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Stress—adaptive design of 2D contact interfaces with uniform
pressure: a bio—inspired approach

David Hernandez—Aristizabal®*, Santiago Arroyave—Tob6n?, Diego A. Garzon—Alvarado®,
Jean-Marc Linares®

AAix—Marseille Univ, CNRS, ISM, Marseille, France
bDepartamento de Ingenieria Mecdnica y Mecatrénica, Universidad Nacional de Colombia, Bogotd, Colombia

Abstract

In this article, a bio-mimetic approach to the generative design of contact interfaces with uniform
pressure distribution is explored. During the morphogenesis process, biological joints grow de-
pending on the states of stress generating a shape adapted to the mechanical loads. This adaptation
is driven by two main rules: shear stress inhibits growth, whereas cyclic hydrostatic compressive
stress promotes it. In this work, we demonstrate that the stress—dependent growth rules of syn-
ovial joint morphogenesis can be applied to generate contact interfaces with uniform pressure in
engineering applications. For that, we present a mathematical model that comprises a contact for-
mulation and a bio—inspired growth function; the model is solved numerically using finite element
methods. We analyse the impact of the growth rules of synovial joint development on the contact
pressure distribution of two—dimensional contact interfaces. We study the parameter space of the
bio—inspired growth function to fine—tune the model parameters. The model is tested in several
cases with different boundary conditions and material properties. The results show that the pro-
posed generative design process leads to contact interfaces that provide uniform contact pressure.
A quantitative metric of the uniformity of the contact pressure is also defined. This metric in-
dicates that the bio—inspired process generates geometries as good as those obtained with other
methods present in the literature without the need of an initial shape close to the final one. Thus,
this work demonstrates that synovial joint morphogenesis can be adapted for generative design in
engineering.

Keywords: bio—inspired design, generative design, joint morphogenesis, contact interface, stress

adaptation
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1. Introduction

Synovial joints are characterised by remarkable wear resistance. This performance is attributed
to a complex structure that comprises tribological, material, and geometric properties [1]. During
morphogenesis, such a structure is formed by a growth process which is influenced not only by
chemical but also by mechanical cues [2—4]. For example, in chondrocytes and other cells, me-
chanical loads can activate integrins—a class of transmembrane proteins that attach to the extra-
cellular matrix—which later activate intracellular signalling pathways that modify the cell activity
[5]. In fact, it has been shown that the absence of foetal movement leads to bone and cartilage
abnormalities [3, 4]. Hence, synovial joints adapt to mechanical loads as they grow.

This load adaptation is driven by two main rules. Cycles of compressive stress promote chon-
drocyte proliferation and cartilage repair and maintenance [6, 7]. In contrast, shear stress promotes
chondrocyte ossification and cartilage degradation [8, 9]. This means that cyclic compressive
stress promotes growth, while shear stress inhibits it and promotes material hardening. The accu-
racy of these rules has been proven computationally in several works [10-12] where the authors
reproduce synovial joint formation.

In mechanical engineering, joints are also common mechanisms for load transfer. They usually
undergo dynamic contact loads which expose them to wear. In consequence, material is constantly
lost on the surface and the lifetime of these mechanisms is shortened [13]. Further, if the wear rate
is not uniformly distributed, certain regions end up being overexposed to material lost and the
failure occurs prematurely [14]. Hence, it is convenient to ensure a uniform wear rate.

Wear rate depends on the contact pressure, the material properties and the sliding speed of
the bodies in contact [13, 15]. At imposed speeds, contact pressure uniformity is therefore a key

factor. Nonetheless, the contact analysis is highly non-linear and presents unexpected phenomena.
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For example, the contact between finite cylinders leads to infinite contact pressure at the edges—a
phenomenon called edge effect.

In theory, this phenomenon can be reduced by crowning the cylinder along its axial direction.
Lundberg [16] investigated this phenomenon and found an analytical expression that leads to uni-
form contact pressure. Although it is inaccurate close to the edges [17], it has been widely used
in engineering and is an important reference profile. For example, it has been used in the shape
design of bearing rollers [18, 19] and gear teeth [20]. Nonetheless, since Lundberg’s profile is not
adequate for many applications—for example when the contact interface does not comprise any
flat surface—other strategies have been developed to address this problem, as described below.

With the aim of improving contact pressure distribution several approaches have been inves-
tigated. Among them, we can find developments in material properties [21-23], on topology
[24-26], on surface texture [27—29] and on shape [30-35]. These works are based on optimisation
algorithms following either gradient—based or heuristic strategies. The former requires rigorous
mathematical formulations and the computation of derivatives [36]. Although they converge fast,
the computation of the gradient may constrain the problem. For example, in [30] the shape of the
contour in contact must remain constant, and the optimisation is achieved by modifying the shape
of the contours that are not in contact. In addition, gradient—based algorithms are particularly
sensitive to the initial guess since they can end up trapped in a local minimum [36]. Concerning
heuristic approaches, they can provide almost global solutions, but they usually require a more
extensive evaluation of the design space [36]. In addition, for the optimisation of the contact pres-
sure distribution, it is sometimes necessary to impose the general shape of the profile, as done in
[19, 34]. Further, when the design variable is the contact profile, the modifications are restricted
to local variations [19, 32-35]. In consequence, the designer needs to have a certain knowledge
of the form of the target shape. Another approach was proposed in [37, 38] where it was shown
the feasibility of applying cartilage growth rules in engineering design. Nonetheless, they did not
evaluate the uniformity of the contact pressure distribution and they focused on a particular case.

