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I. INTRODUCTION

Tbe term 'fuzzy measure' was coined by
Sugenoro in 1972 to denote a mapping from a d-
algebra to the unit inrerval whose key property is
monotonicity with respect to set jnclusion.
Obviously, this property is far weaker than the
usual additility property of p.obability measures.

'In other words, a fuzzy measure is not a measure
in the sense of classical mathematics, and a
probability measurc is a particular case of a fuzzy
measure. In 1977, L. L. Zadeh36 introduced a
noticeable family of [u?zy measures, namcd
*possibility measures", which prov€s to be
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very relevant for representing some aspects of
natural languages.l Independently, Shalerze
developed a class of luzzy measurcs callr:d belief
functions, rvhich arq roughlt speaking,
suDeradditive orobabilities. All of the afore-
mintioned auihors share lhe purpose of
represenling subjective evidence or uncerrainry in
the form ol numerical lalues and finding latior]al
rules for combining the:,e ralues whiletropping
the too rest ctive probabilistic setting.

Triangular norms come from the sludy of
rtatisticalfn'etric spaces. They can be encouDtered
in the lvlenger t angle inequalitylT '?5

F,, (-r + t,) : T (F,q (x ), Fa,i)r)
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''disrribuliotr" {densh}).
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I ' .  DUEOIS AND H. PRADE

\ \ 'here Frl,  Fpa, Fa,  ̂ rc probrbi l i ty distr ibution
lunctions of random variables which represent
distances bettreen locations jr and r, p and. q, q
and r respectively. and T is a triangular norm,
i.e- a scmi-group operator ol the unit interval
satisfying some additioDal requiremenls, which
are rccalled in a further section. It is worth
noiicing that in his works on probabilistic
g€omelry Menger,l3 in a paper rvrilten in French,
was the first to coin the term "ensemble flou"
(the French counter-part of the English te.m
"fuzzy sot"), which he later translated into "hazy
set" (Mengerre). According to Menger, a
"probability ol membership" is assigned to each
element. In Zadeh's framervork, the right concept
is .ather a "possibility ol membership-"

Tbat both Zadeh and Sugeno on the one hand,
and Metger on the other hand, make use of such
a term as "fuzzy" (or some synonym) should not
be regarded as a fortuitous event. The purpose of
this paper is to demonstrate that quite general
class of luzzy measures can be defined in a very
natural way via the concepts of triangular norms
and conorms. The latter appeaa as soon as we
admit the follolving asslrmpiion; the grade of
uncertainty of a union of djsjoinr (mutually
exclusive) events can be obtained by combination
of the grades of uncertainty of each of the events.
Besides it is worlh noticing that a triangular
norm (resp:conorm) also prolides a good model
Ior fuzzy-set-theore!ic intersections (resp : union),
as will be brielly shorvn later. One of the
problems in dealing rvith monotonic set functions
is that they are rery dilficult to handle at a
practical levcl, because they do not necessarily
derive from some sort of a density. Shafer meets
the same problenr with his approach. Sugcnoro
had to resort to a special paramete.ed family of
set functions and arbitrary combination rules.
The proposed approach directly faces this
dilficulty by laying bare the most general
combination rules for grad€s of uncertainty of
events. In other words, l-norm or l-conorm based
set functions underlie a density frorn rvhich they
can be constructiveiy generated.

After some background on triangular norms
has been recalled, triangular norm and conorm
based set functions are successively investigated.
It is proved that some of these set functions
simultaneously stem from a l-norm and a t-
conorm. In each case, the "densities" are
exhibited. Lasrly, an attempt to build a bridge
between Shaler's approach and ours is provided.

II.  TRIANCULAR NORMS AND CONORN,IS

In this section, rve bricfly survey sonre material in
functional equations t\hich are helpful for the
derivation of our results-

1. Triatlgulat Norms

DEFrNrrroN 1(Mengerl?) A tr iangular r iorm T
(a t-norm lor short) is a two place real-vallred
function whosc domain is the unit squa.e [0,1]
x [0,1], and which satislles the following
conditions

7l :  T(0,0) -0:I(. i , l ) :T(l,a): a
(boundary conditions)

T2 : T (a, b) =T (c,d\ whenever dSc: r<d
(monotonicity)

T3 | T (a. b) : T (b, a\ (symmetry)
'r 4 : T (a, T (b, c\) : T (?(d, b), c ) (associativity)

It is patent thaf T is a semigroup of [0,1] with
identity 1.

N.B. Let A and B be trvo fuzzy sets (Zadchsa)
over a universe X, i.e. membership functions p,.
and ps:X-[0,1] are givco. The membership
function of the intersection l.\B can be point-
wisely defined as pr^ u:I(pa,tt l) . I i  is easy to see
lhat Tl Ihrough f4 die reasonable requircments
for the mapping I. Such axioms are a subse! of
those giv€n by Bellman and Giertzr. Thus a r-
norm js a very general model for fuzzy set
intersection (see Refs. l, 5, 14, 22).

Simple, but impofiant triangular norms are the
minimum operator (min(a.b)) the product
operator (d. b), the so-called L operator
max(0,a+b-1), the so-called I '  operator
(defined by the boundary condition and ?*(a,b)
-0 V(a, r)e [0, 1)':).

We have the following inequality

L(d, r) S max (0, @+ b - 1)= o. b = min (a, b) (1)

Moreover, for any !-norm 4 it holdsl

T-(a,b)=:r(a,b)s.min (a,b) (2)

Strong results have been obtained for
characteaizing a large class of t,norms by means
o[ one place functions. Namely, Lingt6 has
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provcd that for any continuous t-norm salisfying
the Archimedean propcrry 15

T5 :  T (a .a )<4  Va€  {0 ,1 )

there exists a continuous and decreasing function
/: [0, l]-[0, + oo] suctl thar

' f (a,b):J* u@\+f (b)) (3)

whereja* is the pseudo-inverse ofjf, defined by

.le [0,/(1)]

ror ll € [/(1), /(0)] (4)

d e L/{0), + o:l

Note that "min" does not satisfy 15. Actually,
mrn cannot be represented accoadjng to (3). / is
called an additive generator of the t-norm I and
is defined up to a posilive multipljcative constart.

In tl're following we shall focus oR two sub-
classes of continuolrs Archimedean l-norms:

the st'.ic, t-norrls i.e. continuous /-norms
rvhich are striclly increasing in cach of their
places. Schweizer aud Sklar'z6 have proved
that any strict r-norm gelerator is such that
/(0):.+co, and/{1):0. The corresponding t-
norm ls

r(a,bt:f t\f(a)+f(b)) (5)

The typical st.ict t-norm is the product
operator.

* The r-oorms generated by functions j[ such
that/(0) is fini1e and/(l):0. Note that given
a sequence {di},.N of numbers in (q 1), there is
some no€N such that I iSr/(ar)>/(0), so
that T(ao,at,. . . ,a,o):0 for a f initc number
no, so tlrat T can be called a niipotent t-norm-

Tbe typical nilpotent f-rorm is ?;.

N.B. Schweizer and Sklar26 also provide a
multiplicative representation for strict Fnorms;
stating ft=e-t in (5) yields

'r(a.b): h- |  (h(al .  h(b)) (6)

where i. a one-place strictly increasing [0,1]
-[0,1] napping rvith n(0)=0. l?(l):1, is cal led
a mult ipl icative generator.

2. Ti iangular Co-nornts

The dual class of mappings can be oblained by
changing thc boundary condition T1 into

sl s(1, 1)= 1; s(0. d): s(d,0): d

DEFINITION 2 A mapping S sarisfying Sl and
T2-74 is cal led a lr iangular conorm i l ,cooorm).

