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An inverse problem for a hyperbolic system in a bounded domain

Laure Cardoulis *

Abstract

In this Note we consider a two-by-two hyperbolic system defined on a bounded domain.
Using Carleman inequalities, we obtain a Lipschitz stability result for the four spatially varying
coefficients with measurements of only one component, given two sets of initial conditions.

Résumé : Dans cette Note, on considere un systeme hyperbolique de deux équations, défini
dans un domaine borné. En utilisant la méthode des inégalités de Carleman, on obtient un résultat
de stabilité Lipschitz pour les quatre coefficients dépendant de la variable d’espace de ce systéme,
avec des mesures d’une seule composante de la solution et grace a la donnée de deux ensembles de
conditions initiales.

Version francaise abrégée

Considérons le systeme (1). L’objet de cette note est d’obtenir un résultat de stabilité pour les
quatre coefficients indépendants «, 3,7, § avec une observation d’une seule composante (par exemple
u) sur un sous-domaine w du domaine 2. Nous prouvons le résultat de stabilité Lipschitz pour les
quatre coefficients «, 3,7, d (cf Théoreme 1) :

La norme H'(Q)) des coefficients a, 3, 7,5 est estimée par la norme H®(0,T, H3(w)) de u
(voir (11)).

La méthode utilise les inégalités de Carleman (7) dans le cas hyperbolique avec observation interne
sur un sous-domaine w sans fonction de troncature en temps (cf [15]) afin d’éviter des termes
résiduels dans les équations ; on obtient ainsi un résultat de stabilité Lipschitz. Par ailleurs on
utilise deux ensembles de conditions initiales afin de retrouver les quatre coefficients (cf par exemple
[2]). Enfin on élimine un terme d’observation d’une composante (par exemple v) mais cela fait
apparaitre des termes supplémentaires d’observations en u sur w. On présente le cas d’'un domaine
borné avec une observation interne mais ce résultat peut se généraliser au cas d'un domaine borné
avec une observation frontiere ainsi qu’au cas d’un guide non borné de la forme R X wy (wy étant
un sous-domaine borné de R"~!) avec une observation frontiere sur une partie bornée du bord (cf
pas exemple [7, 9, 11] dans le cas parabolique).

*Aix Marseille Univ, CNRS, Centrale Marseille, 12M, Marseille, France.
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1 Introduction

Let € be a bounded connex domain in R", n > 2 with smooth boundary. We consider the following
problem
O?u=Au+au+pBv+g in Qx(0,7T),
02v = Av+yu+dv+go in Qx(0,7T), (1)
u(.,0) = a1, v(.,0) =az, dwu(.,0) =0, dwv(.,,0)=01in £,
u=0, v=01in 0Q x (0,T),

where «, 3,7, d are bounded coeflicients defined on 2 such that
@, B,7,0 € Ai(Mo) = {f € L=(Q), | f|lpee(2) < Mo} for some My > 0.
We also suppose that

067,8,’}/,(5 € AQ(MO) = {f € Hl(Q)7 ||f”H1(Q) < MO}

We consider in the following solutions (u,v) of (1) in H = (W%*(Q x (0,7T)))? satisfying the
a-priori bound
[(w, )| < M

for some M > 0 sufficiently large. Indeed the method of Carleman estimates requires solutions that
are sufficiently regular and the Buckgheim-Klibanov method implies several time differentiations
of system (1). The main purpose of this paper is to study the inverse problem of determining
simultaneously the four coefficients («, 3,7,d) from a finite number of observations of w in a sub-
domain of 2. We denote

G = (91,92)7 A= (a17a2)7 B = (blyb2)7 pP= (aaﬁv’ya 5)7 /3 = ((A)Z,B,:%SJ) (2)

Our result gives a Lipschitz stability result (11) for the coefficients «, 3,7, and is the following
(see Theorem 1)

lae = @131 ) + 118 = Bl + 17 = ) + 16 = 8130y

< K (llua = @allys oz 000 + luz = @800

where K is a positive constant, w is a sub-domain of €2 (see (4)) and assuming that hypotheses (9)
and (10) are satisfied. We consider in the above result (u4,v4) (resp. (ua,v4)) a solution of (1)
associated with (p, G, A) (resp. (p,G, A)) and (up,vp) (resp. (up,vp)) a solution of (1) associated
with (p, G, B) (resp. (p,G, B)). The idea of choosing two different sets of initial conditions can be
found for example in [2] for an hyperbolic equation in a bounded domain.

