approximate likelihood
based on the sample (Xy,t € [T, 2T]) where the unknown invariant density of the drift S(0,x) is
replaced by the kernel estimator, thus leading to the approximate drift:

(3) Sr(0,2) = 8(0,2) = —b(a, z) — ®(B,.) * 7 (z),

Then, we study the asymptotic properties of the associated estimators of § and prove their
consistency and asymptotic normality with rate /7. Examples of classes of models illustrate
the theory.

Section 2 presents our assumptions to ensure existence and uniqueness of a solution to (1) and
existence of an invariant density. We prove a useful bound for the invariant density (Proposition
1) and obtain that the process (X;) in stationary regime is identical to an ergodic diffusion
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(Proposition 2). Section 3 is devoted to statistical results. The statistical assumptions are
presented. Then, we study the theoretical exact maximum likelihood estimator (MLE) of 6,
prove its consistency an asymptotic normality and exhibit the asymptotic Fisher information
(Section 3.1). Section 3.2 concerns the kernel estimator 77 (z) based on (X¢,t € [0,7]) (Theorem
1, Theorem 2 and Corollary 1). In Section 3.3, we define our approximate likelihood (contrast)
which is the conditional likelihood of (X;,t € [T',2T]) given Xr where the unknown invariant
distribution is replaced by the kernel estimator 7p. We study the associated pseudo-Hessian
matrix (Proposition 6) and pseudo-score function (Theorem 3). We conclude by stating the
consistency and asymptotic normality of our maximum contrast estimator (MCE). In Section 4,
several classes of models are detailed where we compare the asymptotic variances of the MCE
and the exact MLE. Section 5 is devoted to lemmas (Lemmas 1 and 2) which are the backbone
of the proofs of Section 3. Lemma 2 is especially difficult to obtain. Section 6 gives concluding
remarks. Section 7 is an appendix where we recall results from [22] concerning a central limit
theorem for ergodic diffusions and properties of the infinitesimal generator, properties used all
along the paper. Section 8, 9 and 10 contains all proofs.

2. ASSUMPTIONS AND PRELIMINARIES.

In the sequel, the notation < means < up to a constant. Let us set

(4) Via,z) = /0 “bany)dy, W(B.x) = /0 " 6(8,y)dy

We assume that, for all o € ©, and all 3 € O3, these functions satisfy:

e [H1] The function W (8,.) is even. The functions  — V(a,x) and x — W (3,z) are C?
and convex, one of the two being strictly convex: there exist constants K («) and A(f)

such that
0*V 0*W
V:c,ﬁ( z) > K(a) >0, 62(ﬁ,3§)2)\(ﬁ)20 and  K(a)+ A(B) > 0.
e [H2| The functions x — a—‘;( ), o W (3, z) are locally Lipschitz with polynomial growth,
i.e. there exist ¢ = ¢(a, 8) > 0, £ = (v, ) € N* such that

ov ov ow ow
Vay € R, Iajv(a,w))—%(a,y))lﬂaj(ﬂ,x)—f(ﬁ,y)! < cla—yl(1+ Jof + [yl).

e |H3| The functions x — %V (o, ), ?91‘2/( a,z), 9 SY(B,x), g

ax";’ (8, x) have ¢ polynomial growth:
there exists a constant ¢ = ¢(a, 3) such that

oV 0%V oW O*W .
- _ < .
5@, ) + |y )| + 15 (8, 2)| + 155 (8,2)] < ef1 + folf)

According to [39], [6], [11],]27], under [Hl]—[HB], equation (1) admits a unique solution ((Xy, uf)), ¢ >
0). For what concerns invariant distributions, two cases are to be distinguished. If V(«,.) is
strictly convex (K (a) > 0), model (1) admits a unique invariant distribution mg such that
Jg #*mo(x)dz < +oo. If V(a,.) = 0, (1) admits a one-parameter family of invariant distribu-
tions, the parameter being the expectation of the distribution. Thus, the invariant distribution
is unique once its expectation is specified (see also more details in [25]).
If the initial variable Xy of (1) follows an invariant distribution, then, for all ¢, £(X;) = £(X)).
This is why, in what follows, to cover all cases, we assume

e [H4| Either [H1]-[H2| hold with K(a) > 0 and Xy = 7 follows the unique invariant

distribution mg of (1) or V(e,.) = 0, [H1]-[H2| hold with A\(8) > 0 and X¢ = n ~ mp,

where 7y is the unique centered invariant distribution. In the latter case, 7y is symmetric.
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Under [H4|, the invariant distribution 7y has density mg(z) given as the solution of the implicit
equation
1

) mo(e) = 5 exp =5 (Vi) + W(3..) = ma(o)],

where Z9 = fR exp [—%V(Od, y) + W(B? ) * W@(y)]dy
Contrary to classical SDEs, the invariant distribution is not explicit. Nevertheless, we have:

Proposition 1. Under [H}], V(a x)+ W(B,.) xm(z) > (K(a) + A(ﬂ))ﬁ +ar+0b (a =

%‘; (a,0) = A(B) [ymg(y)dy, b= 6) [ v*mo(y)dy). Thus, the invariant distribution satisfies
K(a)+ A a
© mo(e) S exp [ TN EAD ?)

K(a) +A(8)

As an obvious consequence, the invariant distribution has moments of any orders and (6)
implies that, for all k € R and all € > 0,

(7) /Rexp (kx)(mg(z))*dr < +00.

g

This property is crucially used in proofs for various values of ¢.
Under [H4|, the initial variable 7 follows an invariant distribution mg(x)dxz. Then, the distri-
bution £(X;) = pf(dy) satisfies that

Vit >0, uf(dy) = 7o (y)dy.
Therefore, the following holds (see (2)):
(8) dX; = —(b(a, X3) + B(B,.) x mo(Xy))dt + odW, = S(0, X, )dt + odWs, Xo = 1 ~ mg()dz.
Proposition 2. Assume [H4] and consider the stochastic differential equation (see (2))
(9) dY, = S(0,Y;)dt + odW,.

Then (Y;) is a positive recurrent diffusion with stationary density given by (5). If Yy ~ mg(z)dz,
it 1s ergodic. Moreover,

I Yo # Xo, (Vi) £ (X0).

-If Yo = Xo =n ~ mp(x)dx, then Xy =Y, for allt > 0.

The result simply follows from the uniqueness of solutions. Thus, under [H4]|, (X}) is equal
to the solution of a classical SDE in stationary regime and is ergodic. This result has impor-
tant consequences. Omne can apply to (X;) results for classical ergodic SDEs. If f satisfies
[ 1f(z)|me(x)dz < 400, the ergodic theorem (see e.g. [47], Chap. V-7), yields

1
(10) - / F(X)ds o, / f(@)mo(x)da
0
More results are given in Section 7. They rely on the infinitesimal generator of the SDEs (8):
(11) Lg = (6%/2)¢" — (b(a, ) + ®(B,.) xme(.))d .

The operator L acts on L2(my(z)dz) and is defined on the domain D,
(12) D ={g € L*(my(z)dx),g abs. continuous, Lg € L2(7r9(x)dx),| l|im g (x)me(z) = 0}.
Tr|—00
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3. ESTIMATION RESULTS.

From now on, we assume that [H4| holds for all § and study the estimation of § = («, 3) from
the continuous observation of (X;,t € [0,27) satisfying (8).

Throughout this study, we assume that o? is fixed, known or unknown, but since it is identifi-
able from the continuous observation of (X;) on [0,27], we are not concerned by its estimation.
Clearly, the invariant density of (X;) defined by the implicit equation (5) also depends on o2.
Since it is fixed, we omit for sake of clarity, its dependence with respect to o2 and just write
mg(.), as well as in all statistical notations used in the sequel.

We detail first a maximum likelihood approach (Section 3.1) which is theoretical. Then, we
propose a tractable contrast method which relies on a nonparametric estimator of the invariant
density whose properties are studied in Section 3.2. The contrast is studied in Section 3.3.

We denote by Py the distribution on C([0,27T7]) of (X¢,t € [0,27]) and by 6y the true value of
the parameter. For M a matrix or a vector, we denote by M’ its transpose.

Recall the notation (2) and set

(13 K@00) = [ (S(6.2) - 560 )Pm, (o)

R
(14) [N((GO, 0) = A {b(a,x) — blag, x) + [@(5,.) — (bo, .)] * Ta, (:r)}2 7o, (x)dx.
These two quantities are well defined since, under [S1], b(«,.) and ®(f,.) * mp have polynomial
growth and, by (6) mg has moments of any order. Statistical assumptions are required.

e [SO] The parameter space © = O, x O3 is compact and the true value 6y belongs to O.

e [S1] The functions (a,x) — V(a,x) and (B, 2) — W (S, x) are respectively defined on
Uy, x R and Ug x R where U, (resp. Ug) is an open set containing O, (resp. ©g) and
are such that all the derivatives o

oIV OtIW

dzidar @) (B0 = 5rag;
R (resp. Uz x R) and have polynomial /-growth with respect to x, uniformly in a, 3.

e [S2| {K(09,0) =0} = {0 =00}.

e [S3] For all o, 3, and for 21, 20 € RY x RY

{z1.VoS(0,2) + 22.VpS(0,2) =0} = {21 = 20 = 0}

(a,z) —

(B8, x) exist, are continuous respectively on Uy, x

where V, (resp. V) denotes the gradient vector w.r.t. o (resp. ) and z.y denotes the
Euclidian scalar product of two vectors z, y.

o [S4] {K(6),0) =0} = {6 =6}

e [S5] For all o, 3, and for 21, 20 € RY x R?