In this work, we demonstrate that the stress—dependent growth rules of synovial joint mor-
phogenesis can be applied to generate contact interfaces with uniform pressure in engineering

applications. We present a mathematical model that comprises a contact formulation and a bio—
3
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inspired growth function. We define a quantitative measure for pressure uniformity to evaluate the
obtained contact interfaces. We study the impact of the growth rules of synovial joint develop-
ment on the contact pressure distribution of two—dimensional contact interfaces. Then, we adapt
the growth function for the generative design of contact interfaces and analyse the parameter space
to fine—tune the model parameters. The model is tested in several cases with different boundary
conditions and material properties.

The rest of the document is organised as follows. The bio—inspired growth model is presented
in Section 2 and its numerical approximation in Section 3. In Section 4, we establish an analysis of
the parameters to study the behaviour of the growth function and in Section 5 we set up examples
to demonstrate the versatility of the methodology. Finally, in Section 6, we examine and discuss

the results and in Section 7, we provide the conclusions of the study.

2. Bio-inspired stress—dependent growth function

2.1. Force balance equilibrium for bodies in contact

Synovial joints are formed in a growth process highly dependent on chemical and mechanical
stimuli [2]. As a result, they are adapted to both internal and external stimuli. To use this process
for industrial applications, we first need to explore the growth forces that generate this adaptation.
In particular, the growth forces that are dependent on mechanical cues.

We shall begin with the properties of the desired design. Let us consider a set of k € N
continuous domains: Q; € R? (where 1 < i < k) with closed boundaries: T; = 9Q; € R°.
Let us also consider that these domains might be: in contact with each other, under external
forces and constrained at given points. Thus, each I'; = I'{ U Flf U I'Y where I, l"lf and I'? are
respectively: the contact boundaries, the boundaries where external forces are applied and the

constrained boundaries. The force balance equation is then given by [39]:

V.oi(x)=0 Vx € Q;, (1)
oi(x) - m(x) = fi(x) Vx eI, )
oi(X) - mi(X) = Pi(x) Vx € T, 3)

u;(x) = u)(x) Vx e I'Y, (4)
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for 1 < i < k. o are stress tensors; n; are outward unit vectors; f; and p, are traction stress
vectors related to external forces and contact pressures, respectively; and u? are fields of fixed
displacements.

Our objective is to define €; such that each p; has a uniform distribution—in other words,
op;/ot; = 0 along I', where t; are tangent unit vectors to the surfaces I';: t; - n; = 0. To solve this
problem, we will use the theory of synovial joint morphogenesis to obtain €; by a process of load
adaptation.

Before continuing, let us establish some useful notation. The hydrostatic stress is defined as:
Onya = tr(07)/3. For the shear stress let us use the von Mises stress o, = \3J,—where J, is the
second invariant of the deviatoric stress tensor. It will also be useful to write the compressive stress

as: oy Which is 0 when opyq > 0 and —opyg When opyg < 0.
2.2. The growth function

As we will use the theory of synovial joint morphogenesis to define €;, let us see the biolog-
ical growth model. For cellular processes of growth, we can assume that the inertial forces are
negligible with respect to viscous and elastic forces [40]. Then, the equilibrium of forces can be

written as [40—42]:
V- (0i(x) + 04(x)) = 0 Vx € Q, (5)

where o, is a stress tensor of growth forces. This tensor is then in charge of the shape adaptation
to external loads. In synovial joint formation, this tensor is likely to promote oriented growth
as chondrocytes and collagen fibres have different properties and orientations depending on the
proximity to the contact region [43]. Near the surface, they are oriented tangentially to the sur-
face. Farther from the surface, they are oriented perpendicularly to the surface [43]. In fact, it
has been suggested that such preferential orientation might be related to the direction of principal
strains [44]. Thus, growth orientation not only influences the shape but clearly also the mechan-
ical properties of the cartilage, particularly, its anisotropic nature. Nonetheless, in biology, some
authors have considered a hydrostatic nature for the growth tensor in computational models and

have obtained shapes similar to those seen in nature [10]. Therefore, for this work, we will also
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assume hydrostatic growth stress for simplicity. We can then let o7, = oI where I 1is the identity
matrix.

Research in joint formation indicates that, apart from biochemical cues, growth is controlled
by compressive and shear stresses following the next two laws [6-9]: (i) proliferation takes places
when chondrocytes are subjected to cyclic compressive stress and (ii) ossification is triggered by
shear stress. If we neglect the difference in material properties before and after ossification, we
can translate proliferation into growth and ossification into growth inhibition. In short, we can say
that cyclic compressive stress prompts growth, while shear stress inhibits it.

To obtain the desired growth function, let us define different combinations of these two basic

rules:

e Scenario I: expansion proportional to compressive stress. In this situation, we can study

the effect of the first biological law in the absence of the second.

e Scenario II: contraction proportional to compressive stress. In this situation, we can see
the behaviour of the growth process in opposition to the first biological law. This will shed

light on how the contact interfaces driven by compressive stress stimuli can be.

e Scenario III: expansion proportional to compressive stress and inhibited by high shear
stress. In this situation, we can test the evolution of the growth process following the two

biological laws.

e Scenario IV: expansion proportional to compressive stress and inhibited by high shear
or high compressive stresses. In this situation, we propose to enhance the inhibition of the
growth. Inhibition will take place not only in the regions with high shear stress but also in
regions with high compressive stress. As the distributions of shear and compressive stresses
are not the same, this scenario will help us understand which regions should be discouraged

from growing.

