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NEW NON DEGENERATE INVARIANT MEASURES FOR THE
BENJAMIN-ONO EQUATION

NIKOLAY TZVETKOV

ABSTRACT. We show that the recent work by Gérard-Kappeler-Topalov can be used in order to
construct new non degenerate invariant measures for the Benjamin-Ono equation on the Sobolev
spaces H®, s > —1/2.

1. INTRODUCTION

Consider the Cauchy problem for the Benjamin-Ono equation, posed on the torus
(1.1) O = HO*u — 0, (u?),  uli=o0 = uo.

In (1.1), u(t, ) is a real valued function or a distribution on the torus T = R/27Z and t € R (the
problem is time reversible). The anti-symmetric map H is the Hilbert transform on periodic
functions. The problem (1.1) is an infinite dimensional Hamiltonian system. The study of the
Cauchy problem (1.1) attracted a lot of attention, we refer to the very recent work [7] and the
references therein. In this note, we are interested in invariant measures for (1.1). The invariant
measures problem for (1.1) was addressed in [3, 4, 13, 14, 15]. Our aim is to show that the
recent work by Gérard-Kappeler-Topalov [6] can be used in order to construct a large family of
new non degenerate invariant measures for (1.1). In particular, we will construct such measures

living in H*® for every s > —1/2, which is a significant extension of [3].

A natural space for studying (1.1) is the Sobolev space

HG(T) = {u: a(0) =0, a(n) =a(-n)},

endowed with the norm

> InlFlam).

nez
The zero Fourier coefficient is invariant under (1.1) and one may introduce similar (affine)
spaces in which the value of the zero Fourier coefficient is prescribed as a fixed real number.
The analysis of (1.1) in such spaces does not present a considerable novelty and therefore we
will restrict to the spaces H{(T). Thanks to the remarkable works [5, 6], we know that (1.1) is
globally well-posed in H§(T), s > —1/2, and the dynamics is almost periodic in time. It is a
natural question whether [5, 6] can be used to deduce new results on the statistical description

of the flow of (1.1). Our goal here is to make a first step in this direction.
1



2 N. TZVETKOV

Theorem 1.1. Let s > —1/2. Then there is a probability measure ps on HG(T) which is
invariant under the flow of the Benjamin-Ono equation, defined in [5, 6], and satisfies :

(1) ps(HZ(T)) =0 for every o > s.

(2) Every set of full ps measure is dense in H(T).

In order to prove Theorem 1.1, we construct a large family of invariant measures for the
Benjamin-Ono equation written in the Birkhoff coordinates, introduced in [5, 6]. In order to
prove the invariance properties in the Birkhoff coordinates side, we simply exploit the Hamilton-
ian structure and some simple rotation invariance properties. Then we use some basic properties
of the Birkhoff map proved in [5, 6]. The analysis below gives more precise informations on the

possible measures ps. However, many basic questions remain open, see Section 3 below.

The rest of the paper is organized as follows. In the next section we study invariant measures
for the Benjamin-Ono equation written in the Birkhoff coordinates. In Section 3 we complete the
proof of Theorem 1.1 and we make a conjecture concerning the nature of the obtained invariant
measures. Finally, in the last section, we introduce a renormalized flow for the Benjamin-Ono
equation written in the Birkhoff coordinates for random data going beyond the analysis of [5, 6].
It is a challenging open problem to suitably extend the Birkhoff map of [5, 6] to this setting.
This would in particular allow to solve (after a renormalization) the Benjamin-Ono equation
with white noise initial data. See also Remark 4.2 below.

2. ANALYSIS IN BIRKHOFF COORDINATES

2.1. The flows. By definition N = {1,2,---}. We denote by h® the set of sequences of complex
numbers ¢ = ({,)nen such that

(2.1) (3 P [6al?)? < oo
neN

We endow h® with the norm (2.1) resulting from the natural scalar product. For N > 1, we
denote by Ey the space spanned by the first N vectors in the canonical base of h® and by
7N : h® — En the corresponding orthogonal projection. Therefore Ey = {u € h*: u = wyu}.

