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Existence of strong solutions for a compressible fluid-solid
interaction system with Navier slip boundary conditions

Imene Aicha Djebour *!

"Université de Lorraine, CNRS, Inria, IECL, F-54000 Nancy, France

April 13, 2023

Abstract

We consider a fluid-structure interaction system coupling a viscous fluid governed by the compressible
Navier-Stokes equations and a rigid body immersed in the fluid and modeled by the Newton’s law. In this
work, we consider the Navier slip boundary conditions. Our aim is to show the local in time existence and
uniqueness of the strong solution to the corresponding problem. The main step of this work is that we
use Lagrangian change of variables in order to handle the transport equation and to reduce the problem in
the initial domain. However, the specificity here is that the Lagrangian coordinates do not coincide with
the Eulerian coordinates at the boundaries since we consider slip boundary conditions. Therefore, it brings
some extra nonlinear terms in the boundary conditions. The strategy is based on the study of the linearized
system with nonhomogeneous boundary conditions and on the Banach fixed point theorem.
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Local strong solutions for a compressible fluid-solid system

[A_Useful Estimates| 24

1 Introduction and main result

Let Q be a bounded domain of R*. At each time ¢, the fluid domain is denoted by F(¢) and we consider a rigid

body S(t) immersed in the fluid region such that F(t) = Q\S(¢). We assume that F(t) is a connected set with
a smooth enough boundary. The problem is described by the following fluid structure interaction system

Op+V-(pv)=0 in F(t), t>0,

PO+ (v-V)v) =V - (o(v,p) =0 in F(t), t>0,
mt (t) = —/ o (%, p)i dT £ 0, (1.1)

aS(t)
Juw'(t) = — (x — h(t)) x o(v,p)n dT t >0,
aS(t)
with the slip boundary conditions
s =0, [2uD@)n+ Bod]= =0 on 02, t>0, (1.2)
(U ="s)7 =0, [2uD@)n+ B1(v— 173)}; =0 ondS(t), t>0, ’

and the initial conditions

{ p(0,-) =75 v(0,-)=3" in F(0), (13)
R(0) =0, £(0)=¢, Q0)=1I3 w(0)=uw" '

The function p represents the density of the fluid while v denotes the fluid velocity and p is the fluid pressure.
The Cauchy stress tensor is defined by

o(v,p) =S(v) — pls,
with 1
S(@) = 2uD(@) + A(V - D)3, D@) = 3 (Vo+(Vo)T),

where © > 0 and A > 0 are constants and represent respectively the dynamic and the bulk viscosities of the
fluid. The pressure p = p(p) is given by the following constitutive law:

p(ﬁ):a,ﬂﬁyﬂ ap>07,‘/>1'

The vector h(t) and the matrix Q(t) represent the translation of the center of mass and the rotation of the rigid
body. Note that we assume without loss of generality that h(0) = 0 and Q(0) = I3. Then, at time ¢, the domain
S(t) occupied by the structure is described as follows

S(t) =h(t)+Q(t)y, yeS,

and we denote the associated region occupied by the fluid F(t) = Q\S(¢). Then, the domain of the rigid body
and the fluid are given as follows at initial time

S(0)=S8, F(0)=00\S=rF.
Since ) is an orthogonal matrix, we get
Q') =AM)QM), Alt)z=w(t)xz, z€R? (1.4)
where w is the angular velocity of the rigid body. Hence, the velocity of the structure is given by

st ) = 6(t) + w(t) x (x — h(t)), €t =H(t), t>0, zcdS(t). (1.5)
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Local strong solutions for a compressible fluid-solid system

The constant m and the matrix J represent the mass and the moment of inertia of the rigid body. The vector
7 is the outer unit normal vector on dF(t). For any vector z € R®, we define the normal and the tangential
components of z as follows

zn=(z-n)n, zz=O3—n®n)z.

We furnish the initial data (p%, 0", £°, w°) that satisfy the following conditions

dist(S, 00) > 0, (1.6)
P’ =ap(p)?, e [HX(F)P, p e HY(F), minp’ >0, (1.7)
F
0 0 0
0,0, 0 vp =0, [2uD(@°)n+ Bov°] = on 09,

vs =Xy, { (00— 18)n =0, [26D()n+ B0 = 0d)] =0 on dS, (18)

(1OV . a(vo,po)) n=—0" (Vn?) on 01,

<10V . o(vo,p0)> -n = —mfl/ o, p%)n dl — J ! / yx o, p°)ndl | xy| -n
p 85(0) 95(0)

+ (W x (0° = £9) -n— (v° —02) - (Vm?) on 0S.

(1.9)

In order to state the main result, we consider X a C'-diffeomorphism that transforms F(0) = F into F(t)
that is defined more precisely in Section [2]and we denote v and p the corresponding functions to this change of
variables

U(t,~) :§(t7X(t"))’ p(t,') = ﬁ(th(t"))'

The main theorem of this paper is stated as follows

Theorem 1.1. Let p°v°,0°,w the initial data that satisfy (1.6), (1.7), (T.8) and (1.9). Then, there exists
T > 0 such that the system (1.1), (1.2), (1.3) admits a unique strong solution with

pe€ HY(0,T; H3(F))nC*0,T; H*(F)) N H*(0,T; H' (F)),

v e L0, T; [HY(F)P?) 0 H2(0, T; [L*(F)P°) N C(0, T3 [H*(F)°) n H'(0, T; [H*(F)]*) N CH0, T; [H (F)P),
e [H*(0,1))®, we[H*0,T)]

The slip boundary conditions were introduced first by Navier in [58] and they are generally used to model the
motion of the fluid at the boundaries eventually for collision problems, see [43, 33, [72] 44]. In the mathematical
literature, the survey of this type of coupling problems is tackled. In the case of an incompressible fluid-rigid
body systems, there are many interesting works in the literature considering no slip boundary conditions, see
for example [17, 65], 22], 23] 24, B0, B1l, 40} [69], [45] [70, [71]. In the case of slip boundary conditions, we have
[32, [61), 15 [15] 20]. The controllability of the fluid-rigid body problem is studied in [14}, 63, 12} 47] considering no
slip boundary conditions whereas in the case of Navier boundary conditions, we mention [26]. The stabilization
problem is discussed in |3}, 2]. In the case of a compressible fluid-solid interaction system with no slip conditions,
the global existence of weak solutions are investigated in [25] [29] and in [II] for strong solutions stated in
the Hilbert space framework. In the LP — LY setting, the study of the interaction fluid-rigid body problem
is investigated in [42], 41] assuming no slip boundary conditions. Furthermore, the analysis of the motion of a
piston in a viscous gaz modeled by the 1D compressible Navier-Stokes system is studied in [54]. The stabilization
problem is investigated in [64]. Concerning compressible Navier-Stokes equations without structure involving slip
boundary conditions, existence of local strong solutions in the L — LY framework is tackled in [57], whereas the
existence of global strong solutions is obtained in [66]. In the case of the compressible Navier-Stokes equations
set in a moving domain, weak and strong solutions are studied in [48] under slip or no slip boundary conditions.
Moreover, in the LP — L7 setting, the compressible problem in a moving domain is studied in [49]. In [59], the
existence of a weak solution to fluid-solid interaction problem is proved considering slip boundary conditions.

{collisio

{c1}
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Local strong solutions for a compressible fluid-solid system

Let us mention some works that are devoted to the case of an elastic structure. In the case of an incom-
pressible fluid-beam interaction system with Dirichlet boundary conditions, the existence of weak solutions was
investigated in [I9] considering a damping in the structure equation and [34] in the case where the structure
satisfies the plate equation without any damping. The existence of strong solutions for the fluid-damped beam
system was established in [8, [50]. For global in time solutions, we mention [35] where the authors proved no
contact between the beam and the domain cavity. In [36], the existence of strong solutions is proved when-
ever the structure satisfies either a damped beam equation, a linear wave equation or a linear beam equation
with inertia of rotation. In [7], the authors considered the incompressible fluid-wave interaction system and
showed maximal regularity for the solutions, they proved in particular that the corresponding semigroup of the
linearized system is analytic. In [5] 6], the authors obtained Gevrey regularity for a system coupling incompress-
ible Navier Stokes system with a beam equation. For the stabilization problem, we refer to [62],4]. In the case of
boundary conditions involving pressure, regularity results are obtained in [I8]. In the case of an incompressible
fluid-beam interaction system with Navier boundary conditions, the existence of weak solutions is investigated
in [39, 38, [56] whereas the existence of strong solutions is discussed in [27]. In the case of a compressible fluid
and an elastic structure, weak solutions are obtained in [I0], local existence of strong solutions is obtained in
[55] for the coupled system considering a damped beam equation and assuming that the initial displacement of
the structure is 0. Maximal-regularity in LP — L? framework is obtained in [53] where the structure is modeled
by the damped beam equation and in the case where the structure verifies the wave equation, the existence and
uniqueness of the strong solution are proved in [52] in the L? approach.

