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Abstract

It was recently shown that radiation, conduction and convection can be combined within
a single Monte Carlo algorithm and that such an algorithm immediately benefits from
state-of-the-art computer-graphics advances when dealing with complex geometries. The
theoretical foundations that make this coupling possible are fully exposed for the first
time, supporting the intuitive pictures of continuous thermal paths that run through the
different physics at work. First, the theoretical frameworks of propagators and Green’s
functions are used to demonstrate that a coupled model involving different physical
phenomena can be probabilized. Second, they are extended and made operational using
the Feynman-Kac theory and stochastic processes. Finally, the theoretical framework
is supported by a new proposal for an approximation of coupled Brownian trajectories
compatible with the algorithmic design required by ray-tracing acceleration techniques
in highly refined geometry.
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F Consistency of the approximate J-sphere random walk on infinite do-
mains 48

1 Introduction

1.1 The proposition

In corpuscular physics, radiative transfer can be described in the framework of the linear
Boltzmann theory for photon transport and this leads quite naturally to path-space
formulations. The Monte Carlo (MC) method then allows to estimate the quantity of
interest by sampling the paths according to their probability law so as to identify the
contributing boundary conditions or sources. This statistical method is the only one able
to provide an unbiased estimate along with its statistical uncertainty. Furthermore, as
MC methods are able to handle complex integration domain (spatial, angular, spectral...),
it is widely used as a reference method. Finally, the insensitivity of the method to the
size and level of refinement of the geometric scenes and volumic heterogeneities (see, for
example, [1-4] ) has further widened its applicability, up to the industrial scale.

In the present paper, we give the theoretical basis for extending MC methods to
problems including coupled linear heat transfers. We aim at providing a complete
framework for describing, in a single MC algorithm, the coupled energy transfers as
conductive, convective and radiative paths, while retaining the flexibility of standard
MC methods applied to linear transport theory.

Our standpoint being here theoretical, we will not consider any implementation
associated with a specific system in practice. Starting from earlier developments [5],
successful implementations have already been reported for several practical heat transfer
applications. For instance, using this framework to model detailed thermal transfers in
cities has been proposed as a way to improve climate services [6]. Applied works are
also in progress in complex cooling systems design such as power electronic systems
that are cooled by air or two-phase exchangers, thermal receivers in concentrated solar
power plants, electric motors, or thermal housing issues... [7-15]. These are mostly
based on a free-licensed library (the Stardis project [16]) which implements most of the
elements presented below. Although their common theoretical foundations are based
on traditional linear physics, there is no written work yet that combines them into a
unique comprehensive framework, and fully exposes why and how MC implementations
of coupled heat transfers are now possible.

With this framework, the full power of the method is then made available both
for computations and analysis. In the following, the idea of thermal paths is built
up progressively using different formal propositions, each of which is translated into a
corresponding algorithm. In the end, the physical images generated by our proposition
should allow physicists and engineers to renew their interpretation of the coupling of
heat transfers in a given system. It may also open didactic perspectives that will be
discussed in forthcoming articles in educational sciences.

1.2 The theoretical framework

In this framework, the objective is to estimate a given quantity at so-called “probe
points” such as the temperature at a given point in space at a given time. Such probes
can be as well quantities integrated over time, surface and volume, in which case the
integral is estimated statistically, without solving the detailed integrand. It is therefore
fundamentally different from the “swarm” MC algorithms [17] or “direct” algorithms [18§]
that aim to evaluate the whole field but are limited in their capacity to tackle high levels
of geometrical, temporal or phenomenological complexity.
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The main question is then to express the temperature at any location as the ex-
pectation of a random variable in the pure filiation of the MC method as it is used in
linear transport physics. Indeed, expressing this quantity as a definite integral, which
can be considered as a unique statistical estimator, is the guarantee that all the good
properties of the method are preserved. This practice of the MC method presents the
advantage of preserving an intuitive understanding by analogy with the underlying
physics, while systematically providing the associated formalisation (for foundational
references, see [19,20]).