Note that our result implies a uniqueness result. There is a huge literature about inverse problems
for equations or systems of Schrodinger type (see for example [1, 10, 14]) or parabolic type (see
for example [4, 6, 8, 11, 23, 24]) or hyperbolic type (see for example [2, 13, 17]). When the
inverse problem is about the reconstruction of coefficients, the results for equations usually concern
the determination of the diffusion coefficient of the operator and/or a potentiel (see for example
[1, 2, 10, 11, 13, 14]). It can also be an inverse source problem (see for example [15]). Up to our
knowledge, there are few results for systems concerning the simultaneous identification of more



than one coefficient in each equation (see for example [7, 6]). Also notice that there are few results
where the measurements are given with only one component (see for example [4, 12]). Therefore the
major novelty of this paper is to give a stability result for four coefficients and with measurements
of only one component. We give this result in a bounded domain but this can be generalized
for an unbounded guide of the type R x wg with wy a bounded domain of R®~!. This can also be
generalized for systems substituting the operator 92u— Au by an operator of the type 97 —V-(cVu);
we can obtain a stability result for the diffusion coefficient ¢ but this demands a strong positivity
hypothesis (see [2, 6, 11, 13] ). Last we recall that the methodology based on Carleman estimates
for solving inverse problems has been initiated by [5]. See also [16, 21, 22, 20, 19, 17, 18].

This Paper is organized as folows: in Section 2, we recall the weight functions (5) and the Carleman
estimate (7). Then in Section 3 we state and prove our results.

2 Carleman estimate

In this section, we recall the Carleman estimate (7) which is given on Q x (=7, 7). Therefore we
will take the even extensions of the considered solutions of (1) on (=T7,0) (see (12)).
Denote Q = 2 x (=T, T). We choose @ € R™ \  and define d(x) = |z — a|? for x € 2 such that

d>0inQ, |Vd >0inQ. (3)
Let w be a sub-domain of 2 such that
{r €O, <x—a,v(x) > >0} C dw. (4)

Here < .,. > denotes the usual scalar product in R” and v(x) is the outward unit normal vector to
0 at x. Let k € (0,1). We consider weight functions as follows, for A > 0 and ¢t € (=T, T),

Y(x,t) = d(z) — kt*> + My where M, > kT? and ¢(z,t) = M@, (5)

Proposition 1. There exist T > 0 and € > 0 such that (3) holds and

dy < do < dy (6)
where
dy =inf¢(-,0),  dy= sup ¢,  dy=supg(-,0).
Q Qx ([=T,—T+2€]u[T—2¢,T)) Q

Proof. First we define 8y = inf 5 ¢(2,0) =inf 5|z — a|?> + My and 31 > 0 by

B? = sup |z — a|> — inf |z — al?.
zeQ z€Q

Then, we consider T sufficiently large sugh that ﬂ% = kT2 — B% > 0. With these definitions, we
have kT? = 8% + B2 so we get for all z € €,

Yz, £T) = |z — a|* + My —sup |z — a|* + inf |z — a|*> — B3 < By — Bs.
xeﬁ !L‘EQ



We deduce that there exists e > 0 such that € < % and

2
forall z € Q and t € ([T, —T + 2] U [T — 2¢,T)), (x,t) < Bo — %

and this ends the proof of Proposition 1. O

Now we recall a global Carleman estimate (see for example [3, 2, 15]). Let s > 0 and denote
I(u) = / (8| Vapul* + s*ul?) €*? dx dt with |V, ul* = |Ou|® + |Vul>.
Q

Proposition 2. [15, Lemma 1] There exist a value of A > 0 and positive constants sy and C' such
that

I0) < Ol Mgy +C [ (sIVaqul + ) da 7)
wX (=T.,T)

+C / (s|Vasu(z, T) 2453 |u(z, T)|?)e2@T) de4-C / (s|Vasu(z, =T)*+5%u(z, —T)|?)e2@T) dy
Q Q
for all s > sg, and all uw € H*(—T,T,L*(2)) N L?(=T, T, H*(Q) N H}(Q)) satisfying

ﬁfu—Au:f in £,
u=0 ondQx (-T,T).
Remark 1. We could have considered a Carleman estimate with an observation on a part I' of the

boundary,
'={zed,<z—a,v(x)>>0} (8)

Then the observation term wax(_TT)(8|Vx,tu|2 + Blu2)e2® da dt in (7) should be replaced by
Cs fo(—TT) |al/u|26’25¢ do dt.

