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Elastic waves, polarized in the sagittal plane, are investigated in infinite and semi-infinite superlat-
tices made from alternate layers of two isotropic media. By the use of a transfer-matrix method, we
obtain explicit equations for the dispersion of the bulk modes as well as of the surface modes of a
semi-infinite superlattice. We present a few illustrations of the theory for Al-W superlattices in
which the relative thicknesses of the two media or the thickness of the layer at the surface are

varied.

I. INTRODUCTION

The study of acoustic wave propagation in layered
medial? is an old problem which found its original
motivation in studies of the propagation of seismic shocks
through the Earth’s crust. There is a recent interest in this
problem due to the development of a technology for fabri-
cating artificial crystals—superlattices—consisting of al-
ternating layers of two different materials.>* Recent
theoretical work on acoustic waves in superlattices has
been mainly concerned with the dispersion of the elastic
waves propagating in such systems.”~!3 In the particular
case when the layer thicknesses are small compared to the
wavelength, the superlattice can be described by an effec-
tive medium'*—2° whose elastic constants and density are
some combinations of the parameters of the two constitu-
ents; obviously, the waves are nondispersive in this limit.

There are also recent atomic calculations of the bulk
and surface phonons in linear-chain superlattices,'"*' and
even in superlattices made by the association of simple-
cubic slabs.?> These advances are motivated in part by the
infrared and Raman measurements in GaAs-AlAs—like
superlattices.?"**~2¢ We also mention recent new experi-
mental resdlts?® on the Brillouin scattering of light from
thermally excited elastic waves in such structures.

In this paper we investigate the elastic waves of a semi-
infinite superlattice that are polarized in the sagittal plane,
i.e,, in the plane containing the wave vector and the nor-
mal to the surface. Recently, Kueny et al.?’ reported ex-
perimental results for the velocity of Rayleigh waves in a
Nb-Cu heterostructure as a function of the layer thickness;
later Kueny and Grimsditch!® presented a numerical cal-
culation of this velocity for an N layer heterostructure
deposited on a substrate. In this work, we describe a new
method, based on the transfer matrix, for solving this
problem in an essentially analytic way. We find the equa-
tions from which the bulk bands of the superlattice as well
as its free surface modes can be deduced. The outline of
the theory and the dispersion relations are given in Sec. II.
Section III contains a few illustrations of the theory.

Let us also point out that we recently derived'"!? expli-
cit results for the condition of existence and the dispersion
of transverse surface elastic waves in a superlattice. The
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possibility of such modes in a semi-infinite superlattice
had been shown earlier numerically by Auld et al.'°

II. THEORY OF THE SAGITTAL MODES
IN SUPERLATTICES

The superlattice consists of alternating layers of two
elastic isotropic media 4 and A’, described by their elastic
constants (c,;,cq4) and (cy,c44) and their densities p and
p', respectively. The geometry of a semi-infinite superlat-
tice is depicted in Fig. 1. The layers as well as the free
surface of the superlattice are perpendicular to the x; axis.
The superlattice period is D =d +d’', where d =2h and
d'=2h’ are the thicknesses of the two media, respectively.
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FIG. 1. Geometry of a semi-infinite superlattice. The layer
thicknesses in the bulk are d =2h, d'=2h’, so the superlattice
period is D =d +d’. The surface layer is made of medium A
and has a thickness 4 +h;. The layers are perpendicular to the
X3 axis.
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The surface layer is assumed to be of type 4, with a thick- A. General formalism
ness h +h;. . The general form of the displacement field in each
Let us assume that the wave vector k| parallel to the medium can be obtained from the equations of motion of
surface is along the x, axis. Owing to the isotropy of the elasticity theory, after a Fourier transformation in the
media there is a decoupling between the waves polarized in  coordinates parallel to the surface. The same method has
the sagittal plane (the x;x; plane) and the transverse  been used previously in surface?® and interface?® problems.
modes polarized along x,. Here we will consider only the  Then, for example, if x3 belongs to the medium A4’ of the
former modes since the latter were studied in Refs. 10—12.  layer n we have