Since in biology, inhibition is usually imposed by threshold parameters, the following equation

describes the proposed scenarios:

O-g(X) = ago-hyc(X)H(Tlim — oy(X)H(0lim — O-hyc(X))a (6)
6
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where a, is a parameter referring to the strength of the growth force, 1y, and o7;p,, are respectively

the shear and the compressive stress thresholds, and H(y) is the Heaviside function defined as:

1 for ¢ >0,
H(p) = (7)

0 for ¢ <0.
Although this type of equation has been successfully used in biology [10], in [37, 38] it was
indicated that a discontinuous o, as that in Eq. (6) leads to discontinuous growth. Further, this

discontinuity also affects the contact pressure distribution. To make Eq. (6) continuous, instead of

the Heaviside function, let us use the Sigmoid function which is defined as:

1

YO e gy

8)

where v is a positive parameter. Fig. 1 shows the behaviour of the S (¢.f — ¢) varying v and an
offset along the ¢-axis, ¢, for ¢ € [0, 1]. As it can be seen in Fig. 1a, as v approaches zero, S
becomes the constant function 0.5. In contrast, as v approaches infinity, S becomes the Heaviside
function. Further, Fig. 1b shows that: for a given v, there exists a minimum value y such that for
all @rer = 7y, S (rer — @) = 1 for all ¢ € [0, 1]. Similarly, there also exists a maximum value A such
that for all ¢f < A, S (pref — @) = 0 for all ¢ € [0, 1]. Hence, changing the H(-) by S(-) in Eq. (6)
yields:

O-g(X) = a’go-hyc(X)S (Tlim - O-V(X))S (O-Iim - O-hyc(x))- (9)

This function is now continuous; however, the stress magnitude is highly dependent on the
magnitude of the external loads. As we want to define a system able to modify the contact shape
independent of the stress magnitude, it is necessary to define the growth function in terms of
normalised hydrostatic and shear stresses. We propose a normalisation based on the maximum

stress values: let al’;yc(x) and o7 (x) be normalised compressive and shear stresses:

O-hyc (X) Oy (X)

Sk
—_— oi(x) =
max(Ohyc)’ v(X)

Tiye(X) = max(oy)

As Thye(X), 00(X) € [0, 1], the adaptation becomes independent of the stress magnitude—in other
words, it only depends on the stress distribution. Using the normalised stresses, the growth force

7
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Figure 1: Sigmoid function response. As v approaches zero, S becomes the constant function 0.5. In contrast, as v
approaches infinity, S becomes the Heaviside function. Further, for a given v, there exists a minimum value y such
that for all ¢rer > v, S (¢ref — ) = 1 for all ¢ € [0, 1]. Similarly, there also exists a maximum value A such that for all

Pref < 4, S(‘Pref - 90) ~ 0 for all pE [07 ]]
equation can then be rewritten as:
O-g(x) = (ago-;yc(X)S (Tikim - O-T/(X)) S (O'Em - O';YC(X))),Bg, (10)

where 7}, and o7 = are now dimensionless parameters. 3, has units of pressure to make Eq. (10)
compatible with Eq. (5);ferthis-work S;=1GPa. The strength of o, is now given by the product

of B, and «@,. Thus, we can let @, be a dimensionless parameter that provides the magnitude and
the parameter that contains the units, in this case S, = 1GPa. The parameter space for each

scenario is shown in Table 1.

Table 1: Parameter space for each scenario of study. In scenario I, we consider uninhibited expansion proportional to
hydrostatic compressive stress; in scenario II, uninhibited contraction proportional to hydrostatic compressive stress;
in scenario III, expansion proportional to hydrostatic compressive stress and inhibited by high shear stress; and in
scenario IV, expansion proportional to hydrostatic compressive stress and inhibited by both high shear and high hy-
drostatic compressive stresses.

Scenario @, Tin O

I (0,+00) [y,+00) [y,+00)
II (—00,0) [y,+00) [y,+0o0)
11T (0,+00)  (0,9) [y,+0)
v 0,+0) (0, O,y
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2.3. The material constitutive law
As the purpose of this work is to study adaptation in an engineering context, it is reasonable to

consider a linear elastic model. Therefore, the stress—strain relation is given by:

o(x) = @®+ tmwy 1)

v
1+v 1-2v
where E and v are Young’s modulus and Poisson’s ratio, respectively, and &(x) = 0.5 (Vu(x) + (Vu(x))")
is the linear strain tensor.

It would be possible to use the properties of biological materials. Although this would be
closer to synovial joint development, the adaptation might be biased by stress fields that do not

represent the engineering context. In addition, even in biology, linear elastic models have been

used to reproduce synovial joint and bone formation [10-12].

3. A bio—inspired shape-design methodology

We propose an iterative design process that allows us to replicate cyclic compressive stresses.
Each cycle is divided into a stress computation step and a growth step. For the stress computation,
we need to solve Egs. (1) to (4)and, for the growth step, Egs. (4) and (5) together with the following

boundary condition:
u,(x) - mi(x) = 0, vx eI/, (12)

In other words, during the growth step, the displacement along Fl.f is purely tangential. Then, we
redefine ; by applying the computed displacements.

To objectively compare the response of the algorithm using different values of the parameters
in Table 1, let us consider a time-like variable, 7,,. As it can be seen in Eq. (10), o7, is proportional

to a,. This means that the velocity of growth is also proportional to a,. Therefore, we consider:
B = mla, (13)

where m € N is the number of a given iteration, as a time—like measure. For example, if we have
two cases, one with @, = 1 and the other with «, = 10, one iteration of the latter is equivalent to

ten iterations of the former.
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Algorithm 1 Bio—inspired shape—design algorithm.

