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BILINEAR STRICHARTZ ESTIMATES AND ALMOST SURE

GLOBAL SOLUTIONS FOR THE NONLINEAR

SCHRÖDINGER EQUATION

by

Nicolas Burq, Aurélien Poiret & Laurent Thomann

Abstract. — The purpose of this article is to construct global solutions, in a prob-
abilistic sense, for the nonlinear Schrödinger equation posed on Rd, in a supercritical
regime. Firstly, we establish Bourgain type bilinear estimates for the harmonic os-
cillator which yields a gain of half a derivative in space for the local theory with
randomised initial conditions, for the cubic equation in R3. Then, thanks to the lens
transform, we are able to obtain global in time solutions for the nonlinear Schrödinger
equation without harmonic potential. Secondly, we prove a Kato type smoothing es-
timate for the linear Schrödinger equation with harmonic potential. This allows us to
consider the Schrödinger equation with a nonlinearity of odd degree in a supercritical
regime, in any dimension d ≥ 2.

Résumé. — L’objectif de cet article est de construire des solutions globales, en
un sens probabiliste, pour l’équation de Schrödinger non linéaire posée sur Rd, en
régime surcritique. Tout d’abord, nous établissons des estimations bilinéaires de type
Bourgain pour l’oscillateur harmonique. Celles-ci permettent un gain d’une demi-
dérivée en l’espace pour la théorie locale avec des conditions initiales aléatoires, en
ce qui concerne l’équation cubique dans R3. Puis, grâce à la transformée de lentille,
nous sommes en mesure d’obtenir des solutions globales en temps pour l’équation
de Schrödinger non linéaire sans potentiel harmonique. Dans un second temps, nous
prouvons un effet régularisant de type Kato pour l’équation de Schrödinger linéaire
avec potentiel harmonique. Ceci nous permet de considérer l’équation de Schrödinger
avec une non-linéarité de degré impair dans un régime surcritique, dans toute dimen-
sion d ≥ 2.
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1. Introduction and results

1.1. Introduction. — In this article, by the means of random initial conditions,
we construct global solutions to the nonlinear Schrödinger equation in a supercritical
regime. Namely, in the following we will consider the equation

(1.1)

i
∂U

∂t
+∆U = κ|U |p−1U, (t, x) ∈ R× Rd

U(0, x) = u0(x),

where κ ∈ {−1, 1}, where p ≥ 3 is an odd integer, and d ≥ 1.

The starting points of this article were two unpublished papers from the PhD
thesis of the second author (in French), see [60, 61]. The first result of the present
paper concerns the cubic Schrödinger equation in dimension d = 3. In this case the
well-posedness is obtained using regularizing properties of random series combined
with bilinear estimates for the harmonic oscillator. Then, in the second part of the
article we prove global existence results for the nonlinear Schrödinger equation in
dimension d ≥ 2, with a nonlinearity of degree p ≥ 5. This result is also obtained by
taking benefit from stochastic properties of random series, but combined with the
Kato smoothing effect which is established here for the Schrödinger equation with
harmonic potential.
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Since the pioneering works of Bourgain [5, 6] and the works of Tzvetkov [72, 73]
on the Schrödinger equation, the papers of Burq-Tzvetkov [21, 22, 23] on the wave
equation, there have been many contributions to the study of dispersive equations
with random initial conditions. Among them, there are results on the Schrödinger
equation by Colliander-Oh [32], Benyi-Oh-Pocovnicu [1, 3], Bourgain-Bulut [9, 10],
Nahmod-Oh-Rey Bellet-Staffilani [54], Nahmod-Staffilani [55], Dodson-Lührman-
Mendelson [42], Kilip-Murphy-Visan [50], Oh-Tzvetkov-Zhang [58], Deng-Nahmod-
Yue [39, 40], on the wave equation by Oh-Pocovnicu-Tzvetkov [57], Burq-
Lebeau [15], de Suzzoni [34, 35], Bourgain-Bulut [10], Bringmann [11, 12, 13],
Sun-Tzvetkov [66], on the Benjamin-Ono equation by Tzvetkov-Visciglia [74, 75],
Deng-Tzvetkov-Visciglia [36], Deng [38], and many others.

In some of the more recents works on the topic, some of the material from [60, 61]
was applied, extended or generalised, see e.g. [62, 59]. Therefore it appeared
relevant to rework the material from these papers and to gather them in a reader
accessible version, which is the aim of the present article.

The strategy of the proof, already used in [69, 20, 37] and more recently in
[19, 52], is the following. We first study a nonlinear Schrödinger equation with
harmonic potential, for which we are able to prove local existence results. Then
thanks to the lens transform, this latter equation is conjugated to the equation (1.1)
for which we are able to deduce global existence results.

For d ≥ 1, we define the harmonic oscillator by

H = −∆d + |x|2 =
d∑

j=1

(
− ∂2

dx2j
+ x2j

)
,

and we denote by {hn, n ≥ 0} an orthonormal basis of L2(Rd) of eigenvectors of H
(the Hermite functions). The eigenvalues of H are the

{
2(ℓ1+ · · ·+ℓd)+d, ℓ ∈ Nd

}
,

and we can order them in a non decreasing sequence {λ2n, n ≥ 0}, repeated according
to their multiplicities, and so that

Hhn = λ2nhn, ∀n ∈ N.

It is then easy to observe that λn ∼ n1/(2d), when n −→ +∞.

In the following, Hs(Rd) and W s,p(Rd) denote the usual Sobolev spaces. We
also define the harmonic Sobolev spaces, associated to the harmonic oscillator. The
harmonic Sobolev space Hs(Rd) is defined as the closure of the Schwartz space for
the norm

∥u∥Hs(Rd) = ∥Hs/2u∥L2(Rd).
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Similarly, the space Ws,p(Rd) is defined as the closure of the Schwartz space for the
norm

∥u∥Ws,p(Rd) = ∥Hs/2u∥Lp(Rd).

In fact, this latter norm is a weighted Sobolev norm, because from [45] : for all
1 < p < +∞ and s ≥ 0, there exists a constant C > 0 such that

(1.2)
1

C
∥u∥Ws,p(Rd) ≤ ∥(−∆)s/2u∥Lp(Rd) + ∥⟨x⟩su∥Lp(Rd) ≤ C∥u∥Ws,p(Rd).

Since the family {hn, n ≥ 0} forms a Hilbertian basis of L2(Rd), any u ∈ Hσ(Rd)
can be written

u =
∑
n∈N

cnhn where ∥u∥2Hσ(Rd) =
∑
n∈N

λ2σn |cn|2 < +∞.

Next, assume that (Ω, T , P ) is a given probability space and that (gn(ω))n∈N is an
identically distributed sequence of independent complex Gaussian random variables

gn ∼ NC(0, 1),

namely, the density of gn is given by 1
πe

−|z|2dL where dL denotes the Lebesgue

measure on C. Then, for u0 ∈ Hσ(Rd), which can be expended as

u0(x) =
∑
n∈N

cnhn(x),

we can consider the application ω 7−→ u0(ω, .), from (Ω, T ) to Hσ(Rd) that we equip
with its Borelian σ-algebra, defined by

uω0 (x) =
∑
n∈N

cngn(ω)hn(x).

We can check that the application ω 7−→ uω0 is in L2(Ω,Hσ(Rd)) and we define the
probability measure µ as the distribution of this random variable. By definition, we
have the following equality:

P
(
ω ∈ Ω : Ψ(uω0 ) ∈ A

)
= µ

(
f ∈ Hσ(R3) : Ψ(f) ∈ A

)
,

for any measurable Ψ : (Hσ(Rd),B(Hσ(Rd)))→ (R,B(R)) and any set A ∈ B(R).
Let us first state a result which shows that the randomisation does not improve

the initial condition in the Sobolev scale, and that it does not improve its spatial
localisation.
Theorem 1.1. — For all s ≥ 0, if u0 /∈ Hs(Rd) then

uω0 /∈ Hs(Rd) and ⟨x⟩suω0 /∈ L2(Rd), ω − a.s.

By (1.2) it follows that one therefore has uω0 /∈ Hs(Rd), ω − a.s.
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1.2. Almost sure global existence for the cubic Schrödinger equation in
dimension 3. — Our first results concern the cubic equation

(1.3)

i
∂U

∂t
+∆U = κ|U |2U, (t, x) ∈ R× R3

U(0, x) = u0(x),

where κ ∈ {−1, 1}. Let us first recall some deterministic results concerning (1.3).
There exists T > 0 and a space Xs

T continuously embedded into C0([−T, T ];Hs(R3))
such that:

• If s > 1/2 (subcritical case) then for all R > 0, there exists TR > 0 such
that if ∥u0∥Hs(R3) ≤ R, then there exists a unique local solution u ∈ Xs

T to the
equation (1.3), see [47, 26]. Moreover, the mapping u0 ∈ BHs(0, R) → u ∈ Xs

T is
continuous. This means that the problem is locally well-posed. If T can be chosen
equal to +∞, we say that the problem is globally well-posed.

In the case where the problem is globally well-posed, it is natural to study the
behavior of the solution in +∞ : if for all u0 ∈ Hs(R3), there exists u+ ∈ Hs(R3)
such that lim

t→+∞
∥u(t)− eit∆u+∥Hs(R3) = 0, which is known as scattering. According

to [31] it is the case, for κ = 1, as soon as s > 4
5 .

• If s = 1/2 (critical case), one can prove the local existence of a unique solution
for each initial data as in the subcritical case, but the existence time of the solution
depends on u0 and not only on ∥u0∥Hs(R3). Therefore the globalization problem is
a complex problem. See [26].

• If s < 1/2 (supercritical case), according to [27], we know that there exists
a sequence of real numbers tn ∈ R which tends to 0 and a sequence of functions
un ∈ Hs(R3) such that lim

n→+∞
∥un∥Hs(R3) = 0 and lim

n→+∞
∥un(tn)∥Hs(R3) = +∞,

where un(t) denotes a solution of the equation (1.3) with initial data un. Therefore,
the flow of the equation (1.3) is not continuous in 0, which implies that the problem
is not well posed and the usual methods do not allow to study the equation in this
situation.

We assume in this section that the eigenfunctions of the harmonic oscillator are
given by the tensor eigenfunctions, i.e. for n ≥ 0, there exist (n1, n2, n3) ∈ N3 such
that for x = (x1, x2, x3) ∈ R3

(1.4) hn(x) = en1(x1)en2(x2)en3(x3),

where (−∂2xj
+ x2j )enk

= (2nk + 1)enk
and λ2n = 2(n1 + n2 + n3) + 3. Here (en)n∈N

denotes the basis of the eigenfunctions of the harmonic oscillator in dimension 1
and (µ2n)n∈N the associated eigenfunction sequence, so that we have µ2n = 2n + 1.
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Indeed, en are given by the formula

en(x) = (−1)ncn ex
2/2 d

n

dxn
(
e−x2 )

, with
1

cn
=
(
n !
) 1

2 2
n
2 π

1
4 .

Our main result then reads :
Theorem 1.2. — Let σ ∈]0, 12 [ with u0 ∈ Hσ(R3) and s ∈]12 ,

1
2 + σ[, then there

exists a set Ω′ ⊂ Ω satisfying the following conditions:

(i) P (Ω′) > 0.
(ii) For any element ω ∈ Ω′, there exists a unique global solution U to the equa-

tion (1.3) with initial data uω0 such that

U(t)− eit∆uω0 ∈ C
(
R;Hs(R3)

)
.

Moreover, for any element ω ∈ Ω′, there exist L+, L− ∈ Hs(R3) such that

(1.5)
lim

t→+∞

∥∥U(t)− eit∆
(
uω0 + L+

)∥∥
Hs(R3)

= 0,

lim
t→−∞

∥∥U(t)− eit∆
(
uω0 + L−

)∥∥
Hs(R3)

= 0,

and

(1.6)
lim

t→+∞

∥∥e−it∆U(t)− (uω0 + L+)
∥∥
Hs(R3)

= 0,

lim
t→−∞

∥∥e−it∆U(t)− (uω0 + L−)
∥∥
Hs(R3)

= 0.

Finally, when η −→ 0 we have
(1.7)
µ
(
u0 ∈ Hσ(R3) : we have global existence and scattering

∣∣ ∥u0∥Hσ(R3) ≤ η
)
−→ 1.

Notice that since e±it∆ does not act on Hσ(R3), the properties (1.5) and (1.6)
are different. It is interesting to notice that Theorem 1.2 is not a small data re-
sult in the critical H1/2(R3) space. More precisely, for 0 < σ < 1/2, let u0 ∈
Hσ(R3)\H1/2(R3). Then for ω ∈ Ω′, uω0 satisfies the conclusion of Theorem 1.2

and by Theorem 1.1 we have uω0 /∈ H1/2(R3). Similarly, for K ≥ 1 we can define

[u0]K =
∑

λn<K

cnhn ∈
⋂
s≥0

Hs(R3). Then Theorem 1.2 applies to this initial condition

and we have
∥∥[uω0 ]K∥∥H1/2(R3)

≫ 1 for K ≫ 1 (we refer to Proposition 5.4 for a pre-

cise statement). This is the counterpart with some global existence results obtained
for the Navier-Stokes equation, see [28, 29, 30].

We can obtain a more quantitative statement in the case of small initial conditions
u0 ∈ Hσ(R3). For 0 < α < 1, there exists a set Ωα ⊂ Ω′ satisfying P (Ωα) ≥ 1 − α,
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under the condition

(1.8) α = C1 exp
(
− C2

∥u0∥2Hσ(R3)

)
,

for some universal constants C1, C2 > 0.
It is likely that our approach can be extended to any dimension d ≥ 2. In this

case we also gain a half-derivative compared to the deterministic problem. We will
not give more details.

Our result can be extended to more general i.i.d. random variables (gn)n∈N.
Actually, we need the gn to be centered, that they admit moment at any order and
satisfy multilinear chaos estimates as in Proposition 7.2.

To establish our results, we use the ideas of N. Burq and N. Tzvetkov developed
in [21, 22] by randomizing the initial data. This allows us to gain derivatives in Lp

spaces, for p > 2.

The proof essentially relies on two intermediate results:

(i) The lens transformation (introduced in [56, 25] and used in [20, 68]) which
allows us to reduce to proving a local existence theorem on ] − π

4 ;
π
4 [ for the

Schrödinger equation with harmonic potential (see Section 2.1).
(ii) The existence of a bilinear estimate for the harmonic oscillator (see Section 3)

which allows to gain the half-derivative on the first order terms in u0. This
estimate is the analogue of the bilinear estimate for the usual Laplacian proved
by Bourgain in [7].

The results of Theorem 1.2 extend the results of [20, 37] obtained in space di-
mension d = 1 and d = 2. In [62] similar results where obtained in space dimension
d = 3, but the randomisation of the initial condition was different, which implied
scattering results in stronger harmonic Sobolev norms. In the papers [11, 12, 2, 24]
some scattering results are obtained using a randomisation based on the Littlewood-
Paley decomposition of the initial condition.

The existence of a bilinear estimate for the harmonic oscillator being of interest
in itself, we state it below in any dimension d ≥ 2. Let us first define the dyadic
localisation operators. Let η ∈ C∞

0 (R) such that η[0,1] = 1 and η[2,+∞[ = 0. Set

ψ(x) = η(x)− η(4x). For dyadic numbers N = 2j , we define the following sequence
of operators:

(1.9) ∆N (u) =

ψ(
H

N2
)u for N ≥ 1,

0 else.
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Notice that if λn /∈ [N2 ,
√
2N ] then ∆N (hn) = 0 and that

∑
N dyadic

∆N (u) = u.

Theorem 1.3. — Let d ≥ 2. Then for any δ ∈]0, 12 ], there exists a constant C > 0

such that for all dyadic numbers N,M ≥ 1 and u, v ∈ S ′(Rd),

(1.10)
∥∥eitH∆N (v) eitH∆M (u)

∥∥
L2([−1,1];L2(Rd))

≤

≤ Cmin(N,M)
d−2
2

(
min(N,M)

max(N,M)

)1/2−δ

∥∆N (v)∥L2(Rd)∥∆M (u)∥L2(Rd).

The first bilinear estimate has been obtained by Bourgain [7] for the Schrödinger
group on Rd. For bilinear estimates on compact manifolds and application to the
well-posedness of nonlinear Schrödinger equation, we refer to [17].

We refer to the work [59] of F. Planchon, N. Tzvetkov, and N. Visciglia for an
alternative proof of Theorem 1.3 in the case d = 2, with the improvement δ = 0.
This bilinear estimate has been used in [59] in order to obtain bounds on the growth
of norms for the nonlinear Schrödinger equation with harmonic potential.

1.3. Almost sure global existence for the nonlinear Schrödinger equation
in any dimension d ≥ 2. — We now consider the following Schrödinger equation
with polynomial nonlinearity

(1.11)

i
∂U

∂t
+∆U = κ|U |p−1U, (t, x) ∈ R× Rd

U(0, x) = u0(x),

where κ ∈ {−1, 1} and p ≥ 5 denotes an odd integer, and d ≥ 2.

We prove the following results:

Theorem 1.4. — Let u0 ∈ H
d−1
2 (Rd) then there exist s ∈]d2 −

2
p−1 ,

d
2 [ and a set of

Ω′ ⊂ Ω such that the following conditions are met:

(i) P (Ω′) > 0.
(ii) For all element ω ∈ Ω′, there is a unique global solution U to the equa-

tion (1.11) in the space eit∆uω0 +Xs with initial data uω0 .
(iii) For all element ω ∈ Ω′, there exists L+, L− ∈ Hs(Rd) such that

(1.12)
lim

t→+∞

∥∥U(t)− eit∆
(
uω0 + L+

)∥∥
Hs(Rd)

= 0,

lim
t→−∞

∥∥U(t)− eit∆
(
uω0 + L−

)∥∥
Hs(Rd)

= 0,
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and

(1.13)
lim

t→+∞

∥∥e−it∆U(t)− (uω0 + L+)
∥∥
Hs(Rd)

= 0,

lim
t→−∞

∥∥e−it∆U(t)− (uω0 + L−)
∥∥
Hs(Rd)

= 0.

Finally, when η −→ 0 we have
(1.14)
µ
(
u0 ∈ Hσ(R3) : we have global existence and scattering

∣∣ ∥u0∥Hσ(R3) ≤ η
)
−→ 1.

The proof of this result relies on the Kato smoothing effect for the linear
Schrödinger equation with harmonic potential. In dimension 1, the smoothing effect
was used in [20] in order to obtain local existence results. We observe here that
this approach can be extended in high dimension, in the case of a nonlinearity of
degree p ≥ 5 and an initial condition u0 ∈ H(d−1)/2(Rd).

We refer to [42, 50] for almost sure scattering results for NLS.

Let us state the smoothing effect for the harmonic oscillator, which has his own
interest.
Theorem 1.5. — Let ϵ ∈]0, 12 [ then there exists a constant C > 0 such that for all

u0 ∈ L2(Rd),

(1.15)
∥∥∥ 1

⟨x⟩1/2−ϵ

√
H

1/2−2ϵ
eitHu0

∥∥∥
L2([−π,π]×Rd)

≤ C∥u0∥L2(Rd),

and for all u0 ∈ H
d−1
2 (Rd),

(1.16)
∥∥∥ 1

⟨x⟩1/2−ϵ

√
−∆d/2−2ϵ

eitHu0

∥∥∥
L2([−π,π]×Rd)

≤ C∥u0∥H d−1
2 (Rd)

.

The first results on the local smoothing effect were obtained in [49, 64, 76, 33].
Here the proof follows the Doi method [43, 44]. See also [77, 78, 70] for results on
the smoothing effect for the Schrödinger equation with confining potentials.

The result of Theorem 1.5 is an extension to the well-known smoothing effect for
the linear Schrödinger group∥∥∥ 1

⟨x⟩1/2−ϵ

√
−∆1/2−2ϵ

eit∆u0

∥∥∥
L2([−π,π]×Rd)

≤ C∥u0∥L2(Rd),

and for all u0 ∈ H
d−1
2 (Rd),∥∥∥ 1

⟨x⟩1/2−ϵ

√
−∆d/2−2ϵ

eit∆u0

∥∥∥
L2([−π,π]×Rd)

≤ C∥u0∥
H

d−1
2 (Rd)

.
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1.4. Notations. — In this paper c, C > 0 denote constants the value of which
may change from line to line. These constants will always be universal, or uniformly
bounded with respect to the other parameters. We denote by H = −∆ + |x|2 the
harmonic oscillator on Rd, and for σ ∈ R we define the Sobolev space Hσ(Rd) by the

norm ∥u∥Hσ(Rd) = ∥Hσ/2u∥L2(Rd). More generally, we define the spaces Wσ,p(Rd)

by the norm ∥u∥Wσ,p(Rd) = ∥Hσ/2u∥Lp(Rd). The Fourier transform is defined by

Ff(ξ) =
∫
Rd e

−ixξf(x)dx, for f ∈ S(Rd). We denote by ⟨x⟩ =
√

1 + |x|2.

1.5. Organization of the rest of the article. — In Section 2, we present some
harmonic analysis results, including study of the lens transform, Strichartz estimates
for the Schrödinger group with harmonic potential, properties of the Bourgain space,
and Hermite functions estimates. Section 3 is devoted to the proof of the bilinear
estimates for the harmonic oscillator. Then, in Section 4, we prove the local smooth-
ing effect. In Section 5 we prove that the randomized initial data does not allow to
gain derivatives in the L2 scale and that it does not enjoy better spatial localisation
properties (Theorem 1.1). Section 6 is devoted to the fixed point argument for the
cubic NLS in dimension 3. In Section 7 we study the regularity of the randomised
initial conditions which allows to complete the proof of Theorem 1.2. In Section 8
and in Section 9, using a fixed point argument, we prove the results on the NLS in
dimension d ≥ 2.

2. Preliminary results

In this section, except in the fourth part, the dimension of space is assumed to
be any d ≥ 1.

2.1. The lens transformation. — As in [69, 20], we use the lens transform
which allows to work with the Schrödinger equation with harmonic potential. More
precisely, suppose that U(s, y) is a solution of the problem (1.1). Then the function
u(t, x) defined for |t| < π

4 and x ∈ R by

(2.1) u(t, x) = L(U)(t, x) :=
( 1

cos 2t

)d/2
U
(tan(2t)

2
,

x

cos(2t)

)
e−

i|x|2tan(2t)
2

:= Lt(U |s= tan(2t)
2

)(x)

where

(2.2) Lt(G)(x) =
( 1

cos(2t)

)d/2
G
( x

cos(2t)

)
e−

i|x|2tan(2t)
2 ,
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solves the problem

(2.3)

i∂tu−Hu = κ cos
d
2
(p−1)−2(2t)|u|p−1u, |t| < π

4
, x ∈ Rd,

u(0, ·) = U0,

where H = −∂2x + |x|2. Similarly, if U = eis∆yU0 is a solution of the linear
Schrödinger equation, then

(2.4) u = e−itHU0 = L(U)

is the solution of the linear harmonic Schrödinger equation with the same initial
data. In other words, if we denote by Ψ(s, s′) the map which sends the data at
time s′ to the solution at time s of (2.3), and by Φ(t, t′) the map which sends the
data at time t′ to the solution at time t of (1.11), the family (Lt)|t|<π

4
conjugates

the linear and the nonlinear flows: with t(s) = arctan(2s)
2 , s(t) = tan(2t)

2 ,

Lt(s) ◦ ei(s−s′)∆y = e−i(t(s)−t(s′))H ◦ Lt(s′).

and

Lt(s) ◦Ψ(s, s′) = Φ(t(s), t(s′)) ◦ Lt(s′).
By (2.4) we have

(2.5) e−itHu(t, x) =
( 1

cos(2t)

)d/2
eit∆u

(tan(2t)
2

,
x

cos(2t)

)
e−

i|x|2 tan(2t)
2

and equivalently

(2.6) eit∆u(t, x) =
( 1√

1 + 4t2

)d/2
e−itHu

(arctan(2t)
2

,
x√

1 + 4t2

)
e

i|x|2t
1+4t2 .

2.2. The Strichartz estimates for the harmonic oscillator. — In the follow-
ing, we will say that a pair (q, r) ∈ [2,+∞]2 is admissible if and only if

(q, r, d) ̸= (2,+∞, 2) and
2

q
=
d

2
− d

r
.