In the following parts, C will be a generic positive constant which is independent of s. Let us
remark that this Carleman inequality uses also A as a second large parameter. As we will not use
it, we now consider A fixed in the sequel such that Proposition 1 holds.

3 Inverse problem

3.1 Main result

Consider (ug,v4) (resp. (ta,?4)) a solution of (1) associated with (p, G, A) defined by (2) (resp.
(p,G,A)). Consider also (up,vp) (resp. (ap,0p)) a solution of (1) associated with (p, G, B) (resp.
(p,G, B)). Assume that all the coefficients «, 3,7, 8,&,53,7,0, belong to A1 (M) N Ag(My). The
following theorem gives a stability result for the four coefficients «, 3,, §.

Theorem 1. Let T > 0 and a € R™ \ Q satisfying the conditions of Proposition 1. Assume that
the following hypotheses (9)-(10) are satisfed

la1ba — agbi| > Ry in Q for some Ry > 0, 9)
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and
|B] > R2 > 0 in Q and \B|ZR2>0ianor some Ro > 0. (10)

Then the following Lipschitz stability estimates holds
||Ol - 55”3'{1(()) + ”B - BH%{I(Q) + Hf}/ - :Y”%Jl(ﬂ) + H(S - SH%{l(Q)

< K (llua = @alls om0 + ez = @2l 0 nmm0w) ) - (1)
Here, K > 0 is a contant depending on Ry, Rs, My, My, M, T, € and a.

Proof. Let (ug,va) (resp. (4,74)) be a solution of (1) associated with (p, G, A) (resp. (p, G, A))
and (up,wp) (resp. (up,wp)) be a solution of (1) associated with (p, G, B) (resp. (p,G, B)). We
decompose the proof in several steps.

e The first step: even extension in t.

Denote (u,v) = (ua,v4), (4,0) = (ta,04) and

Yo=u—1, z0=v—0, a=a—a.b=F-08,c=y—7, d=05§—6. (12)

Now we recall that we take the even extensions of all the functions on (—7,0) and for simplicity,
we denote the extended functions by the same notations. Denote now for ¢ = 1,2

yi = 0iyo, 2 = 0}z
Then (y1,21) and (y2, 22) satisfy the following systems

02y1 = Ayp + ayy + Bz + adiii + bOD in Q,

8?21 = Az1 +yy1 + 621 + cOi + dOy in Q,

y1(-,0) = 21(-,0) =0 in Q, (13)
Oy1(+,0) = aay + bag, dz1(+,0) = caj + dag in Q,

y1 =21 =0o0n 00 x (=T,T),

and
Oyo = Ayo + ays + Bza + ad?i + bO25 in Q,
0220 = Nz + vy + 629 + 020 + dO20 in Q,
y2(+,0) = aay + bag, z2(-,0) = ca; + dag in €, (14)
Oy2(+,0) = 0yz2(+,0) = 0 in £,
y2 =29 =0 on 00 x (=T,T).

e In the second step we estimate 23:1(1 (yi) + I(z)) by the Carleman inequality (7).

Note that all the terms fQ e2?(|y;|> + |zi|?) dx dt on the right-hand side of the estimate (7) will be
absorbed by I(y;) + I(z;) for s sufficiently large. So we have for s sufficiently large,

2
> I(y) +1I(z)) < C/ > (a® + V2 + ¢ + d?) dx dt
i=1 Q
2
+Cs® 2/ (|vx,tyi|2 + |yz|2 + |vm,tzz‘|2 + |2i|2)€25¢ dz dt
i=1 Jwx(=T.T)



2
+Cs* > / (IVaayi(z, T) 2 + |yi(z, T) 2 + |Vaezi(z, T)? + |zi(z, T)|?)e2¢@T) de, (15)
i=1 7%
Now we remove the observation term on z;. From the first equations in (13) and (14) we have
Bz = 02y — Ay; — oy — adiiii — bOLD in Q. (16)

From hypothesis (10) and deriving z; with respect to the space variable z and to the time variable
t in (16) we get

/ (IVapzil® + |2:*)e*? do dt < Ce* il 0115w
wx(=T,T)

+C e**?(a® 4+ b + |Va|* + |Vb|?) dz dt.
wx (=T,T)

More precisely we have in the above estimate ||y; H%,g 012wt HyiH?—IQ(O,T,Hl(w)) +||yi H%l(omHQ(w))—i—
||yi||%2(0,T,H3(w))' So

