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NON-ASYMPTOTIC ANALYSIS OF STOCHASTIC
APPROXIMATION ALGORITHMS FOR STREAMING DATA*

ANTOINE GODICHON-BAGGIONI', NICKLAS WERGE"**
AND OLIVIER WINTENBERGER'?

Abstract. We introduce a streaming framework for analyzing stochastic approximation/optimization
problems. This streaming framework is analogous to solving optimization problems using time-varying
mini-batches that arrive sequentially. We provide non-asymptotic convergence rates of various gradient-
based algorithms; this includes the famous Stochastic Gradient (SG) descent (a.k.a. Robbins-Monro
algorithm), mini-batch SG and time-varying mini-batch SG algorithms, as well as their iterated averages
(a.k.a. Polyak-Ruppert averaging). We show (i) how to accelerate convergence by choosing the learning
rate according to the time-varying mini-batches, (ii) that Polyak-Ruppert averaging achieves optimal
convergence in terms of attaining the Cramer-Rao lower bound, and (iii) how time-varying mini-batches
together with Polyak-Ruppert averaging can provide variance reduction and accelerate convergence
simultaneously, which is advantageous for many learning problems, such as online, sequential, and
large-scale learning. We further demonstrate these favorable effects for various time-varying mini-
batches.
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1. INTRODUCTION

Machine learning-based intelligent systems are becoming more and more widespread in modern society
[18, 24]. A crucial component of machine learning is optimization, which, in this context, involves estimating
parameters for the intelligent systems to make decisions about future data. A growing challenge is that these
future data will arrive in an endless stream, for example through sensors from real-time measurement of weather,
traffic and e-commerce, to name a few; we call these streaming data. Such streaming data arrives sequentially
in time-varying mini-batches. This places wide demands on computational efficiency and the robustness of the
underlying optimization algorithms, which must be updated sequentially as more data becomes available.

Stochastic approximation/optimization algorithms have proven effective in handling large amounts of data
and perform well across many fields ranging from smooth and strongly convex problems to complex non-convex
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ones; [4] reviews such algorithms for large-scale problems in machine learning. Among these, the most well-
known is probably the Stochastic Gradient (SG) descent introduced in [33], which forms the basis of many
optimization algorithms used in machine learning [22, 23, 30, 36]. In a nutshell, these SG-based algorithms
minimize the objective (a.k.a. loss or risk) of a model by iteratively updating the model parameters using
stochastic approximations of its gradient. Traditionally, these gradients are processed individually or in (fixed)
mini-batches taken from a (fixed) dataset. However, in our streaming framework, these gradients must be
computed as a sequential stream of time-varying mini-batches.

1.1. Contributions

The objective of this paper is to solve stochastic approximation/optimization problems in a streaming
framework. Our main theoretical contribution is the non-asymptotic analysis of SG-based algorithms in this
streaming framework, extending the work of [1]. This means that we investigate everything from the classical
SG descent to time-varying mini-batch SG-based algorithms, as well as their Polyak-Ruppert extensions. Our
results show how to accelerate convergence by choosing the learning rate according to the time-varying mini-
batches. In addition, we show that Polyak-Ruppert averaging [32, 34] achieves optimal convergence in terms of
achieving the Cramer-Rao lower bound in this streaming framework. In particular, we show how time-varying
mini-batches together with Polyak-Ruppert averaging can provide variance reduction and accelerate convergence
simultaneously, without jeopardizing the computational complexity. These theoretical findings are demonstrated
for various streaming settings of time-varying mini-batches.

1.2. Organization

Section 2 presents the streaming framework, in which we will analyze the stochastic algorithms. In Section 3,
we introduce our stochastic streaming-gradient algorithms, their projected versions and Polyak-Ruppert exten-
sions. The main results, namely the non-asymptotic convergence analysis, are presented in Section 4. These
results are illustrated in Section 5 for various time-varying mini-batches. In Section 6, we provide some concluding
remarks with related future perspectives.

2. PROBLEM FORMULATION

Our objective is to solve stochastic approximation/optimization problems in a streaming framework, where
data arrives sequentially in time-varying mini-batches; we consider problems on the form

min{F(0) := E[f(0)]}. (2.1)

OcR4

We will refer to F': R? — R as the objective function, but in the literature, F is also known as the expected loss
(and risk); See for instance [4]. Let 6* denote the global minimum of F', and assume that 8* € ©, where © is a
closed convex set in R%. Typical convergence results measure how quickly some estimate 6; approaches #* (or the
function value L(6;) approaches F(6*)). In this paper we are interested in bounding the quantity E[||6; — 0*||?].
As in [1, 16], we make the analysis more convenient through convexity and smoothness assumptions on F in
(2.1).! The following assumptions are frequently referenced.

Assumption 2.1 (p-quasi-strong convex [19, 28]). The objective function F : R¢ — R is differentiable with
VoF(0*) =0 and there exists a constant y > 0 such that V8 € ©,

F(0*) > F(0) +(VoF(0),0" —0) + %”9* -0 (2.2)

IMilder degrees of convexity have been investigated; [13] studied SG algorithms under local strongly convexity, [19] studied SG

algorithms under the Polyak-Lojasiewicz condition [25, 31], and [10] studied the Ruppert-Polyak averaging estimate under some
Kurdyka-Lojasiewicz-type condition [21, 25].
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Assumption 2.2 (Cy-Lipschitz smoothness). The function VyF is Cy-Lipschitz continuous around 6*, i.e.,
there exists C'vy > 0 such that V0 € ©,

IVoF(0) = VoF(67)]| < Cv|l0 — 07| (2.3)

2.1. Streaming framework and notation

Let each (f:(0)) constitute a sequence of independent differentiable random functions (possibly non-convex)
and let their gradients be unbiased estimates of VoF (), see e.g. [30] for definitions and properties of such
functions. The shorthand notation of

(f:(0)) represents the sequence of time-varying mini-batches parameterized by 6.

We say that each f; consist of n, € N data points, which we denote by the set {f;.1,..., fin, }- For example, for
a class of models {hg}gco parameterized by 6, a loss function I, and a regularizer €, then f; ;(6) can be seen as
the composition:

fm(e) = l(yt,i, hg(xt’i)) + Q(@) (2.4)

where {(2¢,,y¢,:)}i; is a time-varying mini-batch of i.i.d. input-output data points with generic element (z,y) €
X x Y. The associated objective function from (2.1) thus corresponds to having F(0) = E[f(0)] with f(0) =
Uy, ho(x)) + Q2(8).

Our streaming framework includes many machine learning problems, from classification, and regression to
ranking; this includes stochastic approximation (Robbins-Monro setting [33]), learning from i.i.d. data with
linear, logistic, softmax, quantile and general ridge regression, and p-means and geometric median under regu-
larity conditions [8, 18, 23, 30, 37, 38]. More specifically, (2.4) could be the lo-regularized least squares regression
model, f(0) = ((z,0) —y) + 30||> with X = R? and Y = R, or the lo-regularized logistic regression for binary
classification, f(6) = log(1+exp(—y(z,0)))+ 3[/0]|* with X = R? and Y = {—1,1}; here, we used ho(z) = (z, 6).

3. STOCHASTIC STREAMING GRADIENT ALGORITHMS

SG-based algorithms, which dates back to the seminal work of [33], have become the predominant optimization
algorithm for solving these stochastic approximation/optimization problems. To solve problem (2.1) in our
streaming framework, we introduce the Stochastic Streaming Gradient (SSG) algorithm, defined as the recursion

M < d
=0, 1 — N Vot (0, R 1
(SSG) 0 =0, " ;:1 0fti(0i-1), 0o € R, (3.1)

where (7;) is the learning rate satisfying Zle v, = oo and Z:Zl 72 < oo for t — co. This SSG algorithm
sequentially processes the time-varying mini-batches. Note that if for all ¢ > 1, n; = 1, then the SSG algorithm
is an online version of the well-known SG descent.

In many machine learning models, there may be restrictions on the parameter space of 8. We embrace this
by defining a projected version of SSG, given as

(PSSG) 8; =Pe <9t—1 .G Z Vo fii (9t—1)> , b0p €0, (3.2)
i3

where Pg denotes the Euclidean projection onto the closed convex set © in R?, i.e., Po(f) = argming |6 —
0'||2- It is worth noting that SG-based algorithms are not gradient descent in the sense that the objective function
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values often increase, but only decrease on average; examples of this are illustrated in Section 5. Therefore, it

makes intuitive sense to use sets of stochastic gradient {Vgf; ;}it, in each iteration, as it naturally reduces the

variance and makes it easier to adjust the learning rate (), which (on average) improves the convergence.
Next, let’s consider a streaming variant of the celebrated Polyak-Ruppert averaging procedure [32, 34]:

B 1 t—1
(ASSG)/(APSSG) b =77 > niabi, (3.3)
ti=o

where Ny = 22:1 n; denotes the accumulated number of data points processed at each t € N. This averaging
procedure sequentially aggregates the estimates of (3.1) and (3.2), which stabilizes and accelerates convergence
[29, 32]. In particular, this average allows us to obtain the optimal Cramer-Rao lower bound. Note that (3.3)
does not actually change the estimates produced by the SSG or PSSG algorithms, but instead simply keeps
track of a running average over the estimates. Practically, as we handle data sequentially, we will make use
of the recursive formula, 6; = (Ny_1/N;)0;—1 + (n¢/N¢)0;_1. A detailed overview of our stochastic streaming
gradient algorithms (defined in (3.1) to (3.3)) is presented in Algorithm 1.

Algorithm 1: Stochastic streaming gradient algorithms (SSG/PSSG/ASSG/APSSG)

Input: 0y € © C RY, project € {True, False}, average € {True, False}
Output: 0;, 6; (resulting estimates)

Initialization: 6, € R¢

for each t > 1, a time-varying mini-batch of ny data arrives, do

6t — 975_1 — %ﬁ 27;1 ngm- ((975_1) /* update */
if project then

‘ 0y <+ Po(6:) /* project */
if average then

‘ ét — (Nt—l/Nt)ét—l + (nt/Nt)Ht_l /* average */

4. NON-ASYMPTOTIC CONVERGENCE ANALYSIS

Throughout this paper, we consider learning rates (v;) of the form
Ve = C'Aynft_o‘7

with C,, > 0, 8 € [0,1], and « chosen according to the time-varying mini-batches n;. This learning rate allows
us to add more weight to larger mini-batches (n;) through the 8 parameter. Note that [1] considered learning
rates of the same form, but with 8 =0 (and n; = 1). For simplicity, we let the time-varying mini-batches (n;)
be given as

ny = [C,t7],

with C, € N and p € (—1,1) such that n, > 1 for all ¢ € N. This setting includes classical (online) SG descent
algorithms (i.e., {C, = 1,p = 0}) and (online) mini-batch procedures of both constant and time-varying size
(i.e. {C, € N,p=0} and {C, € N,p € (—1,1)}), as well as the Polyak-Ruppert average of (online) time-varying
mini-batches. We will refer to C, as the mini-batch size and p as the mini-batch rate.
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Our goal is to non-asymptotic bound the quantities &, := E[||0; — 0*||] and &; := E[||6; — 6*||], such that they
solely depend on the parameters of the problem. To our knowledge, this is the first work that studies the non-
asymptotic convergence behavior of SG-based algorithms and their Polyak-Ruppert averaging in a streaming
framework. To do this, we assume for each ¢t € N the following about the (stochastic) gradients of {f;;}.,.