J

(n) (n) (n) (n)
—a;x a;x —a,x ax itk x| —wt)
u(x3)=(Agye "> +Bye " +Aye " +Bye 3 )e I , (2.1a)
| % —ax) oy axiP k|| —a,x{M k|| ax{P | itk x,—aot)
us(xy)=i k—A,,,e =3 —k—B,,,e Sy —Ae —a—B,,,e e . (2.1b)
I I a: t

We have introduced the variable x " =x3; —(n —1)D whose range is —h to h; this has the advantage of simplifying the
expressions for the coefficients A,;, A,;, By, and B,,.
In Egs. (2.1),

a;=(kfi—a?/c))'?, a,=(kjj—0?/c})'"?, (2.2)
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where ¢;=(cy;/p)'/* and ¢, =(c4/p)'’* are, respectively, the longitudinal and transverse velocities of sound in medium
4; o is the frequency of the wave.

Similarly, for x; belonging to the medium A’ of the layer n,

—ajxin ajxy™ —a)xi" alxi™ ik, x,—ot)
ux;)=(dye P +Bye ' 4Aye U 4Bpe 't e TV (2.3a)
’ ’
K —ajxi® axim k —ax'm k al x| ik x,—t)
uy(xy) =i | L Ae 1T — LB L TP PR (2.3b)
Il Il a; a;

where the variable x5 =x3—(n —1/2)D ranges from —h’ to h’. The parameters a}, a,, c;, and ¢, are defined as
above.

The unknown coefficients 4,;, By, Ants Bty Ants Bnis Ane, and By, are determined from the boundary conditions on the
displacements and the stresses at the different interfaces as well as at the free surface. For example, in layer n, at the in-
terface between the media 4, and A’, we have

ua(x3) ‘ x(3"’=h——0=ua(x3) [ xg(")=-——h'+0’ a= 173 ’ (243)

dul +k , dul +k .40
c D l u =C —_— I u s )
| dxs 1= x{M=h-0 “ 1 dx, =3 XM= k40

, , duy
— lclzkHul-*—C“E

du3
xg"’zh -0

ic,zk”u]-f-c“?jz (2.4¢)

xg(">=—h’+0

Similary, at the interface between the medium A4’ of layer n and the medium A4 of layer n + 1, the boundary conditions are

“a(x3)[xg"+”=-h+o=“a(x3)'xg"'):h'—o’ a=1,3, (2.5a)
du, , | duy
Cas4 E+ik“u3 T +0=c44 E;:-)—tk”u; Lg‘”:w—o R (2.5b)
duy , duj
[ic12k||u,+cn$-3— xg"+”=—h+0= ichakjuy +c“71; 50— . (2.5¢)
Finally, at the free surface, the vanishing of the stresses can be expressed as
du,
Cas R—+ik”u3 x3=—h,=0 , (2.6a)
, du;
zcuk“u,+c“;3 x3=_h‘=0. (2.6b)

One method for obtaining the eigenfrequencies of a superlattice is to solve these sets of linear equations for each k).
Thus for a superlattice of N layers with two free surfaces we have a determinant of rank 8N. If the N layers are deposit-
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ed on an infinite substrate the rank of the determinant will be 8N +2. Instead of using this heavy numerical approach, '
we shall present a new method which gives explicit equations from which the limits of the bulk bands of the superlattice

as well as the free surface modes can be deduced.

In the following, instead of the expressions (2.1) and (2.3), it is more convenient to use another form of the displace-
ment field, expressed in terms of hyperbolic cosines and sines rather than in terms of exponentials. Thus we write Egs.

(2.1) as

u1(x3)=[Pycosh(a;x{’)— Qusinh(a;x ")+ P,cosh(a,x ") — Qpsinh(a,x ")

(n) (n)

o a . k
us(x3)=i | —Qpucosh(a;x3")— —Pysinh(a;x3" )+ —
ky ki a

k
_ sinh(a,x5”) e
a

t

i(k”xl—wt)
’

where

_ Anu+Bny
W=y s T

pu=Il ort. (2.8

Similar equations will be used instead of the expressions
(2.3).

B. Transfer-matrix method

Let us introduce, in each layer n, two column vectors

Py P,
Py Ppy

Id’n): Ou |’ |¢;l)= Qr:I . 2.9
\Q'" Qr‘lt

The boundary conditions (2.4) and (2.5) can then be writ-
ten in the following matrix forms:

H|¢n)=K'|¥p),
K|¢ni)=H'|Yp),

respectively, where H, K, H', and K’ are 4 X4 matrices in-
dependent of the index n. The expressions for H and K
are given in the Appendix; those for H' and K’ can be de-
duced from the latter by replacing all the unprimed quan-
tities by the primed ones.

