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A variation of the Broyden update is found to require less operations and to work as well as the usual Broyden update.

Introduction.

In C. G. Broyden's 1965 paper "A Class of Methods for Solving Nonlinear Simultaneous Equations," [START_REF] Broyden | A class of methods for solving nonlinear simultaneous equations[END_REF] two such methods were given. Method One has become the accepted "Broyden method," whereas Method Two was not discussed further because Broyden found that "success�ve step vectors ... were identical and further progress became impossible. " The aim of the present note is to indicate that this conclusion was apparently invalid. Broyden's second method has been tried on several types of problems (including those given by Broyden) and has encountered no such difficulty. In fact, the second method has at least one advantage over the usual Broyden method in that it requires less operations to do the update. A shortcut is also suggested which can reduce the computation to about half of the usual method. The number of iterations needed to converge may be different from Method One, but in comparisons there has usually been no difference. Broyden's second method has been used successfully in the past for solving systems of ordinary differential equations by Brown et al. [START_REF] Brown | Experiments with quasi-Newton methods in solving stiff ODE systems[END_REF].

2. Broyden's two methods.

Our problem is to find a vector x which satisfies

(2.1) f(x) = 0
where f is a vector-valued function. In both Broyden methods, the ith approxi mation of the solution, X ;, is replaced by a better one, namely

(2.2)
where f; = f(x;), H; is the negative inverse of an approximation B; of the Jacobian matrix of the function evaluated near the solution or near x;. Then if t; is equal to one, and the approximations are good, the procedure will converge rapidly to the solution. After each iteration, the matrix H; is updated to H; + 1 to make it a better approximation of the negative inverse of the Jacobian. Method One and Method Two differ in how this update is done.

In both methods, H; + 1 satisfies two conditions. First, it is given by the difference of H; and a rank-one matrix, that is, one that can be written as the outer product of two vectors:

(2.3) (in which u and v actually depend on i). Second, H; + 1 should express the relationship between the change in x and the change in f. That is, or From this it is seen that v can be almost arbitrary (it cannot be orthogonal to Af) and u will then depend on v. In Method One, v is chosen to be Hr Ax while for Method Two it is chosen to be Af.

(2. 4a) (2.4b) H;+1(f;+1 -f; ) = X ; -X ;+ i.
From these formulae one can see that the number of multiplications and additions involved in the calculation of the update for Method One with n variables is about 3n2, whereas in Method Two it is only about 2n2• At this point, a comment should be made regarding the implementation of either of these methods. The approximately n2 multiplications and additions normally needed for finding the next value of x by Equation 2.2 can actually be avoided. First note that the term H;Af needed in the calculation of u can be calculated as H;f;+ 1 -H;f;, the latter part of which has already been found. If we save H;f;+ i. we can find H;+ 1f;+ 1 (2.6) Equation 2.6 involves only about 2n multiplications and additions. In Method One without Equation 2.6, the number of multiplications and addi tions is of order 4n2, whereas in Method Two with Equation 2.6, it is of order 2n2 per iteration. The use of these two improvements thus halves this basic amount of computation. However, if n is small or if much time is needed in the evaluation off, then this improvement is of minor importance.

Test cases.

Broyden gives the results of ten sample problems, but explicitly states only six of them. Each of these six has been retried with Method Two and found to converge in the same number of iterations as with Method One, except Case 10 which does not converge with either method due to a poor initial guess. The method proposed here was faster than the usual method in each case, ranging from 6 % faster for a problem of two variables, to 70% faster for a problem of twenty variables. In both methods the initial Jacobian was estimated by finite differences.

As a further test, the problems given by More and Cosnard [START_REF] More | Numerical solution of nonlinear equations[END_REF] were tried. In every case in which Method One was able to solve the problem without adjusting the step size or restarting, Method Two was also able to do so in the same number of iterations. For those problems that could not be solved so easily, a programme was used which would cut the step size in half whenever the original step caused the norm of the function to increase, and which also recalculated the Jacobian when "in trouble. " This algorithm succeeded in solving more of the problems, using both methods, without much difference in number of iterations. Only in one problem ("Brown's almost linear problem"), with starting point very far from the solution, did Method Two fail (due to floating point overflow or singular Jacobian), while Method One succeeded after many iterations. But with the original starting point, Method Two succeeded, and with less iterations.

The invariance of Broyden's second method with linear transformation.

There is a further property of Broyden's second method, having to do with the scaling of the variables, which may or may not be considered an advantage over the first method. In Method One, if one transforms the problem by performing a linear transformation on the independent variables, then the iterations will not follow the same path as before. However, with Method Two, the path will be the same (but transformed). It should be pointed out that Method One has the same property with respect to linear transformation of the function.

Conclusions.

Broyden's second method, coupled with an improved algorithm, seems to have advantages over his first method, with no apparent disadvantages. In short, Broyden's second method should be given a second chance.

  This gives, with (2.3), u(vT Af) =Ax+ H;Af or (2.5) u =(Ax + H;Af)/(vT Af).
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