In Section 3 “Linearity and Propagators”, we show how to build this expectation for
a particular physical study case, using propagation formalism [21-24]. The objective is
to express the quantity of interest at the probe point, as an integral over the boundary
conditions (here “boundary conditions” comprise the edge conditions and the initial
condition) and the sources in the field, using a propagator: the role of the propagator is to
quantify the relative contributions by the boundary conditions and by the sources. Here,
the corresponding formulations are backward formulations and are generally built using
adjoint-based methods. These integral formulations are then reformulated as expectations
in order to design MC algorithms. At this stage, the generality of the approach, which
simply reflects the essential property of linear physics, should be distinguished from the
ability to produce explicit calculations (in the analytical sense), most often limited to
academic configurations where the propagator is explicitely known [23,25-32]. Many
works have proposed quite useful and interesting extensions, some of them in terms of
applicability domains [33-42], but, as far as sampling is concerned, addressing problems
with high geometrical complexity remains either very cumbersome or impractical.

To circumvent these difficulties, we turn to the theory of Stochastic Processes [43].
Building upon the work of Feynman and Kac on the statistical representations of
parabolic equations [44-47], we show how the temperature at the probe point can also
be expressed as an expectation over a stochastic process. Each realization of the process
is a path that starts at the probe point and ends at a boundary condition or at a source,
thereby sampling the various possible contributions to the quantity of interest. Averaging
a large number of contributions sampled from either the propagator or the stochastic
process yields an unbiased estimate of the same expectation, that is, both methods
converge to the very same value, although by sampling different path-spaces. This strict
equivalence means that stochastic processes can be used instead of propagators, yielding
two important advantages: first, stochastic processes can be sampled efficiently even in
the presence of complex geometry, and second, since different procedures can be designed
to sample a given stochastic process, algorithms can be optimized.

In the part of MC literature that discusses Green’s formalism or stochastic processes,
the question of coupling phenomenologies of various physics is not an issue that is
addressed as such, and this is for very different reasons in each case. On the one
hand, in Green’s formalism, coupling by sources is self-evident due to the formalism
itself, and there are no conceptual difficulties associated to this question. Yet, from an
implementation point of view, if MC proposals are only based on this formalism, they
are essentially limited to academic cases and do not fit in the present framework. On
the other hand, in the stochastic processes formalism, the path description conveys an
intuitive picture by analogy with corpuscular tracking, but this picture remains narrowly
limited to the phenomenology that is being treated. In this case, the coupling between
different phenomenologies is an issue that has no self-evident formal translation. As
a consequence, proposals of MC probe point algorithms for solving coupled thermal
transfers are scarce in the literature.

Any theoretical framework that claims to deal with coupled thermal transfers by MC
must articulate how paths should be sampled at the coupling locations. We make an
extensive use of the double randomization principle [48,49] as it allows the sampling
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procedure to rely on a local description of the probabilistic model at each step, including
at the coupling locations, whereas the integral approach of Feynman-Kac is built upon a
global understanding of the physical subsystems and is hence much more challenging to
implement.

1.3 The particular model supporting the presentation of the
theoretical development

A particular heat transfer model has been chosen to support the exposition of the
framework. It is described in Section 2 and summarized in Eq. (6). This choice of model
is by no means limiting, and various other choices could have been made, such as those
described in [12,13].

Each fundamental element of the proposal will be described in a general manner,
and its translation and consequences illustrated in this specific case. In particular, all
the choices that aim at preserving the good properties of the MC method, that is, its
inherent power of analysis and computational practicability (insensitivity to geometrical
refinements, ease of implementation...) will be emphasized. This practicability is allowed
by the tools developed for image synthesis: ray-tracing and grid acceleration, such that
the computation time is almost insensitive to the degree of refinement of geometrical
data. As it is crucial for us to preserve the ability of the MC method to scale up to
infinite geometric complexity, we ensure that our algorithms are compatible with the
well-established tools developed in the computer graphics community. This implies
that the interaction between the algorithms and the geometry must essentially rely on
scanning the scene through state-of-the-art ray-surface intersectors [50-52]. To ensure
both compatibility with ray-surface intersectors and flexibility of implementation, we
show in the last part that the practical implementation of MC algorithms on any geometry
requires to formulate an approximation of the description of Brownian motions. The
proposed approximation is theoretically justified and validated on different application
cases. Notwithstanding, it could easily be replaced or modified in case of specific needs.