The objective of this paper is to provide local existence and uniqueness of the strong solution to the system
(L1), (1.2), in the Hilbert space framework. In section [2] we write the system in a fixed configuration
by using the Lagrangian change of variables. Since the system considered here is compressible, the change of
variables that is commonly used is the Lagrangian flow to transform the domain F(¢) into F. In order to obtain
a local solution, it is crucial to go back in the initial domain so that we can use the classical Banach fixed point
theorem. However, in the Dirichlet case (see [64], 41]), we have the following correspondence on the boundary

X = { HO*000 veos

that is not true considering slip boundary conditions. Due to this change of variables, nonlinear terms appear
in the whole system even in the boundary conditions that cannot be avoided even in the case without structure
(see [66), 57]). In Section |3 we study the linearized system. We first make a suitable lifting at the boundary
conditions to handle the nonlinearities coming from the change of variables and we establish a first regularity
result for the Linearized system with nonhomogeneous boundary conditions. An important step in this section
is to elaborate elliptic estimates for the associated Lamé system. In section [ we use a Banach fixed point
argument and prove Theorem [1.1

2 Change of variables

Let define X (¢, -) as the Lagrangian change of variables associated with the fluid velocity v that reduces F(0) = F
into F(t)

atX(t7y):,ﬁ(t7X(t7y)) y€]:7 t>07
{ X(0,y)=y yeF. (2.1)

Let recall that p and v are the new corresponding functions to p and v after the change of variables (2.1)

p(t,)) = p(t, X(t,-), wv(t,-) =0t X(L)).
We introduce the following notations

bX:COfVX, 6X:detVX.
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After some standard calculations, we have

1 1
D(@) = D¥ (v) = T (Voby + (Vobx)T), S@)=S*(v) = 2uD™ (v) + )\(S—bx : Vo,
X X
and )
o*(v) =S ()bx, V-(S@)) = 6—V~ (cX(v)).
X
From [21, Theorem 1.1-1, p.13], we get the following relation
1
nx(t,)=n(t, X)) = ——bx(t,-
nX(> ) T‘L(, (7 )) |bx(t,')n‘ X(a )Tl,

where n is the unitary exterior normal to 0F. We deduce

Ti(t,) =7t X)) = |bx(t, )by (¢, )7, i=1,2,

with (7%);=12 (resp. (7");=12) designates a basis of the tangent subspace on each point of OF(t) (resp.

The transport equation (1.1); gives
p

Op + o

Vv :bx =0.

Then, the system (1.1)), (1.2) and (1.3]) is rewritten in the Lagrangian coordinates as follows

0ip+ p°V v = T(p,v) in (0,T) x F,
p’0w =V - (S(v)) = V- (F1(p,v)) + Fa(p,v)  in (0,T) x F,

vs(y) =l+wxy
ml = TF3(p,v,4,w)
Juw' =TFy4(p,v,l,w)

with the boundary conditions

{ von=B(pvlw), [(2uD)n+ Bov)]- T

in (0,7),
in (0,7,
in (0,7),

= (G(pav7€?w))i on (O7T) X 897

(v—wvs)-n=B(p,v,l,w), [2uD(w)n+ pi(v—us))] 7" = (G(p,v,l,w)), on(0,T)x IS,

where ¢ = 1,2 and the initial conditions

p(0,)=p"inF, 00,)=2"in F, £0)=¢" w(0)=u’

The functions T, Fy, Fy, F3, Fy, B and G are given as follows

T(p,v) = p°Vo : I3 — %Vv :bx on F,
X

Fi(p,v) = o (v) — S(v) — a,p7bx,

Falp,v.6w) == [ (0X(0) ~ appbx)n T,
oS

Fa(p,v) = (p° — pdx)0v  on F,

Fi(p,v, 0, w) = —/ (X — h) x (6™ (v) — a,p’bx)n dT,

oS

B(v,l,w)=v-(n—nx) on 09,
B(v,l,w)=(v—vs) - (n—nx)+ (wx (X —-Id)) - nx —wxh-nx ondS,

[G(v,4,w)]); = 2uD(v)n - 7 — 2uD* (v

Vx - To + Bov - (T —T4) on 98,

[G(v, £,w)]; = 2uD(v)n - 7 — 2uDX (v)7ix - T + B1(v —vs) - (T — T)

As in [57], we show that X is C*-diffeomorphism.

+ frw x (X —1d) - 7% — frw x h-T% on S.

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
(2.11)
(2.12)

(2.13)

~
e}
[}
=}
12}
()

{fs1}

{bc1}

{ic1}

-~ Al ] -~ -~ -~
o Q| o o o
® [0} [0} [0} [0} [0} [0}
h Hh (| Hh || Fb b h Fh
[ Q|| 0| © ] ] —
N = [ = w Ead -
-« [ [ 'y

-
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Local strong solutions for a compressible fluid-solid system

Proposition 2.1. Under the boundary conditions (2.5), if v is reqular and T is small enough, the application
X defined in (2.1) is a C*-diffeomorphism and transforms F(0) = F into F(t).

Proof. From (2.1), we see that
¢
VX(t,-)=1Is +/ Vu(s,-) ds, te(0,T).
0

If T is small enough and v regular enough, we see that VX is invertible with dx > 0 in such a way the
transformation X preserves the orientation. Hence X is a one to one mapping. Since JS is smooth, there
exists ns a smooth function such that ns = 0 in a part of S. Then, the corresponding part in 9S(t) is locally
expressed as £(t, ) = ns(Q(t) " (x — h(t))) = 0. Let prove that X (¢,0S) C 9S(t). Let y be in the neighborhood
of JS satisfying ns(y) = 0, we obtain

O[E(t, X (8, )] = VE(X(,y)) - (v(t, X (¢, y)) — vs(t, X(E,9)))-

Since VE(X(t,+)) is collinear to nix (¢, ), therefore from the impermeability boundary condition given in (2.5)),
we obtain that 0;[¢(t, X (t,y))] = 0. Thus

§(t,X(t,y)) = §(O,X(O,y)) = 778(3/) =0.

Hence, we get X (t,08) C 0S(t) for t > 0. The same approach can be used to prove that X (¢,9Q) C 9Q. We
obtain X (¢, 0F) C dF(t). Moreover, using the classical local inversion theorem, we see that X (¢, 0F) is an open
and a closed subset of OF(t). Since, OF(t) is a connected set, it follows that X (¢,0F) = 0F(¢t). Finally, the
injectivity of the mapping X and the connectedness of F(t) yield that X (¢t,0F) = F(t). O

3 Linearized system
The linearized system is given by

O . = 1
{3tP+PV v="h in(0,T)xF, (3.1)

p(0,) = p" in F,

P20 —V - (S(w)=V-fi+fo in (0,T) x F,
vs(y) =L+wxy in (0,7),

ml' = f3 in (0,7), (3.2)
Jw’ = f4 in (O,T),
with the boundary conditions
veon=a, [(2uD)n+ Bov)] T =g 4 on(0,7T) x 09, (3.3)
(v—vs) - n=a, [2uDW)n+Gi(v—uvs))] -7=g; on(0,T)x IS, '

and the initial conditions
p(0,)=p"in F, v(0,)=2"in F, £0)=¢" w(0)=u" (3.4)
such that the following compatibility condition is satisfied
v’ -n=a(0,") ond, (v°—vl)-n=a(0,) ondS. (3.5)

The aim of this section is to establish a regularity result for (3.2), (3.3) and (3.4). First, we need to give some
regularity properties for the elliptic problem (3.6)) associated to the Lamé operator.

{dens11}

{fsl}

{bcl}

{icl}

{compx}
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3.1 Elliptic problem

Let consider the stationary system

-V -Sw)=f in F,
veon=a on OF, (3.6)
2uD(v)n 4+ Bv] - T° = g; on OF.

Theorem 3.1. Let 3 > 0 and assume that OF is C* boundary. Let
feLX(F)P, aeHY*(0F), g € HY?OF), i=1,2.
Then, the system admits a unique strong solution v € [H*(F)]® such that
[0l gz s < C (I lliz2@mys + lallwsrzory + 91 llmeor + lg2llmr2@o7) - (3.7)
Moreover, if OF is C™2 boundary and
fe[H™F)?, aeH™32QF), gic H"Y20F), i=1,2,
the system admits a unique strong solution v € [H™*(F)]* such that

[0llgrms2 e < C (1 llggm (e + Nall gmssrz o) + 91l gmiz @) + 192l mmrzor)) - (3.8)

The rest of this subsection is devoted to the proof of Theorem (3.1

Step 1: Weak solutions. First, we study the existence of week solutions for the system (3.6). Let define the
following space
V={ve[H"F)? v-n=0o0ndF}.

Let f eV, aec HY?(AF) and g € H '/2(dF). We multiply the first equation of (3.6) by w € V to obtain
/ S(v) : Vw dy + Bu-w dl = (f,w)y v + (g, W) gr-1/2 g1/2, (3.9
F oF

such that g is a vector satisfying g-n = 0 and g-7° = g; for i = 1,2. We consider a lifting w, € [H'(F)]?
satisfying
we-n=a ondF, (3.10)

and the estimate
HWH[Hl(f)p <C ||a||H1/2(af) : (3.11)

We set v = u + wy. Then, we have the following definition.