The elimination of the vector |, ) between the equa-
tions (2.10) gives

(2.10a)
(2.10b)

[Yns1)=T1|%n), 2.11)
where the matrix T,
IT=K"'HK'~'H, (2.12)

can be considered a “transfer matrix.” The elements Tj;
of this matrix are given in the Appendix. The transfer
matrix has the property of relating the coefficients of the
wave function in one cell to those in the preceding cell.
For example, by choosing a reference layer n,, one has

192 )=T" 7" |4} . (2.13a)

In the semi-infinite superlattice, this reference layer can be
chosen to be the surface layer (ng=1); then

]ei(k“xl——wt) , (2.72)
I Q,.cosh(a,x{™)
t
(2.7b)
[ .Y =T~V |¢y) . (2.13b)

One should remember that in the latter case the coeffi-
cients Py, Py,, Qy), and Q,, defining | ;) satisfy two ad-
ditional equations which result from the boundary condi-
tions (2.6) at the free surface.

In the following we shall show that the eigenvalues and
eigenmodes of the superlattice can be obtained from the
diagonalization of the T matrix. We consider an infinite
and a semi-infinite superlattice in turn.

C. Infinite superlattice

Due to the periodicity perpendicular to the layers, the
vector |, ) must satisfy the Bloch theorem

[nr) =10,

where kj is the wave vector in the x; direction. From a
comparison of Egs. (2.11) and (2.14) we find that

I|¢n>=eikjbl¢n> .

It follows that the eigenvalues of the infinite superlattice
are the roots of the determinant

(2.14)

(2.15)

ik
13Dll=0’

|T—e (2.16)

where 1 is the 4 X 4 unit matrix. In other words, for given
o and k|, Eq. (2.16) gives the values of k3. This proves
the statement that the eigenvalues of the superlattice are
obtained from the diagonalization of the T matrix. Let us
expand on this result, before giving explicit expressions for
these eigenvalues. By defining

r=e"" (2.17)
and expanding the deteminant of Eq. (2.16) one arrives at
the equation

(A2—25; A+ 1)(A?—25,A+1)=0, (2.18)

where the definitions of the coefficients s, s, will be given

below.
The four solutions A, A}, A,, and A of Eq. (2.18) satis-

fy the conditions

1 1

P Ay=— »

MR

which are a general property of the T matrix.
We shall prove this property of the eigenvalues of the T

A= (2.19)
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matrix, and at the same time will obtain explicit expres-
sions for them as well as for the corresponding eigenvec-
tors. Let |¢) be an eigenvector of T associated with an
eigenvalue A; this means that

T|y)y=A|¢).

Obviously, |¥) is an eigenvector of the matrix
(T +T~") with the eigenvalue +(A+A""),

FT+T-H|P)=3A+A"NH]¥) .
The point is that (see the Appendix) T ! is related to T by

(2.20)

(2.21)

B. DJAFARI-ROUHANI et al.

rives at the T-matrix eigenvalues
Aa=siy+(si,— 1),
Ap=s12— (st =172,

which satisfy the relations (2.19).

With each of these A is associated a value of the wave
vector k3 in the x; direction [Eq. (2.17)]. According to
the relations (2.19), these k3 can be written formally as

K1+iLl, —K]'—iLl,Kz+iL2, and —-Kz—l'Lz .
(2.27)

(2.26)

T,W T, —-T,3 —Ty Depending on whether k; is real or has an imaginary part,
Ty Ty —Ty —Ta the corresponding wave propagates through the super}at-
T-1= , (2.22) tices (bulk bands) or is damped (gaps). Let us consider
= =Ty =Ty, Tsz Ty this point further.
—Ty Ty Ty Ty One can see from the expressions for Ty, T3, T5;, and
T, in the Appendix that these four quantities are all real.
It follows that R and P [Eq. (2.24)] are both real while IT
and thus can be either real or pure imaginary.
(1) For II real, s, and s, are also real; if |s;,| or |s, | is
Tn T, 0 0 smaller than 1, then |A;| = |A}|=1or [A;|=|A}| =1;
Ty T, 0 O the corresponding k is real (L; =0 or L,=0), and we are
HT+T-H= 0 0 Ty Tl (2.23) in a bulk band; if |s;| and |s,| are larger than 1, then