Assumption 4.1 (unbiased gradients). For each 6 € O, the random variable Vy f; ;() is square-integrable and
V0 €O, VoF(0) =E[Vefii(0)]

Assumption 4.2-p (Cy-expected smoothness). For a positive integer p, there exists Cy > 0 such that V6§ € ©,
E[Vofei(0) — Vo fei(07)IIP] < CFE[[|6 — %7

Assumption 4.3-p (o-gradient noise). For a positive integer p, there exists o > 0 such that E[|| Vg fi ;(6%)|"] <
aP.

Discussion of Assumptions 4.1 to 4.3-p. These assumptions are standard for analyzing stochastic approx-
imation/optimization problems with SG algorithms, e.g., see [3, 22]. Assumption 4.1 concerns the access to
unbiased stochastic approximations of the gradient VyF', which are common when SG algorithms are used to
solve problem (2.1).2 Another common assumption for SG algorithms is that they are uniformly bounded. But
such an assumption is often too restrictive, as it can only hold for some loss functions [4, 14]. Instead, we make
the weaker expected smoothness assumption of the gradients of {f;;};*; in Assumption 4.2-p [1, 16]. The last
key assumption concerns the finiteness of the gradient noise {f; ;};, at 8* (Asm. 4.3-p). It is worth noting that
Assumptions 4.2-p and 4.3-p can be verified explicitly, e.g., see [16]. For SSG and PSSG, Assumptions 4.2-p
and 4.3-p only needs to hold for p = 2, where for ASSG and APSSG, we need p = 4 to bound the fourth order

moment.

4.1. Stochastic streaming gradients

In this section, we analysis the SSG and PSSG algorithms from (3.1) and (3.2). To do this, we first derive
an explicit upper bound on the tth estimate of (3.1) and (3.2) for any learning rate (y;) and time-varying
mini-batch (n;) using classical techniques from stochastic approximations [3, 22].

Theorem 4.4 (SSG/PSSG). Let §; = E[||6; — 6*||?] for 5o > 0, where (6;) either follows the recursion in (3.1)
r (3.2). Suppose Assumptions 2.1 to 4.3-p hold with p = 2. Then, for any learning rate () and time-varying
mini-batch (nt), we have

2 .
0 <exp | —p Z yi | 78 + 27 max B (4.1)

with T = exp(4CJ2c 22:1 72 /n;i) exp(2C%, 2221 ]l{nz.>1}7i2)((50 + 202/0?).

Sketch of proof. Under Assumptions 2.1 to 4.3-p with p = 2, we show that (J;) (derived using (3.1)) satisfies
the recursive relation

8¢ < [1=2py + (2CF + (ny — )OZ)n; 97101 + 20°n; 147, (4.2)

for any (v;) and (n:) fulfilling the conditions imposed on the learning rate [33]. This recursive relation is then
explicitly upper bounded in a non-asymptotic manner using Proposition B.5 in Appendix B. Bounding the
projected estimate in (3.2) follows directly from the fact that E[||Pg(0) — 6*]|?] < E[||0 — 6*?], VO € © [40].
Alternatively, the projected estimate can also be shown without Assumptions 4.2-p and 4.3-p, but instead with
a bounded gradient assumption, e.g., see [1].

2The principles for biased gradients are rather different, e.g., see [9, 35].
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Related work. When n; =1 in (4.1), we obtain (an online version of) the usual SG descent studied in [1].
As mentioned in [1], Theorem 4.4 forms an upper bound on the function values, E[F(6,) — F(6*)] < C;d,/2;
this follows from the Cauchy-Schwarz inequality and Assumption 4.2-p.

Decay of the initial conditions. The learning rate (7;) should satisfy the conditions Zle 7v; = oo and
Zle 7?2 < 00 as t — oo of [33]. These conditions directly imply that 7} < co. Thus, our attention is on
reducing the noise term max; o<i<¢7i/ni without damaging the natural decay of the sub-exponential term
exp(—p ZE:t/Z ~i). In particular, the non-asymptotic bound in (4.1) holds for any learning rate fulfilling these
conditions. In addition, the scaling of n; in the noise term shows an obvious possibility of variance reduction.

Before considering time-varying mini-batches, we consider the constant case where n; follows the constant
C, € N, i.e., an online (projected) mini-batch SG variant.

Corollary 4.5 (SSG/PSSG with constant mini-batches). Let §; = E[||0; — 0*||?] for 6o > 0, where (6;) either
follows the recursion in (3.1) or (3.2). Suppose Assumptions 2.1 to 4.3-p hold with p = 2. Then, if v = C’vnft’o‘
with ny = C,, for a € (1/2,1), we have

C, N}~ . 21+aq2C
b Sexp | —m T | o+ g (4.3)
21—, uCp Np

where TS, = exp(4ozC$(2C’J% + Cplic,>130%)/ (20 — 1)05725)(50 + 202/0?) is a finite constant.

Decay of the initial conditions. The bound in Corollary 4.5 depends on the initial condition &g = ||6p —
6*||> and the variance o2 in the noise term. The initial condition d; vanish sub-exponentially fast for o €
(1/2,1); the condition of having « € (1/2,1) is a natural restriction from [33]. Thus, the asymptotic term is
21+”‘0207/;LC;’0‘*5N3, i.e., 0y = O(N; ). Moreover, the bound in (4.3) is optimal (up to some constants) for
quadratic functions (f¢;), since the deterministic recursion in (4.2) would be with equality. It is worth noting
that if C,Cy or C,Cy is chosen too large, they may produce a large w5, constant. In addition, 7&, is positively
affected by C, when § < 1/2. Obviously, the hyper-parameter 3 only comes into play if the mini-batch size
C, is larger than one, i.e., C, > 1. Nonetheless, the effect of 75, will decrease exponentially fast due to the
sub-exponentially decaying factor in front.

Variance reduction from larger mini-batches. Not surprisingly, larger mini-batches C, cause a variance
reducing effect, e.g., see the illustrations in Section 5. Nevertheless, (4.3) explicitly shows the variance reducing
effect in each term, which can help us better understand how to optimally tune the learning rate. In particular,
the asymptotic term is divided by C’F}_"_B, implying we should take a + 8 < 1 when C, is large. However,
this must be done with moderation as larger mini-batches C, simultaneously damage the sub-exponential term.
Another important point from this is that mini-batches do not provide a better convergence rate, but simply
scale, i.e., the slope of the rate of convergence is unchanged, but the intercept is lowered (e.g., see Fig. 1a).

Having fixed size mini-batches is not the most realistic streaming framework, these mini-batches are much
more likely to vary in size over time. For the convenience of notation, let p = ply,>0}-

Corollary 4.6 (SSG/PSSG with time-varying mini-batches). Let &, = E[||6, — 0*|%] for 6o > 0, where (6;)
either follows the recursion in (3.1) or (3.2). Suppose Assumptions 2.1 to 4.3-p hold with p = 2. Then, if
v = Cvnft_“ with ny = [CptP], for o — Bp € (1/2,1), we have

1—

5 < _ nCy N, ¢ Y 21+(2+”)¢0ng w

e BT ey ol It s vy s (44)
280, uC, P20 O Ny

where ¢ = (1= B)p+ a)/(1+p) and 7% = exp(4(a — 65)050313(20} +C3)/(2(a = Bp) —1))(do + 202 /C3) is
a finite constant.
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Accelerated decay with increasing mini-batches. As mentioned for Corollary 4.5, « — 8p € (1/2,1) is a
natural condition from [33]; this relaxes the condition of having o € (1/2,1) for p > 0. In particular, this shows
that we can accelerate convergence by taking increasing mini-batches, e.g., taking @ = 2/3 and § = 0 yields
0 = O(Nt_(2/3+p)/(l+p)) when p > 0. Conversely, when p < 0, we obtain the same decay as in Corollary 4.5,
namely, 0; = O(N, ). These effects are illustrated in Figures 1b to le for C, € {1,8, 64, 128}.

Variance reduction from larger mini-batches. Similarly to Corollary 4.5, the sub-exponential and
asymptotic term is scaled by C;_ﬁ ~¢ for p > 0, implying we should take a 4+ 3 < 1 to obtain variance reduction.
However, as discussed above, this variance reduction is only beneficial in the beginning and does not contribute
to a better convergence rate (relative to the slope). Thus, large mini-batch sizes C), and negative mini-batch
rates p will give (an initial) variance reduction but the same convergence rate as in Corollary 4.5.

4.2. Polyak-Ruppert averaging

In what follows, we consider the Polyak-Ruppert averaging estimate (6,,) given in (3.3), where (6;) follows the
recursion in (3.1) or (3.2). Besides having Assumptions 4.2-p and 4.3-p to hold for p = 4, additional assumptions
are needed for bounding the Polyak-Ruppert averaging estimate. First, we make an additional smoothness
assumption on the objective function F.

Assumption 4.7 (Cg-Lipschitz continuous Hessian operator). The function F' is twice differentiable with
Cg-Lipschitz continuous Hessian operator V2F, meaning, there exists C% > 0 such that V6 € ©,

IVEF(0) = VEF (O]l < Co |0 — 07| (4.5)

Next, in continuation of Assumption 4.3-p, we make the following assumption about covariance of (Vg f (%)),
which we interpret as the sequence of score vectors with respect to the parameter vector 6*.

Assumption 4.8 (Covariance of the scores). There exists a non-negative self-adjoint operator ¥ such that
E[Vofei(0*)Vofri(07)T] < X.

Note that the operator ¥ always exists when o is finite for order p = 4 in Assumption 4.3-p.

4.2.1. Polyak-Ruppert averaging of stochastic streaming gradients (ASSG)

As in Section 4.1, we conduct a general study for any learning rate (7v¢) and time-varying mini-batch (n;)

when applying the Polyak-Ruppert averaging estimate (6,,) from (3.3), where (6;) follows the recursion in (3.1),
i.e., the ASSG.

Theorem 4.9 (ASSG). Let &; = E[||0; — 0*||?] with (8;) given by (3.3), where (6;) follows the recursion in (3.1).
Suppose Assumptions 2.1 to 4.8 hold with p = 4. Then, for any learning rate (v¢) and time-varying mini-batch
(nt), we can upper bound 5,51/2 by

t—1

AL/? 1
N 2

niy1 M
Yi+1 Yi

— 1/2 —
6.1/2+L61/2+ n1 i—i—C 51/2+& tzin 5. + Cy tzin AL/?
i ,Uf'YtNt t /JNt 7 f 0 MNt - i+107 HNt v i+18
(4.6)

where A = Tr(VEF(0*)'SVZF(0*)™1) and Ay = E[||6; — 6*||*] for some Ao > 0.