Input: Geometry: Q;(0) for 1 <i <k.

Input: Boundary conditions: f; and u?.

Input: Material properties: E; and v;.

Input: Growth function parameters: a,, 7}, and o7, .

Input: Total simulation time: 7;.

Output: Geometry adapted to the loading conditions: €;(z5).

cm 1

fm — mlay]

while 7,, < 7, do
Compute the stress state that stimulates growth solving Egs. (1) to (4).
Compute the growth stress using Eq. (10).
Find the displacement field u(x(,,)) that satisfies Egs. (4), (5) and (12).
X(fm+1) A X(i\m) + ll(X(fm))
mee—m+1
fm — mla|

end while

oA

_
=4

Additionally, Eq. (10) also depends on the parameters of inhibition, v, 7}, and o} . There-
fore, if the inhibition region is larger with one set of parameters than with another, the geometry
will change more slowly with the former set than with the latter. In order to compare the model
response with different parameters, we will make the L,—norm of the growth function equal to |a,|

at each iteration. In other words, we will use o, instead of o, defined as:

2 (14)

Oy = —"
||0'g||L2(u,-Q,-)

where || - ||, refers to the Ly—norm in U;€;. The use of Egs. (13) and (14) allows us to
objectively compare the response of the algorithm using different parameters.

Algorithm 1 presents the algorithm to mimic the biological growth process. As can be seen,
computing the displacement field (steps 4-6) is quite simple compered to gradient—based algorithms—
there are no derivatives to calculate nor surface—dependent variables. The implementation was
done using Code_Aster [45] and GMSH [46]. The former was used to solve the equations by
finite element methods and the latter was used to control the evolution of the mesh. The compu-
tational implementation is available in: https://github.com/sarroyavet/BioDesign_ANR/

tree/main/StressAdaptiveDesign0f2D

10
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4. Impact of the parameters on the contact interface

In this section, we will set up a reference case of study to analyse the impacts of the model
parameters on the uniformity of the contact pressure. In addition, we will define metrics to measure
the performance of the algorithm and the generated contact interfaces. As we will explore different
growth scenarios and parameters, we will consider a two—dimensional framework and frictionless
contact. In the context of contact analysis, the theory of semi—infinite elastic bodies is widely
used [17]. In consequence, we will consider the contact between a half—space and an infinite
cylinder that satisfies the state of plane—strain.  Further, the consideration of frictional effects
significantly augments the computational time. For example, in [47], the authors showed that wear
simulations considering friction were up to three times longer than their frictionless counterparts.
Even though we are not modelling wear, the process is similar: a calculation of the contact pressure
followed by a geometry update. Thus, using a two—dimensional frictionless contact framework
will significantly reduce computational time.

We will also limit the growth to only one domain. Thus, the degrees of freedom of the design
problem will be reduced to one domain, facilitating the analysis of the adaptation process. This
assumption is also reasonable in the engineering context as it would be appropriate to define an
easy—to—manufacture geometry and only generate an adapted and complex shape. For example,
in the case of roller bearings, it is common to crown the roller profile while letting flat that of
the race. Nonetheless, it would be interesting to explore the advantages of allowing both domains
grow in future works.

To sum up, in this section, the model and the algorithm will be simplified by the following
assumptions: (i) two—dimensional framework where plane—strain conditions are applied, (ii) fric-

tionless contact and (iii) growth applied to only one domain.

4.1. Description of the case of study

Let us consider the contact between two elastic semi—infinite bodies: a cylinder (€2;) and a
half—space (€2,). Let us also apply a load on the cylinder in the normal direction to the surface of
the half-space. Since this case satisfies the plane—strain conditions, it can be reduced to a two—

dimensional framework, a schematic view is depicted in Fig. 2a. To analyse the adaptation of one

11
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Figure 2: Two—dimensional setting of the case of study. Here p refers to the contact pressure along the contact
interface and F to the applied force.

Table 2: Geometric parameters of the initial geometries. R, /; are illustrated in Fig. 3 for both types of geometry.

Geometry R[mm] [j[mm] L[mm] /[mm] [;[mm]

Circle 4.5 50 18 — —
Rectangle  0.45 50 18 4.5 4.5

domain keeping the external stimuli untouched, let now the growth be only applied to the cylinder.
In other words, let o,(x) = 0 for all x € Q.

The goal of the growth function is to yield a shape to obtain a constant contact pressure. Thus,
after the design process, we expect to have a geometry adapted to the load that generates a uniform

contact pressure as depicted in Fig. 2b.

4.2. Geometry, material properties and loading conditions

First, let Young’s modulus and Poisson’s ratio be 210GPa and 0.3, respectively, and let F =
10kN. Regarding the initial cross section of €;, we can define two types depending on the dis-
tribution of the initial contact pressure: (i) a higher pressure in the middle of the contact area or
(i1) a higher contact pressure at the edges of the contact area. We can use a circle for the former
and a rectangle with rounded edges for the latter. Fig. 3 shows a schematic representation of the
geometry and Table 2 establishes the values of the dimensions. The load, the material properties

and the initial size of the geometries were adapted from the case of study presented in [19].

12
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Figure 3: Geometry of the case of study.