{z1.Vab(a, ) + 22.[V®(B,.)] * mg(z) = 0} = {21 = 22 = 0}.

Assumptions [S0]-[S1] are standard for MLEs or MCEs. As we can see from the expression (15),
the likelihood is not explicitly known so that the MLE is not computable. Therefore, we introduce
an explicit contrast (pseudo-likelihood) leading to computable estimators. Assumptions [S2]-
[S3| are the identifiability conditions for the MLE (resp. [S4]-[S5] for the MCE). Assumption
[S3] (resp. [S5]) concerns the invertibility of the Fisher (resp. pseudo-Fisher ) information
matrix required for the asymptotic normality of the MLE (resp. MCE). By direct computation,
comparing (13) and (14) is not straightforward, except on specific examples (see Section 4).
Below, Proposition 3 (resp. Proposition 5) states that [S2| ensures the consistency of the MLE
(resp. [S4] of the MCE). Therefore, the statistical theory ensures that if [S4] holds, [S2| holds.



6 V. GENON-CATALOT, C. LAREDO

3.1. Maximum Likelihood Estimator based on (X, ¢t € [0,7]) and (X;,t € [0,27]). To
estimate 6 from (X3, t € [0,7), let us first look at the conditional log-likelihood of (X3, t € [0,T7)
given Xo. The Girsanov formula holds for (X;) and using (2) yields

(15) Or(0) = % </OT (0, X,)dX, — ;/OT s%e,xw) .

From (2), we see that S(6,z) depends on 7y given by the implicit equation (see (5)) and is
not explicit. Therefore, (15) cannot lead to computable estimators of 6 since the derivatives of
the log-likelihood depend on the derivatives w.r.t. 8 of my. Nevertheless, a theoretical study of
the MLE is possible. A first step is the following proposition which determines the rate of the
problem and the parameters that can be identifiable on this model.

Proposition 3. Assume [H4], [S1]. Then, as T tends to infinity, under Py, using (13),

1 1
/R 1S(0,) — S(fo,2) g, () = — - K (60, 6).

H102(6) ~ £2(80)] e~

The proof of Proposition 3 is standard as (X;) is identical to (Y;) an ergodic diffusion process,
and therefore satisfies (10). Now, let us define the MLE as

(16) O = arg sup £7(6).
0cO

Under [SO0]-[S2], K (6o, 6) possesses a unique minimum at # = 6y, which leads to the consistency of

7. Moreover, Proposition 3 implies that the estimation rate of 6 is v/T as for ergodic diffusions.
We can define the (d + d’) matrix

10(6)  In(6)
a7) ”9)‘([1115(9)1' 1215(9),)’ where

08 o8
L1(0) = ( (H,x)m(ﬁ,x)ﬂg(x)d:n> ,
ik=1,...d

R 0o
La(6) = <R gi (e,x)ggj(0,x)m)(x)dx>iZLMd;j:lwd/
In(0) = ( R%(@,@S?g(&,@m(x)dz)ﬂ17_“7d/, and
o 05) = 5o (0, 2) £ (3, )« 5700, 2). 5510.2) = (55 (0, ) xmel(0, )+ 9(5, ) 51 (0.2).

Then, under [S1], the Fisher information matrix associated with ¢7(6) is 0=21(6) (see Proposition
4). As usual, [S2] implies [S3] as K (0o, 0 + h) = h'I(6p)h + o(||h]|)?) but the reverse is not true.

Note that o2 implicitly appears in the I;;(6), i, j = 1,2 through mp. As S(6,.) depends on 7y,
the derivation of the MLE requires, additionally to the ability of differentiating mg w.r.t 6, the
knowledge of o2. This is specific to McKean-Vlasov diffusions. We can state:

Proposition 4. Assume [H4[, [S0]-[S2]-[S3]. Then, the MLE b1 is consistent and \/T(é\T —6p)
converges in distribution under Py, to the Gaussian law Ny q (0,021 1(6p)).

The proof of this result is standard. However, the result remains theoretical as the MLE is
not computable. Besides, one cannot easily check either [S2| or [S3| (see Section 4).
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In order to compare the estimators derived from the two methods (the MLE and the MCE
below), assume now that the observation is (X, ¢ € [0,27]). We know that, under the same

assumptions as in Proposition 4, v/ 2T(§2T — 0p) converges in distribution under Py, to the

Gaussian law Ny (0,02I71(6y)). Therefore, /T (§2T — 0p) converges in distribution under Py,
to the Gaussian law Ny (0, "72]_1(90)).

3.2. Nonparametric estimator of the invariant density. When there is no ambiguity, we
drop in this section the index 0 and write 6 instead of 6.

Before studying the second estimation method, we need properties for the nonparametric esti-
mator of my(.) that we plug in S(0, x).

Let K a nonnegative continuous even function with support [—A, A], A > 0 such that

(18) /K(v)dv =1, /UZK(U)CZU = 0% < +oo, andset Kj(x) = (1/h)K(z/h).

Then, a kernel density estimator of my(x) is, if hy is a bandwidth satisfying hy = o(1),

(19) / KhT Xt — [13) dt.

Note that he function 7p(z) is a probability density.

For n i.1.d. observations, the mean integrated risk of a kernel density estimator is well known

(see e.g. [51], [13]). The rate of the integrated square-bias term is a power of the bandwidth
and the rate of the integrated variance term is (nh)~!, lower than the parametric rate. For
i.i.d. observations on [0,7] of diffusions paths with fixed T, similar results on the estimation
of mp(x) = T—1 fOT pt(xo, x)dt where py(xg,x) is the transition density and xg the initial value,
have been obtained by [40].
For a kernel estimator such as 7 based on the continuous observation of a one-dimensional
stationary process, this risk was firstly investigated in [10], see also for the case of ergodic
diffusion processes, [36], [35], [16] for pointwise risk or [49] for sup-norm risk or [15]. The results
are different from the i.i.d. case. Indeed, under appropriate assumptions, the variance rate
of the kernel estimator is the parametric rate 7! which is unusual for nonparametric density
estimation. This is why it is interesting in our model to replace the unknown density my by the
kernel estimator 77 as this substitution will not affect the rate of convergence of our parametric
estimators. However, these results are not sufficient for our purpose and we need to study a
weighted mean integrated risk fitted to our problem together with a convergence in distribution
result which, up to our knowledge, have not yet been studied.

Theorem 1. Assume [Hj]. We have, for all p > 0, using (18), (19),
(1) There exists a continuous function fg: R — RY such that

Bi(p,0) = B (p) = /R(1+|f6|p)(E97rT( z) —mp(x))’de < hy ok ‘Zlilife(t)-

(2) There exists a constant Cy(p) such that

Vr(p.0)) = Vir(p) = /R Varg (7r(x))(1 + |zP)dz <

Cy(p)
T

The invariant density is twice continuously differentiable by [H1| so that the rate of the bias
term is consistent with previous results. The second result on the variance term is new and difficult
to obtain. It strongly relies on property (7) of the invariant distribution.
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Theorem 2. Assume [Hj], [S1]. Then, if ¢ : R = R is a C' function such that ¢ and ' have
polynomial growth, under Py,

T
(200 VT /R V() o) ~ Eafr )y = / g (X AW, + op<jT> + Op(VThy),

where gy, satisfies Lgy(y) = —(W(y) — [ (y)mo(y)dy) := —e(y), L is the infinitesimal generator
defined in (11), so that, using Remark 1 of the Appendiz (Section 7),

x 400
(@) gl() = 202m; (x) / bew)mow)dy = —2072m7 1) [ wely)mo(y)dy.

T

The above result is original and useful for the study of the asymptotic properties of our MCE.

Corollary 1. Under the assumptions of Theorem 2, if VThy = o(1), under Py, as T tends to
nfinity,

VT / b(y) Gr(y) — mo(y))dy — 2 N0, 0 / (g () o () ).

As our aim is parametric inference, we do not seek a square bias-variance compromise. But,
we need a sufficient condition to erase the bias and obtain a /T global rate.

3.3. Maximum contrast estimator. To derive this estimator, we use the interval [0,7] to
build the nonparametric estimator 7p(z) of mg(z) and substitute, in the conditional likelihood
of (Xi,t € [T,2T)), given Xp, mp(x) by 7r(z). Recall (see (3)):

Sr(0,2) = 8(6,z) = —b(a, 2) — B(B,.) * 7r(z),

and consider the pseudo-likelihood or contrast

1 or 1 2T
(22) Ar(0) = = ( S0, Xs)dXs — / (S(Q,XS))2dS) :
o= \Jr 2 Jr
The stochastic integral is well defined as 7p(z) is computed using (X3, 0 < t < T'). The following
proposition clarifies the identifiability assumption [S3] associated with the contrast (22).