We define, for s ∈ R and T > 0 the Strichartz spaces for the Schrödinger equation

Xs =
⋂

(q,r) admissible

Lq(R;W s,r(Rd)),

Xs
T =

⋂
(q,r) admissible

Lq([−T, T ];W s,r(Rd)).
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Similarly, we define the Strichartz spaces for the harmonic oscillator

X
s
=

⋂
(q,r) admissible

Lq
(
[−π

4
,
π

4
];Ws,r(Rd)

)
,

X
s
T =

⋂
(q,r) admissible

Lq([−T, T ];Ws,r(Rd)).

The Strichartz estimates for the usual Schrödinger equation can be found in [67].
Let us state the Strichartz inequalities for the harmonic oscillator.
Proposition 2.1. — For any time T ≥ 0, there exists a constant CT > 0 such
that for any function u ∈ Hs(Rd) and any function F ∈ Lq′([−T, T ];Ws,r′(Rd)) with
(q, r) admissible

(2.7) ∥e−itHu∥Xs
T
≤ CT ∥u∥Hs(Rd),

(2.8)

∣∣∣∣ ∫ t

0
e−i(t−s)HF (s)ds

∣∣∣∣
X

s
T

≤ C∥F∥Lq′ ([−T,T ];Ws,r′ (Rd)).

Proof. — The Strichartz estimates follow from the study of the kernel of eitH , and
we refer to [20, Section 5] for a proof. Alternatively, let us show here how (2.7)
also follows from the Strichartz estimates for the Schrödinger flow with the free
Laplacian. By replacing u by eiTHu, we see that it is enough to prove the estimate
for some T > 0, for example for T = π

4 . Similarly, by replacing u by H
s
2u, we can

restrain the proof to the case where s = 0. Thus, if the couple (q, r) is admissible,
by (2.5) we obtain

∥e−itHu∥Lq(]−π
4
,π
4
[;Lr(Rd)) =

=
∥∥∥( 1

cos(2t)

)d/2
eit∆u

(tan(2t)
2

,
x

cos(2t)

)
e−

i|x|2 tan(2t)
2

∥∥∥
Lq(]−π

4
,π
4
[;Lr(Rd))

= ∥eit∆u∥Lq(R;Lr(Rd)).

Then, we can use the Strichartz estimates for the Laplacian to conclude.
The proof of (2.8), which relies on a duality argument, is the same as the proof of

the Strichartz estimates for the Laplacian that can be found in [67, Section 2.3].

Proposition 2.2. — If s ≥ 0 then there exists a constant C > 0 such that for
all p ∈ [1,+∞] and q ∈ [1,+∞] satisfying 2

p + d
q −

d
2 ≤ 0, we have for any u ∈

Lp([−π
4 ,

π
4 ];W

s,q(Rd)),

∥U∥Lp(R;W s,q(Rd)) ≤ C∥u∥Lp([−π
4
,π
4
];Ws,q(Rd)).
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As a consequence, let s ≥ 0 and u ∈ Xs
then U ∈ Xs and there exists a constant

C > 0 such that for all u ∈ Xs
,

∥U∥Xs ≤ C∥u∥Xs .

Proof. — By interpolation, it is sufficient to prove the result for s = n ∈ N. Let
α ∈ Nd with |α| ≤ n, then thanks to the Leibniz formula, we obtain

∂αxU(t, x) = ∂αx

(( 1√
1 + 4t2

)d/2
u
(arctan(2t)

2
,

x√
1 + 4t2

)
e

i|x|2t
1+4t2

)
=
( 1√

1 + 4t2

)d/2 ∑
0≤β≤α

(
α

β

)
∂βx

(
u
(arctan(2t)

2
,

x√
1 + 4t2

))
∂α−β
x

(
e

i|x|2t
1+4t2

)
.

Then, as ∣∣∂α−β
x (e

i|x|2t
1+4t2 )

∣∣ ≤ Cα,β

(
1 + | x√

1 + 4t2
||α−β|

)
,

we establish

|∂αxU(t, x)| ≤∑
0≤β≤α

Cα,β

( 1√
1 + 4t2

)d/2+|β|
|∂βxu|

(arctan(2t)
2

,
x√

1 + 4t2

)(
1 + | x√

1 + 4t2
||α−β|

)
.

Therefore,

∥∂αxU∥Lp(R;Lq(Rd)) ≤

≤
∑

0≤β≤α

Cα,β

∥∥∥( 1√
1 + 4t2

)d/2+d/q+|β|∥∥u(arctan(2t)
2

, x
)∥∥

W|α|,q(Rd)

∥∥∥
Lp(R)

≤
∑

0≤β≤α

Cα,β

∥∥∥( 1√
1 + tan2 2t

)d/2+d/q−2/p+|β|
u(t, x)

∥∥∥
Lp([−π

4
,π
4
];W|α|,q(Rd))

.

To conclude, it is enough to notice that d
2 + d

q −
2
p + |β| ≥ 0 for β ∈ Nd.

2.3. Some properties of Bourgain spaces. — We now define the Bourgain
spaces and recall some of their different properties.
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We define the space X
s,b

= X
s,b
(R × Rd) as the closure of C∞

0 (R × Rd) for the
norm

∥u∥2
X

s,b =
∑
n∈N
∥⟨t+ λ2n⟩bλsnP̂nu(t)∥2L2

t (R;L2
x(Rd))

=
∑
n∈N
∥Hs/2eitHPnu(t, .)∥2L2

x(Rd;Hb
t (R))

,

where P̂nu(t) denotes the Fourier transform, with respect to the time variable, of
Pnu := ⟨u, hn⟩L2(Rd)×L2(Rd)hn.

In [67, Corollary 2.10], we can find the following proposition:
Proposition 2.3. — For any real b > 1

2 , there exists a constant C > 0 such

that for any real s ∈ R and for any admissible pair (q, r), if u ∈ X
s,b

then u ∈
Lq(R;Ws,r(Rd)) and

∥u∥Lq(R;Ws,r(Rd)) ≤ C∥u∥Xs,b .

Thanks to [17, Lemma 2.4], we can establish the following proposition:
Proposition 2.4. — For any θ ∈ [0, 1], if b > 1−θ

2 then there exists a constant

C > 0 such that for any s ∈ R and any function u ∈ Xs,b
,

∥u∥
L

2
θ (R;Hs(Rd))

≤ C∥u∥
X

s,b .

Proof. — It is enough to consider the case s = 0. Using the inverse Fourier trans-
form, we have

Pnu(t) =
1

2π

∫
R
eitτ P̂nu(τ)dτ =

1

2π

∫
R

⟨τ + λ2n⟩b

⟨τ + λ2n⟩b
eitτ P̂nu(τ)dτ.

Then, for b > 1
2 , we deduce from the Cauchy-Schwarz inequality that

|Pnu(t)| ≤ C
(∫

R
⟨τ + λ2n⟩2b|P̂nu(τ)|2dτ

)1/2
.

Thus, by squaring and summing for n ∈ N, we obtain that for any b > 1
2 and function

u ∈ X0,b
,

∥u∥L∞(R;L2(Rd)) ≤ C∥u∥X0,b .

On the other hand,

∥u∥L2(R;L2(Rd)) = ∥u∥X0,0

thus the result follows by interpolation.
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Proposition 2.5. — For any constant 0 < δ < 1, there exist two constants b′ < 1
2

and C > 0 such that for any s ∈ R and any function u ∈ L1+δ(R;Hs(Rd)),

∥u∥
X

s,−b′ ≤ C∥u∥L1+δ(R;Hs(Rd)).

Proof. — From Proposition 2.4, we have by duality that for any θ ∈ [0, 1] and

b > 1−θ
2 , there exists C > 0 such that for any function u ∈ L

2
2−θ (R;L2(Rd))

∥u∥
X

0,−b ≤ C∥u∥
L

2
2−θ (R;L2(Rd))

.

Then we choose θ = 2δ
1+δ and b = 1−θ+δ

2 < 1
2 to obtain the result.

In [67, Lemma 2.11], we can obtain the following proposition:
Proposition 2.6. — If ψ ∈ C∞

0 (R) then for any b ≥ 0, there exists a constant

C > 0 such that for any s ∈ R and any function u ∈ Xs,b
,

∥ψ(t)u∥
X

s,b ≤ C∥u∥
X

s,b .

Finally, we give a last proposition whose proof can be found in [46, Lemma 3.2]
(taking b′ = 1− b and T = 1).
Proposition 2.7. — Let ψ ∈ C∞

0 (R) then for any 1 ≥ b > 1
2 , there exists a

constant C > 0 such that for any s ∈ R and any function F ∈ Xs,b−1
,∥∥∥ψ(t) ∫ t

0
e−i(t−s)HF (s)ds

∥∥∥
X

s,b ≤ C∥F∥Xs,b−1 .

From now on, we set T = π
4 , then we define the new Bourgain space which will

interest us: we define the space X
s,b
T = X

s,b
([−T ;T ]× Rd) as the subset of X

s,b
for

which the following norm

∥u∥
X

s,b
T

= inf
w∈Xs,b

{
∥w∥

X
s,b with w|[−T,T ] = u

}
is finite. Proposition 2.4 allows us to obtain the following result:

Proposition 2.8. — Let b > 1
2 and s ∈ R, then Xs,b

T ↪→ C0([−T, T ];Hs(Rd)).
And finally, thanks to Proposition 2.2 and Proposition 2.3, we obtain the following

result:
Proposition 2.9. — Let b > 1

2 , s ≥ 0 and u ∈ Xs,b
π/4 then U ∈ Xs and there exists

a constant c > 0 such that for any u ∈ Xs,b
π/4,

∥U∥Xs ≤ c∥u∥
X

s,b
π/4

.
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2.4. Basic properties of the eigenfunctions of the harmonic oscillator in
dimension d = 3. — In this fourth, we give some estimates of the tensor eigen-
functions of the harmonic oscillator.
Proposition 2.10. — For any δ > 0, there exists a constant Cδ > 0 such that for
all n,m, k ∈ N,

∥hn∥L4(R3) ≤ Cλ−1/4
n (log λn)

3,(2.9)

∥hn∥L∞(R3) ≤ Cλ−1/6
n ,(2.10)

Proof. — Denote by µn =
√
2n+ 1, so that (−∂2x + x2)en = µ2nen. In dimension 1,

the following estimates are known by the work [51], namely

∥en∥L4(R) ≤ Cµ−1/4
n logµn, ∥en∥L∞(R) ≤ Cµ−1/6

n .

Let us prove (2.9). In dimension 3, as λ2n = µ2n1
+ µ2n2

+ µ2n3
then there exists

j ∈
{
1, 2, 3

}
such that µ2nj

≥ λ2
n
3 . Thus, we obtain

∥hn∥L4(R3) = ∥en1∥L4(R)∥en2∥L4(R)∥en3∥L4(R)

≤ Cµ−1/4
n1

µ−1/4
n2

µ−1/4
n3

(logµn1)(logµn2)(logµn3)

≤ Cλ−1/4
n (log λn)

3,

because µn1 ≤ λn, µn2 ≤ λn and µn3 ≤ λn. The estimate (2.10) is obtained in a
similar manner.

Lemma 2.11. — For any s ∈ R, there exists a constant C > 0 such that for all
f, g, h ∈ Hs(R),

∥f(x1)g(x2)h(x3)∥Hs(R3) ≤
≤ C(∥f∥Hs(R)∥g∥L2(R)∥h∥L2(R) + ∥f∥L2(R)∥g∥Hs(R)∥h∥L2(R)+

+ ∥f∥L2(R)∥g∥L2(R)∥h∥Hs(R)).

Proof. — We write

f(x1) =
+∞∑
n=0

anen(x1), g(x2) =
+∞∑
m=0

bmem(x2), h(x3) =
+∞∑
k=0

ckek(x3).

Then, since the family (en(x1)em(x2)ek(x3))(n,m,k)∈N3 forms a Hilbertian basis of

L2(R3) composed of eigenfunctions for H associated to the eigenvalue µ2n+µ
2
m+µ2k,
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we obtain

∥f(x1)g(x2)h(x3)∥2Hs(R3) =
∑
n,m,k

|an|2|bm|2|ck|2(µ2n + µ2m + µ2k)
s ≤

≤ C
∑

n,m,k≥0

|an|2|bm|2|ck|2µ2sn + C
∑

n,m,k≥0

|an|2|bm|2|ck|2µ2sm+

+ C
∑

n,m,k≥0

|an|2|bm|2|ck|2µ2sk

≤ C(∥f∥2Hs(R)∥g∥
2
L2(R)∥h∥

2
L2(R) + ∥f∥

2
L2(R)∥g∥

2
Hs(R)∥h∥

2
L2(R)+

+ C∥f∥2L2(R)∥g∥
2
L2(R)∥h∥

2
Hs(R)),

which was the claim.

Proposition 2.12. — For all δ > 0 and all s ∈ [0, 1], there exists a constant C > 0
such that for all n,m, k ∈ N,

∥hnhm∥Hs(R3) ≤ Cmax(λn, λm)s−1/2+δ,(2.11)

∥hnhmhk∥Hs(R3) ≤ Cmax(λn, λm, λk)
s−1/2+δ.(2.12)

Proof. — To begin with, recall the following bilinear estimate which is proven in [20,
Lemma A.8]: for all 0 ≤ θ ≤ 1, we have

(2.13) ∥enem∥Hθ(R) ≤ Cmax(µn, µm)−1/2+θ min
(
logµn, logµm

)1/2
,

with the notation µn =
√
2n+ 1. We first prove (2.11) in the case s = 0. We can

suppose that max(λn, λm) = λn and max(µn1 , µn2 , µn3) = µn1 , then µ2n1
≥ λ2

n
3 ≥

λ2
m
3 ≥

µ2
m1
3 . Thus, thanks to (2.13), we obtain that for all δ > 0

∥hnhm∥L2(R3) = ∥en1em1∥L2(R)∥en2em2∥L2(R)∥en3em3∥L2(R)

≤ ∥en1em1∥L2(R)∥en2∥L4(R)∥em2∥L4(R)∥en3∥L4(R)∥em3∥L4(R)

≤ Cδµ
−1/2+δ
n1

≤ Cδλ
−1/2+δ
n .
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We now consider the case s = 1. Then the general case 0 ≤ s ≤ 1 will follow by
interpolation. Using Lemma 2.11, (2.9) and (2.13) with θ = 1, we obtain

∥hnhm∥H1(R3) ≤
≤ C(∥en1em1∥H1(R) + ∥en2em2∥H1(R) + ∥en3em3∥H1(R))

≤ C(max(µn1 , µm1)
1/2+δ +max(µn2 , µm2)

1/2+δ +max(µn3 , µm3)
1/2+δ)

≤ Cmax(λn, λm)1/2+δ,

which was the claim.
We turn to the proof of (2.12) with s = 0. Suppose that max(λn, λm, λk) = λn.

Then, by (2.10) and (2.11), we obtain

∥hnhmhk∥L2(R3) ≤ ∥hnhm∥L2(R3)∥hk∥L∞(R3)

≤ Cδλ
−1/2+δ
n

≤ Cδ max(λn, λm, λk)
−1/2+δ,

hence the result. Next, assume that s = 1. Thanks to the previous inequality,

∥hnhmhk∥H1(R3) ≤ ∥hnhm∥H1(R3)∥hk∥L∞(R3) + ∥hnhm∥L2(R3)∥hk∥W 1,∞(R3)

≤ Cmax(λn, λm)1/2+δλ
−1/6
k + Cmax(λn, λm)−1/2+δλ

5/6
k

≤ Cmax(λn, λm, λk)
1/2+δ.

The general case 0 ≤ s ≤ 1 follows by interpolation.

Lemma 2.13. — Let δ > 0, ℓ ≥ 4 and N ≥ 1, then there exists a constant CN > 0
such that if we assume λn1 ≥ λ1+δ

n2
and λn2 ≥ λn3 ≥ · · · ≥ λnℓ

, then

∣∣∣∣ ∫
R3

ℓ∏
j=1

hnj (x)dx

∣∣∣∣ ≤ CNλ
−N
n1

.
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Proof. — Using (2.9) and (2.10), we obtain for all k ≥ 1∣∣∣∣ ∫
R3

ℓ∏
j=1

hnj (x)dx

∣∣∣∣ ≤ λ−2k
n1
∥hn1H

k(

ℓ∏
j=2

hnj )∥L1(R3)

≤ λ−2k
n1
∥hn1∥L2(R3)∥

ℓ∏
j=2

hnj∥H2k(R3)

≤ Ckλ
−2k
n1

λ2kn2

ℓ∏
j=2

∥hnj∥L2(ℓ−1)(R3)

≤ Ck

(
λn2

λn1

)2k

≤ Ckλ
− 2kδ

1+δ
n1 ,

which was the claim.

3. The bilinear estimate for the harmonic oscillator

The aim of this section is to prove the bilinear estimate of Theorem 1.3. We
notice that the result will follow from:
Theorem 3.1. — Let d ≥ 2. For any δ ∈]0, 12 ], there exists a constant C > 0 and

ϵ > 0 such that for all dyadic numbers N,M ≥ 1 and u, v ∈ S ′(Rd),

∥eitH∆N (v) eitH∆M (u)∥L2([−ϵ,ϵ];L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

(
min(N,M)

max(N,M)

)1/2−δ

∥∆N (v)∥L2(Rd)∥∆M (u)∥L2(Rd).

Indeed, we can replace u by eiϵHu and v by eiϵHv to obtain

∥ei(t+ϵ)H∆N (v) ei(t+ϵ)H∆M (u)∥L2([−ϵ,ϵ];L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

(
min(N,M)

max(N,M)

)1/2−δ

∥∆N (v)∥L2(Rd)∥∆M (u)∥L2(Rd).

Then, we use the change of variables t←→ t+ ϵ and Theorem 3.1 to obtain that

∥eitH∆N (v) eitH∆M (u)∥L2([−ϵ,2ϵ];L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

(
min(N,M)

max(N,M)

)1/2−δ

∥∆N (v)∥L2(Rd)∥∆M (u)∥L2(Rd).
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We can thus iterate the procedure 2E(1ϵ ) times to establish Theorem 1.3 and we are
thus reduced to show Theorem 3.1.

Recall that η ∈ C∞
0 (R) is such that η[0,1] = 1 and η[2,+∞[ = 0, and was used in

the definition (1.9) of ∆N . Let r ≪ 1 and ϕ ∈ C∞
0 (R) satisfy

ϕ(x) =

{
1 for x ∈ [1/4; 2],

0 for x ∈ [0, 1/4− r] ∪ [2 + r,+∞[,

and set ∆′
N = ϕ( H

N2 ). Then using that ϕ(x)(η(x) − η(4x)) = η(x) − η(4x) for all
x ∈ R, we notice that for all N ≥ 1

(3.1) ∆′
N ◦∆N = ∆N .

Let us then observe that to prove Theorem 3.1, it is sufficient to show

(3.2) ∥eitH∆′
N (v) eitH∆′

M (u)∥L2([−ϵ,ϵ];L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

(
min(N,M)

max(N,M)

)1/2−δ

∥v∥L2(Rd)∥u∥L2(Rd).

Indeed, if the previous inequality is satisfied, we can apply it to v replaced by ∆N (v)
and u replaced by ∆M (u) then we can use (3.1) to obtain Theorem 3.1.

• Case M ∼ N with M ≥ N . For d = 2, we can use the Strichartz inequalities
(Proposition 2.1) to obtain that

∥eitH∆′
N (v) eitH∆′

M (u)∥L2([−ϵ,ϵ];L2(Rd)) ≤

≤ ∥eitH∆′
N (v)∥L4([−ϵ,ϵ];L4(Rd))∥eitH∆′

N (v)∥L4([−ϵ,ϵ];L4(Rd))

≤ ∥eitH∆′
N (v)∥L4([−π,π];L4(Rd))∥eitH∆′

N (v)∥L4([−π,π];L4(Rd))

≤ C∥∆′
N (v)∥L2(Rd)∥∆′

N (v)∥L2(Rd)

≤ C∥v∥L2(Rd)∥u∥L2(Rd).
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For d ≥ 3, using again Proposition 2.1 and the Sobolev embeddings, we establish
that

∥eitH∆′
N (v) eitH∆′

M (u)∥L2([−ϵ,ϵ];L2(Rd)) ≤

≤ ∥eitH∆′
N (v)∥L∞([−ϵ,ϵ];Ld(Rd))∥eitH∆′

N (v)∥
L2([−ϵ,ϵ];L

2d
d−2 (Rd))

≤ ∥eitH∆′
N (v)∥

L∞([−π,π];W
d−2
2 ,2(Rd))

∥eitH∆′
N (v)∥

L2([−π,π];L
2d
d−2 (Rd))

≤ C∥∆′
N (v)∥

H
d−2
2 (Rd)

∥∆′
N (v)∥L2(Rd)

≤ CN
d−2
2 ∥v∥L2(Rd)∥u∥L2(Rd).

Therefore (3.2) is proved in the case M ∼ N .

• Case M ≥ 10N . We now have to prove that

(3.3) ∥eitHvN eitHuM∥L2([−ϵ,ϵ];L2(Rd)) ≤ CN
d−2
2

(
N

M

)1/2−δ

∥v∥L2(Rd)∥u∥L2(Rd).

We can write

uM = χ
(4|x|2
M2

)
uM + (1− χ)

(4|x|2
M2

)
uM

with χ ∈ C∞
0 (R), 0 ≤ χ ≤ 1, satisfying

χ(x) =

{
1 if |x| ≤ 15/32,

0 if |x| ≥ 1/2.

By the triangle inequality, we have to estimate the following two terms:

(3.4)
∥∥(eitHχ(4|x|2

M2

)
uM

)(
eitHvN

)∥∥
L2([−ϵ,ϵ];L2(Rd))

and

(3.5)
∥∥(eitH(1− χ)

(4|x|2
M2

)
uM

)(
eitHvN

)∥∥
L2([−ϵ,ϵ];L2(Rd))

.

3.1. Estimate of the term (3.4). — We have the following result.
Proposition 3.2. — For all δ > 0, there exists a constant Cδ > 0 such that for all

u ∈ H−1/2+δ(Rd) and v ∈ H
d−1
2

−δ(Rd),

∥eitHu eitHv∥L2([−π
8
,π
8
];L2(Rd)) ≤ Cδ∥u∥H−1/2+δ(Rd)∥v∥H d−1

2 −δ(Rd)
.



22 NICOLAS BURQ, AURÉLIEN POIRET & LAURENT THOMANN

Proof. — From [65, Theorem 2.4] (coming from [7]) we have that for all δ > 0, there

exists a constant Cδ > 0 such that for all u ∈ H−1/2+δ(Rd) and v ∈ H
d−1
2

−δ(Rd),

∥eit∆u eit∆v∥L2(R;L2(Rd)) ≤ Cδ∥u∥H−1/2+δ(Rd)∥v∥H d−1
2 −δ(Rd)

.

Using the lens transformation (see Section 2.1) and the previous inequality, we obtain
that

∥eitHu eitHv∥2L2([−π
8
,π
8
];L2(Rd)) =

= ∥e−itHu e−itHv∥2L2([−π
8
,π
8
];L2(Rd))

=

∫
]−π

8
,π
8
[

∫
Rd

1

| cos(2t)|2d
|eit∆u eit∆v|2

(
tan(2t)

2
,

x

cos(2t)

)
dxdt

=

∫
]−π

8
,π
8
[

∫
Rd

1

| cos(2t)|d
|eit∆u eit∆v|2

(
tan(2t)

2
, x

)
dxdt

=

∫ 1/2

−1/2

∫
Rd

(1 + (2t)2)d/2−1|eit∆u eit∆v|2(t, x)dxdt

≤ C
∫
R

∫
Rd

|eit∆u eit∆v|2(t, x)dxdt

≤ C∥u∥2
H−1/2+δ(Rd)

∥v∥2
H

d−1
2 −δ(Rd)

≤ C∥u∥2
H−1/2+δ(Rd)

∥v∥2
H

d−1
2 −δ(Rd)

,

where in the last inequality we used (1.2).

We will show that for all δ ∈]0, 12 ], there exists a constant Cδ > 0 such that for

all dyadic N,M ≥ 1, and u, v ∈ L2(Rd), if M ≥ N then

∥∥(eitHvN)(eitHχ(4|x|2
M2

)
uM
)∥∥

L2([−π
8
,π
8
];L2(Rd))

≤

≤ CδN
d−2
2

(
N

M

)1/2−δ

∥u∥L2(Rd)∥v∥L2(Rd).