Definition 3.2. The function v is a weak solution of the system (3.6)) if and only if u = v — wy verifies the
following variational formulation

/ S(u) : Vw dy+/ Bu-w dl = —/ S(we) : Vw dy + (f, w)yr v
F oF F
- / ﬁ’U)[ ~w dl + <g,w>H71/z’H1/2, (312)
oF

for all w € V, where w, satisfies (3.10) and (3.11).

{parabis}
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We notice that
/ S(u) : Vu dy :/ 2 |D(w)|? dy+/ AV -ul? dy.
F F F

Using Lemma [AT] we get for all u € V

S(u) : Vu dy+/ Blul* dT > C|lul? . (3.13) | {keyhey}

Hence, we can apply the Lax-Milgram theorem and using (3.11)), we deduce the existence of a unique solution
v of (3.6) which verifies the estimates

[oll g1 myps < C (v + Nlallzrzor + 9l E-1207)2) - (3.14)
[H(F)]

Step 2: Strong solutions in H2. Without loss of generality, we take a = 0 in since we can always find
a suitable lifting of the impermeability condition, see for example [37, p.128, Theorem 2.5.1.1]. The interior
regularity can be done as the Dirichlet boundary condition, then we skip the proof.

First, let consider the case, where F is the half ball B(0,1) N ]Ri. The proof is standard and it is done by
using the method of difference quotient as in [28]. Let f € [L*()]%, g € [HY/?(0F)]® and consider v the solution
of the variational formulation . Let define the difference quotient

_ v(y + hex) —v(y)

D (y) ;

, k=1,2,3, heR*

We select ¢, a cut off function such that
¢(=1inB(0,1/2)NR3, (¢ =0in R*\B(0,1),

so that ¢ vanishes on the curved boundary of B(0,1) NR?%. We take the test function w = ~D;"(¢*Div) €V
and replace it in (3.9). We obtain for h small enough

/ 2u¢*DDRv]* dy + / AV - Dpol? dy + / B Dyvl? dI + 2p / DID(v) : 2¢V¢Dpv dy
F F oF F
A / 20(V¢ - DIo)(V - Dhv) dy = — / f - DM(EDpv) dy - / g- Dy"((Dliw) dr.
F F OF

Since
D" (C* Do)l r2myp < C (ICPV(DR)l 2y + 1(DR0)llip2mye) - (3.15)

we get
/ff - D¢ Div) dy < el|¢PV (Do) |[Fe e + Ce (||f||[2L2(.F)]3 + ||g||[2H1/2(8]-')]3> :

In the other hand, let extend the unit normal n over F and g by a function also denoted by g € [H'(F)]® . We
have

3
- /8 gD (Dl) dr = Z(— /f 9:((n)ig) - Dy " (¢C2D}pv) dy + /f DY ((n)ig) - CB(Dhww) dy
-2 [ (i) O(Do) d ). (3.10)
f
Using (3.15)), we get

| g+ DDl v < VDL s + Co (I acmp + loliorys) . (317
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Hence gathering all these estimates, we obtain
DRl e < C (1f 2@y + Mgl e omye) »
for k = 1,2. Taking h to zero, it yields
10702y < C (I 2@y + 9llmzams) » 5 € {1,2,3}, k=1,2.
Using the first equation in (3.6)), we get finally

2
120+ NSEgvllzacens < O I0kvllun e < C (1l e + ol racrys) -
k=1

Now we consider the case when F is arbitrary. Let yo € OF, since F is C?, then there exist » > 0 and
n:R* — R of class C? such that

FNByo,r) ={y €R% ys >n(y1,52)}, OF NB(yo,r) = {y € R? ys =n(y1,y2)}-

Let Y, : B— F N B(yo,r) and Yn_l : FN B(yo,r) — B, where B = B(0,s) N {z3 = 0} with s small enough.
We define

21 Y1
Y,(2) = Z2 ) Y{l(y) = Y2
23 +1(21, 22) Y3 — (Y1, y2)

Let define v,, = v(Y;(-)) on B. Then, the formulation in (3.9) gives

/Jn(un):an dz+/ Bu, - wy, czr:/(s,,ﬁ7-u;77 dz+/ g - wy dT, (3.18)
B oB B oB

where

1
by = Cof VY, Dy(vy) = 5 (Vo,(by) " + (Yo, (b)) )T,
i

A
Sp(v) = 2uDy (v) + ?(bn Vo), op(vy) = Sy(vy)by.
n

We emphasize here that for any w € V, we have w,, - n,, = 0 on BN {23 = 0}. Note that (3.18) is coercive, in
fact

1 2
/ on(vy) : Vo dz = / 2 K |an(bn)T + (vvn(bn)T)T| dz
B B n

1 1
+/ Aoy s V| dz= | 4, (200D, (v ) dy+/ =Alby = Vo, [ dy
B “n B B “n

= / 24 D) dy +/ AV -o]® dy. (3.19)
FNB(yo,r) FNB(yo,r)
Using Lemma we get for all v, € [H'(B)]? satisfying v, - n,, = 0 on BN {z3 = 0}
[ onton)sVoy dy+ [ 8ol dr > Cllog s e (3.20)
B oB
As the half ball case, we take w, = —D,;h(CQDZU,,) for h small enough where ( is a cut off function such that

¢ =11in B(0,s/2) "R} and vanishes outside B. Note that we have w,, - n,, =0 on BN {z3 = 0}. We get

/ D} (0y(vy)) : *V DL, d= + / B3| Dlvy? dT
B BN {z3=0}

= _/B‘Snfn 'Dlzh(Q.QDZUn) dz — /88971 'Dlzh(CZD]I:Un) dr. (3.21)
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Repeating the previous steps as in the half ball case and using the coercivity of the operator V - o, in B and
the fact that D} (b,) is bounded, we get

DR on i sys < C (Il fallizz@yp + Nlgnlli/2sy) - (3.22)
We take h to zero and thus we obtain
107 (o) liz2 s < C (1fnlliz2@ys + lgnllmeesye) s 7 €{1,2,3}, k=1,2.
Now, we go back to the equation of the system (3.6) that can be written under the change of variables Y,
=V - (oy(vy)) =0y fn, on B.

After some calculation, we obtain that

2

| (assls + M )333UH L2(B)]3 CZ ||3k )l () < (an||[L2(B)]3 + HQWH[HU?(@B)P) )
k=1

where ag3 = (ib;bn)gg > 0 and M, is a non negative symmetric matrix
A+
= (S5 ) Bt 8= [ (s (]
We deduce that azzlz + M, is invertible and bounded in B, then we get
1055vlliz2sy2 < C (1fnllizz@ye + lgnllimz@sye) -

Since O.F is a compact set, we can use a finite partition to cover the boundary OF by many balls B(y;,r;) and
we combine all the estimates to get (3.7). We deduce (3.8) by induction and the proof can be performed as [28]
Theorem 5].

3.2 Lifting

Lifting of the impermeability condition
Lemma 3.3. Let a € L*(0,T; H3?(8F)) N H*(0,T; L>(OF)) such that
a(0,-) € H¥%(OF) on OF.

Then there exists w € L*(0,T; [H*(F)]*) N H*(0,T; [L*(F)]*) such that w-n = a on OF and

lwl| 2 (0,7:1 72 (F))3)nEH (0,151L2 (F)]3) < C(||a||L2(O,T;H3/2(8]—'))ﬂH3/4(0,T;L2(8}')) + [|a(0, ')||H3/2(8}‘)>a (3.23)

with C' a constant independent of T

Proof. From [51, Vol TI, chap.4, Theorem 2.3|, there exists w € L*(0,T;[H?(F)]*) N H*(0,T; [L?*(F)]®) such
that w-n = a on 0F and

lwll 20,7512 (F)3)nE 0, 13(L2(F)3) < CTllallp2(0,7:m53/20F)nm3/40,1502 (0F)) - (3.24)
However, the constant Cr in (3.24) may depend on T, then, we extend data over (0,7%) with T* > 2T as

follows:
et (t) = a(t) t e (0,7),
Uert(t) = < Qezt(t) = a(2T —t) t e (T,27),
Gent(t) = a(0,7) e (T,T7).