As noticed in [32], the leading term A/N, achieves the Cramer-Rao lower bound [10, 27]. Note that the
leading term A /Ny is invariant of the learning rate () and the time-varying mini-batches (n;). Moreover, the
bound is O(N; ') without inverting the Hessian. Next, the processes (d;) and (A;) can be bounded by the
recursive relations in (4.1) and (A.9). There are no sub-exponential decaying terms for the initial conditions
in Theorem 4.9, which is a common problem for averaging. However, as mentioned previously, we are more
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interested in advancing the decay of the asymptotic terms. To ease notation, we make use of the functions
Y¥(t) : R — R, given as

$0-2)/09) /(1 — z) if x < 1,
YU(t) = { (1+y)log(t) ifr=1,
g;/(gj—l) ifx>1,

vvith y € Ry, such that Y'_ i7® < 40(¢) for any = € Ry. Note that ¢Y(t)/t = Ot~ @/ if ¢ < 1,
()/t = O(log(t)t™') if z =1, and ¢¥(t)/t = O™ ") if > 1. Hence, for any z,y € Ry, ¢¥(t)/t =
O(t~@+)/(+9)) where the O(-) notation hides logarithmic factors.

Corollary 4.10 (ASSG with constant mini-batches). Let 6; = E[||0; — 0*||?] with (0;) given by (3.3), where (6;)
follows the recursion in (3.1). Suppose Assumptions 2.1 to 4.8 hold with p = 4. Then, if v = Cwnft_“ with
=C,, for a € (1/2,1), we have

iz A 65CL P2 | 2°6C50°C, 2C;0C/? Ay
t _Ntl/Q N3/2C§/2Nt1_a/2 /1,20;_&_'6]\[{1 u3/2C,,g1—a—B)/2Nt(1+a)/2 /JNt
C2-a=B FAc, (64 Thic,>1))2%/2CLa2CY2CY 2y, (NL/C,)

+ )
HC, NZ 112N,

with T given by (1/C,,C¥ +Cf)(51/2 +Cp /1AL [Cy+ T AL /CLCH + C ,/Hgo ¢, consisting of the finite
constants w5, IS, and AS,, that only depends on p, 0o, Ao, Cy, o, Cv, Cy, C,, Cp, B and .

Accelerated decay the initial conditions. By averaging, we have increased the rate of convergence from
O(N; ) to the optimal rate O(N; ') (when we compare to SSG with constant mini-batches in Corollary 4.5).
The two subsequent terms are the main remaining terms decaying at the rate O(Nf~?) and O(N; %), which
suggest taking « = 2/3. The remaining terms are negligible. Next, it is worth noting that having o« + =1 in
Corollary 4.10, we would give no impact in the main remaining terms from the mini-batch size C,. At last, as we
do not rely on sub-exponentially decaying terms, we need to be more careful when picking our hyper-parameters,
e.g., taking C,C too large may cause I'. to be significant. Nevertheless, the term consisting of I'. decay at a
rate of at least O(N;?).

)

Corollary 4.11 (ASSG with time-varying mini-batches). Let &; = E[||0; — 0*||?] with (8;) given by (3.3), where
(6y) follows the recursion in (3.1). Suppose Assumptions 2.1 to 4.8 hold with p = 4. Then, if v, = C’,Yntﬁt*“ with
ng = [CptP], for o — Bp € (1/2,1), we have

51/2 AL/2 N 23+¢(1+5) C(lfaﬁfﬁ)/?]l{pzo} . 2(140)(14+6) =201 52C 2¢(1+5)/2Cf00§/2 c,r,
t 7N1/2 3/201/2 1 ¢/2 20; ¢— BN? 'u3/20£17¢75)/2]1{pzo}Nt(1+¢)/2 ,UNt
5 3/2 ~14+38/2 ,p
02 -8 /ﬂ—v Av 23(1+¢) 1+p)/2C/VUQC"// CpJF B/ %[Jg(a,@,;)/g(Nt/Cp)

)

pC NZ~¢ p320 =0t Ny,

with T, given by (1/C,C¥ + Cf)§1/2 + 20C /Y AL [C)y + 2TL AL, | CLCF 4 20C \/TIE A, consisting of
the finite constants wi, 11, and AY_, that only depends on p, 6o, Ao, Cy, 0, Cv, Cy, C,, Cp, B and o

Robustness towards mini-batch rate p: Following the arguments above, the two main remainder terms
suggest that ¢ =2/3 < a— 5= (2—p)/3, e.g., by setting 8 = 0, we should pick o = (2 — p)/3. Likewise,
if p = 0, we yield the same conclusion as in Corollary 4.10, namely a = 2/3. However, these hyper-parameter
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choices are not resilient against any time-varying streaming rate p. Nonetheless, we can robustly achieve ¢ = 2/3
for any p € (—1,1) by setting a = 2/3 and 8 = 1/3. In other words, we can achieve the same convergence for
any time-varying mini-batch rate by having o = 2/3 and 8 = 1/3; this is illustrated in Figures 1f and 2f.

4.2.2. Polyak-Ruppert averaging of projected stochastic streaming gradients (APSSG)

In this section, we analyze the projected Polyak-Ruppert averaging estimate (a.k.a. APSSG), where (6;)
follows the recursion in (3.2). To avoid calculating the six-order moment, we make the unnecessary assumption
that |V fi,:(0)] is uniformly bounded on ©; the derivation of the six-order moment can be found in [12].

Assumption 4.12 (Ge-bounded stochastic gradients). Let Dy = infoepol|d — 6*| > 0 with 90 denoting the
frontier of ©. Assume there exists Gg > 0 such that Vt > 1, supyce || Vo fi(0)]*> < G as., with i =1,...,n,.

Corollary 4.13 (APSSG with constant mini-batches). Let §; = E[||0; — 0*||?] with (0;) given by (3.3), where
(0:) follows the recursion in (3.2). Suppose Assumptions 2.1 to 4.12 hold with p = 4. Then, if v = C’ant_a
with ny = C,, for a € (1/2,1), we have

5172 AV 6oCS /2 | 2°6C50°C, 2C;0C? Ay
—Nt1/2 u3/20$/2Nt1—a/2 MQC;—a—ﬂNta ﬂ3/20£1_a_5)/2Nt(1+a)/2 /JNt

CRo VAR A, | (64 TLi,o1) P20y CEC S, o (N:/Cy)
pCy NZ~ u3/2Ny ’

with C4 = C4 + 22°Ge/Dj and T. given by (1/C,CH + Cf)éé/Q + Cp /T AL JC,y + T AS /CLCH +
Co/IIS A, consisting of the finite constants w5, TIS, and AS

% ., that only depends on p, do, Ao, Cy, o,
Cy, Cg, Cy, C,, B and a.

Corollary 4.14 (APSSG with time-varying mini-batches). Let §; = E[||0; — 0*||?] with (0;) given by (3.3), where
(6:) follows the recursion in (3.2). Suppose Assumptions 2.1 to 4.12 hold with p = 4. Then, if v = C,Ynft’o‘
with ny = [Cpt?], for o — pp € (1/2,1), we have

L2 AV2 93t gl T Bz ke 145201 020, 28149 /205 CL/? c,T,
< + + +
LN 3/2CL2 N9/ @209 B N® 1320z (102 TN,
20 /mT AL, 23(1+¢)(1+ﬁ)/2cg0203/20,}”5/2;@5(&75@/2(Nt/Cp)

)

uC’,nyf‘z’ M3/203{p20}Nt

with C% = C% + 2°Ge/D3 and T, given by (1/C.,C8 + Cp)dy/* + 200 /75, AL JC, + 2/TL AL /C,C8 +
2ﬁC’V\/HgOAgO, consisting of the finite constants wl,, 11, and A%, that only depends on i, do, Ao, Cy, 0, Cv,
Cy, Cy, Cp, B and a.

5. EXPERIMENTS

In this section, we demonstrate the theoretical results presented in Section 4 for various time-varying mini-
batches. The performance is measured over one-hundred replications of the quadratic mean error, i.e., (E[||0n, —
0*1|2])¢>0 and (E[||0n, — 0*%])¢>0- Note that averaging over several replications gives a reduction in variability,
which mainly benefits the SSG and PSSG. All metrics are shown in log-scale and normalized such that the first
iteration is one, namely, E[||0y — 6*]|?] = E[||6p — 0*||?] = 1.
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(A) Constant mini-batches with {p = (B) Time-varying mini-batches with (¢) Time-varying mini-batches with
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FIGURE 1. Linear regression with learning rate v, = Cﬁyntﬁ t~* and time-varying mini-batch
ny = [C,tP]. See Section 5.1 for details.

5.1. Linear regression

We continue the generic notation from Section 2, where the linear regression is defined by y = 276 + €, where
y € R is the measure, 2 € R? is a random feature vector, # € R? is the parameters vector, and € is a random
variable with zero mean, and = and € are independent and identically distributed. Thus, 6* is the minimizer of
F(9) = E[(y — 276)?]. In this example, we fix d = 10, set § = (—4,—3,2,1,0,1,2,3,4,5)7 € R1% and let z and
€ be standard Gaussian. It is well-known that C can substantially impact convergence; when C, is too large,
instability can occur, leading to an explosion during the first iterations. If C, is too small, the convergence can
become very slow and destroy the desired learning rate. To focus on the various time-varying mini-batches, we
set C,, =1/2 and o = 2/3.

Discussion. In Figure la, we consider constant mini-batches to illustrate the results in Corollary 4.5 and
4.10. This figure show a solid decay rate proportional to o = 2/3 for any mini-batch size C, € {1,8, 64,128}
with 8 = 0, as shown in Corollary 4.5. In particular, the mini-batches does not provide better convergence
rates, but simply scales the error, i.e. the slope of the rate of convergence is unchanged, but the intercept is
lowered. As explained after Corollary 4.10, we see an acceleration in decay by averaging. Both algorithms show
a noticeable reduction in variance when C, increases which are particularly beneficial in the beginning. Next, in
Figures 1b to le, we vary the mini-batch rate p for (fixed) mini-batch sizes C, = 1, 8, 64, and 128, respectively,
with 8 = 0. These figures shows an increase in decay of the SSG when the mini-batch rate p increase. Despite
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this, we still achieve better convergence for the ASSG algorithm, which seems more immune to the different
choices of mini-batch rate p, e.g., see the discussion after Corollary 4.11. We know this from Corollary 4.6, as
o= (p+a)/(1+p) > afor f=0.In addition, we see that C, has a positive effect on the noise (i.e., variance
reduction), but if C, becomes too large, it may slow down convergence (as seen in Fig. le). Alternatively, we
could think around the problem in another way: how can we choose a and f such that we have obtain decay of
¢ = 2/3 for any p. In other words, for any arrival schedule that may occur, how should we choose our hyper-
parameters such that we achieve decay of ¢ = 2/3. As discussed after Corollary 4.11, one example of this could
be achieved by setting a = 2/3 and 8 = 1/3 such that ¢ = 2/3 for any p. Figure 1f shows an example of this
where we (indeed) achieve the same decay rate for any mini-batch rate p.