2 The thermal model

The thermal model used below for illustrative purposes is fully described in the present
section. Throughout the text, the symbol 0 is reserved to designate temperatures (with
notably extended meanings for the radiative model). The conductive and convective
transfers are linear and the radiative transfer is linearized around a reference temperature
Oret. The thermophysical parameters are (possibly constant) functions of space. The
geometry is arbitrary and the spatial representations are three-dimensional. If necessary,
the formalism also allows to reduce the descriptive dimension according to the symmetries
of the system.

These choices are motivated by our intention of proposing a linear heat transfer
model that gathers most of the conceptual difficulties with respect to the objective
of the paper: demonstrating how the coupling between the transfer modes is carried
out in a probabilized formalism. Of course, this could have been done with somewhat
different models (especially for the convective and radiative parts). For example, here,
radiation takes place in a semi-transparent medium rather than exchanging between
opaque surfaces; the convective cavities are described with an unsteady model and
perfectly homogeneous temperature, rather than by an advecto-diffusive description
of the temperature; Neumann-type boundary conditions (heat flux imposed at the
boundary), as well as situations with volumic power sources only, are left aside (their
consideration is a bit different but is not a source of difficulty).
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As an example, Fig. 1 presents a geometrical abstraction of a configuration with solid
sub-systems and fluid cavities where the three types of heat transfers can operate in a
coupled manner. This type of configuration, associated with the chosen model, depicts a
whole diversity of situations encountered in physical or technological questions.

0Qp

Fig 1. Illustration of a conducto-convecto-radiative configuration. The solid domain
Qg is shown in gray, m fluid cavities {1f, are shown in light blue, and the surrounding
fluid cavity 2p- is shown in dark blue. Radiation is present within the whole scene and
the system is entirely semi-transparent. Conduction takes place only in solids.

2.1 Radiative Heat Transfer

From the point of view of radiative transfer, the system is entirely semi-transparent
(both in the solid and fluid parts). The radiative transfer equation that governs this
phenomenology allows to take into account the effect of absorption and scattering of
radiation within the system, even where optical properties are heterogeneous.

The radiative transfer equation (RTE) is given with the following two restrictions:

e The refractive index is uniform throughout the system (no ray curvature within
solids, no refraction/reflection at solid/fluid interfaces). The writings are simplified
and none of our conclusions would be impeded by alleviating this assumption.

e The equation is linearized around the specific equilibrium intensity at a temperature
0ret- This assumption is fundamental to remain in the framework of linear heat
transfers, and it is widely used in applications where the temperature differences
in the system are small compared to the absolute temperatures.

Under these assumptions, the radiative model is given by the usual radiative transfer
equation written in monochromatic specific intensity I, = I, (&, 4, t) at position &, in
direction @ at time ¢ and at frequency v (Eq. (64) in Appendix A).

To ensure formal coherence for the coupling with the other transfer modes, we replace
the specific intensity by its translation in terms of radiance temperature 91”%7 z (also known
as brightness temperature, which is widely used in the experimental field). Appendix
A presents how the version written in monochromatic radiance temperature in the o
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direction is derived from Eq. (64), and reads:

@0 = kO 0+ K [ ()0 0 &

where k7, kY, k¥ = k! + k7 are the monochromatic absorption, scattering and
extinction coefficients, p% is the scattering phase function, and S? denotes the unit
sphere in a three dimension space.

It should be noted that even if the radiative equation is taken to be stationary, the
radiance temperature 91”{’ z(Z,t) depends on time because € evolves in the system due to
the coupling with conductive and convective processes.

