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TAIL ASYMPTOTICS AND PRECISE LARGE DEVIATIONS
FOR SOME POISSON CLUSTER PROCESSES
FABIEN BAERISWYL," Université de Lausanne and Sorbonne Université
VALERIE CHAVEZ-DEMOULIN,** Université de Lausanne

OLIVIER WINTENBERGER,*** Sorbonne Université

Abstract

We study the tail asymptotics of two functionals (the maximum and the sum
of the marks) of a generic cluster in two sub-models of the marked Poisson
cluster process, namely the renewal Poisson cluster process and the Hawkes
process. Under the hypothesis that the governing components of the processes
are regularly varying, we extend results due to [I§] and [5] notably, relying on
Karamata’s Tauberian Theorem to do so. We use these asymptotics to derive
precise large deviation results in the fashion of [30] for the above-mentioned
processes.

Keywords: Renewal Poisson cluster processes; Hawkes process; random max-
ima; random sums.
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1. Introduction

In this paper, we study the asymptotic properties of processes exhibiting clustering

behaviour. Such processes are common in applications: for instance, earthquakes in
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seismology, where a main shock has the ability to trigger a series of secondary shocks
in a specific spatio-temporal neighbourhood; but also accidents giving rise to a series of
subsequent claims in non-life insurance or heavy rainfall in meteorology to name a few.
We will focus on two different processes that have effectively been used in these fields.
The Hawkes process has been introduced in the pioneer works of [57] and [44], and has
found applications in earthquake modeling (see e.g. [38]), in finance (see e.g. [8], [21]),
in genome analysis (see [48]) or in insurance (see [53]). The renewal Poisson cluster
process is a tool of choice in an insurance context for modelling series of claims arising
from a single event (see e.g. [35] for a reference textbook), as well as in teletraffic
modelling (see [I8]) and in meteorology and weather forecast (see e.g. [19] or [45]).
The above processes, described heuristically and in specific contexts above, are part
of the class of the so-called point processes: for a comprehensive overview, see the
monographs of [I2] and [I3] or, more recently, and with connection to martingale
theory, see [7]. Point process theory is an elegant framework describing the properties
of random points occurring in general spaces. In both cases the temporal marked point
process N possesses a representation as an infinite sum of Dirac measures (recall that
the Dirac measure ¢, defined on A, is the measure such that, for A € A, €,(A) =1 if

x € A and ,(A) = 0 otherwise):
N() = ZETiin(')
i=1

where T; is the (random) time of occurrence of the ith event and A; is its associated
mark. The specific temporal marked point processes that we are interested in are clus-
ter point processes. More specifically, we will assume that there exists an immigration
process, under which independent points arise at a Poissonian rate; then, each of these
immigrant events has the ability to trigger new points, called first generation offspring
events. We will then look at two submodels, one that stops here - the renewal Poisson
cluster process, the name coming from the fact that the times of the events form a
renewal sequence - and another one in which every point of the first generation has the
ability to generate new points, acting as an immigrant event, potentially generating
therefore a whole cascade of points, which is the Hawkes process. Each immigrant
event and its associated offspring events (whether direct children or indirect) form a

generic cluster.
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We will study the tail asymptotics of the partial maxima and sums of a transfor-
mation X = f(A), for some non-negative real valued function f, of the mark A of any
event of N. Determining the behaviour of the maximum and the sum at the level of
the cluster decomposition of a process is crucial to obtain limit theorems for partial
maxima and sums of the whole process over finite intervals, see e.g. [51], [28] or [5].
Thus, we describe first a generic cluster from each of the above-mentioned processes.

For the renewal Poisson cluster process, we will consider a distributional represen-

tation of the maximum of the marks in the generic cluster, denoted H%,

Ka
H 2 X v\ X
j=1
where X is a transformation f(A) of the mark A of the immigrant event, and X is
the mark of the jth first-generation offspring event. The number of offspring events,
K4, is random and possibly dependent on X. In particular, we will let the vector
(X, Ka) be heavy-tailed, and assess whether the heavy-tailedness transfers to H.
Details are relegated to Section 2. Note that under the hypothesis that X and K4 are
independent the above distributional equation has received early consideration, e.g. in
[56] or [27], where it is shown that H® and X belong to the same maximum domain of
attraction of some extreme value distribution (MDA for short - see [46], [14] or [16] for
references on extreme value theory). A more recent advance in the case where X and
K 4 are dependent is to be found in [4], where a similar conclusion is reached about
the MDA. Our emphasis is on the Fréchet MDA, which allows a certain refinement on
the characterisation of the tail asymptotics.
We will also consider tail asymptotics for the sum functional, which for the very same
renewal Poisson cluster process, and for a generic cluster, possesses the distributional

representation
K

DRZX+) X

j=1
supposing again that (X, K ) is heavy-tailed, We will also assess whether the heavy-
tailedness of (X, K ) transfers to D¥. This equation has received consideration under
the hypothesis that X and K4 are independent, see [18]. We will retrieve their results

in our framework.
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We will then derive the very same kind of tail asymptotics, for the very same
functionals of a generic cluster in the context of the Hawkes process. The distributional
representation associated with the maximum of the marks in a generic cluster, denoted
HH | is given by

La

HY 2 x Vv \/ H

j=1
where L4 is the number of first-generation offspring events A of the event acting as
immigrant, and H; is the maximum of the marks of the offsprings of the jth offspring
of the immigrant event considered, itself acting as immigrant for further subranches of
the cluster, emphasising once again the cascade structure of the Hawkes process. Note
that X = f(A) and L4 are dependent through A. Letting L4 be Poisson distributed
with parameter k4, and (X, k4) be heavy-tailed we assess whether this transfers to
HH. This functional has received attention in the recent work of [4], where it was
shown that H¥ has the same MDA as that of X.

The distributional representation associated with the sum of the marks in a generic
cluster in the Hawkes process, denoted D, is given by

La
H D H
p"2Xx+> DI

j=1
We will again let (X,k4) be heavy-tailed, and assess whether this transfers to DH.
This distributional equation, with cascade structure, has been extensively studied: see
e.g. [3]; but also, as a main stochastic modelling approach to Google’s PageRank
algorithm, see [31], [26], [58], [9] or [10]; in the context of random networks, see [34] or
[33]; for a recent, theoretical advance as well as application to queuing systems, see [I]
or [17].

The way we will deal with heavy-tailedness is through the classical notion of regular
variation, introduced by J. Karamata in the 20th century (see e.g. [29]), which specifies
that the functions of interest behave, in a neighbourhood of infinity, like power-law
functions. For a thorough, textbook treatment of the topic in univariate settings, see
[6]; we rely on [46], [47], [14] and [37] for the multivariate case.

The flexibility offered by our approach to the way we specify the regular variation of
the governing components of our processes allows us, in the sequel, to extend results due

to [49], [18], [25] or [I5], that all studied the asymptotics of the tail of distributional
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quantities such as H and D in the above examples, but under various assumptions
on the relations of the tails of X and K4 for the renewal Poisson cluster process,

respectively X and L4 for the Hawkes process.

Finally, we use the results on the tails of H and D to derive (precise) large deviation
principles for our processes of interest, in the flavour of [41], [36]. The “precise” termi-
nology comes from the fact that we do not assume Cramér’s condition. Early results
on precise large deviations in the case of non-random maxima and sums can be found
in [39], [40], [23] and [I1]. The case of random maxima and sums of extended regularly
varying random variables (a class containing regularly varying random variables) is to
be found in [30], and we will rely on their results to derive our very own precise large
deviation results. Contributions in this area for another subclass of subexponential
distributions, namely the class of consistently varying random variables, can be found
in [55] or [43]; for precise large deviations results on (negatively) dependent sequences,
see [B4] or [32)].

The organisation of the paper is as follows: in Section 2, we describe the main
processes of interest, that are part of the Poisson cluster process family; in Section 3, we
recall some important notions and characterisations of (multivariate) regular variation;
in Section 4, we derive the tail asymptotics for the maximum of the marks in a
generic cluster in the renewal Poisson cluster process; in Section 5, we derive the tail
asymptotics for the sum of the marks in a generic cluster in the renewal Poisson cluster
process; in Section 6, we derive the tail asymptotics for the maximum of the marks in
a generic cluster in the Hawkes process; in Section 7, we derive the tail asymptotics
for the sum of the marks in a generic cluster in the Hawkes process; in Section 8, we
use the results from Section 4 to Section 7 to derive (precise) large deviations results

for our processes of interest.

Notation

Vectors are usually in boldface. By “i.i.d.” we classically mean independent and
identically distributed and, consistently, “i.d.” means identically distributed. We let
[] denote the upper integer part, |-| the lower integer part. For two functions f and

g, we note f(z) = O(g(z)), as © — ¢ whenever limsup,_,.|f(z)] < M|g(x)]|, for some
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finite M > 0 and ¢ € {0,00}; we note f(x) = o(g(z)), as © — oo (resp. = — 0),
whenever for all 0, there exists X such that, for all 2 > X (resp. x < X), it holds that
limy, oo f(2)] < 0]g(x)]. We write f(x) ~ g(x), as & — ¢ for ¢ € {0,000}, whenever
lim,_,. f(x)/g(z) = 1. The product of two measures p and v is written as the tensor

product pu ® v.

2. Random functionals of clusters

We formally introduce the general Poisson cluster process, a class which includes
the processes discussed in Section [T keeping the spirit of the presentation and (most)
notations from [5]. As hinted in Section [T} this process is made up of two components:
an immigration process and an offspring process.

The immigration process, say Ny, is a marked homogeneous Poisson process (or

marked PRM in short, for marked Poisson random measure) with representation given

by:

NO() = Z EFmAm(')'

This point process has mean measure vLeb ® F, for v > 0, on the space [0,00) x A,
where Leb is the Lebesgue measure, F' is the common distribution function to all marks
(Ai0)ien, which take values on a measurable space (A, .A), and where A corresponds
to the Borel o-field on A. In particular, this means that the sequence of times (T';);en,
corresponding to the arrivals of immigrant events, is a homogeneous Poisson process
with rate given by vLeb. Since the space A can be quite general, applying a trans-
formation f(-) : A — Ry is natural, especially in practical applications. For example,
in a non-life insurance context, supposing that A,y represents the characteristics of
the ith accident, f(A;o) could represent the claim size pertaining to this accident. In
subsequent sections, and to ease the notation, we shall denote X;o := f(A;0)-
Conditioning on observing an immigration event at time I';, the marked PRM N is
supplemented with an additional point process in M, ([0, 00) x A) (the space of locally
finite point measures on [0,00) x A) that we denote by Ga,,. The cluster of points
G a,,, occurring after time I';, augments Ny with triggered, offspring points or events.