5.2. Geometric median

Robust estimators such as the geometric median may be preferred over the mean when the data is noisy; the
geometric median is a generalization of the real median introduced by [17]. In addition, SG-based algorithms
are preferred in our streaming framework, as they can process large samples of high-dimensional data efficiently
[6, 8, 12]. The geometric median of » € R? is found by minimizing the objective F () = E[||lz — 8| — ||=||]
using gradients of the form Vg f(0) = —(xz — 0)/||x — 0||. Properties of this geometric median, such as existence,
uniqueness and robustness, can be found in, e.g., [11, 20]. Note that this objective function only possesses locally
strong convexity properties [8]. But by projecting the gradients, one could adapt the proof of [10] to a streaming
setting. Otherwise, if x is bounded, one can adapt [7] to the streaming setting showing that the estimates are
bounded, and there is no use to project it in this case. Similarly to Section 5.1, we fix d = 10 and let = be
standard Gaussian centered at § = (—4,—3,2,1,0,1,2,3,4,5)7 € R°. Moreover, following the reasoning of [8],
we set C., = v/d = /10, and let a = 2/3.

Discussion. Figure 2a shows the variance reduction effect for different constant mini-batches C, with 5 = 0.
However, the robustness of the geometric median leaves only a small positive impact for further variance
reduction. Thus, too large (constant) mini-batch sizes C), hinders the convergence as we make too few iterations.
These findings can be extended to Figures 2b to 2e, where we vary the mini-batch rate p for mini-batch sizes
C, =1, 8, 64, and 128, respectively, with 3 = 0. The lack of convergence improvements comes from 3 = 0,
which means we do not exploit the potential of using more observations to accelerate convergence. As shown in
Figure 2f, we can achieve this acceleration by simply taking $ = 1/3. In addition, 8 = 1/3 provides improved
convergence robust to any mini-batch rate p. Choosing a proper § > 0 is particularly important when C, is
large, as robustness is an integral part of the geometric median.

6. CONCLUSIONS

We introduced a streaming framework for analyzing stochastic approximation/optimization problems. This
streaming framework was analogous to solving optimization problems using time-varying mini-batches that
arrive sequentially. We provided non-asymptotic convergence rates for different gradient-based algorithms; this
included the famous Stochastic Gradient (SG) descent (a.k.a. Robbins-Monro algorithm), mini-batch SG, and
time-varying mini-batch SG algorithms, as well as their iterated averages (a.k.a. Polyak-Ruppert averaging). We
showed how time-varying mini-batches together with Polyak-Ruppert averaging can provide variance reduction
and accelerate convergence simultaneously. We further demonstrated the beneficial effect of adapting learning
to the time-varying mini-batches under different streaming settings.

Future perspectives. There are several ways to expand our work: first, we can extend our analysis to
include time-varying mini-batches of any size. Second, many machine learning problems encounter correlated
variables and high-dimensional data, thus an extension to non-strongly convex objectives would be advantageous
[2], e.g., in [39], they use SG-based algorithms to make adaptive volatility predictions through optimization of
the GARCH model. Third, Assumption 4.1 requires unbiased (and independent) gradient estimates, thus, an
obvious extension could incorporate a more realistic dependency assumption, thereby increasing the applicability.
Moreover, studying dependence may give insight into how to process dependent information optimally. Next, a
natural extension would be to modify our Polyak-Ruppert averaging estimate from (3.3) to a weighted averaged
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FIGURE 2. Geometric median with learning rate v, = C,ynf t~* and time-varying mini-batch
ny = [C,tP]. See Section 5.2 for details.

version [5, 26]:

1

WASSG 0\ =
( ) oA St nilog(1 4 i)A

s

an log(1 +4)*0;_1, (6.1)

for A > 0 with (6;) following (3.1) or (3.2). One can limit the effect of bad initializations by placing more weight
on the newest estimates. Following the demonstrations in Section 5, an example of this WASSG estimate (6 )
can be found in Figure 3 with use of A = 2. Here we see that although the WASSG estimate in (6.1) may not
achieve a better final error (compared to the ASSG and APSSG estimates in Figures 1f and 2f), it still achieves
a better decay along the way, often referred to as parameter tracking.



494 A. GODICHON-BAGGIONI ET AL.

(A) Linear regression: Time-varying (B) Geometric median: Time-varying
mini-batches with {C), = 8, 8 = 1/3} mini-batches with {C, =8, =1/3}
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FIGURE 3. WASSG with learning rate v; = Cwnft_o‘ and time-varying mini-batch n, = [C,t”].
See Section 6 for details.

APPENDIX A. PROOFS

In this appendix, we provide detailed proofs of the results. Purely technical results used in the proofs can
be found in Appendix B. Let (F;);>1 be an increasing family of o-fields, namely F; = o(f1,..., f:) with f; :=
{ft1,---, fin,}. Furthermore, we expand the notation with F;_1,; = o(f1,1,---s fi—1,ns_1» ft.1,---, ft,i) such
that F;_1,0 = F¢—1. Meaning, V0 <7 < j, we have F;_1 C Fy_1,; C Fy—1,;. Thus, by the independence of the
differentiable random functions { f; ; }, Assumption 4.1 yields that ¥t > 1, E[V f;;(8i—1)|Fi—1,i—1) = VoF (6;=1)
with i =1,...,n,.

A.1 Proofs for Section 4

The section is structured such that we start by analyzing the recursive relations and bounding them for every
choice of learning rate (7;) and time-varying mini-batch (n;). Next, we look at specific choices of (y;) and (n:).

Proof of Theorem /.4. Taking the quadratic norm on both sides of (3.1), expanding it, and take the conditional
expectation, yields

2

2 T 2 Tt
E)0; = 0" |21Fioa] = 101 = 0" + 25E | |S " Vofei (0r-0)|| | Fiot | = 25D EUVaseaOr-1), 011 = 07| Fia].
¢ i=1 b=t
(A.1)
To bound the second term (on the right-hand side) of (A.1), we first expand it as follows,
D _ElIVofus@e)I*1Fima] + D EUVofis(0r1), Vofis (01) [ Feal. (A2)
i=1 i#j

For first term of (A.2), we utilize the Lipschitz continuity of Vg f; ;, together with Assumptions 4.1 to 4.3-p, to
obtain

E[[IVo foi(Os-)|*|Fe-1] < 2E[[[Vo fri(Bs—1) = Vo fri(0*) |} Fo-1] + 2E[[| Vo f2,:(8)[|*| Fo-1]
< 2CH|6i—1 — 6% * + 207, (A.3)
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using ||z +yl|? < 2(||z||* + [|y]|?). Next, for the second term in (A.2): as Fy—1 C Fy—1,; C Fy—1,; forall 0 <i < j,
we have

E[(Vofti(0t—1), Vofej(0:—1))|Fio1] = E[E[(Vofri(0t—1), VoF (Or—1))|Fe—1,i—1]| Fe—1],

since 6;_1 and f:; are F;_; j_1-measurable for all 0 < ¢ < j, and similarly, as 6;_; is F;_;-measurable and
Fi—1,i—1-measurable for all i > 0, we also have

EE(Vofi(0—1), VoF (O 1)) Fio1,i—1]|Fi=1] = ELE[Vo fri(0r—1)|Fi-1,i-1), VoF (01—-1))| Fi-1] = || Vo F (0-1)||%,

where ||[VoF (0;—1)||* < CZ||0:—1 — 0*||* as Vo F is Cy-Lipschitz continuous and V¢ F(6*) = 0. Thus, we obtained
a bound for the second term (on the right-hand side) of (A.1) using the bounds of the two terms in (A.2):

> (2CH6:1 — 67> + 20%) + chnet 1= 02 = (203, + CZ(ny — )ny)[|0p—1 — 0% ||* + 20%n,.  (A4)
=1 i#£]

For the third term (on the right-hand side) of (A.1) we use that F is p-quasi-strong convex and 6;_; is
JFi_1-measurable,

E[(Vo f1i(0i-1),0i—1 — 0)|Fi1] = (E[Vo fei(0i—1)|Fio1],0—1 — 0%) = (VoF (64-1), 0,1 — 0%) > pl|0p—1 — 67|,
(A.5)

by Assumption 4.1. Combining the inequalities from (A.4) and (A.5) into (A.1) and taking the expectation on
both sides of the inequality, yields the recursive relation (4.2):

8 < [1— 2y + (20? + (ne — 1)C2)n; 19201 + 20%n; 142,

with &; = E[||§; — 0*]|?] with some &y > 0. At last, by Proposition B.5, we obtain the desired inequality in (4.1),
namely

2 2
Y 20 20 s
0y <exp | —p Et/z'yl exp <4Cf ; 1 ) exp <QCV ; 1 I, >1}72> (50 + 02 ) + e t/r;lgai);t .

using that (n; — 1)n, < Lin,51y, ¢ > 1, and that max;<;<; 20 /(20)2c + (n; — 1)C%) < maxi<;<;202/20% =
2/02. O]

Proof of Corollary 4.5. By Theorem 4.4, we have the upper bound giving as

t
20 2
0 < — E i — i A6
= ui:t/z,y mit uC, t/g1<zx<t’y ( )

asny = C,, with 7§ = exp((4C)2c/Cp) 22:1 72) exp(2C% Lic,>1} 22:1 v2) (60 + 02/0]%). The sum term 2221 v =
C2C2P 371 i in m§ can be bounded with the help of integral tests for convergence, 3 ;_,i 2% = 1+
ZZ 21720‘ <1 —|—f z72%dr <1+1/(20—1) = 20/(2a — 1), as « € (1/2,1). Likewise, plugging 7 = C,C/t~
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into the first term of (A.6), gives

d : ‘ puC, Cott =
exp | —p Z v | =exp —uC’,YC’g Z i <exp fuCﬂ,C’f/ ™%z | <exp f’;lifa ,
t

i=t/2 i=t/2 /2

using the integral test for convergence. Next, as (v¢):>1 is decreasing, then max;/a<;j<¢ 7t = 7¥¢/2. Combining all
these findings into (A.6), gives us

pC,Clt=\ - olteg2c
515 gexp <_21—a Too + W7 (A7)

with 75, = exp(4aC2(2CF + Cplyc,-1yCF)/ (20 — 1)C=28) (60 + 20%/C%). At last, converting (A.7) into terms
of Ny using N; > C,t, yields the desired. O