To do this, using Proposition 3.2, it suffices to prove that for any δ ∈]0, 12 ], there
exists a constant Cδ > 0 such that for all dyadic M ≥ 1 and u ∈ L2(Rd)

∥χ
(4|x|2
M2

)
uM∥H−1/2+δ(Rd) ≤ CδM

−1/2+δ∥u∥L2(Rd).
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We have

∥χ
(4|x|2
M2

)
uM∥L2(Rd) ≤ ∥uM∥L2(Rd) ≤ C∥u∥L2(Rd).

Thus, by interpolation, it is sufficient to show that there exists a constant C > 0
such that for all dyadic M ≥ 1 and u ∈ L2(Rd),

(3.6) ∥χ
(4|x|2
M2

)
uM∥H−1(Rd) ≤ CM−1∥u∥L2(Rd).

We then use the semi-classical calculus. For a function u, we define u : x 7−→ u( x√
h
)

where h = 1
M2 .

Observe that

(3.7) χ
(4|x|2
M2

)[ H
M2

]
(u)(x) = [χ(4|x|2)(−h2∆+ |x|2)](u)(

√
hx)

and that

(3.8) χ
(4|x|2
M2

)[
ϕ
( H
M2

)]
(u)(x) = [χ(4|x|2)ϕ(−h2∆+ |x|2)](u)(

√
hx).

Thus, to prove (3.6), it is sufficient to show that there exists a constant C > 0 such
that for all h ∈]0, 1] and u ∈ L2(Rd),

(3.9) ∥χ(4|x|2)ϕ(|x|2 + |h∇|2)u∥H−1(Rd) ≤ Ch∥u∥L2(Rd).

Indeed,

∥χ
(4|x|2
M2

)
uM∥H−1(Rd) ≤

∥∥[χ(4|x|2)ϕ(−h2∆+ |x|2)](u)(
√
h.)
∥∥
H−1(Rd)

≤ h−
1
2
− d

4 ∥[χ(4|x|2)ϕ(−h2∆+ |x|2)](u)∥H−1(Rd)

≤ Ch
1
2
− d

4 ∥u∥L2(Rd)

≤ Ch1/2∥u∥L2(Rd)

≤ CM−1∥u∥L2(Rd).

Let us then prove (3.9). Thanks to Proposition A.5, we have

∥χ(4|x|2)ϕ
(
|x|2 + |h∇|2

)
u∥H−1(Rd) ≤

≤ ∥χ(4|x|2)
[
ϕ(|x|2 + |h∇|2)−Oph(ϕ(|x|2 + |ξ|2))χ2

]
u∥H−1(Rd)+

+ ∥χ(4|x|2)Oph(ϕ(|x|2 + |ξ|2))χ2u∥H−1(Rd)

≤ h∥u∥L2(Rd) + ∥χ(4|x|2)Oph(ϕ(|x|2 + |ξ|2))χ2u∥H−1(Rd).
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Thus, it is sufficient to evaluate ∥χ(4|x|2)Oph(ϕ(|x|2 + |ξ|2))χ2u∥H−1(Rd). We have

χ(4|x|2)Oph
(
ϕ(|x|2 + |ξ|2)

)
χ2u =

=
χ(4|x|2)
(2π)d

∫
Rd

eix·ξϕ(|x|2 + (hξ)2)F(χ2u)(ξ)dξ

=
h

(2π)d

∫
Rd

(hξ) · ∇(eix·ξ)χ(4|x|
2)

i|hξ|2
ϕ(|x|2 + (hξ)2)F(χ2u)(ξ)dξ

=
h

(2π)d

(∫
Rd

(hξ) · ∇
(
eix·ξ

χ(4|x|2)
i|hξ|2

ϕ(|x|2 + |hξ|2)F(χ2u)(ξ)
)
dξ

−
∫
Rd

eix·ξ(hξ) · ∇
(χ(4|x|2)
i|hξ|2

ϕ(|x|2 + |hξ|2)
)
F(χ2u)(ξ)dξ

)
=

h

(2π)d

(
divx

(∫
Rd

(hξ)eix·ξ
χ(4|x|2)
i|hξ|2

ϕ(|x|2 + |hξ|2)F(χ2u)(ξ)dξ
)

−
∫
Rd

eix·ξ(hξ) · ∇
(χ(4|x|2)
i|hξ|2

ϕ(|x|2 + |hξ|2)
)
F(χ2u)(ξ)dξ

)
.

Then, since 4|x|2 ≤ 1
2 and 1

4

− ≤ |x|2 + |ξ|2 ≤ 2+ implies 1
8

− ≤ |ξ|2, we deduce that

(x, ξ) −→ ξ
χ(4|x|2)
|ξ|2

ϕ(|x|2 + |ξ|2) ∈ S0

and

(x, ξ) −→ ξ · ∇
(χ(4|x|2)
|ξ|2

ϕ(|x|2 + |ξ|2)
)
∈ S0.

Thus, by Theorem A.2, we have

∥∥∥ h

(2π)d
divx

(∫
Rd

(hξ)eix·ξ
χ(4|x|2)
i(hξ)2

ϕ(|x|2 + (hξ)2)F(χ2u)(ξ)dξ
)∥∥∥

H−1(Rd)
≤

≤ h

(2π)d

∥∥∥∫
Rd

(hξ)eix·ξ
χ(4|x|2)
i(hξ)2

ϕ(|x|2 + (hξ)2)F(χ2u)(ξ)dξ
∥∥∥
L2(Rd)

≤ Ch∥χ2u∥L2(Rd)

≤ Ch∥u∥L2(Rd)
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and∥∥∥ h

(2π)d

∫
Rd

eix·ξ(hξ) · ∇
(
χ(4|x|2)
i(hξ)2

ϕ(|x|2 + (hξ)2)

)
F(χ2u)(ξ)dξ

∥∥∥
H−1(Rd)

≤

≤
∥∥∥ h

(2π)d

∫
Rd

eix·ξ(hξ) · ∇
(
χ(4|x|2)
i(hξ)2

ϕ(|x|2 + (hξ)2)

)
F(χ2u)(ξ)dξ

∥∥∥
L2(Rd)

≤ Ch∥χ2u∥L2(Rd)

≤ Ch∥u∥L2(Rd).

This proves (3.9) and the estimate (3.4) follows.

3.2. Estimate of the term (3.5). —
Proposition 3.3. — There exists a time T ∈]0, π4 [ such that for all K ≥ 0, there

exists a constant CK > 0 such that for all M ≥ 1 and u ∈ L2(Rd),∥∥∥χ(8|x|2
M2

)
eitH(1− χ)

(4|x|2
M2

)
uM

∥∥∥
L2([−T,T ];L2(Rd))

≤ CKM
−K∥u∥L2(Rd).

Let us show that Proposition 3.3 implies the bound (3.5). From the Sobolev
embedding

∥u∥L∞([a,b];L∞(Rd)) ≤ C∥u∥L∞([a,b];H
d
2+1(Rd))

and Proposition 3.3, we deduce for M ≥ 10N that∥∥∥χ(8|x|2
M2

)(
eitH(1− χ)

(4|x|2
M2

)
uM

) (
eitHvN

)∥∥∥
L2([−T,T ];L2(Rd))

≤

≤ ∥χ
(
8|x|2

M2

)
eitH(1− χ)

(
4|x|2

M2

)
uM∥L2([−T,T ];L2(Rd))∥eitHvN∥L∞([−T,T ];L∞(Rd))

≤ C∥χ
(
8|x|2

M2

)
eitH(1− χ)

(
4|x|2

M2

)
uM∥L2([−T,T ];L2(Rd))∥vN∥H d

2+1(Rd)

≤ CKM
−KN

d
2
+1∥u∥L2(Rd)∥v∥L2(Rd)

≤ CKM
−K+ d

2
+1∥u∥L2(Rd)∥v∥L2(Rd).

And so, it is enough to estimate, for M ≥ 10N , the following term:∥∥∥((1− χ)(8|x|2
M2

))(
eitH(1− χ)

(4|x|2
M2

)
uM

)(
eitHvN

)∥∥∥
L2([−T,T ];L2(Rd))

.
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Thanks to Proposition 2.1, we obtain that for all R ≥ 1,∥∥∥(eitHvN)(1− χ)(8|x|2

M2

)(
eitH(1− χ)

(4|x|2
M2

)
uM

)∥∥∥
L2([−T,T ];L2(Rd))

=

=
∥∥∥⟨x⟩R(eitHvN)⟨x⟩−R(1− χ)

(
8|x|2

M2

)(
eitH(1− χ)

(4|x|2
M2

)
uM

)∥∥∥
L2([−T,T ];L2(Rd))

≤M−R
∥∥∥⟨x⟩R(eitHvN)(1− χ)(8|x|2

M2

)(
eitH(1− χ)

(4|x|2
M2

)
uM

)∥∥∥
L2([−T,T ];L2(Rd))

≤M−R
∥∥∥(1− χ)(8|x|2

M2

)
⟨x⟩R

(
eitHvN

)∥∥∥
L4([−T,T ];L4(Rd))

·
∥∥∥eitH(1− χ)

(
4|x|2

M2

)
uM

∥∥∥
L4([−T,T ];L4(Rd))

≤M−R
∥∥∥(1− χ)(8|x|2

M2

)
⟨x⟩R

(
eitHvN

)∥∥∥
L4([−T,T ];L4(Rd))

·
∥∥∥eitH(1− χ)

(
4|x|2

M2

)
uM

∥∥∥
L4([−T,T ];W

d−2
4 , 2d

d−1 (Rd))

≤M−R
∥∥∥⟨x⟩R(1− χ)(8|x|2

M2

)(
eitHvN

)∥∥∥
L∞([−T,T ];L4(Rd))

M
d−2
4 ∥uM∥L2(Rd).

Then, since

Supp

{
(1− χ)

(
8|x|2

M2

)}
⊂
{
|x|2 ≥ M2

8

15

16

}
⊂
{
|x|2 ≥ 5N2

}
from Proposition A.4, we deduce∥∥∥(1− χ)(8|x|2

M2

)
⟨x⟩ReitHvN

∥∥∥
L4([−T,T ];L4(Rd))

≤ C∥v∥L2(Rd).

Proof of Proposition 3.3. — Using semi-classical analysis as in (3.8), it suffices to
prove the existence of a time T ∈]0, π4 [ such that for all N ≥ 1, there exists a constant

CN > 0 such that for all u ∈ L2(Rd) and h ∈]0, 1],∥∥χ(8|x|2)eitHh/h(1− χ)(4|x|2)ϕ(|x|2 + |h∇|2)u
∥∥
L2([−T,T ];L2(Rd))

≤ CNh
N∥u∥L2(Rd).

Using Proposition A.5, it is sufficient to establish the following result: for any func-
tion g(x, ξ) ∈ C∞

0 (Rd×Rd) satisfying Supp(g) ⊂ {18 ≤ |ξ|
2+ |x|2 ≤ 4} and all integer

N ≥ 1, there exists a constant CN > 0 such that for all u ∈ L2(Rd) and h ∈]0, 1],∥∥χ(8|x|2)eitHh/h(1− χ)(4|x|2)Oph(g)u
∥∥
L2([−T,T ];L2(Rd))

≤ CNh
N∥u∥L2(Rd).



BILINEAR STRICHARTZ ESTIMATES AND A.S. GLOBAL SOLUTIONS FOR NLS 27

Indeed, by Proposition A.5,∥∥χ(8|x|2)eitHh/h(1− χ)(4|x|2)ϕ(|x|2 + |h∇|2)u
∥∥
L2([−T,T ];L2(Rd))

≤

≤
∥∥χ(8|x|2)eitHh/h(1− χ)(4|x|2)[ϕ(|x|2 + |h∇|2)u−

N−1∑
j=0

hjOph(Ψj)u]
∥∥
L2([−T,T ];L2(Rd))

+
N−1∑
j=0

hj
∥∥χ(8|x|2)eitHh/h(1− χ)(4|x|2)Oph(Ψj(x, ξ))u

∥∥
L2([−T,T ];L2(Rd))

≤ CNh
N∥u∥L2(Rd) +

N−1∑
j=0

hj
∥∥χ(8|x|2)eitHh/h(1− χ)(4|x|2)Oph(Ψj)u

∥∥
L2([−T,T ];L2(Rd))

≤ CNh
N∥u∥L2(Rd).

Lemma 3.4. — There exists a time T ∈]0, π4 [ such that if g ∈ C∞
0 (Rd × Rd)

satisfying Supp(g) ⊂ {18 ≤ |ξ|
2 + |x|2 ≤ 4} then for any integer K ≥ 1, there exists

a constant CK > 0 such that for all u ∈ L2(Rd) and h ∈]0, 1],∥∥χ(8|x|2)eitHh/h(1− χ)(4|x|2)Oph(g)u
∥∥
L2([−T,T ];L2(Rd))

≤ CKh
K∥u∥L2(Rd).

Proof. — We define

w(s, x) =

∫
Rd

e
i
h
Φ(s,x,ξ)a(s, x, ξ, h)û(

ξ

h
)

dξ

(2πh)d

where

a(s, x, ξ, h) =
K∑
j=0

hjaj(s, x, ξ).

Assume that {
Φ(0, x, ξ) = x · ξ,
∂sΦ− |∇Φ|2 − |x|2 = 0,{

a0(0, x, ξ) = (1− χ)(4|x|2)g(x, ξ),
∂sa0 − 2∇a0 · ∇Φ− a0∆Φ = 0,

and for 1 ≤ j ≤ K {
aj(0, x, ξ) = 0,

∂saj − 2∇aj · ∇Φ− aj∆Φ = −i∆aj−1.
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Then

ih∂sw + (−h2∆+ |x|2)w = −hK+2

∫
Rd

e
i
h
Φ(s,x,ξ)∆(aK(s, x, ξ))û(

ξ

h
)

dξ

(2πh)d

:= hK+2f.

Since w0 = (1− χ)(4|x|2)Oph(g(x, ξ))u, hence

w = eitHh/h(1− χ)(4|x|2)Oph(g(x, ξ))u− ihK+1

∫ t

0
ei(t−s)Hh/hf(s)ds,

which in turn implies

χ(8|x|2)eitHh/h(1− χ)(4|x|2)Oph(g(x, ξ))u =

= χ(8|x|2)w(t, x)− ihK+1χ(8|x|2)
∫ t

0
ei(t−s)Hh/hf(s)ds.

Let us notice that if Ψ is a solution of the equation ∂tΨ + |∇Ψ|2 = 0 with initial

data Ψ(0, x, ξ) = x · ξ then Φ(t, x, ξ) = Ψ(− tan 2t
2 , x

cos 2t , ξ) +
|x|2 tan 2t

2 is a solution of

the equation ∂tΦ− |∇Φ|2 − |x|2 = 0 with the same initial data.
By the method of characteristics, we obtain

Ψ(t, x, ξ) = −t|ξ|2 + x · ξ,

then we deduce that

Φ(t, x, ξ) =
tan(2t)

2
(|ξ|2 + |x|2) + x · ξ

cos(2t)
.

Hence

∇Φ =
ξ

cos(2t)
+ x tan(2t) and ∆Φ = d tan(2t).

Using the method of characteristics, we obtain

(3.10) a0
(
t, x− 2

∫ t

0
∇Φ, ξ

)
=
a0(0, x, ξ)

| cos 2t|
d
2

,

and

(3.11) aj
(
t, x− 2

∫ t

0
∇Φ, ξ

)
= −i

∫ t

0

∣∣∣∣cos(2s)cos(2t)

∣∣∣∣ d2∆aj−1

(
s, x− 2

∫ s

0
∇Φ, ξ

)
ds.

Now, for any ξ ∈ Rd and |x| ≤ 1
2 ,

a0(0, x, ξ) = 0.
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As a consequence, for all ξ ∈ Rd, t ∈]− π
4 ,

π
4 [, |x| ≤

√
15

8
√
2
and j ∈ N

aj
(
t, x− 2

∫ t

0
∇Φ, ξ

)
= 0.

We have
∫ t
0 ∇Φ = ξF (t)− x log cos(2t)

2 with F a continuous function satisfying F (0) =
0. Thus, for all ϵ > 0, there exists a time T ∈]0, π4 ] such that if |t| ≤ T then |F (t)| ≤ ϵ
and | log cos 2t| ≤ ϵ.

Observe that

y = x− 2

∫ t

0
∇Φ = x(1 + log cos 2t)− 2ξF (t)

can be solved by

x =
y + 2ξF (t)

1 + log cos 2t
.

So if |y| ≤ 1
4 , |ξ|

2 ≤ 4 and |t| ≤ T then |x| ≤ 1/4+4ϵ
1−ϵ ≤

√
15

8
√
2
, if ϵ < 1 is small enough.

This implies that for any j ∈ N and |t| ≤ T

Supp(aj(t)) ⊂ Bx

(
0,

1

4

)c ×Bξ (0, 2) .

Therefore, if |t| ≤ T , since Supp(χ(8|x|2)) ⊂ Bx(0,
1
4), we deduce that

χ(8|x|2)eitHh/h(1− χ)(4|x|2)Oph(g(x, ξ))u = −ihK+1χ(8|x|2)
∫ t

0
ei(t−s)Hh/hf(s)ds.

Then, by Theorem 2.1, we obtain

∥χ(8|x|2)eitHh/h(1− χ)(4|x|2)Oph(g(x, ξ))u∥L2([−T,T ];L2(Rd)) ≤

≤ hK+1
∥∥∥χ(8|x|2) ∫ t

0
ei(t−s)Hh/hf(s)ds

∥∥∥
L2([−T,T ];L2(Rd))

≤ hK+1∥f∥L1([−T,T ];L2(Rd))

≤ hK+1∥∆aK∥L1
t ([−T,T ];L2

x(Rd;L2
ξ(Rd)))∥u∥L2(Rd).

The lemma is therefore proved if ∆aK ∈ L1
t

(
[−T, T ];L2

x(Rd;L2
ξ(Rd))

)
.

We prove by induction on K ∈ N, that for all α ∈ Nd,

∂αx aK ∈ L1
t

(
[−T, T ];L2

x(Rd;L2
ξ(Rd))

)
.

For K = 0, using (3.10), we see by change of variables that

∂αx a0 ∈ L1
t

(
[−T, T ];L2

x(Rd;L2
ξ(Rd))

)
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if ∂αx a0(0) ∈ L2
x(Rd, L2

ξ(Rd)). But a0(0) ∈ C∞(Rd×Rd) with Supp(a0(0)) ⊂
{
(x, ξ) :

|x|2 ≤ 1, |ξ|2 ≤ 4
}
and the case K = 0 is obvious.

Let us assume the result established at rank K − 1 and show it at rank K.
Using (3.11), we note that ∂αx aK ∈ L1

t

(
[−T, T ];L2

x(Rd;L2
ξ(Rd))

)
if ∂α+2

x aK−1 ∈
L1
t

(
[−T, T ];L2

x(Rd;L2
ξ(Rd))

)
. This last statement being clear by induction hypoth-

esis.

3.3. Bilinear estimates and Bourgain spaces. — The aim of this section is to
write the bilinear estimate of Theorem 1.3 in Bourgain spaces. More precisely, we
establish the following result:
Proposition 3.5. — Let ψ ∈ C∞

0 (R). There exists δ0 ∈]0, 12 ] such that for all

δ ∈]0, δ0], there exist b′ < 1
2 and a constant C > 0 such that for all dyadic numbers

N,M ≥ 1 and u0, u, v ∈ S ′(Rd),

(3.12) ∥∆N (v)∆M (u)∥L2(R;L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

+δ

(
min(N,M)

max(N,M)

)1/2−δ

∥∆N (v)∥
X

0,b′∥∆M (u)∥
X

0,b′ .

and

(3.13) ∥∆N

(
ψ(t)e−itHu0

)
∆M (u)∥L2(R;L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

+δ

(
min(N,M)

max(N,M)

)1/2−δ

∥∆N (u0)∥L2(Rd)∥∆M (u)∥
X

0,b′ .

To prove these results, we adapt the proof of [18, Lemma 4.4]. Let us begin by
noting that it is sufficient to prove the following two propositions:
Proposition 3.6. — For all b ∈]12 , 1] and δ ∈]0,

1
2 ], there exists a constant C > 0

such that for all dyadic numbers N,M ≥ 1 and u, v ∈ S ′(Rd),

∥∆N (v)∆M (u)∥L2(R;L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

(
min(N,M)

max(N,M)

)1/2−δ

∥∆N (v)∥
X

0,b∥∆M (u)∥
X

0,b .

Proposition 3.7. — Let ψ ∈ C∞
0 (R) then for all b ∈]12 , 1] and δ ∈]0,

1
2 ], there exists

a constant C > 0 such that for all dyadic numbers N,M ≥ 1 and u0, v ∈ S ′(Rd)

∥∆N

(
ψ(t)e−itHu0

)
∆M (u)∥L2(R;L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

(
min(N,M)

max(N,M)

)1/2−δ

∥∆N (u0)∥L2(Rd)∥∆M (u)∥
X

0,b .
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Indeed, for any ϵ > 0, according to Proposition 2.4 (with θ = 1
2), we obtain

∥∆N (v)∆M (u)∥L2(R;L2(Rd)) ≤ ∥∆N (v)∥L4(R;L2(Rd))∥∆M (u)∥L4(R;L∞(Rd))

≤ C∥∆N (v)∥
X

0,1/4+ϵ∥∆M (u)∥
X

d/2+ϵ,1/4+ϵ ,

∥∆N

(
ψ(t)eitHu0

)
∆M (u)∥L2(R;L2(Rd)) ≤

≤ ∥∆N

(
ψ(t)eitHu0

)
∥L4(R;L∞(Rd))∥∆M (u)∥L4(R;L2(Rd))

≤ C∥∆N (u0)∥Hd/2−1/2+ϵ(Rd)∥∆M (u)∥
X

0,1/4+ϵ

≤ C∥∆N (u0)∥Hd/2+ϵ(Rd)∥∆M (u)∥
X

0,1/4+ϵ ,

and

∥∆N

(
ψ(t)eitHu0

)
∆M (u)∥L2(R;L2(Rd)) ≤

∥∆N

(
ψ(t)eitHu0

)
∥L4(R;L2(Rd))∥∆M (u)∥L4(R;L∞(Rd))

≤ C∥∆N

(
ψ(t)eitHu0

)
∥L∞(R;L2(Rd))∥∆M (u)∥

X
d/2+ϵ,1/4+ϵ

≤ C∥∆N (u0)∥L2(Rd)∥∆M (u)∥
X

d/2+ϵ,1/4+ϵ .

Therefore, by interpolation, for all θ ∈ [0, 1], we obtain

∥∆N (v)∆M (u)∥L2(R;L2(Rd)) ≤

≤ Cmin(M,N)
d−2
2

+θ(1+ϵ)

(
min(M,N)

max(M,N)

)(1/2−δ)(1−θ)

· ∥∆N (v)∥
X

0,b(1−θ)+θ(1/4+ϵ)∥∆M (u)∥
X

0,b(1−θ)+θ(1/4+ϵ)

and

∥∆N

(
ψ(t)eitHu0

)
∆M (u)∥L2(R;L2(Rd)) ≤

≤ Cmin(M,N)
d−2
2

+θ(1+ϵ)

(
min(M,N)

max(M,N)

)(1/2−δ)(1−θ)

· ∥∆N (u0)∥L2(Rd)∥∆M (u)∥
X

0,b(1−θ)+θ(1/4+ϵ) .

Choose δ = ϵ
2 and θ = ϵ

4 then

b(1− θ) + θ(
1

4
+ ϵ) = b− bϵ

4
+
ϵ

4
(
1

4
+ ϵ)

≤ b− ϵ

8
+

ϵ

16
+
ϵ2

4
≤ b− ϵ

17
.
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It is then enough to take b = 1
2 +

ϵ
34 and to set b′ = b(1− θ)+ θ(14 + ϵ) <

1
2 to obtain

∥∆N (v)∆M (u)∥L2(R;L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

+ϵ

(
min(M,N)

max(N,M)

)(1/2−δ)(1−θ)

∥∆N (v)∥
X

0,b′∥∆M (u)∥
X

0,b′

and

∥∆N

(
ψ(t)e−itHu0

)
∆M (u)∥L2(R;L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

+ϵ

(
min(M,N)

max(M,N)

)(1/2−δ)(1−θ)

∥∆N (u0)∥L2(Rd)∥∆M (u)∥
X

0,b′ .