Any t-conorm ,S can be gcneraled fron1 a r-
norm T through the transformation

S(d 'b ) :1 -T (1 - ( l ' 1 -b )  ( i )

and conversely. For instance, transforming the
four basic a'norms m;n (d, b), db, max (0. d + b - 1).
L respectively yields max (l I ,  b), d+b-. jb.
t "p robab i l i s r i c  sum)  m in ( l - , r l  b )  t "boundcd
sum"), and Ji (defineA by 51 ard S(d.b): l
V(d. ,) e (0, l l ' ) .  S and T in (7) are said ro be r/rrol
operators,

A str ict t-cot11ftn is a conlinuous lconorm
rvhich is incre.rsing in both places. l f l  i j  a slr icr
t -no rm add i t j ve  genera to r  t hen  E ( . ) J11 - . ) i s
a st ct conorm additive gcnerutor. The
corresponding conorm is ,p '( ,p(-)+qrt.)).

Similarly t:a e is a str ict conorm mult ipl icarive
generator. The dual of a nilpotent t-norm will be
called a ni lpotent t-conorm; o+b-db and
min(1,a+b) sre typical str ict and ni lpotcnt f-
conormsr respeclively.

N'8. Conoams can be us€d for modclling fuzzy
set unions, of course.

3. Negatiotls

Searching for an extension of the usual fuzzy set
complementation (rtj@):1-pt$)|, Trillas3r
proposed the following axioms.

DEFINITioN 3 A negation is a mapprng
C: [g 1]-[0,1] such that

cl  c(o) : l
C2 C is involutive i .e. C(Ck)):a
C-3 C is strictly decreasilrg
L{ C rs contrnuous.

I f  T ( . , . )  i s  a  l - no r i | ,  t hens ( . . .  )
= CIT(C(. ),  C(. )) l  is a t-cononn and conversel]
T ( . , . ) :C (S [C( . ) ,C ( . ) l ) .  S  and  T  a re  sa id  to  bc
C-daal operators (Alsina er a/.t).

Trillasrr has proved th.rt for any ner:atioo C.
there is a m{pping r from [0,1] to [0. + 7']  such
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increri ing and
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C( , r ) - . ' ' { r ( l  )  . k , ) )  { 8 )

Nole that thcrc is always a unique number
J : (0 .  1 )sL l ch  tha t  C (s ) : s ,  and  we  can  check  s
=r I (f( l  ) :).  lr ' loreover. i f  C is a negation, then
1 C(1 . ) ;s ulso a negaLtion. disl inct from C
sencrrl l l .

A nesarion generator I can be relaled to t
normj and a-conorms, since it  is patent that the
rnapp ing  11 .  )= l (1 ) - r ( - )  i s  a  n i l po ten t - t , no rm
generalor and lhat p( ):( ) is a ni lpotcnt i-
conorm generator. Conversely, i f  / is a ni lpotent
r-norm generaror, th€n r{. )L(0)-/(.) is a
negauon generaror.

Then, a giren negrtion senerator a gt:ncrales a
r,norm and its C-dLral r-conorm by stating

C : r - ' ( r ( 1 ) - r )

7 =1. ( f \ . \+ f t .D .$here / : r { r ) - r  (9)

S:  C-dua l  o f  I :  r * ( r (d )+  r (b ) )

If  (C. I S) al l  come from a generaror l ,  i t  is
1o check tha!

! , r ,  [ 0 .  l ] .  I , . r .C {d i r  0 :  S r , , .C { , t | t =  |

sensc of (8) and (9)) can be derived direcrly from
the t-conorms ot 9. We havc /d,:{ l  -C(i
-  .  ) lc  e6 j .

ln the fol lowing sori€ noticeable famil ies are
rel iewed; their cboice is motivated by historical
reasons or by remarkable properties.

-The fetultil!" (Scl\rvcizer and SklarrT)

4 ( . r , b ) : [max (0 , . r  F+b  e  I ) ] - ' t e .  p€R

wi lh  l he  Lo r \en l i on  ? ;  -  p roduc l .  f o r  p  f i n i t c
and p=0, 4 is a str ict l-norm; for p<0 it  is a
n i l po tcn t  r ' no rm.  Morco !e r .  T  r=L .  f - " ,  m in .

-- The Sugeno fantily (Sugeno3o)

S ; (a ,  b ) :m in ( i , a+ r+  i ab ) ,  ) . 2  |

for 7> -1 i t  is a ni lpotent !-conorm. S_1 is the
probabilistic sum, So is the bounded sum, S- is
T*,

- T he II a nac he r pr oduit lHamacherlol

is continuous and

easy

(10 )

-t + (1 - I){a + 6 - db)'

s l

ab
H , \ a , b ) : ?>0

In a mult ivalued lo! ic lnnsuase. the coniradict ion
:rnd e\cludecl middlc la$s hold. Conversely, for
any ni lpotent a'norm T (resp. a-conorm 5),
there exisls a negation C and a a-conorm S (resp.
Fnorm T) such thrt (10) holds, (applying (8) and
(9 ) ) .  Fo r  i ns tance ,  max (0 ,d+b-  I ) ,  m in (1 ,4
-b ) .  and  I  d  s tem f ron r  l ( d )=d .

1. L:xrunples of Paro etere(l FaDtilies

Start ing from a pdramerered mapping
which can act as an additive generator for a t-norm,
$a can build a parametered family "4 of r-norms
and the dual family I of f-cono.ms
(in the sense of (7)). If the f-norms of .4 are
nilpotent, there exist an associated family f
of ncgotions and an associated family I (.€)
of C-dual l-conorms {in the scnse of (8) and
(9J): !hcn. l |norher fan1ily Z" of negations and thc
associxled famil '  V\.6'\  ot C-dual l-norms (in the

For 7<cc, it ;s a strict t-norfi. Il akt. b):{.tbl{a
+b-ab)), Ht is the producl, and H*,,: ] l . .  For
l:2, the associated t-cono.or is the Loren!z
ope.alor (d+b/1+db). The Hamacher product is
the only strict Archimedean r-norm rvhich can be
$ f i r ren  r .nde r  t he  fo rm o f  a  ra t i ona l  l unc t i on .

Tlc Ffdn( /;rrrilt (Franke)

,]G' - l ) ( sD - lF,k/.  b):Lo&11+ ,  s>0

F" is a str ict f-norm for.-c>s>o. Fo:min; Fr
= P.dduct, F+ 

co: L.
Moreover the only t-norms ? which satisfy

r  \ o ,  b )+  S (a .b ) :  a  +  b

*,here S is the dual of I  are the I norms of
Frank's fxmily (see the citcd prper) or their
ordinal sums (see Anner l).
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);(a, b):1 - min (r, [(r 
-dr+ (r * rr]'/")

-Thc Yager futnily 1Y ager1]1

q=0

y{ is a ni lpotent t-norm, for q>0: Yl:T^; Y+_
:m in ;  %=T .

-A non-Archi edean farnilv (Dubois and
PradeT)

ab
orla. b ):--- - -max v7, D, 2l

a, is a l-norrn wirhout additive generator. 60
:m in (a ,b ) :  o t : a .b . I t  i s  easy  to  see  tha t  more
generally

o"(a, b): min(a, b) Va, b : max (a, b)] r

n h
: : .  V{,/.  b )e [0. q] '?

o, is ^n orditlal sunr based on product (see Annex
1 lor the definition of the norion).

The AnDex 2 is devoted to the exhibition of
generators, dual and examples of Cdual
operators for each of lhe above mentioned
families. One worth-noticirg point is that the C-
dual of Schweizer and Sklar's r-norm is the dual
of Yager's. The same holds, exchanging dual irlrd
C-dual. Here. the two assocjated negations are
exchanged il1 the transformation C(.)|-1-Ct1-  ( .0.