4.3. Performance evaluation

To evaluate the performance of the procedure, let us define a measure to qualify the contact
pressure distribution. In the best situation, the contact pressure is uniformly distributed and, there-
fore, all the contact area is properly exploited. Thus, let us define a measure to compare the
pressure distribution of a given contact area with an equivalent uniform pressure. Such a measure
should be able to tell how close a given pressure distribution is to a uniform distribution. For each

fm, let a.(f,,) be the contact area and let p,(a.(7,)) be an equivalent constant pressure given by:

pe(ac(in)) = PRTRS (15)
Now, let us define the pressure distribution quality as:
. IPe(ac(@n)) = PEarediny
Opllm) = 1= ||Pe(ac(fm))||L2(r§(fm)) + ||P(fm)||L2(r§(fm))’ (16)
where || - || Lo(T% (i) refers to the L,-norm in I'{ (). By means of the triangle inequality [48], we

know that 0 < Q, < 1. Additionally, @, — 1 as p — p, and Q, — 0 as p concentrates at a
specific point. We then look for high values of Q,. Table 3 indicates the value of O, based on the
reconstruction of results presented in other works.

Apart from this evaluation at each step, we can also compute the average of Q,, as well as the

13
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Table 3: Evaluation of the pressure distribution quality present in other works based on the reported graphs. We used
a plot digitiser tool to compute Q,,.

Reference Q, Strategy
Contact [18] Flg 4 0.93 Opt%m%sat%on and approximgtipn of a logarithmic profile.
profile as [34] Fig. 11 0.95 Optimisation of a super—elliptic profile.
design [32] Fig. 15 0.95 Optimisation of the contact profile.
variable The present work 0.96 Bio—inspired generative design.
' [19] Fig. 7 0.99 Optimisation of a logarithmic profile.
Other [30] Fig. 6 0.86 Optimisation of the non—in—contact contour.
design [24] Fig. 9 0.94 Optimisation of a predefined topology.
variables [23] Fig. 5a 0.94 Optimisation of the material properties.
’ [26] Fig. 6b 0.99 Topology optimisation.

average of the maximum contact pressure along the simulation as:

I LN
Qp = Z:; in—f,

m=mg

_ Prmax (fm)

Prnax = Z Lmaxtim)
- my
m=1

with 17 = |a,|m s, where m refers to the last iteration and ¢4 to the total time. Thus, we can evaluate

the consistency of the design process in a general manner.

4.4. Exploration of the design process

As we aim to understand how the growth rules of joint formation can be applied to our case
of study, we propose the following pathway. First, we will see the impact of a, in terms of
convergence in both scenarios I and II. From this study, we will define an appropriate value of a,.
Then, we will explore the response of the design process in scenarios III and IV and qualify the
contact pressure distribution varying 7;._, o and v. Following this exploration, we will select an
appropriate combination of parameters and examine the evolution of the design process utilising a

rectangle as the initial geometry.

5. Examples of application

In this section, we will present other examples to evaluate the applicability of the bio—inspired

growth model after the definition of the parameters. We will consider plane—stress and axisymmet-
14
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Figure 4: Initial geometry of the axisymmetric case of study. The coordinate system / and n will be used later to
define the surface of Q; relative to the surface of Q.

ric conditions and we will change the material properties, the magnitude of the load and the fixed
geometry (€)). Further, we will also consider an additional rule to satisfy an additional design

requirement.

5.1. Plane—stress and softer material

For this test, let us consider the contact between two thin plates. We shall consider the analo-
gous plane—stress case to the plane—strain case presented in Section 4.1 (see Fig. 3). Nonetheless,
let us consider a softer material (for both ©; and Q,) with £ = 2GPa and v = 0.4—these elastic

properties are close to those of some engineering polymers—, R = 10mm and F' = 100N.

5.2. Axial symmetry and geometries with distinct material properties

In this case, let us consider the contact between a soft material for Q; (E = 2GPa and v = 0.4)
and a rigid material for Q, (E = 250GPa and v = 0.2) and the initial geometry presented in
Fig. 4 with R = 14mm and F = 3000N. This case represents the loading conditions and material

properties of hip—joint prostheses under static analyses [49, 50].

5.3. Additional design requirement: maximum von Mises stress

So far, the design process makes the domain grow indefinitely. This means that we need to
include an additional requirement to constrain the growth. It could be a geometric restriction
(such as a maximum contact area) or a structural constraint (such as a maximum shear stress).

We can combine the growth function in Eq. (10)—whose main objective is to provide a uniform
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contact pressure—with a restriction function. Let us then rewrite Eq. (5) as:
V- (00 +7,0,(x) +7,0,(x)) = 0, (17)

where 7, and 7, are the strengths of the contact pressure improvement and of the restriction,

respectively. We can use Q,, to define 7, as:
Ng=1-0,. (18)

For the definition of o, let us impose a maximum von Mises stress. First, we can define a von

Mises stress quality as:

_ max(O'V(x)) — Tref
max(o-v(x)) + Tref '

0, = (19)

where 7. is the target von Mises stress of the restriction. As it can be seen, O, — 1 as max(o,) —
Tref, O, < 1 when max(o,) > 7 and Q, > 1 when max(o,) < T.¢. We can also consider o, = 1

(hydrostatic) and

n-=a (1 -0Q,), (20)

where a, 1s a positive parameter. As we can see, 0, is space—independent and produces global
expansion or contraction. For this case, we will consider the plane—strain case presented in Sec-

tion 4.