Proposition 5. Assume [H4], [S1]. Then, as T tends to infinity, under Py, , the contrast defined
in (22) with Tr given in (19), satisfies (see (14)),

1 1 =

—[Ar(0) — Ar(6 as. —=—=K(0y,0).

7 AT(0) = A (b0)] —as. —5 5K (00,0)

Analogously, Assumption [S4| implies [S5|. The identifiability assumption for Ap(#) is not
the same as for ¢7(0) as K(0y,0) # K(0y,0). The comparison of K (0y,0) and K (6y,0) is not
straightforward. In Section 4, examples are given where it is possible.

Now define the maximum contrast estimator (MCE) associated with (22) by:

(23) 1 = argsup Az (0)
0cO

Contrary to the MLE, this MCE does not require the knowledge of ¢ and is explicit.
Under [S0|-[S1]and [S4], we deduce standardly from Proposition 5 that the MCE is consistent.
To obtain the limiting distribution of the normalized MCE /T (§T —6)p), we have to study the
derivatives of the contrast with respect to the o = (¢j,5 = 1,...d), 8 = (Bx,k =1...,d’). This
requires properties of the difference

~

(24) S(0,x) — S(0,x) = —P(B,.) x (7r — mp) ().
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Let us define the (d + d’) x (d + d’) pseudo Hessian matrix Zp(6) = (éT’l’l], %T’m) where
112 Zr22

O*Ar ) ( O*Ar )
Tri= (=227 (g Tron = (=eet(0 :
T,Ll (aa]aaj/) ( ) 1§]’]/§d T,272 85k86k’) ( ) 1§k7k/§d/

O Ar
Irio= < (9)) )
90t OB 1<5<d, 1<k<d’

>J x>

Proposition 6. Assume [H][, [S1]. As T tends to infinity, under Py, the normalized pseudo
Hessian matriz +Zr(0) converges to —o~2Z(0) where

17(0) IV(O) .
(25) ﬂ”:(nﬁww i;w>’QMh

ob b
T110) = ( i @(a,x)aajl (oa,a:)ﬂe(m)dx)Kj’jKd,
b 0P
T12(0) = < A @(a’x)%(ﬂ’ ) *Tm(x)ﬂ-e(x)dl)ISde,ISde/
oD o
Taal0) = < R Tﬂk(ﬁ’ ) *M(w)@(ﬁ’ ) *m}(x)ﬂe(x)dx) <k <d

Note that Z(6) is invertible if and only if , for z = (21, 20) € R* x RY
ZZ(0)z2=0= {21 = 20 =0}.
Now
ZI(0)z = /(zl.Vab(a, ) + 2.V 50(8, .) % ma(2))? mp(2)diz.
Therefore, 2/Z(0)z = 0 < 21.Vab(o, ) + 22.V30(8,.) x mp(x) = 0. Thus, [S5].
Let us study now the pseudo-score function. For this, define j =1,...,d, k=1,...,d,
ob
(20 W0,) = [ 5 (0.2)0(6 0~ pma@)ds ielo.y) = V(0.9) - [ 060, 2m(2)dz,
j
(27)
- 0P - - -
SACHY) :/M(B’ ) *mo(x)P(B, x — y)mg(x)dr;  Ege(0,y) = Ex(0,y) — /:k(&z)ﬁe(z)dz-
By Proposition 9, there exist functions g;, h, satisfying

(28) Lg;(0,)(y) = —9,.0,y); Lhi0,.)(y)= —Erclb,y), j=1,....d; k=1,....d.
Next, define the square d + d’ matrix

Hi1(0)  Ha2(0)
(29) o) = (e 2a)

where H11,H12, Hoo are respectively the d x d, d x d’ and d’ x d' matrices for 7,57/ = 1,...,d,
b =1,....d,

?muﬂzfﬁ&@ﬁ@mmmmnmum=/@@m%&@mmm,

Hoo(k, k') = /h%(a,l‘)h%;(e,l‘)ﬂg(fﬁ)dl‘.
Here, g;(0, ), h}(0, ) denote the derivatives of g;(0,z), hx(0, ) w.r.t. = (see (26), (27), (28)).
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Theorem 3. Assume [H{], [S1] and that hy tends to 0 in such a way that hpv/T = o(1). Then,
o’ <VO‘AT(0)> satisfies that, under Py, for j=1,....d; k=1,...,d,

VT \VzAr(0)
2 OA 2T op
T O = —jT( G (00 XOAWi + / g;w,xt)czwt)wp(l),
j T
o? OAr o < 2T 6<I> T
———(0) = —— ,.*WXdW+/ h’9,XdW>+o 1).
TS0 = ([ G emxgam+ [0, %0dW) +oe()
o2 (ValAr(6) o ‘ .
Therefore, VI \ Vs (9) converges in distribution to Ny q(0,%(0)) with, using (25), (29),
T

(30)  %(0) = (Eﬁ;fﬁf] g;zgg;) where  S4;(0) = 0°(T,y(0) + Hi (8)) for iy = 1,2.
OAT

To clarify the previous results, let us describe the main terms occurring in %= (f) assuming
d = d = 1. We have, under Py,

o OAr o 2T b
e L (0) = ~77 ) — (a, X;)dW,; — Ao 1 + op(1),
2T ob
Ao = f . a — (o, X))VT(2(B,.) * (Rr — 7)) (X1)

2T
= VT [(Grlo) ~ml)y [ (e X086, X0~ y)dy.

Substituting + f2T 9 (0, X)®(B, Xy — y)dy by its limit W(6,y) = 61)( ,2)P(B, x — y)mg(z)dx
as T — oo yields that the main term of Ap 7 is equal to

Asz/ (0, 9)Gr(y) — mo())dy + op(1) f/ X)dW, + op(1),

where, applying Theorem 2, g satisfies Lg = —WU.(6,.). Finally %%‘—J(Q) is the sum of two
uncorrelated terms and converges in distribution to a Gaussian random variable with variance
Yi1=02f [ (o, ) + (¢'(x))?] mo(x)dx using the central limit theorem (32).

Now, the Convergence in distribution of the MCE derives classically from the previous results.

Proposition 7. Assume [H4[, [S0]-[S1], [S4[-[S5]. The MCE defined in (23) is consistent and
satisfies that, under Py,, using (25), (30),

VT (07 — 00) =2 Nayar (0,271(80)%(60)Z 7 (6)) -
Note that this variance satisfies, using (29), c=2(Z=1(0) + Z-1()H(9)Z1(9)).

4. EXAMPLES

Example 1 is the Ornstein-Uhlenbeck McKean-Vlasov process. Example 2 deals with the case
where b(a, z) = ab(x) is linear in the parameter o and ®(5,z) = Bz, o, € R. For this fam-
ily of models, we can compare K (6g,0), K(6y,0) and I(6), Z(). In Example 3, we consider
b(a,z) =0 and x — ®(S,x) an odd polynomial. Thus, we compare the present approach with
the one developped in [25], which is devoted to the study of McKean-Vlasov models with nul
potential term and odd polynomial interaction term. For sake of simplicity, we focus on the
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comparison of the estimators 67 (16) (instead of §2T) and O (23).

Example 1. V(a,2) = az?/2, W (B,z) = p2?/2, a > 0, > 0.
Equation (1) is dX; = —aXydt — B(Xy — EgXy)dt + cdWy, ((23) so that EgX; = EgXge L.
Therefore, the invariant distribution is necessarily centered, and

dX; = —(O( + B)Xtdt + odW;.

The invariant distribution my is the Gaussian distribution A(0,0%/2(a + B)) and S(0,z) =
2

—(a+ B)z. Here, K(00,0) = [a+ B — (a0 + Bo)]? [ °7g, (2)dw = 5.5 55la + B — (a0 + Bo)]*.

The only identifiable parameter is 7 = 7(0) = a + 3 ([S2], [S3] not satisfied). The MLE of 7 is

T

- XydX -

7= —% and VT (7 — 1) = N(0,27).
Jo XEdt

Let us look at the contrast Ap(6). We have S(6,z) = —ax — 3 [(z—y)7r(y)dy = —(a+ B)z —
B [yrr(y)dy = S(0,z) — % fOT X,dt since

X

We have K (6, 6) = K(HO,G). With 7 =7(6) = o + S,
27 1 (T 1 [2r
0-2AT(Ta B) = / [*TXt - BT/ Xtdt]dXt) - 2/ TXt / Xtdt dt
0

T T

Thus, the MCE satisfies

1 (7r) 1 12 X dX, . — 2T X2ds LT xudt 27 Xds

77 5e) =7\ a7 a2 ax, ) VIS LT e (2T x L (T Xydt)?
T —7 Jo Xedt [;7 dX 7 Jo Xedt [;7 Xods —(7 Jo Xedt)

For given T, Zp /T is invertible but, as T grows to infinity, it converges to the non invertible

_.2
matrix ( g O/ 27 8) After some computations, we find

1 < 1 2T d 1 2Td 2T d
’7/:T: — = Xt Xt-f-/ XS/ XS S> .
+ %Tngs— (% I%TXtdt)Q T Jr T Jr T Jr

By the ergodic theorem, % fOT Xidt converges almost surely to f ym(y)dy = 0. Then, we apply
the result of Proposition 8 to f.(z) = x with Lg(x) = (02/2)¢" — (a + B)xg’. The function
g(z) = z/(a + B) satisfies Lg(xz) = —x. Therefore, o%(f.) = 0%/(a + ). Thus,

1 T
V(7 /0 Xydt) —p X ~ N(0?/(a+ B)?).

This allows to study 77 and we can prove that VT (77 — ?T) = op(1). We can compute ET, but
there is no result for it. Note that zl%(a,x) + zzg—g(ﬁ, ) xme(z) = (21 + z2)z = 0 does not
imply 21 = z9 = 0. So [S5] is not satisfied.