2

83 Z/ (|vx,tzi‘2 + |Zi|2)628¢ dx dt < 053628d2||y0”§—15(0’T7H3(w))
i—1 wX (=T,T)
+cs3/ 29(a2 4 B2+ Va2 + [VH[2) da dt. (17)

wx (=T,T)

Now we estimate

/ (IVaiwi (@, T + |yi(z, T)? + |Vaszi(az, T) 2 + |zi(x, T)|?)e2*@D) dg dt
Q

using a classical energy estimate. Multiplying the first equation of (13) or (14) by Oyy; and the
second one by 0;z;, we get for all 0 <t <T

d
T </(|V:c7tyi(%t)l2 + | Vagzi(a, ) dw) < C/(Iyi(x,t)|2+lzz'($7t)\2+|3tyi($,t)l2+!3tzz'(w7t)\2) dx
Q Q

—I-C/ (a® + % + 2+ d?) da.
Q
By Gronswall’ Lemma and Poincaré inequality, we have

/Q(!Vx,tyi(%T)\Q +yi(2, T)? + [Vagzi(@, T)* + |2i(@, T)|?) da

< 0/ (Ve (2, 0)12 + [ys (a, 0)[2 + [V g5, 0) 2 + |20(ax, O)2) i + c/ (2 + 12+ 2+ d?) da dt.
Q Q
Since e25?0:T) < 2581 e get

/(|vx,tyi($aT)|2 + lyi(2 D) + | Vazi(e, T) + |22, )} da
Q
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< Ce2Sd1/(!vatyi(x,0)\2+|yi(x,O)\2+|Vm,tzi(x,0)Q—Hzi(x,O)\Q) dw+0623d1/(a2+b2+02+d2) dx dt.
Q Q

From (13) and (14) we obtain

2
S /Q (Vi@ T)? + yi(a, ) + [Vapzi(a, T)? + |z, T)))e2?@T) do (18)
=1

< OsPe?sh /(a2 + 0%+ 2+ d* + |Vaf> + | Vb + |Ve> + |Vd[*) d.
Q

So from (15), (17), (18) we have

2
> Tw) +1(z)) < 083/ e29(a® + b? 4 & + d* + |Val> + |Vb|?) dz dt
i=1 Q

+COs3e25h /(a2 + 02+ 24 d* + |Vaf> + |V + |Ve2 + [Vd?) do + CsPe* 2 Fy(w)  (19)
Q
with Fo(w) = [|voll i5 0,1, 53 (w))-

e The third step: now we estimate fQL e252@0) (o (2, 0) 24| 22 (, 0)|>+|Vyz (2, 0) |>+|V 22(, 0) |?) d.
Consider n be a C*° cut-off function satisfying 0 < n <1 and

(20)

o [oiftEET T dur-aT)
T =1t € [T + 26, T — 24,

with e defined in Proposition 1. Multiplying now the first equation of (14) by 2nd;y2, we get

2/ 1e**? o (82y2—Ays) da dt = 2/ ne?? (ayo+Bza+adiu+bd}0)Opys dx dt. (21)
Qx(=T,0) Qx(-T,0)

The right-hand side of (21) is less than C’fQ e®9(a% + b2 + |ya|® + |22|? + |0ry2|?) dx dt.
For the left-hand side of (21), since n(—T") =0, Ory2 = 0 on I x (=T, T), we get

2 / 1e*9dyy2 (O}ys — Ayo) da dt = / me®? (|02 ]* + [V )= 1 do
Qx(=T,0) Q

—/ 8t(77623¢)(]8ty2\2 + ‘V:UQ’Q) dx dt + / 45ne*?0uyaVys - Vo dx dt.
Qx(=T,0) Qx(=T,0)

We deduce that
/ e259@0) (19,40 (2, 0)[2 + Vya(z,0)[2) da
Q

< C’s/ e (|ya|® + |22)* + |Vaiyo|?) dx dt+0/ e*?(a® 4 b?) dx dt.
Q Q
So

/ e252@0) |y (2, 0)|? da < C’s/ e (|ya|* + |22|* + |Vary2l?) dx dt + C/ e**?(a® 4 b?) dx dt.
Q Q Q
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Similarly for ze so we have

/Qezsd)(g”’o)(\Vyg(:/c,O)|2 + |sz(x,0)|2) dx < C’s/@e2s¢(\92|2 + |2'2\2 + |Vgc7ty2|2 + |Vx7t22|2) dzx dt
+0/ e*%(a> 4+ b* + & + d?) dx dt
Q