6. Results and discussion
6.1. Convergence

To ensure numerical precision, the contact algorithm was tested with different contact element
lengths. For that, the contact pressure was calculated using the circular geometry described above.
This case can be analytically solved using Hertz theory [17] in cases where the cylinder diameter
is significantly larger than the contact area width. In consequence, we applied a load of 100N so
that, according to Hertz theory, the maximum contact pressure is 903.4MPa, and the contact area

width is 0.141[mm]. Thus R > a, and the conditions for Hertz theory are satisfied.
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Figure 5: Convergence of the model in mesh size and equivalent time step. In (a) er<(f) = \/ fr f(x)2dre/ fr dre

and in (b) erexjo,1(f) = \/ fotf frv f(x, 0)2dledt/ fotf frf dredt are the Ly—norms of a given function f. In (a) f =

(pHertz — pFEM) / pFEMy \which is the normalised error between the contact pressure calculated by Hertz theory and by

the finite element method. In (b) f = (p"/ 2 P/ p‘[fl/fx(t) which is the normalised contact pressure error using as

reference a simulation using /2.

Fig. 5a shows the L,—norm of the normalised difference between the results using Hertz theory
and finite elements varying the element length. The normalisation was made with respect to the
maximum contact pressure calculated by Hertz theory. It can be seen that as the mesh is refined,
the numerical approximation approaches the analytical solution. In addition, for this case, an
element length of 0.01mm is sufficient to make the error norm lower than 0.05. Thus, this value
was selected for the other simulations.

As indicated in Eq. (13), a, works as a time step variable. Therefore, the convergence of
the algorithm with a, was also tested. For that, 7, was set to 500—which is large enough to see
the behaviour of the design process and to test the convergence. The L,—norm of the normalised
contact pressure between simulations was computed. The normalisation was made by means of
the maximum contact pressure at each step. Fig. 5b shows the relative difference among several
simulations varying a, from 0.3125 to 10 for each scenario. We can see that for scenarios II, IIT
and IV, as a, decreases, such a difference also decreases. Thus, for these scenarios the algorithm is
also convergent in terms of a,—we will take a closer look for scenario I in the following section.

We selected a, = 1.25 to study the response of the design process in scenarios III and IV as, for
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Figure 6: Evolution (from blue to red lines) of the contact pressure along the contact line in scenarios I (a) and II (b)
with |a,| = 0.3125. [ refers to arc length and the red shapes refer to the geometry of last iteration.

such a value, the error norm is lower than 0.05. For scenarios I and II, we used the simulations

with @, = 0.3125, the lowest value used in the convergence analysis.

6.2. The response of the design process in scenarios I and Il

Fig. 6a shows the evolution of the contact pressure distribution (from blue to red lines) for
scenario 1. For this case, it was necessary to add a condition to the mesh such that the number of
nodes in contact was always above a given threshold—we used a minimum of 50 nodes. This addi-
tional condition was necessary since the contact area was reduced during the simulation. We can
see that growing (from blue to red distributions) proportionally to the compressive stress makes a
pressure distribution highly concentrated on the initial point of maximum contact pressure. This is
a reasonable result given the fact that the maximum compressive stress is located on the surface—
more precisely, at the point of maximum contact pressure. Thus, this region grows faster than its
neighbours enlarging the curvature. In addition, this curvature increase reduces the contact area
and, in consequence, the maximum contact pressure rises. We can say that in the scenario I, the
shape tends to have an infinite contact pressure and a zero contact area. This singularity explains
the behaviour of the convergence seen in Fig. 5b.

On the other hand, Fig. 6b shows that contraction (from blue to red distributions) in proportion
to compressive stress makes the pressure concentrate at the edges.  As the pressure changes
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Figure 7: Response of the design process in scenario III with ¢, = 2000 in terms of the average of the pressure quality
(a) and the average of the maximum contact pressure (b) along the simulation.

from being concentrated in the middle to the edges, the profile flattens and the maximum pressure

lowers. However, once the edge effect is formed, the maximum pressure rises —and Additionatly;

it-ecan—also-be-seen— the pressure distribution tends to become singular at the edge. Yet, in the

used timescale, this tendency does not affect the convergence with respect to «,, as can be seen in
Fig. 5b. Lastly, we can also see that this contraction also enlarges the contact area.

6.3. Response of the design process in scenarios Il and IV

We now know that while growing proportionally to compressive stress decreases the contact
area and concentrates the pressure at the middle, contraction proportional to compressive stress
increases the contact area and concentrates the pressure at the edges. The former generates geome-
tries that tend to have an infinite curvature at the contact zone, while the latter makes geometries
which tend to be flat (zero curvature). Since both scenarios are not desirable, we continued the
exploration of the growth rules.

Fig. 7 shows the response of the design process in scenario III. Fig. 7a indicates the average of
the pressure quality and Fig. 7b the average of the maximum contact pressure along the simulation.
It can be seen that the pressure quality is higher (up to 0.855) at lower values of v or higher values
of 7. . However, such a combination almost eliminates the inhibition. As seen in Fig. 1, low
values of v and high values of 7 cause S to be almost a constant function. If S becomes a
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Figure 8: Response of the design process in scenario IV with £, = 2000 in terms of the average pressure quality (a)
and the average of the maximum contact pressure (b) along thee simulation. The * symbols refer to the best cases. In
such cases v = 6.4,7.1,7.8,8.5. The © symbol refers to the case with v = 3.6.

constant function, Eq. (10) reduces to o,(x) = coflyc(x), where c is a constant, and no inhibition
is present. In fact, we can see in Fig. 7b that the region of higher Q, is also the region of higher
contact pressure. This is exactly what happened in the uninhibited growth scenario.

We can also see that, in scenario I1I, we can not obtain an appropriate result. In both graphs of
Fig. 7, the red regions specify the desired results—high pressure quality and low contact pressure.
As can be seen, these regions exclude each other—the red region in Fig. 7a intersects with the blue
region in Fig. 7b and the other way around—; this justifies the need to modify the growth function.