The energy conservation equations for solid and fluid parts (heat equation for a semi-
transparent medium) are formulated below in such a way that the radiative contribution
appears through the radiative power density ¢r = ¥g(Z,t) defined as the difference
between the absorbed and the emitted power densities. Under the stated assumptions,
it can be written in the following form (see Appendix A):

+o0 1 .
0 s2 2T
where ¢ = 16k,003.; is the linearized radiative transfer coefficient and py(v) is defined
by Eq. (75).
The complete formulation of the radiative model then reads:
Yr=((0r —0)
1
Or = —du O g
BT Jean R (3)

aﬁ%ﬁ:—m@ﬁ+mﬁ+m/pgmmmm@ﬂ
SQ

The temperature 0 is often called the radiative temperature (the angular integral of
the radiance temperature).

To close the radiative problem, an incident radiance temperature 0z sq, 4 is imposed
at a fictitious boundary 02 enclosing the whole domain, with @ entering the domain
(@es).

2.2 Heat equation for solid sub-domain

The thermal model for the solid is established by combining diffusive energy transfer
with the radiative source term described above. The conductive energy flux density
vector is classically given by the Fourier law 5 = —)\695 in which A is the thermal
conductivity of the material and 8g = 05(&, ) is the local temperature of the solid.
Thus, the local energy balance in the semi-transparent solid is written as follows:

pCOls = —V. (—Wes) + C(0r—0s) (4)
—_——— v

. radiative exchange
conductive exchange

where p and C are the mass density and the heat capacity of the material. { and 0p
were defined in the previous section.

As illustrated in Fig. 1, the material medium under consideration is not necessarily
connected but is bounded by a surface denoted 9€2g where two types of conditions can
be imposed (Neumann-type boundary conditions are not considered in this text):

e Dirichlet-type boundary conditions: g = fp on the interface 0Q2p where 0p is
the imposed temperature,
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e Robin-type boundary conditions: —A\R.Vlg = —)\% = hp (0r — 0s) on the
complementary surface to 9Qp noted 9\ p.

71 is the incoming normal to the solid surface, O is the temperature of the fluid
whose model will be given in the following section and hp is the local convective
exchange coefficient. Robin’s condition specifies the coupling constraint between
the solid and the fluid by simply stating the continuity of the flux at the solid-fluid
interface.

The initial condition at time ¢; is generically noted 0 = 0; ().

2.3 Heat equation for fluid sub-domain

As illustrated in Fig. 1, the fluid domain is composed of m cavities noted Qp, (i €
{1,2,...,m}) and of a domain Qg partially or totally enclosing the Qg solid domain.
The fluid domain is therefore the union of these m + 1 domains:

QFEQFIUQFQU”'UQFmUQFoo

In each cavity Qp, (of volume Vp,) and each surface 0§, the fluid is assumed to
be perfectly mixed by convection at each instant and the heat flux density at the solid
walls is modeled by a linear transfer law (Newton’s law). Under this assumption, the
temperature of the fluid contained in the i*! cavity, noted fF, is spatially uniform and
varies only as a function of time. The mass density p;, the heat capacity C; and the
linearized radiative heat transfer coefficient (; are also spatially uniform.

The temperature of the fluid contained in the enclosing cavity Qg of surface 0Q g
is imposed, it is noted #p~ and can depend on time.

The energy balance of the semi-transparent fluid inside the i*" cavity is as follows:

A0,

piCiVr,
QFi

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

g (B =G /QF (Or (Zr,t) — OF, (t))deJr/a hr(Ys) (0s(Ys,t) — OF,(t)) dy¥s

radiative exchange convective exchange
(5)
¢ and fp are defined in the section on radiative transfer. The initial condition at time
t I is @ I-

In this correlative model, which is widely used in industrial thermal issues, the
convective exchange coefficient hr summarizes the phenomenological complexity of the
exchanges between the fluid and the wall (here hr depends explicitly on the position at
the wall; it may also depend on time with no additional difficulties). Many works in
the literature aim at providing correlations adapted to different study cases, generally
parameterized with a set of dimensionless numbers [53,54]. As mentioned above, diffusion-
drift models for temperature could have been chosen without changing our main message.
As an example, the work described in [13] is focused on the MC resolution of convective-
conducting-radiative coupled models using a local heat equation for the fluid (with a
prescribed velocity field).