Proof of Corollary 4.6. For convenience, we divided the proof into two cases to comprehend that n; > 1 for all
t. First, we bound each term of (4.1) (from Thm. 4.4) after inserting v, = C,nft=* and n, = [C,t”] into the
inequality. Here, we use ~; > C’»YC’gth*O‘ iftp>0,%>Cyt *if p<0,and z < [z] <z +1 for x € Ry. Thus,
for p > 0, the first term of (4.1) can be bounded, as follows:

. t Mcﬁcﬁtl-l-ﬁp—@
o (<3 | <o [ -ucncp 30 0w | <o (HESEETY
'L:t/Z i:t/2

using that « — Bp € (1/2,1) and the integral test for convergence. In a same way, for p < 0, one has

t t
o C tlfoz
exp | —p Y v | Sexp|—pCy Y im™ | <exp (/"LQY_O() :

i=t/2 i=t/2

Likewise, with the help of integral tests for convergence, we have for p > 0, that >.'_, 7?/n; < >0 72 <
2o — Bp)C2C2P /(2(r — Bp) — 1), as ny > 1 and a — pf3 > 1/2. For p < 0, one has S 2 <SR <
2aC,%C§5/(2a —1) since C, > ny > 1. Next, as (1 — 5)p+ a > 0 for p > 0, then we can bound the last term of
(4.1) by

202 N Vi - 20,20’}/ N 1 - 21+(1*5)P+Oé0,20’y
— max — —) Inax .
Wotj2<i<tn; T uC’,ﬁfﬁ tj2<i<t {(1=B)pte — ,uclfﬁt(lfﬁ)ﬁa

using ny = [C,tP] > C,tP. Likewise, if p < 0, we have

202 v 202C, 1 21teg2C,
—— max — = max ——- <
noot/2<i<t ny Hoot/2<ist e pte

)

since n; > 1 and 8 < 1. Combining all these findings gives

BLipz0} 4(1-¢)(1+45) 1+¢(1+45) 52
_pCCy t . 2 o°C,
% Sexp ( 2(=#)(1+7) Moo WO P =0 y9145)”
P
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where 7% = exp(4(a — Bﬁ)C’gCZﬁ(QCJ% +C%)/2(ac — Bp) — 1) with p = pl(,50; and ¢ = (1 — B)p+ ) /(1 + p).
To write this in terms of N;, we use the bounds following bounds: for p > 0, we have that

t t i—1 t
Ne=Y ni <Y (Cpif +1) =t +Cpt* +C, Y i < t+0ptf'+cp/ z” dx
i= i= i=1 1

<t+ COpt? + Cp(t17 — 1) <t + Oyt — 1) + Cpt' TP < 20,8117,

thus, t > (N;/2C,)/(1+P), Similarly, for p < 0, we have that N; < C,t, i.e, t > N;/C,,. O

A.2 Proofs for Section 4.2

Lemma A.1 (ASSG/APSSG). Let Ay = E[||6; — 0%||*] for Ag > 0, where (0;) either follows the recursion in
(3.1) or (3.2). Suppose Assumptions 2.1 to 4.8 hold with p = 4. Then, for any learning rate () and time-varying
mini-batch (nt), we have

¢
320! 2 4801 > 1140t P,

Ay <exp | —p E vi | T8 + Z m llz—k 7 ma %3 7 max %{727}1}, (A.9)
w2 t/2<i<t n? o t/2<i<t n? woot/2<i<t m;

i=t/2
with 1Y given in (A.17).

Proof of Lemma A.1. We will now derive the recursive step sequence for the fourth-order moment using the
same arguments as in proof for Theorem 4.4. Thus, one can show that
ft—1:|

2
4 - .
Zvefm (6c-1) +LE [<Zvaft,i (0e-1),0:0-1 — 0 >
t i=1

4 2 e .
E Vofti(0i—1) .7‘—t1:|—%||9t1—9 H2 E (E[Vo ft,i(0—1)|Fe-1], 0:—1—0")
nt

<Zv9f“ 0:-1), 0 1—9>

]:tl:| ,
using 6;_1 is F;_1—measurable. Note, by Assumption 4.1, we have

(E[Vofe,i(0i—1)|Fiz1],01—1 — 0°) = (VoF (6¢—1),0,—1 — 0%) > pl|6—1 — 077,

B0, — 0" *1Fi1] <[00 — 07 ﬂtE[ U5

27 .
+ 22801 — 0" |E [
ni

4%

+fIE i (0:—1)

4
i (0e—1)|| | Fe—1

as F'is p-quasi-strong convex. Combining this with Cauchy-Schwarz inequality (i.e., (z,y) < ||z||||y]|), we obtain
677 . S
+ (61 — 6 FE[ i (0i1)
ng —

the simplified expression:
2
]:tI:|
]:t1:| .

Next, recall Young’s inequality for products, i.e., for any a, by, c; > 0, we have a;by < a?c?/2 + b7 /2¢2,

4
Ell6 = 0" 1 Fa) <00 — 671" + 5E | |
t

3

Z Vo fti (0:—1)

i=1

4 *
— dpyel|Oe—1 — 07" + % 161 — 07

3
i

4 2 ||9t 1 — 07|
- Qnt |6:—1 — 6%

4
91‘, 1) 0t 1

ngfm (6:-1)
=1
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giving us

4

E[0; — 0°[|*|Fi—1] <(1— dpye) || 601 — 07| + ”E (0| | F

8’7t2 * (|2
+ 2 [0t—1 — 0*[|°E «7:154 . (A.10)
t

Z Vo fii(0i-1)
i=1

To bound the second and fourth-order terms in (A.10), we would need to study the recursive sequences: firstly,
utilizing the Lipschitz continuity of Vg f; ;, together with Assumptions 4.2-p and 4.3-p, and that 6,_; is Fy—_1-
measurable (Asm. 4.1), we obtain

E[|Vofei(Oe=)|P|1Fem1] < 227 E[IVo fri(0e—1) — Vo foi (07| Fem1] + Ell[ Vo fei (07| Fe1l]
< 22O (651 — 67|74 07, (A.11)

for any p € [1,4] using the bound |z + y||P < 2P~1(||z||P + ||y||?). Thus, we can bound the second-order term in
(A.10) by

ne 2
> Vofii(0-1)
=1

]:t—l S [20?7’1,,5 + C’%(nt — 1)”1&]”015—1 — 9*”2 + 20'27’175

< [2CFne + CEnil oy 1001 — 071> + 207y, (A.12)

following the same steps in the proof of Theorem 4.4, but with use of (A.11). Bounding the fourth-order
term is a bit heavier computationally, but let us recall that |32, x> = 32, [lzill* 4+ X0, (i, 25) = 32, ||l +
23 i;{wi,z;). Then, we have that

2
Zvefm (6:-1) ZHVeftz (011 ||2+Z Vo fi(0-1), Vo foj(6:-1))
i£j
nyg 2 ne 2
<2 <Z|v9ft,i(9t1)”2> +4 Z<V0ft,i(9t71)av@ft,j(atfl» ; (A.13)
i=1 i<j
as (z +y)? < 222 + 2y%. For the first term of (A.13), we have
Nt 2 Nt
<Z|v9ft,i(9t—1)”2> Fi-1 ZEHme(@t DIHFa] + D EIVefri(0e-) Vo frj (Br—1)I*| Fi—1]
i=1 i=1 i#]

<8 [CHI0—1 — O°11* + 0% + 4?1,y [CF 1001 — 072 + 022,
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using the bound from (A.11) , ni(n; — 1) < nf]l{nt>1}, and that 7,1 € F;_1; C F—1; for all 0 <7 < 4. To
bound the second term of (A.13), we ease notation by denoting Vg f;;(6;—1) by v;, giving us

2

ne ne Nt
i) | =D s+ D (v vk, v)
1<J 1<J 1<j,k<l
(1,5)#(k,0)
Nn¢ Nt ne
=Y v+ Y (oo + Y () ok )
1<J 1<j,k<l i<j,k<l
' @D)EkD (i) £ (k1) 5L

B C

By Cauchy-Schwarz inequality, we can bound the first term A, by

E[AIFi—1] <) Elllvil*l[v;)*[Fi-1] < 2n4(ne = DICHIO—1 — 0 + 0% < 207110,y [CFI0:1 — 67|° + 07T,
i<j

using that 71 C Fi_1,; C Fr—1,; for all 0 <4 < j. Next, since I = j implies ¢ # k, we have

E[B|Fi-1] = > E[{vi, v;){vk, vi)| Fi-1]
i< k<litk,j=l
= Z EE[E[v;|Fe—1,i-1], vj) (Elve| Fe—1,k-1], i) | Fr—1,1-1]| Fe—1]
i< k<l itk j=l
= Y EE(VeF(b1), 00| Fi1i ]l Fi]
i< k<l itk j=1
> E[[VoF (0:—1)|IPE[[|vrl || Fe—1,1-1][ Fi-1]

i<ik<litk,j=l

IN

< > 206 = 6 P[CH0 1 — 07|* + 07
1<j,k<lyi#k,j=l

_ 2 *[|21,2 * (12 2

=n¢(ne — 1)(ny = 2)C3 |01 — 07[|7[CF |01 — 07| + 7]

<Ly C2[1Bms — 67 2[CF 01 — 07| + 07,

using Cauchy-Schwarz inequality and the bound in (A.11). In the same way, as j # [ includes (4, j) # (k,1), we
can rewrite C' as

n Nt nt

C= Z (U, V) (U, V) = Z (vs, V) (UK, V1) + Z (vi, v5) (U, 1),

i<jk<l,j#l i<j k<li=k,j#l i<ik<liztk,j#l

Cl C2
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where E[C}|F;_1] = E[B|F;_1]. Finally, we can rewrite Co as

ng nt n¢
Cy = > (vivj) (vevr) + > (viv;) (vevr) + > (vivs) (k)
i< k<liizth,jli=l,j£k i< k<lizth,jl il =k i< k<l it jAkAl
C2,1 C2,2 02,3

where E[Cy 1|Fi—1] = E[Cy 2| Fi—1] = E[B|F;—1], and

ni

E[Cs,3| F—1] = > E[|VoF (0;—1)]|*|Fi—1]
i< k<l idtjrthtl
< ny(ng — 1) (ny — 2)(ne — 3)C%[|0p—1 — 6*[|*

< ”t]l{nf>1}ch9t 1 9*”4

Thus, the fourth-order term of (A.10), is bounded by

 (0:-1)

ftl] <16n:[CF |01 — 07 ||* + 0] + 1607 L0, 513 [CF|0r—1 — 07| + 0]

+ 1207 10,51y CF[|0e-1 = 07| [CF10c—1 — 07| + 0°] + 40t L (51, CF |01 — 67|
<[16CFn: + 160717 Lin, 513 + 1209 CTn L0, =13 + 4090 Lin,51y][|0e—1 — 07|

+[32C70°ni 1,211 + 12C%0° 0 Lin,=13]|0s—1 — 07 |)° + 160 ns + 160" 07 1 (0,215
(A.14)