1
When written in Birkhoff coordinates the Benjamin-Ono equation in HS 2(T) (cf. [5, 6])
becomes the following equation in h®

(2.2) 0iCn = i(n® =2 min(n, k)[¢*)Gn, n > 1.
k=1

For s > 0 the solutions of (2.2) are given by

(2.3) Galt) = Gu(0) exp (it(n? = 2" min(k, n)|G(O)) )
k=1
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We readily see that for ((,(0))neny € h*, s > 0 the expression (2.3) is well defined while if
(Ca(0))nen ¢ h° the expression (2.3) is not well defined. We denote by ®(¢) the flow map of
(2.2) defined on h®, s > 0.

For N > 1, we consider the following finite dimensional truncation of (2.2), posed on Ey,

N
(2.4) 0iCn = i(n” = 2> min(n, k)|G*) G, 1< n <N, Gult) =0,n > N.
k=1
If ¢, = &, + iny, then (2.4) becomes
OH

OH
a n:_ialg SN, n =Y, N7
o’ 1) 2%, n Cu(t) =0,n >

where the Hamiltonian H is given by

1
H(§17"‘ afNﬂ?l,"' 777N):_
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The solutions of (2.4) are given by

N
(2.6)  Ca(t) = Ca(0) exp (it(n2 ~23 min(k, n)]{k(O)\2)) ,1<n<N, Cu(t)=0,n> N.
k=1

Let us denote by ®x(t) the flow map of (2.4) defined on Ex. We have that ®p(t) is the
restriction of ®(¢) to Ey. Using (2.3), (2.6) and the dominated convergence, we obtain that

(2.7) Jim [ 2(1)(C) — () (Ol =0, VR, 5 >0,
2.2. The measures. Let § be a probability measure on C ~ R?, defined by
(2.8) df = f(z,y)dzdy,

where f is supposed to be a radial function, i.e. f(x,y) only depends on 22 +y2. Therefore 6 is
invariant under the action of the rotations of R?, a property which will be crucially used in the
sequel. We suppose that the support of f is R2. Finally, we also suppose that

(2.9) /]R2 (2% 4+ ) f (2, y)dzdy < oo

The most typical example of an admissible f is the gaussian
flasy) = e @),
T
Let s > 0 and let us fix a sequence ((;;)nen € h®. Let (gn(w))nen be a sequence of independent,
identically distributed complex valued random variables with law 6. Suppose that g, are defined
on a probability space (2, F,p). Let u be the probability measure on h®, induced by the map

(2.10) w— (¢ gn(w))neN.
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More precisely, thanks to the assumption (2.9), we have that

(7n (G 9 () )
is a Cauchy sequence in L?(Q; h*) and therefore (2.10) defines a measurable map from (Q, F) to

NeN

(h®, B), where B is the Borel o-algebra of h*. The measure p depends on the sequence (()nen
and the choice of the measure #. This (important) dependence will not be explicitly mentioned.

We also define py as the probability measure on the finite dimensional space Ey, induced by
the map

W (Cfgl(w% ,C?{[QN(W),O,O,"')-
Observe that if A is a Borel set of h® and x4 the characteristic function of A then

/E XA (dC) = pn(AN Ex).

Indeed, it suffices to use that xa(¢)x ey (¢) = Xaney (¢). Similarly, we define uV as the proba-
bility measure on the orthogonal complementary of Ey in h*, induced by the map

wr— (0, ,0,{N11 gN+1(W), (g2 gNF2(w), - +).

We have the following property of the measure pu.

Lemma 2.1. Let p be the measure defined from a sequence (()nen € h® such that ¢ # 0 for
every n € N. Then every set of full u measure is dense in h®. Moreover, if for some o > s,

((i)nen & hY then u(h) = 0.

Proof. Following [1, Lemma B1], we first show that if for some o > s, ({})neny ¢ h° then
wu(h?) = 0. We have that the event

{¢eh”: [[Cllne < o0}

belongs to the asymptotic o-algebra obtained from suitable independent o-algebras because the
property ||¢||ne < 0o depends only on (1 —1IIx)(¢ for every N € N (see e.g. [9]). Therefore by the
Kolmogorov zero-one law, we have that u(h?) = 0 or u(h?) = 1. We suppose that u(h?) = 1
and we look for a contradiction. If u(h?) = 1 then [|(||pe < oo, p almost surely and by the

dominated convergence

(2.11) Jim e ImnClEe i) :/ 1B u(dc) > 0.
— 00 hs hs
We will show that
(2.12) lim eIl Clie ju(dc) = 0
—00 hs

which will be in a contradiction with (2.11). Using the independence, we can write
N