2.4 Summary: the coupled model

Let us define, for any domain ;: the adherence Q; = Q;|J0Q, and the interior

&92_] = Q;\09,;. For boundary surfaces, the complementary of 9Q2; to 00k is denoted
00K = 0Q,\00k.

As illustrated in Fig. 1, the domain consists of:
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e an enclosing fluid cavity Qpe of boundary 9Qpe, in which the temperature Ope~ 240
is known; 201

o m fluid cavities noted Q, of boundary 0Qr,; 202

e a solid domain Qg of boundary 0Q2¢ = 0Qp U aﬂg with a Dirichlet condition on 243
9Qp and a Robin condition on 9QF = QP UL, 0QF ; 240

e a fictitious boundary to handle the radiative boundary condition 0Q2g. 25

Let 6 denote the spatio-temporal temperature field, solution of the following system: 24

Solid 0=0s, T e Qs, t €]tr, +o0[
& 0=0p , Z€Qp, tE)tr,+oo| (6a)
Fluid 0=0p~ , EQpeo, t E}t17+00[
pC 0 :—6(}X§%)+§@R—%),fea& t €]t7, +oo
Og =0 ,fEQs, t =15
Solid Og =60p ,176 89[), tG]t],+OO[
1e€{l,...,m o0
{ } —)\875 =hr (0F, —0s) Y € 89%, t €]tr, +oo|
060
—A5§ = hp (Op~ — 05) G € 00P., te]ts, oo
(6b)
A9p,
piCiVF, @ Gi (Or(ZR,t) — OF,(t))dER
QFi
- + b (§s) (0s(§s. 1) — O, (1))dFis
Fluid 0%, MO
1e{l,...,m} o
+/ hr(§s)(0p(¥s,t) — O0r (t)d¥s, &€ Qp, t €]tr, +o0]
SQFiﬂé)QD
9F1- :9[, Tre KOZFI., t=1r
(6¢)
1 o
R Y B o
wpg | RED /S i a3, e, telty, +oof
& ﬁ’ﬁ@Rg = —keOp,q + ko0 + kg/ ps(ﬁ|ﬁ')dﬁ,937g1 ,& € So), U € SQ, t €]tr, +o0|
Fluid s2
Or,a = 0R,00x,@ ,§ € O0NR,TEST, tEtr, oo

(6d)

247

In the following sections, we present the two fundamental proposals that will permit: 24

e to express the temperature 0(Z,t) at position & at time ¢, solution of System (6), 2o
as the expectation of a random variable. This first proposal proceeds from the 25
rewriting of the problem in Green’s formalism. The theory will first be given in 2
full generality (Section 3), then applied for each of the three heat transfer modes 2
separately (Section 4), and finally to the coupled model (Section 5); 253
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e to define the thermal paths that ensure that this random variable can be sampled
by a MC method. This second proposal introduces the notion of trajectory from
the theory of stochastic processes and yields the construction of a path space for
sampling. The theory and its application to the thermal model under consideration
are first provided (Section 6), and then a practical proposition for sampling the
conductive paths is developed (Section 7).

3 Linearity and propagators

The objective of this section is to produce a probabilization of the expressions in order
to write the quantity of interest as the expectation of a random variable. The link
with the MC method is made explicite by pseudo-algorithms that describe the sampling
procedure of this random variable.