III SET FUNCTIONS BASED ON A
TRIANGULAR CONORT{

1. Fuzzy Measures

Let X be a set, assumed to be finite, for th€ sake
ol sirnplicity.

The cardinal of X is n.
A fuzzy measure, in the sense of Sugeno3o is a

mapping g from a o-algcbra P of X to [0,1],
such that

\  e(A):o:
i i )  s(x):1
111) YAef,YBep, if,4qB, then s(.4)<s(B).

N.B. When X is no longer finite, a continuity

(v i,

l im ^')

In the follorving p is taken as the set of subsets
of X, denoted 9(X). A lnz2,\ measure can be
interpreted as fol lows: g is supposed to be
a5sociaied \\ i lh jome par: lm<ler ' .r  sho:e range is
X, and Nhose accurate lalue is unkno$n. g,,(, ,1)
is viewed as the grade of (possibly subjccrive)
luu)certt inty of the event "the \alue of x belongs
to  l ' .  . \ vame l ) , .  i f  ! € ,4  { resp : r /€ ,4 ) i s  a  kno rvn
f i c t  t hen  g , ( ,4 ) : i  ( resp :0 ) .  No tc  rha t  t he
converse js nol assunled to be truc. Axioms (i)
and {i i)  should be regarded as a consequcnce of
u€X and l l  does berr a value, respectiveiy.
Axjom (i i i )  means that l l- . .{ is at leasl as
unccfiain as xeB as soon as I is part of B,
Clearly, the class of fuzzy measures subsumes
lhat ol prob3bil ; ly m(3rurer. A frrzy mclsurc r.
not a measute ;n the usual sense.

It is important to be a\\'a.e that such an
interpretive lramework is quite diflerent from tl,e
fuzzy set interpretive framework. h the latter, the
set is not well-defined, has no definite borndaries,
and the grade of membership of well located
elements -y of X is assessed by lr(r). Here, the
set ,4 is crisp, but the value of r is unknown.

2. Atrirdl of CoDonis

Triangular conorms are very naturally met as
long as we take for granted the [ollotving basic
assumption.regarding the fuzzy measurc g:

i f  AaB :@,  then  g ( .4u8 . ) :g ( ,4 ) *g (A )  (11 )

where * is some operator under \\hich [0.1] is
closed.

Equation (! l)  expresses that the gradc of
uncertainty ol the union of disjoint events ,4 and

a sequence of nested subsets
,4r=,ir*,),  r lren

axiom is added:

iv) i f  {,{,},  is
, { i  g , . t i+  

I  or  Vi ,

c( . { , ) : . (  r im
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I  onl-v dcpcnds upon the grude of uncertainty of
.'1, and the g.adc of uncertainty of B. For
rnstancc, a probabil i ty measure satisf ies (11) when
* ls lhc sum. The basic assumption can be viewed
as a uatural requirement which is used in other
conte\t-s such that information theory (Kamp6 de
F6ricr ' t).  .  Equation (1t) is cruc;;t  for easy
manipulation of fuzzy measures, since it permits
gett ing thc grad€s of uncertainty of composite
elenls OUt of that Of elcmcntrry Ones. For
in i run6q .5u ta .a ro  had  to  usc  + : j ,  i n  o rde r  ro
be able to use fuzzy measures in appiications. On
tne contrary, we try to keep the combination of
rnlormatron as general 3s possible.

. However, the _ algebraic structure of .4(X)
lnduces compatibi l i ty constraints on *, as is now
dcmonstrared, by thc fol lo\r ing remarLs:

+Th€ associativity and commutativity of set
union lead to require the associativity and
commutativity of *

+ ! lA) : a(A Q A) : s(A)* s{@) : s(A) + O

hence, Vae[0, l ] ,a*0:c.

+L(l tA.BJ and {C-D) be two pairs of disjoi.rr
subscls oI X such rhal ,4cC. BcD (h;nce
s(l)Ss(C) and s(B) = s(D) ), rhen

^p l  
J  w  B \ ,  e (A) ,g tB  r<g tC, rD)  S{Ct+r , r ,Aj d result * jhould bc non decreasing in eech

place; part icularly l+l :1.

l t  is then obvious that in ( l l)  the combination
of\eralor crn oL bc bul i l  tr ia0gLllar conorm, l I  X\ \ ' e r c  no t  l t n r te .  t hc  con l i n r , i t l  o f  g  c l s ims  fo f  Lhe
con t rnu  r l ]  o l  * .

PROPOSTTTON 1 lf * is a co ornr and g(gi):o,
the (lll is equiDalent to

v A, B = X, s(A w B) * s(A r, B) = gt Al + s(B )(t2)

Ptoof ll2)+(ll) is obvious_ To prove the
conlerse. r,!e f irsr erpress z{uB and B is a union
o f  .  d i s jo in t  €ven ts :  / ! ,B : ru  \AnBJ ;  B:{l^B)u(l^B) .rvhere I denotes the
complement of ,4 in X. Then

sUw B)+ s \A. \B) :  (s( l ) *  g( t^  B)) .  s ( l  ̂  B)

- e(l)* s(B)
using the associativity of * Q.E.D.

( t5 )

Anolher interesrinp consequence of ( l  l)  is,
cnoosln-q lJ=/4

vAex,  s tA)4gq) :  I  (13)

Lastly. 
,a- conorm based ser function g is

unrquely defined by the knowledee of rhe coriorm
*.and ihe_vatues oI g o!er the set_of singletons of
X . ,  I ndeed ,  l e r  Xe {x , . . . } " } .  C , ^ .C t l r J t  ̂ na  i:  t r i r  ; . . r r , 1 .

where, Lhe notal ion.g+ meJns . .g+ Jer;ves frorn *- ,
and lhc a5social iv i ry of *  is used. In order to
meeL axiom { i i , .  rhe g- 's musr sal isfy

8 r  * 9 ,  * . . .  * 9 4 :  t .

c.(r)=c-( U, { ' , ,}):e,,.e,.., -e," rr+t

3. Prope ies of Conor BaseLI Set Func otrs
As a consequence, the following inequalities hold:

VA ,B ,  A^B :g+

mrx  r s r ,4  J .8 (B l )  l t t tA  u  B l  . . f  i k t , 4 t , e rg ) l

I:lo\\'cr_cr, the first incquality is valid as soon as g
rs :r luTr) mcrrurc. for uny pair o[ sLrbscts 4 and
/ r  I  h l .  i \  Jue  to  a r i om t i i i r  Bc j i dc l  t l l ,  can  be
extended to non-disjoint evcnls:

This is al lve)s tr ir ;al ly sj l icf ied i f  g, = 1 Jo. .o,n.
xie .{.  bgua on (15) musr be conside.ed as a
norm-alization similar to the one for probability 

.
densit ics. l t  is the abil i t)  of conorm based sel
tunctrons to be dellned complctely by a reduced
scl.ot.dat3 (the "densiry" lg,), and the conorm)
wnrcn ma(ei thls con(ept a tactive for practicJt
use.

4. Exonples

Choosing the bounded sum a*b:min(1,a_f b)
(l  l)  yields

A^B :O+.9 {AwB} :  m in  (1 ,  g ( ,4  )+g (B) )



Decomposing .,1 as a
singletons, wc gct

/
e *  ( -4 ) :  m in l  l .

\

max {B ( l  ) ,  s (A) ) :  t

and (15) reads

max& : I  -  ( 17 )

UsiDg _ the probabil ist ic sum (a+b:! i+b.-db)
for * (13).eads:

(1 -8( l ) ) .  (1 -s ( t ) )=0

whence

( {g ( ,4 } r . k tg t  1 } t  0 .  i . € .  onc  o f  g r ,4  } .  ? { .4  )  i s  I

Q.E,D.