The offspring cluster process, conditioned on observing an immigrant event (T';o, A;0),
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admits the representation
Ka;o
GAz'o(') = Z ETiijij(.)
j=1

where (Tij)1<j<ka,, forms a sequence of nonnegative random variables indicating,
for a fixed j, the random time from the immigrant event occurring at time I'; and
the jth event of the cluster, and where K 4,, is a random variable with values in Np,
corresponding to the number of events in the ith cluster. These events are the offspring
of the immigrant event identified by (I';, A;p). A complete representation of the general

Poisson cluster process is given by

=3

K

o Ka,
N() =33 erym,a,()
i=1 j=0
providing we set T;o = 0 for all 7 € N.
The first functional of interest is the maximum of the marks in the ith cluster,

defined by
Ka,,
Hi = \/ Xl] (1)
j=0
The point process associated with the ith cluster is defined by
Ol() = 507141'0(') + GAm()

It allows us to define the second functional of interest in this paper, namely the sum

of all marks in the ith cluster, by

D; = / f(a)C;i(dt, da). (2)
[0,00) x A
In Section 8, we will look at the whole process on a subset of the temporal axis: at
the level of the point process N, the sum of all marks in the finite time interval [0, T,
for T' > 0, is given by
Sp e / F(@)N(dt, da). (3)
[0,T]xA

From Section 4 to Section 7, we propose tail asymptotics for H; and D; in the
settings of mainly two different submodels of the general Poisson cluster process, briefly
described in the introduction, that we formally discuss next, keeping the presentation
in [B], but fully described in Example 6.3 of [12]. However, we refer to the former
reference for a complete description. In our work, we also assume that the sequence of

marks (X;;) == (f(A)) is i.id.



8 F. BAERISWYL, V. CHAVEZ-DEMOULIN, O. WINTENBERGER

2.1. Mixed binomial Poisson cluster process

In this model, the assumptions on Ny are kept unchanged and the ith cluster has a

representation of the form

Ka,o
GAio(') - Z EWiijij (')
Jj=1

where (K 4,0, (Wij)j>1,(Aij)j>0)50 is an L.i.d. sequence, the sequence (A;;);>0 is also
iid. for any fixed ¢ = 1,2,... and, finally, (A;;);>1 is independent of both K4,
and (W;;);>1 for any ¢ = 1,2,.... Note that this latter statement does not exclude
dependence between A;p and K 4,, (respectively (W;;);>1). Additionally, it is assumed

that E[K] < occ.

2.2. Renewal Poisson cluster process

In this model, the ith cluster has the representation

Kay
GAz'o(') = Z ETij,Az‘j(') (4)
=1

where all the assumptions from Section 2.1 hold, except that now, we denote the
occurrence time sequence of the offspring events by (73;),;>1 to emphasise that this
forms a renewal sequence, that is, for any fixed : = 1,2,..., T;; = Wi +---+W;;. Note
that this process is such that every Poisson immigrant has only K4,, first generation
offspring events. These points cannot generate further generations themselves, in
contrast with the Hawkes process that we will introduce next.

Applying the transformation f on the marks of the events, we will, in Section 4
and Section 5, derive tail the asymptotics of generic versions of Equation () and

Equation (@), given by:

1. for the maximum,

Ka
HR 2 X v\ X;; (5)
j=1
2. for the sum,
Ka
DRZX+> X (6)

7j=1
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We isolate X := f(A) from the rest of the transformed claims (X;) := (f(4;)), to

emphasise the possible dependence between X and K 4.

Remark 2.1. These two processes have been considered in the monographs [35]. The
mixed binomial Poisson cluster process and the renewal Poisson cluster process are
very similar in their description, and because their sole difference is the placement of
the points along the time axis, we focus - in what follows - on the renewal Poisson
cluster process. The results of Section 4 and Section 5 are directly applicable to the
mixed binomial Poisson cluster process; the results of Section 8 also apply, upon the
use of an alternative justification regarding the left-over effects to be discussed in that

section. We refer to [5] and [4] for justifications.

2.3. Hawkes process

The specificity of the Hawkes process is that the clusters have a recursive pattern,
in the sense that each point, whether immigrant or offspring, has the ability to act
as an immigrant and generate a new cluster. To obtain the representation of the ith
cluster G4,, one typically introduces a time shift operator ;, as in [5]. Let m(-) =

Z;il €t;,a,(-) be a point measure: then, the time-shift operator is defined by
oo
0em(-) = €110, ()
j=1

for all ¢ > 0. Then, the (recursive) representation of the ith cluster, conditioning on
observing an immigration event (I';, A;0), is given by

Layg

Gao() =Y (Efgj.,Agj(') +9TileAgj('))

j=1

where, given A,g, the first-generation offspring process Na,,(-) := ZJL:A{O e;1 a1 (4) is
i3 Vi
again a Poisson process, this time with (random) mean measure [ h(s, A;p) ds® F, and
where the sequence (G 41 );j>1 is i.i.d. and independent of the first-generation offspring
ij

process Ny4,,. Note that the sequence of times in the cluster representation G 4,,, hereby

0
denoted as (7;), is the sequence of times of the first-generation offspring events. The
function h(-) is referred to as the fertility function and controls both the displacement
and the expected number of offspring(s) of a specific event. Hence, by definition, the

number of first generation offspring events is Poisson and depends on the mark of the
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event acting as an immigrant to the stream of points considered. Note that the above
representation also emphasises the independence between the subclusters considered
at any point, from the immigrant perspective. There is a connection with Galton-
Watson theory that was historically used to show that the Hawkes process is a general
Poisson cluster process (see [22]); we define it as part of this family, but the Hawkes
process is classically introduced from the self-excitation perspective, that is, from the
specification of the function h(-) (see e.g. [20]).

We propose in Section 6 and Section 7 tail asymptotics for the generic versions of
Equation (@) and Equation (), which satisfy, in the settings of the Hawkes process,

fixed-point distributional equations of the form:

1. for the maximum,

La
H" 2 x Vv \/ H; (7)
j=1
2. for the sum,
La
D" 2 x +Y DI (8)
j=1

where La|A ~ Poisson(k4) and ka4 = f(o,oo) h(t, A)dt and where (HJ') and (DI7)
are i.i.d. copies of H” and D', respectively. In this work, we always assume the
subcriticality condition (in the terminology of branching processes) E[k4] < 1, in
order for clusters to be almost surely finite. This also implies that the expected total
number of points in a cluster is given by m, using a geometric series argument
(see Chapter 12 in [7]). Lastly, note that Equation () and Equation (8) emphasise the

cascade structure of the Hawkes process.

3. A word on regular variation

Throughout this paper, we will assume that the governing random components of
our processes of interest are regularly varying, that is, roughly speaking, exhibit heavy
tails. More specifically, we will assume that the random vector X is regularly varying.
For the renewal Poisson cluster process, this amounts to assume that X = (X, K4)
is regularly varying, where X and K 4 are defined as in Section 2.2; for the Hawkes

process, this amounts to assume that X = (X, k4) is regularly varying, where X and
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ka4 are defined in Section 2.3. The exact definition of regular variation varies in the
literature depending on the context (see e.g. [46], [47], [14], [24], [50]). Hence, we first
recall the definition of regular variation we use in this text in full generality, borrowing
notations from [37]. We let R = R4\ {0} with 0 = (0,0,...,0). We let |-| be any
norm on R? (by their equivalence). Note that, in subsequent sections, our framework

is restricted to the case where d = 2.

Definition 3.1. (Definition 2.2.8 in [37].) Let X be a random vector with values in
R<. Suppose that | X| is regularly varying with index o > 0. Let (a,,) be a real sequence
satisfying nP (|X| > a,,) — 1, as n — oo. The random vector X (and its distribution)
are said to be regularly varying if there exists a non-null Radon measure ;. on the Borel

o-field of R such that, for every p-continuity set A, it holds that
pin(A) :==nP (a;'X € A) — p(A), as n — <.
In the above definition, two remarks are in order:

1. the regular variation of |X]| is univariate; standard definition applies, namely that
the distribution of |X| has power-law tails, that is, P(|X| > z) = 2= *L(x) for

x > 0, where L(+) is a slowly varying function;

2. the kind of convergence that takes place is vague convergence. The limiting
measure possesses various nice properties, among which one can cite homogeneity:

for any Borel set B C RE and ¢ > 0, it holds that p(tB) = t~*u(B).

Rather than using the sequential form as in Definition (B), it is possible to use
an alternative continuous form. Additionally, a distinguished characterisation in the

literature is through a limiting decomposition into “spectral” and ‘radial” parts, see

Proposition 3.1. (Theorem 6.1 in [47].) A random vector X with values in R? is
reqularly varying with inder o > 0 and non-null Radon measure . on RS if and only

if one of the following relations holds:

1. (Continuous form): The random variable |X| is regularly varying with index
a >0 and
P (x_lX € )

—— 2 % u(), asxz — oo
P(X[>a) M7 '
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2. (Weak convergence to independent radial/spectral decomposition): the following

limit holds
X X w

where Y ~ Pareto(c) with o > 0 and is independent of ©, which takes values on

the unit sphere S~ defined by S¥~1 = {x € R . |x| =1}.

The above characterisations have various consequences. The first property is a
continuous mapping theorem, first proved in [24] in the framework of metric spaces.

We use a simplified version fitting our settings, which we partially reproduce, from
137].

Proposition 3.2. (Theorem 2.2.30 in [37].) Let X be a random vector with values in
R is regularly varying with index o > 0 and non-null Radon measure p on RE. Let
g(-) : RT = R be a continuous and positively homogeneous map of order vy, i.e. for
every x € R, g(tx) = t7g(x) for some v > 0. Moreover, suppose that for every e > 0,
g '{x € R : |2| > €}) is bounded away from 0. Then, the following limit relation
holds

P (‘Tﬁlg(X) € ) v _
W 5 ou(g™()), as z — oo,

Note that for every e > 0, u(g~'({x € R : |z| > €})) < 0o. Moreover, if u(g='(-)) is
not the null measure on Rg, then g(X) is regularly varying with index «/v and with

non-null Radon measure
n(g~'()
plg ' ({z €R: x| > 1}))
Example 3.1. It is easily seen that the map defined by the projection on any coordi-

nate of X is a continuous mapping satisfying the assumptions of Proposition [B2]) with
v=1 Iftd=2, X = (X1,X2) and g(X) := X7, then by the homogeneity property of

the limiting Radon measure pu, as long as
p({(z1,22) €ERE :zy >1}) >0

one obtains regular variation of X; with index o > 0.