Combining the bound from (A.12) and (A.14) into (A.10), we can bound the fourth-order moment E[||0; —
6*(|*|F:—1] by the recursive relation:
(1= 4y + 8C L7+ 16CTR, 7 + 48C e )+ 48C T o) + 3603 Cng oy vy
+ 12091 6oy Y1001 — 0% [[* + [160°n; '97 + 96CF?ny 1 i ony ¥ + 36C% 070y o0y v 100—1 — 07|

+ 480471[37? + 4804n[2]l{m>1}'yf.
By Young’s inequality for products, one have
2C3CF < nyCy +n; ' CF,
16070y 97 [|0r—1 — 0%[1* < 2uy]|6; — 67" + 320" 1™y 2

2CfU 2L sy Ve 16em1 — 677 < C}ln;2l{nf,>1ﬂf||0t —0*[1* + 0*n; 1oy 7i
QCVU ng 1{m>1}’Yf||0t71 - 9*”2 < Cé]l{npl}’)’f”@t - 9*”4 + ‘74”;2]1{1»»1}%?»

which yields the bound on E[||6; — *||*|F;—1],

(1207 808y 416G 9+ 45 5t 4 1O L3+ 480 L1010
+32u Yot n 28 + 480 n Byt 4+ 1140021, oy YR A5
t Ve t Nt t Lne>13 Mt

Taking, the expectation on both sides of the inequality in (A.15) yields the recursive relation for the fourth-order
moment:

Ay <[1=2uy; +8C% L (o077 + 16CTn 97 + 48CHn; *y) + 11400, * 1,21y + 48CT L, 5171 1 Avmt
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-1 _4 -2 4. -3 _4 4, —2 4
+32u~ Lot ng 2} + 480 n Pyt 4 11do*ny P 1, 00071 (A.16)

with A, = E[||6; — 6%||*] for some Ag > 0. By Proposition B.5, we achieve the (upper) bound of A; in (A.16),
given as

t
Ay <exp —,UZ% HtA—F

3204 axc 2 480 A l+11404 ax VL fn;o1)
n3 2
%

5 m
U2 t/2<i<t ng

2 -
i=t/2 o B ot/2<i<t M t/2<i<t n;
where II2 is given by
o2 o T
exp (32CF > - exp [ 96CT > - |exp [ 228C ) AL
i=1 i=1 7 i=1 4
t t
204 404
exp [ 1602 Z ]l{npl}’yf exp | 960 Z ]l{ni>1}%4 Ao+ —5 + 2% ) (A.17)
i=1 i=1 Cf “Cfn1
with use of
32/14710'411;2’%; + 4804n;3’yi2 + 114a4n;21{ni>1}'y§ ot 20471

max < — .
105t 8O 1,0y + 16C3n, ! 4+ 48C 0 °y2 + 1140, 21,272 +48CE 1 o2 — CF - uCim
At last, bounding the projected estimate (3.2) follows from that E[||Pe () — 0*||?] < E[||0 — 6*||?], V6 € ©. O
A.2.1 Proofs for Section 4.2.1
Proof of Theorem 4.9. Following [32], we rewrite (3.1) to

1
Oy =01 — — Zveft i(Oi—1) = ’7(015—1 —0;) = Vo fi(0i—1), (A.18)
t

where Vg f;(6;-1) denotes n; " S°1 Vg fi:(6;-1). Observe that

VF(0") (01 — 6") =V fi(0:-1)=Vo fi(67) = Vo fi(Be1)—Vafi(07)=VoF (0;-1)] = [VoF(6s—1) — ViF(67)(6:—1 — 07)],

martingale term rest term

where V2F(6*) is invertible with lowest eigenvalue greater than yu, i.e., VAF(6*) > p. Thus, summing the parts
and using the Minkowski’s inequality, we obtain the inequality:

(i)’ <2

+ | E [||VAF (6%)” anvefz i—1)

Nl

2

=

ViF (0*)” anvg fi (0

t
+[E||ViF @) Nit Z:ZIM [Vofi (0i-1) — Vo fi(07) — VoF (0;-1)]
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+ | E||ViF07)” Ntzm VoF (0;-1) = V5 F (6%) (6i-1 — 0")]

As (Vo f:.:(0%)) is a square-integrable martingale increment sequences on R? (Asm. 4.1), we have

] SwmYYE [Hvézf(e*)‘l Vofi; (07)
toi=1j=1

2] T [VEF(6*) 'SVEF(6")""]
— Nt )
(A.19)

HVGF anvgfz
i=1

using Assumption 4.8. To ease notation, we denote Tr[V3F(0*)~'SVZF(0*)~'] by A. Next, note that for all
t > 1, we have the relation in (A.18), giving us

nl — Mi+1 n;
’LV 3 Z Z 9_0 - — T _70_0 I 79 _6
Zn ef 1 NZ 11— Z (’Yi+1 %_> Nt(t ) +Nt(0 )’Yl
leading to
t _
4 1 Nitr1 Ny g 1 ny
V2E (0 =N "n,Vaf; (6 <% 0, — 6% | ==L _7+79 0% || =% + —— 16 — 6| —*.
GO g 2 Vol (0nr) Zln [ ot 180 =611 =+ 5 1o =071 =

Hence, with the notion of §; = E[||f; — 6*||?] this expression can be simplified to

2

Ny ni

ol

E 5 52 (A.20)

+
Nivep Niyyip

VzF 0* Ntznzvefz 71— 1)

For the martingale term, we have

HVgF(ﬁ*)_l Nit > ni[Vofi (0i-1) = Vofi (07) = VoF (i1
=1

] < ¥ Qan (16 (6:i-1) = Vo fi (6]

[N

} N7 S5 (B [Ie s 00— ot 0001

=1 j=1

= ﬁ ZE |: Z:Vefi,j (0i—1) — Vo fi; (67

>~ N2 2 an i—1, (A21)

by Cauchy-Schwarz inequality and Assumption 4.2-p. For all ¢ > 1, the rest term is directly bounded by (4.5):

27\ 2
*\ — ]' : * * Cl : l
E |||V2F (6%)7" EZW [VoF (0;—1) — VAF (0%) (0;-1 — 07)] gﬁ > oAz, (A.22)
i=1 i=1

with the notion A; = E[||6; — 0*||*]. Finally, combining the terms from (A.19) to (A.22), gives us

51/2<A1/ t—

1 ! /
= 5
COSNTE T N &

Nit1 Ty

Yi+1 Yi

Uz 1/2 n 1/2 v Cx : 1/2
R an VZ

Niyp Niyp
(A.23)
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where §; = E[||§; — 6*||?], which can be simplified into (4.6) by shifting the indices and collecting the dy terms. [

Proof of Corollary 4.10. As ny = C), for all t > 1, we simplify the bound for 5751/2 in (4.6) to

1/2
A1/2 -1 1 C, a5 C 12 | C C’ = 1 2
—L 5% 4 ~p ( +C > 5 / f 5 + p /
Ntl/2 Z: %H Yi Nt%ﬂ Nip Z Ntﬂ ;
(A.24)

The second-order moment d; is bounded by Corollary 4.5 but with use of (A.7) as we work in terms of ¢. The
fourth-order moment A; from Lemma A.1 can be simplified to:

max Wf’ + —————— max

4804 11406%1¢c, 1y 5
C3 t/2<i<t Cz t/2<i<t

320
c 2
Avsexp | —p Z Yo | Moo 0 (/LC2 tjreics +
i=t/2

l-a 2c 42 2 3a 4313 3a 41313
< exp uC, Gt e L1 (208200000 A 230480t C3CEP 2301140 C3C3P 1 ¢,y
21—« I ,chtza CgtBQ C’gtiia ’

using that v = C,YCEFO‘ is decreasing as a € (1/2,1). Regarding 112 defined in (A.17), we can bound it by

(2a—-1)C, cs 200 —1

204 L 40407 )
4 T 5 - 1-8
Cp  pcicy™”

I, — exp <Moz6‘]%03025> exp <(192 + 456Cp1{cp>1})0;0§cgﬁ> o (32040%030,2,511{cp>1}>
exp (19205 C1CH L ) <Ao +

using 3¢, i72* < 2a/(2a — 1) and Yi_, i_40‘ < 2. Note that IIS, is a finite constant, independent of ¢. To
bound the first term of (A.24), namely th‘;L iz 1/2‘%+1 v; '], we remark that |y, 0} —v; | < C;rC a1,

= 1 %
one has (since va + b < \/a + Vb),

C, 1| 1 1] Ol Pa s uC., ot 2%% 5. /O
—L£N 52 — <N exp | —— L — ) mo ) (A.25)
th ; Yitr Vil CyulNy ; 22-a * \/ﬁCplTBia/z

For simplicity, let us denote
o] Bil—a o] B:l—a
nC,Chi o nC,Cri
= Yo (O ) 3o (O,
i=0 '

as o < 1. Thus, the first part of (A.25) is bounded as follows:

CrPayms, Z o exp ;LC’.YCgil’O‘ - C;’ﬂaw/wgoAgo'
MNt i—1 22— o C’yMNt
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Furthermore, with the help of an integral test for convergence, one has Y.'_ /271 < 1+ [/ s*/271ds =
1+ (2/a)t*/? — (2/a) < (2/a)t*/?, such that the second part of (A.25) can be bounded by

o 1-8 o o 1—a—p
9ite O’C azt:ia/Qfl - 9 UC' = ta/2 _ g oC, 2 |
CyP Ny = TN, o
By combining this, we get
t—1 1— — Ac 9% —2=8
C S| G | e, "
Nip p v v O, N M3/2N1 a/2’
Similarly, second term of (A.24), can be bounded by
N o 1-a-8
G sh o G MeNe/ PR AV R WO Vi . 20, T o
> P| 5o — Too - S o 73
Nevep © = CyuN{— 22-e JAC) a2 Cy g~ SO s/ 2N/

using exp(—uC,CHtI = /227%) = A¢ <¢* S AS <t7TAS as AS is decreasing. In a same way, one has

i=1

% t—1 % % 1+a 2 11—« 1/2 % C c
CC (Z&) Jelle) (AC ., 2000y ) . Ofcp.Frocﬁ/AooJr cfa\/

Nip = Ny T 1—a)pcy? Nep Cp 3/2N +

Bound the last term of (A.24), is done as follows,

CLC, X (1 CLC, uC,Coit—e 20‘60’ 020 o/
A7 <—YF et ) Ale 4+ 2 ENVT e a
N 2 A ST e 22-a o Z
L (64710,.,)2%2Cg o2y Oy tj sass
Ntﬂ3/2

i=1

LCR OIS, | 2°6C0*C, | (6+Tho,.)) 2 °Cy o*Cy*C 3"/2%/2(%/0)
- N Cp PNy 132N,

Thus, by collecting the terms above, we obtain:

e <A11//22 60C, T L 26CeeP0, | O OVTRAS
O N Cle Ry CyuNE~®
. 11+a Ofa'\/i - (6+7]l{cp>1})23“/20%0203/2025/27
c, ® 3/2N ,UNt M3/2¢§a/2(Nt/Cp)‘1Nt

where T, = (1/C, 08 + C)oy/* + Cp /L AS, JC/* + YT A /O, 08 + Clo /TS A O
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Proof of Corollary 4.11. The steps of the proof follows the ones of Corollary 4.10 with the smart notation of ¢
and p: The bound for 52/2 in (4.6) is given by