Example 2. Consider the class of models b(a,z) = ab(x), a > 0, with b twice continuously
differentiable, ®(3,z) = Sz with abt/(x) + 8 > K > 0, b"(x) # 0. Assumption [H4] is satisfied
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and the model has a unique invariant density 7y,

o) = o op |- (a [ by + 55 - o)),

g

where 71 (0) = [ ymo(y)dy is not explicitly known and Zj is the unknown normalization constant.
Now, we compare K (6, 6), K (6y,0) and I1(), Z(0).
The equation for X; is given by

X, =Xo+a /Ot[b(XS) + B(Xs — Eg(X,))]ds + oW

When Xy ~ mg, the process is in stationary regime. Thus, taking expectations yields

(31) /b(x)we(x)d:c =0.

This implies,
K(0o,0) = /[(a — ao)b(x) + (8 — o) (& —71(60)) + B(71(60) — 71(6)]* g, () dx

= K(00,0) + 8*(11(0) — 71(60))*.

Assume that K (6, 0) = 0. Then, for all z, (a— ag)b(x)+ (8- Bo)(z —71(fp) = 0. Since b” is not
identically nul, this implies o = o and ﬁ Bo. Thus, by the contrast Ap(6), both parameters
are identifiable. One sees that, if [S4] holds, [S2] holds. So, both parameters are also identifiable
by the likelihood method. We have

T 1 2T
72er(0) = = [ [ob(X) + 80X~ (O)ax = 5 [ [ab(Xi) + (X — (O

2T T

. 1 .

0'2AT(9) = —/ [Oéb(Xt) -+ B(Xt — mT)dXt — 5 / [Oéb(Xt) + B(Xt - mT)]2dt,
T 0

with mp = 771 fOT Xsds. Here, we again see that the MLE of 6 is not explicitly computable as

there is no explicit expression of the function § — ~;(0) and its derivatives w.r.t. 6 = (a, ).

Nevertheless, we can compute the Fisher information matrix which is 0=21(0), where, using (31)

and (17), 1(9) == (Iij(e))lgidgg, with
1(0) = [ P@mo()ds + (B5LO) 12(6) = [ (2 =1 (0)Pro(o)ds + (65202
1a(8) = [ bo)(x = (@)oo + 25 0) 2 (6).

r—m
Hence, for z = (21, 22)’, 2'1(#)z = 0 is equivalent to
for all x, 21 (b(x )_,_53“/1( 0))+ zo(x—1(0 )—1—6871( 0)) = 0. This, in turn implies, since b”(z) #Z 0,

21 = 23 = 0. So the matrix I(6) is invertible. The MLE converges to A (0,c2I71(0)).
Contrary to the MLE, the MCE of 8 is explicit and solution of the linear system:

B T To(X,)dX, . B 202X )dt ZU0(X0) (X — i) dt
m (5) = (fT (X - mﬂdxt) e <5T6<Xt><Xt—mT>dt S =y )

b(z 371 (0 1 "1
Note that 16) = | (, "7 ) 0e) 2= (o) m dx+< 7 9))( 200, 8240)).
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The matrix Zp /T converges as T tends to infinity to (see (25))

_ J 0 (w)mo(z)dar J (@ = 71(8))b(x)mp(x)dax
70 = (0 0 ommtars  Sa s )

The relation z1b(x) + zo(z —~1(0)) = 0 implies 21 = z9 = 0: [S4] is satisfied and Z(0) is invertible.
In this model, we can compute the functions g, h of Theorem 3. Indeed, we have, using (31),

U,y = ﬁ/ (z —y)mp(x dx—ﬁ/xb x)mp(x)dz,
20.) = [(@- 103 - o)z =5 [ o -nO)m()ds

Thus, y — ¥(0,y) and y — Z(6,y) are constant so that g = h = 0. Therefore, X(6) = 02Z(6).
The asymptotic variance of the MCE is equal to (¢2Z(6))~!. Note that

3 1
10)=1 ( 311 )( BGL0), B%40)).

This shows that there is a loss of information when using the contrast Az (6) instead of the exact
log-likelihood which is not surprising.

Example 3. b(a,z) =0, ®(8,z) = B + B3z with 3 = (81, 83), B1 > 0,83 > 0. Assume that
(X}) is in centered stationary regime. The invariant distribution mg is not only centered by also
symmetric (see [H4]). Using this property, we obtain, with ;(3) = [ y'mz(y)dy,

8(8,.) e ma(w) = [ (610 — 1) + oo — )" mp () = (B + 3628 + B
Let us first study the MLE. If (319, 530) denotes the true value of the parameter,
K(Bo,B) = /[ﬁlx + B3(z” + 3272(8)) — (Brox + Bso(x” + 3z72(B0)))* g, () dz.

Therefore, K(Bo, ) = 0 implies that S35 = 39 and S1 — P10 + 3B30(12(8) — ¥2(Bo)) = 0. Thus,
Assumption [S2] holds if

[C1]: V1 > 0,83 >0, 1+353 ()7&0

Due to the presence of y(53), ®(5,.) x mg(z) is not exphclt so the MLE cannot be computed.
We can compute I(3) (see (17)) and we get, for z = (21 22)" € R?,

2
)e = [ a? (21 1+ 36522 (8)) + 22(392(B) + @ + 36592 (5)) 7s(w)da.
Conditlon [C1] implies that 2'I(3)z # 0.The Fisher information matrix is obtained by:

Ii(B) = (1+3ﬁ 55, 22(8))2(8),
I(8) = (14363 gf <ﬁ>>(3<ﬁggg§</3>+w<ﬁ>m(ﬁ>+m(ﬂ>>,

02
35 2(8)) + 68374 (5)853

Let us now study the Maximum Contrast method. We have K(ﬂo, B) = [1(B1 — Bio)z + (B3 —
B0) (@3 +3272(B0)))* s, (x)dx. Therefore, Assumption [S4] is satisfied and 1, B3 are identifiable.

In(8) = 76(B) + 672(8)74(B) + 972(8) (72 (B)Jrﬁga (8)-
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Note that, if 81, B3 are identifiable with the contrast method (i.e. can be consistently estimated),
b1, B3 are identifiable with the likelihood method. Thus, [S3] holds and this shows that [C1] holds.

We have: 95, ) 9(5..)
051’ *mp(w) =< 353’
We can compute Z(f3) (see (25)).

I(ﬂ) — ( ’72(6) 74(6)4_37%(5) )

* mg(x) = 2° + 32%y9(3).

7(B) +395(8)  16(8) + 672(8)7a(8) + 973 (B)

Thus, 2’Z(8)z = [2* (21 + 22 372(5) + x2))2 ng(x)der = Assumption [S5] is satisfied.

Let us study Az(8). Setting m;(T) = [ y'7r(y)dy, we obtain that

®(B,.) * Fr(z) = fil1(x) + Bsla(2),

with Ty (2) = 2 — my (T)and Ta(z) = 23 — 3221 (T) + 3z (T) — ms(T).
Therefore, the MCE (81, 33) satisfies

R 2T R 2T 7o 27 75 =

__Iw [31 _ 27” ( )(t)( with Ijj” — o7 T Ijl(jﬁ?s)(is j;” Izgjg‘)( )112(‘XT )(iS )
Bs o (Xs)dXs 7 T1(X6)a(Xs)ds I'%(Xs)ds

We can compute Z(ﬁ). First, let us obtain H(/3). Since the odd moments of 7g are nul,

1(B,y) = Bi72(B) + B31a(B) + 3B8372(B)y* = Z1.c(B,y) = 38372(8) (y* — 12(B))
5(0,y) = Bi(n(B) +3v%(B)) + B3(16(B8) + 372(8)74(B)) + 3B3(14(B) + 373 (8))y?
= Z3.0(8,9) = 383(74(B) + 373 (8) (y* — 12(B)).

) denote the solution of Lg(y) = —(y? — 72(B)).
B,y) = 3B372(B)9(B,y) and h3(B,y) = 3B5(7a(B) + 313(8))g (B
)(y.

(7
_ ' 3 (8) 12(8)(1a(B) + 373(8))
we = 9 [0 s (o L G Gy )
S(8) = o*(Z(B) +H(B))
Therefore the asymptotic variance of the MCE is o2(Z=Y(3) + Z~H(B)H(B)I~(B)).

This example is a special case of a previous work where estimation for ergodic McKean-Vlasov
equations with polynomial interactions and no potential term was investigated ([25], Example 3

[ 1l

Let g(ﬁ,zz

Then, hq ,y). Therefore,

of Section 3.5.) The estimators, say (51, Bg) are obtained by means of an explicit relation linking
them to the empirical moments of (X;). Set 42(T) = 7 fOT X2ds, then

51> <1 —3&2(T)> [ P XdX T X2ds 27 XAds

=— v here Wy = (95, s Jr 205

<53 0 1 T\ xax,) U0 T T\ P xdds 2T XSds

This estimator is consistent and the asymptotic variance of vT'(8 — ) is 0%(21(8) + X2(8)) with
0

() = 05) and £a(8) = 953 [ 6/ B Pmaiy (g ).