A second useful result, due to [50] again in the setting of metric spaces that we
simplify here, shows that one can actually replace the norm |-| by any modulus. A

modulus, as defined in Definition 2.2 of [50], is a function p : RY — [0, 00) such that
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p(+) is continuous, positively homogeneous of order 1, and for every ¢ > 0 it holds that
inf{p(x) : d(x,0) > €} > 0, where d(-,-) is a metric on R%. Proposition 3.1 in [50] then

ensures the following.

Proposition 3.3. (Proposition 3.1 in [50].) A random vector X with values in RY is
regularly varying with index o > 0 and non-null Radon measure p on R if and only
if there exists a modulus p such that p(X) is regularly varying with index o > 0, and a

random vector © taking values on S4~1 := {x € R%: p(x) = 1} such that

P(%e-’p(X)>x>iﬂP’(®€-), as x — 00.

Finally, in subsequent sections, we shall also use an other characterisation via the
regular variation of linear combinations, proven by [2]. We denote the inner product

in R? by (-, ).

Proposition 3.4. (Proposition 1.1 in [2].) A random vector X with values in R? is
reqularly varying with noninteger index o > 0 if and only if there exists a slowly varying
function L(-) such that, for all t € RY, the following limit exists

P((t,X) > x)

lim —— 2 72
A T w(t),

and there exists one to # 0 such that w(tg) > 0.

The above result states that a random vector X is regularly varying with index
a > 0 if and only if all linear combinations of its components are regularly varying
with the same index a > 0.

Finally, the last result of great importance in showing the transfer of regular varia-
tion in the subsequent sections is Karamata’s Theorem, which can be found as Theorem
8.1.6 in [6]. Let X be a random variable, denote its associated Laplace-Stieltjes
transform by ¢x(s) := E[e™*X] for s > 0, and its n-th derivative by gpg?)(s) =
E [(—X)"e *X]. Let I'() define the Gamma function.

Theorem 3.1. (Karamata’s Tauberian Theorem, Theorem 8.1.6 in [6].) The following

statements are equivalent:

1. X is regularly varying with noninteger index o« > 0 and slowly varying function
Lx(-), i.e.

P(X >z)~z “Lx(x), as x — .
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2. For a noninteger index o > 0,
P8V (5) ~ Cos™ 1T Ly (1/5), as s — 0F,

for Lx(+) a slowly varying function, where Cy > 0 is a constant depending only

ona>0,C,=-Tla+1)I(1—-a)/T(a—|a).

Remark 3.1. Note that when X is regularly varying with index a € (n,n + 1), the
(n 4 1)-th moment does not exist. Observe that the above trivially implies that, when
a € (n,n+1), gog?ﬂ)(s) = spg?ﬂ)(s) — 00, as s — 0T, a property we will use repeatedly

in subsequent sections.

4. Tail asymptotics of maximum functional in renewal Poisson cluster

process

We now prove a single big-jump principle for the tail asymptotics of the distribution
of the maximum functional of a generic cluster in the settings of the renewal Poisson
cluster process. As mentioned in Remark (21I), the conclusions reached for this process

are of course valid for the mixed binomial Poisson cluster process.

Proposition 4.1. Suppose the vector (X,K,) in Equation ([B) is regularly varying

with index o > 1 and non-null Radon measure . Then,
P(H">z)~(1+EK])P(X >z), as z — .

Moreover, if p({(x1,22) € R3 o : 21 > 1}) > 0, then HR is regularly varying with

mndex o > 1.

Proof of Proposition ([@I]). By conditioning and using the independence of X and
Xj, 7> 1, and that of K4 and X, j > 1, we obtain

P(H? > z) :1—§:P(X<x|KA:k)(JP>(X<x))’“P(K:k)
k=0

zl—iP(X<x|KAzk)exp(klog(l—]P’(X>:1c)))]P’(K:k).
k=0
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A Taylor expansion on the exponential term, as 2 — oo (and hence, as P (X > z) —

0 by the integrability of X), gives

exp (klog (1-P(X >x))) =exp (— kP (X >z) — o(kP(X > z)))
=(1-kP(X > )+ o(kP(X >x)))exp (—o(kP (X >1)))

where the last equality follows by another Taylor expansion of the first exponential
term in the second equality, as x — oo.

Plugging the above expansion in Equation (@) yields
P(HR>2)=1-) P(X<z,Kr=k)exp(—o(kP(X >u2)))
k=0

+P(X>x)ikP(X<:E,KA:k)exp(—o(kP(X>x)))
k=0

—o(P(X > 1)) Y P(X <2, Ks=k)exp(—o(kP(X >2)))
k=0

=:1—- By + By — Bs.

We treat each term separately. For term 1 — By, remarking that 1 = P(X < z) +
P (X > z), we obtain

1- B :]P’(X>:c)+§:]P’(X<x,KA:k) (1 —exp(—o(kP (X > x))))
k=0

Using the basic inequality 1 — e™" < x, term 1 — B; is bounded by
0<1-B1 <P(X >z)+oE[K|P(X >zx)), as © — 0.
For term By, we can write

E(P(X <a,Ka=k)exp(—o(kP(X >2))) +P(K =k)-P(K =k))

WK

By =P (X >x)

el
Il

0

:IP’(X>:c)E[K]—]P’(X>x)ikIP’(X>x,KA:k)
k=0

+P(X>x)ik]P(X<x,KAzk)(exp(—o(k]P’(X>:E))) -1)
k=0

=: By1 — By + Bags.
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Note that Bag is bounded above by Bas < E[K]P (X > z), and hence, by a dominated

convergence argument and the integrability of X, we have that

P(X >2)Y kP(X >2,Ks=k)=0(P(X>z)), as 3 — 0.
k=0

For term Bss, which is negative since for all £ > 0, 0 < e o(RP(X>1)) 1, we bound

it below by

~P(X >12)Y kP(X <2,Kq=k)
k=0

<P(X >2)) kP(X <z,Ka=k)(exp(—o(kP(X >x))) - 1)
k=0
<0,
and hence, by a dominated convergence argument, we obtain that, as x — oo,

IP’(X>x)ik]P’(X<:E,KA:k)(exp(—o(kP(X>x))) —1) =0o(P(X >)).
k=0

Collecting the above results, we see that, essentially,
By =P(X >2)E[K]+o(P(X >=x)), as & — oo.
Finally, by very similar arguments to those employed for Bs and omitted for brevity,
B3 =0o(P(X >z)), as x — oo.
Collecting the above, it essentially follows that
PH">2)=P(X >2)+P(X >2)E[K]+0o(P(X >2)), as z — oo.

The desired result follows at once by taking the limit, as  — co, and upon using the
assumption that the limiting Radon measure is non-null on the subspace {(z1,22) €
R3 o : 21 > 1}, which implies by means of Example (B1) that H" is regularly varying
with index o > 1. g

Remark 4.1. In the case of non-random K4, i.e. when the number of events in a
generic cluster is known, to prove that X and H* share the same maximum domain of

attraction is standard and well known (see standard extreme value theory monographs
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such as [46], [14] or [I6]). In the case where X and K4 are independent, we refer to
[27] or to [56], where it is shown in Proposition 7 that

P((X, X1,....,Xg)|| >2) ~(E[K]+1)P(X >=x), as © — oo,

where ||-|| is a regular norm, (X, X1, Xo,..., Xk) is a sequence of i.d. (not necessarily
independent) regularly varying random variables, with common distribution F' and
a > 0, of random length K, which has finite moment of order 1 + « + ¢, for € > 0.
The added value of our approach is to allow dependence between K and the sequence
(X, X1,...,Xk), even though we assume that our sequence of marks (X;)1<;j<x forms

a sequence of i.i.d. elements.

A closer result to that of Proposition [{1]) is to be found in [4]: in similar settings,
with possible dependence between X and K4, under the additional assumption that
K 4 is a stopping time with respect to a filtration including the information about the
sequence (X;;), it is shown in their Theorem 2.4 and Proposition 3.2 that H* falls in
the same MDA as X. What we propose in Proposition (1) is merely a refinement for
the Fréchet MDA, describing explicitly the tail of H*.

5. Tail asymptotics of the sum functional in renewal Poisson cluster

process

We now prove a result concerning the sum functional of a generic cluster in the
settings of the renewal Poisson cluster process. Again, this extends easily to the mixed

binomial Poisson cluster process.
Proposition 5.1. Suppose the vector (X,Ka) in FEquation (@) is regularly varying
with noninteger index o > 1. Then, D is regularly varying with the same indez c.

More specifically,

P(Df>2) ~P(X+E[X]K4s>2)+E[K]P(X >z), as z — <.

Proof of Proposition (5.1)). First, note that the Laplace-Stieltjes transform of DF
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in Equation (@) is given by

pon(e) —  [e 5 ERA ]
=E [E [efsxefsz?fl X ’ AH

- |:675X€KA log]E[e*SX]:| —F |:675X+KA IOgAPX(S):|

upon recalling that X := f(A) and K4 are independent conditionally on the ancestral
mark A, and that (X;);>1 are i.i.d. and independent of A. We first show that, for any

noninteger o € (n,n+ 1), n € N,

n+1 n+1 n+1
epa(5) ~ O ety () FE[K] 9TV (s), as s — 0%,

where px 1gix|K,(5) == E [e_SX_S]E[X]KA} , and where gog?) is the nth derivative of the
Laplace-Stieltjes transform of a random variable X.

Case where o € (1,2):

Additional care is required for this range of a since some quantities, as we will see,

are infinite. Consider the difference

(2) (2)

(1) 2
(P S —Ss S
Por(s) = o mxn, (8) — EIK] 0 (s) ( X4 K, 2 )) et X KA logox( >]

vx(s)
(2)

+E KQOX (S)e—sX—i-KAloggaX(s)
ex(s)

2
_ ]E (_ X _ E [X] KA> eSXS]E[X]KA‘|

—E[K]E [(-X)%*¥]
1

P (5)

(1)
_F KwX (S)e—SX+KA10gS"X(5)‘| '

= ’Bl +BQ_B?,_B4_CQ‘.

Consider first the difference By — B3. The following set of inequalities, directly due
to the convexity of the function log px (), will prove useful in controlling the above

difference: for s > 0, we have

o (5) ()
—sE[X]K < Klogpx(s) < sKX <0< —sK X < —Klogpx(s) < sE[X] K.
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Using the basic decomposition (a?—b?) = (a—b)(a+b) and Equation (IQ), the difference
B — Bs is bounded above by

ox(s) ox(s)

(1) (1)
B, _BS‘ < ’E [(KA@X (S) -‘rE[X] KA)) (_2X+KA90X (S) —E[X] KA>e—sX+KAlog<px(s)‘| ’

(1)
ox(s)

(1) (1)
Px (s) 2 Px (s) o sX+Kalogpx(s)
# (25 rem)e lKA x5 ) ]

_ (¢§)(S) —|—E[X])E |:K124(_E[X])e—SXJrKAlog‘pX(s)} ‘

(
by letting G 1= £X G [X]. Using Equation ([0, it turns out that G is positive,

and hence that term By is negative. Using the basic inequality ze=* < e~ !, and the

fact that K4 log@x(s) is negative, it follows that

G
|GBll| =—FE [2K(sX)e_5X+KA log px (s)
s

Q

el —1
< TE[2Ke7].