Set functions generated by the dual of Hamacher
product, of Frank t-norm or of t  l 'or p>0
exemplify Proposilion 2.

PROPoStTIoN 3 If * is a conornt snaller thun or
equu l  t o  r l r c  p rohah i l i  i r  , un  v tb : ,a  .  b -ab ) -
r / r? ,  max  (g+ ( l  ) .  g * (4 ) ) :  l .

I  . 8 ,  t /  )  *  g * r ;  r -  S .  r , 1J -  e r r l r - , r . { . 1 ,  . . r ; l

t he  l as t  i nequJ l i r , j  i r e rn .  f r , \ ' n  g . , / , r .  t .  - , . l . l r<  L  Thus  f l 8 l  ho ld .  t o r  9 . .  e . t  .D .

The dual of the t-nornls 6q (see Anncr 2) salisf)
P ronos i l i o  3 .  No te  l ha l  o :  i :  no t  r  s , r i - l  r -no rm.

All set functions compatible witlt propositjon 2
or 3 have densit ies such lhat gi=1 lor somc
)ci€X. The normalizatjo.. l  condil ion (15) js, in this
ca,ie. str icl l)  equivalent Lo mcxi r.,g,= L Since
they behavc similarly ro po,. ibi l i ry mc:,surc., ,cr
functions veri lying (16) can be called..pseudo
possibilities".

As a consequence these set functions arc such
that eG)+ g(A)=L However, tc nexr
proposition indicates rhat this inequaliry holds
for a broader clais-

PRoPosrTIoN 4 IJ + is a conotn sntalrcr tnatl or
equal to the bounded sunr (d*b=min(l,d+b))
then s*(l)+8*(7)> 1.

Proof

1 :8*(/)*s*(;)<min (1, g *(A) + s *(A))

Q,E.D,

PROPOSITION 5 If * is a nilpotent conornt t.hasc
a a t t t t t v e  g p n ( r u t t ' r  i r  r  l h c n  r { q t  1 t l  + r , g ( ; ) l
>r(1) .

P r o t ' f  L e t  l r '  i  _  r " , r t . t J  I  r { A J j  $ l l ( . r e  ,  i .  r
con!rnuous lncreasrng m ppir lg froru [0.1] to

disjoint union of

: . - )

) s({x}) |

FUZZ\ MEASURES

(16 )

(18)

(15) reads t i=rgr>1; Iett irg this expression be
an equality, we clearly recover probability
mcasures . .  S im  r r ' y .  l e t r i ng  o *b=ma i1a .b t  r l j r
y l e los  wr th  4 :  I  I

VI,VB ll (.{ r-.r B ) : 6ax {II(,a ), n(B))

In other words, Zadeh's possibility measures36
are recoveled. On the conlrary, the probabilistic
sum d+b-db does not lcad to a well-known
family _of set functions and what is paradoxical,
ce.tatnly not to probability measures. Such set
lunctrons _ rre ol thc S, family. i  ,  l .  rvhich
5uBeno does nol dc.r l  wtth. For possibi l iry
measures (13) reads

which is obviously cquivalent ro max (g(l), g(t))
- l ;  no te  l ha r  {16 )  imp l i es  ( l ? )  ( l h rs  can  be

shown  by  sp l i t r ; ng  A  i f  g \A )  =  I  un l i l  some
srnSleton is isolated).

5. More properties

The following results indicat€ some classes of
conorms which generate set functions
satisfying (16).

PRoPosITIoN 2 If * k a strict co,ltornr, then g*
is such that r i ,ax(ga(A), g*(7)):t .

PtooI Let d br a mulripl icarive generctor of
* ,  r . e .  I  i {  a  dec rc j r s ing  [0 . t ]  , 10 .  l l  I nJp t i ns
w , rh  a (0 )=  I .  l ( 1 ) : 0 .

g ( ,1 )+  g (A l  :  1  :  k  r ( k (g ( .a  
1 ) .  r (g ( ,1 ) ) :  r
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r * ( " ) : r - ' k r )  i f  17 : : r (1 )

: t  i f  d  = , ( 1 )

Hencc. g(,1 )* g(,4): 1 reads
r (s( l  ) )  + r (s( t ) ) :  r ( t  )

the pseLrdo inverse of I ,  such the equali ty corresponds to the
normalization condit ion {Sugeno30)
lor *:f" {Yager's familyi l(o):.1a

8i's

and 
_l 

gf] t  holds-

Lastly, the weakest constraint relating g(,4) and
g{,,1)- for anl.conorm * is V.{s,Y, g(r):0+g(;)
=1 .  \ \ h i ch  i s  a  con .e . t r i cnce  o l  C t ,1 ) .8 i i t  _ l
Pa r r ' cu la r l 1 .  7 : -bx "cd  se r  l r nc r i ons  on l !  sa r i , i y
this weak condir ion. Their normalization
cond i t i on  i s  lA ,  g r r :1  o r  : k ,  l t +k ,  g r r>0  and
8 , ,  >  u .

IV SET FUNCTIONS BASED ON T-NORMS

Let g be a fuzzy measure on X, and let C be a
negatioo. We can build lhe set-lunction gc
oel lneo Dy

vAsx, scu):ckr(A)) (21)

I t  i ,  clerr that g. is al io a fuzly measure, r.e. i l
satir l les ar-ioms (rF{i i i l .  Now assume g is based
on a Conorm i. As_a Consequencc g. iS ruled by
an axlom whlch ls dual ro (11):

PRoPosrrroN 6 VA,BeX, l f  AeB:X,

sc lA  ̂B) :  sc@)Isc lB) t22)

\there L is e t,nornr, the C-tlual aJ tlrc conorn *.
P tooJ  .1  JB  . , \ _c rn  be  r v r i r r cn  L rB= ,a .

Hence . ,g r i - . , . 81  .g { .4 )+g tB ) .  Bu r  u : i ng  {21 )  and
L InVOlUt lVe,  r t  comes

clsc(.A ̂ Blf : c[sc(A)f'F clsc(B)]

i.e.

sc{A ̂ B): clclec\A)l - c (ec (r ) )l: scq)rsc@)

Q.E-D.

A set-function g is said to be based on a rnorm
if it is a fuzzy measure which satisfies (22) for
some f-norm a.

Q.E,D

Lct us give some examDles:
Juaeno-" 

_ COn.tclercd Lhe l i lmilJ Ot fuz,/)
measLrres del lnecl  bJ:

i f  A .  B:  o ,

lhen

st tAu B)-  * . {A)  + 8 lB)+ ) . .  s r? \ .  s )@)

( l  e)

,  I t  i .  c l ea r  rha r .  no ( i c i ng  g r {X l  l .  r he  g i  a re
Daseo ^on lh< conorm .S^. i .e. l19) is a parl icular

i f  A^B -g

g(/ u B): min (1, g(l ) + s(B)+ ).s(A)s\B)).

For.;: !0, these set functions satisfy g(,4)

Similarll,. the family of conorms del.ined b1,
a*b:.min {1,(a.t + b\ttc), 4>0 underl ies set
runctrons such itrat

[s(,4 )]'r + ts(;)ls= I

-Proposit ion 4 applies only j f4->I.
Note thal the norm3liTJrion condiLron of a

nilpotent conorm based set function .eads

!
)  r (8r)=r( t )  eo)

_ l
.  r o f  - = S . .  l { r r t  .  L n ( t  -  r f l )  ) . > O

J

and R (1+ i .g i )=  I  +2  ho tds
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l-norm based set functions have propcrtrcs
s;milar to those of cono.m based ser functions.
More specifically, the follou.ing statements are
lrue:

lI  g is based on I, then, corresponding to (12)

vA ,YB=X,  g (Aa  B )  I  g (A  ̂ B ) -  g ( l  ) -L  s (B )

5 I

.  I f  g is based on a conorm *, then gc has a co-
density &:C(gi), Vi:1,1. This js just because
E,: sc(X - i ,y, j):  C(s({rr} )):  C(s,}. Moreo\er.
i f  g, *g.:. . .  *9,: |  (normalizationl, then

c(s l  ) r  . . .  1C(s") :  C[s ,  * . . .  *  s , , ]  :0

i . e .  8 . . i s  . no rm3 l i r rd  i i  and  on l y  i f  e , .  i r
nOrmallTccl. In olher \\ 'ord.. from . -. : .r.n
densrty, a conorm and i1s C-duaj, we can build
two set-functions.