0 0 Ty Ty

where (see the Appendix) T33=T)|, Tyu=Ty, Ty
= —a;a,/k{iTy, and Tyy=—(kf/oja,)T,. It follows
from Eq. (2.23) that the matrix +(T+7~!) has two
eigenvalues, s; and s,, each of which is doubly degenerate.
By introducing the following definitions

R=5(T\ +Typ),

the corresponding k; are pure imaginary (K;=K,=0);
this corresponds to a gap.

(ii) For Il imaginary, s, and s, are complex conjugate
quantities, as are the wave vectors k; which have the
forms K +iL, —K —iL, K —iL, and —K +iL; this also
corresponds to a gap.

Finally, we give the eigenmodes | ¢;), | ¥,), |¥)), and
|¥5) of the T matrix associated with A, A,, A}, and A},
respectively. We first introduce® the two eigenmodes of
the upper left-hand 2 X 2 matrix in 3 (T+7~1),

P=3(Ty—Ty), (2.24) —-Ty Ty
=1 2 172 P11 P+11
=Ty =T +4T, Ty ]2, +
2 [(T1—T12)"+4T 12Ty ] ISo=1{ ¢ | IS)=| o (2.28)
we obtain straightforwardly that 0 0
S1=R +H, s2=R—H . (2.25)

Finally, by solving the equations 5 (A+1/ A)=s, , one ar-
I

These are associated with the eigenvalues s; and s,,
respectively. One can easily check that

—Ty
|41 T(L-I7H|5y) P-1
'y =|SP)t——F———F—= 1 229
| (A=A} o[- TuTs +(P—1IT3]
L(—A})
1
im[-Tl2T41+(P—-—H)T42]
For this it is sufficient to apply the T matrix in the form 7(T+T~")+3(L—T""), to |¢;). Similarly, we find that
=Ty
| 42) T(I-T7|S;) P+
o I8+ l : _ | (2.30)
| ¥ L(A—A3) t—————[=T T3 +(P+1)T3]

T(Ay—A3)
1
L(A—1y)

I+

[—T1uTy+(P+IT4,]
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We should point out that the eigenvectors given above are
not normalized. Although |S;) and |S,) were derived
from the upper left-hand 2 X2 matrix in 7(T'+7T~!) [Eq.
(2.23)] the same procedure can be based on the lower
right-hand 2 X 2 matrix in Eq. (2.23).

D. Semi-infinite superlattice

In this subsection we are concerned with the existence
and dispersion of surface waves in the gaps separating the
bulk bands. The amplitudes of these modes decrease ex-
ponentially with increasing distance into the interior layers
of the superlattice.

We investigate such a mode as a combination of solu-

]

uyx;)= 3 A,[P{cosh(a;xy")

—Q\sinh(a;x ™)+ P\ cosh(a,x ") —
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tions such as (2.7)—(2.14), but allow the wave vector k; to
be complex, k3 =K +iL, with

L>0 (2.31)
to insure the decrease of the wave amplitude with increas-
ing distance into the superlattice.

As mentioned previously, for given ® and k|| the four
wave vectors k3, corresponding to the four eigenvalues of
the T matrix, can be written in the form (2.27). Among
these wave vectors only two can satisfy the condition
(2.31) and, as a result, the two others should be rejected.
We then write the solution for the surface mode in layer n
as [see Eq. (2.7)]

i(k”xl —ot)

Qnesinh(a,x{")]e ,

x{)y [ KIxi=en (2.32)

r=1,2
us(xy)= 3 A,i Q,,,cosh(a,x ))— —Pysinh(aq;x ")
r=1,2 ki
ﬂ (n) kll
+ Q..cosh(a,x3")— —-P,sinh(a,
a, a,

The two vectors | ") corresponding to this solution,

P\r)
(r)

|90 = r=12,

(r) |»
n

(r)
nt

are the two eigenvectors of the T matrix assocxated with the two retained eigenvalues; they are given by Egs. (2.29) and
(2.30). Moreover the | ) are related to | ") by means of Eq. (2.13a).