Now, note that we can rewrite G as

vx(s)

W
G @X—(S)—HE[X]
s s

1) (g
2x D o0 (s) + o (s) + E[X]

_ ex(s)
s
%_1 (1)5 +E[X
:(pg;)(s)(@)c(s) )+<PX()S [X]

[ S—
The limit as s — 07 of X js the derivative of 1/px(s) at s = 0 and hence is

finite; it follows that

1
cp&?(s)(w) = O(cpg?(s)), as s — 0T,

Now note that, for the second term, if first X has negligible tails with respect to
X +E[X] K4, by Lemma (A2, it follows that

o (s) +E[X]

. =of 2 (s) + E[K] gog?)(s)), as s — 0.

PXIE[X]K 4
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If X is regularly varying with the same index as X +E [X] K 4, then clearly, by adapting
the proof of Lemma ([AZ2), it follows that

o (s) +E[X]

= O(‘pg?)HE[X]KA(S) + E[K] soﬁ?’(s)), as s — 0.

By a dominated convergence argument, E [2K (sX)e *X] = o(1), as s — 0T, and

combining with the arguments above, this proves that, no matter if X is lighter or as
heavy as the modulus X + E [X] K 4,

By = o(gpg?ZHE[X]KA (s) + E[K] gpg?)(s)), as s — 0T,

Consider now Bs;. Using Equation ([[0) again, xe ® < e~ !, and the fact that G is
o)
positive while £ (s)

ox () is negative, yields

(1)
|G331| = gE K% S(pX (S) 675X+KAIOgAPX(S)
$ px(s)
< QE [KAe_l] ,
S

and by a dominated convergence argument, E [K3 ( — log px (s))esX+falos “’X(S)]

o(1), as s — 0%. Using a similar argument as for the term Bjy, this essentially shows
that

‘GB41‘ = 0(<pg?)+]E[X]KA (s) + E[K] gpg?)(s)), as s — 0.

Now consider term Bss. Since ¢x(s) is differentiable at 0, by the integrability of
X, one trivially obtains

1
1 Tlosex(s) | loge(0)

s—0t S

2 (0) =-E[-X] < lim+—10ggox(s):sIE[X]

s—0

and, by a similar argument, —2log px (s) — 2sE [X], as s — 07. Hence, there exists
5 > 0 small enough such that

sE[X] < —2log px (s).

Upon reusing the inequality ze=® < e~! and taking s > 0 small enough,

[GBs2l < SE {fo( —2logpx(s))e X THa logsax(s)}

SSE [2KA( — Kalogpx(s))e™™ 1°g%ax(5>}

< —E[2K4e7 1],

w|Qw Qe



Asymptotics of some Poisson cluster processes 21

and by similar arguments as above, since K 4 is integrable, a dominated convergence ar-
gument shows that E [QKA( — Kalog @X(s))eKA log ‘/’X(S)} =o0(1) as s — 01, implying

again by similar reasoning as for the term Bj; that

B3y = 0(@§ZL1E[X]KA (s) +E[K] gpg?)(s)), as s — 0%,

Now consider the difference Bo — B,4. In particular,

(2) (1)
_ _ ex () _ Px (s) e—sX+Kalogox(s)| _ _X)2e—sX
.- Bl =g lK“‘< Fe Te) ) ] E(KIE (X%

(2)
ex (s) —sX+Kalogpx(s)
_}—QPX(S JE[KA(e alogpx 1)}

. <Z%i)((5)) O (s))E K] — £x (S))E |:KA€75X+KA logapx(s):| ‘

=:|Ba1 + By — Baal.

By is actually negative because of the integrand, which implies that

(2)
s S
|B21| = z);—((s))E [KA(l _ e—sX-’rKAlOggax(s))} < Px ( )E[K]

and, by the integrability of K 4, this implies, by a dominated convergence argument,

that E [K (1 — e sXTKalos 5""(5))} =0(1), as s = 07 and, hence, that
_ (2) +
Bai =o(px ' (s)), ass = 07,
and consequently that
2 2
Boy = o(gpg(zr]E[X]KA (s) +E[K] gpg()(s)), as s — 07,

On the other hand, for B4y, which is positive, we simply observe that
Bl = ¢2()( 5 ~ 1 )BIK],
px(s)
and by the integrability of K 4, this term is again
2 2 2
By = 0(<pg()(s)) = 0(<pg()+]E[X]KA(S) +E[K] wg()(s)), as s — 0.
Finally, a direct, similar argument based on the fact that wg)(s) is finite shows that

By = O(SDE?ZLE[X]KA (s) +E[K] gog?)(s)), as s — 0T,
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Lastly, consider term Cj. This term is finite when o € (1,2): indeed, K4 is

integrable, and gog;)(s) is finite for the same reason (X is integrable). Hence, using

Theorem (B1]) and Remark (B]), it holds that

2 2
Cy = o(gog(lE[X]KA (s) +E[K] cpg{)(s)), as s — 0T,
All in all, collecting the above, this shows that, as s — 0T,

2 2 2 2 2
Dok () = (£ pxye (5) T EIK Al 69 (9)) | = 008y, (5) + E[K] 95 (5)),

and hence, that

wgé(s) ~ SDE?ZHE[X]KA (s) + E[K] cpg?) (s), ass —07.

Case where o € (n,n+1) forn e N\ {1}:

We have to consider the following expression:

A7) - (T, () + BRIV (0)| = B

(1) n+1
(—X—FKA(PX (S)) estqLKAlogapX(s)
px(s)

(n+1)
T E|Ka Px (S) €7SX+KA log px ()
px(s)
n+1
—E (—X—E[X] KA) e_SX_SE[X]K*‘]

~E[K]E [(- X)X + G

=: |Bl + By — Bs — By +Cn+1‘.
(11)

Consider first the difference ‘Bl —Bs ‘ Using the basic decomposition (a" ! —p"T1) =
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(a—0b) > 1_ya" Fb* as well as Equation (I0) yields

By — Bs| < ‘<9§)(5) —HE[X])

(s)
R O |

k=0
s) (1)(8) n
< ‘<90 ) E ( X+ Ky Px ) estJrKAlogapX(s)
X S SDX(S)
|: < E[X] KA> 675X+KA logapx(s)]

+E

(5 (o) (xomJoseen])

k=1

=: |G(B11 + Bi2 + Bi3)|.

where G is defined as before.
We then treat each term separately. First, consider Bj;. Using the binomial

theorem, we have that

(1) n J (1) J
(ren ) -0 (k)
px(s) =\ px(s)
Using linearity of expectations, we separate the cases. Let j = 0. Because G > 0,

&)
Ka Px ((S)) < 0, using Equation (I0) and the basic inequality ze™* < e~

Va)

1

, we get:

o ()" G o (5)\" !
‘GE KA<KA X > e~ sX+Kalogpx(s) ‘< il ) Kn 1< X ) ( Kalogox (s ))eKAlog%’X(S)
px(s) ex(s)
o
< ey (5 <s>)
¢x(s)

(12)

Now, note that, using the definition of the derivative, as s — 07T,

e (s)

+E[X (2) (1) 2
lim G_ lim 2x6) [X] _ex(8)  (px (9) “
50 85 50t s px(s)  (ox(s))?

which is finite since « € (n,n + 1) for n > 2. Because gofx (s) is finite, Equation (I2)
is finite. Upon applying Theorem (B, it follows that, as s — 07,
(1)

o’ (8) n s o s n+1 ntl
<K 90))(((8)) e sX+Kalogox( )] ‘ (¢§+EEX]KA( )+ E[K] @g( )(s)).

oz |




24 F. BAERISWYL, V. CHAVEZ-DEMOULIN, O. WINTENBERGER

The treatment of terms where j > 0 is easier: it is sufficient to note that, whenever
X appears in the product, one can always “lose a power”: suppose without loss of
generality that j = 1 in the decomposition due to the binomial theorem above; we are

left to consider the following term

KA{ (711> ( B X) ' (KA s;%)((:)))”_l}e_smm logwx(S)] ’
This then is smaller than
(1) (™ (a2}

and by similar reasoning as above, the expectation is finite. All in all, this shows that,

G

G

Gy G
S

S

E

<

(sX)eiSX

as s — 0T,

. { (T) ( ) X) ! (KA Z%((;))"‘l}e_sxm lowx@] ‘

= 0@ e (9) + B K] 65 (s))

G

Upon applying the same arguments on all terms making up Bi1, using at times Holder’s

- (1) 4
inequality to justify that expectations of the form E [KA( — X)J ! (KA i’; ((;)) )n J} for
2 < 7 < n—1 are finite, since o > 2, and one X is factorised as in the reasoning above,

this further shows that
n+1 n+1
GBu| = o(¢¥ Talxi, (8) + EIK] oG (5)), as s — 07
A completely analogous approach - omitted for brevity - shows that

|GB1| = o(0 a1, (8) + E[K] STV (s)), as s = 0F

replacing only the appeal to Equation (IQ) by the fact that we can always find s > 0
small enough such that sE [X]| K4 < —2logex(s).

Finally, consider ’GBlgy. The sum given can be factorised as

px (s

X
= <—X+KA%>§<—X+KAS;%{;8>H_1_IC(—X—E[X]KA>IC

:le(—X-l—KA(pg;)(s)))nk(—X—E[X]KA)k
(
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1

Now this yields, upon using Equation ([I0) and the basic inequality ze™® < e~ ! in
the last step,
G 80(1)(5) ( e )
|GBI3|:—E|:KA (—SX+KAS X ) e \sA— alogyx(s)
s px(s)
n-t 80(1)(5) n—k—1 k
<_X+KA ” > <—X—E[X]KA> }
k=1 ox(s)
5

< X+ K, s"X()> <—X—E[X]KA>k

g |

( X+ AZ%)((j;)n_k_l(—X—E[X]KA)k] .