10
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Since a(0,-) € H3?(3F), then acy € L2(0,T*; H¥2(0F)) N H3*(0,T*; L*(3F)). Then, we obtain

Hw”L2 0,T;[H2(F)]3)NH(0,T;[L2(F)]3) & < COrp- CleartHL?(o T*;H3/2(8F))NH3/4(0,T*;L2(dF))> (3.25)
such that Cr- depends on T*. We notice
laeatll grsrao,r=;0207)) < llaeat — a0, )| gs/ag0,r;207)) + (T*)2(|a(0, )| L2 o) (3.26)

From Lemma

ezt — al(0, )||H3/4(0 TL2(0F)) X < Clla - a(0, ')||H3/4(0,T;L2(af))
< Cllallgs/ao,rc207)) + 1160, )l L20,7522007)) - (3-27)
with C independent of T'. In the other hand,
1a(0, )l 20,7220y < T2 llall L= 0,152207)) = T2 0"l L= 0 1:22(07)) < CT 210" || gr3/(0,1,22(07)):
where a*(t*) = a(t*T), t* € (0,1). In particular, using the estimate [I3, (A.11), p. 36] we get
la* |l rs/a(0.1:22(07y) < CT™2|lall gs/a(o.1:02(07))-

Then, (3.27)) gives

llaext — a0, M ms/a0,0+;207)) < Cllallgsrao, ;02 07))- (3.28)

We get also
||aeaat||L2 0,T*;H3/2(8F)) CHCL”L2 0,T;H3/2(8F)) T (T*)1/2||a(0, ')||H3/2(8f)- (3.29)
Combining (3.29), (3.28) and (3.26)), we get the estimate (3.23). O

Lifting of the slip boundary condition
Lemma 3.4. Let g, € L*(0,T; HY/?(0F)) N HY4(0,T; L*(8F)), i = 1,2. The non stationary Stokes system

9 =V - (S(¢)) =0 in (0,00) x F,

¢-n=0 on (0,00) x OF, (3.30)
2uD(¢)n + B¢] -7 =7;  on (0,00) x OF, '
$(0,) =0 in F,

admits a unique strong solution in L*(0,00; [H?(F)]*) N H(0,00; [L*(F)]*) and

191120 0os212()2)0 1 0,001 (L2 ()19 1L (0,001 17 ())%)
<C <||§1HL2(o,oo;HW(af))mH1/4(o,oo;L2(af)) + ng||L2(o,oo;H1/2(af))nH1/4(o,oo;L2(af))) - (331)

Proof. The proof is based on the transposition method and it is similar to the incompressible case see [68| 67] Let
7 € C5°(0,00; HY?(dF)) and to simplify the calculations, let § € C5°(0, oo; [H1/2(8_7:)] ) such that - 7* =g,
i=1,2and g-n = 0. Let ¢, the solution of the stationary system with (3.6) with a = 0 and g; = g,. Setting
¢ = ¢ ¢g, We see that ¢ verifies the system

3@ - vi(S(a)) = 7at¢g in (07 OO) X ‘Fﬂ

d-n=0 on (0,00) X OF,
[2,uID) n—&—BT =0 on (0,00) x OF,
$(0,-) =0 in F.

11
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From Theorem [3.1] the associated Lamé operator of the above system is analytic with negative type. Then,
there exists a unique strong solution ¢ that is in C5°(0, co; [H?(F)]?) and thus the system admits a unique
solution ¢ € C§°(0, 00; [H?(F)]?).
Let show (3:31). Let f € L*(R;[L*(F)]®) and Ts > 0 such that f = 0 on (T,00) the solution of the
backward system
DbV -(SW) =f  in(—00,Tu) x F,

Y-n=0 on (—00,Tw) X OF,
2uD()n + ] - 78 =0  on (—o0,Ts) x OF,
V(Tn,) =0 in F.

We extend 9 (resp. ¢ and g) by zero on (T, 00) (resp. on (—00,0)). The function 1 satisfies the estimate

101l L2 g2 219y @itz (o) s (@) S CIF 2@z (3.32)

After standard calculations and integration by parts, we get
//8tgb-fdydt:—/ 0:g - dU dt.
rRJF R JOF
From the trace theorem, we have that ¢» € H*/*(R;[L?*(0F)]*). Hence, we obtain
/R/Fatd’ - f dy dt < C\gll grrawsreoFys) 19 msra @z o7y3)- (3.33)

Combining (3.33) and (3.32), we get

[10:8| L2 (0,00:122(F)12) < ClTIE1/2(0,00:[L2(07))2)- (3.34)
Finally, using Theorem 3.1} we obtain (3.31). O

Finally, we consider the following non stationary and nonhomogeneous Lamé system

20w — V- (S()) =0 in (0,T) x F,

ven=a on (0,T) x OF, (3.35)
[2uD(ve)n + Bug] - 7" =g;  on (0,T) x OF, ’
ve(0, ) = w(0) in F,

where w is obtained in Lemma with S(y) = fo if y € S and B(y) = p1 if y € OF. We suppose that
Bo + p1 > 0.

Proposition 3.5. Let
a € L*(0,T; H¥*(0F)) N H3*(0,T; L*(8F)), g: € L*(0,T; HY*(OF)) N H*(0,T; L*(9.F)).
The system (3.35) admits a unique strong solution vy of the system (3.35)) and there exists a constant C' non

decreasing with respect to T such that we have the estimate

[lve ||L2(0,T;[H2(f)]3)mH1 (O, T5[L2(F)J3) S C( Ha”L2(O,T;H3/2(8]—'))ﬂH3/4(O,T;L2(6}'))

a0, )ws207) + 1911l 20,0520 7m0, 7502(07) T 1921 20,7181 /2 O ) ) EL 20,7322 (07 > (3.36)
Proof. We consider the lifting 7 = vy — w — ¢ where w is obtained in Lemma[3.3]and ¢ is the solution of (3.30)

with ;
9 = gi — [2uD(w)n + Pul -7, t € (0,T),

12
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extended by 0 on (T, 00). The system (3.35)) is reduced to
p°0,5 — V- (S(@)) = f(w,¢) in (0,T) x F,

v-n=0 on (0,T) x OF, (3.37)
2uD(T)n+ Bo] -8 =0 on (0,7) x OF, '
50,-) =0 in F.

Using the elliptic results elaborated in Theorem and [9, Theorem 3.1, p.143], we obtain that v satisfies

71 22 0,782 Gy yn 1 (0,122 (R ey 0. () < C€ET I (w0, )| 20,1122 (072 - (3-38)

Then, using (3.38)), (3.31) and (3.23) combined with [I3| Lemma A.8] we deduce finally (3.36). O

3.3 Linearized system
3.3.1 H? Regularity

We consider the lifting v, that satisfies (2.4)). Let v = v — vy, the linearized system (3.1), (3.2, (3.3) and (3.4)

is reduced as follows

0 = .
("t T @20
PO =V - (S(u) =V - fi + [ in (0,T) x F,
ot e
Juw' = f4 in (0,7),
with the boundary conditions
{ u-n=0, [(2uD(u)n+ Bou)] -7 =0 i on(0,7T) x 09, (3.41)
(u—ws) -n=0, [2uDu)n+pi(u—vs))]-7°=0 on(0,T) x IS,
and the initial conditions
p(0,)=p"in F, u(0,")=u"inF, £(0)=£, w(0)=ud", (3.42)
with the following compatibility condition
V2 =04+ xy, u’-n=0 ondQ, (u’—v%)-n=0 ondSs. (3.43)

We introduce the spaces
Xp = (Wh>°(0,T; L*(F)) N H'(0, T; H'(F)))
x (L2(0, 75 [H*(F)) 0 H (0, T5 [L*(F)]P) 0 C(0, T3 [H (F))) x [H(0, 1) x [H'(0,T)],
To = {(u®,£°,u°) € [H'(F)]® x R® x R? satisfying (3.43) }.
Proposition 3.6. For any
(W’ €0, €Ty, he L0, T HY(F)) NL=(0,T; L*(F)),  fy € LX0,T; [H(F)),
f2 € L0, T3 [LX(F)P),  fs € [LH0, 1), fae [L*(0,T)],
there exists a unique solution of the system (3.39)), (3.40), (3.41) and such that

(o, u, £, ) || 2 < CBCT(HML2(0,T;H1(f))mLao(o,T;Lz(f)) + 1 Fill 2o, 7oy + 1 2llL2o,2 (7))

+ 1 f3lliz2 0,2 + Il falliz2 0,0y + |(u07£0aw0)|zo>~ (3.44)

13
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Proof. For £, w € R3, we define N(¢,w) as the solution of the system (3.6) with a = vs -n, g; = vs - 7° and
f=0. From Theorem we see that N € £(R? x R?, [H?(F)]?). We introduce the operator

1 i
Ap = —p—OV 'S, D(Ap)={uc [H*(F)?* u-n=0, 2uD(u)n + fu] - 7" =0 on OF},
1 that is self adjoint and by Korn inequality (see Lemma|A.1)), we deduce that this operator is also coercive, then

> Ap is the generator of an analytic semigroup on [L?(F)]® (see [9, Theorem 2.12, p.115]). Taking i = u—N(/,w),
s the fluid system is reduced to

20—V - (S()) = f in (0,T) x F,
-n=0, [(QM]D)(ﬂ)n +Bu)]-7=0 on (0,T) x &F, (3.45)
w(0,-) = u® — N(£°, ") in F.

From [9, Theorem 3.1, p.143], we obtain that u satisfies
1@l 22 0,212 Py 0,2 o= 0,1t () < CeT 20, mypr2 07 9)
< Cet <||f1||L2(o,T;[H1(f)]9) + [ falle2o,mie2my) + I sllizeo,re + 1fallizzo,mpe + |(u07£0awo)||zo>~ (3.46)

Thus, we get

1ll L2 (012 (2 ))) i (0,13 L2 (F )y (o s () S CeCT <||f1|L2(O,T;[H1(J-')]9) + 12l 20,3102 (7))

+ [1fslliz20mye + 1 falliz2orye + |(u07€°,w0)|lzo>' (3.47)
From (3.39), we get that
p € WH(0,T; LA(F)) 0 H' (0, T; H' (F)).