1/2 t—1
Cl
Nt 5:/2_’_ ni ( _|_Cf> 1/2 (E nz+15> —I—NZE niﬂAil/27
tH o

Niyip Nip
(A.27)

A1/2

1/2 Z
=1

Mit1 T
Yi4+1

where the learning rate and time-varying mini-batches are on the form v; = C,yntﬁ t~* and n; = [C,t”]. The
second-order moment d; is upper bounded by (A.8) from Corollary 4.6. The fourth-order moment A; from
Lemma A.1 can be simplified as follows,

3204 2 1620% 3
5 max —s
I

max —
t/2<i<t N3

Ap<exp | —p Y v | T +
i=t/2

o tj2<i<tn?’

asng > 1foranyt>1and <1, and

—_ 32(a — Bp)C2C20 (203 + C2)
o 2(a—Bp)—1

20" 40'C
> exp (192030;15(40}1 +Cy)) <A0 + 22 il >

+— 2,
C 7 uczes "

using that Y'_, =% < 2 for a > 2. Next, for p > 0, we have

pCyCOIPoma\ o 9202004203954 C2 020 230300 +20162054 C3C3P
A <exp | — 21+ Bp—a e + [2C2 (20250520 + pC2t3a=36pT2p )

using that « — Bp € (1/2,1). If p < 0, one directly have

C,CBl—« 22a3954C2C28  9316251C3C38
AtSexp<—M>H§o 7 e e . .

217a M2t2a ut3a

With the notion of ¢ and p, we can combine the two p-cases as follows:

Mcvcpﬁl{@‘”t(lfaﬁ)(Hﬁ) - +22¢(1+ﬁ)320403036 23¢(1+ﬁ)*ﬁ16204c’i’;c§[3
et ez 20(145) pCoH ez 30045~

At S exp <_ 2(1*¢)(1+ﬁ)

We will in the following bound the terms for ¢ but afterwards we will translate it to terms in N;. If p > 0,
the first relation is ¢ > (N;/2C,)1/(1+P) | e.g., see the proof of Corollary 4.6. Similarly, N, > C, Zle i >

C, fot zf dx = C,trtt, thus t < (Ny/C,)V/+P) 1f p < 0, one has t < N; and Nt < Oty i, t > N /O,
Bounding ﬁ S 1/2|n1+1/%+1 n;/7il, we first note that ny /v, = C7*[C,t?1'~Pt*. Thus, by the mean

1= 1 z
value inequality, we obtain for p > O:

2018
Coil- =

i1 M)
Yi+1 Yi

2057
£ sup ’l/(l Blpta= 1‘ < (A.28)

v ve(itl)

as a+ (1 —pB)p <1—psince o — fp € (1/2,1). For p < 0, the mean value inequality gives us

1-8 1-8
Ni+1 n; 2C _ 2C
71 - J < £ sup ‘VO‘ 1‘ < e £—,
Yi+1 Vi Y ve(,i+l) y?
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as (ng)¢>1 is a decreasing sequence and 8 < 1. Thus, for any p € (—1,1), we have

Nit1 NG 20;7[3
Vi+1 = Cyitme04n)”
t—1 . .
By using this, we obtain a bound on —M D1 0; :LE — 24| given as
1-8 81 (1 . 146(145)
2C, Zﬁ(l“’) e N eNe {020} (1-¢)(145) . 27z 0,/C,
NtMC 21+(1-¢)(1+5) o \/ﬁq;l;ﬁ)l{pzo}#(l;ﬁ)

Next, let us denote

21+(1-9)(1+5)

51 1 . 81 1 .
nC,C, =041 "’)(Hp)) > iimmfl exp (—“CVO” e @(Hp)),

oo
S _
AL =) ifexp ( 21 +(1-9)(145)
1=0 1=0

since p(1+p) —1=a+ (1 - 5)p—1 < p. Thus,

81 (1— 5 - T AV
204 TG 5t LSRN 20
Ntﬂ'c 21+(1-¢)(1+5) ]\ft'uJC',Y ’

Furthermore, with the help of an integral test for convergence, we have
9=0

3+¢(1+7) 1i,>
o {p=0}

’i+d>(1+p) C == 1{p>o}t¢(1+p) 2

B 1-8
QWUCPT]IU’ZO} i: (2018) g <2 =
G Z B !
M3/2\/67’~,Nt i=1 3/2\/7Nt 3/2\/>N1 .

Summarising, we obtain

5 1-¢-8
. tia% Nit1 Ny <20/%_ﬁ\/77§o‘4go D oCp * oz
Nip P} et NepC,y 1372, /C’,yNtl_(’ﬁ/2

Similarly, for 5 N(Stl / 2, one have

1{p>0}t¢(1+0)

ny 5% <C;fﬂ\/@t¢(1+ﬁ) #Cycgl{pzo}t(lf¢)(l+ﬁ) o HHeGlEn) C =
exp | — ~
Ny t = N:.Cp P 21+(1—¢)(1+p) 3/2\/7]\&
GRS RRAY, 2 g, e
uCy N7~ é 13/ /7N1 ®/2

we insert the definition of our learning functions, giving us

For 1\7;:;1 (7171 + Cf)éé/ )
ni 1 1/2 C, 1 1/2
— (—+C ) 0y "=——| —=+C¢ ) 6" .
Nyp <71 ) " N \co,c? )0
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Bounding %(Ef: ni110;)'/?, follows the ideas from above, using that ny; < 2°n,; it can be upper bounded

1
28/2( 2 C cm{pzm [(1—0)(1+5) 2L+6(147) 52(1 2
¥ f <CPZZ'P <exp (_,u ol SREiETy 7r§o—|- a= B)]l{p>(: )
th ~ uCs ib(1+7)

2ﬁ/2cf vt NO Cﬁ]l{p>0} (1-¢)(1+p) 91l+¢(1+p) 20 051{P>0} t ~ 2
_ v ip Bp—a
- N CPWOOZZ P 2(1-9)(1+7) + 1 ZZ
t i=1 i=1

p/2 $(14+5) g2 P20} 1(1-0) (14+5)
§2 Cy o A, + 2 c,C, t

Niep w

2P/2C’f\ﬁ\/7TT\/AT’ 25" Oy /O, 0 P 0 B

(1N (32N

2p/2cf,/ NTEVAL 2% o\ /T,

PNt 3/20;3 1{p>o}N

+¢ °

o CL t—1 1/2
Likewise, for B Y i—oni+14;"", we can bound by

1
2°C4LC, fi” o e, e ja-aats) I A 1o e L R 1 A
Nt/Jf Y 2(1—9¢)(1+5p) =Sl uzcill{pzo}iz(j)(l_'_ﬁ) uCﬁl{"Zo}i3¢(l+ﬁ)_ﬁ

2C6C, < UG, OO 201 j(1=8)(1+5) 20040652 C, 08 93¢(1+P)/2-0/213,2C3/2C38/2
I o 21 +(1—¢)(145) VI + s Tip>0) ; 5
AL‘LCP = Z¢(1+P) /J‘l/2cp = Z3¢(1+P>/2

o POGOVILAY, | 2HHCG0 O Oy (g | 20D2H020G 02 520,

85
> 1N, ’LLQC;I{pEO}Nt Z

’ 3850 /2
= ILS/QCp{pZO}Nt =

where the second term can be bounded as

20+ AP0 620, O ti 2(1+¢)(1+ﬁ)—10/v02(jw(j;+5t1+ﬁﬁ—a 2140140201 52C
PP < < ,
MQC;]Jl{pZO}Nt (1 + 5/3 _ a)MQC‘])l{pZO}Nt 201 ¢— 5N¢

and the third term by

_ _ 5 3/2 ~14+3B/2_ 5
23(1+¢)(1+p)/2clv0203/202+3ﬁ/2 t—1 (- <23(1+¢)(1+p)/201V0207/ C’p+ B/ ¢§(a 55) /Q(Nt/c )

MS/QO;]}{’)EO}M P = u3/203{p20}Nt

By collecting these bounds, we get

5 . 3(14¢)(145)/2 v 2,3/2 ~1+38/2 5
cL Z nepaA % _QPcvaP /I, AY, 2(1+¢)(1+1p) 200020, 2 Cyo-Cy le ¢3(Q_Bﬁ)/2(Nt/Cp)
Nt# 1INy u20p7¢7BNf§ Ma/ch{pzo}Nt

Combining our findings from above, we have

sz AV 20LORTAL MR, e Opend Ay, g, e
t TN} nCy Ny ud/2,\ JOL N /2 uC N2~ 1312 SO N /2
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+cp< 1 +Cf> 5 20/2C;\ [T, /7T VAL Mcfa./ | PCEC, /T AL
c,cl

Nt,Uf ,Uth 3/20 2 1{p>0}N MNt

2(1+0)140) 20 g2, 2PAHNWN2CL 2O 2Oyl (Nt/C)

M2C;—¢—5Nt¢ u3/20,],1{"20}Nt

+ Bp)/2

This can be simplified to the desired using T, given by (1/C,CSH + C’f)éé/2 + 2°C /T A /01/2
2/7L AL, /C,CH +20C4, \/TI5, A, consisting of the finite constants 7%, IT%, and AZ,. O

A.2.2 Proofs for Section 4.2.2

Theorem A.2 (APSSG). Let & = E[||0; — 60*||?] with (0;) given by (3.3), where (0;) follows the recursion
in (3.2). Suppose Assumptions 2.1 to 4.8 hold with p = 4. Then, for any learning rate () and time-varying

mini-batch (n;), we can upper bound 53/2 by

_ _ 1/2 .
A2 1 = Ti+1 M| ¢1/2 Tt 1/2 n1 ( ) 1/2 Cy — Cy 1/2
—y —= = 26—, "+ — +C ni10; + = nis1 ALY
N2 NtM; YVikl Vi Nivep ' Nip ! Ntﬂ ; NtH;

where A = Tr(VEF(0*)"1SVZF(0*)7!) and C& = Cg + 2°Ge/Dj.