The highest order of the product of the summands above is of power n: again, since

KAe

a € (n,n + 1), using Holder’s inequality, the expectation is finite. Overall, this shows

once again that
Bl = (n+1) E K] ot o+
|GBus| 0(‘PX+JE[X]KA( s) +E[K]px " (s)), as s — 0.
Collecting all of the above bounds, this shows that

n+1 n+1
‘Bl Bg‘ _o(ngLEf X|K ( )+ E[K] gpg(Jr )(s)), as s — 0T,

Consider the difference ’BQ — By4|, and note that, very similarly to the case where

€ (1,2),
(n+1)
- _|¥Px () _ —sX+Kalogex(s) (n+1) 1 _
5 B4‘_‘ px(5) Bl - )]+ xR
=: ‘le —|—B22‘-

Now, by a dominated convergence argument as before, one has that E [KA (1 — e X+ Kalog ‘/’X(s))] =

o(1), as s — 07, and hence, that

|Bar| = o(9% 7 (5)) = 0(0 Tax e, (8) + E K] 9K (s)), as s — 07,

Similarly, by the integrability of K4,

| Bas| = 0(% 1 (5)) = (0 T oy () + E[K] KT (s)), as s — 07
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Collecting the above, this implies that

By — Byl = (n+1) EIK (n+1) 0+

| B> il = 0(90X+1E[X]KA(5) +E[K]px ™ (s)), as s = 07

Lastly, the terms making up Cj,41 when « € (n,n + 1) are similar to the term Cy
when « € (1,2): they are of order strictly lower than n + 1 and are finite. It follows
by Theorem (B that

n+1 n+1
Cnt1 = 0(902(LE?X]KA(S) +E[K] <pg<+ )(s)), as s — 0.

All in all, this essentially shows that, as s — 0T,

S0P (5) — (05 Tt (8) T E K] 08 (9))| = o(0 Tt (5) +E (K] 5 (s),
and hence that

e () ~ el (8) T EIK] 9 T (s), as 5 = 0F

which, combining with the case where a € (1,2), shows that this equivalence holds for
any « € (n,n+1),neN.

Because the modulus X + E[X] K4 is regularly varying whenever (X, K4) is - see
Remark (5.1 - Karamata’s Theorem (B.]) implies that

n+1 a—[a
(pg(:]EEX]KA(S) ~ Cos®! ]LXJF]E[X]KA(l/S), as s — 07

for some slowly varying function Lx g[x]x,(-). Then, suppose first that X is not
regularly varying and has negligible tails with respect to the modulus X + E [X] K 4.
Then Lemma (A yields that

n+1 n+1
gog(+ )(s) = o(gpg(LEfx]KA(s)), as s — 0T

and hence, this implies that
gpgﬁl)(s) ~ O, sl Lxygrix)x,(1/5) (1 + 0(1)), as s — 0
which yields by re-applying Karamata’s Tauberian Theorem (31]), that

P (D" >z) ~ 2 *Lpr(z) ~ 2 *Lxgxx. () (1 +0(1)), as x — occ.
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In the case where X is regularly varying, by Example (3]), and because X has the
same index a > 1 as the modulus X + E[X] K4, if the limiting Radon measure is

non-null on the correct subspace, Karamata’s Tauberian Theorem (B]) yields,
Ut (s) ~ Cus® 1 Ly (1/s), as s — 07.
Then, for each n € N

P (5) ~ 2C0s* 1 (L ymixii o (1/5) + B [K] Lx(1/s)), as s — 0%,

and because the sum of two slowly varying function is still a slowly varying functions,
LE(-) := Lxyrxra() + E[K]Lx(-) is slowly varying. Applying again Karamata’s
Tauberian Theorem (B]) in the other direction, this yields

P (D" > 2) ~ 2~ *Lpr(z) ~ 2~ (Lxtrx)ra(z) + E[K] Lx(2)), as © — o0

which yields the desired result and the proof is complete. O

Remark 5.1. Note that the assumption that the random vector (X, K4) is regularly
varying with index a > 1 ensures, by Proposition ([B.3]), that X +E [X] K 4 is regularly
varying with the same index o > 1. Indeed, it can be easily seen that p(X, K4) :=
X +E[X]K4 is a modulus (in the sense made precise in Section 3), providing that

E [X] # 0, which is a natural assumption to make, since X is taken to be nonnegative.

Remark 5.2. Similar results to those of Proposition (51 are known since quite some
time: in a very early contribution in the case the elements of the sequence (X;;)
are i.i.d. and regularly varying with index o € [0,1), if E[K] < oo, X and K4 are
independent, then [52] shows in Theorem 5.1 that

P (D" >z) ~E[K|P(X > x), as 2 — o0.

By letting X and K 4 be independent, with a common distribution for the elements
of the sequence (X;;) to be subexponential (a class that includes regularly varying
distribution, see [16]), whereas the distribution of K4 is light-tailed, then [16] show in
their Theorem A3.20 that

P (D" >z) ~E[K|P(X > x), as 2 — 0.
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In a more recent contribution, [49] show that, if the distribution of K4 is inter-
mediate regularly varying (see exact definition in the aforementioned reference), if
E [XH‘E} < oo for some € > 0, and if the dependence between K4 and X is as weak

as to fulfill 2P (X > z) = o(P (K > z)), as x — oo, then
P (D > ) ~P(K > z/E[X]), as z — .

Focusing on the class of regularly varying distributions again, the findings of Propo-
sition (&) are consistent with the findings of [I8]: in particular, if X and K4 are
independent which is the setting in the aforementioned paper, but even if X and K4

are asymptotically independent, i.e. if
P(X >z,E[X]Ks>2)=0(P(X >2)P(E[X]Ka>2z)), as z — 00,

then the proposed asymptotics of Proposition (5.1]) encompass the three results con-
sisting of Proposition 4.1, Proposition 4.3 and Lemma 4.7 in [I8]. Indeed, depending

on the relation between X and K 4:

1. when P(K >2z) = o(P(X > x)), asx — oo, then P(X +E[X] K4 >x) ~
P(X > z), as © — oo. From Proposition (5], this means that

P(DR >2) ~P(X >2)+E[K|P(X >2)~ (E[K]+1)P(X >z2), asz — 00
which is equivalent to Proposition 4.1 in [18];

2. when P(X >z) = o(P(K >x)), asz — oo, then P(X +E[X]| K4 > z) ~
(E[X])*P (K > z), as & — oco. From Proposition (5.]), this means that

P (D" > z) ~ (E[X])*P (K >z), as © — o0
which is equivalent to Proposition 4.3 in [I8];

3. lastly, when P (K > ) ~ cP (X > z),asx — oo, forc > 0, then P (X + E [X] K4 > z) ~
P(X > 2)+c¢(E[X]))*P (X > z), as ¢ — oo. From Proposition (5]), this means
that
P(D" >2) ~ (E[K]+1+c(E[X]) *)P(X >z), as z — o0

which is equivalent to Lemma 4.7 in [I8].
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Our approach offers a more flexible framework for dependence between the governing
components of the clusters, namely X and K 4. We shall also mention the work of [25],

[15], [34] who looked at more general settings than our paper.

Note that the content of Proposition (&) is a kind of ”double” big-jump principle:
the heavy-tailedness introduced by letting the vector (X, K4) be regularly varying
implies that there is two ways for the sum D to be large; either through a combination
of the dependent variables X and K 4 or through the classical single big-jump coming

from the additional term E[K]P (X > x) consisting of the offspring events.

6. Tail asymptotics of the maximum functional in Hawkes process

We now propose a single big-jump principle concerning the maximum functional of

a generic cluster in the settings of the Hawkes process.

Proposition 6.1. Suppose the vector (X, ka) in Equation ([{0) is regularly varying with

indexr o > 1 and non-null Radon measure p. Then,

1

P(X >z), as x — .

Moreover, if p({(z1,72) € R3 o : &1 > 1}) > 0, then HY is regularly varying with

inder o > 1.

Proof of Proposition (6. By conditioning and using the independence of X and
HH and that of L4 and H | we obtain as in the proof of Proposition (@)

]P’(HH>9C):1—i]P(X<x|LA:k)exp(klog(1—P(HH>:v)))]P’(LA:k).

A Taylor expansion on the exponential term, as x — oo (and hence, as P (HH > a:) —0

by the integrability of H), yields, as # — oo,

exp (k:log (1 —]P’(HH > x)))

=(1—kP(H" > )+ o(kP (H" > 2)))exp (— o(kP (H" > 2))).

From here on, the proof follows the same lines as that of Proposition (&.1l), except

that the tail of H¥ appears here rather than the tail of X. The proof is omitted for
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brevity, but we retrieve

PH” >2)=P(X >2)+E[LA|P(H >2)+0o(P(H >1)), as & — o0
which yields the desired result. O

Remark 6.1. As hinted in Section [Il a closely related work concerning the maxima
of the marks in a generic cluster of the Hawkes process can be found in [4]. Under
the assumption that K4 is a stopping time with respect to a filtration including the
information about (X;;), it is shown in their Lemma 4.4 that H' falls in the same
MDA as X. What we propose in Proposition (GI]) is merely a refinement for the
Fréchet MDA, describing explicitly the tail of H.

7. Tail asymptotics of the sum functional in Hawkes process

We now propose another ”double” big-jump principle concerning the sum functional
of a generic cluster in the setting of the Hawkes process. The tail approximation ob-
tained in Proposition (1) below is in fact very similar to the one in Proposition (&),
where both a single big-jump principle and a combination of the effects of the dependent

variables X and k4 yield large values for D,

Proposition 7.1. Assume that (X, k4) in Equation @) has a regularly varying distri-
bution with noninteger index o > 1. Then, (X, La) is regularly varying with the same
index o. Further, D is reqularly varying with index o. In fact,

P(DH>x)~$MP(X+<%>M>x), as & — oo.

Proof of Proposition (L]). Recall that the assumption that (X,k,4) is regularly

varying with index a > 1 is equivalent to the regular variation of the linear com-

binations t1 X + tok4 for all t1,t2 € Ry by Proposition ([B.4). If we can show, at any

order (n+1) for n € N, and for any ¢1, ¢y € Ry, that the behaviour of cpg?;gi)tzm (s) :=

e (B [ (034 00)] ) and that of @y}, 1, (5) = Fer (B [ (X 2E] ) as

s — 0T are comparable, i.e. if

(n+1) (n+1) +
t1 X+toka (8) ~ SDtIX—i-tgLA(S)’ as s — O )
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then by Karamata’s Theorem (BI), we have
P(t1X +toka >a) ~P(t1 X +tala > ), as x — oo.

But this essentially means, reapplying Proposition ([B4]), that (X, L,) is regularly
varying. Just as in the proof of Proposition (51I), we will again prove the equivalences
sequentially.