« Hence, we deduce that the system (3.40)),(3.41), (3.42) admits a unique strong solution that satisfies the energy
s estimate (3.44). O

Let

Vr ={(h, f1, f2, f3: f1, 0,91, 92) € (L*(0,T; H' (F)) N L>(0,T; L*(F))) x L*(0,T; [H'(F)]?)
X L2(0, T; [LA(F)) x [L2(0, T)* x [L2(0,T)]* x (L2(0,T; HY2(0F)) 1 H*/*(0,T; L(0F)))
X (L2(0,T;H1/2(af)) N HY4(0,T; L2(af)))2, a(0,-) € H¥*(0F)},
and
(R f1s f2, 3, fas as 91, 92) lyvr = 1Bl 220,150 (7))L 0,7:02(F)) + | fill L2 0. msimr (7)) + [ f2ll 20,1122 (F))3)

+ 1 f3lliz2 0,72 + 1 fall 2o,y + 11000, M L2 (0,75 13720 7)) nm3/4 0,122 7)) + 1000, )l 113720079

+ g1l 20,7 51207 nm /40,7502 (0F)) + 1920l L2 (0,75 1120 F)) A EY /0,312 (0 F)) -
¢ Then using (3.36), we deduce a regularity results for (3.1)), (3.2), (3.3) and (3.4).
Corollary 3.7. Let

(hvf17f27f37f47a791792)EyTa poeHl(‘F)v 'UOG[Hl(‘F)]S? ‘€Ov WOGR?)v

7 such that (3.5) is verified. Then, the system (3.1), (3.2), (3.3) and (3.4) admits a unique strong solution
s (p,v,4,w) € Xr such that

|w@mw%<@“@wnhﬁﬂ%mmmmwmmm+W+Mwm%mmJ (3.48) [{estini2)

14
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: 3.3.2 H* Regularity
> Let (v°,0°,0°%) € [H3(F))® x R® x R? such that

0 0 0
0 _ 40 0 v-n = a(07'>7 [QMD(U )n—i—Bv ]1 :gl(07> on 897
vs =6+ Wi xy, { (vo - vg) -n = a(0,-), [Q/L]D)(’UO)TL + Bl(vo — vg ] =g;(0,-) on dS, (3.49)

i

3 and
(plov S0 4 V- (£1(0,2) + fa0, ~>) 1= Bra(0,") on 99,

) (3.50)
[ (pOV S + V- (£1(0,°)) + fa(0, )) — (m_lfg(()) + J7Hf4(0) x y)] -n =08;a(0,-) ondS.

Let introduce the spaces

Xp = Wh(0,T; H*(F)) N H' (0, T; H*(F)) N H*(0, T; H(F))
x (L2(0,T; [H*(F)*) 0 H?(0, T; [L*(F))*) N €0, T; [H(F))*)) x [H*(0,T)]* x [H*(0,T)],

Zo = {(v°,£°,u°) € [H?(F)]® x R® x R? satisfying and 1,
Ve = {(h, fi, for f3, frsa, g1, g2) € (L2(0,T5 H3(F)) N L0, T; H*(F)) N HY(0,T; H'(F)))

X (L2(0, 75 [HA(F)]?) 0 HH(0,T5 [HN(F)]P)) x (L2(0, T3 [HA(F))”) 0 HH(0, T5 (L2 (F))))
X [H (0, T x [H' (0, 7)) x (L2(0, T H/2(0F)) 0 H™/4(0,T; L(9F)) )

x (120, HY2(0F)) 0 HY4(0, T L2(8f)))2 L h(0,) € HA(F), f1(0,) € [H*(F)),
£2(0,-) € [HY(F)]?, a(0,-) € H?(0F), 9,a(0,-) € H?(9F), g(0,-) € H*(0F)},

where

(R, f1, f2, f3, fa,a, 91, 92) |55, = Pl L2(0,7:03 (F))nLee 0,152 (F))nm 0,110 (7)) + |00, ) |2 ()
+ 1 f1llezo,7ym2 (Fno)nm o, 20y + 1100, ) llim2me + | f2llzeo,miim2 @) nm 0,702 (7))
+ 1 £200, Mz =y + N f3llimr oy + [ fallizro.mye + 1£30)] + [ £12(0)] + lall 20,7 m7/20 7)) nE7/40, 13220 7))
+ 1a(0, )M asr207) + 110:a(0, )| 32 o) + 1191 20,7552 (0F) A E5 74 (0,7:02 (0F))

+ 192l 20,7152 (07) )" H5/4 0,15 12(07)) T 19100, )l s 207y + 1920, ) [ sz o7y -

Theorem 3.8. Let
(h7f17 f27f3af47a7gl792) € j}Ta (p07’UO?ZODWO) € H3(]:) X fo_
o« Then, the system (B.1), (3.2), B-3) and (3.4) admits a unique strong solution in Xp such that
||(p,U,é,UJ)||.5(\T < CeCT<|(h’a f17f2af37f4aaagla92)||§T + ||(p0avo7£0awo)|H3(_7-‘)><f0>' (351) {estimH4}
Proof. Let

vt = %V “S(%) + V- (f1(0,) + f2(0,) in F, £8=m7 f3(0), w'=J7"f4(0).

15
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We dlfferentlate the system (3.2] , 3.3) and (3.4) with respect to ¢, then (9yv, ¢, w ) is the solution of ( .,
and ([3.4) associated to (9; f1, 8tf2, 8tf3, 8,:f4, Bta Org) with the initial condltlons (v 0w ) Using Corollary 3.
we obtaln that

1050, €', ") L2 (0.7 (1 (F))2) P H (0,512 (F))2) x [ (0,12 x [H1 (0,72 < CeCT (|£1| + |w'|

+ [0 iz ey + 1l o, rsi o) + 12l i o,z + sl o,z + fall iz o,

+ llall g 0,7, 115720 7)) H7 /40,7512 (0F)) + 10:a(0, ) zr3/207) + 11921 11 (0,751 7207 B3 /40,7512 (07

+ |92”Hl(o,T;HW(af>>mH5/4<o,T;L2<af>>>~ (3.52)

In the other hand from Theorem we have that

VIl p20,7; 71 (7)) < C(l|f1L2(O,T;[H3(]~')]9) + [1fallz20,ms1m2(7)12) + 100l 20 7,112 (72

+ 1 f3lliz2 0,78 + 1 falliz2 o,y + llall 20,7572 07))

+ g1l 20,7152 07)) + 1920l 20,75 m5/207)) + Wl {L2(0,7)2 + ||W||[L2(0,T)]3>~ (3.53)
1 Gathering (3.52)) and - we obtain . O

. 4 Fixed-Point and proof of Theorem
ixedpoint
Let us fix T'> 0 and R > 0 and let define

Brr = {(h, f1, fa: f3, fr.a,91,92) € Yr 3 h(0,-) =0, f1(0,-) = —a,(p°)Is,  f2(0,-) =0
fo= [ 60" = mdr, fi== [ yx (60%) - ay()In dr,
oS 6]

S
a(07 ) =0, ata(o, ) = aa gi(oa ) =0, H(ha f17f23f37f47aa g)”ﬁT < R}a

such that
~ —00 - (Vn?) on 012,
71 W x (0° =% - n— (0¥ —0%) - (Vno®) on 8S.

Let consider the mapping Z : B+ — 37T such that

Z(h’flanaf?nfélaaagl;gQ) = (T(p?v)ﬂ Fl(pﬂv)v FQ(pvv)v ]FS(pvvang)’ F4(p,v,€,w), B(”aevw)v G(Uang))a

s where (p,v,¢,w) is the solution for the linearized system (3.1| , , and |-i associated to h, f1, fa, a,
+ g1, and go. We recall that the nonlinearities T, Fy, F, F3, ]B and G are given in (2.7] ., . -, -

s and -, 3)) respectively.

For R >0 large enough, we have that Br.r is not empty. Indeed, let v* be a function in L*(0, T; [H*(F)]*)N
H?(0,T;[L*(F)]?) such that v*(0) = v°. Let h* =0, f{(t,-) = —a,,( N3, gF = 0 and define for all ¢ > 0

t
—/ v* - (Vo) ds on 09,
0

a*(t) = t
/ W x (v —£%) - — (v* —v3) - (Vnw*) ds on S,
0

and

3(t) = */aS(S(’UO) —a,(p°))ndl,  fi(t) =~ /&Sy X (S(v") = a,(p")")n dr.
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Then, from (|1.7) there exists R such that

I limze + 151+ 131+ 110007 (0, )| gar207) < B/2-

Thus, for T small enough, we get that (h*, 7, f3, f3, fi,a*,g*) belongs to Br r. Then, Br r is non empty. We
assume also that
1%, 0%, €, ) | s 5y 7, < B- (4.1)

In this section, we prove that Z(Brr) C Bgrr for T small enough and that the mapping Z|s, , defines a
contraction. In the sequel, C' > 0 is a generic constant that can change from a line to another and may depend
on R but not on 7. From (3.51)), we have the following estimate:

I(p.vb.)llg, < C (R4 fus for fo Srsagn g, ) -
Let (h7f17f27f33f4,a791792) € BR,T: we need to show that Z(ha fl,f27f37f4vaa 91392) € BR,T' We have
H(p71)7£7w)H_f€T <C. (42)

Thanks to Lemma[A.4] we can use interpolation arguments. From (2.1), we have
t
Xty =y+ [ ot dt, te 1), yerF.
0
Since the regularity of X depends on the fluid flow, we have

X € HY(0,T; [HH(F)*) 0 H*(0,T; [H*(F)P) N CH([0, T; [HP(F)]*) 0 H(0, 75 [L*(F)P?).