To conclude, it is sufficient to note that(
1

2
− δ
)
(1− θ) = 1

2
− 5ϵ

8
+
ϵ2

8
≥ 1

2
− ϵ

and the inequalities (3.12) and (3.13) follow with δ0 = ϵ.
Then, as for [18, Lemma 4.4], to prove Proposition 3.6, it is sufficient to establish

the following proposition:
Proposition 3.8. — For all b ∈]12 , 1] and δ ∈]0,

1
2 ], there exists a constant C > 0

such that for all dyadic numbers N,M ≥ 1 and u, v ∈ S ′(Rd)

∥∆N (v)∆M (u)∥L2([0,1];L2(Rd)) ≤

≤ Cmin(N,M)
d−2
2

(
min(N,M)

max(N,M)

)1/2−δ

∥∆N (v)∥
X

0,b∥∆M (u)∥
X

0,b .

Finally, to obtain Proposition 3.7 and Proposition 3.8, it is enough to use [17,
Lemma 2.1] and Theorem 1.3.

4. The smoothing effect for the harmonic oscillator

4.1. Some preliminary results. — We start by establishing two preliminary
lemmas.
Lemma 4.1. — Let s1 and s2 be two real numbers.

(i) If max(s2, s1 + s2) ≤ 1 then there exists a constant C > 0 such that for all
u ∈ L2(Rd),

∥ [
√
H

s1+s2
, ⟨x⟩−s1 ]u∥L2(Rd) ≤ C∥u∥L2(Rd),

(ii) If s2 ≥ −1 then there exists a constant C > 0 such that for all u ∈ Hs1−1(Rd),

∥ [
√
−∆s1

, ⟨x⟩−s2 ]u∥L2(Rd) ≤ C∥u∥Hs1−1(Rd),
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(iii) If s2 ≤ 1 then there exists a constant C > 0 such that for all u ∈ Hs1−s2(Rd),

∥ [
√
H

s1
, ⟨x⟩−s2 ]u∥L2(Rd) ≤ C∥u∥Hs1−s2 (Rd).

Proof. — To evaluate the regularity of the previous commutators, we use the Wey-

Hörmander pseudo-differential calculus associated with the metric dx2

1+|x|2 + dξ2

1+|ξ|2 .

The class of symbols S(µ,m) associated to the previous metric is the space of

regular functions on Rd × Rd which satisfy |∂αx ∂
β
ξ a(x, ξ)| ≤ Cα,β⟨x⟩µ−α⟨ξ⟩m−β.

Thus, we have (see [48, Section 18.5], [63] or [4]) that if a1 ∈ S(µ1,m1) and a2 ∈
S(µ2,m2) then the commutator [Op(a1), Op(a2)] is a pseudo-differential operator
with a symbol in the class S(µ1 + µ2 − 1,m2 +m2 − 1).

Here we will use that a(x, ξ) = (|x|2 + |ξ|2)α/2 ∈ S(α, α).
(i) As a consequence, if max(s2, s1 + s2) ≤ 1

[
√
H

s1+s2
, ⟨x⟩−s1 ] ∈ S(s2 − 1, s1 + s2 − 1) ⊂ S(0, s1 + s2 − 1).

Moreover, as recalled in [53], if q ∈ S(0, µ) then for any s ∈ R, there exists a constant
C > 0 such that

∥Op(q)u∥Hs−µ(Rd) ≤ C∥u∥Hs(Rd).

Thus, we can take s = µ = s1 + s2 − 1 to obtain that

∥[
√
H

s1+s2
, ⟨x⟩−s1 ]u∥L2(Rd) ≤ C∥u∥Hs1+s2−1(Rd) ≤ ∥u∥L2(Rd).

(ii) Similarly

[
√
−∆s1

, ⟨x⟩−s2 ] ∈ S(−s2 − 1, s1 − 1) ⊂ S(0, s1 − 1),

and we can conclude as previously.

(iii) We have

[
√
H

s1
, ⟨x⟩−s2 ]

√
H

s2−s1 ∈ S(−1, s2 − 1) ⊂ S(0, s2 − 1).

Then

∥[
√
H

s1
, ⟨x⟩−s2 ]

√
H

s2−s1
u∥L2(Rd) ≤ C∥u∥L2(Rd),

and it is enough to replace u by
√
H

s1−s2
u to obtain the desired result.

Lemma 4.2. — Let a ∈ S(2ϵ, 0). Then for all u ∈ H1/2+ϵ(Rd),∣∣∣∣ ∫
Rd

a(x) · ∇u(x)u(x)dx
∣∣∣∣ ≤ C∥u∥2H1/2+ϵ(Rd)

.
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Proof. — By duality, we have

(4.1)

∣∣∣∣ ∫
Rd

a(x) · ∇u(x)u(x)dx
∣∣∣∣ ≤ ∥au∥H1/2−ϵ(Rd)∥∇u∥H−1/2+ϵ(Rd).

We use again the Weyl-Hörmander pseudo-differential calculus introduced in
the proof of Lemma 4.1. Since a ∈ S(2ϵ, 0), we deduce that ∥au∥H1/2−ϵ(Rd) ≤
C∥u∥H1/2+ϵ(Rd). Then we observe that ∥∇u∥H−1/2+ϵ(Rd) ≤ C∥u∥H1/2+ϵ(Rd), which

implies the result by (4.1).

With these different lemmas established, we can proceed to the proof of the
smoothing effect.

4.2. Proof of (1.15). —
Step 1: Let us show that for any α < 1, there exists a constant C > 0 such that

for any u ∈ H(2−α)/2(Rd)

(4.2) 2(1− α)
∥∥∥ 1

⟨x⟩α/2
∇u
∥∥∥2
L2(Rd)

≤

≤ C∥u∥2H(2−α)/2(Rd)
− Re

(∫
Rd

[
x · ∇
⟨x⟩α

, H

]
u(x)u(x)dx

)
.

By Theorem A.1 with h = 1, we obtain, since ∇ = iOp(ξ),

(4.3)

[
x · ∇
⟨x⟩α

,∆

]
=

=
(x · ∇
⟨x⟩α

)
∆−∆

(x · ∇
⟨x⟩α

)
= iOp

(
x · ξ
⟨x⟩α

)
Op
(
−|ξ|2

)
− iOp

(
−|ξ|2

)
Op

(
x · ξ
⟨x⟩α

)
= 2Op

(( |ξ|2
⟨x⟩α

− α(x · ξ)
2

⟨x⟩α+2

)
+ iα(d+ 2)

x · ξ
⟨x⟩α+2

− iα(α+ 2)
(x · ξ)|x|2

⟨x⟩α+4

)
.
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Then, using that α < 1, we obtain

Re

(∫
Rd

Op

(( |ξ|2
⟨x⟩α

− α(x · ξ)
2

⟨x⟩α+2

)
u(x)u(x)dx

))
=

= Re

∫
Rd

(
−∆u
⟨x⟩α

u+ α
(x · ∇)2u− (x · ∇)u

⟨x⟩α+2
u

)
dx

= Re

∫
Rd

(
∇u · ∇( u

⟨x⟩α
)− α(x · ∇u) div

(
xu

⟨x⟩α+2

)
− α(x · ∇u)

⟨x⟩α+2
u

)
dx

=

∫
Rd

(
|∇u|2

⟨x⟩α
− α |x · ∇u|

2

⟨x⟩α+2

)
dx+

+ αRe

∫
Rd

(
(α+ 2)

|x|2(x · ∇u)
⟨x⟩α+4

u− (d+ 2)
(x · ∇u)
⟨x⟩α+2

u

)
dx

≥ (1− α)
∥∥∥ 1

⟨x⟩α/2
∇u
∥∥∥2
L2(Rd)

+

+ αRe

∫
Rd

(
(α+ 2)

|x|2(x · ∇u)
⟨x⟩α+4

u− (d+ 2)
(x · ∇u)
⟨x⟩α+2

u

)
dx.

Thanks to Lemma 4.2 with ϵ = 0, we establish∣∣∣ ∫
Rd

Op
( x · ξ
⟨x⟩α+2

)
uudx

∣∣∣, ∣∣∣ ∫
Rd

Op

(
(x · ξ)|x|2

⟨x⟩α+4

)
uudx

∣∣∣ ≤ C∥u∥2H1/2(Rd)
,

and ∣∣∣ ∫
Rd

( |x|2(x · ∇u)
⟨x⟩α+4

u
)
dx
∣∣∣, ∣∣∣ ∫

Rd

( x · ∇u
⟨x⟩α+2

u
)
dx
∣∣∣ ≤ C∥u∥2H1/2(Rd)

.

Thus by (4.3), for any α < 1, there exists a constant C > 0 such that for any

u ∈ H1/2(Rd),

Re

(∫
Rd

[
x · ∇
⟨x⟩α

,∆

]
u(x)u(x)dx

)
≥ 2(1− α)

∥∥∥ 1

⟨x⟩α/2
∇u
∥∥∥2
L2(Rd)

− C∥u∥2H1/2(Rd)
.

In a similar way, we have[
x · ∇
⟨x⟩α

,−|x|2
]
= −2Op

(
|x|2

⟨x⟩α

)
,

and therefore

Re

(∫
Rd

[
x · ∇
⟨x⟩α

,−|x|2
]
u(x)u(x)

)
dx = −2

∫
Rd

|x|2

⟨x⟩α
|u(x)|2 dx

≥ −C∥u∥2H(2−α)/2(Rd)
.

This implies (4.2).
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Step 2: We now prove that for any α ∈]0, 1[, there exists a constant C > 0 such

that for any T ≥ 0 and u0 ∈ H(2−α)/2(Rd),

(4.4)

∫ T

0

∥∥∥ 1

⟨x⟩α/2
∇
(
e−itHu0

)∥∥∥2
L2(Rd)

dt ≤ CT∥u0∥2H(2−α)/2(Rd)
.

Let us set u = e−itHu0, then we get

− i
∫
Rd

[
x · ∇
⟨x⟩α

, H

]
u(t, x)u(t, x)dx =

=

∫
Rd

x · ∇∂tu(t, x)
⟨x⟩α

u(t, x)dx+ i

∫
Rd

x · ∇
⟨x⟩α

u(t, x)Hu(t, x)dx

=

∫
Rd

x · ∇∂tu(t, x)
⟨x⟩α

u(t, x)dx+

∫
Rd

x · ∇
⟨x⟩α

u(t, x) ∂tu(t, x)dx

= ∂t

(∫
Rd

x · ∇
⟨x⟩α

u(t, x)u(t, x)dx

)
.

Thus, thanks to (4.2), we obtain for T ≥ 0,

2(1− α)
∫ T

0

∥∥∥ 1

⟨x⟩α/2
∇(e−itHu0)

∥∥∥2
L2(Rd)

dt ≤

≤ CT∥u0∥2H(2−α)/2(Rd)
+Re

(
i

∫
Rd

x · ∇u0
⟨x⟩α

u0 −
x · ∇

(
e−iTHu0

)
⟨x⟩α

e−iTHu0dx

)
.

Then, we can apply Lemma 4.2 with ϵ = 1− α/2, to deduce (4.4).

Step 3 : In (4.4), we choose α = 1− 2ϵ with ϵ ∈]0, 12 [ so that we have

(4.5)

∫ T

0

∥∥∥ 1

⟨x⟩1/2−ϵ
∇
(
e−itHu0

)∥∥∥2
L2(Rd)

dt ≤ CT∥u0∥2H1/2+ϵ(Rd)
.

Using Lemma 4.1, we get∫ T

0

∥∥∥ 1

⟨x⟩1/2−ϵ
H1/2eitHu0

∥∥∥2
L2(Rd)

dt ≤

≤ 2

∫ T

0

∥∥∥H1/2 1

⟨x⟩1/2−ϵ
eitHu0

∥∥∥2
L2(Rd)

dt+ 2

∫ T

0

∥∥∥[ 1

⟨x⟩1/2−ϵ
, H1/2

]
eitHu0

∥∥∥2
L2(Rd)

dt

≤ 2

∫ T

0

∥∥∥H1/2 1

⟨x⟩1/2−ϵ
eitHu0

∥∥∥2
L2(Rd)

dt+ CT∥u0∥2H1/2+ϵ(Rd)
.
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Then, using (1.2) and (4.5), we obtain

∫ T

0

∥∥∥H1/2 1

⟨x⟩1/2−ϵ
eitHu0

∥∥∥2
L2(Rd)

≤

≤ C
∫ T

0

∥∥∥⟨x⟩1/2+ϵeitHu0

∥∥∥2
L2(Rd)

dt+ C

∫ T

0

∥∥∥(−∆)1/2
( 1

⟨x⟩1/2−ϵ
eitHu0

)∥∥∥2
L2(Rd)

dt

≤ CT∥u0∥2H1/2+ϵ(Rd)
+ C

∫ T

0

∥∥∥∇( 1

⟨x⟩1/2−ϵ
eitHu0

)∥∥∥2
L2(Rd)

dt

≤ CT∥u0∥2H1/2+ϵ(Rd)
+ C

∫ T

0

∥∥∥ 1

⟨x⟩1/2−ϵ
∇
(
eitHu0

)∥∥∥2
L2(Rd)

dt

≤ CT∥u0∥2H1/2+ϵ(Rd)
.

Therefore, we obtain

∫ T

0

∥∥∥ 1

⟨x⟩1/2−ϵ
H1/2e−itHu0

∥∥∥2
L2(Rd)

dt ≤ CT∥u0∥2H1/2+ϵ(Rd)
.

And we can replace u0 by H−1/4−ϵ/2u0 to deduce (1.15).

4.3. Proof of (1.16). — Using Lemma 4.1 and (1.15), we get

∥∥∥√Hd/2−2ϵ 1

⟨x⟩1/2−ϵ
eitHu0

∥∥∥
L2([−π,π]×Rd)

≤

≤
∥∥∥ 1

⟨x⟩1/2−ϵ

√
H

d/2−2ϵ
eitHu0

∥∥∥
L2([−π,π]×Rd)

+

+
∥∥∥[√Hd/2−2ϵ

,
1

⟨x⟩1/2−ϵ

]
eitHu0

∥∥∥
L2([−π,π]×Rd)

≤ C∥u0∥H(d−1)/2(Rd).

Then, using (1.2), we establish

∥∥∥√−∆d/2−2ϵ
( 1

⟨x⟩1/2−ϵ
eitHu0

)∥∥∥
L2([−π,π]×Rd)

≤ C∥u0∥H(d−1)/2(Rd).
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And finally, using Lemma 4.1, we can conclude that∥∥∥ 1

⟨x⟩1/2−ϵ

√
−∆d/2−2ϵ

(eitHu0)
∥∥∥
L2([−π,π]×Rd)

≤

≤
∥∥∥[ 1

⟨x⟩1/2−ϵ
,
√
−∆d/2−2ϵ

]
eitHu0

∥∥∥
L2([−π,π]×Rd)

+

+
∥∥∥√−∆d/2−2ϵ

( 1

⟨x⟩1/2−ϵ
eitHu0

)∥∥∥
L2([−π,π]×Rd)

≤ C∥u0∥H(d−1)/2(Rd).

5. Random initial data and Sobolev spaces

This section is devoted to the proof of Theorem 1.1, which shows that the initial
randomized data does not gain any derivative in L2(Rd) and does not enjoy any
better localisation property.

The proof of this result will rely on micro-analysis tools. We first step is to
establish the following statement which gives a precise description of the phase-
space localisation of the Hermite functions.
Proposition 5.1. — For all s ≥ 0, there exist two constants C1, C2 > 0 such that
for all n ∈ N,

(5.1) C1λ
s
n ≤ ∥(−∆)s/2hn∥L2(Rd) ≤ C2λ

s
n,

and

(5.2) C1λ
s
n ≤ ∥⟨x⟩s/2hn∥L2(Rd) ≤ C2λ

s
n.

Proof. — Let us first prove this result in the particular case where (hn)n≥0 is the
basis of the tensor eigenfunctions, since the argument is then particularly easy.
Using (1.2), we have

c
(
∥(−∆)s/2hn∥L2(Rd) + ∥⟨x⟩shn∥L2(Rd)

)
≤ λsn = ∥hn∥Hs(Rd) ≤

≤ C
(
∥(−∆)s/2hn∥L2(Rd) + ∥⟨x⟩shn∥L2(Rd)

)
,

then

C ′∥(−∆)s/2hn∥L2(Rd) ≤ λsn ≤

≤ C
(
∥(−∆)s/2hn∥L2(Rd) + ∥(−∆)s/2(ĥn)∥L2(Rd) + ∥hn∥L2(Rd)

)
.

But since the eigenfunctions are tensor functions, then hn(x) = eiθn ĥn(x), for some
θn ∈ R, since this equality is true in dimension 1, and (5.1) follows. The proof
of (5.2) is similar.
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Let us now prove (5.1) in the general case. We set h = 1
λ2
n

and Φh(x) =
1

hd/4hn(λnx) so that (−h2∆+ |x|2−1)Φh = 0 and ∥Φh∥L2(Rd) = 1. To prove (5.1), it
is sufficient to establish that there exists a constant C1 > 0 such that for all h > 0,

hs∥(−∆)s/2Φh∥L2(Rd) ≥ C1.

Let us proceed by contradiction and suppose that

(5.3) lim
h→0

hs∥(−∆)s/2Φ∥L2(Rd) = 0.

By [14, Theorem 2], there exists a positive measure µ ∈M+(Rd×Rd) such that for
any function a ∈ C∞

0 (Rd × Rd) ,

lim
h→0
⟨a(x, h|∇|)Φh,Φh⟩L2(Rd)×L2(Rd) =

∫
Rd×Rd

tr(a(x, ξ))µ(dxdξ).

Let us recall that (x, ξ) ∈ Supp(µ)c if and only if there exists r > 0 such that for all
ϕ ∈ C∞

0 (B(x, r)×B(ξ, r)), ∫
Rd×Rd

ϕ(x, ξ)µ(dx, dξ) = 0.

By Proposition A.3, if a ∈ C∞
0 (Rd×Rd) with Supp(a)∩{(x, ξ) : |x|2+ |ξ|2 = 1} = ∅

then for all N ∈ N, there exists EN ∈ Op(T−2) and RN ∈ Op(T−(N+1)) such that

EN ◦ (−h2∆+ |x|2 − 1) = a(x, h|∇|)− hN+1RN .

Therefore

⟨a(x, h|∇|)Φh,Φh⟩L2(Rd)×L2(Rd) = hN+1⟨RNΦh,Φh⟩L2(Rd)×L2(Rd),

then ∫
Rd×Rd

a(x, ξ)µ(dxdξ) = 0.

And finally, we establish that

Supp(µ) ⊂
{
(x, ξ) : |x|2 + |ξ|2 = 1

}
.

Again, by Proposition A.3, if a ∈ C∞
0 (Rd×Rd) with Supp(a)∩ {(x, ξ) : ξ2 = 0} = ∅

then for all N ∈ N, there exists EN ∈ Op(S−s) and RN ∈ Op(S−(N+1)) such that

EN ◦
d∑

j=1

|h∂xj |s = a(x, h|∇|)− hN+1RN .
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But according to [53] and (5.3), we get

lim
h→0

∣∣⟨EN ◦
d∑

j=1

|h∂xj |sΦh,Φh⟩L2(Rd)×L2(Rd)

∣∣ ≤ lim
h→0

∥∥EN ◦
d∑

j=1

|h∂xj |sΦh

∥∥
L2(Rd)

≤ lim
h→0

∥∥ d∑
j=1

|h∂xj |sΦh

∥∥
L2(Rd)

= 0.

Therefore ∫
Rd×Rd

a(x, ξ)µ(dxdξ) = 0,

and we establish that

Supp(µ) ⊂ {(x, ξ) : |ξ|2 = 0}.
Then for a ∈ C∞

0 (Rd × Rd) we have

0 =

∫
Rd

[−h2∆+ |x|2 − 1, h−1Oph(a)]ΦhΦh

=
1

i

∫
Rd

{−h2∆+ |x|2 − 1, Oph(a)}ΦhΦh + h

∫
Rd

Oph(R)ΦhΦh.

Thus, we deduce that for any function a ∈ C∞
0 (Rd),

(5.4)

∫
Rd×Rd

(ξ∂xa− x∂ξa) dµ(x, ξ) = 0.

Let (x, ξ) ∈ Rd × Rd and set for t ∈ R,{
x(t) = x cos(t) + ξ sin(t),

ξ(t) = ξ cos(t)− x sin(t),

i.e. {
ẋ(t) = ξ(t) with x(0) = x,

ξ̇(t) = −x(t) with ξ(0) = ξ.

Using (5.4), we get that for all t ∈ R and a ∈ C∞
0 (Rd × Rd),∫

Rd×Rd

a(x cos(t) + ξ sin(t), ξ cos(t)− x sin(t))dµ(x, ξ) =
∫
Rd×Rd

a(x, ξ)dµ(x, ξ).

Therefore if (x0, ξ0) ∈ Supp(µ) then for all r > 0, there exists a ∈ C∞
0

(
B((x0, ξ0), r)

)
such that for all t ∈ R,∫

Rd×Rd

a
(
x cos(t) + ξ sin(t), ξ cos(t)− x sin(t)

)
dµ(x, ξ) ̸= 0.



BILINEAR STRICHARTZ ESTIMATES AND A.S. GLOBAL SOLUTIONS FOR NLS 41

However

Supp
(
a(x cos(t) + ξ sin(t), ξ cos(t)− x sin(t))

)
⊂
{
(x, ξ) ∈ Rd × Rd/(x cos(t) + ξ sin(t), ξ cos(t)− x sin(t)) ∈ B((x0, ξ0), r)

}
⊂ B(x0 cos(t)− ξ0 sin(t), 2r)×B(x0 sin(t) + ξ0 cos(t), 2r),

and therefore, for all t ∈ R, (x0 cos(t)− ξ0 sin(t), x0 sin(t) + ξ0 cos(t)) ∈ Supp(µ).

But for ξ0 = 0, x20 = 1 then x0 sin(t) + ξ0 cos(t) = x0 sin(t) = 0 is impossible
and therefore the estimate (5.1) is proved by contradiction. The proof of (5.2) is
analogous.

Recall the Paley-Zygmund inequality: Let X be a random variable in L2(Ω), then
for all 0 ≤ λ ≤ 1,

(5.5) P
(
X ≥ λE(X)

)
≥ (1− λ)2E(X)2

E(X2)
.

For a function χ ∈ C∞
0 (Rd) such that 0 ≤ χ ≤ 1, with χ(x) = 1 if |x| ≤ 1 and

χ(x) = 0 if |x| ≥ 2, we define

σ2N =
∑
n∈N

χ2

(
λ2n
N2

)
|cn|2λ2sn −→

N→+∞
+∞,

SN = ∥χ
(
H

N2

)
u0∥Hs(Rd),

M = sup
N∈N⋆

SN .

Let us turn to the proof of Theorem 1.1.
Lemma 5.2. — For all s ≥ 0, we have

P
(
ω ∈ Ω : sup

N∈N⋆
∥χ
( H
N2

)
uω0 ∥Hs(Rd) = +∞

)
∈
{
0, 1
}
.

Proof. — The random initial condition can be written uω0 =
∑
j≥0

Xj(ω), where

(Xj)j∈N is a sequence of independent random variables satisfying Xj(ω) ∈ Hs(Rd),
ω−almost surely. Therefore, we have

sup
N∈N⋆

∥∥∥χ( H
N2

)
uω0

∥∥∥
Hs(Rd)

= +∞
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if and only if for all K ∈ N,

sup
N∈N⋆

∥∥∥χ( H
N2

)(∑
j≥K

Xj(ω)
)∥∥∥

Hs(Rd)
= +∞,

so if we put Fj = σ(Xj , Xj+1, · · · ) we have that{
ω ∈ Ω : sup

N∈N⋆
∥χ
( H
N2

)
uω0 ∥Hs(Rd) = +∞

}
∈
⋂

K∈N∗

FK .

As a consequence, the set
{
ω ∈ Ω : sup

N∈N⋆
∥χ
( H
N2

)
uω0 ∥Hs(Rd) = +∞

}
is an element

of the asymptotic σ-algebra and the lemma is proved by the 0-1 law.

Lemma 5.3. — For s ≥ 0, if
∑
n∈N
|cn|2λ2sn = +∞ then

P
(
ω ∈ Ω : sup

N∈N⋆
∥χ
( H
N2

)
uω0 ∥Hs(Rd) = +∞

)
= 1.

Proof. — Recall the notation M = sup
N∈N⋆

SN . Thus by Lemma 5.2 it is sufficient to

establish that

(5.6) P (M = +∞) > 0.