Case where a € (1,2):

It is possible to write ¢y, x4, (-) as a function of k4 instead of L4. Using the

Tower property and recalling that L4|A ~ Poisson(k4) yields

P siaa(9) = B[E [t X4 | 4]

B [em X0

From this, simple derivations and collection of terms lead to the expression

2 20 —s —(l—e "2)g —s —stak
@EIQMLA( ) — gothH%A \—’ {(—th) (emstX-0 P)ra _ gmstiX—sta A)j|
4 IR |:( -~ th) ( -~ tQK,A) (eistlxi(lie—sﬂ)nA—stg _ efsthfstzl{A):|
+E [( — t%HA)675t1X7(1*875t2)KA*St2:|
+ ]E |:( _ t2I€A)2(e_stlx_(l_efst2)nA—2st2 _ e—sth—StzﬂA):| ‘
=k ‘Bl + By + B3 + CQ|
The following bounds will be useful:
1. By a Taylor expansion, as s — 0T,
s—(1—e %) < s?)2. (13)

2. For s > 0 small enough,

—(I—-e7")< —s/2. (14)

Consider term Bj. Using the basic inequality ze~* < e™!, as well as Equation ([3)
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and Equation (I4)

|Bi| =E

—(th)2efst1X(67(178*3’52);1A _ efstgnA):|

<E

—(t1X)2675t1Xe*(1*873t2)"‘A Kka(sta — 1+ efsm)}

<E

(th)2675t1X675t2KA/21€A(St2)2/2}

] t
<E |(sty Xe s X) (%e—stml/?)tltz)x}

< E [e 1162 X]

By the integrability of X (see Example (3])), B; is bounded above by a finite term.
Hence, it follows, using Karamata’s Theorem (B.I]) and Remark (B]), that

2
B, = 0(‘P§1)X+t2m (s)), as s — 0T,

Consider term Bs. By a similar reasoning as for term By, using Equation ([3) and

Equation (4] and the basic inequality xe=* < e1, it follows that

B, = 9F _t to X K e—sth e—(l—efstz)nA—stg _ e—stgnA—sh _ e—stgfiA _ e—stgnA—stl
2 102 A

st

< 2E _tltzﬁiXe_Sthe_(l_f RA(sty — 14 e_Stz)}

I 2
< 2F [tytor? Xe s X emst2nal/2 @]
2

[ t
g 2E (SthefshX) (%estgnA/2>t§HA:|

<2E [6_215%!@4} .

By the integrability of k4 (see Example [B), using Karamata’s Theorem (BII) and
Remark (B.10), this shows that

2
By = 0(‘P§1)X+t2m (s)), as s — 0T,

Notation-wise, as in the proof of Proposition (&.1I), Cy consists of terms of lower order
than 2 and is trivially finite by the integrability of k4, and hence, using Karamata’s

Theorem 3] and Remark B.1]),

2
Cy = O(QL?EI&{_HZ”A (s)), as s — 0.
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Finally, for Bs, using similar steps as for term Bj, and using again Equation (I3))

x x

and Equation ([4]) and the basic inequalities xe™® < e~ and z2e~* < 4e~2, it follows

that

|BS| _ sth((ef(lfe’“Q)nAsttg

tgHA 6 _ est2l~cA72st2) _ (efstz.‘{A _ efstgnA72st2)):|

sth( —(1—e™52)k 4 —2sto —e

st2nA72st2):|

<E

|

[ taka)’e
[ t24) 67 e )Ra (staka — (1 — efStz)fiA)}
< 2E |:t2/ﬁ‘,A(5t2/2)2e*St2nA/2:|

< 2E [t3rade?],

and by the integrability of x4, this shows once again, using Karamata’s Theorem (3.])

and Remark (), that

2
BS ((pgl—)x-l-tznA (S))7 as s — 0+.

Collecting the above results, it follows that

(2) _ (2)
‘Spth-‘rtgnA( ) SDtIX-H&QLA )’ =0 Spth-i-tgLA( )), as s — O+

that is

2 2
‘PEI)XHMA( )~ ¢§1§(+t2LA(S)’ as s — 07

Case where « € (n,n+1), n > 2:

We now consider the difference given by

(n+1) 71+1) _ ntl( —sti X —(1—e *2)ry4 —st1 X —staka
i X ttaLa(S) = Poy X ttara (8 ‘ (—t21.X) (e - ¢ )

i IlE [(_th)n(_t2K:A)(eistlxi(lie—sﬂ;{A)KA7[2st2 _ 678t1X78t2l-€A):|

+ ..

i IJE [(_th)(_t2K;A)n (675t1X7(17873t2'{A)'{AilkSt2 _ e*ShX*StzlﬁA)}
+E {(—tzﬁA)nJﬂ (emstX—(—e™)ra—(n+D)stz _ e*StIX*StMA)} + Cpi1
=: ‘Bl + Boi + ... + By; + B3 + Cn—i—l’

where the constants of product terms (Ba1, ..., Baj) 1,12, ..., I, I € N depend on n.
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Consider term Bj. Using the same approach as for term B; (details omitted for
brevity) in the case where a € (1,2), it can be shown, using Equation (I3) and
Equation (4] and the basic inequality re=* < e~!, that

|Bl| § E [672t2(t1X)n} s

and by the finiteness of the nth moment of X when « € (n,n + 1), the expectation
above is finite. Hence, it follows, using Karamata’s Theorem [B.]) and Remark (B.1),
that

B = o(wg?;}r)tMA (s)), as s — 0%,
Consider one representative for the cross-product terms, say, without loss of generality,
Bs1. Then, proceeding as before, i.e. for term B in the case o € (1,2), using
Equation ([I3) and Equation () and the basic inequality ze=* < e, yields (details

omitted for brevity)
|Ba1| < LE [6_2(t1X)"_1t25A} :

Using Hélder’s inequality, because the order of the product of X™~! and k4 is n, one
obtains that the above expectation is finite. It follows from Karamata’s Theorem (B

and Remark [B1]), that
n+1
By = 0(901(51;;-13152“ (s)), ass — 07,

and similarly for each cross product term By, ..., Ba;.
Consider now Bs. Just as before, using Equation (I3]) and Equation (I4) and the

basic inequality x%e~% < 4e~2, yields (details omitted for brevity)
|Bs| < E [de™?(t2ka)"]

which essentially shows once again, using Karamata’s Theorem (3.I]) and Remark (B.1)),
that

n+1
Bs = 0(‘9§1X+)tgm (s)), as s — 0T,

Lastly, making up the remainder C,, 1 are terms of smaller order than n + 1 (just
as Cy in the case where a € (1,2)). These are finite and trivially, using Karamata’s

Theorem (B.1]) and Remark (B.1)),

n+1
Cri1 = 0(901(%1;4-)t2m (s)), as s — 0.
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Collecting all of the above results, it follows that

(n+1) (n+1) (n+1)
|<Pt?X+t2LA (s) = @t?XthznA (5)‘ = 0(<Pt?X+t2nA (5)), as s = 0F

which essentially means that, for all n € N

(n+1) (n+1) i
‘Ptlx+t2LA(S) ~ @tlxﬂzw(s), as s — 0.

Now, by Karamata’s Theorem (B.I]), this means that, for all ¢1,t5 € Ry
P(t1X +toLa >x) ~P(t1 X 4+ taka > ), as x — 00,

and using Proposition (B4, this means that (X, L4) is regularly varying with index
a > 1. We conclude by applying Theorem 1 in [I] which yields the desired result. O

Remark 7.1. Proposition () is essentially about showing that if (X, x4 ) is regularly
varying, then (X, L 4) is also regularly varying, furthermore with the same index o > 1.
The equivalence between the regularly varying property of k4 and that of L 4 is easy
to prove and is to be found, for example, in [3I]. The crucial step to obtain the tail
asymptotic of D¥ and its regularly varying property in Proposition (ZI)) relies on
Theorem 1 in [I]. In their even more general setting, the distribution of X + ¢L 4 is
intermediate regularly varying, for all ¢ € (E [Df] — ¢,E [D¥] + ¢) for some € > 0:
this assumption encompasses the case where (X, L4) is regularly varying, but also the
cases where X (respectively L ,) is intermediate regularly varying and L4 (respectively
X) is lighter, in the sense that P (L4 > z) = o(P (X > z)), as  — oo (respectively
P(X >a)=0(P(La > x)), as x — 00).

Proposition (1)) extends Lemma 5.2 in [5] by letting (X, x4) be regularly varying,
while it is shown in the aforementioned paper that D is regularly varying in the case
X is itself regularly varying and with noninteger o € (0,2). In the aforementioned
paper, three cases are distinguished, with various assumptions on the relation between
X and L4. Note that we do not cover the case a € (0,1) in Proposition (7.I]), which
is studied in [5].

It was mentioned in the introduction that versions of Equation (8) have been studied
in the context of Google’s PageRank algorithm: in [31], and under a simpler form, the

authors study the equation given by

H D A1 H
D —(1—C)+CZEDj,
j=1
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where ¢ € (0,1), d € N is the Out-Degree, and L4 is the In-Degree of a generic page.
In Theorem 4.5, they show that L4 is regularly varying with noninteger index o > 1 is
equivalent to the regular variation of D with the same noninteger index o, and that
the tails are comparable, up to a constant depending on «, ¢ and d.

In more general settings, [26] study the (more complete) distributional equation

behind Google’s PageRank algorithm

L
DT 2 x + i c;Df

j=1
where (C}) is an i.i.d. sequence of non-negative random variables, independent of DH.
The authors derive tail asymptotics and transfer of regular variation for D¥, but under
three different settings in which one of either X, L4 or C is regularly varying with
index o > 0 dominating the others. It is not possible for these random quantities to
be all regularly varying with the same index, and while dependence is allowed between
X and Ly, it is at the cost of moment conditions. Additionally, it is not possible to
consider the case where C; = 0 in the aforementioned paper, which is precisely our
setting. In the Google PageRank literature, one should also mention [58] for similar

results.

8. Precise large deviations of cluster process functionals

In this section, we make use of the cluster asymptotics from Section 4 to Section 7
to derive (precise) large deviation results for the renewal Poisson cluster process as
well as for the Hawkes process.

Notation wise, we let
Nr=[{(i,j): 0<T; <T,0< T + Ty < T}

represent the number of events occurring in the time interval [0, T], for T' > 0, and we

let

Jr = ’{(i,j):ngigT,Tgpi_FTij}‘

represent the number of (ordered) events coming from clusters that started in the

time interval [0, 7], but occurring after time 7' > 0. We will also need the following
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decomposition of the maximum: for x > 0

{ max H; — max Xj>3:}g{ max Xi>x}g{ max Hi>x} (15)

1<i<Cr 1<i<Ir 1<iSNy 1<i<Cr

where Cp ~ Poisson(vT) is the number of clusters starting in the interval [0, T], for
T > 0, and H; is as in Equation (). This is due to the fact that the immigration process
is the classical homogeneous Poisson process with parameter v > 0, see Section 2. The
upper bounding set in decompositions (&) overshoots by taking the maximum over all
the events belonging to clusters initiated before time T > 0, i.e. this includes events
occurring after time T > 0. This is convenient, since Cp and H are independent.