To address this situation, an additional inhibition was added. The results in scenario I indi-
cate that unrestricted growth proportional to the compressive stress yields extremely high contact
pressure. Since the maximum shear stress is not located in the same region as the maximum
compressive stress, the region of maximum compressive stress is not always necessarily inhibited.
Therefore, the growth force keeps enlarging the curvature around the point of maximum contact
pressure. Thus, in scenario IV, the growth force was inhibited by high compressive stress. As a
consequence, two new parameters appear oy, and another v. Yet, we let o} = 7} and let the
same v for both Sigmoid functions of Eq. (10). Fig. 8 shows the response of the design process

with the new growth function modifying v and the stress limits. In Fig. 8a, we see that Q, is
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Figure 9: Evolution (from blue to red lines) of the contact pressure along the contact line in scenario IV with 77 =
0. = 0.5 and de circular initial geometry. v = 3.6 in (a) and v = 7.1 in (b). [ refers to arc length and the red shapes
refer to the geometry of the last iteration.

significantly greater (up to 0.975) than in the previous scenario. In addition, the zone of higher
pressure quality intersects the zone of lower maximum contact pressure—for o, = 71, - = 0.5 and
v > 5. Hence, we see that the added inhibition leads to the desired contact pressure distribution.
Fig. 8 also indicates the best cases by x (they correspond to v = 6.4,7.1,7.8, 8.5). In addition,
in Fig. 8a, there is a second local maximum value around v = 3.6 indicated by ©. In order to
better understand this situation, Fig. 9 shows the evolution of the contact pressure distribution with
7. =01, =05and v =3.6 and v = 7.1. In both cases, as the iterations go on, the contact area
augments, the maximum contact pressure decreases and the contact pressure distribution flattens.
In addition, the pressure quality is high—above 0.96 for v = 3.6 and above 0.97 for v = 7.1.
Nonetheless, we can notice an important difference. For v = 3.6, the maximum pressure remains
in the centre, while for v = 7.1, it goes to the edges. Thus, the combined inhibition of shear and
compressive stresses balances the expansion and contraction present in scenarios I and II. With
v = 3.6, the effects in scenario I slightly dominate, while with v = 7.1 the effects in scenario II
are somewhat more present. This type of behaviour can also be seen in logarithmic profiles. For
example, Cui and He [19] presented a modified Lundberg profile with similar contact pressure

distributions. Depending on the combination of parameters, the pressure tends to be concentrated
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Figure 10: Geometric characteristics of the last profile obtained with v = 7.1.

either in the middle or at the edges.

6.4. Geometric properties of the contact interface

In terms of geometry, we can see both the profile and the curvature of the last shape obtained
with v = 7.1 in Fig. 10. Fig. 10a shows that the algorithm generates a profile whose slope increases
slowly from the centre to a region close to the end of the contact area. Then, it rises rapidly. This
can be more easily seen in Fig. 10b where the curvature is plotted. There is a peak of maximum
curvature around the end of the contact area—the edge of the contact interface—that suggests the
presence of a sharp edge. This can be related to the fact that the junction between the adapted
profile and a residual of the initial profile is at a..

This figure also shows the profiles and curvatures of logarithmic profile (constructed based on
Lundberg’s equations [18-20, 51, 52]) and of a circular profile. Again, we can see similarities
between our profile and logarithmic profiles. As we can see, the Lundberg profile curvature is also
low at the middle and with a sharp peak at the edges. The contact interface using v = 3.6 also

presents this affinity.

6.5. Influence of the initial geometry

To further investigate the response of the design process, the initial geometry was changed.

More precisely, the initial contact pressure distribution. Fig. 11 shows the evolution of the contact
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Figure 11: Evolution (from blue to red lines) of the contact pressure along the contact line in scenario IV with
7} = 0 = 0.5 and the rectangular initial geometry. v = 3.6 in (a) and v = 7.1 in (b). [ refers to arc length and the
red shapes refer to the geometry of the last iteration.

pressure for a rectangular initial geometry and 7}, = o, = 0.5. In Fig. 1la v = 3.6 and in
Fig. 11b v = 7.1. Although the results seem different from what happened with the circular initial
geometry, in reality, the influence of the growth force is the same. For v = 3.6, the point of
initial maximum pressure defines the region where the pressure will be concentrated. Thus, a
protuberance around this region appears. In contrast, since for v = 7.1 the edge effect slightly
dominates, the domain grows as in Fig. 9b. Therefore, for applications where a uniform contact
pressure is desirable, it is better to set the initial geometry such that the initial contact pressure

distribution has its maximum centred.

6.6. Change of material properties and deformation model

To study the applicability of the growth function, we defined other cases of study modifying the
material properties, the shape of €,, the magnitude of the load, and the two—dimensional model.
We tested such modifications using the growth function with o, =7 =0.5andv =7.1.

For the plane-stress case, in Fig. 12, we can see the evolution of the contact pressure with
oy =T = 0.5and v = 7.1. As we can see, the contact area is enlarged while the contact pressure
becomes uniform, reaching a value of pressure distribution quality of Q, = 0.98. Similarly to the

previous case (Fig. 9b), the maximum pressure is located at the edge.
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With respect to the axisymmetric case, in Fig. 13, we can see the results of the growth process
with o, = 7. = 0.5 and v = 7.1. Fig. 13a shows the shape of Q, in the coordinate system
defined by I and n drawn in Fig. 4. Interestingly, the profile is also similar to Lundberg’s profile
as can be seen in Fig. 10a. In addition, as seen in Fig. 13b, the contact area was also enlarged, and
the contact pressure distribution was improved. In addition, we obtained a high value of pressure
distribution quality at the last iteration, Q, = 0.97.