It follows that

1X = Id[| oo o mipra(mys) < CTY2, 186X || 2o s ey < CTY, (4.3)
16 llyy1.00 (0,7 122 Py 2 0,71 Py o msirs (7)) S O 10x = Tsll oo (o 3 (7)) < CTY2, (4.4)
10 lwrr.ce (0,7 112 (P nm2 0,750 Py (0. (7)) < Co N0x = Ul oo 0,712 (7)) S T2, (4.5)

Since p satisfies (3.1)), and Vo € L*(0,T; [H*(F)]?), we deduce

lp = pOHLN(O,T;Hi’»(}‘)) <cT'?. (4.6)

From (4.1]), we also have
||bX||L<x>(0,T;H3(]-‘)) <G, ||§XHL<><>(0,T;H3(]-‘)) <C (4.7)

At the boundary, we have by interpolation

”bX||H1/4(0,T;[L°°(6.7-‘)]9)ﬂH7/8(0,T;[L°°(8]—')]9)OL°°(O,T;[L""(BJ:)]Q) <G,

||5X||H1/4(0,T;L°o(af))mHWS(o,T;Loo(af))mLoo(o,T;Loo(af)) <G, (4'8)

and
10 | 5740, 151m2 00y < Cs NOx M s/ 0,75 m207)) < Cs (4.9)
10ebx (| gr7/5 0,220 y0) < Cs 10e0x | s o, m2ra07)) < C- (4.10)
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Local strong solutions for a compressible fluid-solid system

: 4.1 Estimation on T, F; and [,
First, we show that T € L(0,T; H*(F)) N L>(0,T; H*(F)), from (@.6), ({@.5)

1T (v, 0, p) Il 20,7503 (F) < ||* = PNl .13 (7)) 1Vl L2 (0,23 (o)

+ ||gHL°°(O,T;H3(}‘)) HVUHLZ(O,T;[H3(J:)]9) [bx — H3||L°°(0,T;[H3(]-')]9) < CTl/Q’

p
1T (v, 0, p) Lo (0,7;12(F)) < ||* - p0||L°°(O,T;H3(]-')) VOl oo (0,3 1m2 ()0

gl o HL°°(0 .13 () |1V | oo (0. 2p2 gy 10 = T3l oo .m0y < CTH2,

and since Vv € L>(0,T; [H?(F)]%), we get

p
18T (v, 1, )| 20,77 (7)) < <||5X — 0"l = 0,113 (7))
p
55 le=ormeelibx = H3||L°°(07T;[H3(f>19>) IVOwIl L2 0,y (70
100 (£ ) lemaismmp 190l e < OT2

Let prove that Fy € L*(0,T; [H*(F)]°) n H'(0,T; [H'(F)]°). Let estimate for example

||$VU<bX>TbX — V| 20,5113 (F)9)
< ||$ = Ulzo 0,113 (7)) IVO 220 7003 (70 Hb)T(bXHLoo(o,T;[HS(I)]Q)
+ ”a”LOO(O,T;HS(]-')) IVl 20,74z o) 10X = s | oo 0. oy 10X | Lo 0,512 o)
+ Hg”LW(O,T;Hf*(J:)) IVl 20,715 (7)9) Hb)T(||Loc(0,T;[Hs(f)]9) 1bx = Tl poo (0,75 213 ())0) -
> Using (&.3), (£.6), (£2), [3), and the fact that H*(F) x H*(F) — H?(F). We obtain that

1
||ng(bX)TbX — VU||L2(O,T;[H3(]-')]9) g CTl/z. (411)

s In the other hand, the pressure term is estimated as follows

||p(P)bX||L2(0,T;[H3(}-)]9) <712 [p(p )bX”Loo 0,T;[H3(F)]? <CT'?. (4.12)

We obtain also

[0 ( XVv(bx)Tbx> = OV 20,7511 (7))

(bX) bx

< (natwnmm s | Bl orpme e

(bx)"bx
+ T2V e o e ey 100 (5X Lo rm2(Fye) | < CTY?. (4.13)
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Local strong solutions for a compressible fluid-solid system

We also have

19: (P(2)o3) 220 51811 3oy < T2 ( 10ep(0) | Lo (0,7 172 (7)) 110 || Lo 0,122 (7p9)

+ [lp(o) | Loe 0,73 125 (7)) Iath”LOO(O,T;[H?(}')]Q)) <OTY?. (4.14)

Then, from (&11)), (4.14) and (#.13) we deduce that Fy € L*(0,T;[H>(F)]°) n H' (0, T; [H(F)]°) and

IF1 1 220,751 53 (F)2)nH (0,15 HY (F))P) < cTY?,
Now, we deal with F5, we have
[Fal 20,7 m2(7)0) < 1px — P°ll oo 0,712 () 000 | L2 (0,72 (7yy3) < CTY2,

and

10:F2lr2(0, 72272 < 1p0x — 0%l Loe (0,113 (7)) |10t | L2 0,722 (72
+ 0ol o< 0,112 (7)) 10 | o< (0,715 (7)) 020 || Loe 0,13 11 (712

+ 1ol o 0,7: 153 (7)) 1960 x || oo (0,512 (7)) 1060 || Loe (0,751 1 (7)) < CT'Y?. (4.15)

4.2 Estimation on F; and [Fy
From and since Vv, bx € L>=(0,T;[L>(0F)]%), we have

| Fsllz20,7y2 < CT'2. (4.16)
In the other hand, 0;F3 contains mainly terms of the kind
Vowbibx, OibxVubybx, p' 10pbx, pT0ibxbx, (4.17) | {1821}

that need to be estimated in L?(0,T; [L'(9S)]?).
For the first term, since Vv € L>(0,T; [L*(F)]°) N L(0,T; [H*(F)]°), we get by interpolation that
”VatvHL8/3(O,T;[H1/4(8S )9) < C. (418)

Then
||V5tvabx|\L2(o Ty 08)9) < CTVE, (4.19)

Concerning the other terms in ([{17), from (.4), they all can be estimated in L>(0,T;[L>(9S)]°). Thus
combining this fact with (4.16]) we obtain that

IF3 |1z (0,13 < cTYs, (4.20)
Similarly we deal with Fy, since Vo, bx € L>(0,T;[L>(0F)]°), X € L*(0,T; L>°(0F)) and the fact that
IAllizes 0. < Tl 0.8 < C

||F4||[L2 o1 < CT'V2. (4.21)
In the other hand, 0;F, involves terms as (#.17) multiplied by (X — k) that is in L>(0,T;[L>(S)]®) and
additionally we have the terms

we obtain that

Vobxbx(v—1£€), p'bx(v—1).
The above terms can also be estimated in L>°(0, T; [L>°(dS)]?) since

€l iz o.mye < 101+ T2 01| (120,75

Thus, from (4.21)), we obtain
IF4llizrr 0,13 < cTYs, (4.22)
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Local strong solutions for a compressible fluid-solid system

:+ 4.3 Estimation on B
Now let us estimate the boundary term B defined in (2.10) and (2.11)). It suffices to estimate

(fix —n)-v, wx(X—1Id) fix.
We notice that 7ix (¢,-) = Q(t)n(Q(t) T (X(t,-) — h(t))). We get
nix (t,y) = n(y) = a(t, X(6,y)) — nly) = Q) = I)n(Q(1) (X (t,y) = h(1))) + n(Q (X (t,y) — h(t))) — n(y).
Using Taylor-Lagrange formula, we get
fix(t,y) —n(y) = (Q() — Is)n(Q() (X (t,y) — h(1)))
+ /01 Valy +0(Q(6) T (X (t,y) —h) —y)) d8 (Q(t) (X (t,y) — h(t) —y) -

Since Q € [H?(0,T)])°, h € [H?(0,T)]%, we get that
1Q = Isll{r(o,rye < CT,  ||hll{ze= (0, < CT,
and from (4.3)), we get that
1QT(X — h) = 1d || poe (0.1 7208y < NQT (X —1d)|| oo (0,7 (1772 052
+ QT = Is)llr=(o.rye + 1Q T hlljzoeo,ry2 < CTY2.  (4.23)
Since ns is smooth enough, from (4.23)) and [16, Theorem 1.1°'] we get that
In(QT (X = k)|l e 0.7 (m72(0502) + 1VR(y + QT (X = h) = 1)) || oo (0.7 (51772 (08)8) < C-
> Then, using the same argument on the fixed boundary 0f2, we obtain that
HTNlX — nHLm(O,T;[H7/2(6]-')]3) < CTl/Q. (424)
s Since H/2(0F) x H/2(8F) < H"/?(OF), we get
I(Rx —n) - vll2o,zsm7207)) < Cllix = 1l oo, zimr2 07 1V L2 0,73 77/2 07y < CTY2. (4.25)
We get also from (4.3) and [I6, Theorem 1.1°]

lwx (X =1d) - nx || 2 0,7,17/2(85))