The precise large deviation results for the sum will necessitate another decomposi-

tion. Notation wise, rewriting Equation ([B) using Np yields:

Nt
Sp = ZXj,
j=1

and we let g, denote the expectation of S7. Then we can decompose the deviation

as:

Jr

Cr Cr Jr
St —psp =y Di—E lZDi] - (Zf(Aj) —E > f(4)) )
i=1 i=1 j J=1
Cr
= ZDZ- —E

=1
As in decomposition (IH), the first difference overshoots by summing marks of all events

Cr
ZD1‘| — (ET —E[ET]). (16)

belonging to clusters started before T' > 0, and removing the left-over effect of events
occurring after time 7" > 0 in a second step, denoted by er. Again, note that Cr and
D are independent.

Furthermore, regarding the left-over effect, the following properties hold:

1. (Property 1) in [], for both the renewal Poisson cluster process and the Hawkes
process, that E [Jr] = o(T), as T — oo;

2. (Property 2) in [5], for both the renewal Poisson cluster process and the Hawkes
process, that E[e7] = o(v/T), as T — oo; and hence, in our settings, the condi-

tion E [ex] = o(T'), as T — oo holds as well.



38 F. BAERISWYL, V. CHAVEZ-DEMOULIN, O. WINTENBERGER

8.1. Large deviations of maxima over an interval [0, T

We now illustrate how the asymptotics of Proposition ([@I]) and Proposition (6.1])
help to determine the asymptotic behaviour of the whole processes on an interval. In
what follows, we let H denote a generic maximum, i.e. it can either be H® or HP

from Section 4 and Section 6. At the end of the section, we present some related work.

Proposition 8.1. Suppose that the conditions of either Proposition [II) or those of
Proposition (G1)) hold. Then, as T — oo, and for any v > 0

lim su P (max; i< vy Xi > ) 4l
T—o0 IZ’YIIZ/)T E [NT] P (X > .I) .

Proof of Proposition ([81]). Using decomposition (IH)

P (maxlgigc,r Hi — maxii<Jr Xl > ,T) P (maxlgigNT Xl > ,T) P (maxlgigc,r Hl > JJ)
E[N7]|P (X > x) S E[N7]P(X>2) E[N7]P(X >u)

Upper bound: By the remark following Theorem 3.1 in [30] for any v > 0,

. P (maxi«; H;, >z
lim sup ( 1SiSCr 770 )

-1 =0, T — 0.
T—00 g >yuT E [OT] P (H > I) @ o

Using the asymptotics of Proposition (@) and of Proposition (1),
E[Cr|P(H > z) ~E[Np]P(X >z), as T — o0

for the z-values considered, i.e. when = > T for any ~ > 0.

Lower bound:

P (maxlgigc,r Hi — maxii<Jr Xj > JJ) P (maxlgigcT Hl — maxi<Jr Xj >, maxi < <Jr Xj < ,TE)

E [Nz P (X > ) E N7 P (X > 1)

P (maxlgigcT H; — maxi<j<Jr Xj > T, MaxX1 < Jr Xj > ,TE)

E[Nr P (X > 1)
P (maxlgigcT H; > 117(1 + 5),max1<j<JT Xj < :Z?E)
E[N7]P (X > z)
S P (InaxlgigcT H; > ,T(l + E))
z E[N7]P (X > z)
P (maxlgigcT H; > $(1 + 8),max1<j<h Xj > ,TE)
E[N: P (X > 2)

>

The very last term in the lower bound is bounded above by

P (maxlgigcT H; > ,T(l + 8),max1gngT Xj > ,TE) P (maxlgjng Xj > ,TE)
E[N7]|P (X > x) S E[Ng|P(X > 2)
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Conditioning on the values of Jr, using a union bound and the fact that the X;s are

independent,

]P< max X >x€) —ZP(ID&X Xj>3:a>]P’(JT_k)
k=

1< < 1<5<k

k

<Y O P(X; > ae)P(Jr = k)

k=1 j=1

8»—-

8

< S P (X > ze) P (Jp = k)

b
I
—

SE[Jr]P(X > ze).

Using Property (1) above, and Remark (8II), which essentially says that E[Np] =
O(T), as T — oo, and under the assumption that x > yvT for every v > 0, it holds
that TP (X > z) — 0 as T' — oo, and it follows that, for any fixed ¢ > 0,

P (Inaxlgjng Xj > ,TE)
E N7 P(X > 2)

=o0(1), as T — o0.

This implies that

P (maxlgigcT H; — maxi<;<Jr Xj > I) P (maxlgigcT H; > :E(l + E))
E[N: P (X > a) = E[N:]P(X > )

Using again the remark following Theorem 3.1 in [30], it follows, for any = > /T, that

i sup |P0aX1cicor Hi > a(l+ )
T—00 I}fylz:/)T E[CT]]P’(H > fE(l _|_€))

—1/=0, as T — oc.

Because H is regularly varying with index e > 1, it follows that E [C7] P (H > z(1 +¢)) =
(1+¢e) “E[Cr]P(H > x), as x — o0, and using the asymptotics of Proposition (£I])
and of Proposition (61]),

E[Cr|P(H>z(14¢)) ~(1+e) *E[Ny]P(X >2x), as T — cc.
Letting € — 0, collecting the upper and lower bounds yields the desired result. [
Remark 8.1. Note that, by the independence of the clusters, we have:
1. for the renewal Poisson cluster process, E [Ny] = (E [K]| + 1)vT;

2. for the Hawkes process, E [N7] = #ﬁm] (see e.g. Section 12.1 in [1]).
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8.2. Large deviations of sums over an interval [0, T

We finally illustrate how the results of Proposition (51I) and Proposition (I]) help
to derive results for the renewal Poisson cluster process as well as for the Hawkes on

an interval [0,7]. Note that D denotes a generic sum of the marks, i.e. it can either

be D or D until specified.

Proposition 8.2. 1. Suppose the conditions of Proposition (1) hold. Then, as
T — o0, for all v > 0,

P (St — psy > )

lim sup VI(P(X+E[X]Ka>2)+E[K|P(X >1))

T—o0 x2yvT

_1}:0,

2. Suppose the conditions of Proposition [L1)) hold. Then, as T — oo, for all y > 0,
P (St — psy > )
E[Nr]P (X + (%)m > x)

Proof of Proposition ([82]). We use decomposition (I6]), i.e.

Cr
ZDZ‘| — (ET—E[ET]) >$> .

lim sup
T—o0 z>yvT

—1’20.

Cr
P (St — pisy >:v):]P’<ZDi—IE
i=1

Upper bound: Note that

CT CT
P (St — psy > x) <P (ZDi -E [ZDZ-
=1 =1

As T — oo, we can rewrite x > yvT as x > ’7/I/T + E [er], for some 0 < 7/ < 7.

>3:—E[5T]>.

Hence, under the assumption that > v vT + E[ep], then z — E[er] > 7 vT, and

since Cp ~ Poisson(vT) is independent of D, using Lemma 2.1 and Theorem 3.1 in

[30] yields

VTP (D > 2 —E[e7])

lim su
T—o00 P

—1‘—0.

x>~ vT

Recall that D is regularly varying with index o > 1. Using Property (2) above, we
can write x — Eler] = @ — o(T) as T — oo. Using the Potter bounds (see Theorem
1.5.6 in [6]), for all 7 > 1, n > 0, there exists X such that, for all z — o(T') > X,

P(Z?PTDx;;)(T)) < Imax{(l — @)QM, (1 — @)QM}.
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Because © > ywT + E[er], the above upper bound becomes uniformly close to 1,
as T — oo. In combination with the above, it follows that, as T" — oo, uniformly for
x>y vT +Eler],

P (St — ps, > z) <vIP(D > z).

Lower bound: Let 6 > 0, and note that

P (St — psy > 1) = (ZD ElZD] (er —Eler]) >z, ET—E[ETKM)
—HP’(ZD E[ZDZ] (er —Eler]) > =, ET—IE[ET]>:1:5>
(ZD E[ZD] (er —Eler]) > =, ET—E[ET]§x5>
P(ZDZ-—E{ZDZ-] >x(1+6)>
—P(ZD ElZD] (er —Eler]) >z, ET—E[ET]>$5>
(ZD ElZD] >x1+6)> P(er — E[er] > x6).

By taking = > v vT + E[er], it follows that 26 > ~ (vT)é + E [e7] 6, and hence,

using Markov’s inequality

P(er — E[er] > 26) < P (ET >y vT6+ (5 + DE [ET])

o E [er]
S AVTS+ (5 + DE[er]

Using Property (2) above, letting 7' — oo, for a fixed § > 0, the denominator in the
upper bound goes to infinity, and this implies that

lim P (e —Eler] > 26) =0 for > v vT +Eer].

T—o0
Since z > v vT + E [e] > 0T, using again Theorem 3.1 in [30], it follows that

(ZCT D;—E [ZCT D} > (1 +5))
vIP (D > z(1+9))

lim sup
T—00 g >yuT

— 1‘ =0.
Since D is regularly varying with index a > 1, letting 6 — 0 yields

vIP (D > x(1+40)) ~vT(1+ )" *P(D > z) ~vIP(D > z).



42 F. BAERISWYL, V. CHAVEZ-DEMOULIN, O. WINTENBERGER
It follows that, uniformly for x > 4T, and as T'— oo,
VIP (D > x) <P(St — psy > ).
Collecting the above upper and lower bounds,

1. the asymptotics of Proposition (B.I)) yields

. P (ST — 1Sy > :E) .
lim sup —1]=0.
700 33001 | VT (P (X + E[X] K4 > 2) + E[K]P (X > 2))
2. the asymptotics of Proposition (1)) yields
P _
lim sup (51 — psy > @) — 1‘ =0,
T—o0 z>yvT

E[N7] P (X + (FJ@A])M > x)
vT

and recalling that —r— =E [Nr], this concludes the proof.

O

Remark 8.2. Early contributions to the (non-uniform) precise large deviations results

for non-random sums of i.i.d. regularly varying random variables can be found in [39],

[40], [23], or [42].
The proofs of Proposition (81]) and Proposition ([82]) heavily rely on the work of
[30], in which the authors show that, under the assumption that the process of integer-

valued non-negative random variables (N7 )rsg is such that
1. NT/)\T i) 1, as /\T — 00, where /\T = E[NT];

2. the following limit holds:

> P(Np>k)(1+6" =0, as Adp — oc.
k>(1+5)>\T
Furthermore, if the process (Nr) is independent of the sequence (X)), by their Theorem
3.1, if the distribution of X is extended regularly varying, for any v > 0,

P (St — psy > )
ArP (X > :17)

lim sup
T—o0 =y AT

~1|=0

P i X; >
—1} =0, and lim sup (maxigjcne X; > @)
T—o00 T>Y A7 )\TP (X > ZZ?)

where S = Z;\Zl X;. Note that the authors show that the Poisson process Cr

satisfies the assumptions above, but the second condition is difficult to show for more
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complicated processes. Hence, the trick is to bound our process by a process governed
by an independent variable, in our context C'7 which is Poisson and satisfies the settings
of [30].