Thanks to (5.1), we get

E(S2
N ) = E

(
∥χ
( H
N2

)
u0∥2Hs(Rd)

)
≥ E

(∑
n,m

χ

(
λ2n
N2

)
χ

(
λ2m
N2

)
cncm gn(ω)gm(ω)

∫
Rd

(−∆)s(hn)(−∆)s(hm)dx

)

= E

(∑
n∈N

χ2

(
λ2n
N2

)
|cn|2|gn(ω)|2∥(−∆)s(hn)∥2L2(Rd)

)
≥ C1σ

2
N .

Therefore, thanks to the Zygmund inequality (5.5) with X = S2
N , we establish

P
(
M2 ≥

C1σ
2
N

2

)
≥ P

(
S2
N ≥

C1σ
2
N

2

)
≥ P

(
S2
N ≥

E(S2
N )

2

)
≥ 1

4

E
(
∥χ
(

H
N2

)
u0∥2Hs(Rd)

)2
E
(
∥χ
(

H
N2

)
u0∥4Hs(Rd)

) .(5.7)
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Then, thanks to (5.1), we have

E
(
∥χ
( H
N2

)
u0∥4Hs(Rd)

)
≤

≤ E
(∑

n,m

χ
( λ2n
N2

)
χ
(λ2m
N2

)
cncm gn(ω)gm(ω)

∫
Rd

(−∆)s(hn)(−∆)s(hm)dx
)2

+ E
(∑

n,m

χ
( λ2n
N2

)
χ
(λ2m
N2

)
cncm gn(ω)gm(ω)

)2
≤ CE

( ∑
n1,n2,n3,n4

χ
(λ2n1

N2

)
χ
(λ2n2

N2

)
χ
(λ2n3

N2

)
χ
(λ2n4

N2

)
cn1cn2cn3cn4 ·

· ∥(−∆)s(hn1)∥L2(Rd)∥(−∆)s(hn2)∥L2(Rd)∥(−∆)s(hn3)∥L2(Rd)∥(−∆)s(hn4)∥L2(Rd)

)
+ CE

(∑
n

χ2
( λ2n
N2

)
|cn|2

)2
≤ C2σ

4
N .

Therefore from (5.7) we deduce P
(
M2 ≥

C1σ
2
N

2

)
≥ 1

4

C2
1

C2
. Finally, using the mono-

tone convergence theorem, we obtain P (M = +∞) ≥ 1

4

C2
1

C2
, which implies (5.6).

We are now able to complete the proof of Theorem 1.1. Indeed, let us prove it
by contradiction and assume that P

(
ω ∈ Ω : uω0 ∈ Hs(Rd)

)
> 0. According to

Proposition A.6,

∀u ∈ Hs(Rd), sup
N∈N⋆

∥χ
( H
N2

)
u∥Hs(Rd) ≤ C∥u∥Hs(Rd),

and from the latter inequality we deduce that

P
(
ω ∈ Ω : sup

N∈N⋆
∥χ
( H
N2

)
uω0 ∥Hs(Rd) < +∞

)
> 0.

Therefore

P
(
ω ∈ Ω : sup

N∈N⋆
∥χ
( H
N2

)
uω0 ∥Hs(Rd) = +∞

)
< 1

which contradicts Proposition 5.3.
As a consequence, we have proven that if u0 /∈ Hs(Rd) then uω0 /∈ Hs(Rd). The

fact that ⟨x⟩suω0 /∈ L2(Rd) is obtained similarly, and this concludes the proof of
Theorem 1.1.
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To finish this part, we evaluate the Sobolev norm of the initial data. This will
establish that Theorem 1.2 will hold true for supercritical equations with large initial
data.
Proposition 5.4. — Let σ ≥ 0, u0 ∈ Hσ(R3) and s ≥ σ. Assume that for all
n ∈ N,

λ2sn |cn|2 ≤ 1

then for all t ≥ 0,

µ
(
u : ∥χ

( H
N2

)
u∥Hs(R3) ≤ t

)
≤ et

2− 1
2
∥χ
(

H
N2

)
u0∥2Hs(R3)

Proof. — Using that − ln(1 + u) ≤ −u
2 for all u ∈ [0, 1] and the Markov inequality,

we obtain

µ
(
u ∈ Hσ(R3) : ∥χ

( H
N2

)
u∥Hs(R3) ≤ t

)
=

= P
(
ω ∈ Ω : e

−∥χ
(

H
N2

)
uω
0 ∥2Hs(R3) ≥ e−t2

)
≤ et2E

(
e
−∥χ
(

H
N2

)
uω
0 ∥2Hs(R3)

)
≤ et2

∏
n∈N

E
(
e−χ2

(
λ2n
N2

)
λ2s
n |cn|2|X|2

)
≤ et2

∏
n∈N

( 1

1 + χ2( λ
2
n

N2 )λ2sn |cn|2

)
≤ et2

∏
n∈N

(
e−

1
2
χ2
(

λ2n
N2

)
λ2s
n |cn|2

)
≤ et

2− 1
2
∥χ
(

H
N2

)
u0∥2Hs(R3) .

Remarks : (i) For example, if u0 /∈ Hs(R3) and λ2sn |cn|2 ≤ 1, ∀n ∈ N, we obtain
that for all t ≥ 0,

lim
N→+∞

µ
(
u0 ∈ Hσ(R3) :

∥∥χ( H
N2

)
u0
∥∥
Hs(Rd)

≤ t
)
= 0.

This does mean that the Sobolev norm of the initial data is not small.
(ii) For example, for ϵ≪ 1, we can choose cn = ϵ

λs
n

1√
n
and obtain for t ≥ 0 ,

µ
(
u0 ∈ Hσ(R3) :

∥∥χ( H
N2

)
u0
∥∥
Hs(Rd)

≤ t
)
≤ exp

(
t2 − C ′ϵ2 ln2N

)
−→

N→+∞
0,
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but ∥u0∥Hσ(R3) = C ′′ϵ≪ 1.

6. The fixed point argument in dimension d = 3, global existence, and
scattering

Let us introduce the following equation:

(6.1)

i
∂u

∂t
−Hu = κ cos(2t)|u|2u, (t, x) ∈ R× R3

u(0, x) = u0(x).

We will show that this equation is locally well posed. Then, thanks to the lens
transform we will be able to show that (1.3) is globally well-posed.

6.1. Some nonlinear analysis. — In this part, we establish the estimates which
will be used to apply a fixed point theorem.
Lemma 6.1. — There exists b′ < 1

2 such that for all δ > 0 and K ≥ 1, there

exists a constant CK > 0 such that if N1 ≥ N1+δ
2 and N2 ≥ N3 ≥ N4 then for all

u1, u2, u3, u4 ∈ X
0,b′

,

∣∣∣∣ ∫
R×R3

∆N1(u1)∆N2(u2)∆N3(u3)∆N4(u4)

∣∣∣∣ ≤ CKN
−K
1

4∏
j=1

∥∆Nj (uj)∥X0,b′ .

Proof. — We begin with the case uj(t, x) = cj(t)hnj (x). We have

∣∣∣∣ ∫
R×R3

∆N1(u1)∆N2(u2)∆N3(u3)∆N4(u4)

∣∣∣∣ =
=

∣∣∣∣ ∫
R×R3

4∏
j=1

ψ(
λ2nj

N2
j

)cj(t)hnj (x)dtdx

∣∣∣∣
≤

4∏
j=1

ψ(
λ2nj

N2
j

)

∫
R
|c1(t) · · · c4(t)|dt

∣∣∣∣ ∫
R3

hn1(x) · · ·hn4(x)dx

∣∣∣∣
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Then by Lemma 2.13 and Proposition 2.4, we deduce

(6.2)

∣∣∣∣ ∫
R×R3

∆N1(u1)∆N2(u2)∆N3(u3)∆N4(u4)

∣∣∣∣ ≤
≤ CKN

−K
1

4∏
j=1

ψ(
λ2nj

N2
j

)

4∏
j=1

∥cj∥L4
t (R)

≤ CKN
−K
1

4∏
j=1

∥∆Nj (uj)∥L4(R;L2(R3))

≤ CKN
−K
1

4∏
j=1

∥∆Nj (uj)∥X0,b′ .

For the general case, let uj(t, x) =
∑
k≥0

cj,k(t)hk(x), then by (6.2)

∣∣∣∣ ∫
R×R3

∆N1(u1)∆N2(u2)∆N3(u3)∆N4(u4)

∣∣∣∣ ≤
≤

∑
k1,k2,k3,k4≥0

∣∣∣∣ ∫
R×R3

∆N1(c1,k1hk1)∆N2(c2,k2hk2)∆N3(c3,k3hk3)∆N4(c4,k4hk4)

∣∣∣∣
≤ CKN

−K
1

∑
k1,k2,k3,k4≥0

4∏
j=1

∥∆Nj (cj,kjhkj )∥X0,b′

≤ CKN
−K+12
1

√√√√ ∑
k1,k2,k3,k4≥0

4∏
j=1

∥∆Nj (cj,kjhkj )∥2
X

0,b′ .

Then we have∑
kj≥0

∥∆Nj (cj,kjhkj )∥
2

X
0,b′ =

∑
kj≥0

∑
n≥0

∥⟨τ + λn⟩b
′ ̂Pn(cj,kjhkj )∥

2
L2
t (R;L2

x(R3))

=
∑
n≥0

∥⟨τ + λn⟩b
′
P̂n(uj)∥2L2

τ (R;L2
x(R3))

= ∥uj∥2
X

0,b′ ,

which concludes the proof.

Proposition 6.2. — There exists b′ < 1
2 such that for all b > 1

2 and s > 1
2 ,

there exist two constants C > 0 and κ > 0 such that for any v ∈ X
s,b

and all
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N3 ≤ N2 ≤ N1,

(6.3) ∥∆N1(v)∆N2(v)∆N3(v)∥Xs,−b′ ≤ CN−κ
1 ∥v∥

3

X
s,b .

Proof. — By duality, it is sufficient to show that there exists a constant δ > 0 such
that ∫

R×R3

∆N1(v)∆N2(v)∆N3(v)∆M (w) ≤ CN−κ
1 M−δ∥v∥3

X
s,b∥w∥

X
−s,b′ .

Thanks to Lemma 6.1, we only need to treat the case where M ≤ N1+δ
1 .

• Case N3 ≤M ≤ N1+δ
1 . Using (3.12), we obtain∫

R×R3

∆N1(v)∆N2(v)∆N3(v)∆M (w) ≤

≤ ∥∆N1(v)∆N2(v)∥L2(R;L2(R3))∥∆M (w)∆N3(v)∥L2(R;L2(R3))

≤ (N2N3)
1/2+δ(

N2

N1
)1/2−δ(

N3

M
)1/2−δ∥∆N1(v)∥X0,b∥∆N2(v)∥X0,b∥∆N3(v)∥X0,b∥∆M (w)∥

X
0,b′

≤ (
N2

N1
)1/2−δ(

N3

M
)1/2−δ(N2N3)

1/2+δ−s(
M

N1
)s∥v∥3

X
s,b∥w∥

X
−s,b′

≤ (N2N3)
1−sM−1/2+δN

−1/2+(1+s)δ
1 ∥v∥3

X
s,b∥w∥

X
−s,b′

≤M−δM1/2−s+(1+s)δN
1/2−s+2δ
1 ∥v∥3

X
s,b∥w∥

X
−s,b′

≤M−δN
1−2s+(3+s)δ
1 ∥v∥3

X
s,b∥w∥

X
−s,b′ .

• Case M ≤ N3 ≤ N1+δ
1 . Using (3.12), we get∫

R×R3

∆N1(v)∆N2(v)∆N3(v)∆M (w) ≤

≤ ∥∆N1(v)∆N2(v)∥L2(R;L2(R3))∥∆M (w)∆N3(v)∥L2(R;L2(R3))

≤ (N2M)1/2+δ(
N2

N1
)1/2−δ(

M

N3
)1/2−δ∥∆N1(v)∥X0,b∥∆N2(v)∥X0,b∥∆N3(v)∥X0,b∥∆M (w)∥

X
0,b′

≤ N2M(
1

N3N1
)1/2−δ(

M

N1N2N3
)s∥v∥3

X
s,b∥w∥

X
−s,b′

≤M−δN1−s
2 N

1/2+2δ
3 (

1

N1
)1/2+s−δ∥v∥3

X
s,b∥w∥

X
−s,b′

≤M−δN1−2s+3δ
1 ∥v∥3

X
s,b∥w∥

X
−s,b′ ,

which concludes the proof.



48 NICOLAS BURQ, AURÉLIEN POIRET & LAURENT THOMANN

Proposition 6.3. — There exists b′ < 1
2 such that for all b > 1

2 and s > 1
2 , there

exist two constants C, κ > 0 such that if for some λ > 0, we have for all N ,

∥∆N (eitHu0)∥L2([−π,π];L∞(R3)) ≤ λN−1/6

then for all v ∈ Xs,b
and all N3 ≤ N2 ≤ N1,

(6.4) ∥∆N1(v)∆N2(v)∆N3

(
ψ(t)e−itHu0

)
∥
X

s,−b′ ≤ CN−κ
1 (∥v∥3

X
s,b + λ3),

(6.5) ∥∆N1(v)∆N2

(
ψ(t)e−itHu0

)
∆N3(v)∥Xs,−b′ ≤ CN−κ

1 (∥v∥3
X

s,b + λ3).

Proof. — We show (6.4), the proof of (6.5) being similar. By duality, it is sufficient
to show that there exists a constant δ > 0 such that∫

R×R3

∆N1(v)∆N2(v)∆N3

(
ψ(t)e−itHu0

)
∆M (w) ≤

≤ CN−κ
1 M−δ(∥v∥3

X
s,b + λ3)∥w∥

X
−s,b′ .

Thanks to Lemma 6.1, we only need to treat the case where M ≤ N1+δ
1 .

• Case N2 ≤M ≤ N1+δ
1 . Using (3.12) and Proposition 2.3, we get

∫
R×R3

∆N1(v)∆N2(v)∆N3

(
ψ(t)e−itHu0

)
∆M (w) ≤

≤ ∥∆N2(v)∆M (w)∥L2(R;L2(R3))∥∆N3

(
ψ(t)e−itHu0

)
∥L2([−π,π];L∞(R3))∥∆N1(v)∥L∞([−π,π];L2(R3))

≤ N1/2+δ
2 (

N2

M
)1/2−δ∥∆N1(v)∥X0,b∥∆N2(v)∥X0,b∥∆N3(e

itHu0)∥L2([−π,π];L∞(R3))∥∆M (w)∥
X

0,b′

≤ N1/2+δ
2 (

N2

M
)1/2−δ(

M

N1N2
)sN

−1/6
3 λ∥v∥2

X
s,b∥w∥

X
−s,b′

≤ N1−s
2 M s−1/2+δN−s

1 N
−1/6
3 λ∥v∥2

X
s,b∥w∥

X
−s,b′

≤M−δN1−s
2 N

−1/2+(3+s)δ
1 N

−1/6
3 λ∥v∥2

X
s,b∥w∥

X
−s,b′

≤ N1/2−s+(3+s)δ
1 λ∥v∥2

X
s,b∥w∥

X
−s,b′ .
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• Case M ≤ N2 ≤ N1+δ
1 . Using (3.12) and Proposition 2.3, we get∫

R×R3

∆N1(v)∆N2(v)∆N3

(
ψ(t)e−itHu0

)
∆M (w) ≤

≤ ∥∆N2(v)∆M (w)∥L2(R;L2(R3))∥∆N3

(
ψ(t)e−itHu0

)
∥L2([−π,π];L∞(R3))∥∆N1(v)∥L∞([−π,π];L2(R3))

≤M1/2+δ(
M

N2
)1/2−δ∥∆N1(v)∥X0,b∥∆N2(v)∥X0,b∥∆N3(e

itHu0)∥L2([−π,π];L∞(R3))∥∆M (w)∥
X

0,b′

≤M1/2+δ(
M

N2
)1/2−δ(

M

N1N2
)sN

−1/6
3 λ∥v∥2

X
s,b∥w∥

X
−s,b′

≤ N−1/2−s+δ
2 M1+sN−s

1 N
−1/6
3 λ∥v∥2

X
s,b∥w∥

X
−s,b′

≤ N1/2+δ
2 N−s

1 N
−1/6
3 λ∥v∥2

X
s,b∥w∥

X
−s,b′

≤M−δN
1/2−s+2δ
1 λ∥v∥2

X
s,b∥w∥

X
−s,b′ ,

whiv

Proposition 6.4. — There exists b′ < 1
2 such that for all b > 1

2 and s > 1
2 , there

exists a constant C > 0 such that if for some λ > 0, we have for all N ,

∥∆N (eitHu0)∥L4([−π,π];L∞(R3)) ≤ λN−1/6 and ∥ [eitHu0]2 ∥L4([−π,π];Hs(R3)) ≤ λ2

then for all v ∈ Xs,b
,

(6.6) ∥v
(
ψ(t)e−itHu0

)(
ψ(t)e−itHu0

)
∥
X

s,−b′ ≤ C(∥v∥3
X

s,b + λ3).

Proof. — Using Proposition 2.5 and Proposition 2.3, we get

∥v
(
ψ(t)e−itHu0

)(
ψ(t)e−itHu0

)
∥
X

s,−b′ ≤

≤ ∥v
(
ψ(t)e−itHu0

)(
ψ(t)e−itHu0

)
∥L1+δ(R;Hs(R3))

≤ ∥v
(
ψ(t)e−itHu0

)(
ψ(t)e−itHu0

)
∥L1+δ([−π,π];Hs(R3))

≤ ∥v∥L∞([−π,π];Hs(R3))∥eitHu0∥2L4([−π,π];L∞(R3))+

+ ∥v∥L2([−π,π];L∞(R3))∥ [eitHu0]2 ∥L4([−π,π];Hs(R3))

≤ λ2∥v∥
X

s,b + λ2∥v∥L2(R;Ws,6(R3))

≤ C(∥v∥3
X

s,b + λ3),

hence the result.
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Proposition 6.5. — There exists b′ < 1
2 such that for all b > 1

2 and s > 1
2 , there

exists a constant C > 0 such that if for some λ > 0, we have

∥ [eitHu0]3 ∥L4([−π,π];Hs(R3)) ≤ λ3

then for all v ∈ Xs,b
,

(6.7)
∥∥(ψ(t)e−itHu0

)(
ψ(t)e−itHu0

)(
ψ(t)e−itHu0

)∥∥
X

s,−b′ ≤ Cλ3.

Proof. — Using Proposition 2.5, we get

∥∥(ψ(t)e−itHu0
)(
ψ(t)e−itHu0

)(
ψ(t)e−itHu0

)∥∥
X

s,−b′ ≤

≤
∥∥(ψ(t)e−itHu0

)(
ψ(t)e−itHu0

)(
ψ(t)e−itHu0

)∥∥
L1+δ(R;Hs(R3))

≤ C∥ [eitHu0]3 ∥L4([−π,π];Hs(R3))

≤ Cλ3,

hence the result.

Proposition 6.6. — There exists b′ < 1
2 such that for all b > 1

2 and s ∈]12 , 1[, there
exist C > 0, κ > 0 and R ∈ [2,+∞[ such that if for some λ > 0, we have for all
N ≥ 1, 

∥u0∥L2(R3) ≤ λ,

∥∆N (eitHu0)∥L4([−π,π];L∞(R3)) ≤ λN−1/6,

∥∆N (eitHu0)∥LR([−π,π];Ws,4(R3)) ≤ λN s−1/4,

then for all v ∈ Xs,b
and all N3 ≤ N2 ≤ N1,

(6.8) ∥∆N1

(
ψ(t)e−itHu0

)
∆N2(v)∆N3(v)∥Xs,−b′ ≤ CN−κ

1 (λ3 + ∥v∥3
X

s,b).

Proof. — Let δ > 0 be small enough, to be fixed later.

Case N1 ≥ (N2N3)
1−s

1−s−4δ . By duality, it is sufficient to establish∫
R×R3

∆N1

(
ψ(t)eitHu0

)
∆N2(v)∆N3(v)∆M (w) ≤ CN−κ

1 M−δ∥w∥
X

−s,b′ (λ
3+∥v∥3

X
s,b).
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Thanks to Lemma 6.1, we only need to treat the case where M ≤ N1+δ
1 .

If N3 ≤M then using (3.12) and (3.13), we obtain

∫
R×R3

∆N1

(
ψ(t)e−itHu0

)
∆N2(v)∆N3(v)∆M (w) ≤

≤ ∥∆N1

(
ψ(t)e−itHu0

)
∆N2(v)∥L2(R;L2(R3))∥∆N3(v)∆M (w)∥L2(R;L2(R3))

≤ (N2N3)
1/2+δ(

N2

N1
)1/2−δ(

N3

M
)1/2−δ∥∆N1(u0)∥L2∥∆N2(v)∥X0,b∥∆N3(v)∥X0,b∥∆M (w)∥

X
0,b′

≤ (N2N3)
1/2+δ(

N2

N1
)1/2−δ(

N3

M
)1/2−δ(

M

N2N3
)sλ∥∆N2(v)∥Xs,b∥∆N3(v)∥Xs,b∥∆M (w)∥

X
−s,b′

≤M−δN−δ
1 N−1+s+4δ

1 (N2N3)
1−sλ∥v∥2

X
s,b∥w∥

X
−s,b′

≤M−δN−δ
1 λ∥v∥2

X
s,b∥w∥

X
−s,b′ .

Then, if N3 ≥M , using (3.12) and (3.13), we obtain

∫
R×R3

∆N1

(
ψ(t)e−itHu0

)
∆N2(v)∆N3(v)∆M (w) ≤

≤ ∥∆N1

(
ψ(t)e−itHu0

)
∆N2(v)∥L2(R;L2(R3))∥∆N3(v)∆M (w)∥L2(R;L2(R3))

≤ (N2M)1/2+δ(
N2

N1
)1/2−δ(

M

N3
)1/2−δ∥∆N1(u0)∥L2∥∆N2(v)∥X0,b∥∆N3(v)∥X0,b∥∆M (w)∥

X
0,b′

≤ (N2M)1/2+δ(
N2

N1
)1/2−δ(

M

N3
)1/2−δ(

M

N2N3
)sλ∥∆N2(v)∥Xs,b∥∆N3(v)∥Xs,b∥∆M (w)∥

X
−s,b′

≤M−δN−δ
1 N−1+s+4δ

1 (N2N3)
1−sλ∥v∥2

X
s,b∥w∥

X
−s,b′

≤M−δN−δ
1 λ∥v∥2

X
s,b∥w∥

X
−s,b′ .
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Case N1 ≤ (N2N3)
1−s

1−s−4δ . Using Proposition 2.5 and Proposition 2.3, we estab-
lish

∥∆N1

(
ψ(t)e−itHu0

)
∆N2(v)∆N3(v)∥Xs,−b′ ≤

≤ ∥∆N1

(
ψ(t)e−itHu0

)
∆N2(v)∆N3(v)∥L1+δ(R;Hs(R3))

≤ ∥∆N1(e
−itHu0)∆N2(v)∆N3(v)∥L1+δ([−π,π];Hs(R3))

≤ ∥∆N1(e
itHu0)∥

L
(1+δ)(1+2δ)

δ ([−π,π];Ws,4(R3))

2∏
j=1

∥∆Nj (v)∥L2(1+2δ)(R;L8(R3))

+ ∥∆N1(e
itHu0)∥L4([−π,π];L∞(R3))∥∆N2(v)∥L∞([−π,π];Hs(R3))∥∆N3(v)∥L2([−π,π];Ws,6(R3))

+ ∥∆N1(e
itHu0)∥L4([−π,π];L∞(R3))∥∆N2(v)∥L2([−π,π];Ws,6(R3))∥∆N3(v)∥L∞([−π,π];Hs(R3))

≤ N s−1/4
1 (N2N3)

9
8
− 1

1+2δ
−sλ∥v∥2

X
s,b +N

−1/6
1 λ∥v∥2

X
s,b

≤ (N2N3)
(1−s)(s−1/4+δ)

1−s−4δ (N2N3)
9
8
− 1

1+δ
−sN−δ

1 λ∥v∥2
X

s,b +N
−1/6
1 λ∥v∥2

X
s,b ,

with

(1− s)(s− 1/4 + δ)

1− s− 4δ
+

9

8
− 1

1 + 2δ
− s =

= s− 1

4
+ δ +

4δ(s− 1
4 + δ)

1− s− 4δ
+

9

8
− 1

1 + 2δ
− s

=
7

8
+

4δ(s− 1
4 + δ)

1− s− 4δ
− 1

1 + 2δ

= −1

8
+ o(δ) < 0.