<Nwllz2 . I1X = 1d | o 0,717/ (072 I | e 0,517 2080y < CT2. (4.26)  [{1534}

Let estimate ;B in H*/*(0,T; L>(0F)). In the sequel, we commonly make a change of variable to reduce the
time interval into (0, 1) to make sure that the constant C' is independent of 7'. We use the following notation

f) = f&T) = f*(t*), " €(0,1).
Since d,v € H**(0,T; [L*(0F)]%), using we get

- bx
[(nx —n) '8tUHH3/4(O,T;L2(6]-')) = | (|bXn| - H3> n: 8t”||H3/4(0,T;L2(8f))
bX bX
< || (|bX’n,| - Hg) n- (5#1 - (aﬂ))(O))||H3/4(0,T;L2(a]:)) + || (|bxn| - Hg) n- (atv)(o)||H3/4(O,T;L2(8]:))' (427) {11:33}
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Local strong solutions for a compressible fluid-solid system

We estimate the first term in (4.27) as follows

H <|b ‘ ) n- (8tU - (atv)(o))HHS/“(O,T;L?({)}'))
— p—1/4p— 1|| <|b n| ]I3> n- (Opv* — (at*v*)(o))||H3/4(0,1;L2(6]-‘))
_ . . by
= 5/4”815*1’ ~ (v )(O)HH3/4(0’1?[L2(8}')]3)H <|bn| - H3> ||H7/8(0,1;[Loo(8]-')}9)

< CT_5/4T5/4||815U - (atv)(o)HH3/4(O,T;[L2(6}')]3 H (|b | ) ||H7/8(07T;[Loo(a]:)]9) < CT3/8. (428)

Since d,v € L®(0,T; [H?(0F))®) and HY?(9F) < L*(F), then using (A.3) we have for the second term in
@27)

bx bx
[ <|bxn - Hs) n - (0p0)(0)[| grs/a 0,02 (07)) < C||(at’l))(0)||[L4(a]-‘)]3||7|bXn| — L3l /a0, 1510 (0))9)

< CTT/8=3/4 — Isll grr/s o1 ppos o)y < CTE. (4.29)

X
bxnl

Since v € L>(0,T; [L>(0F)]*) and 0 ( bx > € L>=(0,T; [L>(0F)])°), we can write

bxnl
||8 <bX> nv|| 3/4 2 < H(’)t (bX> n- (’U—UO)H 3/4 2
t |bXn| H3/4(0,T;L2(0F)) X |bXTl‘ H3/4(0,T,L?(8F))

+ 10| —— |n—(0: | —— | (0))n) - v 3/4 L2 + (0 | ——— | n-v)(0 3/4 L2 3).
10 () = (00 (25 ) O Pl raomy + 1601 (25 ) m0) Ol rpeom

(4.30)
The third term in (4.30) gives
bx
(v - O <|b |) 1) (0)| grs/40 7120 7)) < CTY2. (4.31)
b
Since 0 (|bXXTL|) € HY30,T;[L*(0F))°) and v € H3*(0,T;[L*(0F)]%), arguing as ([£.27) and ([#.28), we
obtain
bx 0 bx bx 0 1/8
t\ 77 )n-(v— H3/4(0,T;L?(dF)) t\ 77 )= O | “UlH3/4(0,T; L2 (0F)) S :
100 () e (0= )l 100 () n= @ (s ) mO) - L <or

(4.32)
In the other hand, we notice that

bx

bx bx
[w" x (X —1d) - b Xn‘nHHl 0,1512(08)) + [lw X v - 7|bXn|n —(wxwv- |bxn|”)(0)||H1(0,T;L2(33))

bx
X —1d)- 8, 2 | <C. (433
o x (6 =100 (250 nlimorsasy < C. (433)
From Lemma [A.3]

bx bx bx
[w" x (X =1d) - =7l ga/a(0,;12(05)) + lw X v - n—(wx v m——=n)(0)|| gs/a0,1;L2(85))
|bxn‘ ben‘ |bXn|

b
o x (X =100 (25 nllwsno rasiosy) < CTVA - (434
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Local strong solutions for a compressible fluid-solid system

Since (w X v -

B n|n)(0) € L>(0,T; L*(0S)), we get finally from (4.34)
X

10, <w X (X —1d) - bx < CTVA, (4.35)

|bxnn> ”H3/4<0,T;L2(68>>

The last term in (2.11)) can be estimated similarly. Gathering the estimates (4.25)), (4.28), (4.29), (4.31)), (4.32),

(4.26) and (4.35) we get

1B 1774 (0,7: 02 (0F) L2 (0,1 1772 (0F)) < cT'E, (4.36)

4.4 FEstimation on G

First, we extend G over F and we use the same calculation as Fy, we see that G € L?(0,T; [H3(F))®). Using
the trace theorem, we get
IGill 20,7352 (07 < CTY2. (4.37)

Now we estimate 8,G; in H'/4(0,T; L?(8F)). We notice that
2uD(v)n - 7 — 2uD¥ (v)ix - To = 2uD(v)n - T — 2ub ' DX (v)bxn - .

Let estimate for example
||8t ( 5 V’U(bx) bXn . Ti> — Othn . Ti||H1/4(07T;L2(3]:))
C(@Nv ( ix (bx)"bx — ]13> | zr2/40, 7322 (97)]9)
41
+ || Voo, (bxl(sx(bX)TbX> ||H1/4(O,T;[L2(8]-‘)]9)>~ (4.38)
From Lemma the first term at the right hand side of (4.38]) gives
VO (by 5 bXbX = I3) | o, myi2 070
41
< CTl/S||vatv||H1/4(0,T;[L2(8]-')]9)||bxlgb)T(bX = Lsllgrsso,miine (0F)e)-  (4-39)
Using (4.8) and Slobodeckij seminorm with s = 7/8, we deduce that

[ bbe = I3l 57730, 1311 (07))2)n Lo (0,751 (0F))2) < C- (4.40)

Hence,
||V(9t11( 6 bbe )||H1/4(0 T.[LZ(a]:)]Q < CT1/8. (441)

In the other hand, the second term of is estimated thanks to Lemma[A5] (4.8), (4.10), Lemma[A 5] using
the fact that Vo € H/3(0,T; [H3/4(8]-')] ) and H¥*(F) < L3(0F)

1
17000 (35 5080 ) v rom
< CTY8||Vo — (Vo) (0) | /s o,13122 079 1 O ( ox bXbX> | a0, (97))9)
#1700 (3 (33 50k ) = 0 (330 5-0%0x ) ©) s rpeiome

1
1700 (33 5-0%0x ) Ollzozsaoomy. (@42
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Local strong solutions for a compressible fluid-solid system

Since d;bx, ;0x, bx, by and dx are in HY/*(0,T;[L>(dF))°) N L>®(0, T; [L>®(8F)]°), using ({#.8) and (9], we
obtain

11
Hat <bX16‘Xb}bX> ||H1/4(07T;[L°°(6]:)]9) S C (443)

In the other hand, using Lemma [A.3] (4.8) and (4.10)), we obtain
1 11
IV0(0) (9 ( bx' s—bxbx | = 0 ( X' ==bxbx ) (0) ) s,z o))
dx dx
1 1
<TIVe0) <6t (bxléxb; bX) o (bxléxb} bX) (0)> 70 miz2@rye) < OT*. - (4.44)

1
Since Vv, 0 (bxl(S
X

b}bx> e L>(0,T;[H3/2(dF))°), we have

|(Vv)(0)0; (b;( (be}bx> (0)| 220,722 (07)0) < CT2. (4.45)

Then, from (4.42)), (4.43), (4.44) and (4.45), we get

[2uD(v)n - 7 — 2D (v)7ix - Tl grisago. 207y < CTYE. (4.46)
The third term in (2.12) writes 4
Bov - (T —T%) = Po(lz — |bxn\b;(1)v T

We get

10¢ (I3 — [bxn|bx")0) | a0, rz2 078y < 105 = [bxnlbx )l gr1/a o 712072
+ 1@ (Jbxnlbx') (v = v°) + (3 (Jbxnlby") — Bu(|bxnlbx')(0)°

||H1/4(0’T;[L2<8f)]3) HL/%(0,T5[L2(67)13)

+ Hat(|bXn|b)_(1v)(0) HH1/4(07T;[L2(5}-)]3) : (447)
Since d,v € HY4(0,T; [H (8F)]%) and T3 — |bxn|bx' € H'/8(0,T;[L>(dF)]°), then
I1(Ts = [bxnlbx D0l /a0 71202y < CTHE. (4.48)

We have

10e(Jbxnlbx") (v = )|l /s o rr2o7)e)
< CTY31|0,(|bxnlbx ) m1/a 0,31z 079 [0 — Wl 778 0,122 07y < CTE. (4.49)

We have also from Lemma [A.3]

1@u(loxnlbx") = Du(bxnlb Y Ol 1 s

< T/ (0([bxnlbx') — Be(|bxnlby")(0))0° < OT*®. (4.50)

HT/8(0,T;[L2(8F)]3)
Since v, d;bx" € L>=(0,T;[H/?(0F)])°), thus

19 (lbxcnlby" o) (0)]] <OoT2 (4.51)

H/4(0,1;[L2(8F))3)

Then, combining (4.47), (4.48), (4.49), (4.50) and (4.51)), we obtain

10¢ (T3 — [bxnlbx V) 1o rpraory) < CTVE. (4.52)
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Using the same arguments as we obtained (4.35), we get

T i
101 (e % (X = 1) - oxnlbx 7)o o, < CTH
Gathering (4.4)), (4.52)), (4.46) and (4.37)), we obtain finally
|Gl grs/4 (0,020 7))z (0,752 07)) < CTYE. (4.53)

Same calculations implies that Z defines also a contraction mapping on Br . That concludes the proof of
Theorem [l

A Useful Estimates

Lemma A.1 (Korn Inequality). Let 5 > 0. There exists a constant C > 0 such that
@l ceye < C (ID@I ey + 188 IEzaomys )

for all i € [H*(F))® such that @, = 0.