Choosing 1=min. (23) yields g(.{.\B)
:m in (g ( l ) ,  g (B ) ) ,VA ,BqX.  We f i nd  a  spec ia t
class of belief funations called "consonanl, '  bel ief
flrnctions by Shafer:e.

They are duai of possibilily nteasures. itnd its
suggested by Dubois and prade6 can oe nanteo' ' necess i t y  measurcs  '  s i nce  the  necess i l \ . , \ ( l ) o f
an event is the .srade of rnlpossibi i i l \ .  ol Lhc
op fo . i l e  e \ cn '  {  a {nL , , l l r .  Sec  P r i , d t l '  t , r '  : r
more detai led justi f ical ion. Zadehr" arso cails
such lrleasures 'certatnty mcasutes". Thev N,erc
aclually discorercd by Shacklers. i :n Enrl ish
!co  omis l  ! \ l , o  i  l c fp re tcd  . \ t l )  as  r l : e  , : r , r oc  c f
po 'eD t io l  su  p r i se  . l  ' l t e  c \en l  . 1 .  A i i  / - r  . r l ] 1
bJsed  fuT ry  me isu rcs  q  (u \h  l ha r  m in  rS , . l t . , {  I  j r
:0 can be called pseudo necessjty measures_

Choosing -L: L yields

{/(1., B):max(o,c(l) +s(B)-r), i f  Av B:X \27,J

rhe  no rma l i zs l i on  cond i l i on  reads  : i ,  J rS r ' -  I .
Probrbi l i ly measures obliously saltf) (:7). and
are part of this class,

Choosing -L:product does noi yield
something very well'known in spite of irs
simplicity. Lastly, as an example of paramelered
family, we can consider

c, \A^ B)= T.GG\ s \B)) ,  ior  ,4uB: .Y;
f o r  p<0 ,4  i s  a  n i l po ten r  r -no rm.  ' f he

normalization condit ion is

:_ L  (s r ) - 'Sn  1 .

V FUZZY MEASURES DERMNG FROi\,L\
T.NOR]\'T AND A CONOR]II

Given a conorm based fuzzy measure ancl a
negation C, lhcre may happen that

lvl EAS URES

corresponding to (13), with B=,

s(,4)rs(r) :0

( l l )

\24)

8(r):s(.r] (.t- ' ' ' r):s,,-, re,"-.r rs,^

g(,4) can be uniquely defined from the
knowledge of g(X-lrcr)) for a1l r,eX.
Denoting g(X - {. , .r} )- g,. and / = ir, j . . . . ,  rr" }.

( t j )

rvhrre - l  :  , '
'  r ' '  ' ' L J  r he

co oenstty ol g.

The nornalization condit ion ol ihe co-densitv
i s  ob ta ined  by  j t a l i ns  g rgJ=0  \ \ l  , ch  re :ds

6 j  !  5 ?  r . . .  r  3 t r : u , (26)

thi,s col ldl l ion ;s lr ividl ly sa1i.f ied as.oon .r. g,
:0 for some i.

r l  ̂ l -  " r s  
a  s t r l c l  l - no rm.  rhe l l  m iu lg t ,4 l .  g t ; ) l

if -L is betrveen min and product (min(d,b)
=a Ib>d .b )  r hen

min (s(/), s(;)):0, for al l  ,{.

i I  g is such that min (S(/)-g(r)):0 for a ,4,
l he i r  no rma l i zaL ion  cond i t i on  126 )  i s  equ i ta len t
to  mrn j= r . i g ,=0 !  i . e .  t r : 0  f o r  some i .
i f  I  is berween min and | (nrin (.?,,,)=.rb
_>,'rdx (0, a+, - t)) rhen g(l) + g(;)S I
i f  I  is a ni lporenr a-no.m whose addit ive
generetor isI then

f ku)) +I (eG))>J {0); Lrk-,)=,r(0).

for any r-norm based set function. i f  g(,a):1.
l ben  g ( ;  ) : 0 . d , l  _  X .8 ,  { , 1 )=C{g l  i ) r  q { . . 1 r  r tS ,
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For insrance. i f  g is a probrbi l i ty measlrre, thcn
C{d): I  -d rnd (23) transhres 'nto 8(,1)+8(r)
: l .  Equalion (23) expresscs thLlr g(l) and g(,4)
are dependent quanli t ies. in that the knowl€dge
oi g(.- l  ) is eq0i\ i l lcnt ro lhc Lnowlcdge of 8(,.1)
SLrclr luzly mcrlurc\ can be call t i  p,eudo
probabil i t ies", and are lhe ropic of this sectton.

|.  Chtraderi.at ion

First. rve notice that i f  lhere is a t0.1],f0. l l
conlrnuou5 mapprng c such that vl,  ,(,1):C(g(J)), rhen C is a negation in the sense of
Definit ion 3.

Indeed

Note thirt a consequence of i30) is, taking B

V 1s  X .  g r . l ) .g r ; ,  l . g { ,4J IB{ l )=0  ( l t )

I h i s  i r  r p l , c<  g t  4  )=  0  i s  eq . r l v l l cn r  ro  F ( ; ,  =  l .

PROPOSITION 7 Assune + is bet$een max aDd
prohubilistic sLLDt, or u strict rcnorn then fir any
t-tonn L, i,f g is basetl on a cnd I, it is a Dircc

I ro E X, g(l):0 i f  _.co ( A,s(A):t;r xoe A

Proof ll + is between max and probabilistic
sum. 

, then _ from proposir ion 3, VA,
mar tg{,4 ). g(,4 )) ,  I  rhe same holds from
P.oposition 2 if * is a si ct cono.m. In both
ca \e \ . ( l l )  imp l i es  V / .  g { .1 } *10 , t } .  The  on ty
possible candidare is a Dirac measure-

Q.E.D.

In other words, fuzzy measures based on a,-
cooorm comparible with proposit ion 7 cannor
oe Oased alsn . on ai l_norm, except being
something trivial. Cons€quently, conolms
between max and probabilistic sum, and slrict
conorms cannot generate pseudo probabilities,
le. lirc.e rs no negation C such that (2g) holds;
rnls ls qurte con$stent with the fact ihat such
conorms generate pseudo possibjlities. Similarly,
t-nornls bctween product and mirr and strict i_
norms generate pseudo necessities and can never
rc rrr l lc p\(t 'Jo nrobab.l i t i rs. nor fLlzl] .  mea\urcs
sucl l l lst l l0) holds. erccpr Drrac measures.

PROPOSIT to\ 8 II  a [u:z) , ]po*ure g i .  bascd ott
o t i t tpat. t , t  t t , t tot tn ,  v iui  E(n(t  tn).r ,  rr l l  is srrc/r
t l  t t ,  ) - i , t t ( g , t - u l l -  t l p  g  i s  u ! \ o  h a s p d  o t r  r l t e
< -atLat OJ thp conorm. sal  lhp t_ orm L, \ lpre C
ts genetotel by t-

Prcof lf tlrc nomalization condirion of I (20)

l.]9: ylltr."o'itir, trren, denotins t:{x,,.._x,,}
a non..empty subset of X,

c(0):c(8(t)) :s(x)_ 1

s6) - c (stA )) : c (c (s(A)) ),
hence C is involutive

If l-B then 9(1)]9(Bl and s(,4)!9(D) hencc
L 15 nOn-rncfeaslng; non_rncreasingness of an
involutive mapping implies its decrea;ingness.