As noted previously, the displacement field in the layer at the surface should also satisfy the boundary conditions (2.6)
at the free surface situated at x; = —h,. This leads to two homogeneous linear equations for the two unknowns 4, and
A,. The surface modes are then solutions of the 2 X 2 determinant obtained from this system,

Dll DIZ
DZl D22 -
with

k?

Dy, =2ay[ P\}sinh(a;h,) — Q'cosh(ah, )] + a,+a—“
t

c
D, = 1—2;:—‘:— —;—;— [P{7cosh(a;h,)
I

III. BAND STRUCTURE FOR BULK
AND SURFACE SAGITTAL MODES

We present here a few illustrations of the band structure
for sagittal elastic modes in a superlattice. In these exam-
ples the superlattices are made of Al and W with the pa-
rameters given in Table I. The choice of these materials is
consistent with the assumption of isotropic media for the
theoretical calculation. This is far from being the case in
other systems studied previously!! ~!* for practicai reasons
(GaAs-AlAs and Nb-Cu). However, in cubic materials
with a (001) surface and propagation along [100], the
description of the transverse elastic waves is formally

[P{/sinh(a,h,)—

—Q\Psinh(a;hy)]— 2——[P(”cosh(a,h )—

(2.33)

Pcosh(a,hy)] ,
(2.34)

Psinh(a,hg)], r=1,2.

f
identical to that in isotropic materials. This point does
not apply to the sagittal modes studied here.

The AIl-W superlattice also has the advantage of
presenting large gaps between bulk bands (Figs. 2—4), even

TABLE I. Elastic constants and densities of Al and W. The
elastic constant ¢, is taken to be ¢, =c; —2cq4s to satisfy the
isotropy assumption.

i Cas P

(10° N/m?) (10° N/m?) (g/cm?)
w 52.33 16.07 19.317
Al 10.68 2.82 2.733
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T T T
10 - h| = hZ: hs N
—— Al ON SURFACE
--- W ON SURFACE

k,D

FIG. 2. Bulk bands and surface wave dispersion for an Al-W
superlattice with d,;=dw. The shaded areas are the bulk bands.
The surface modes are presented either for an Al layer (solid
line) or a W layer (dashed line) at the surface. The surface-layer
thickness is assumed to be the same as that of a corresponding
bulk layer. We present dimensionless quantities on the two axes.
¢(Al) is the transverse velocity of sound in Al [c,(AD
=(C44/p)}f]. Some of the surface modes are very near to the
bulk bands and cannot be distinguished on the scale of the fig-
ure. However, the arrows indicate the location of these surface
modes.

at k” =0, in contrast to the other systems mentioned. As
a matter of fact, there is a large ratio (about 5) between the
parameters of Al and W which is not the case in other sys-
tems. Moreover, at an interface between two semi-infinite
Al and W crystals there is a Stoneley (interface) wave; in a
superlattice this gives rise, in the limit of thick layers, to
bulk bands at the frequency of the Stoneley mode.

Let us first consider the band structure at k;=0. The
sagittal modes are then decoupled into longitudinal and
transverse modes, and the band structure is simply a su-
perposition of the band structures for these two types of
modes. The description of transverse waves in a superlat-
tice, including surface waves, was given previously'"!?; at
k=0 the same results also apply to waves of longitudinal
polarization, if ¢4 is replaced by c¢;;. For example, let us
recall®!? the well-known dispersion relation for the bulk
(transverse or longitudinal) waves at k” =0,

wD/cy(Al)

»
.

wD/c,(Al)

T
1o hg=h)
h2=5h;
—— Al ON SURFACE
——- W ON SURFACE
8 2
= \

6 RANNNWWE===2 >
7 - v
5 - 77

// //

// 7
4 .— I//
Z ///
/:— //
7z
//
2 7z

0 1 | 1
(0] 2 4 6

T
10| hs=h;

[0}
T

h2=0.2 h;
—— Al ON SURFACE
—-—— W ON SURFACE

k, D

FIG. 3. Same as in Fig. 2 but with d,;=5dw.