Although the number of examples presented is not enough to definitely conclude about the
response of the model, they show a tendency to generate contact interfaces with uniform pressure.
This is an important insight since we consider that the efficacy of the bio—inspired generative
design cannot be sensitive to the parameters of the growth function. In other words, we consider
that the response of the design process seen in Fig. 8 is representative for situations different to the
one described in Section 4.

In terms of material properties, the model can be extended to improve the growth phenomenon
or to use more complex materials. For the former, it is possible to add a viscous stress tensor
similar to the one present in [42] to model cell migration. Such a tensor would directly introduce
time dependence. Nonetheless, it could represent an unnecessary cost for a methodology to gener-
ate shapes adapted to their loading environments. Further, additional parameters—shear and bulk

viscosities—would be introduced. Regarding more complex materials, it would be interesting to
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Figure 13: Results of the axisymmetric case with v = 3.6 after the growth process. (a) shows the contact interface of
the last geometry in the coordinate system / and n seen in Fig. 4 and (b) shows the evolution (from blue to red) of the
contact pressure (/ refers to arc length). The red shape refers to the geometry of the last iteration.

study the process response adding plasticity. In addition, in line with bio—inspiration from synovial
joints and considering the increasing development of cartilage—inspired materials with poroelastic

properties [53], the use of poroelastic constitutive laws may be of interest.

6.7. Response of the design process after adding another design requirement

In the previous results, since there were no restrictions for the design process, only the evolu-
tion of the contact pressure distribution was evaluated regardless of the profile length. In contrast,
in this section a restriction to the maximum shear stress is also present; thus, the centactlength-is
fixed—length of the contact profile reaches a stable value.

The design algorithm was set with 7. = o7 = 0.5, v = 7.1, 7r = 1.0MPa, o, = a, =
1.25, F = 10kN and the circular initial geometry. Figs. 14a to 14c show the evolution of the
performance variables along the design procedure—the maximum contact pressure and von Mises
shear stress, the contact area and the contact pressure and von Mises shear stress qualities—and
Fig. 14d indicates the distribution of the contact pressure along the design iterations.

As we can see, the contact interface changes rapidly at the beginning and, once Q, and Q, are
close to 1, the evolution slows down. For this shape: max(|p.|) = 1.749GPa, max(c,) = 0.999GPa,
a. = 3.369mm, Q, = 0.96 and Q, = 1.001. Fig. 14 shows that the design process is able to satisfy
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I refers to arc length and the red shape refers to the last iteration.
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the restriction and makes the contact pressure uniform. This result demonstrates that the process
of synovial joint morphogenesis can be adapted to engineering applications

Nonetheless, the shape of the contact pressure is slightly different (see Figs. 9b and 14d).
The edge effect is rounded by applying the restriction term. This means that o, also affects the
distribution of the contact pressure. In addition, o, also modifies the contact area. Thus, it would
be interesting to separate the role of each term. In other words, it would be convenient to define
o, and o, such that the former would only affect the contact pressure distribution while the latter

would only modity the contact area.

6.8. Comparison with other works

The results presented show that the proposed model generates high quality contact interfaces
(in terms of contact pressure distribution). We obtained values of O, between 0.96 and 0.98. As
can be seen in Table 3, only the works presented in [19, 26] are superior in terms of Q, (see
Table 3). Nonetheless, in [19], the methodology is defined only for contact against flat geometries.
The work presented in [26] can be applied to curved geometries. However, its design variable is
not the shape of the contact interface but the material distribution; hence, the potential engineering

applications are not the same than those of the present work.

7. Conclusion

In this work, we studied the impact of applying the rules of synovial joint morphogenesis on
the generative design of contact interfaces. For that, we implemented them in an algorithm that
mimics synovial joint growth under engineering conditions in an iterative manner. The output of
the generative design process is a contact interface adapted to the loading conditions.

The obtained contact interfaces provided a uniform pressure distribution. Such interfaces were
achieved following this stress—adaptive rule: growth is proportional to compressive stress, but it
is inhibited at regions with high shear stress or high compressive stress. The results showed that
the rule works well under different two—dimensional situations (plane—strain, plane—stress and ax-
isymmetric conditions), with different material properties and under different loading conditions.
Further, the results also showed that the adaptation process can be applied against curved surfaces.

Furthermore, it is possible to control the size of the contact interface by an additional rule that
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promotes a global expansion (contraction) when the maximum shear stress is higher (lower) than
a given requirement.

The proposed model differs from those present in the literature since it does not require the
initial geometry to be close to the final solution, which is an important characteristic in terms of
generative design.

Nonetheless, we acknowledge that our work has some limitations. The present work focuses
on the contact interface and does not deal with the shape of the free boundary. In addition, as, so
far, the current algorithm has only been implemented for frictionless and linear elastic conditions,
we cannot conclude about the direct applicability of the model outside these conditions.

Future work is required to continue developing the proposed generative design process. It is
necessary to determine appropriate criteria to define the shape of the free boundaries. It would be
interesting to study the behaviour of the bio—inspired growth process in applications with dynamic
loads or with friction and lubrication. Additionally, more biological processes could be mimicked.
For example, it might be interesting to explore the advantages of mimicking the hardening effect
during the ossification process or the definition of an anisotropic growth tensor—for instance, one
taking into account the direction of the principal strains.

Finally, the results presented here demonstrate that synovial joint morphogenesis can be adapted

to generative design in engineering.
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