In othe. words, if g is based oll a conorm *
and VA, g(A)-C(g(A)), then g is also based on a
r-norm a such that

a L  n :  C tC(a  ) ,  C(h  ) ) \29)

The same iolds replacing a-nornl by t-conorm

More gencral ly, a fuzzy measure is said to be
based on a t-norm -L and a t-conoim * i f  and
onlJ i l '

t )  c (Q) :o
i i )  g(x) :1
iii) VA,vB, A^ B = O+s7w B): e6)* s(B)
i r )  v  A,Y B,  A e B :  X +s( l  ^B)=s( l ) Is (B)

(30)

, As wili be scen in the following there are pairs
(*. l)  which cannot be canaidate for the
gencration of i l  single fuzzy mcasurc.

sr.o='.(i,e,,r)-,-' (rt r-,=i,,r,,t)

:''(,'r-'1,-'(=i,'*',)])
= c(g( l ) )
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Hence gc, based on the C-dual of * is nolhing
but s. e.E.D.

From r pair of C-duai nilpotenr operarors *
and -L and a density {g,, i :1,n} such thar
)l=rr(gr):f(1), where r gcnerates q * and I,
we only givc birth to a single set function, which
is a pscudo probabil i ty.

On the contrary, startjng from a pair of
operators * and _L such that
-either * is a str ict conorm and,L ihe dual t-

tloarn.
-or * is betweell max and probabilistic sum and

-L the dual t-norm and a density [gi, t=1,rj
sal lslyrng ,?ldxi=1..&:1, we give birth to a
pseudo possibility measurc and a pseudo
necessity measure.

2. Exanlplcs

. Pserrdc pc'ssililiries at ! nccessities

- Th^e r norms Hr (Hamacher), , f-" (Ffank). I ,(1,> 0) are strict. They generale tamjlics of
pseudo necessity rreasures, and their dual
Iamilies of pseudo possibility measures. For thc
family a" of l-norms located between min enil
product, and the dual familt the samc holds.

Par t i cu la r l y .  f r om lg i . r  l . , l J  such  l ha i  l i : g ,
: l, "max" and 'min" yields the set functions fI
and N defined by

Vl, I I(,4): sup g,

(possibility measures, Zadeh36)

N( l ) :1 -n( r ) :  in f  I ,s

{Necessity measures, Shafer,,e Dubois and
Prade;o

also called certainty measures by Zadeh3T)

. A tulpotenr totrcrnt Janil)-t  Sugeno't S^

Slating t:B in (19) yields, for rhe Sr-based set
function g;

s lA)+ s^(A)+ ) .s l \J .  e lA) :1  (12)

I  -  o . l  l \
s ; ( r )  .  . " '  - . ;=  C t tg ) (A) t  t )  >  t )

L + / .  g . i t d l

5 i

i .e. rve f ind Sugeno's negation Cr.(a)=(1-a)l(1
+2a).9,r is also based on the Crdual of Sr, i .c.
the I-norm

2+l

which can be found directly by us;ng (19) and
(12). More specifically,

1
A + r \s  ̂6)  +  c  lA j  -  1  + ) .e  (A)s  1\A ) t  :  o

i f  and only i f  (32) holds. Ttre cue j. :0
corresponds to probabil i tv measures

N.B .  The  dua l  o f  S ;  i s  max (o . ( ;+ l l { r r+ t -1 )
-, iab). This l-norm qenerates thc sci funcl ion
g;. such thar

s'1.4t=1 s,(A)

and we bavc- i f  ( l9) holds. fronr {23)

Y A,Y B, Q. + t)ls',.1.1 nt) +s,.(,a .,a) 1 )

)"9'r\A ^ BJs',(Ae B)

:()+ t)G'1@) + st\B) - r)- Ls'lA)s'r! B)

rf A.\B= A we get
' )

g ' ^ IAJ  B t  g . tA t4 .g  tB t  - - g , (A )e , tB )

. _ - i ,
l .e. 81: g/ wrth l :-

In other lvords, the dual of Si generares a set
function of the same family as S;-based set
iunctions. Namely, it is a S,-based set function
with p-(-t l l+i.).  Of course g1+8,. ercept i I  i

. Yager'sfantil), of nilpotent t-norns

The iamily Y, Senerates set functions Nhich are
also based on the C-dual lnmily of I ' , .  i .e. the
coDotms

a+b  1+ )ah
.,* (0.

a*b : l  n rax (0 ,0  a ) ' r  + (1 ,b f  1 )1  q

If gq is such a set funclion ',re hale

s,(;)- 1 -\q T i-;,(.'rt);.
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Noro  tha t  rhe  dua l  o f  4  i s  m in  ,a {+ ra ) t / , .
denoun! p:-q, rhjs family is the C-dual of
Sch\r 'eizer and Sklar's 4 famity for p<0. Llence.
rhe dualof y{ 

_gencratcs a set function gr, based
both on 4 and its Cdual for p<0;

I  g ,L I )=g r . L4 I= \ ,  I  - t - 11 , ,

3 Sunt),tdtj und Unsolted Questio s

The fol lowing f igure sums up the various ctasses
of fuzzy measures encountered in this srudy, and
points out the inclusion of sub classes.

, Unso'led qrrcsrions rer,a-d.n,- such a
C la \S I l rCA t tOn  inC lUde
-lf g is based on a r-norm A and a r:onorm *.

and is not a Dirac measure. does there exist a
_negar iun  C  such  rha t  g { ; )  -a ig t ,4 l ) l
we already know Lhe ans\\ei for ser functiorrs

cuncerncd b1 Proposir ion 7. i .e. pseudo
po5srDrl l tres and p:eudo necessir ies mrke disjolnt
clarses (except for Dirrc Mea:ures). Besides- i f  g
lr D<lsed on a conorm smaller or equJl io the
boLrnded sum, denoting E the set funition based
on  rhe  dua l  o f  t he  conorm.  i . e .  E tA t  l  - g \A )  i t
rs clear from Proposit ion 4 that

g(A)1EU),  vA=x.
Hence, .4 and 9- arc st i l l  consistent with possibi l i ty_

Iikc and nerc,siry-l ike nrerrr ing... rc,pecti,el l
tpoisrol ry gre:rter th. in necesqity). Another
que5l 'on ,) more generally to compxre g and gc
ln  rnc_sAme sp l r r t :  whcn  g+9 . .  i s  l he re  !o , re
rnequahty between them?

There is also a need for extending the
presented frame\\'ork to infinite universes_ Ler us
hint some research l ines foi X:R. Let p be a
mapping R+R*, rvhich wil l  denote a density. lve
can evaluale

.  The  p robab : l i Lv  o f  a r  i n re rv i l  l a .b f ,  A :p tA \
=J ;p t \ l d (  \ \ hc re  p  sa l i r f i e \  , he  i den t i l )
l l ; p { - \ ) . 1 - \ : 1 .