(2.13) / e~ llmndllie u(d¢) = H /R2 e_m'z}(x%yﬂn%f(x,y)dxdy.
° n=1
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Now, if we set
0 — / f(z,y)dxdy € (0,1)
z2+y2<1
then we can write
/ TGP @D £ N drdy < 0+ / e P EVINT £ (0, y)dady
R2 2+y2>1
S 0 4 e_Kr*anQU(l . 9) —1_ (1 _ 9)(1 _ e—K;PnQU) ‘

Now, we observe that
N

lm 31— eGP = o

N—oo
n=1

because
N
lim Z 1C¥2n% = oo
N—oo
n=1

by assumption. Therefore, we have that (2.12) holds because the product defined in (2.13) di-

verges to zero.

Next, we show that every set of full 4 measure is dense in h®. For that purpose, we follow |2,
Proposition 1.2]. We need to show that for every a = (v, )neny € h® and every € > 0

w(C 1 1IC — allps <) > 0.
Using the independence and the triangle inequality, we can write
(¢ e IS = allns <€) 2 u(C s lImn(C—a)llne <e/2) x (¢« llmn (¢ — a)llns < /2).

Using that ¢ # 0 for every n € N and using the support property of the function f defining the
measure 6 in (2.8), we infer that for every N > 1,

p(C = N (€ = a)llns <€) > 0.

Therefore our aim is to bound from below p(¢ : |7y (¢ — a)|lps < £/2), for N > 1. For that
purpose, we can write that if ||[m¥c|[5s < £/4 then

p(C s Imn (¢ = @)llne <e/2) 2 u(C : mncllne < e/4).
Recall that o € h* is fixed. Hence for N > 1, we have ||myal[ss < /4 and therefore for N > 1,
p(C N (€= a)llns <e/2) > p(C : lmndline < e/4) =1—p(C ¢ llmnCllne > e/4).
By the Markov inequality and thanks to (2.9), we can write

4 C .2, 25
p(¢ s lmndlins > e/4) < EHHWJJ\_/CHILSH%Z(CIN(C)) Sz > 1GHPn®.
n>N

Therefore for NV > 1,
1
plC = lmhClle > </4) < 5.
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In summary, for N > 1

l\D\H

u(¢ s TN (€= a)llns < e/2) >
This completes the proof of Lemma 2.1. O

2.3. Invariance of the measures. Using (2.7), by the Lebesgue dominated convergence the-
orem, for every F' € Cy(h%;R),

(2.14) fim_ [ F@x OO0 = [ F@EE@)0C).

N—oo hs

We have the following basic lemma.

Lemma 2.2. For every F € Cy(h*;R),

(215) [ F©ntac) = tim_ [ F@un(ac).

N—oo En

Proof. We follow [11, Theorem 1.2]. Let U be an open of h®. Set Uy :={¢ € h* : nn(¢) € U}.
Then

(2.16) UcC limNinf(UN),

where

IIIIJlVlIlf (Un) : U ﬂ Un, .

N=1N;=
Indeed for every u € U, we have that my(u) converges to w in h® and hence since U is an open
set there is Ny such that for every N > Ny, we have my(u) € U, i.e. u € Uy. This is precisely
the condition to assure that u € liminfy(Uy). Denote by yy the characteristic function of U.
Then using the Fubini theorem, we can write

@m0 = [ ([ xen@n @) )untace).
where ¢ = (Cv, ¢Y). We have that x, (¢) = xv(7n¢) and therefore we get

/ X (Oa(dC) = / o (Opn (o)
hs ENn

Using the Fatou lemma and (2.16), we obtain that

(2.17) imin [ xo(@uv(de) = [ w(On(do),
— 00 EN hs
By passing to complementary sets, we obtain that for every closed set F,
(219) fmsup [ xr(Oux(d) < | xr(Qn(de).
N—o0 EN hs

As a consequence, if A is a measurable set such that pu(0A) = 0 then, we have

(219) fim_ [ xalOn(de) = | xaOutdd) = u(4).