Proof of Theorem A.2. Denote E[||0; — 6*||?] by d; with (8;) given by (3.3) using (6;) from (3.2). As in the proof
Theorem 4.9, we follow the steps of [32], in which, we can rewrite (3.2) to

1 1
- (et—l - 9t) = veft (etfl) - ,Y*Qm
t

Yt

where Vo fi(0i—1) = ny ' 30 Vofri(0i—1) and Q = Pe(0—1 — % Vo fi(0i—1)) — (0r—1 — % Vo fi(0s—1)). Thus,
summing the parts, using the Minkowski’s inequality, and bounding each term gives us the same bound as in
Theorem 4.9, but with an additional term regarding );, namely

2

1 i M
VIF () =3 2,

E
Ne = i

t t
e 1 n; 2
Z |: ZH :| N Z \/E |:HQZ|| ]1{97‘,—1*%V9fi(97:—1)e®}}>
-1 ti= Vi

(A.29)

using Lemma 4.3 of [12]. Next, we note that E[[|Q¢]1*Ls, | —iv,r00, 1ee}] = 47 GoPl0i—1 — Vo fi(0i-1) ¢ O],
since

||Qt||2 =[|Pe (0r—1 — Vo fi (0:-1)) — 0i—1 + 7 Vafi (9t71)H2
<2|[Pe (B:-1 — % Veofi (61-1)) = O—1]l* + 297 [ Vo fe (6:-1)]1?
=2|Po (-1 — % Vafi (0:-1)) — Po (Br-1)|I” + 297 Vo fi (61-1)|°
<2(10—1 — % Vo fi (0:-1) — O—1]* + 297 | Vo fe (0:-1)?
=407 |Vafi (01-1)|° < 497G,

as Pe is Lipschitz and || Vg f::(0)[|* < GZ for any § € ©. Moreover, as in Theorem 4.2 of [15], we know that
Pl0;—1 — % Vafi(0i-1) & ©] < Ay/Dj, where Dy = infpepo || — 0*|| with 0O denoting the frontier of ©. Thus,
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(A.29) can then be bounded by

n 2Go « AV? < 2Ge « 1/2
MN Z z\/ \Q || Lo, 1 —~ivosio;_ 1)&0}} ’uDQN Z uDQN Zn“‘lAi/ )
=1

using that the sequence (n;) is either constant or time-varying, meaning n11/n; < 2. O
Proof of Corollary 4.13. The proof follows directly from Corollary 4.10 with use of Theorem A.2. O
Proof of Corollary 4.14. The proof follows directly from Corollary 4.11 with use of Theorem A.2. O

APPENDIX B. TECHNICAL PROPOSITIONS

Appendix B contains purely technical results used in the proofs presented in Appendix A. In what follows,
we use the convention inf () = 0, 22:1 =0, and H?Zl =1

Proposition B.1. Let (7:)i>1 be a positive sequence. For any k < t, and w > 0, we have
t ot 1 t

Z H 1+ wy;]y ;H +wy;] < —exp wz;yj . (B.1)
: j:

i=k j=i+1

Proof of Proposition B.1. We begin with considering the first inequality in (B.1), which follows by expanding
the sum of product:

Z H [1+wy]v == Z H [1+wy]wy == Z H [1+wy] [1+wy — 1]

i=k j=i+1 zk] i+1 7,k] i+1
1 t t t 1 t t t
23| 1T amitivond = T ml] = 232 [T+ ol T
i=k Lj=i+1 J=i+1 i=k Lj=1 j=i+1

As the (positive) terms cancel out, we end up with the first inequality in (B.1):

t t t t t
1 1
- H1+wvj]— IT 04wyl =2 [TT0+wwl = IT B4wyl+— [ 0+wy]
imk | =i j=it1 L=k j=kt1 j=t+1
1 [ ¢ ¢
=— 1+ wy;] — H 1+ wy;j]
_j:k Jj=t+1
[ ¢ ¢
1 1
w j:k[ el “’1;[ e,

as HEH =1 for all ¢t € N. Using the (simple) bound of 1+t < exp(t) for all ¢ € R, we obtain the second
inequality of (B.1):

t
1 1
— 1+ 1< — e — e i
wjl—lk wy;] < w ] xp (wy;) xp | w E Vs
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Proposition B.2. Let (y);>1 be a positive sequence. Let w > 0 and k <t such that for alli > k, wy; <1, then

t t

YoII —wylu<

i=k j=i+1

(B.2)

8\»—*

Proof of Proposition B.2. We start with expanding the sums of products term in (B.2), given us

> 11 [1—w%']%-——fz H [ —wylll —wy—1] = —ZLH [1—wy] [1 =] - H [1—w’m]

i=k j=i+1 i=k j=i+1 = =i+1 Jj=i+1
t t
~- 252 0wt IT n-wt] = 252 1T - [T -0
i=k Lj=1 j=i+1 i=k =i+1 Jj=1i

As we only have positive terms, we can upper bound the term:

¢ ¢ t ¢
1 1 1
U IT e T el| <2 {1 TT0 e | < L
i=k | j=it1 =i =k
using H;Zk[l — wy;] > 0, showing the inequality in (B.2). O

Proposition B.3. Let (y¢)i>1 and (n:)i>1 be positive sequences. For any k < t, we can obtain the (upper)
bounds:

t ot

1
Z H [1 4+ wy;] nivi S o fax 1; exp wZ'yJ ) (B.3)
imk j=i+1

with w > 0. Furthermore, suppose that for alli > k, wvy; < 1, then

t t

1
Z H 1 —wy,]n < ” krr<1ai<t ;- (B.4)

i=k j=i+1

Proof of Proposition B.3. We obtain the inequality in (B.3) directly by Proposition B.1:

tt t ot t t
1 1
Z H [1 4+ wys]mivi < krgagtmz H [+ w7 < o Bax m; [T0+wyl < o ax 1; exp w7
i=k j=i+1 i=k j=i+1 j=k j=k
Similarly, for the inequality in (B.4), we have
t ot t ot 1

Z H (1 —wys]mivi < ,gagfmz H [1—wy]v < o a1,

i=k j=i+1 i=k j=i+1
by Proposition B.2. O

Proposition B.4. Let (6;)i>0, (7t)t>1, (M)e>1, and (v)i>1 be some positive sequences satisfying the recursive
relation:

O < (1 = 2wy +meve) Oe—1 + ey, (B.5)
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with 6o > 0 and w > 0. Denote to =inf {t > 1 : py < w}, and suppose that for allt > to+ 1, one has wy, < 1.
Then, for v and n; decreasing, we have the upper bound on (8;):

t to t/2—1
v; 1
< _ . A~ -t A~ - . .
0y <exp | —w | Et/z vi | |exp <; 1 m%) (50 + max m) + i tE . vivi| + hax. Vi (B.6)
1= = =10

for all t € N with the convention that 2%2 =0ift/2 < .

Proof of Proposition B.J. Applying the recursive relation from (B.5) ¢ times, we derive:

t t t
S <TTI =20y + vl o+ Y [T (1= 20% + vl vive,
i=1 i=1 j=it1
B Ay

where B; can be seen as a transient term only depending on the initialisation dyp, and a stationary term A;. The
transient term B; can be divided into two products, before and after tg,

By =1 — 2wy + ) = (1_0[ [1—2wy; + nm]) ( I [—2wmi+ nm]) :

i=1 i=1 i=to+1

Using that tg = inf {¢ > 1 : n; < w}, and since for all ¢ > ¢y + 1, we have 2wy, — 9y > wye, it comes

By < (1_0[ [1—2wy; +77i%‘]> ( H [ —w%‘]> < <1_O[ exp (—2wy; +7h‘%‘)> < H exp (_W%‘)>

i=1 i=to+1 i=1 i=to+1
to to t t to

- (—zwz%) exp (z nm) exp (—w 5 %) < oxp (—wz%) exp (z W)
=1 =1 1=to+1 =1 =1

by applying the (simple) bound 1+t < exp(t) for all ¢ € R. We derive that

t to
By <exp | —w Z vi | exp (Z 7711%’) . (B.7)

i=t/2 i=1
Next, the stationary term A, can (similarly) be divided into two sums (after and before ty):

t t to t
Ac= > I =20y +mlvevi+ > T 10— 2wy + vl vivi -
i=to+1j=it1 i=1 j=it1

At At,2

The first stationary term A;; (with ¢t > to) can be bounded as follows: if t/2 < ¢y + 1, we have

t ¢ 1 1
A1 < max  y; E H 1—wy]lvi=— max v; < — max v,
T o<t . W to+1<i<t W t/2<i<t
i=to+1j=i+1
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by Proposition B.3. Furthermore, if /2 > to + 1, we get

t/2—1
Atl Z H 1_‘*)7] Vi = Z H 1_‘*}7] VﬁH‘Z H 1_(’“}7] Vi%i
i=to+1j=i+1 i=to+1j=i+1 i=t/2 j=i+1
t/2—1 t t t t t/2—1
< 3T et s w3 J] el T 0wl 35 vt 5 o
i=to+1 j=t/2 i=t/2 j=i+1 j=t/2 i=to+1
where H;‘:t/2[1 — wy;] < exp(—w Z;:t/2 v;) as 1+t < exp(t) for all t € R. Thus, for all ¢ € R,
+ t/2—1
Apq <exp [ —w Z vl Yo v+ Et/gli)it”’ (B.8)
j=t/2 i=to+1

where Z:{,z =0 if /2 < ty. The second stationary term A; s can be bounded, thanks to Proposition B.1, as
follows:

to t t to to
Ap=> [I =20y +mlvvi= | [] 10 —20v+ml | D T 10— 2wy +mvilvivi
i=1 j=i+1 j=to+1 i=1 j=i+1
t to to t to to
<[ I o)X IT nmlvom<emn (=0 52 o) max 25 [ 0+ nlno
j=to+1 =1 j=141 Jj=to+1 =1 j=14+1
t
<exp | —w _ ;1 | max 77* exp (Z m%) <exp | —w Z% max 777 exp (2 Z m%) ;
J=to

by the definition of tg, thus
t
< — , k) < - Z .
Ao <exp w Zlfyj 11<nza<>§0 o exp (2 Z Th%) exp w Ztm Vi 112220 o exp (2 me) (B.9)
j= J
Then, using the bound for A;; in (B.8) and A2 in (B.9), we can bound A; by

to t/2—-1

V; 1

Ay <exp | —w Z % | [exp <2Znﬂj) X -+ D wn| + o max v (B.10)
j=t/2 =1 i=to+1

Finally, combining the bound for B; in (B.7) and A; in (B.10), we achieve the bound for §; < B;dg + A;, namely
the upper bound in (B.6). O

The following proposition is a more simplistic but rougher version of the bound in Proposition B.4.

Proposition B.5. Let (6:)i>0, (7t)e>1, (M)e>1, and (v)i>1 be some positive sequences satisfying the recursive
relation in (B.5). Denote to = inf {t > 1 : n; < w}, and suppose that for all t >ty + 1, one has wy; < 1. Then,
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for y¢ and ny decreasing, we have for allt € N,

t t
V; 1
Oy <exp | —w ‘_215;2 v | exp | 2 ; 0V (50 +2 1%1?%(:& m) + " t/rglgxﬁ v;. (B.11)

Proof of Proposition B.5. The resulting (upper) bound in (B.11) follows directly from (B.6) by noting that

to < t, giving us S5 vy < Xy v < maxicice(vi/ni) Yoy mivi < maxi<ice(vi/n) exp(2 Y1y mivi),
as (1¢) and (7;) are positive sequences. O
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