k,, D
FIG. 4. Same as in Fig. 2 but with d,;=0.2dw.
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wd; wd, 7+ ‘ h|'=h2 I -
cosk; D= cos | —— |cos | —= —— Al ON SURFACE
——— W ON SURFACE
! wd wd
1 Ly BE gin |— ‘sin 2 \ \ i
2 |ple pc ¢

(3.1)

In this equation c is the (transverse or longitudinal) veloci-
ty of sound in medium 4; that is ¢ =(c4/p)'? or
c=(cy1/p)"/% and ¢’ is the corresponding velocity in
medium A'. From Eq. (3.1) it is apparent that the ex-
istence and the widths of the gaps are very dependent on
the ratio pc /p’c’. Finally, we point out that infrared and
Raman experiments can be sensitive to zero-wave-vector
modes which correspond to the limits of the bulk bands in
Figs. 2—4.

Besides the elastic properties of the two materials, a per-
tinent parameter in the description of the band structure is
the relative thickness of the two media. This is illustrated
in Figs. 2—4, where the ratio of the thickness of the Al
layer to the thickness of the W layer is taken to be 1, 5,
and 0.2, respectively. The bulk bands are represented by
the shaded areas.

In Figs. 2—4 we have also presented the surface modes
when an outermost layer of the superlattice is an Al layer
or a W layer, but assuming the same thickness of the sur-
face layer as in the bulk of the superlattice (h;=h in Fig.
1). In these figures some of the surface modes are very
near to the bulk bands and cannot be distinguished from

c(km/s)

0 10 20
k, D

FIG. 5. Phase velocities of the few first surface modes of Fig.
2 for either an Al layer (solid line, L,,L,,L;) or a W layer
(dashed line, L') at the surface. The shaded areas are the first
bulk bands. In the limit as kD >>1: (i) These bulk bands ap-
proach the velocity of Stoneley waves at the interface between Al
and W; (ii) for a W layer at the surface, the first Rayleigh mode
L’ goes into the Rayleigh wave on a W substrate; (iii) for an Al
layer at the surface a higher surface mode L; goes into the Ray-
leigh wave on an Al substrate.

wD/C,(Al)

hg /h,

FIG. 6. Frequencies of surface waves, at k=0 in an Al-W
superlattice with d =d’, as functions of the surface-layer thick-
ness. The figure is restricted to surface waves in the two lowest
gaps. We present the surface modes for either an Al layer (solid
line) or a W layer (dashed line) at the surface.

the latter on the scale of the figures.

One particular surface wave is the Rayleigh wave situat-
ed below the bulk bands. When the surface layer is made
of Al, this mode is near to the lowest bulk band and disap-
pears at a certain value of k“; for a W surface layer, on
the contrary, it is well separated from the bulk band. Let
us also stress that at very long wavelength (k|| D <<1) the
superlattice can be described as an effective medium with
hexagonal symmetry.!® The velocity of the Rayleigh wave
is then that of such a medium.’!

In Fig. 5 we present for a superlattice with h =h'=h;,
the phase velocities w/k|| for the few first surface modes.
If a W layer is at the surface, there is a Rayleigh wave L’
below all bulk bands whose velocity in the limit kD —
approaches the Rayleigh wave velocity of a W substrate.
On the other hand, when an Al layer is at the surface, the
Rayleigh wave L, below the bulk bands disappears at a
certain value of k| D; however, for increasing kD the
velocity of a higher surface mode L; approaches that of
the Rayleigh wave on an Al substrate (about 3000 m/s). It
is worthwhile to note that as kD — o the velocities of
the first bulk bands approach the velocity of the (inter-
face) Stoneley wave, about 2800 m/s.