Thus there is a slight loss of information when using the present nonparametric approach leading
to (1, B3) instead of the approach of [25] leading to (81, 33).
Of course, the method of |25] only works when b(a, ) = 0 and ®(5,x) is an odd polynomial.
The present method works with a non nul potential term and a more general interaction term.
To be complete, we have seen that 7 (T) = T~} fOT Xsds. For i = 2,3, the moments m;(7T") of
7r satisfy, using that K is even and 0% = [ 22K(z)dz < oo,
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o (T) = % [ ds [ (Xs + h2)?K(2)dz =7 fOT X2ds + +okhZ,

ms(T) = % [[ds [(Xs+ h2)PK(2)dz = T fO Xids + +307 i (T )

As T — oo, by the ergodic theorem, mq(T) — fyTrﬁ Ydy = 0, ma(T) — [y?m5(y)dy = v2(B)
and m3(T) — [ y3m5(y)dy = 0. Therefore +(Tp — Ur) = op(1).

5. MAIN LEMMAS

Proposition 5, Proposition 6 and Theorem 3 rely on the following Lemmas. Lemma 2 is
especially difficult to obtain and used for Theorem 3. These lemmas use Propositions 1 and 2.

Lemma 1. Assume [H}] and that o, H,G : R — R have polynomial growth, then, under Py,

2T
1
Du(p, H) = / O » (rr — o) (X,)ds = Op(—2).
2T
Dislip, H) — / VH % (Bgfr — 70)(Xs)ds = Op(h2),
~ ~ 1
Dgl(H, G) = T H * (TI'T — E@?TT)( S)G* (7TT — Egﬂ'T)(Xs)dS = OP(T)’
T
1 2T R N A
DQQ(H, G) = T H % (EQT(‘T — Wg)(XS)G* (E@T&'T — WQ)(XS)dS = OP(hT),
T
1 2T h2
D23(H, G) = = H (EQ%T — Wg)(XS)G* (%T — EQ%T)(X )ds = Op(i)

T Jr ° VT

Lemma 2. Assume [H]] and that ¢, H : R — R have polynomial growth. Then, under Py,

1 2T
VIDu(p ) = 7 [ (X0 H « (VT(r — Eofr) (X,)ds
1
= \/>/ s)dW +Op(hTf) +OP(\/T)
where g solution of Lg = —Wq ., Uy(y) = [ @(x)H(z—y)mg(z)dz, Uy (x) = Ug(z)— [ Uy(y)me(y)dy.

The reason why we separate Lemma 1 and Lemma 2 is that Lemma 1 is enough to study the
second derivatives of Az (f) w.r.t. the parameters whereas Lemma 2 is required to study the first
derivatives. We take hy = o(T~/2) so that the middle term of /T D11 (g, H) tends to 0.

6. CONCLUDING REMARKS

In this paper, we study the estimation of § = («, ) for the process (X;) given by (1) when
the process is in stationary regime. Thus the distribution of X; is constant and equal to the
invariant distribution mg. In such a case, (X;) is equal to an ergodic diffusion. The exact MLE
of 6 obtained from the continuous observation of (X;) on [0, 7] can be studied theoretically but
does not lead to computable estimators since the drift term of (X;) depends on 7y and therefore
is not explicitly known. To overcome this difficulty, we assume that (X;) is observed on the
time interval [0,27] and we build an explicit contrast based on the conditional likelihood of
(Xy,t € [T,2T) given Xp, where 7y in the drift is replaced by a nonparametric estimator 7p
computed from (X, ¢ € [0,7]). This leads us to study a weighted mean integrated risk for 7r
yielding a new result for this estimator. Then, we prove that the MCE is asymptotically Gaussian
with rate v/T with explicit iasymptotic variance. Several classes of models are discussed.
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In the continuation of this work, it is interesting to consider the same estimation problem for
discrete observations or multidimensional McKean-Vlasov diffusions.
Here, our assumptions ensure uniqueness of an invariant distribution. But concrete models
having more than one invariant distribution are proposed in [18] or [28] (see also [46]). The
estimation problem in this case certainly raises new considerations, which are worthwhile.

7. APPENDIX

Based on the ergodic theorem (10), the central limit theorem for stochastic integrals (see e.g.
[35], Chap.1) can be proved and states that, if f € L2?(mg(x)dz),

I )
(32) = /0 F(X)dW, =z N0, / (@) (2)dx).

Consider now the central limit theorem associated with (10), i.e. the limiting distribution of
VT (% (fOT [(Xs)ds — [ f($)7['9($)d37). The results below can be found in [22].

Let L denote the infinitesimal generator of the SDE (9) defined in (11). The operator L acts on
L2(my(z)dx) and is defined on the domain D (see (12)). Note that

o2
33 L .
(33) 9= 5 (g'mp)"
Proposition 8. Assume [Hj|. Let f € L?(mg(z)dx), set fo = f — [ f( (z)dz and denote

by (., )r, the scalar product of L?(mg(x)dx). If f. € Range(D), where Range(D) = L(D) is the
image of D by L, then, as T tends to infinity, under Py,

(34) L[ s e MO,
\/Tocssﬁ ,O \Je

where 0%(f.) = —2{(fe,g)r, and g is any element of D satisfying Lg = f.. Moreover,

ww&%%ﬂ&&%)%ﬁm»

The relation —2(fe, §)ry = —2(Lg, g)m, = 02 [ (¢ (x))*mg(x)dx holds.

Proposition 8 is exactly Theorem 2.2 in [22|. It is a well known result on ergodic diffusions.
In the proofs, result (34) will be clarified when used.

Corollary 2. Let hy, ..., hy be functions belonging to Range(D) such that [ hj(x)mg(z)dx = 0,
forj=1,...,p. Define

w%mﬂz%zéwfu(/;m@m@@/;m@m@@)m

so that o2(h;) = V(hi, hi). The vector —= fo i(Xs)ds,i = 1,...,p) —¢ Np(0,V(0)) with
V(0) = (Vo(hi, hj), 1 <i,5 < p).

Corollary 2 is a straightforward consequence of Proposition 8 using the Cramér-Wold device.
The following proposition is little known, and its proof is given below.

Proposition 9. Assume [H}]. Let vo(z) = 2071 (b(a, ) + ®(B,.) x mg(x)). Then,

. 1 .
(35) xETOO'Ye ( ) =0, mhm Yy (x) =0.
This implies that Range(D) = {h € L?(mp(x)dx), [ h(x)mp(x)dx = 0} so that the central limit

theorem associated to (10) holds for all f € L2(7r9( )déE)
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Proof of Proposition 9. We rely on results stated in Proposition 2.2 in [22]. First note that
Vg € D, [ Lg(z)mg(z)dx = 0 (see (12)). Thus Range(D) C {h € L*(my(z)dx), [ h(z)my(z)dz =
0}. But the other inclusion does not hold except if the process is p-mixing, that is if 1ts generator
has a spectral gap. In [22], it is proved that condition (35) is a necessary and sufficient condition
for p-mixing (Proposition 2.8). However, this proposition is stated for SDEs with locally Lipschitz
coefficients having linear growth, which were standard assumptions for classical SDEs.

Here, this assumption is not satisfied by (Y;) defined in (9). Nevertheless, this assumption is
not mandatory, the only requirement being that the SDE admits a unique strong solution and
an invariant distribution. (see the proof in the Appendix p.1074-1077). Therefore, we can apply
these results here and check that vy satisfies (35) to get Proposition 9.

Set, for the proof, b(a,z) = b(z), ®(8,z) = ®(x),m(x) = w(x),K(a) = K,A\(f) = X and
y(x) =20 (b(x) + @ * 7(x)).

We have y(z) = 20~ Y(V'(z) + W xm). As V"(x) > K, for z > 0, V'(x)
x <0, V'(z) < Kx+V'(0). As W"(xz) > X and W’ is odd, we have for z >
x <0, W (x) < Az. Thus, for x > 0,

> Kz + V'(0). For
0, W(z) > Az. For

(36) V(@) + W' () > (K + Na + V/(0) — A / yr(y)dy,
which implies limg ;1o v(2) = +00 as K + XA > 0. Analogouly, for x <0,
(37) V() + W xm(x) < (K + XNz + V' (0) — )\/yw(y)dy,
which implies lim,_, o 7(7) = —o0o. Hence, lim; , oy (z) =0. O
Remark 1. Using (33) and (12), we can solve Lg = f. = [ — [ f( (y)dy and obtain
/ 2 oo d
g(z) = — - / fe(y)mo(y (7] /x fe(y)mo(y)dy.

The above relation holds since f_oooo fe(z)mg(x)dx = 0. By Proposition 9, Condition (35) holds,
so that, for all f € L*(mp(x)dx), the integral

o2(f.) = o? /R (¢ @) Pro(w)ds = 40 [ 73 (a) ( /- ' fc(y)ﬂe(y)dy>2 di < oo,

We can choose g(u fo v)dv. Note that o?(f.) < oo is not obvious as f’ﬂ'e z)dr = +00.