N—oo En
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Indeed, using (2.17) and (2.18), we can write

[ xat@mtae) = [ xaOutdo) < timinf [ qOuv(ac) <

N—o0

fipint [ (o) < timsup [ xa(©ux(dc) <

N—oo N—oo

s [ a(Qnn(d0) < [ a(Qntd) = [ xa©ntac).

N—o00
Therefore we have (2.19). Let us now turn to the proof of (2.15). By writing

1 1
F = S(F+|F|) +5(F - |F)),

we conclude that we can suppose that in (2.15), we have that F' > 0. Let R > 0 be such that
0 < F(¢) < R. Therefore, we can write

R
[ POutac) = [ utaax.

where Ay = {¢ € h* : F({) > A}. Since F is continuous, we have that A) is closed and
{¢ € h® : F({) > A} is open. Therefore 0A\ C {¢ € h* : F(¢) = A}. In particular, if A\ # Ao
then 0Ay, and 0A,, are disjoint. We claim that

(2.20) u(0Ax) =0, X — almost surely .

Indeed, since p is a probability measure, we have that for every € > 0 there can only be a finite
number of A\ € [0, R| such that ©(0Ay) > e (not more than 1/¢). Taking a union on a sequence
of ¢ tending to 0, we obtain that there may be only a countable set of \’s such that u(9Ay) > 0.
This implies (2.20). Using (2.19), (2.20) and the dominated convergence, we obtain that

hSF(C)M(dC)—/OR (A A—A}gnoo/ / Xa, (O (dC)dA

Now, we observe that
| ©mn(d) = nvad),
En

where AY = {¢ € Ex : F(¢) > A} and therefore

R
/ / o (Oun(dQdr = [ F(Oun(dc).
0 EN EN

This completes the proof of Lemma 2.2. O

Using the invariance under rotations of the density of the measure 6 defined in (2.8) and
the Liouville theorem for the Hamiltonian flow ®x(¢) on En (see (2.5)), one has the following
statement.
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Lemma 2.3. For every F € Cy(h*;R),
[ reno@ua = [ om0,
Proof. Set
F(C,-,CN) == F(Cl, - ,CN,0,0,---).
We have that

NN (8)(Q) = (Gue™ @) . Ce B,

where

N
Brm(¢) =n? =2 min(n, k)[¢[*.

k=1
We are reduced to compute
. N
(2.21) [ Fe o) (T £+ dx.
cN n=1

Thanks to our assumption on f,

f(G) = f(Cne“BN’"“”“’CN)), 1<n<N.

Moreover, thanks to the Hamiltonian structure (2.5), using the Liouville theorem, we have that
the volume element d(; - - - d(y is invariant under the map

Cn — CneitﬁN,n(Clv'“yCN) , 1<n<N.

Therefore (2.21) equals
N

/CN F(Cl eitBN 1 (Crye 7CN)’ NG eitBN N (G ,CN)) ( H f((n))d(ﬁ cdCy

n=1

This completes the proof of Lemma 2.3. U

Using the Fubini theorem

F(@y (£)())p(dC) = /

En

F(ex(O(mvO)ux (@) = [ F(@y(t)(mn¢)u(de).

En
Therefore, thanks to (2.14) and Lemma 2.3,
| F@@©ld) = tim [ FQun(ac).

N—o0 EN

Using Lemma 2.2, we arrive at

| PO = [ Fou)
which proves the invariance of p under ®(t), after using a final approximation argument of an
arbitrary L'(h*;du) function by Cy(h®;R) functions. Such an approximation is classical by first
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approximating the indicator functions of the open sets and then using the regularity of the mea-

sure (.

Summarizing the previous discussion, we get the following statement.

Theorem 2.4. Let p be a measure on h®, s > 0, defined from a sequence ((})nen € h%, s > 0
and a rotation invariant probability measure on C as in (2.8). Then p is invariant under the

flow ®(t) of (2.2).
3. PROOF OF THEOREM 1.1 AND A CONJECTURE
Using Theorem 2.4, Lemma 2.1 and [5, 6], we can prove Theorem 1.1.