The possibi l iry of an interval 7{:p is norv srch

supp = I. and II( l)=56pp1r;

. Thc nece.. l)  oi.4 jp is sl i l l  such thal

sup  p :1  and  N( ,4 ) :  i n f  I  _p ( - /

We can  e \ l end  rhe \e  de f i n i r i ons  r !hen  g ;s :
-a str ict conorm based set functionip is such

tha t  supp :1 ;  de f i ne

l l  /  ( x l : e \p l  Ln  ( /  ( . \ ) )dx

f ra '1e{ , \ ) , - ,  ( i )  )  =a
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forjfpositive, whenever lhe integral exr!rs.
Let t be a mulliplicative generator ot the strictconorm; then:

/ \
8(r): r-'{ ll rbG) )/

-a stnct Fnorm based set function:p is such
that supp:1. Let i  b€ a mult jpl icative
generator of the r,norm: theD

e(,r):fi 1{ JJr0(.Y))l
\rf.{ ./

-a set function derived from nilpotEnr Fnorm
and conorm; i f  r is the add;t iv€ conorm
generator, then the densjty p must satisfy

,J . (p( . r ) )d . \=r0)

Tr -'t

s { .1 ) :  r  I l  I r { r ( r ) t d r  l .
L;J

V RELATIONSHIP WITH OTHER
APPROACHES 'TO 

FUZZY MEASURES

In.this secLion an attempt is made lo exhrbir
l lnKs between the proposed framework and other
approaches which can be found in rhe l irerature
ro lackte fhe same probleryr.

L Shafer's theory of eDidence

Ax iom { i i i )  i s  ca l l ed  n )ono lon i c r r y  o f  o rdc r  / .
r o f  : 2 , 4 t :A , , 4 r  =  8 ,  we  ge t

Bel(,4 !,  a): Bel (,{ ) + Bel(B)__ Bct ( l  ^ B) G6)

" .Onc ol lhe mrin re5ulls of Sheferre rs rhcIorro\\tnS characlerizarion of bcl jef functions: .\Delrel lunctron is uniquely dcfincd rhr,uglt r l t . ,
: pec r l r ca l ron  o l  a  mapp ing  , r :  r ' ( . y j _ [0 . , ]  c r l l ed
oestc p ro ba b i  I  ir  y a ssi gnrrerrr. s:t isfyiug :

MEASURES

nt lQ)-o,  I  net )= l

and rve have

Be l ( . . { ) :  I  n (B ) ,  yAqX t l l J )

Equivalently r? is obrained fr-otr Bel lr ,

. . / , 1  s ,, u t . a t  
L  I  r r  r j f r l l ] l j ,  l r - " ,

.The  quan t j t )  P l ( r l : t  -Be i ( ; l
rv(h the reversed inequa)iry, and is
characterized by means of
assignment m:

P!(A\: ,  nr(B)

(37)

salisf iL's ( l6l
also u iquci\

thc basic

(40)

A belief funcrion according ro Shaferrq is amapprng Bet (as belieo from /(X) ro [0.1] such

1) Bet(Q\:o.
i i) Bel(x): I (34)
in) YA,, i=1,n,

B"rr0 /,)= i Ber(.4,)
\ i =  r  /  i = ,

-  
- I  

Be t ( ,a rn l j ) . . .

+t-rr- 's.r(n r,) (35)'  V= ]  ' /

91.*]L.y" have p r r,{ r= Bet (,{ ,. pt r,4 ) js ca ed a
praus tb t l l t y  I unc t ron ,

. 
BanonT proved thdl bel ief and plausibi l i ly

lunclrons- are fuzTy measures. Moreorel. usrng
(36), the foliowing iderriry holds:

max (0, B€l ( l)+Bet(a) - 1)S Bet ( l  r-\  A)

=rnin(Bet ( l  ),  Bet(a)) (41)

Similarly:

max(P1(l ),  Pl (B))=p1(,4l-/8)

.  Smin (1 ,p l ( l )+p t \B ) )  (421

Let us investigate which t-conorm or ,_norm
based set functions are belief or plausibility
IUnCUOnS_

,Tl..uop.t I jmit in (41) yietds a belief funclion
wnrcn ls a necessrly measure,

1l,.al dcnoLes rbe cardnraljry otrhe sel ,.1.
for all n.
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The lowcr l imit in (4:) yields a pldusibi l i ty
function \'rhich is a possibility measure.

lf  (35) holds wilh equrrl i ty. probabil i ty
measurcs arc recovered rvhich are lhe only ones
to be both a belief tlnction and a plausibility
function.

Further results moiivate the fol lowing
defioit ion:

A t-norm L is said to be distributive if and oniv
ir

G+ b -aIb)Lc: aLc + bLc-aLbIc (43)

The same dellnition applies to aconorms. Franke
proved that tire only possible distributive t-norms
are min, product and their ordinal sums (for
instance the o, family). Dual results hold for
coaorms.

PRoposrrroN 9 Ser functiois based on
distributit)e t-norn's (resptconorms) ore belief
(res p . plausibilit y\ functiotls.

Prool It consists mainly in proving that if g is
based on a distributive t-norm then

YA,m(A) :  I  ( -  1 ) r i - 48 (B)

delines a basic probability assignmenl- See Annex
3 for a conplete proof; if g is a belief frLnction
then 1-g(;{). based on the dual t-conorm rs a
plausibj l i ty function. Q.E.D.

For insiance fuzzy measures based oo product
(or probabilistjc sum) are belief functions
(plausibiii!y lunctions).

Anorl:er noticcable class of fuzzy measurts i :
tbe one based on the Sugeno family of conorms
Si. Bcnonr proved that for 2]0, g., based on S;,
is a beliel function. The basic assignment is

V A, n{A): ). tAt I  n 9'

For i ,e(-1,01, 9, is a plausibi l i ty measure
{Prade.ro Dubois-P.ade6), becaLr5e I -B;(r) is
based on SP p: { - )./1 -1- 1). F(om Proposition 9,
we know that this result st i l l  holds when L: - 1.

Othef links between Shafer's theory and the
approach of this paper would be worth
discovering: due to (41) and (42) \ lc know that
there are some t-norm (/csp:l-conofm) based set

firnctions which are noi belief functions. For
instance I such that

Aw B :  X  +sU. \B ) :4 (8 ( l  ) ,  c (B ) )
(resp: A^B: g+sl1|uB): Ti i(gU), g(n))).

However, it is not known yet what arc the
belief functions which fit our framervork, aor
!! l lat conorm or l-norm bdsed rel [uncl ioni are
belief or plausibility functions.

2. Porticipatioh measutes
Tsichritzisrz. srudied so-called parrjcipation

me_aqures, t lntcn are tuzzy measures/l such that
hlA)+h(A):1. This concept was morivated by
the general defioition of some evaluation index
for the extent to which a subset ,4 "participates',
in X. An example of participation measuae ts a
probability measure. Such a s€t functior fi is
easily built from a fuzzy measure I by stating

e(A\ + 1-  e(A)h(A) :

It can be checked that t(l) is a participation
measurc. Moreover if g is a possibility mcasure
then i coincides with the concept of truth-value in
some many valued togics (cf. Prade23). Note that
we cai choose g:h in {44) so that (44) is a
characteristic form of participation measures.

The following fu2zy measures are clearly rlot
participation medsures
. pseudo probabilities, i-e- conorrn-based set

functions such thtrr g(r): C("{,4)) for .ome C,
except probability measures

. pseudo possibilities, i.e. conorm-based set
functions such that Vl max (g(1), 9(ll):1,
er(!cpl Dirrc meaiurcs.

. pseudo necessilies, i.e. t-no(m-based . set
functions such tlrar Y.4 min (g(,4), g(t)):0,
excepl Dirac measures.

CONPLUSION

A general class of fuzzy measures has been
proposed and described for the combinatio! of
uncertain pieces of information- The most salient
features of this framework are its intuitive appeal,
its generality, and yet computational
attractiveness. It is intuitive because it stems from
the simple idea of combining disjoint pieces of

{44)
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information. It is general b€caus€ the only
requirements are the compatibility of this
combination vilh natural propcrties of set-
theoretic opcrators. It is computationally
attractive because any fuzzy measure of tbe
concerned class, can be point-wisely defined, and
constructively built up.