8. PROOFS OF SECTION 2.

Proof of Proposition 1. Under the assumptions of the proposition, (1) admits a unique
invariant distribution having a finite second order moment. For the proof, set V(a,.) = V,
W(B,.)=W,mg=m, K(a) = K, \(B) = \.

By [H1], for all x € R, V(z) > K% + V'(0)z. And, as W is even, for all z € R, W(z) > )\g
Therefore,

Wan(z) = /RW(:E— dy>/)\ )y

22
= A—— )\x/ ym(y)dy + =
R

5 / y2m(y)dy. Hence, the result.O
R
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9. PROOFS OF SECTION 3
We first study the properties of the nonparametric estimator of my.

9.1. Proofs of Section 3.2. We study the properties of the nonparametric estimator of my
under Py .

Proof of Theorem 1. (1) The beginning of the proof is classical (see Proposition 3.3 in [13] or
[51]). Set mg = 7, Eg = E. We have:

Emp(x /KhT —x)n(y)dy = Ky, »m(x /K (x + vhy)dv.
By the Taylor formula, w(x + vhr) — 7(z) = vhr fo (z + Tvhp)dr. As [vK (v)dv =0,

1
Enp(z) — n(z) = /thK(v)F($,U)dU, F(z,v) = /0 [7'(z + Tvhy) — 7' (x)]dT.

We apply the generalized Minkowski inequality which states that, for all 7,

[/ (/ F(z,v)dv(v > du(zzc)}i < /V (/X Fr(x,u)du(x)ydy(v)

with 7 = 2, du(z) = (1 + |z|P)dx, dv(v) = |v|K(v)dv. This yields

1/2\ 2
(38) /R(l + |z|P)(E7r(x) — n(x))2dx < h3 (/ |v| K (v)dv [/ F2(z,0)(1 + ‘:U|p)dx] ) .

Next, we apply a second time the generalized Minkowski inequality with r = 2, du(z) = (1 +
|z|P)dz, dv(T) = 1j91)(T)d7. This yields

[/ F2(z,v)(1 + |x\P)d;p] 1/2 < /01 dr </(1 + 2PV (@ + rohy) — W/(x)]de> 1/2

Now, we study, for t € R,

</(1 + |zP)[x"(z +t) — ”I(x)]Qd;p> 1/2

Using the Taylor formula and the Cauchy-Schwarz inequality yields
[/ (x +t) — 7'(2)]2 < £ [, [7"(x + ut)]?du where

w(x) = w(@)h(z),  hlz) = V() + B xw(@)] + glb(x) + B x (@)
By [S1], we check that |h(z)| < (1 + |2|*). Thus,

[’ (z +t) — 7' (2)])? < 12 /01 72z 4+ ut)(1 4 22° + (ut)*)du.

This implies,
1
/(1 FleP) (@ + 1) — w'(@)2de < tz/(l + \x|p)/ 22z +ut) (1 + 22 + (ut)2)du
0

1
N t2/ du/(l + |zP)a? (2 + ut) (1 + 2% + (ut)?*)dx
0

1
N t2/ du/(l + |y — ut’p)ﬂ2(y)<1 +(y— ut)% —l—t%)dy.
0
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Now, [y —utl’ < (Jy[? + [t|") and (y — ut)** < (y** +*). Thus,

/(1 +zP) [’ (@ + 1) = 7'(2)Pdx < ¢ /(1 + (lyl? + [tP) (A + v + ) m?(y)dy = £ £ (1),

where f is a positive continuous function on R. Next, using (38)

1 2
/(1+|$|p)(EﬁT(:}c)—ﬂ(:ﬁ))2d:1; < [/dmu{(v)/ drirohy|/Frohn)dr| .
R 0

We note that 0 < hy < 1, K has compact support [—A, A] and finally obtain

[0+l Br(a) — w(o)de < b ( / v2K<v>dv>2 sup £().

te[—A,A]

(2) Next, we study the mean integrated variance term. The proof uses definitions (12), (33),
Proposition 1, Proposition 9 and Remark 1. Let Fr(z) = [*_ m(v)dv and set hp = h, Kp,,, = K,
(see (13)). Recall that K is even.

We start by a property of the invariant distribution. For all (z, 2),

TE = ap {5V - V@) + W a() - W (o)),

Using (36), we get, for 0 < z < z,

V(z)=V(z)+ Wxm(z) = Wxm(x) > /z[(K—i— Mt + c]dt = (K;)‘) (22 — %) 4 ¢(z — 2),

T

where K = K(a), A = A(8),c = 95(0) — X [ yn(y)dy. Therefore,

(39) for 0<z<z, (@) <explC(z—w)), C=-—c
Analogously, using (37),
(40) for z<z<0, :Efc; <exp[C(z—z)], C= —%c
Now, we have:
1 /7
7r(z) — Erp(z) = T/o (Kp(X —x) — EKp (X — ) dt.

For each x, we look for f, € D such that Lf,(y) = —[Kp(y — z) — [z Kn(z — 2)m(z)dz]. Using
(33) and Remark 1, we take f;(u) = [ g2(v)dv where

w) = s [ (Kaly =)= [ K= (a)az ) )y
_ _ﬂ:(u) /u o <Kh(y ) - /R Kn(z — x)w(z)dz) (y)dy
FEquivalently,
w) =~ | [ Rty =)y - i) [ e —apma)is
_ —0273@ [ /u " Ky — o))y — (1 — Fo(w) /R Kz — x)w(z)dz] .
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By the Ito formula,

T T
fo(XT) — f2(X0) za/o gx(Xt)th+/0 Lf.(Xy)dt.

Therefore,

~ ~ o

T
1
(@)~ Br() =~ % [ g:(00aWs + L 17a(Xr) - Lol o)L
0
This implies
~ ~ o? 4
E (77 (z) — Exp(z))® < QTEQ:?;(XO) + ﬁEfﬁ(Xo)-

Therefore, it remains to prove that

(41) [ /Ru 2P Eg2 (Xo)dw < +o00, J = /Ru FeP)ES2(Xo)dz < +oo.

Consider first I:
4
I= [+ o) [ @umududs = (1 + 1)
R R g

with

I = /wo 7T(1u)du/R(1 P [/:OO (Kh(y _g)— /RKh(z - m)w(z)dz) ﬂ(y)dyrdx

< 2P + 1),

where
1= [ [ lap) ( :Oo Ky - x)w(y)dy)gdx
o - /u>0du(1_7f;:§b))2/R(l—i—]a:p)[/RKh(z—a;)w(z)dz]zdx

and

[ /KO @du/ﬂ{((uw) [/; <Kh(y—:13) —/RKh(z—m)Tr(z)dz> w(y)dyrdx
< 2% 4+ 19,

with

W= [ (a1 < /- Kh<yz>w<y>dy>2dx

@ _ UM x 2 — x)7m(2)dz)*dx
@ _ /u<0d = /R<1+|rp>[/RKh< i (2)d]dz.

Consider first L(rl). By the change of variables v = (y — z)/h, we obtain

2
- _ Lu z|P V)7 (x v)dv T
W = [ o ([ RO )

= / LK(U)K(v')dudvdv’

/ 7(z + hv)m(z + ho')(1 + |z|P)dx.
>0,v,0' €[—A,A] W(u) (z+hv)>u,(z+hv')>u
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w(z+hv')

By (39), for 0 < u < 2+ hv, "D < exp C(w + hv — u) and for 0 < u < z + ho!, TEEL

m(u)
exp C(z 4+ hv' — w). This implies, for 0 < h < 1,v,v" € [—A, 4],
732 (W) 2 (z + h') exp [(3C/2)(x — u) + Cho + (C/2)hv")]

732 (u)7 2 (2 + ho') exp [(3C/2)(x — u)] exp (3A]C|/2).

<

7(z + hv)m(z + ho')

IA N

Thus,

V<

3/2
/ e(~2CW) 7T(u)K(v)K(U')aluahjah// elBC/2DN 712 (4 4 ') (1 + |2[P)d
u>0,—A<v,v'<A (u) R
Now, since v' € [—A, A],

/Rexp [(3C/2)2)|7 2 (x + h')(1 + |z[P)dz <

/Rexp (3]C1/2)(]z] + A))]ﬂl/z(z)(l + (|z] + A)P)dz := B < +o0.
Thus,

Wep| o e0200r WKWK dudedd

_B / exp (—2Cu) w2 (u)du < +oo.
u>0

Now, we look at the other term I(z). It holds that

P = M v)K (v z|P)[r(x + ho)r(z + h')dedvdy
B = [ [ OKO [+ e hoyn(a+
M z 2)dz uw
& /u>0du 7(u) /R( + (2] + A)P))7(2)d §/u>0d (@) )

as 7 is bounded.
Now,

For 0 < u < v </, using (39),
r(0)m(v') = [r(v)r (W)Y ()m () < [r(w)r @)Y ()] exp (Cv + v — 2u).

Therefore,
2

/u . duw <2 /0 Ty ?(u) exp (—2Cu)du ( /0 +°° exp (Cv)w1/4(v)dv> < +o0.