Note that the work in [30] extends to the case of random sums identical precise large
deviations results studied, in the case of non-random sums, by [11].

In [55], the authors relax the two assumptions above of [30] to the single condition
that

E [Ng+€1{NT>(1+6)>\T} =O(Ar), as T'— oo,

for fixed €,6 > 0 small and f3 the (upper) index of extended regular variation, and prove
similar precise large deviation results as [30]. In [43], the authors study another subclass
of the subexponential family, namely the consistently varying random variables, and
prove similar precise large deviations under the same conditions as [55].

Under the assumption that the sequence (X;) exhibits negative dependence, i.e.

n n

Pl (VX <ai} | SMJ[P(X; <)) and P | ({X; > 2} | < MJ[P(X; > ;)
j=1

j=1 j=1 j=1
for some M >0, all z1,...,x, € R, more recent literature such as [54] or [32] propose
extensions and similar results to those of [43] under the same consistently varying
random variables.

While our framework is more restrictive on the aspect that our sequence (X;)1<j<ne
has elements that are regularly varying, which is a subclass of the extended regularly
varying distributions, and that furthermore the elements of the sequence are inde-
pendent, knowledge of the tail asymptotics of the cluster functionals allowed us to
derive expressions that resemble known precise large deviations principles for random
maxima and sums of independent random variables, even though, clearly, Ny and (X)
are dependent over a time window [0, 7]. This comes at the cost of an extra term, for
the sums the marks over a finite time interval, of an extra left-over effect E [e7] that

vanishes as T" becomes large.

Appendix A. Appendix

We will need the following Lemma in order to prove Lemma ([A.2]) used in the proof

of Proposition ([&1):
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Lemma A.1. Suppose (X, Ka) is reqularly varying with index o € (n,n + 1), for
n € N. Additionally, suppose that X has negligible tails with respect to X + E[X]| K 4,
ie. P(X >2) =oP(X +E[X]Ka > 1)), as x — co. Then,

n+1 n+1
Y (5) = 0( By i, (), as s — 0%,

Proof. Note that
(pgzerl)(S) ) [(_X)n-l-le—sX] _ / pntle—se d(_]}D (X > LL‘))
0

=[-2"Me P (X > I)]go + / (n+1D)a"e " — sa" e ") P(X > z)dx.
0

The first term above vanishes; upon substituting, the second term yields

/00 (n+ 1Da"e " — sz" e )P(X > z)da
0
= [ @l sty e B (x> /)

=0 [T (e =R 5 )y
0

Fix € > 0 small and split the above integral into

s~ (1) / ((n + y"e Y — y"+1e_y)IP’ (X >y/s)dy
0

15
= s~ (nt1) (/ ((n + y"e V¥ — y”“e*y)P (X > y/s)dy
0

+ /OO (n+ 1)y e —y" e V)P(X > y/s) dy)

= Il —|— IQ.

Consider integral I first. For some values y € [e,00) the expression (n + 1)y"e ¥ —
y"Tte~¥ might be negative, so bound Iy above by its absolute value. Additionally,
upon using the hypothesis of negligibility of the tail of X with respect to the tail of
X+E[X] K4, it follows that, for any § > 0, and y large enough, there is sy such that for
all s <s9, P(X 2 y/s) <OP(X+E[X]| K4 >y/s). All in all, because X + E [X]| K4
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is regularly varying with index « € (n,n + 1), this yields as an upper bound
I < s~(FD /Oo (n+1y"e v —y" e V)P (X + E[X]| K4 > y/s)dy
€
<5 (Y /:o ((n+Dy"e™ —y"e™)d(y/s) ™ Lxrrixra (y/5) dy
< Sa_(n+1)5/€°° ((n+1)y"e ™ —y" e ™)y Ly nx)r, (/) dy.

Because ((n+1)y"e¥ —y"tle~¥)y~ is integrable over [0, ), it follows from Propo-

sition 4.1.2 (b) in [6] that, as s — 07,

sa—<n+1>5/ ((n+ Dy e™ —y" e )y~ Ly ipixa (u/5) dy
€
N Sa_(n+l)LX+]E[X]KA (1/5)5/ ((n +1)y"e Y — yn_;,_le—y)y—a dy.
€

For each fixed value of € > 0, and as s — 0T, it is possible to take . > 0 as small

as needed so that to guarantee that
55/ (n+1)yre ¥ —y" e )y “dy = o(1) as s —» 0.
€

This implies that, as s — 07, ¢ — 0,

SO L e, (195 [ (4 e — g e )y dy
€
= O(Sai(n+1)Lx+]E[X]KA (1/5))

Consider now integral I;. Because X is stochastically dominated by X + E [X] K 4,

and using the regular variation of the latter quantity, this yields
€
I < s‘("“)/ (n+1)y"e ™ —y" e )P (X + E[X] Ka > y/s)dy
0
€
< st / ((n+1)y"e™ —y" e ™)y Ly yzx)ie, (y/5) dy.
0

Because the function ((n+ 1)y"e™¥ — y" e™¥)y~ is integrable over [0,¢), it follows

by Proposition 4.1.2 (a) in [6] that, as s — 0T,

€
ga—(n+1) / ((n+Dy"e™ —y" e ™)y Ly mixyx 4 (y/s) dy
0

€
~ Sa_(n+1)LX+]E[X]KA(1/S)/ ((n + 1)yne—y _ y"+1e_y)y_0‘ dy.
0
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Letting € — 0, this yields, as s — 0T,

so‘—(n+1)LX+]E[X]KA (1/s) /05 ((n + y"e Y — yn+le—y)y—o‘ dy
= o(s* "I Ly wixyres (1/9)).
Overall, this shows that
L+ 1= o(so‘*("H)LXHE[X}KA(1/5)), as s — 0T

and because n + 1 = [«], and using Karamata’s Tauberian Theorem (3] implying

that ‘Pg?j:]éfx]KA ~ Cps@— ol Lx gix]x,(1/s), as s = 07, this shows that
n+1 n+1
gpg(Jr )(s) = (‘Pg(iJEEX]KA)’ as s — 0.

O

Lemma A.2. Suppose (X, K4) is regularly varying with index o € (1,2) and slowly
varying function Lx gix)x, () and X has a negligible tail compared to the modulus
X+E[X]Ka, ie. P(X >2)=0P(X +E[X]Ka>x)), as x — co. Then,

o (5) +E[X]

Proof. Let a € (1,2). We assess

P +EX] _ o lX(l —esx)l

S S

= O(SDE?ZFE[X]KA (s) + E[K] wg?) (s)), as s — 0T

- [T aer e w)
0 S

- [_Mp(x>x)r+/ow (u +3:e_”)]P’(X>:z:)d:1:.

S S

0
Since X is integrable, one has that 2P (X > z) = o(1), as & — oo, so that the first

expression on the right-hand side above vanishes; for the second integral, fix ¢ > 0

small and write

[eS) 1—e 5% o0
/ <(76) + xe”)]P’ (X zz)dx = / 521 —e Y +ye VP (X > y/s)dy,
0 § 0

€
- / sl —e ™ +ye V)P (X > y/s)dy
0
- / sl —e Y fye V)P (X > y/s)dy
€

=: (Il + IQ)
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Consider integral I first. A similar argument as in the proof of Lemma ([A) for

integral I> there yields the following upper bound
Iy < / s21—e YV +ye V)6 P(X +E[X]Ka > y/s)dy
g
< Sa726€ / (1 —e Y + yefy)yfo‘LXHE[X}KA (y/S) dy
g

As € — 0, the above integral diverges. But for a fixed value of € > 0 small, upon using

Proposition 4.1.2 (b) in [6], as s — 07,

saj/ (1—e™¥+ye )y "6 Lxirixra(y/s) dy
€
~ 8% 2Ly BixIK, (1/3)65/ (I—e ¥ +ye )y “dy.
€

As s — 0T, as in the proof of Lemma (AT, it is possible to take d. > 0 as small as

needed in order to ensure that
Je /00(1 —e Y 4ye )y *dy=o0(1)as s —07.
e
This implies that, as s — 07T,
S Lacympren (/390 [ (1= e gy dy = ofs™ Licyzpees (1/5)

Consider now integral I;. Because X is stochastically dominated by X +E [X] K 4,

for a fixed € > 0, we have
€
B [ 52 1- ety MBX B Ka > /5)dy
0
€
= [ = e L, (0/9) .

A Taylor expansion on the function f(y) = e ¥ +ye ¥ yields 1 = eV — ye ¥ +
2ye™Y —y2e Y + o(—y), and we get that

£
/ (1= e 4 yge )y Ly s (u/5) dy
0
1S)
~ 5“72/ (2ye™ — yPe )y *Lxyrix|k, (y/5) dy.
0

Because the integral foa(2ye_y —y?e Y)y “dy < oo for @ € (1,2) and £ > 0 small,

even if it is potentially large for values of « close to 2, it follows from Proposition 4.1.2.
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(a) in [6] that, as s — 0%,
1>
Sa_2/ (2ye ™ —ye V)Y~ *Lxymixixa (y/5) dy
0
£
~ 5Q72LX+]E[X]KA(1/S)/ (2ye Y — y2e Y)y~“dy.
0
Letting s — 07 and then € — 0, it follows that
£
5a72LX+1E[X]KA (1/s) / (2ye Y — yzefy)yfo‘ dy = 0(50‘72LX+]E[X]KA(1/5))-
0
All in all, this yields
(Il + IQ) = O(Sa_2Lx+]E[X]KA(1/S)), as s — 0+.

Because X +E [X] K 4 is regularly varying, by Karamata’s Tauberian Theorem (B.1]),

Sa—2LX+]E[X]KA(1/S) N 3a_2LX+]E[x]KA(1/S)
SO‘(}?Z"]E[X]KA (5) +E[K] 0% (5)  Cas® 2Ly pixixa (1)) + EIK] ¢ (s)

,as s — 0T,

Applying the result of Lemma (A), this yields that

s P Lx yrixira (1/8) = (’)(cpg?:_]E[X]KA(s) + E[K] gog?)(s)), as s — 07,

This yields the desired result. g
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