< C(I(y2) + I(22)) + C/ e??(a* + % + ¢* + d*) dx dt.
Q

So from (19) we get

/ 625¢($’0)(|Vy2(x,0)\2 + |V2a(z,0))?) da < 033/ e2(a? + b2 + 2+ d? + |Val? + |Vb|?) dx dt
Q Q

+Cs3e2h / (a® + 0% + 4+ d> + |Va|? + |Vb]? + |V + |Vd]?) do + Cs®e> 2 Fy(w).  (22)
Q

We can similarly argue to have

/ 25950 |y (2, 0)[2 + |za(, 0)2) dr = / 2590y (2, 0)[2 + |0y (1, 0)?) d
Q Q
< 033/ e*?(a? + b2 + ¢ +d? + |Va|? + |Vb|?) dz dt
Q

+Cs3e25h / (a® + 0% + 4+ d> + |Va|® + |Vb]2 + |V + |Vd]?) daz + CsPe® % Fy(w). (23)
Q

From (22) and (23) we obtain

/ 220 (Jya (2, 0)* + |22 (2, 0)|* + [Vya(2, 0)* + | Vz2(x,0)?) da
Q
< 083/ e*?(a> 4+ b* + & + d* + |Va|]® + |Vb]?) dz dt
Q

+Cs3e25h / (a® + %+ + d* + |Va|? + | Vb2 + |V +|Vd|?) dz + Cs*e*® Fy(w). (24)
Q

e In the fourth step we estimate [, e2?@0)(a? 4+ b? + 2 + d? + |Va|? + |Vb|? + |Vc|? + |Vd|?) dz.

We choose here the two sets of initial conditions A and B such that (9) holds. Consider (u4,v4)

(resp. (ua,v4)) a solution of (1) associated with (p,G, A) (resp. (p,G,A) and (up,vp) (resp.

(up,vR)) a solution of (1) associated with (p, G, B) (resp. (p, G, B)). From the above second step

(see (19)), we denote now

Foa(w) = [lua — vallgs0,1,m3w)) and Fop(w) = lup — uB| g5 0,7,H3(w))-

From now on, each function f defined in the precedent steps is denoted either f4 or fg when it is
related either by the conditions A or B. We have from (14)

y24(+,0) = aay + bag and yap5(+,0) = aby + bbe in Q.



Multiplying the first equation by by and the second one by ag, we eliminate the coefficient b and
we get
a(arby — azb1) = bay2a(-,0) — azy2p(+,0) in €. (25)

Using the hypothesis (9) we get from (25)
/ e250@0) 2 g < C / 25 2@0) (|lyy 4 (,0) | + |y2(x, 0)|?) da (26)
Q Q
and from (24) we have

/ e252@0) g2 dg < 083/ ¥ (> 4+ b* + & + d* + |Val]* + |Vb|?) dz dt
Q Q

+Cs3e2h / (a® + 02+ 2+ d* 4 |Va* + |Vb]2 4 |Ve|? + |Vd]?) dz + Cs3e* 2 Fy(w).  (27)
Q
with F}(w) = Foa(w) + Fop(w). Similarly we have b(az2b1 — a1b2) = b1y24(+,0) — a1y25(+,0), so (27)

is still valid with a replaced by b on the left-hand side of the estimate. We proceed by the same
way to obtain ¢ and d using this time (14) for z94 and z2p and the hypothesis (9). Therefore

/ e259@0 (g2 1 12 4 P + d?) da < 033/ e*?(a? + V% + ¢ +d? + |Va|? + |Vb|?) dx dt
0 Q

+Cs3e25h / (a® + 0% + 2+ d> + |Va|? + |Vb]2 + |V + |Vd]?) daz + CsPe® 2 Fy (w). (28)
Q

Deriving now (25) with respect to z; for any integer i = 1,--- ,n, still using the hypothesis (9) we

get

/625¢(I’0)!Va\2 dx < C/ @0 (Jyp (@, 0) P+ y25 (@, 0) *+|Vy2a(z, 0) P+ |Vy2p (w,0)*+a?) de.
Q Q

Similarly for b, ¢, d so

/ 25950) (| al? 4 |VB2+ Vel +|Vd[?) da < C / 2990 (g 4 (2, 0) P+ lyais (@, 0)[2+ | Vo (2, 0)
Q Q

+|Vyan(z,0)|? + |z24(2, 0) > + |228(x, 0) > 4+ |Vzoa(z, 0) > 4+ |[Vzoa(z, 0) > 4+ a2 + b2 + ¢ + d?) da.
From (24) and (28) we get