Two mai types of fuzzy measures belong to
this class. On the onc hand, those for which the
knowledge concerrring an event is only weakly
ljnked rvith the knowledge conceming the
opposite ev€nt: for iflstance, the pseudo_
possibility measures and their dual, the pseudo-
necessity measures. On the other hand, those for
$hich the knowledgc concerning an event
delermines in a unique \vay the knowledge
concerning the opposite event: here rve get
pseudo-probabilitl' nreasures. The links between
the approach based on l-norms and conorms and
Shaler's theory ol eridence have been pointed
out, allhough not co$plelely clarificd yel. One
noticeablc detail is that some belief functions
diiierenl fuonr probebility measures ue pseudo_
probability measures, i.e. Bel('4) uniquely
determines Bell,{ ). An erarrple has been
provided by neans of Sugeno's cononrr based
fuzzy measute.

It seems that ljnorms have an important role
to play in the forthcoming theo es ol unceriainty
a,1d vagueness, aimed at enlarged computerized
information processing. In the sole fuzzy set
theory, apart from supplyiirg a general model of
fuzz.y set theoretic union and intersection
(cf.sectionl), and a unifying framework fol
possibi l i ly and probabil i ty measures. t-norms and
r-conorms are also proled as a useful tool for the
setting of fuzzy o-algebras (cf. Klerncntl''1r'14 15),

and the sludy of fuzy ailhm€tic when the
involved variables interact (cf. Dubois and
Prade3)). Lasl ly. lhe by now well-knoNn
exlcnsion principlc \tated by Zadeh.3s ertending
in a: 'porsibi l ist ic" fashion. ordinary mappings to
mappings lraving fuzzy arguments, can be
seneralized usins r-norms and conorms. lt is then
;ossible to en.6mpass into a single theory, for
instance boLh the addition of fuzzy numbers
(Dubois and Prade6) and that of random
variablcs lhrough a conloiutiotl.
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ANNEX I OI{DINAL SUIVIS

Let [q)' be a countab]e family of non-
overlapping. closed, proper subintervals of [0,11.
With each .V.:U",b,],  associate a l-norm 4
such that V-ye{0,1), f ,(-x,,t)<r. Let ? be a
function deflned on [0,1]? via

T(-\, )) =

/ .  "  ,  .  \

" ^ t ' " \  h  _ , i  _  I .  { r ( , r ' r €Ld i .o i l '

n : 1 ,2_ .

)) otherwise{ : : :

T is called the ordinal sum of the 4's. T is a r-
norm. -More details can be found, for instance in
Frank' from rvhom we borro$' the above defi nition.
Ordinal sums of conorms can also be deli[ed in
the same fashion. but changing min into max in
the above statement and 4 in S, with V.r€ (0,1),
S, (x, -r)> x.

a, is an ordinal sum of the product, We have

ab
o a \ I I . b ) = - -

max\4,a, b )

Ler V t: l l . . t l .  ' I :  1, Tr : produc!

- i r  l0.r ' l :  o, ' - . ' ' - ' r ' -o-" . ( - -  : )  r=)I  \ l - u l  \ r  u /

* in [r,  1] 'z d"(x,] ):  min (x, t)

- in [0, a] x [d,1] or [d,1] x [q.r] d,(r,,y)
=n1in(x,,r.).

Q.E.D.

The dual of o. is an ordinal sum of the
probabil ist ic sum.
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ANNEX 3 SET FUNCTIONS BASED ON
DISTRIBUTIVE T-NORMS ARE BELIEF
FUNCTtOl\-S

A distr ibutivc r-norm is, f ionr Franke an ordinal
sum of prodllcts, otherwise min, or product
themselves. Flence, a distributive t-norm lics
betwecn product and min, and generates pseudo-
nece\sity mecsures. Let g be such a luzzy
measure. We havi: proved lhat i ts codensity {gr] i
:  1. nl is such that

I  t :  g ! : 0

Let K:{)ci lg-r:0i.  The elements of x can be
order€d such ihat

K :  { r . +  1 , . . . ,  x , } .

Obviously,

s(A)>O+5A:5K'

since g(.4):  I  g-.
' ! ^

Let

n!(,a): t (- 1)lt- ' ls(B).

Whenever g(,4):q i t  implies n(.4):0. So m
need ro be evaluated for all subsets 4 oI the form
K.--) A', \'! ttll K ̂  A' = O.

No le  tba l

operator 
" 

( le| ircl bt (r*b:a+b-aIb is
associatirc, and it is positiDe.

P rco f

{a+bJ*c= (a+b  a  L  b )+c ,  (u  +  b  -  a  Lb )  Lc

:  a  +  b  +  c  -  a  I  b  -  a  I c  -  b  I c  +  a .Lb  Lc
: a+(b*c)

using the associativity and distr ibul iviry propert ies
of L. The posit ivity of d*, when (a,b)€[0,1], is
obvious.

LEMMA 2

Vn€N ' ,Vk1 . . .  d " )e  [0 ,  l ] , , ,V ,  €  [0 ,  t l

Q.E.D.

S" -b I ( l r , *a r * . . . *a . ;

: : /: I (- l )"  I  ar{r
rst ' . i t  \  i . r
l4-,

')

0)

Proo f  S , :b  L  (a1+ , r .  - .  +a " - r *  (a " -  r+a " ) )

using associativity of *

:  b  I  (A , *  A r . . . *A " ,+  A^ ,  r )

w i th  l i : d , ,  i =n -2 ,  A "  r : e , * t l n_ t

r / \

: I r - r r ' I  t , r {  14,)
\ ) e I  )

assuming Lemma 2 holds xt order n 1

AII Lerms Ll, involvingr l ,  .  I  can be changed

as follows

r1 { ( ) -  I  g r>0

$here -L js the f-norm generat ins s.
Similarly. Yje lJ t, rr l l l*trere f l.-,all denores rne

set  t l ,2 , . . . ,  |n l )  
-  -

n l l fw{x} ) :  -  r  s r+ I  s ,=0
i + j

(-_ r-, *uno. ,o. €, t... rg.)

/ \ / \
br l  I  Ar l :b r l  I  a ,  ) I1o._ ,

\ r € ,  14_ r r  /

+  a^ -  a ,_ , I  a , )

To establish the posit ivity
I is more than a singleton we

of , Kw,, l ' )  when
need the following

: a r (r ",)+ a r (.u-'1,,,.,., o,)
lcmmas:

LENr r lA  I  1 /  1 i s4 .listributiue t-norm, then tlp



using the distributivity property.
above term into S. yields thc
recualencc is valid since Lemma 2
; , : 1 .

It is norv easy to ligure out
,4 : K u {]( r. ... )rr}, then

Insert ing the
result.  The

is obYious for
Q.E.D.

that from (l), when

= c! -  G*r  (s , . . . .  *s*)=q

FUZZY MEASURES 6 l

V(  us ing

nt tA) -L t  t l  L  L& r t5n, r
i  e : r . r i  r f r
1!_(- i  j :n

Not ing  co lg * * ,  -Lgo  * " I . . . I  C -

, r ( r ) :6r-  I  l - t1 '  '

Lcmma 2;
fo r  l i :n t ,4 ' :K  and r? r (X) :g r * . .  *g ;>0 .

Laslly.

, 11 (g )=0 ,  t  n (A \ :  I

because  g (@) :0  rnd  g t ) ' )=  I  r c . t ec l i ve l ) .
I  hus. ,r?l/4 ) ts a !enulnc basic ersi:-nrrcnt, and

g is a belief function. o f T)

N.B. When -L =product

t11\A) :

1 l  g , )  .  t t  -g r ) . . . .  { t - i " r . r r  r . s r : . . .S "

2, | -L sr' llcr
1)i-i
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