Proof of Theorem 1.1. Let s > —1/2. Let us fix a sequence ((;})nen € h*t2 such that

1
C;;#O,VTLEN, (g;:)nEN%hU: VO—>3+§'

An example of such a sequence is

1
* = —_—— > 1 .
n nstllog(n+ 1)’ "=

Let u be the measure on h5+3 associated with this sequence and a rotation invariant probability

measure on C as in (2.8).

Thanks to [5, 6] there is a map (the Birkhoff map)
¢: Hy(T) — h*t2
which is a bi-continuous bijection such that

Qi(t)=¢  od(t)o ¢

generates the Benjamin-Ono flow on H§(T) (®(¢) is the flow appearing in Theorem 2.4). More-
over, we also have that ¢ is a bijection from H{(T) to ho+3 for every o > S.

We define the measure ps as
ps(A) = p(¢(A)),
where A is an arbitrary Borel set of H§(T). Now, using the definition and Theorem 2.4 we can
write

ps(®1(t)(A)) = u(®()(9(A))) = u(e(A)) = ps(A),

where A is again an arbitrary Borel set of Hj(T). Therefore ps is invariant under ®1(t).

Using Lemma 2.1, we can write for o > s,

1

ps(HG(T)) = p(d(HG (T))) = p(h7"2) = 0.
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Let A be such that ps(A) = 1. Then p(¢(A)) = 1. Using Lemma 2.1, we obtain that ¢(A) is
dense in h*T3. Thanks to the continuity and the bijectivity of ¢!, we have that A = ¢~ 1(¢(A))
is a dense set of H§(T) (a dense set is mapped to a dense set by the continuous bijection ¢~ 1).
This completes the proof of Theorem 1.1. O

Of course, it would be interesting to understand better the measures ps; appearing in Theo-
rem 1.1. They should heavily depend on the choice of the measure in (2.8) and the sequence
((F)nen in the definition of p. Here is a conjecture we have.

Conjecture 3.1. It seems reasonable to conjecture that if u is a suitable gaussian measure on
hst3 then the corresponding measure ps appearing in Theorem 1.1 is absolutely continuous with
respect to a suitable gaussian measure on HG(T). For example, we conjecture that the image of
the Gibbs measure defined in [10] by the Birkhoff map defined in [5, 6] is the measure on h®,
s < 1/2 defined as the limit as N — oo of the measures

G (Q)u(dc),
where the measure u is constructed from 0 a standard complex gaussian and the sequence
G =n"', neN.
The density G is given by

Gv(©) = X( 3 nlGal - ex) e (fj ( 3 G )),

k=1 k=1 ki=k
where x : R — R is a continuous function with a compact support and cy =~ log(N) is a
renormalisation constant. We conjecture that a similar procedure may lead to the measures
considered in [4, 13, 14, 15] .
4. AN ALMOST SURE EXTENSION OF ®(t) TO [*, AFTER A RENORMALISATION

In this section we consider a sequence (o, )pen such that

(4.1) D ol = o0

neN
but
Z lap|* < 00
neN
The sequence
oy = L n>1

is of particular interest because this sequence (together with gaussians) should appear in the
analysis of the Benjamin-Ono equation with data distributed according to the white noise on
the circle. We refer to [8] for the invariance of the white noise on the circle under the periodic
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KdV flow.

Let (gn(w))nen as in the previous sections. We suppose that the density f also satisfies

(1.2 [t ey <o, [ @ ) p)dody = 1.

Let p be the measure defined by the map

W — (an gn(w))neN.
The flow ®() is not defined p almost surely because, in view of (4.1) and Lemma 2.1, one has

w(h?) = 0. However, using the inequality

H(an)nENHh*l S C(Z ’an|4)%

neN

we obtain that
(7 (@ 90()) )

is a Cauchy sequence in L*(€;h~1). Therefore, we see u as a measure on h~! equipped with

NeN

the Borel sigma algebra B. Solving (2.2) on the support of p is not possible because, in view
of (4.1), the angles diverge almost surely. However, we can make converge the phases after a
suitable renormalisation. Recall that the flow map of (2.4) is denoted by ®x(¢) and is defined
as

NN (H)(Q) = (Gue P O) ¢ € B,

1<n<N’
where

N
BNa(Q) =n* =2 min(n, k)[G[*, ¢ € En.
k=1
We have the following statement.
Theorem 4.1. Let n > 1. There is hy, € L?(du) such that the sequence