Proof. The proof is classical, it can be found in [I]. For the sake of completeness, we sketch the ideas of the
proof. We only need to show that there exist a positive constant C such that

ID@Iamye + 188 Fraomys > Clllacmys, (A1)

and the result will follow from the classical Korn inequality since F is Lipschitz domain (see for instance [46]).
Suppose that the inequality (A.l) is not true, then for any positive integer k there exists uy such that

~ ~ 1.
||D(uk)||[2L2(]-')]9 + ||5(Uk)r||[2L2(af)]3 < E||Uk||[2L2(f)]3-
We normalize by |[uy||[z2(7)3, in such a way we get a sequence denoted again (uy)x that verifies
[kl 2y = 1.

We deduce from the classical Korn inequality that () is bounded in [H*(F)]*, then up to a subsequence, it
converges weakly to @ in [H*(F)]*. Consequently

D@12y + 18U lIF2 a7y < lim inf ID(@)Fr2 0 + 18(@R) 7 IF2 o5 = O-

Then, D(u) = 0 in F. It implies that u(z) = a+ b x z in F, but since & = 0 on OF, then a = b = 0, which
contradicts the fact that ||[ug|[[z2(F)s = 1. O

Lemma A.2. Let X a Banach space and £ € H3/4(0,T; X) such that £(0) = 0, then there exists Eept €
H3%(0,T*; X), where T* > 2T and

€eatl 373 0.2y < CllEN 3700750 (A:2)

with C' a constant that does not depend on T.
Proof. We define &.,; as follows

gemt(t) = g(t)v te [OvT]v
et (t) =E(2T — 1), te€[T,2T],
Eert(t) =0, te 2T, T"],
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Local strong solutions for a compressible fluid-solid system

We have that &.,, € H3/4(0,T%; X). Let us prove the estimate (A.2). Since £(0) = 0, then it suffices to show
the estimate (A.2)) using Slobodeckij seminorm with s = 3/4.

ngwt ea:t( ||)( T = ”fea:t gewt( )HX
[Eea:t]s 2,(0,T*) = / / |t t"28+1 dt dt = t/|2s+1 dt dt

2T 2T
ngwt ewt( ||X erwt gewt( )HX
/ / e dt'dt + / / e dt'dt.

Then,

T T ||£€It gezt X dt dt T ||§ezt ”X dt dt
[€eat] 5,2,(0,T*) = |t—t’|2“+1 + o L= VPt

2T
”fea:t HX
o[ el s

Let us deal with the first term in the right hand side of (A.3]).

2T 2T
||£ewt ewt( HX ngwt ezt )”X
/ / e dt'dt = tf|25+1 dt'dt
2T 2T T AY IV
errt fert( ”X erzt gert(t )”X
// i~ P dt'dt + P dt'dt
2 2 ngwt ea:t( )”X
/ [ et . (a)

Since the second and the third terms in the right hand side of (A.4) are of the same kind then it suffices to
treat one of them using a change of variables as follows

2T
||§€rt fefct(t, ”X / Hf )”X
/ / 75/|2s-',—1 dt’dt = ‘QT —t— t/|2s+1 dt dt
— P E) - E)IE
dat'dt. (A.
/ / |2T—t t/|25+1 | t/|25+1 ( 5)

Since t,t' € (0,T), then

X

t—t
2T —t -t

Thus,

2T
”gemt ezt( ”X ||€ ||X
// e dt'dt < tf|2s+1 dt'dt = a5 (o1

We obtain that
T 2 nglt edbt( )HX dt dt 4 A 6
|t _ ﬁ/‘23+1 |.£Js 2,(0,T)" ( . )

Now, we deal with the second term in the right hand side of (A.3)), the third term can be treated similarly. Let
define ¢(¢) and d(t) such that

tl

t T /
c(t):f/o (€(t) — (1)) dt’, d(t):/t @) g te0.1).

We notice that
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f0 =1 [ cw-ewnar+i [ e ).Kﬂw<1;>ﬁq;%p
= c(t) + 5( )< /t 71sz> dt' + Otﬁ(? dt’:c(t)—/ot/()rfg)dt’dr+/0t5(:)dt,

— o) + /Ot % UO £(r) — £#) dt’} dr = o(t) — (d(t) — d(0)).

We want to show that "
Af%mmﬁﬁ<cm;mn, (A7)

where C'is a constant that does not depend on T'. We have

T
o lét) — ()2 T et — &)1
[ el < /L/ O S avge— [ [T IEOZ S0 guar

//T [t = P €@ = EOIE gy g0 (A.8)

2s+1 /12s+1
t |t — ']

Since t € (¢/,T) and t € (0,T) then
t—t

~+
N
—_

W obtain

2 2 11€(t) — €% T e — )z >
/Ot eIl dt < //t |t7t,|28+1 dtdt’ < |t7t,|25+1 ddt’ = €25 0 (A9)

In the other hand,

d(t) — d(0) = — /0 C(tt,/) dt'.

Then, by Hardy inequality, we get

T T t / 2 T
—2s . 2 _ —(s—1/2) le@)llx . ﬂ < 1 / —2s 2 A1l
At ld(t) — d(O)||3 dt A Q A——f—w LS oo [ el ()

Finally, using (A.9), we obtain

1

T
| a0 = a0 < s € o (A1)

Then, by (A.11) and (A.9), we deduce (A.7). It remains to estimate the second term in the right hand side of

by using .

T r ||§ea:t X dt'd 2T 2 T 1 d/d
|t — 25+ t'dt = o [[€eat ()| b (= 1)25H1 tdt
2T " 2T
-1 1€eat (V)11
= 2 - < X
/0 [[€ewt ()| {25@, _t)QSLT dt < 2/0 T — 1) dt. (A.12)
We write

2T 2 T 2T T 2s 2 T 2
eat %, _ [ et ()] [t (D)% t €)% €)%
/0 @r — 1= /0 @r -t /;F @r - = /0 er—nr @ AT /0 ps o
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Since t € (0,T) then ¢ < 2T — t and hence

/2T ”fext( )HX dt /T t_23||§(t)||2 dt (A 13)
o (2T —1)* 0 X. .
From (A.7), we deduce that
2T
ermt( )”X
7dt Cl&ls A4
| e < Cle o (A.14)
Thus,
T ermt ”X dt'd C 2 A.15
|t — t/|25+1 t t L§JS,2,(O,T)' ( . )
Gathering (A.15), (A.6), we obtain . O

We present also in the sequel some technical estimates concerning fractional Sobolev spaces that have been
established in [13].

Lemma A.3. Assume oo € (1/2,1] and o1 € [0, 03]. Using the above result, there ezists a constant independent
of T such that for any £ € H??(0,T;%) and £(0) =0, then

1€l g7 (0,7, < CT7* 77 €l oz 0,7, 2) - (A.16)

Lemma A.4. Let 0 € [0,1], u1 =2 0, pua =2 0 and pp = opy + (1 — o)pua. Then there exists a constant C
independent of T such that for any function v € H*(0,T; H"**(Q)) N L*(0,T; H"*(R)), we have

”uHH"(O T HA(Q)) <C ||U||H1 0,T; H1(Q)) HU||L2 0,T;H"2(Q)) (A.17)
1 1-—
On the other hand, for p, q € [1,+00] and — = g + ( U), we have
rop
o l1—0o
”uHLr(o,T;Hu(Q)) <C Hu”LP(Q’T;Hﬂl () ||u||Lq(O)T;HM2(Q)) ’ (A'18)

forw e LP(0,T; H**(Q)) N L0, T; H**(Q2)).
Lemma A.5. Assume that X1, X2 and X3 are Banach spaces such that
If9llx, <CIfllx, Nollx,, VfEX1, VgeXs.

Let us assume o € (1/2,1], s € [0,1/2], To > 0. Then there exists a constant C such that for any T < Ty we
have

HU1U2||H5(0 T:%5) S <CTo 2 Huluﬂs(o,T;xl) ||U2||Ha(o,T;352) + ||U2(0)H352 ||U1||Hs(o7T;3gl) ) (A.19)

for alluy € H*(0,T;%1) and us € H(0,T; X2).
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