And finally, the proposition is proved with R = (1+δ)(1+2δ)
δ .

6.2. Local well-posedness of equation (6.1). — Let λ > 0 and define E0(λ)
as the set of functions u0 ∈ L2(R3) which satisfy

(6.9)



∥u0∥L2(R3) ≤ λ
∥ [eitHu0]2 ∥L4([−π,π];Hs(R3)) ≤ λ2

∥ [eitHu0]3 ∥L4([−π,π];Hs(R3)) ≤ λ3

∥∆N (eitHu0)∥L4([−π,π];L∞(R3)) ≤ λN−1/6 , ∀N ≥ 1

∥∆N (eitHu0)∥LR([−π,π];Ws,4(R3)) ≤ λN s−1/4 , ∀N ≥ 1

where R > 2 is fixed by Proposition 6.6.
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Proposition 6.7. — Let 1
2 < s < 1 then there exist C > 0 and b > 1/2 such that

if u0 ∈ E0(λ) with λ > 0, then for all v ∈ Xs,b

∥∥∥ψ(t) ∫ t

0
e−i(t−s)Hψ(s) cos(2s)|ψ(s)e−isHu0 + v|2(ψ(s)e−isHu0 + v)ds

∥∥∥
X

s,b ≤

≤ C(λ3 + ∥v∥3
X

s,b).

Proof. — For all b > 1
2 , using Proposition 2.6 and Proposition 2.7, we obtain

∥∥ψ(t) ∫ t

0
e−i(t−s)H cos(2s)ψ(s)|ψ(s)e−isHu0 + v|2(ψ(s)e−isHu0 + v)ds

∥∥
X

s,b ≤

≤ C∥ cos(2s)ψ(s)|ψ(s)e−isHu0 + v|2(ψ(s)e−isHu0 + v)∥
X

s,b−1

≤ C∥|ψ(s)e−isHu0 + v|2(ψ(s)e−isHu0 + v)∥
X

s,b−1 .

Then using (6.3), (6.4), (6.5), (6.6), (6.7), (6.8), we establish the existence of an
integer b′ < 1

2 such that for all u0 ∈ E0(λ),∥∥|ψ(s)e−isHu0 + v|2(ψ(s)e−isHu0 + v)
∥∥
X

s,−b′ ≤ C(λ3 + ∥v∥3
X

s,b).

It is then sufficient to choose b = 1− b′ > 1
2 and the proposition is proved.

Proposition 6.8. — Let 1
2 < s < 1 then there exists a constant C > 0 and b > 1/2

such that if u0 ∈ E0(λ) with λ > 0, then for all v ∈ Xs,b
T∥∥∥ψ(t) ∫ t

0
e−i(t−s)H cos(2s)ψ(s)

∣∣ψ(s)e−isHu0 + v
∣∣2(ψ(s)e−isHu0 + v)ds

∥∥∥
X

s,b
T

≤

≤ C(λ3 + ∥v∥3
X

s,b
T

).

Proof. — Let w ∈ Xs,b
such that w|[−T,T ] = v then

∥∥ψ(t) ∫ t

0
e−i(t−s)H cos(2s)ψ(s)

∣∣ψ(s)e−isHu0 + v
∣∣2(ψ(s)e−isHu0 + v)ds

∥∥
X

s,b
T
≤

≤ ∥ψ(t)
∫ t

0
e−i(t−s)H cos(2s)ψ(s)

∣∣ψ(s)e−isHu0 + w
∣∣2(ψ(s)e−isHu0 + w)ds∥

X
s,b

≤ C(λ3 + ∥w∥3
X

s,b)

for all w ∈ Xs,b
.

In a similar way, one could prove the following result:
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Proposition 6.9. — Let 1
2 < s < 1 then there exists a constant C > 0 and a real

b > 1/2 such that if u0 ∈ E0(λ) with λ > 0, then for all v1, v2 ∈ X
s,b
T∥∥∥ψ(t)∫ t

0
e−i(t−s)H cos(2s)ψ(s)

∣∣ψ(s)e−isHu0 + v1
∣∣2(ψ(s)e−isHu0 + v1)ds

− ψ(t)
∫ t

0
e−i(t−s)H cos(2s)ψ(s)

∣∣ψ(s)e−isHu0 + v2
∣∣2(ψ(s)e−isHu0 + v2)ds

∥∥∥
X

s,b
T

≤ C∥v1 − v2∥Xs,b
T
(λ2 + ∥v1∥2

X
s,b
T

+ ∥v2∥2
X

s,b
T

).

Theorem 6.10. — Let 1
2 < s < 1 then there exists a constant C > 0 and a real

b > 1/2 such that if u0 ∈ E0(λ) with λ <
1

2
√
C

then there is a unique solution to the

equation (6.1) with initial data u0 in the space e−itHu0 +B
X

s,b
T
(0, 12

√
1
C ).

Proof. — We define

L(v) :=

− iκψ(t)
∫ t

0
e−i(t−s)H cos(2s)ψ(s)

∣∣ψ(s)e−isHu0 + v(s)
∣∣2(ψ(s)e−isHu0 + v(s))ds,

u = e−itHu0 + v is the unique solution to (6.1) in the space e−itHu0 + B
X

s,b
T
(0, R)

if and only if v is the unique fixed point of L in space B
X

s,b
T
(0, R). According to

Proposition 6.8 and Proposition 6.9, there exists a constant C > 0 such that

∥L(v)∥
X

s,b
T
≤ C(λ3 + ∥v∥3

X
s,b
T

),

∥L(v1)− L(v2)∥Xs,b
T
≤ C∥v1 − v2∥Xs,b

T
(λ2 + ∥v1∥2

X
s,b
T

+ ∥v2∥2
X

s,b
T

).

Thus, if λ < 1
2
√
C

then L is a contraction of the complete space B
X

s,b
T
(0, 12

√
1
C ) and

therefore has a unique fixed point.

6.3. Global solutions and scattering for the equation (1.3). — Thanks to
the lens transform and the result of Theorem 6.10, we are now able to establish the
existence of global solutions for the equation (1.3). We also prove the uniqueness of
the solution and then show that this solution scatters at t −→ ±∞. Recall that the
set E0(λ) is defined in (6.9).
Theorem 6.11. — If 1

2 < s < 1 then there exist two constants C, c > 0 such

that if u0 ∈ E0(λ) with λ < 1
2
√
C

then there exists a unique global solution to the

equation (1.3) with initial data u0 in the space eit∆u0 +BXs(0, c2

√
1
C ).
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Proof. — Let u be given by Theorem 6.10 and define

U(t, x) =
( 1√

1 + 4t2

)3/2
u

(
arctan(2t)

2
,

x√
1 + 4t2

)
e

i|x|2t
1+4t2 .

According to Section 2.1, since u is a solution of (6.1) on [−π/4, π/4] then U is a
global solution of (1.3).

Thus, to obtain the theorem, it suffices to notice that

(eit∆u0)(t, x) =

(
1√

1 + 4t2

)3/2

(e−itHu0)

(
arctan(2t)

2
,

x√
1 + 4t2

)
e

i|x|2t
1+4t2 ,

and to use Proposition 2.9.

The existence of the solutions being proved, one with analogous estimates, one
can show that the solutions are unique.

We then prove that the constructed solutions scatter for t −→ +∞ and t −→ −∞.
Theorem 6.12. — Let U be the unique solution of (1.3) constructed in Theo-
rem 6.11, then there exist L+, L− ∈ Hs(R3) such that

(6.10)
lim

t→+∞
∥U(t)− eit∆

(
u0 + L+

)
∥Hs(R3) = 0,

lim
t→−∞

∥U(t)− eit∆
(
u0 + L−

)
∥Hs(R3) = 0,

and

(6.11)
lim

t→+∞
∥e−it∆U(t)−

(
u0 + L+

)
∥Hs(R3) = 0,

lim
t→−∞

∥e−it∆U(t)−
(
u0 + L−

)
∥Hs(R3) = 0.

Proof. — Let us treat the case t −→ +∞. In the following, we set T = π
4 . We have

shown that

−iψ(t)
∫ t

0
e−i(t−s)H cos(2s)ψ(s)|ψ(s)e−isHu0 + v(s)|2(ψ(s)e−isHu0 + v(s))ds ∈ Xs,b

T .

hence by Lemma 2.8,

− ie−itH

∫ t

0
eisH cos(2s)ψ(s)|ψ(s)e−isHu0 + v(s)|2(ψ(s)e−isHu0 + v(s))ds

∈ C0([−T, T ];Hs(R3)).



56 NICOLAS BURQ, AURÉLIEN POIRET & LAURENT THOMANN

And therefore, there exists a function L ∈ Hs(R3) such that

lim
t→T

∥∥∥L− iκe−itH

∫ t

0
eisH cos(2s)ψ(s)|ψ(s)e−isHu0 + v(s)|2(ψ(s)e−isHu0 + v(s))ds

∥∥∥
Hs(R3)

= lim
t→T

∥∥∥eitHL− iκ∫ t

0
eisH cos(2s)ψ(s)|ψ(s)e−isHu0 + v(s)|2(ψ(s)e−isHu0 + v(s))ds

∥∥∥
Hs(R3)

= lim
t→T

∥∥∥eiTHL− iκ
∫ t

0
eisH cos(2s)ψ(s)|ψ(s)e−isHu0 + v(s)|2(ψ(s)e−isHu0 + v(s))ds

∥∥∥
Hs(R3)

= 0.

But for t ∈ [−T, T ],

u(t) = e−itHu0−iκe−itH

∫ t

0
eisH cos(2s)ψ(s)|ψ(s)e−isHu0+v(s)|2(ψ(s)e−isHu0+v(s))ds.

So, by (2.6), we obtain

U(t) = eit∆u0+

+eit∆
[
− iκ

∫ arctan(2t)
2

0
eisH cos(2s)ψ(s)|ψ(s)e−isHu0 + v(s)|2(ψ(s)e−isHu0 + v(s))ds

]
:= eit∆u0 + eit∆F (t).

Then

lim
t→+∞

∥F (t)− L+∥Hs(R3) = 0,

with L+ = eiTHL ∈ Hs(R3), which proves (6.11). Then we have

lim
t→+∞

∥eit∆F (t)− eit∆L+∥Hs(R3) = lim
t→+∞

∥F (t)− L+∥Hs(R3)

≤ C lim
t→+∞

∥F (t)− L+∥Hs(R3) = 0,

hence (6.10) follows.

7. Estimation of the regularity of the random initial data and proof of
Theorem 1.2

7.1. Estimation of the regularity of the random initial data. — In this
section, we estimate the regularity of the random data by proving large deviation
type estimates. In particular, we establish that uω0 ∈

⋃
λ≥1

E0(λ), for almost any ω ∈ Ω

(recall that E0(λ) is defined in (6.9)).
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For Λ > 0 we define,

(7.1)

ΩΛ =

{
ω ∈ Ω :

{
∥uω0 ∥Hσ(R3) ≤ Λ

}⋂{
∥ [eitHuω0 ]2 ∥L4([−π,π];Hs(R3)) ≤ Λ2

}
⋂{

∥ [eitHuω0 ]3 ∥L4([−π,π];Hs(R3)) ≤ Λ3
}

⋂
N dyadic

{
∥∆N (eitHuω0 )∥L4([−π,π];L∞(R3)) ≤ ΛN−1/6

}
⋂

N dyadic

{
∥∆N (eitHuω0 )∥LR([−π,π];Ws,4(R3)) ≤ ΛN s−1/4

}}
and the aim of this part is to prove the following theorem:
Theorem 7.1. — There are two constants C, c > 0 such that for any Λ ≥ 0 and
all u0 ∈ Hσ(R3),

(7.2) P (Ωc
Λ) ≤ C exp

(
− cΛ2

∥u0∥2Hσ(R3)

)
.

We start by establishing Wiener chaos type inequalities for complex Gaussian
random variables.
Proposition 7.2. — Assume that gn ∼ NC(0, 1) are independent random variables,
then there exists a constant C > 0 such that for all q ≥ 2 and all sequences (cn)n ∈
ℓ2(N), (cn,m)n,m ∈ ℓ2(N× N) and (cn,m,k)n,m,k ∈ ℓ2(N× N× N),∥∥∥∑

n∈N
cngn(ω)

∥∥∥
Lq(Ω)

≤ Cq
1
2

√∑
n∈N
|cn|2,(7.3)

∥∥∥ ∑
n,m∈N

cn,mgn(ω)gm(ω)
∥∥∥
Lq(Ω)

≤ Cq
√ ∑

n,m∈N
|cn,m|2,(7.4)

∥∥∥ ∑
n,m,k∈N

cn,m,kgn(ω)gm(ω)gk(ω)
∥∥∥
Lq(Ω)

≤ Cq
3
2

√ ∑
n,m,k∈N

|cn,m,k|2.(7.5)

Proof. — The bound (7.3) is the Khintchine inequality, and we refer to [21] for a
proof.

Since the random variables gn are independent complex Gaussians, by [71, Propo-
sition 2.4] (Wiener chaos estimates) there exists a constant C > 0 such that for any
q ≥ 2,

(7.6)
∥∥∥ ∑
n,m∈N

cn,mgn(ω)gm(ω)
∥∥∥
Lq(Ω)

≤ Cq
∥∥∥ ∑
n,m∈N

cn,mgn(ω)gm(ω)
∥∥∥
L2(Ω)

.
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Next,

∥∥∥ ∑
n,m∈N

cn,mgn(ω)gm(ω)
∥∥∥2
L2(Ω)

=

=
∑

n,n′,m,m′∈N
cn,mcn′,m′E

(
gn(ω)gm(ω)gn′(ω)gm′(ω)

)
≤

∑
n=n′=m=m′∈N

| |+
∑

n=n′,m=m′∈N
| |+

∑
n=m,n′=m′∈N

| |+
∑

n=m′,n′=m∈N
| |.

Then

∑
n=n′=m=m′∈N

∣∣∣∣cn,mcn′,m′E
(
gn(ω)gm(ω)gn′(ω)gm′(ω)

) ∣∣∣∣ =
∑
n∈N
|cn,n|2E(|gn(ω)|4)

≤
∑

n,m∈N
|cn,m|2,

and using that E(gn(ω)
2) = 0, we obtain

∑
n=m,n′=m′∈N

∣∣∣∣cn,mcn′,m′E
(
gn(ω)gm(ω)gn′(ω)gm′(ω)

) ∣∣∣∣ =
=
∑

n,m∈N
|cn,n||cm,m|

∣∣∣∣E (gn(ω)2gm(ω)2
) ∣∣∣∣

=
∑
n∈N
|cn,n|2E

(
|gn(ω)|4

)
≤
∑

n,m∈N
|cn,m|2,

thus (7.4) is proved. We can proceed in the same way to obtain (7.5) since the
inequality (7.6) is true for any product of random variables.
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We now prove Theorem 7.1. By definition (7.1) of the set ΩΛ we have

P (Ωc
Λ) ≤ P

(
ω ∈ Ω : ∥uω0 ∥Hσ(R3) ≥ Λ

)
+ P

(
ω ∈ Ω : ∥ [eitHuω0 ]2 ∥L4([−π,π];Hs(R3)) ≥ Λ2

)
+ P

(
ω ∈ Ω : ∥ [eitHuω0 ]3 ∥L4([−π,π];Hs(R3)) ≥ Λ3

)
+ P

 ⋃
N dyadic

{
ω ∈ Ω : ∥∆N (eitHuω0 )∥L4([−π,π];L∞(R3)) ≥ ΛN−1/6

}
+ P

 ⋃
N dyadic

{
ω ∈ Ω : ∥∆N (eitHuω0 )∥LR([−π,π];Ws,4(R3)) ≥ ΛN s−1/4

}
so it is enough to establish the bound (7.2) for each of the terms. Let us carry out
the proof for the second and the fourth term (for the other terms, the approach is
similar).

• Case ∥ [eitHuω0 ]2 ∥L4([−π,π];Hs(R3)) ≥ Λ2. Since s ∈]12 ,
1
2 + σ[, it is enough to

prove the following lemma:
Lemma 7.3. — For any ϵ > 0, there exist two constants C, c > 0 such that for
any Λ > 0 and any function u0 ∈ Hσ(R3),

P
(
ω ∈ Ω : ∥ [eitHuω0 ]2 ∥L4([−π,π];Hσ+1/2−2ϵ(R3)) ≥ Λ2

)
≤ Ce

− cΛ2

∥u0∥2Hσ(R3) .

Proof. — Note that it is sufficient to prove the estimate for Λ ≥ C∥u0∥Hσ(R3).
Thanks to the Markov and Minkowski inequalities, we obtain for q ≥ 4,

P
(
ω ∈ Ω : ∥ [eitHuω0 ]2 ∥L4([−π,π];Hσ+1/2−2ϵ(R3)) ≥ Λ2

)
=

= P
(
ω ∈ Ω : ∥Hσ/2+1/4−ϵ [eitHuω0 ]

2 ∥q
L4([−π,π];L2(R3))

≥ Λ2q
)

≤ Λ−2qEω

(
∥Hσ/2+1/4−ϵ [eitHuω0 ]

2 ∥q
L4([−π,π];L2(R3))

)
= Λ−2q∥Hσ/2+1/4−ϵ [eitHuω0 ]

2 ∥q
Lq(Ω;L4([−π,π];L2(R3)))

≤ Λ−2q∥Hσ/2+1/4−ϵ [eitHuω0 ]
2 ∥q

L4([−π,π];L2(R3;Lq(Ω)))
.
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Then with (7.4) we get

∥Hσ/2+1/4−ϵ [eitHuω0 ]
2 ∥Lq(Ω) =

=
∥∥∥ Hσ/2+1/4−ϵ

[ ∑
n,m∈N

eit(λ
2
n+λ2

m)cncmhn(x)hm(x)gn(ω)gm(ω)
] ∥∥∥

Lq(Ω)

≤
∥∥∥ ∑

n,m∈N
eit(λ

2
n+λ2

m)cncmH
σ/2+1/4−ϵ [hn(x)hm(x)]gn(ω)gm(ω)

∥∥∥
Lq(Ω)

≤ Cq
√ ∑

n,m∈N
|cn|2|cm|2|Hσ/2+1/4−ϵ [hn(x)hm(x)] |2.

By the triangle inequality, we obtain

P
(
ω ∈ Ω : ∥ [eitHuω0 ]2 ∥L4([−π,π];Hσ+1/2−2ϵ(R3)) ≥ Λ2

)
≤
(
Cq

Λ2

)q ∥∥∥ ∑
n,m∈N

|cn|2|cm|2|Hσ/2+1/4−ϵ[hn(x)hm(x)] |2
∥∥∥q/2
L2([−π,π];L1(R3))

= C

(
Cq

Λ2

)q ( ∑
n,m∈N

|cn|2|cm|2∥Hσ/2+1/4−ϵ[hn(x)hm(x)] ∥2L2(R3)

)q/2
.

Then thanks to Proposition 2.12 with δ = ϵ, we deduce that∥∥Hσ/2+1/4−ϵ [hn(x)hm(x)]
∥∥2
L2(R3)

≤ Cϵmax(λn, λm)2(σ−ϵ)

≤ Cmax(λn, λm)2σ.

And finally, we have

P
(
ω ∈ Ω :

∥∥ [eitHuω0 ]2 ∥∥L4([−π,π];Hσ+1/2−2ϵ(R3))
≥ Λ2

)
≤

≤
(
Cq

Λ2

)q
 ∑

n,m∈N
|cn|2|cm|2max(λn, λm)2σ

q/2

≤

(
Cq∥u0∥2Hσ(R3)

Λ2

)q

.

Then it is enough to choose q = t2

2C∥u0∥2Hσ(R3)
≥ 4 to conclude.

• Case ∥∆N [eitHuω0 ]∥L4([−π,π];L∞(R3)) ≥ N−1/6Λ. Let us start by establishing the
following lemma:
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Lemma 7.4. — For all p1, p2 ∈ [2,+∞[ and ϵ > 0, there exist two constants
C, c > 0 such that for all Λ > 0, N ≥ 1 and u0 ∈ Hσ−ϵ(R3),

P
(
ω ∈ Ω : ∥∆N (eitHuω0 )∥Lp1 ([−π,π];W ϵ,p2 (R3)) ≥ ΛN−1/6−σ+2ϵ

)
≤

≤ Ce
− cΛ2

∥∆N (u0)∥2Hσ−ϵ(R3) .

Proof. — We replace u0 by ∆N (u0), therefore we are led to prove that

P
(
ω ∈ Ω : ∥∆′

N (eitHuω0 )∥Lp1 ([−π,π];W ϵ,p2 (R3)) ≥ ΛN−1/6−σ+2ϵ
)
≤ Ce

− cΛ2

∥u0∥2Hσ−ϵ(R3) .

As for Lemma 7.3, it is sufficient to prove the estimate for Λ ≥ C∥u0∥Hσ−ϵ(R3).
Thanks to the Markov and Minkowski inequalities, we obtain for q ≥ p1, p2,

P
(
ω ∈ Ω : ∥∆′

N (eitHuω0 )∥Lp1 ([−π,π];W ϵ,p2 (R3)) ≥ ΛN−1/6−σ+2ϵ
)
≤

≤

(
N1/6+σ−2ϵEω(∥∆′

N (eitHuω0 )∥Lp1 ([−π,π];W ϵ,p2 (R3)))

Λ

)q

≤

(
N1/6+σ−2ϵ

Λ

)q

∥Hϵ/2∆′
N (eitHuω0 )∥

q
Lq(Ω),Lp1 ([−π,π]);Lp2 (R3)

≤

(
N1/6+σ−2ϵ

Λ

)q

∥Hϵ/2∆′
N (eitHuω0 )∥

q
Lp1 ([−π,π]);Lp2 (R3);Lq(Ω)

.

But using (7.3),

∥Hϵ/2∆′
N (eitHuω0 )∥Lq(Ω) ≤

∥∥∥∑
n∈N

ϕ
( λ2n
N2

)
λϵne

itλ2
ncnhn(x)gn(ω)

∥∥∥
Lq(Ω)

≤
∥∥∥ ∑
λn∼N

ϕ
( λ2n
N2

)
λϵne

itλ2
ncnhn(x)gn(ω)

∥∥∥
Lq(Ω)

≤ C
√
q

√√√√ ∑
λn∼N

ϕ2
( λ2n
N2

)
λ2ϵn |cn|2|hn(x)|2.
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Then, using (2.9) and (2.10), we obtain

∥Hϵ/2∆′
N (eitHuω0 )∥Lp1 ([−π,π]);Lp2 (R3);Lq(Ω) ≤

≤ C√q
∥∥∥ ∑
λn∼N

ϕ2
( λ2n
N2

)
λ2ϵn |cn|2|hn(x)|2

∥∥∥1/2
Lp1/2([−π,π]);Lp2/2(R3)

≤ C√q

√√√√ ∑
λn∼N

ϕ2
( λ2n
N2

)
λ2ϵn |cn|2∥hn(x)∥2Lp2 (R3)

≤ C√q

√√√√ ∑
λn∼N

ϕ2
( λ2n
N2

)
λ
2ϵ−1/3
n |cn|2

≤ C√qN−σ−1/6+2ϵ

√√√√ ∑
λn∼N

ϕ2
( λ2n
N2

)
λ
2(σ−ϵ)
n |cn|2

≤ C√qN−σ−1/6+2ϵ∥∆′
N (u0)∥Hσ−ϵ(R3)

≤ C√qN−σ−1/6+2ϵ∥u0∥Hσ−ϵ(R3).

Finally, we have for all q ≥ p1, p2,

P
(
ω ∈ Ω : ∥∆′

N (eitHuω0 )∥Lp1 ([−π,π];W ϵ,p2 (R3)) ≥ ΛN−1/6−σ+2ϵ
)
≤

≤
(
C
√
q∥u0∥Hσ−ϵ(R3)

Λ

)q

.

It is then sufficient to choose q =

(
Λ

4C∥u0∥Hσ(R3)

)2

≥ p1, p2 to prove Lemma 7.4.

Then for p2 =
3
ϵ + ϵ , we have

W ϵ,p2(R3) ↪→ L∞(R3).

Hence for all p1 ∈ [2,+∞[ and ϵ > 0, there exist two constants C, c > 0 such that
for all Λ > 0, N ≥ 1 and u0 ∈ Hσ−ϵ(R3),

P
(
ω ∈ Ω : ∥∆N (eitHuω0 )∥Lp1 ([−π,π];L∞(R3)) ≥ ΛN−1/6−σ+2ϵ

)
≤ Ce

− cΛ2

∥∆N (u0)∥2Hσ−ϵ(R3) .