/ e2?@0) (|1Va|? + Vb2 + |Ve|2 + |Vd|?) dx

Q

< 033/ e*?(a? + b2 + & +d? + |Val|? + |Vb|?) dx dt
Q

+Cs3e25h / (@® + %+ + d* + |Va|? + | Vb2 + |V + |Vd|]?) dz + Cs*e*®? Fy (w). (29)
Q



Thus from (24) and (29) we obtain

/ e?0@0) (a2 4 0% + 2 + d® + |Val® + | Vb + |Ve]> + |Vd)?) da
Q
< 053/ e*?(a? + % + ¢ +d? +|Val|? + |Vb|?) dz dt
Q

+Cs3e25h / (a® + 0% + 4+ d> + |Va|? + |Vb]? + |V + |Vd]?) do + CsPe®> 2 F (w).  (30)
Q

Now we proceed as in [2, 13, 15] to prove that the term s3 fQ e%59 (a2 +b2+c2+d?>+|Va|>+|Vb|?) dx dt
on the right-hand side of (30) can be absorbed by the left-hand side of the estimate for s sufficiently

large.
Indeed,

33/ e*?(a? + b2 + ¢ +d? + |Va|? + |VD|?) dx dt
Q
T
= / e252@0) (a2 4 b2 4 2 + d2 + |Va|? + |Vb)?)( / §3e25@@)=¢(=0) qp) dz.

Q -7

But ¢(z,t) — ¢p(x,0) = —eMA@D+HM) (] _ = %) and there exists a positive constant C' such that
2

Pz, t) — ¢(x,0) < —C(1 — e ). Therefore IEFT §3e25(8(2.)=6(x.0)) gt < fiFT §3e=25C(1—e" M) gy

uniformly in z.
Moreover by the Lebesgue convergence theorem, we have

T 2
- Akt
/ g3~ 2sC(1—e ) dt — 0 as s — oo.
-7

Thus we can neglect s3 Jo e??(a% + b2 + 2 + d? + |Va|? + |Vb|?) dx dt on the right-hand side of

(30) for s sufficiently large. Furthermore since e2% < ¢?5¢(:9) we deduce that

e (1 — CgBe2sldi—do)y / (@ + 2+ +d® + |Va|? + |Vb|? + |Ve|? + |Vd|?) dz < CsPe®® [ (w).
Q

Since d; < dy we can choose s sufficiently large such that 1 — C's3e2s(d1—do) > % so we get

loe = @l ) + 118 = Bl o) + 17 = iz o) + 19 = 8l (o) < Cs*e> B0 Fy(w).
So we conclude for Theorem 1. ]

Remark 2. Notice that in the Carleman inequality I1(y;) for y;, the observation term is HyiH%ﬁ(O T, (w)
(for i = 1,2) and so ||y0H§{3(07T7H1(w)). Since we removed the observation terms on z;, this added

additional terms in y; and so in yy in our final estimate (11).

Remark 3. We can prove a similar result when we use a Carleman estimate with an observation
term on the sub-boundary I' defined by (8). The left-hand side of the Lipschitz stability result is

unchanged as the right-hand side has an additional term |0,02(ua — &A)H%Q(FX(O’T)) + 110,02 (up —

QB)H%Q(I‘X(O,T))‘
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3.2 Other result

Our main theorem (Theorem 1) gives a Lipschitz stability result for the four spatiallly coefficients
a,3,7,0 in H(Q). When these coefficients belong to L?(Q2) we can prove a similar result (see
Theorem 2) but we get a Holder and not Lipschitz stability result. Assume that all the coefficients
o, B,7,6,a, 8,7, 0, belong to A1 (Mjy). The following theorem (Theorem 2 1)) gives a stability result
for the four coefficients o, 3,7, d in L?(Q) when o = & and 8 = § in w. That means that these two
coefficients o and 3 are supposed known in w. We relax this last hypothesis in Theorem 2ii) where
an estimate of these four coefficients is given for a, 8 € A2(Mpy) N A1(Mp) and v, € Ay (Mp).
Consider (ua,v4) (resp. (Ga,04)) a solution of (1) associated with (p, G, A) defined by (2) (resp.
(p,G,A)). Consider also (up,vp) (resp. (ap,?0p)) a solution of (1) associated with (p, G, B) (resp.
(5.G. B)).