3.1 The formal proposition

The thermal sub-models described in the previous section by Egs. (3), (4), (5), along
with their respective boundary conditions, are all linear and can be formally written in
a similar way. This leads to a system of linear integro-differential equations representing
a well-posed boundary value problem, which can be written generically in the following
operational form:

(B, )0, f (@, ) + L(f) (B, 1) = a(@, ) fyw(B,1) L€ [tr,+00| & €W
Low (f)(0,t) = fow(W,t) et +oof ,aweow (7)
f(@,tr) = f1() LW EW

where the temporal dimension of the problem is specifically marked and the corre-
sponding variable is noted ¢. The non-temporal part of the integration domain on which
the model is built can be of any dimension and noted W); the vector w represents a way
to name a point in this space. Depending on the model, YW may simply be the geometric
space, as in the model for solids, or the space of locations and directions (phase space)
in the case of radiative transfer. The particular case where this space has dimension
zero can be treated without difficulty and is not the object of a specific development;
it is typically the case for the fluid model. L and Ly are homogeneous and linear
integrodifferential operators (here homogeneity means that there are no constant terms).
fw, fow and f; are source terms with the same dimension as f (they are assumed to
be prescribed functions for the moment).

Functions ¢(w,t) and a(w,t) are part of the problem definition and they are known.
fs fw, faw and fr are real-valued functions.

Based on Eq. (7), we construct a generic form for the sub-models.

Restrictions We will restrict the proposition to models which satisfy the second
principle, or H theorem, as it is understood in thermodynamics. More precisely, we only
consider systems that exhibit an equilibrium solution (understood here as the uniformity
of the f function) for particular conditions on the sources. In the generic framework of
Eq. (7), this implies that the model must satisfy the following property:
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Vai,az,a3 € R, fyy = a1, fow = az, fr = a3 = min(ay,az,a3) < f(@,t) < max(ay, az,as)

(8)

The thermal model that has been presented above in System (6) satisfies this property.
Similar choices of generic models satisfying this equilibrium property could have been
made. To provide a counter-example, if the balance equation for the solid sub-domain
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was a diffusion equation with a prescribed power source instead of the radiative term 203
¢ (0r — Os) (for example, the contribution of an electric heater, without any loss) the 20
equilibrium condition Eq. (8) can not be satisfied. The same conclusion is obtained with s
a non-zero imposed flux (Neumann boundary condition). This does not mean that it is 20
not possible to probabilize these models up to a Monte-Carlo implementation, but the 2o
strategies to be implemented for this are quite specific and lead to ad-hoc propositions 2
that will be detailed in dedicated papers (some propositions are already implemented in 20

the Stardis library). 300
3.2 Expression for f(,t) 301
Since the model is linear, one can write the solution of Eq. (7) as 302

f(’lE, t) = / gl('u'i t|1171,t[)f](u_51)d1171
/ / gow (W, t|Waw, taw ) fow (Waw, tow ) dtaw diWaw (9)
ow

+/ /gw(ﬂf’,ﬂu_f'w,tw)fw(lﬁw,tw)dtwd’lﬁw
W Jtr

where the functions gy, gayy and gy are the propagators for the different sources o
(respectively, the initial condition, on the surface, in the volume). 304
Reading Eq. (9) is quite intuitive as it combines the concepts of superposition and s
causality: the observable f at point @0 and time ¢ results from the effects of three sources 06
in the sense of Green’s theory (that is, the inhomogeneous (right-hand) terms in Eq. s

(7)): 308

e the effect of the initial condition f; at any point in phase space Wy € W and at 300
time ¢y, provided by the propagator g; (0, t|@y, tr), 310

e the effect of the boundary conditions fgyy at any point on the edge of phase
space Wayy € OW and at any time tsy € [tr,t], provided by the propagator s
gow (’LE7 t‘w3W7 taW); 313

e the effect of the source fyy at any point in phase space Wy € W and at any time 3.
tow € [t1,t], provided by the propagator gy (W, t|Ww, tw). 315

3.3 The Green function g(w,t|w',t") 316

In most non-academic systems, it is not possible to obtain the explicit form of the s
propagators. Nevertheless, propagators are the solution of linear mathematical models s
which can most often be written without much difficulty. The production of adjoint 31
models, as well as Green’s formalism, traditionally provide a unifying technical framework s
for this purpose. 31