Then we can choose p1 = 4 and use that ∥∆N (u0)∥2Hσ−ϵ(R3) ≤ N−2ϵ∥u0∥2Hσ(R3) to

obtain for any ϵ > 0 the existence of two constants C, c > 0 such that for all Λ > 0,
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N ≥ 1 and u0 ∈ Hσ(R3),

P
(
ω ∈ Ω : ∥∆N (eitHuω0 )∥L4([−π,π];L∞(R3)) ≥ ΛN−1/6

)
≤ Ce

− cN2(σ−ϵ)Λ2

∥u0∥2Hσ(R3) .(7.7)

We have to prove that there exist two constants C, c > 0 such that for all Λ > 0,
N ≥ 1 and u0 ∈ Hσ(R3),

(7.8) P

(⋃
N

{
ω ∈ Ω : ∥∆N (eitHuω0 )∥L4([−π,π];L∞(R3)) ≥ ΛN−1/6

})
≤

≤ Ce
− cΛ2

∥u0∥2Hσ(R3) .

We can assume that Λ ≥ C∥u0∥Hσ(R3), and we set α =

(
Λ

C∥u0∥Hσ(R3)

)2

and choosing

ϵ < σ in (7.7), it is enough to show that

∀δ > 0, ∃ C, c > 0/ ∀α ≥ 1,
∑

N dyadic

e−αNδ ≤ Ce−cα.

Using that there exists c > 0, such that ck ≤ 2δk − 1∑
N dyadic

e−αNδ
= e−α

∑
k≥0

e−α(2δk−1) ≤ e−α
∑
k≥0

e−cαk ≤ Ce−α,

and (7.8) is proved. This completes the proof of Theorem 7.1.

7.2. Proof of Theorem 1.2. — Recall the definition (7.1) of the set ΩΛ. To show
Theorem 1.2, it is sufficient to show that for any Λ > 0, P (ΩΛ) > 0. To do this, we
first establish that it is sufficient to show the result for a finite number of terms in
the initial data. For u0 =

∑
n∈N

cnhn ∈ L2(R3), we define for K ∈ N⋆,

[u0]K =
∑

λn<K

cnhn, [u0]
K =

∑
λn≥K

cnhn.
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By independence of the random variables, we obtain

P (ΩΛ) ≥µ
(
∥ [u0]K∥Hσ(R3) ≤

Λ

2
, ∥ (eitH [u0]

K)2∥L4([−π,π];Hs(R3)) ≤
Λ2

2
,

∥ (eitH [u0]
K)3 ∥L4([−π,π];Hs(R3)) ≤

Λ3

2
,

⋂
N

{
∥∆N (eitH [u0]

K)∥L4([−π,π];L∞(R3)) ≤
ΛN−1/6

2

}
,

⋂
N

{
∥∆N (eitH [u0]

K)∥LR([−π,π];Ws,4(R3)) ≤
ΛN s−1/4

2

})
·

· µ
(
∥ [u0]K∥Hσ(R3) ≤

Λ

2
, ∥ (eitH [u0]K)2 ∥L4([−π,π];Hs(R3)) ≤

Λ2

2
,

∥ (eitH [u0]K)3 ∥L4([−π,π];Hs(R3)) ≤
Λ3

2
,

⋂
N

{
∥∆N (eitH [u0]K)∥L4([−π,π];L∞(R3)) ≤

ΛN−1/6

2

}
,

⋂
N

{
∥∆N (eitH [u0]K)∥LR([−π,π];Ws,4(R3)) ≤

ΛN s−1/4

2

})
.

Let us denote by PΛ,K the first probabilistic term of this inequality. Then by The-
orem 7.1, for all Λ ≥ 0 and K ∈ N⋆,

PΛ,K ≥ 1− C exp
(
− cΛ2

∥ [u0]K ∥2Hσ(R3)

)
,

with

lim
K→+∞

∥ [u0]K ∥2Hσ(R3) = 0.
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Therefore, there is an integer K ≥ 1 such that C exp(− cΛ2

∥ [u0]K ∥2Hσ(R3)

) ≤ α, and

we deduce that

(7.9)
P (ΩΛ)

1− α
≥

µ

(
u0 ∈ Hσ(R3) : ∥ [u0]K∥Hσ(R3) ≤

Λ

2
, ∥ (eitH [u0]K)2 ∥L4([−π,π];Hs(R3)) ≤

Λ2

2
,

∥ (eitH [u0]K)3 ∥L4([−π,π];Hs(R3)) ≤
Λ3

2
,

⋂
N

{
∥∆N (eitH [u0]K)∥L4([−π,π];L∞(R3)) ≤

ΛN−1/6

2

}
,

⋂
N

{
∥∆N (eitH [u0]K)∥LR([−π,π];Ws,4(R3)) ≤

ΛN s−1/4

2

})
.

As a result, we are reduced to prove the result for a finite number of terms in
the initial data. We notice that there are two constants C1, C2 > 0 such that

C1n
1
3 ≤ λ2n ≤ C2n

1
3 then that |{λn ≤ K}| ≤ CK6. Thus by Proposition 2.10 and

by the Cauchy-Schwarz inequality

(7.10){
ω ∈ Ω :

∥∥ [uω0 ]K ∥∥Hσ(R3)
≤ Λ

2

}
=

{
ω ∈ Ω :

∑
λn≤K

λ2σn |cn|2|gn(ω)|2 ≤
Λ2

CK6

}
⊂ AΛ

where

AΛ =
⋂ {

ω ∈ Ω : ∥ (eitH [uω0 ]K)2 ∥L4([−π,π];Hs(R3)) ≤
Λ2

2

}
,

⋂ {
ω ∈ Ω : ∥ (eitH [uω0 ]K)3 ∥L4([−π,π];Hs(R3)) ≤

Λ3

2

}
,⋂ ⋂

N

{
ω ∈ Ω : ∥∆N (eitH [uω0 ]K)∥L4([−π,π];L∞(R3)) ≤

Λ

2
N−1/6

}
,

⋂ ⋂
N

{
ω ∈ Ω : ∥∆N (eitH [uω0 ]K)∥LR([−π,π];Ws,4(R3)) ≤

Λ

2
N s−1/4

}
.
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We are now able to complete the proof of Theorem 1.2. By (7.9) and (7.10), it is
sufficient to show that for any integer K ≥ 1 and any Λ > 0,

P
(
ω ∈ Ω :

∑
λn≤K

λ2σn |cn|2|gn(ω)|2 ≤
Λ2

CK6

)
> 0.

But, by independence,

P
(
ω ∈ Ω :

∑
λn≤K

λ2σn |cn|2|gn(ω)|2 ≤
Λ2

CK6

)
≥

≥ P
( ⋂
λn≤K

{
ω ∈ Ω : |gn(ω)|2 ≤

Λ2

CK12∥u0∥2Hσ(R3)

})
=
∏

λn≤K

P
(
ω ∈ Ω : |gn(ω)|2 ≤

Λ2

CK12∥u0∥2Hσ(R3)

)
> 0,

because for all R > 0 and all n ∈ N, P
(
ω ∈ Ω : |gn(ω)| ≤ R

)
> 0.

It remains to show (1.7). By Theorem 6.11 and Theorem 6.12, it is sufficient to
establish that for any Λ > 0,

lim
η→0

P
(
ω ∈ ΩΛ : ∥uω0 ∥Hσ(R3) ≤ η

)
= 1.

Actually, by adapting the proof of [23, Appendix A.2], we can obtain that

P
(
ω ∈ Ωc

Λ : ∥uω0 ∥Hσ(R3) ≤ η
)
≤ Ce−cΛ2

η2 ,

and (1.7) is proven.

7.3. Proof of (1.8). — To prove (1.8), it is enough to show that for any Λ > 0
and any α ∈]0, 1], P (ΩΛ) ≥ 1− α. This result is clear from Theorem 7.1 since

P (ΩΛ) ≥ 1− C1 exp
(
− C2

∥u0∥2Hσ(R3)

)
≥ 1− α

if ∥u0∥Hσ(R3) is small enough.

8. The fixed point argument for equation (1.11)

We introduce the following equation:

(8.1)

i
∂u

∂t
−Hu = κ cos(2t)

d(p−1)
2

−2|u|p−1u, (t, x) ∈ R× Rd,

u(0, x) = u0(x),
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where p ≥ 5 denotes an odd integer and κ ∈ {−1, 1}. We will first show that this
equation is almost surely locally well-posed, and then deduce global well-posedness
of (1.11) using the lens transform.

8.1. Some nonlinear estimates and local well-posedness of equation (8.1).
— In this section, we establish estimates that will be useful to apply the Picard
fixed point theorem. We start by showing two preliminary lemmas.
Lemma 8.1. — Let (q, r) ∈ [2,+∞[×[2,+∞], s, s0 ≥ 0 and assume that s− s0 >
d
2−

2
q −

d
r , then there are two constants κ,C > 0 such that for all T ≥ 0 and u ∈ Xs

T ,

∥u∥Lq([−T,T ];Ws0,r(Rd)) ≤ CT κ∥u∥Xs
T
.

Proof. — Let ϵ > 0 then there exists κϵ > 0 such that

∥u∥Lq([−T,T ];Ws0,r(Rd)) ≤ T κϵ∥u∥Lq+ϵ([−T,T ];Ws0,r(Rd)).

Now the couple (q + ϵ, 2d(q+ϵ)
dq+dϵ−4) is admissible with

Ws,
2d(q+ϵ)
dq+dϵ−4 (Rd) ↪→Ws0,r(Rd) if s− s0 ≥

d

2
− 2

q + ϵ
− d

r
.

But, as s−s0 > d
2−

2
q −

d
r then there is 0 < ϵ≪ 1 such that s−s0 ≥ d

2−
2

q+ϵ−
d
r .

Lemma 8.2. — Let s ≥ 0 then there exists a constant C > 0 such that for all
functions f and g in S(Rd),

∥(−∆)s/2(fg)∥L2(Rd) ≤ C
(
∥|g(−∆)s/2f∥L2(Rd) + ∥f(−∆)s/2g∥L2(Rd)

)
.

Proof. — Using the Fourier transform we obtain

∥(−∆)s/2(fg)∥L2(Rd) ≤ C∥|ξ|sF(fg)∥L2(Rd)

= C∥|ξ|sF(f) ⋆ F(g)∥L2(Rd).

But for all ξ, η ∈ Rd,

|ξ|s ≤ (|η|+ |ξ − η|)s ≤ Cs(|η|s + |ξ − η|s),

therefore

∥(−∆)s/2(fg)∥L2(Rd) ≤ Cs

(
∥(|.|sF(f)) ⋆ F(g)∥L2(Rd) + ∥F(f) ⋆ (|.|sF(g))∥L2(Rd)

)
= Cs

(
∥F(g(−∆)s/2f)∥L2(Rd) + ∥F(f(−∆)s/2g)∥L2(Rd)

)
= Cs

(
∥g(−∆)s/2f∥L2(Rd) + ∥f(−∆)s/2g∥L2(Rd)

)
,

which was the claim.

Then, the expected estimates are established.
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Proposition 8.3. — Let s > d
2 −

2
p−1 then there exist two constants C > 0 and

κ > 0 such that if we assume

∥e−itHu0∥Lp([−π,π];L∞(Rd)) ≤ λ

for some λ > 0, then for any 0 < T ≤ 1, v ∈ Xs
T and fj = v or fj = e−itHu0,

∥(
√
−∆s

v)

p∏
j=2

fj∥L1([−T,T ];L2(Rd)) ≤ CT κ(λp + ∥v∥p
X

s
T
),

and

∥⟨x⟩sv
p∏

j=2

fj∥L1([−T,T ];L2(Rd)) ≤ CT κ(λp + ∥v∥p
X

s
T
).

Proof. — According to the Hölder inequality and (1.2),

∥(
√
−∆s

v)

p∏
j=2

fj∥L1([−T,T ];L2(Rd)) ≤

≤ ∥
√
−∆s

v∥L∞([−T,T ];L2(Rd))

p∏
j=2

∥fj∥Lp−1([−T,T ];L∞(Rd))

≤ C∥v∥L∞([−T,T ];Hs(Rd))

p∏
j=2

∥fj∥Lp−1([−T,T ];L∞(Rd)),

and

∥⟨x⟩sv
p∏

j=2

fj∥L1([−T,T ];L2(Rd)) ≤ ∥⟨x⟩sv∥L∞([−T,T ];L2(Rd))

p∏
j=2

∥fj∥Lp−1([−T,T ];L∞(Rd))

≤ ∥v∥L∞([−T,T ];Hs(Rd))

p∏
j=2

∥fj∥Lp−1([−T,T ];L∞(Rd)).

If fj = v then as s > d
2 −

2
p−1 , we can use Lemma 8.1 to get

∥v∥Lp−1([−T,T ];L∞(Rd)) ≤ CT κ∥v∥Xs
T
.

If fj = e−itHu0 then according to the Hölder inequality,

∥e−itHu0∥Lp−1([−T,T ];L∞(Rd)) ≤ T
1

p−1
− 1

p ∥e−itHu0∥Lp([−π,π];L∞(Rd))

≤ T
1

p(p−1)λ,

which completes the proof.
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Lemma 8.4. — If 0 < s < d
2 then there exist two constants C > 0 and κ > 0 such

that if we assume that

∥e−itHu0∥
Lp([−π,π];W

1
8 ,∞(Rd))

≤ λ,

and

∥u0∥H d−1
2 (Rd)

≤ λ

for some λ > 0, then for all 0 < T ≤ 1,

∥⟨x⟩s(e−itHu0)
p∥L1([−T,T ];L2(Rd)) ≤ CT κλp.

Proof. — According to the Hölder inequality and (1.2), we obtain

∥⟨x⟩s(e−itHu0)
p∥L1([−T,T ];L2(Rd)) ≤

≤ ∥⟨x⟩
d
2 (e−itHu0)

p∥L1([−T,T ];L2(Rd))

≤ ∥⟨x⟩
d−1
2 e−itHu0∥L∞([−T,T ];L2(Rd))∥⟨x⟩

1
2(p−1) e−itHu0∥p−1

Lp−1([−T,T ];L∞(Rd))

≤ CT 1/p∥u0∥H d−1
2 (Rd)

∥e−itHu0∥p−1

Lp([−T,T ];W
1
8 ,∞(Rd))

≤ CT 1/pλp.

Lemma 8.5. — There exist s ∈]d2 −
2

p−1 ;
d
2 [ and constants C, κ > 0 such that if we

assume that

∥e−itHu0∥
L2p([−π,π];W

1
7 ;∞(Rd))

≤ λ,

and

∥u0∥H d−1
2 (Rd)

≤ λ

for some λ > 0, then for all 0 < T ≤ 1, v ∈ Xs
T and fj = v or fj = e−itHu0,

∥
√
−∆s

(e−itHu0)

p∏
j=2

fj∥L1([−T,T ];L2(Rd)) ≤ CT κ(λp + ∥v∥p
X

s
T
).
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Proof. — For all ϵ ∈]0, 12 [, according to the Hölder inequality, we have

∥
√
−∆s

(e−itHu0)

p∏
j=2

fj∥L1([−T,T ];L2(Rd)) ≤

≤
∥∥∥√−∆s

(e−itHu0)

⟨x⟩1/2−ϵ

∥∥∥
L2([−T,T ];L2(Rd))

p∏
j=2

∥⟨x⟩
1

p−1
( 1
2
−ϵ)
fj∥L2(p−1)([−T,T ];L∞(Rd)).

Then, we choose s = d
2 − 2ϵ with ϵ≪ 1 to obtain by using (1.16) that

∥
√
−∆s

(e−itHu0)

p∏
j=2

fj∥L1([−T,T ];L2(Rd)) ≤

≤ λ
p∏

j=2

∥⟨x⟩
1

p−1
( 1
2
−ϵ)
fj∥L2(p−1)([−T,T ];L∞(Rd))

≤ λ
p∏

j=2

∥fj∥
L2(p−1)([−T,T ];W

1
p−1 ( 12−ϵ)+ϵ, dϵ +1

(Rd))
.

If fj = e−itHu0, by interpolation, we there exists a constant κ > 0 such that

∥e−itHu0∥
L2(p−1)([−T,T ];W

1
p−1 ( 12−ϵ)+ϵ, dϵ +1

(Rd))
≤

≤ CT κ∥e−itHu0∥θL2p([−T,T ];Ws0,∞(Rd))∥e
−itHu0∥1−θ

L∞([−T,T ];H
d−1
2 (Rd))

where θ = d−ϵ
d+ϵ and s0 = (1−θ

θ )(d−1
2 ) + 1

θ(p−1)(
1
2 − ϵ) +

ϵ
θ .

Firstly, ∥e−itHu0∥
L∞([−T,T ];H

d−1
2 (Rd))

= ∥u0∥H d−1
2 (Rd)

≤ λ. Then as

s0 =
1

2(p− 1)
+ Cϵ+ o(ϵ) ≤ 1

7

we deduce ∥e−itHu0∥L2p([−T,T ];Ws0,∞(Rd)) ≤ λ and

∥e−itHu0∥
L2(p−1)([−T,T ];W

1
p−1 ( 12−ϵ)+ϵ, dϵ +1

(Rd))
≤ λ.

If fj = v, since s− 1
p−1(

1
2 − ϵ) >

d
2 −

1
p−1 −

dϵ
d+ϵ (if ϵ≪

1
2(p−2)) then by Lemma 8.1,

we obtain

∥v∥
L2(p−1)([−T,T ];W

1
p−1 ( 12−ϵ)+ϵ, dϵ +1

(Rd))
≤ CT κ∥v∥Xs

T
,

hence the result.
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We therefore introduce the natural set of initial conditions. Let λ ≥ 0 and define

F0(λ) as the set of functions u0 ∈ H
d−1
2 (Rd) which satify

(8.2)

{ ∥u0∥H d−1
2 (Rd)

≤ λ,
∥e−itHu0∥

L2p([−π,π];W
1
7 ,∞(Rd))

≤ λ.

Then, we can establish the two main results of this section.
Proposition 8.6. — There exists s ∈]d2 −

2
p−1 ;

d
2 [ and constants C, κ > 0 such that

if u0 ∈ F0(λ) for some λ > 0 then for all v, v1, v2 ∈ X
s
T and 0 < T ≤ 1,∥∥∥∫ t

0
e−i(t−s)H cos(2s)

d(p−1)
2

−2|e−isHu0 + v|p−1(e−isHu0 + v)ds
∥∥∥
X

s
T

≤

≤ CT κ(λp + ∥v∥p
X

s
T
),

and∥∥∥∫ t

0
e−i(t−s)H cos(2s)

d(p−1)
2

−2|e−isHu0 + v1|p−1(e−isHu0 + v1)ds

−
∫ t

0
e−i(t−s)H cos(2s)

d(p−1)
2

−2|e−isHu0 + v2|p−1(e−isHu0 + v2)ds
∥∥∥
X

s
T

≤ CT κ∥v1 − v2∥Xs
T
(λp−1 + ∥v1∥p−1

X
s
T
+ ∥v2∥p−1

X
s
T
).

Proof. — We only prove the first estimate. Using Proposition 2.1 and (1.2), we
obtain∥∥∥∫ t

0
e−i(t−s)H cos(2s)

d(p−1)
2

−2|e−isHu0 + v|p−1(e−isHu0 + v)ds
∥∥∥
X

s
T

≤

≤ C∥ cos(2s)
d(p−1)

2
−2|e−isHu0 + v|p−1(e−isHu0 + v)∥L1([−T,T ];Hs(Rd))

≤ C∥ |e−isHu0 + v|p−1(e−isHu0 + v)∥L1([−T,T ];Hs(Rd))

≤ C∥ (−∆)s
(
|e−isHu0 + v|p−1(e−isHu0 + v)

)
∥L1([−T,T ];L2(Rd))

+ C∥⟨x⟩s|e−isHu0 + v|p−1(e−isHu0 + v)∥L1([−T,T ];L2(Rd)).

Then, using Lemma 8.2 and Proposition 8.3, Lemma 8.4, and Lemma 8.5, we can
obtain a constant κ > 0 such that for all u0 ∈ F0(λ), 0 < T ≤ 1 and v ∈ Xs

T ,

∥(−∆)s
(
|e−isHu0 + v|p−1(e−isHu0 + v)

)
∥L1([−T,T ];L2(Rd)) ≤ CT κ(λp + ∥v∥p

X
s
T
),

and

∥⟨x⟩s|e−isHu0 + v|p−1(e−isHu0 + v)∥L1([−T,T ];L2(Rd)) ≤ CT κ(λp + ∥v∥p
X

s
T
),



72 NICOLAS BURQ, AURÉLIEN POIRET & LAURENT THOMANN

which was to prove.

We are now able to state the local well-posedness result for equation (8.1).
Theorem 8.7. — There exist s ∈]d2 −

2
p−1 ;

d
2 [, C > 0 and δ > 0 such that for any

0 < T ≤ 1, if u0 ∈ F0(λ) with λ < CT−δ then there is a unique solution to the
equation (8.1) on [−T, T ] in the space e−itHu0 +BX

s
T
(0, λ).

Proof. — Let us define

L(v) = −iκ
∫ t

0
e−i(t−s)H cos(2s)

d(p−1)
2

−2|e−isHu0 + v(s)|p−1(e−isHu0 + v(s))ds,

and note that u = e−itHu0+v is the unique solution of (8.1) on [−T, T ] in the space
e−itHu0 +BX

s
T
(0, R) if and only if v is the unique fixed point of L on BX

s
T
(0, R).

According to Proposition 8.6, there are two constants C > 0 and κ > 0 such that

∥L(v)∥Xs
T
≤ CT κ(λp + ∥v∥p

X
s
T
)

∥L(v1)− L(v2)∥Xs
T
≤ CT κ∥v1 − v2∥Xs

T
(λp−1 + ∥v1∥p−1

X
s
T
+ ∥v2∥p−1

X
s
T
).

Therefore if λ < ( 1
8CTκ )

1
p−1 then L is a contraction of BX

s
T
(0, λ) and the theorem

follows.

8.2. Global solutions and scattering for the equation (1.11). — Thanks to
the lens transform and the results of the previous section, we are able obtain the
existence of global solutions for the equation (1.11).
Theorem 8.8. — There exist s ∈]d2−

2
p−1 ;

d
2 [ and C1, C2 > 0 such that if u0 ∈ F0(λ)

with λ < C1 then there is a global solution to (1.11) in the space eit∆u0+BXs(0, C2).
Proof. — Let u be given by Theorem 8.7 with T = π

4 . We apply to u the lens
transformation defined in Section 2.1 to obtain a function U which, according to
Proposition 2.2, satisfies the conditions of the theorem.

Theorem 8.9. — There exist s ∈]d2 −
2

p−1 ;
d
2 [, C1, C2 > 0 and δ > 0 such that for

any 0 < T ≤ 1, if u0 ∈ F0(λ) with λ < C1(arctan 2T )
−δ then there is a solution

to (1.11) on [−T, T ] in the space eit∆u0 +BXs
T
(0, C2λ

p).

Proof. — Let u be given by Theorem 8.7 at T replaced by 1
2 arctan 2T . Then, as

for the previous proof, we apply to u the lens transformation, which yields the
result.

We then prove the uniqueness of the constructed solutions.
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Proposition 8.10. — Let s ∈]d2 −
2

p−1 ;
d
2 [, u0 ∈ F0(λ) and T ∈]0, 1]. Let U1 and

U2 be two solutions of (1.11) on [−T, T ] on the space eit∆u0 +Xs
T then,

U1(t) = U2(t) in L
2(Rd), ∀t ∈ [−T, T ].

Proof. — By reversibility of the equation, is enough to consider the case t ∈ [0, T ].
For all t ∈ R, we have

d

dt
∥U1(t)− U2(t)∥2L2(Rd) =

= 2Re(⟨∂t(U1(t)− U2(t)), U1(t)− U2(t)⟩L2(Rd)L2(Rd))

= 2|⟨|U1(t)|p−1U1(t)− |U2(t)|p−1U2(t), U1(t)− U2(t)⟩L2(Rd)L2(Rd)|
≤ 2∥U1(t)− U2(t)∥L2(Rd)∥|U1(t)|p−1U1(t)− |U2(t)|p−1U2(t)∥L2(Rd)

≤ C∥U1(t)− U2(t)∥2L2(Rd)

(
∥U1(t)∥p−1

L∞(Rd)
+ ∥U2(t)∥p−1

L∞(Rd)

)
.