The term I_ can be treated analogously using (40). Hence the first integral I of (41) is finite.
We turn to the second one.

J= /(1 + |x\p)7r(u)(/0u ge(0)dv)2dzdu < Jy +J_,  with

= / (1+]aP) /u () /0 " 2\ dvdudz, J. — / (1+]aP) /u el /u " 2(0)dvduds.
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We only treat J, as J_ is analogous. We have

gx(v):—(ﬂj(v) [/ﬂc+hz>vK( yr(zh + z)dz — (1 - F, /K x—I—zh)d}
so that .
B0 < = 7721(1)) < / RCLEE x)dz) 2 / K(2)m(x + 2h)dz) ] |

Thus, Jy < 4 (" + 7)) where

0 = / (1 + |z) /u (g /0 ' 7r21(U) [< /x +hz>vK(z)7r(zh+m)dz>2] dudvda
7 —/(1+ny) /u>07r(u)u/0

We look at JJ(:).

v
— (U) / K(2)7(2 + zh)dz)*dudvdz.

JJ(:) = /(1 + \x]p)/ ﬂ(u)u/ 21/ K(2)K(2)m(zh + z)7(2'h + x)dzd2' dudvdz.
u>0 o T (v) r+zh>v,x4+2'h>v

For 0 <v <wand v <z+ zh,v <zx+ 2'h, we write

m(u)m(z + zh)w(x + 2'h) w(u)]

_ 13y, 23T ( + zh)
2(v) ( )[W(U)

et s

m(v)

where

T(u) 19/, (T + 2h) 93 (z + 2'h)
G Ty T )

Therefore, as 7 is bounded,

JS) §/>Ou7rl/3(u)/o exp (—2Cv)dv

[/ K(2)K(Z) /R[ﬂ'<$ + 2h)]Y3 (1 + |2P) exp [(2/3)C(x + (2 + 2/ )h]dz | dzdz'du

12/3 < exp (2/3)C(u — v) exp ((2/3)C(z + zh — v) exp ((2/3)C(z + 2'h — v).

& /M ur!(w) /0 exp (—2Cv)dvdu /R T3 (y) (1 + [y] + AP) exp[(2/3)Cyldy < +oc.

The fact that Jf) < +0o0 is simpler and omitted.
Therefore, we conclude that (41) holds which implies the result.0

Proof of Theorem 2. Set my = 7w, By = E again. We study
(12) Ir = [ a/T(Erw) - B )i,

with, for some non negative ¢, |[¢(x)| + [¢'(z)| < e(1 + |z|¢). Set

Fr(&,y) = Kn(§ —y) — Kpx7(y) = Kp(§ —y) /K 7(y + vh)dv.
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Thus, Iy = Shp(Xs)ds with

ffo
Sh(§) = /dy”t/f( VFR(€,y) Z/K T §+Th)dr—/dyw /K 7(y + vh)dv
(43) /K V(& +h) — ¢(§)]d7—/dy¢ /K w(y + vh) — 7(y)]dv

and S(§) — [Y(y)m(y)dy. As ¢ is Ct and 0 < h < 1,

(€ +hr) —¥(E)] = \hT/O V(€ + hur)du| S [hl(1+[€]° + |7]9).

Therefore, as K is compactly supported,

| / K(E +7h) — b(©)dr] < |h|(<1+r£|0> / K (7)|dr + / |K<T>||T|Cdf)5|h|<1+\5|c>.

/ dyib(y) / K(v)ho /O "y + hro)drdy
_ /D ' / ho K (v)dv / A2z — hro)r' ().

By our assumptlons |7’ (2 ] < (2)(1+ |2]°) and for v € [—A, A], [¢(z — hrv)| S (14 |2+ A°).
This yields [dyy(y) [ K (v)[r(y + vh) — 7(y)]dv < |h|. Therefore,

1Sn(§) = S| < [AI(L + |2[%).

For the third term of (43), we can write:

/dyw /K m(y + vh) — 7 (y)]dv

This yields:

T 2
i <\/1T /0 [Shy (X,) S(Xs)]d5> <T / [Shr(z) = S(@)]*(x)da = Th7.0(1),
which implies
1 T \/’
Iy — ﬁ/o S(X,)ds + O(VThr).

By Propositions 8 and 9, we can find g € L?() such that Lg = —S with g(z) = [ ¢'(u)du, ¢
given by (21) and

T
[ senaas= 7 [y s (%) - o)
where T( 9(Xo) —9(Xr) = Op(ﬁ) as (X;) is stationary and g € L?().

Therefore, (42) can be written as
1
Iy = $)dW, + Op(—=) + Op(VThr).
IR 7
The proof of Theorem 2 is complete. O

Proof of Corollary 1. We write

VT (Fr(y) — 7(y)) = VT (Fr(y) — E7r(y)) + VT (EFr(y) — 7(y)).
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Next, choosing p — 2¢ > 1,

2 2
([ otV —riar) < [ 15Dty [ ay(e (VEGr) - ) 1+ o
< Thi.
Thus,
[ 6@V w) - m@)dy = [ VT Grly) - BRr)dy + OVTH)

Thanks to Theorem 2 and the central limit theorem (32), the proof of Corollary 1 is complete.O

9.2. Proofs of Section 3.3. Assumptions [H2|-|H3| ensure that all the functions used in the
proofs below satisfy the assumptions of Lemma 1 and Lemma 2. As for the likelihood, we have
to study AT(G) — AT(Q()).

Proof of Proposition 5. We can write
2T . N
(Ar(6) — Ar(f)) = —» / (3(6, X.) — 5(60, X,))ds
2T N .
T / (506, X2) — 5(60, X.))B(Bo,.) % (Fr — g, )(Xs)ds

2T
+ 0/ (S(@,X ) 5(90, ))dWS :AT+BT+CT.

Under Pg,, by Lemma 1,

2T
7 @60 = 9(B0.)x (Br =m0 (X.)ds = Op(—=) + Op(h3).
Therefore, %AT 5 —% / —b(ar, ) + b(ao, 7) — (B(B,.) — B(Bo, .)) * 7o, (x)]2g, ().
For the second term, lBT = Op(i) + Op(h%) — 0 by Lemma 1.

T VT

For C7, we have that T < Cr >= AT, so that, by the central limit theorem for stochastic
integrals, \fCT converges in dlbtrlbutlon This implies TCT — 0.

Joining these results yields that, under Py, , using (14), & (A7(0) — Ar(6o)) — —ﬁl?(@o, 6). O

Proof of Proposition 6. To obtain the limiting distribution of the normalized MCE under
Py, we need study the derivatives of the contrast with respect to the parameters o = (aj,j =
1,...d),8=(Br,k=1...,d). Using (3) yields

28AT B 2T 8() 2TA 8()
7 @(9) - _/T [3% (a, Xy)]]d X + . S(eaXt)@(aaXt)]dt
PO = — [ 53R (aX, + [ 50,0575« Fr(Xde
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2 2T 2
2 aijg;/ o) = — i aoiabaj/(a’Xt)dXt
4 TQT §(9,Xt)&j;b(a X,)dt — TQT aaoljj (@, X)) aii, (o, X,)dt
28?5]%;/% o — — ;Taa;;(ﬂ, .)*%T(Xt);oi)j(a,Xt)dt
‘”aZing, _ :T aﬁizaq;k/(ﬂ,.)*%T(Xt)dXtJr T2T§(0,Xt) . ﬁa:;; (8,.) % Fr(Xs)dt
[ B w0 0 R (K
Therefore, using that S(6,2) — S(0,z) = —®(8,.) x (Fp — mp)(x) (see (24)),
zaifa\; 0 — — TZT&)((?Q%W(O"X”‘I’(PB’ )k G — 7o) (X,)dt — o ;T a@‘jgij/ (o, X3 )dW,
~ TQT ail; (a, X)) a‘i: (a, X,)dt = Ag + By + Cr

Applying Lemma 1 yields that A 7A7 is op(1). By the central limit theorem for stochastic inte-

grals, fBT converges in dlstrlbutlon so that —BT is op(1).
The last term satisfies +Cr — — f (o, ) 831)-/ (o, x)mg(x)dx a.s..
Lemma 1 and the ergodic theorem yleld that ;68 gz (0) —as — 8% (v, aj)%(ﬁ, Jxmg(z)me(x)dx.
Finally,
aZAT 2T 62(1) 2T 82(1)
o2 ~ ~ ~
9) = , ) x T (Xe)P(B,.) x (T — mg)(x)dt + o B,.) * (X)) dW,
P ® = [ g B R X))« Gr =)@t +o [ (5, « R (X)W,
2T L)
- —(B,)*7 , - Xy)dt
[ B« (X g (. = a0
Similarly, the first two terms of the equation above are op(T") and
0.2 2
ﬂgkggk, ) = = [ §5-(B.) * ma(x) 5 (B ) % mo(w)mg(x)d. D

Proof of Theorem 3. To simplify notations, we do the proof for d = d’ = 1. We have:

o OAp o 2T 9 2T 9b =
T O =T | gate XdW, 41 T gate X0le(s, )+ (ﬁ(m) - WT)) (X,)dt
Using the notations of Lemmas 1 and 2, we can write:
2T ob
- oo (0 X0)[@(8,.) x (VT (g = 7r) ) (Xo)dt = VT Dui(o, Ho) + VT Dis(po, Ho)
T
with
ob