(BNn(TNG) + 2nen) N>t

converges |1 almost surely to hy,(C), where the divergent constant cy is defined by

N
2
cN = g ||
k=1
As a consequence, for every n € N the sequence

(emeN (D (1) (7N C))n) N>1

converges pi almost surely to (e (©) and moreover

(2 @ () (TN ) )

N>1
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converges pu almost surely in h™! to

ithn(g)>

<€n€ neN’

In addition, the measure p is invariant under the map

(4.3) (Golnen —> (Gue™=©) .
neN

Remark 4.2. If one succeeds to extend the Birkhoff map to the support of the measure i consid-
ered in Theorem 4.1, then one will obtain a renormalized Benjamin-Ono flow as the conjugate
of the flow (4.3), for many initial data of Sobolev regularity below —1/2. We believe that to ob-
tain such an extension of the Birkhoff map, we have to make appeal to unavoidable probabilistic
arguments. As a consequence of such an extension of the Birkhoff map, one will obtain the prob-
abilistic well-posedness of the Benjamin-Ono equation in a super-critical regularity regime. More
precisely, the proof of Theorem 4.1 suggests the probabilistic well-posedenss of the Benjamin-Ono
equation in the Fourier-Lebesgque spaces FL 34 (i.e. data ug such that (n)~"/?ug(n) € 14(7Z)).
Therefore we believe that the probabilistic well-posedness theory developed in the last years for
many dispersive models can be extended to the Benjamin-Ono equation with data of super-critical

reqularity.

Proof of Theorem 4.1. We will use a renormalisation argument as for example in [12]. We can

write

n N
BNn(TNC) + 2nen = n® =2 (k= n)|Gl” = 20> (IG[* = [axl?)-

k=1 k=1
Therefore, we are reduced to show that
N
4.4 ( 2 _ oy 2 )
(4.4) ;(Kﬂ |ag]*) N1

converges p almost surely. For that purpose we aim to apply the Kolmogorov almost sure
convergence theorem in the probability space (h=1, B, u). We have that (|Cx|? — |ax|*)ren is a
family of independent random variables in (h~!, B, ). Moreover, thanks to (4.2), we have that

/ (IGkI? — o P)uldc) = / (Igs(@)[? — 1)dp(w) = 0.
Q

h*l

In order to apply the Kolmogorov theorem, we need to show that (4.4) converges in L?(dpu).
Let us show that (4.4) is a Cauchy sequence in L?(du). For that purpose, by definition, we can
write for N < M

M
| > Gl = 1o

k=N+1

M
:H > \akIQ(!gk(w)\Q—m‘

k=N+1

L2(dp(()) L2(Q)
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Therefore, using the independence and (4.2), we obtain that there is a finite constant C' such
that

M
H Sl (g ()P —1‘ vy =C Z g

k=N+1 k=N+1

which tends to zero as N — oco. This proves the p almost sure convergence of the sequence

(BNn(TNC) + 2nen) N>1-

The proof of the invariance can be done as in the previous section. The only difference is that

Lemma 2.3 should be replaced by the following statement.
Lemma 4.3. Let ®n(t) be defined as

(PN () = €N (@N(1)(¢))ns ¢ € En-
Then for every F € Cy(h*;R),

/ F(@y (1)())p(dC) = / F(Oun(do).
En En

Proof. Again we set F(Cy,--- ,(n) := F(C1, -+ ,Cn, 0,0, ---) and we study

~ N
(4.5) /@N PG o) (T (G dCa - de
n=1

First, we make the variable change
Cn > CnegimCN , 1<n<N

which leaves the volume element and f((,) unchanged. Therefore (4.5) equals

N

(4.6) /(CN F(Cl e2iten . 22thN H ))dC - dCx

n=1

Next, we make the variable change
Cn — CuePrn(CLtn) ] < < N

and as in the proof of Lemma 2.3 we obtain that (4.6) equals

N

/ F(Cl e2iten GitBn 1 (Crye 7CN)7 NG e2itNen ity N (G 7CN)) ( H f(Cn))dCI cedCy

cN n=1

This completes the proof of Lemma 4.3. (]
This completes the proof of Theorem 4.1. O
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