Finally, an important parameter for the existence of the
surface modes is the thickness of the surface layer. This
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statement is illustrated in Fig. 6 where we display, at ACKNOWLEDGMENTS
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APPENDIX
The matrices H and K [Eqs. (2.10)] are given by
U U, -8 -8,
ol ki al ki
——S5 ——5, —U —U,
k“ ! a; ' k” ! a, '
H= k2 s (A1)
20C44S) cas |ag+ =L |s, — 2, U —ca o+ |,
a‘ al
alz a%
szk||—cuk—” Uy (cp—cenk U, — Cu"n-ﬁx‘a S; —(ena—cenlkyS;
U U, S S,
a k) a ki
— — —VU, —U,
ky > a ky a
K= k2 k2 ’ (A2)
—2c44048; —C4s a,+J S, —2cq40yU; —C44 az,-{—J U,
Qa; a,
af af
C|2k||—C“k U[ (C]z—cu)k”U, C]zkH—C]]k—H S] (C]z—Cll)k“S,
where we have used the notations
Syc=sinh(a;,h), U;,=cosh(a;h) . (A3)
We also introduce the notations
Vi, =sinh(2a;,h), W,,=cosh(2a;,h), (A4)
c c Y ¢ ' 2
y=—2, y=2 v’=—;“, =_i_iL, §=_E“’_2 , (A5)
Cy cn cu P cau cauki)
and
1 1—y 2
=— 20—y, z,= , Z= : A6
zy 25[75§+ (1-7)], z, £ 2T (A6)
From Eq. (2.12) one can obtain the elements T}; of the T matrix. In what follows we present the elements 7;; =T}; /z:
V, a a; aa, k?
=WilWizi($—2) =W, 23 —2)]+— | Vi 23— +(3 =2, |V} |3 +(f—z 2 —L | |,
2 o a Kl wa;
1 1 k|2| , . , 1 k|2| , 1 a;
2= |UU,212,+ 818, (7 —z (7 —23) (=W +W)+US, | =Viz)(5—z))——+Viz(5 —23)—
aa, aa, a,

' 2

. 1 a ki
—V,22(7—22)~—+V,21(7—zl) ;
(27} aa,

+Sl Ur
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2 . 2% ' 2@ )1 2
T13= U] —VIZI"T'FV,Zz 2 +S[ VI(T—-Zz) +V‘(2—21)
aj k| aa;
+V[[—W;Zl(%—22)+W;22(%—21)] ,
Ti4= U1512122+SIU:(2—21)(2—22) ’(Wl -W)+ U U, Vlzl(z_'zl)a " —szz(z—zz)_]
1y
’ 2
’ 1 al ' 1 k”
+818; |Viza(5 —2z))——=Viz)(5 —z))— |,
Q aa;
' ’ 1 al " 1 ala;
ta= |UU(5—21)5 —22)+Slszzl7-z k (Wi —W)+S5 U, ”121(7—21);,_—”:22('2‘—22)";5—
I ! Il
aja,
+US, |Vizal5 —2)—5— —chl(z—zx)_ ,
k“ a,

T= W[ —Wizy(3 —2))+ W, 2,(3 —2,)]

v, k? aja a; a
+—= |-V *,-”——(%—21)2+2§ 12' +V; (%—22)2*‘-%2%—,' )
2 aa; k“ a; a;
aa,
T3=—"773 Ti4>
kil
2|2 2 klzl - 2 & 21
Tu=U} Vi (3 =2 =V (52— | +8] |Vizi— — V(2] +VWizy(3—2)) =W z1(3—2,)],
aa, a; k|| a,
k2
et 2 "
3= U} VI(2_22) +Vx(z"zl)
a,a,
+S12 — +V‘ +V[- W121(2—22)+sz2(z—21)]r
a, k”
a , k|2| b1 b1 a,
o= U, |Viz)(5—2)— =V z(3 —2))— | +8/S; [Vizi(5—2)) —Vizy(3—2)—
a aa, aa, a;
kl
+ [SiU2120+ UiSy(+ —2))(4 —2) —I— (Wi —W)),
I
T33=TI11»
2
.
34 aa, 21 »
T, a,a,T
4=—"7 T2
ki
aja a k? a,
To= Ul Vi~ — V2~ | 482 Vi (+ =2 = — Vi (3 =2,
ki a; aa, a,

+ Vi Wizo(5—2) =W, z1(3~2,)] ,

aa,
Ta3=—" 73 k2 T2 »

T44=T7) -
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By inverting the matrices H and K one easily sees that
H~'"(K~") can be deduced from K ~! (H~!) by changing
the parameter & to —h. It follows from Eq. (2.12) that
one can obtain T—! from T by changing h and A’ to —h

B. DJAFARI-ROUHANI et al.

and —h’, respectively. This leaves all the hyperbolic
cosines invariant but changes the signs of the hyperbolic
sines. Thus, we obtain the result (2.22).

*Present address: Department of Physics, University of Colora-
do, Colorado Springs, Colorado 80917.
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