Then, by the Grönwall Lemma, the result is proved if ∥Uj(t)∥p−1
L∞(Rd)

∈ L1
loc, since

∥U1(0)− U2(0)∥2L2(Rd)
= 0. By using Proposition 2.2, we get

∥Uj∥Lp−1([0,T ]),L∞(Rd) ≤ ∥eit∆u0∥Lp−1([0,T ];L∞(Rd)) + ∥Vj∥Lp−1([0,T ];L∞(Rd))

≤ CT (∥e−itHu0∥Lp−1([−π,π];L∞(Rd)) + ∥Vj∥Xs
T
)

≤ CT (λ+ ∥Vj∥Xs
T
),

hence the result.

Finally, we prove that the global solutions constructed scatter at +∞ and at −∞,
namely (1.12) and (1.13). The proof is the same as the proof of Theorem 6.12 and
is left here.

9. Estimation of the regularity of the initial random data and proof of
Theorem 1.4

9.1. Estimation of the regularity of the initial random data. — For Λ > 0,
recall the definition (8.2) of the set F0(Λ), and define

ΩΛ =
{
ω ∈ Ω : uω0 ∈ F0(Λ)

}
.

The purpose of this part is to establish the following theorem:
Theorem 9.1. — There exist constants C, c > 0 such that for any Λ > 0,

P (Ωc
Λ) ≤ C exp

(
− c Λ2

∥u0∥2H(d−1)/2(Rd)

)
.
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Proof. — By the triangle inequality, we can write

(9.1) P (Ωc
Λ) ≤

P
(
ω ∈ Ω : ∥uω0 ∥H(d−1)/2(Rd) ≥ Λ

)
+P

(
ω ∈ Ω : ∥e−itHu0∥

L2p([−π,π];W
1
7 ,∞(Rd))

≥ Λ
)

and it suffices to bound each of the previous two terms.

We first estimate the first term of (9.1). It is sufficient to establish the estimate
for Λ ≥ C∥u0∥H(d−1)/2(Rd). Let q ≥ 1 then according to the Markov inequality, we
get

P
(
ω ∈ Ω : ∥uω0 ∥H(d−1)/2(Rd) ≥ Λ

)
= P

(
ω ∈ Ω :

∑
n∈N

λd−1
n |cn|2|gn(ω)|2 ≥ Λ2

)
≤ Λ−2q

∥∥∥∑
n∈N

λd−1
n |cn|2|gn|2

∥∥∥q
Lq(Ω)

≤ Λ−2q
(∑

n∈N
λd−1
n |cn|2∥gn∥2L2q(Ω)

)q
≤
(
C
(q
c

) 1
2
∥u0∥H(d−1)/2(Rd)

Λ

)2q
.

Then we can choose q = c
(

Λ
2C∥u0∥H(d−1)/2(Rd)

)2
≥ 1 to get

P
(
ω ∈ Ω : ∥uω0 ∥H(d−1)/2(Rd) ≥ Λ

)
≤ 1

22q
= e−2 ln(2)q ≤ exp

(
− cΛ2

∥u0∥2H(d−1)/2(Rd)

)
.

From then on, the second term of (9.1) remains to be estimated. For this, let us
recall the estimates of the eigenfunctions of the harmonic oscillator whose proof can
be found in [51, Corollary 3.2]. For all p ∈ [4,+∞], there exists a constant C > 0
such that for all n ∈ N,

(9.2) ∥hn∥Lp(Rd) ≤ Cλ
−1+ d

2
n if d ≥ 2.

Since W
1
6
,r(Rd) ↪→ W

1
7
,∞(Rd) if 1

6 −
1
7 >

d
r , we have to prove that there exist two

constants C, c > 0 such that for all Λ ≥ 0 and r ≥ 2,
(9.3)

P
(
ω ∈ Ω : ∥e−itHuω0 ∥L2p([−π,π];W

1
6 ,r(Rd))

≥ Λ
)
≤ C exp

(
− c Λ2

∥u0∥2H(d−1)/2(Rd)

)
.
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It is sufficient to show the estimate for t ≥ C∥u0∥Hσ(Rd). According to the Markov

and Minkowski inequalities, we obtain for q ≥ max(2p, r, 2),

P
(
ω ∈ Ω : ∥e−itHuω0 ∥L2p([−π,π];W

1
6 ,r(Rd))

≥ Λ
)
≤

≤ Λ−q∥e−itHuω0 ∥
q

Lq(Ω,L2p([−π,π];W
1
6 ,r(Rd)))

≤ Λ−q∥H
1
12 e−itHuω0 ∥

q
L2p([−π,π];Lr(Rd,Lq(Ω)))

.

Then, thanks to (7.3), we obtain

∥H
1
12 e−itHuω0 ∥Lq(Ω) =

∥∥∥∑
n∈N

λ
1
6
ncne

−itλ2
nhn(x)gn(ω)

∥∥∥
Lq(Ω)

≤

≤ Cq
1
2

√∑
n∈N

λ
1
3
n |cn|2|hn(x)|2.

And finally, by the triangle inequality and (9.2), we have

P
(
ω ∈ Ω : ∥e−itHuω0 ∥L2p([−π,π];W

1
6 ,r(Rd))

≥ Λ
)
≤

≤
(Cq 1

2

Λ

)q∥∥∥√∑
n∈N

λ
1
3
n |cn|2|hn(x)|2

∥∥∥q
Lr(Rd)

≤
(Cq 1

2

Λ

)q∥∥∥∑
n∈N

λ
1
3
n |cn|2|hn(x)|2

∥∥∥q/2
Lr/2(Rd)

≤
(Cq 1

2

Λ

)q(∑
n∈N

λ
1
3
n |cn|2∥hn(x)∥2Lr(Rd)

)q/2
≤
(Cq 1

2 ∥u0∥H(d−1)/2(Rd)

Λ

)q
.

Thus, it is enough to choose q =
(

Λ
2C∥u0∥H(d−1)/2(Rd)

)2
to get (9.3).

9.2. Proof of Theorem 1.4. — To complete the proof of this result, it is sufficient
to establish that for all Λ > 0,

(9.4) P (ΩΛ) > 0.
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For u0 =
∑
n∈N

cnhn ∈ L2(Rd), we define for N ∈ N⋆,

[u0]N =
∑

λn<N

cnhn, [u0]
N =

∑
λn≥N

cnhn.

Lemma 9.2. — There exists N ∈ N∗ such that

P (ΩΛ) ≥
1

2
P
(
ω ∈ Ω : ∥ [uω0 ]N∥H(d−1)/2(Rd) ≤

Λ

2
, ∥e−itH [uω0 ]N∥L2p([−π,π];W

1
7 ,∞(Rd))

≤ Λ

2

)
.

Proof. — By independence, using Theorem 9.1, we obtain

P (ΩΛ) = P
(
ω ∈ Ω : ∥ [uω0 ]N + [uω0 ]

N∥H(d−1)/2(Rd) ≤ Λ,

∥e−itH [uω0 ]N + e−itH [uω0 ]
N∥

L2p([−π,π];W
1
7 ,∞(Rd))

≤ Λ
)

≥ P
(
ω ∈ Ω : ∥ [uω0 ]N∥H(d−1)/2(Rd) ≤

Λ

2
, ∥e−itH [uω0 ]N∥L2p([−π,π];W

1
7 ,∞(Rd))

≤ Λ

2

)
·

· P
(
ω ∈ Ω : ∥ [uω0 ]N∥H(d−1)/2(Rd) ≤

Λ

2
, ∥e−itH [uω0 ]

N∥
L2p([−π,π];W

1
7 ,∞(Rd))

≤ Λ

2

)
≥ P

(
ω ∈ Ω : ∥ [uω0 ]N∥H(d−1)/2(Rd) ≤

Λ

2
, ∥e−itH [uω0 ]N∥L2p([−π,π];W

1
7 ,∞(Rd))

≤ Λ

2

)
·

·
(
1− C exp

(
− cΛ2∑

λn≥N

λd−1
n |cn|2

))
.

But we have lim
N−→+∞

1− C exp
(
− cΛ2∑

λn≥N

λd−1
n |cn|2

)
= 1, thus there is N ∈ N⋆ such

that 1− C exp
(
− cΛ2∑

λn≥N

λd−1
n |cn|2

)
≥ 1/2.

Therefore, to prove (9.4), it is sufficient to prove the following proposition:
Lemma 9.3. — For all Λ > 0 and N ∈ N⋆,

P
(
ω ∈ Ω :

∥∥ [uω0 ]N∥∥H(d−1)/2(Rd)
≤ Λ,

∥∥e−itH [uω0 ]N
∥∥
L2p([−π,π];W

1
7 ,∞(Rd))

≤ Λ
)
> 0.
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Proof. — We get

P
(
ω ∈ Ω :

∥∥ [uω0 ]N∥∥H(d−1)/2(Rd)
≤ Λ,

∥∥e−itH [uω0 ]N
∥∥
L2p([−π,π];W

1
7 ,∞(Rd))

≤ Λ
)
≥

≥ P
(
ω ∈ Ω :

∑
λn<N

λd−1
n |cn|2|gn(ω)|2 ≤

CΛ2

N2d

)
≥ P

(
ω ∈ Ω :

∑
λn<N

|gn(ω)|2 ≤
CΛ2

N2d∥u0∥2Hd−1(Rd)

)
≥ P

( ⋂
λn<N

{
ω ∈ Ω : |gn(ω)|2 ≤

CΛ2

N4d∥u0∥2Hd−1(Rd)

})
=
∏

λn<N

P
(
ω ∈ Ω : |gn(ω)|2 ≤

CΛ2

N4d∥u0∥2Hd−1(Rd)

)
> 0.

Appendix A. Tools of pseudo-differential operators and applications to
eigenfunctions

For m ∈ R, we define Tm as the vector space of symbols q(x, ξ) ∈ C∞(Rd × Rd)
such that for all α ∈ Nd and β ∈ Nd, there exists a constant Cα,β > 0 such that for

all (x, ξ) ∈ Rd × Rd, we have

|∂αx ∂
β
ξ q(x, ξ)| ≤ Cα,β(1 + |x|+ |ξ|)m−β.

Similarly, let Sm be the vector space of symbols satisfying

|∂αx ∂
β
ξ q(x, ξ)| ≤ Cα,β(1 + |ξ|)m−β.

For q ∈ Sm ∪ Tm and h > 0, let Oph(q) be the operator defined by

Oph(q)f(x) = (2πh)−d

∫
Rd×Rd

ei(x−y)·ξ/hq(x, ξ)f(y)dydξ

= (2πh)−d

∫
Rd

eix·ξ/hq(x, ξ)f̂(ξ/h)dξ

= (2π)−d

∫
Rd

eix·ξq(x, hξ)f̂(ξ)dξ.

Let p(x, ξ) = |ξ|2 + |x|2 − 1 and define Hh = Oph(p) ∈ Oph(T 2).
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A.1. Microlocal analysis for the harmonic oscillator. — In [53], we can then
obtain the following two results:
Theorem A.1. — If q1 ∈ Sm1 (respectively Tm1) and q2 ∈ Sm2 (respectively Tm2)
then there exists a symbol q ∈ Sm1+m2 (respectively Tm1+m2) such that

Oph(q1) ◦Oph(q2) = Oph(q)

with

q =
∑

|α|≤N

h|α|

i|α|
∂αξ q1∂

α
x q2 + hN+1rN

where rN ∈ Sm1+m2−(N+1) (respectively Tm1+m2−(N+1)).
Theorem A.2. — If q(x, ξ) ∈ S0 then for any s ∈ R, there exists a constant C > 0
such that for any h ∈]0, 1] and any u ∈ Hs(Rd),

∥Oph(q)u∥Hs(Rd) ≤ C∥u∥Hs(Rd).

We then state the following property which will allow us to invert the harmonic
oscillator modulo a very regular remainder term.

Let δ > 0 and define a function η ∈ C∞(Rd) such that

η(x) =

{
0 if |x| ≤ 1 + δ,

1 if |x| ≥ 1 + 2δ.

Proposition A.3. — For any N ∈ N⋆, there exist two pseudo-differential operators
EN ∈ Oph(T−2) and RN ∈ Oph(T−(N+1)) such that

EN ◦Hh = η + hN+1RN .

Proof. — Recall that p(x, ξ) = |ξ|2 + |x|2 − 1 and set

f0 =
η

p
∈ T−2.

For n ≥ 1, we define fn by induction in the following way:

fn = −1

p

∑
|α|+j=n,j ̸=n

1

i|α|
∂αξ fj∂

α
x p ∈ T−2−n.

Finally we set

EN = Oph

( ∑
0≤j≤N

hjfj

)
.
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Then, by Proposition A.1,

EN ◦Hh = Oph

( ∑
0≤j≤N

hjfj

)
◦Oph(p)

= Oph

( ∑
|α|+j≤N

h|α|+j

i|α|
∂αξ fj∂

α
x p+ hN+1rN

)
= Oph

( ∑
|α|+j≤N

h|α|+j

i|α|
∂αξ fj∂

α
x p
)
+ hN+1RN

with RN = Oph(rN ) ∈ Oph
(
T−(N+1)

)
. Therefore∑

|α|+j≤N

h|α|+j

iℓα|
∂αξ fj∂

α
x p = f0p+

∑
1≤ℓ≤N

∑
|α|+j=ℓ

hℓ

i|α|
∂αξ fj∂

α
x p

= η +
∑

1≤ℓ≤N

hℓ
( ∑

|α|+j=ℓ,j ̸=ℓ

1

i|α|
∂αξ fj∂

α
x p+ fℓ.p

)
= η,

which was the claim.

A.2. A localisation property of the eigenfunctions of the harmonic oscil-
lator in dimension d ≥ 1. — We can now establish a localisation property of the
eigenfunctions of the harmonic oscillator.
Proposition A.4. — Let d ≥ 1. For all integers K,N ≥ 1, all c > 1 and all
1 ≤ p ≤ +∞, there exists a constant C > 0 such that for all n ≥ 0,

∥⟨x⟩Khn∥Lp(|x|≥cλn) ≤ Cλ
−N
n .

Proof. — By definition, we have (−∆+|x|2−λ2n)hn = 0. Therefore, if we set h = 1
λ2
n

and Φ(x) = hn(λnx) then

(−h2∆+ |x|2 − 1)Φ = 0.

Let δ ≪ 1 and set χ ∈ C∞(Rd) such that

χ(x) =

{
0 if |x| ≤ 1,

1 if |x| ≥ 1 + δ,

and set also χ̃ ∈ C∞(Rd) such that

χ̃(x) =

{
0 if |x| ≤ 1 + 2δ,

1 if |x| ≥ 1 + 3δ.
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Then

Hh(χΦ) = −h2Φ∆χ− 2h2∇χ · ∇Φ.
Next, thanks to Proposition A.3, we obtain

ηχΦ = −EN (h2Φ∆χ+ 2h2∇χ · ∇Φ)− hN+1RN (χΦ).

And finally

⟨x⟩K χ̃ηχΦ = −⟨x⟩K χ̃EN (h2Φ∆χ+ 2h2∇χ · ∇Φ)− hN+1⟨x⟩K χ̃RN (χΦ).

• Estimate of ⟨x⟩K χ̃EN (Φ∆χ): We have

χ̃(x)EN (Φ∆χ)(x) =
χ̃(x)

(2πh)d

∫
ξ,1≤|y|≤1+δ

ei(x−y)·ξ/hEN (x, ξ)(∆χΦ)(y)dydξ.

Since |x| > 1 + 2δ, then |x− y| > δ. Next, observe that we have∫
|x−y|>δ

≤
∫
|x1−y1|>δ

+

∫
|x2−y2|>δ

+ · · ·+
∫
|xd−yd|>δ

,

so that we are reduced to treat the term where |x1 − y1| > δ.

From hM

iM (x1−y1)M
∂Mξ1 e

i(x−y)·ξ/h = ei(x−y)·ξ/h and from an integration by parts, we

deduce

⟨x⟩K χ̃(x)EN (Φ∆χ)(x) =

= (−1)M χ(x)

(2πh)d

∫
ξ,1≤|y|≤1+δ
|x1−y1|>δ

hMei(x−y)·ξ/h⟨x⟩K∂Mξ1 EN (x, ξ)(Φ∆χ)(y)

iM (x1 − y1)M
dydξ.

Therefore, as EN ∈ T−2, we obtain∣∣⟨x⟩K χ̃(x)EN (Φ∆χ)(x)
∣∣ ≤ ChM−d|χ̃(x)|

∫
ξ,1≤|y|≤1+δ

|(Φ∆χ)(y)|
(1 + |x|+ |ξ|)2+M−K

dξdy.

We can then assume that M ≥ 1 is such that M > 2d+K − 1, and therefore∣∣⟨x⟩K χ̃(x)EN (Φ∆χ)(x)
∣∣ ≤
≤ ChM−d∥∆χΦ∥L1(Rd)

|χ̃(x)|
(1 + |x|)1+M−K−d

∫
Rd

dξ

(1 + |ξ|)d+1

≤ ChM−d∥Φ∥L2(Rd)

1

(1 + |x|)1+M−K−d
.
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And finally, for all integers M,K ≥ 1, there exists a constant C > 0 such that for
all h ∈]0, 1],

∥⟨x⟩K χ̃EN (Φ∆χ)∥Lp(Rd) ≤ ChM−d∥Φ∥L2(Rd).

• Estimate of ⟨x⟩K χ̃EN (∇χ · ∇Φ): Since Φ satisfies (−h2∆ + |x|2)Φ = Φ, then
h∥∇Φ∥L2(Rd) ≤ ∥Φ∥L2(Rd). As a consequence we can proceed as the first term to get
the same kind of estimate.

• Estimate of hN+1⟨x⟩K χ̃RN (χΦ): We have

hN+1⟨x⟩K χ̃(x)RN (χΦ)(x) = hN+1 1

(2π)d

∫
Rd

ei(x−y)·ξ⟨x⟩K χ̃(x)rN (x, hξ)F(χΦ)(ξ)dξ

with

⟨x⟩K χ̃(x)rN (x, ξ) ∈ T−N−1+K ⊂ T 0 ⊂ S0 for N ≥ K − 1.

Using Theorem A.2 and the Sobolev embeddings, we obtain

∥hN+1⟨x⟩K χ̃RN (χΦ)∥Lp(Rd) ≤ hN+1∥⟨x⟩K χ̃RN (χΦ)∥Hd/2+1(Rd)

≤ ChN+1∥χΦ∥Hd/2+1(Rd)

≤ ChN+1∥Φ∥Hd/2+1(Rd).

Finally, we obtain that for all integers K,N ≥ 1, for all p ∈ [1,+∞] and c > 1, that
there exists a constant C > 0 such that for all 0 < h ≤ 1, we have

∥⟨x⟩KΦ∥Lp(|x|≥c) ≤ ChN∥Φ∥Hd/2+1(Rd).

Then, returning to the initial variable, we get that for all integers K,N ≥ 1, for all
p ∈ [1,+∞] and c > 1, there exists a constant C > 0 such that for all 0 < h ≤ 1 and
n ∈ N with h = 1

λ2
n
, we have

∥⟨
√
hx⟩Khn∥Lp(|x|≥cλn) ≤ ChN−d/(2p)−d/4−1/2∥hn∥Hd/2+1(Rd)

≤ ChN−d/(2p)−d/4−1/2∥hn∥Hd/2+1(Rd)

≤ ChN−d/(2p)−d/2−1∥hn∥L2(Rd).

But

∥⟨x⟩Khn∥Lp(|x|≥cλn) ≤ ∥hn∥Lp(|x|≥cλn) + h−K/2∥⟨
√
hx⟩Khn∥Lp(|x|≥cλn)

≤ ChN−d/(2p)−d/2−1−K/2∥hn∥L2(Rd)

≤ Cλ−2N+d/p+d+K+2
n ∥hn∥L2(Rd)

which concludes the proof.
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A.3. Functional and pseudo-differential calculus. — The following property
of functional calculus explains that some operators can be approximated by pseudo-
differential operators.
Proposition A.5. — Let Φ ∈ C∞

0 (R) and χ2 ∈ C∞
0 (Rd) with χ2(x) = 1 for

x ∈ B(0, 1+). Then for all N ∈ N⋆ and s ≥ 0, there is a constant CN,s > 0 such

that for all h ∈]0, 1] and u ∈ L2(Rd),

∥Φ
(
|x|2 + |h∇|2

)
u−

N−1∑
j=0

hjOph(Ψj)χ2u∥Hs(Rd) ≤ CN,sh
N−s∥u∥L2(Rd),

where Ψ0(x, ξ) = Φ(|x|2 + |ξ|2), Supp(Ψj) ⊂
{
(x, ξ) : |x|2 + |ξ|2 ∈ Supp(Φ)

}
and

Ψj ∈ T−j ⊂ S0.
Proof. — We use [16, Proposition 2.1] (notice that stricto sensu [16, Proposi-
tion 2.1] is only for a semi-classical Laplace operator, but the proof given applies
also here). If χ1 ∈ C∞

0 (Rd) is such that χ1χ2 = χ1 then

∥∥Φ(|x|2 + |h∇|2)χ1u−
N−1∑
j=0

hjOph(Ψj(x, ξ))χ2u
∥∥
Hs(Rd)

≤ CN,sh
N−s∥u∥L2(Rd),

with Ψ0(x, ξ) = Φ(|x|2 + |ξ|2), Supp(Ψj) ⊂
{
(x, ξ) : |x|2 + |ξ|2 ∈ Supp(Φ)

}
and

Ψj ∈ T−j . Then, it is enough to show that∥∥Φ(|x|2 + |h∇|2)(1− χ1)u
∥∥
Hs(Rd)

= O(h∞)∥u∥L2(Rd).

We choose χ1 = 1 on B(0, R), R > 1, and the result then follows from Proposi-
tion A.4.

A.4. A continuity result. — Thanks to the functional calculus, it is clear that

∥χ
( H
N2

)
u∥Hs(Rd) ≤ C∥u∥Hs(Rd), however the continuity result stated in the next

proposition is not straightforward and relies on Proposition A.5.
Proposition A.6. — For any s ≥ 0, there exists a constant C > 0 such that for
any N ∈ N⋆ and any function u ∈ Hs(Rd),

∥χ
( H
N2

)
u∥Hs(Rd) ≤ C∥u∥Hs(Rd).

Proof. — Using (3.7) and (3.8), it is sufficient to show that: ∀s ≥ 0, ∃C > 0 and
h0 such that ∀ 0 < h ≤ h0, ∀u ∈ Hs(Rd)

(A.1) ∥χ(|x|2 + |h∇|2)u∥Hs(Rd) ≤ C∥u∥Hs(Rd).
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Indeed, recalling that u(x) = u(
x√
h
), then

∥χ
( H
N2

)
u∥Hs(Rd) ≤

≤ ∥[χ(|x|2 + |h∇|2)]u(
√
h.)∥Hs(Rd)

≤ ∥[χ(|x|2 + |h∇|2)]u(
√
h.)∥L2(Rd) + ∥

√
−∆s

[χ(|x|2 + |h∇|2)]u(
√
h.)∥L2(Rd)

≤ h−d/4∥u∥L2(Rd) + hs/2−d/4∥[χ(|x|2 + |h∇|2)]u∥Hs(Rd)

≤ ∥u∥L2(Rd) + hs/2−d/4∥u∥Hs(Rd)

≤ ∥u∥Hs(Rd).

By interpolation, we can limit the proof to the case where s is an integer. Thanks
to Proposition A.5 (with N = s), there exists a constant C > 0 such that for any
h ∈]0, 1] and any function u ∈ L2(Rd), we have

∥χ(|x|2 + |h∇|2)u−
N∑
j=0

hjOph(Ψj)χ2u∥Hs(Rd) ≤ C∥u∥L2(Rd),

with Supp(Ψj(x, ξ)) ⊂
{
(x, ξ) : |x|2 + |ξ|2 ∈ Supp(χ)

}
.

Thus, to obtain (A.1), it suffices to obtain that for any s ≥ 0, there exist two
constants C > 0 and h0 ≥ 1 such that for any h ∈]0, h0] and any function u ∈
Hs(Rd),

(A.2) ∥Oph(Ψj)u∥Hs(Rd) ≤ C∥u∥Hs(Rd).

Finally, to establish (A.2), it is enough to use Theorem A.2 and to notice that

(x, ξ) −→ χ(|x|2 + |ξ|2) ∈ S0 and (x, ξ) −→ Ψj(x, ξ) ∈ S0.
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