Theorem 2. Let T > 0 and a € R™ \ Q satisfying the conditions of Proposition 1. Assume that
hypotheses (9)-(10) are satisfed.

i) Assume that o, B,7,8,&,B,7,0,€ A1 (My). We also suppose that o« = & and = B in w.
Then the following Holder stability estimates holds

lae = @720y + 18 = Bl + 17 = All72(0) + 118 = 8117 2(q)
< K (llua = @alliso sy + lue = @8l rmwy) (31)

ii) Assume that «, B,a,8 € A1 (Mo) N Ag(My) and -, 8,7,6 € A1 (My).
Then the following Holder stability estimate holds

HO& — d”%ﬂ(g) + H/B - BH%{l(Q) + ”’7 - :VH%Q(Q) + H(S - 5”%2(9)

K
< K (llua = @allys oz a0 + 1wz = @l (32)
Here, K >0 and k € (0,1) are two constants depending on Ry, Ra, My, M1, M, T and a.

Proof. As for Theorem 1 we decompose the proof in several steps. We will widely follow the ideas
described in the proof of Theorem 1. We consider the case ii) where o and 3 are in H'(£2) but not
necessarily v and 4.

e In the first step we still make an even extension in t. We keep the notations of Theorem 1:
(u,v) = (ua,v4), (@,0) = (24,04) and the definitions of a, b, c,d (see (12)) and we take the even
extensions of all the functions on (—7,0). But for i = 0,1,2 we denote here

yo = n(u—1a), zo=mn(v—70),y = Iy, z =iz (33)
with 7 the truncature function defined by (20). Then these new (yi,21) and (ya2, 22) satisfy the

following systems

0?y1 = Ay1 + ayy + Bz1 + adi(ni) + bdy(nd) + O Ry in Q,

0221 = Azy +yy1 + 621 + cOi(nit) + +ddy(n?) in Q,

y1(+,0) = z1(-,0) = 0 in Q, (34)
Owy1(+,0) = aay + bag, 9z1(+,0) = caj + daz in 2,

y1 =21 =00n 900 x (=T,T),

11



and

O2yo = Ays + ays + Bz + adf (ni) + bdZ (nd) + 02R; in Q,

0220 = Azo + yy2 + 022 + cOF (i) + dO? (D) + 02 Ry in Q,

y2(+,0) = aa; + bag, z2(-,0) = ca; + dag in Q, (35)

Oy2(+,0) = aas + bayg, Oyza(+,0) = cas + day in €,

y2 =29 =0o0on 00 x (=T1,T),
with

Ry = (97n)(u — @) + 20m0;(u — @), Ry = (9;n)(v— o) + 20md;(v — 7).

e In the second step we estimate Y 2, (I(y;) + I(2:)) by the Carleman inequality (7).
Note that all the terms with derivatives of 1 will be bounded above by Ce?*% with C' a posi-
tive constant and due to the truncature function 7, we have y;(-, £7) = 0, dyy;(-,£7) = 0 and
Vyi(-,£T) = 0 in . So we have for s sufficiently large,

2
> T(yi) + I(z) < C/ e*?(a® + 0% + ¢ + &%) dx dt + Ce* ™
i=1 Q
2
+Cs’ Z/ (IVaiyi? + yil* + |Varzil® + |2i]%)e*? dz dt. (36)
i=1 wx(=T.,T)
Now we remove the observation term on z;. From the first equations in (34) and (35) we have

Bzi = 0y: = Ayi — ay; — ad; (i) — b3, (n?) — O, Ry in Q. (37)
From hypothesis (10) and (37) we get
2

Z/ (‘vx,tZiP + \Zz“Q)ezw dx dt < 0625d2HyOH?{5(O,T,H3(w))
wx(=T,T)

+ / e (a® + 0 + |Vaf? + [Vb?) da dt + Ce® . (38)
wx(=T.,T)

(Note that if we suppose that « = & and § = B in w as in the case i), then (38) becomes

S S ey ([ Vagail? + [2])e2 dar dt < Ce?%jyo |25, + Cesd)

So from (33) and (38) we have

0,7,H3(w))

2

Z(I(yz) +1(z)) < Cs® / ¥ (> + 02+ A +d* + |Val]? + |Vb|?) dz dt + Cs3e®4 + Cs3e? 2 Fy(w)
i=1 Q