20 = 5o la.), Ho = 2(5,.)
Thus
1

T
VT D11 (po, Ho) 4+ VT D12(0, Ho) = ;T/o g/(eyXs)dWs+OP(hT\/T)+OP(ﬁ)+OP(\/Th%)
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where ¢(0,.) is given by Lg(0,.)(y) = —S(y) with

5@ = v0.) — [ V0 m)dz ¥,y = [ 52 @005~ ymola)da

and L is the infinitesimal generator given by (11)-(33). Therefore,

2 OA 2T o
Tl =7 [ (L) e X0 + 10m(09'6.X0) ) Wi + 0p(0)
Next,
o OAp B o 2T Hp - 2T 0P .
TG0 =~ [ e s me v+ [ (50X = S0, X)) G5 (8. 5 7r(X)
Therefore, using (2),(24)
a2 OA QTa
TG0 =~ [ B s mxaw,
1 [T oo N
— f 85(5")*7@( ) X @(5, .)*(FT—TFQ)(XS)CZS
1 [T o0 ~
- ) 85(6’ ) * (T — mp)(Xs) R(B,.) * (T — mp) (X5 )ds
2T o
= = | gl (Fr = m) (X)dW,
The third integral is in the form of D(H,G) f mr — m)(Xy)G *( p — ) (Xy)dt
which is Op(l/\/>) by Lemma 1.
We have = f2T 923, ) (7 — mp) (X¢)]2dt = op(1) by Lemma 1, so that,
27
S [ 558 e = ) (X)W = (1)
The second term is
2T o
Bor = 7? ST =7 (8, % mo(Xs) x ®(B,.) x (VT (Tr — mg))(X;)ds
2T o
= VT [Gr) = m)g [ G50 «mlXe) x B8, X, ~ )i,
Setting Z(0,y) = [ %(6, D xmg(z) X ®(B,x — y)mg(z)dz, we have, applying Theorem 2
o (T
By = 77/ R (Xs)dWs + op(1),
with h satisfying Lh = —(2(0,.) — [ E(0,y)me(y)dy). Therefore,
0% OAr B o [T od ,
ﬁw(g) = _ﬁ - aﬂ(67 .)*Wg(Xt)th— T h(Xs)dWs+0P(1)

The convergence in distribution follows from the central limit theorem (32). O
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10. PROOFS OF SECTION 5.

Proof of Lemma 1.
o We have:

Dutet) = 1 [ ot | [ OG- ) Frt) - Bar ]
= [@w-zmo) [ [ e - pas) a

T

By assumption, there exists a constant ¢ > 0 such that , for all z, |p(x)| + |H(x)| < (1 + |z|%).
Therefore, |p(x)H(z —y)| S (1+ [2[*)(1 + |y[**). Choosing p —4c > 1, this implies

20\2  71/2 2T
Dute I 5 | [ Grlo) - B2+ iy [ CHE ] L [ xpeas

Now, 7 T (1 +1]X;[?¢)ds = Op(1) and by the concavity of x — /= and Proposition 2, we obtain

1/2
Ey [ [Gr) - Barra+ |y\p>dy} <

1/2 1
[Ee [Gr) - Brra+ |y|p>dy} ~ (=)

o The proof for Dys(p, H) is identical except that we replace 77 (y) — Egr(y) by Eo7r(y) —
mp(y) and use Proposition 1 instead of Proposition 2.

< We have

2T
Dn(H,G) = ~ / [/ / H(Xs—y»(%T(y)—Em@»G(XS—z))(%T<z>—EﬁT<z>>dydz] ds

= // mr(y) — Egmr(y))(7r(2) — Egmp (2 [ y))G(Xs—z)ds} dydz
Using that H?(z — ) < (1 + |22)(1 4+ %) and G?(x — 2) < (14 |2]?)(1 + 2%¢) yields
oT 1 [2T
|* H(Xs = y))G(Xs — 2)ds| S /T (1+ X29ds[(1+ %) (1 + 22)]'/2.

Thus, choosmg p such that p — 2¢ > 1 and applying Proposition 2 yields

2 2T
D6 5 | [Tt - Bl 2| 4 [T x2as

S [ Grt) = Borr) P+ )y [ g [0 x2as
1

= OP(T)-

o For Dao(H, G), we proceed analogously applying Proposition 1.
o For Dag(H,G), we use the Cauchy Schwarz inequality and the above to conclude.

|
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Proof of Lemma 2. By assumption, there exists a constant ¢ > 0 such that | for all z,
lp(x)| + |H(z)| < e(1+ |x|¢). We can write

VT(Dui(p,H) = It + Jr,

where
Ir = /dyﬁ(?T(y) —Eo7mr(y))ve(y)dy, voly) = /SO(Jf)H(JU—y)Tre(fE)d%
o= [ @VTEW) - B ) Ar(Xe)
1 2T
where Ap(Xs,y) = T /T (X H(Xs —y)ds — p(y).

The term I7 has been studied in Theorem 2 and satisfies

I — f/ AW, +0p<jf)+0p(x/fhﬂ

with g given in Lemma 2. We now prove that Jr = O(1/V/T).
We have
~ ~ dy
J7 < /(1 + lyP)T (77 (y)) — Bor(y))*dy x /A%’(X&y)mwp)-

We have already seen that the first factor above is Op(1). It remains to check that the second
one tends to 0 for well chosen p.

Set
L(&,y) = (£)H(£ —y) — Yo(y)-

Define Gy, such that LGy = —L(&,y), i.e. Gy(z) = [ G} (£)dE with

) —2 ¢ 2 oo

Gy (&) = 0%0(5)/; L(z,y)mg(2)dz = 027T9(§)/g L(z,y)mg(2)dz.
We have
2
BAH(Xoy) < - [ (G)@)Pro(e)is + 5 [ Ghe)mla

Let us set

_ /R le { /R (G’y(x))zﬂg(:c)dzn} dy, J = /R le [ /R Gg(:cm(x)dx] dy.

We have Z =Z7 + 7~ where
oo q +00 2
— L(z,y)mg(2z)dz | dz|d
[ | mw (L v i

e = A ([ i) ]

We only treat ZT as the other one is analogous. By the assumptions of polynomial growth, we
have |L(z,y)| < 1+ |y|?¢+ |2]?¢ and if 2 < 2/, |L(z,y)L(2', y)| < 1+ |y|* + |2/|*. Therefore, we

4 1

It =
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can write:

4 1 1
It = / ———L(z,y)L(2, y)mg(2)me (2" ) dydxdzdz’
ol yeER,z>0,2>x,2' >x 1+ |y’p Uy ($)

8 / /Z 1 (/ dy / /
= — mo(2)mo (2 ——dx L(z,y)L(z",y) | dzd=z".

ot Joczcx ()mol=) o To(x) r 1+ [y (97, )
Choosing p — 4c > 1, this yields, using (39),

S|
Izt] < / 779(,2)779(2’)/ da:(1—|—|z’|4c)dzdz'
0<z<z’ 0 7T9(.’IJ)

o) [ra (2)11/2 © 1 - oo (mp(2) 2 AN L (VY25
s [ mmer [ [ () 0

z —+o00
/ o(2) o ()] / t)dxe@/?)z / eCI (1 4 271 [y ()2 d=
z>0 0

S / [71'9(,2)]1/2/27T9(Z)dxe_(0/2)zdzz/ m(z)]l/z/Zec(z—x)dxe—((,*/z)zdz
z>0 0 71—9(1.) 2>0 0

< / ma(=)]!72 (€7 — e=(C/24)) dz < +ov.
z>0

Now, we look at J = J+ + J~ with

7= 7w (] o) s
= 1—|—|yp[ /G’ ) wa(x)dx] dy.

We have, for p —4c > 1,

7 < [ [eeram) a

1 /
< / (/ dmdvdzdz’|L(z,y)L(z',y)]Wa(x)ﬂg(z)M(z )> dy
1+ |y|p >0,0<v<z,w<z<2’ Ty (U)

/ dxdvdzdz' (1 + |2')%) () Te(2)mo (") ‘
>0,0<v<z,v<2<2’ 77-3(,0)

We can write, for 0 < v < z,v < z < 2/, using (39),

AN

S

mo(x)mo(2)me(2) Y 70(2) 1073, 70(2) 12731 T0(2) 12/3 s
o) o) Dy 2oy T e 1)
< [mp(@)] V3 [mg(2)mo(2))]/3e2/C(@—0) ¢ (2/3)C (=) o (2/3)C(2' ~v)

~

Thus,

+o00
j+ 5/ drdvdz <l’[7’[‘9($)]1/36(2/3)026_01}[71'9(2)]1/3/ [779(2/)]1/3(1 + |Z/|4C)e(2/3)Cz’dzl>
x z

>0,0<v<z,v<z
+oo T +oo
< / :r:(/ e_cvdv)[ﬂg(ac)}l/gdw/ [mo(2)]/2e?/ICdz < +o0.
0 0 0

We can proceed analogously for J .

Finally, we find that Jr = Op((1/VT). O
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