(39)
with Fo(w) = [|yol| g5 (0,7, 13 (w)) (same definition as before).
Notice that contrary to Theorem 1 we do not have terms in Ve and Vd in the above estimate
because, due to the truncature function 7, we do not have to estimate the terms for ¢ = £7 in (7).
o In the third step we estimate [, e252@0) (|yg (2, 0)[> 4| 22(, 0)|*+|Vy2(, 0)[?) dz as in Theorem 1.
Since we have no terms in Ve and Vd in (39) we no longer need to estimate |, e259(@0)|V 29 (, 0)|? da.
We get

/ 20 (Jya(, 0)]* + |22 (2, 0)* + [Vya(,0)]P) dx < O’ M 4 Cs*e® = Fy(w)
Q
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+C'33/ e*?(a® + V% + ¢ +d? + |Val|? + |Vb|?) dx dt. (40)
Q

e In the fourth step we estimate [, e29@0) (a2 4 b2 4 ? 4 d? + |Va|? + |Vb|?) dz as in Theorem 1.
Thus we get

t/(wapka2+b2+c2+d2+¢Va2+ﬂVbP)drg(?fe%m—%ka%@Fﬂw)
Q

+Cs3/ e*?(a® + % + & +d? +|Val|? + |Vb|?) dz dt (41)
Q

with Fy (w) = Fya(w) + Fop(w). Notice that as in Theorem 1 the term s3 fQ e??(a® 4+ 0%+ c? + d? +

|Va|? + |Vb|?) dx dt can be absorbed by the left-hand side of the estimate for s sufficiently large
(s > s2), so we get

/ e259@0) (42 4 12 4 @ + d® + |Va|? + |Vb?) de < CsPe® N + CsPe® 2y (w).
Q

Since e25d0 < ¢25¢(-0) we deduce that
llae— @l 31 0y + 1B =Bl ) + 17 =32 () + 1= 8l[72(0) < Cs® (€2 B7%) Fy (w) +€>(N17%)). (42)

As dy — dp < 0 and d2 — dy > 0, we can optimize the above inequality with respect to s (see for
example [7, 9, 11]). Indeed, note that if F;(w) = 0, since (42) holds for any s > s9 and d; —dyp < 0
we get (32). Now if Fj(w) # 0 is sufficiently small (F}(w) < gg:gé), we optimize (42) with respect
to s. Indeed denote

f(s) = e2s(d2_d0)F1 (w) + e25(di—do)
Moreover the function f has a minimum in

s$3 = ! In do —
5T 2dy— dy) (do — do)Fy(w)

) and f(s3) = K'Fi(w)"

Hh e = do—d P (dodi\ @it L (dodi)Tdb ni - :
with £k = =7 and K’ = (d2_d0) 2—d1 (dg—do) 2—do . Finally the minimum s3 is sufficiently
large (s3 > s2) if the following condition F(w) < @ doc‘;oeggl(drdl) is satisfied. So we conclude for
Theorem 2. O

Remark 4. If we consider the case i) in Theorem 2 where the coefficients o and B are supposed
known in w, then there is no term in Va nor Vb in (38) and therefore in the estimate (39) of
Z?zl(f(yi) + I(2;)). Thus we need not to differentiate (25) with respect to the space variable x;
and so to evaluate [, e250@0)|Vyy(z,0)[> dz. Consequently there is no term in Va nor Vb on
the right-hand sides of all the estimates and we just get an estimate of the L*-norms of a and
b, besides the L?>-norms of ¢ and d. Moreover in the fourth step when we estimate the coefficients
a,b, ¢, d, we just have to estimate [, €29@0) (|ys(z,0)|? + |22(z, 0)[2) dx = [, e2*@O) (19,91 (,0)|2 +
|0421(,0)|?) dz. Therefore in the case i) of Theorem 2, we just need to evaluate I(y1) + I(21) and
not Z?Zl(l(yi) + 1(z)). This explains why the observation terms on the right-hand side of (31)
are given in H*(0,T, H?(w))-norms instead of H>(0,T, H3(w))-norms.
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Remark 5. Last, notice that in the third step of each theorem we could have estimated
Jo e25@0) (|yyg (2, 0)[2 4 |22(x, 0)|2) dx in another way using the following lemma ( see [13, Lemma

4.2])

/ e252@0)| £(z,0)|? da < C’s/ e\ f1? dx dt + C/ 10, f|? dx dt
Q Q 5JQ

for all s sufficiently large and f € HY(=T,T; L*(Q)). Indeed

/ 625¢($’0)(|y2(1‘, 0)|2 + ’22(1‘, O)’2> dzx
Q

c c
<Cs [ @O+ |aaf) do it $ [ 00l + 01aP) da dt < (T + 1)
Q Q
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