Hereafter we briefly describe the Green’s formalism approach in the case of Eq. (7). s
Technically, the contribution of the sources are constructed from Dirac distributions and s
convolution operators. Since the equation is linear, the solution f can be reconstructed s
by superposition (see [21,55-57] for more details). 325

From Eq. (7), the following system is constructed: 326

(B, 1)0rg (W, t|w V') + L(g) (w0, t|w' t') = §(&6 — @' )o(t —t'), t,t' €]tr,+oo[, W € W, € W

Low(g) (0, t|w’, t') =0, t,t' €)tr, +ool, W € W, W € OW
g("Eathﬁ,at/):Oa t<t’,u7€W,u7’er
(10)
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where the volume source fy, have been replaced by a Dirac distribution § in phase space
and time, centered at (@', '), and where the boundary and initial conditions have been
made homogeneous (there is no source except fyy). Intuitively, g(,t|w’,t') can be
considered as the effect of a point source at (’,#') € W x R on the quantity of interest
f at point (w,t). The last line in Eq. (10) ensures causality — it simply reflects the
idea that an effect cannot occur before its cause — and at the same time, it closes the
problem by providing initial conditions.
Then, propagators g, ggyy and gy, are directly constructed from g:

g1 (W, t|Wr, tr) = c(Wr,tr)g(W, t|wr, tr)

gw (W, t{ Wy, tyw) = a(Ww, tw)g(0, t|Ww, tyw)

gow (W, t|{Waw, toyy) does not have a generic expression without knowledge of the
operator Lgyy; it will be addressed on a case-by-case basis later on.

3.4 Probabilistic reformulation

The following quantities are introduced:

Pr Epl(lﬁ,t|t1) :/ g[(ﬁ,t|1ﬁj,t1)d’lﬁ1
w
t
Pow = pow (W, t[tr) =/ / gow (W, t|{Waw, taw)dtoyw dbayy
OW Jitr
t
pw = pw (W0, t|tr) :/ /gw(ﬁﬂ’lﬁw,tw)dtwd?ﬁw (11)
W Jitr

Using the restriction Eq. (8) into Eq. (9) leads to:

p1 +pow +pw =1 (12)

Indeed, Green functions only depend on the linear and homogeneous operator parts
in Eq. (7) (left-hand side of the equations). This property can be demonstrated by
considering any value for the sources, for example a1 = as = a3. Eq. (12) enables us to
consider pr, pgyy and pyy as probabilities in the following.

Let us define the following independent random variables (r.v.):

Bi(p), ..., B,(p) are n independent Bernoulli r.v. with parameter p

Wi is a r.v. with distribution Py, (W, t|wr,tr)
(Wgw, Tow) is a paired r.v. with distribution p(Waw,Taw)(w’ t|Waw, tow)
(W, Tw) is a paired r.v. with distribution p(WW’TW)(tb’, t| Wy, tw)

where probability density functions are:

Py, (W, t|Br, t1) 91 (W, t|Wr, tr)/pr(W,tltr)
P( W Tow) (W HBow, tow) = gow (W, t{Baw, tow) /pow (B, t]tr)
P 1) (W HHBW, b)) = gw (B, t|WByy, tyw) /pw (W, t[tr)
Eq. (9) can then be reformulated to write f(&,t) as the expectation of a random

variable F:
f=E[F] (13)
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with

346

F = By(p1) f1(Wi)+(1 — Bi(pr)) {BQ(pQ)fBW(W8W7T6W) + (1 — Ba(p2)) fW(WWaTW)}

(14)

where py = ff‘;vl

3.5 Monte-Carlo algorithm

Based on the above formulations, it is straightforward to construct the sampling algorithm
for F: i) sample one of the three types of sources according to the probabilities py,
poaw and pyy , ii) sample a location and possibly a time according to the corresponding
probability density function and iii) keep the value of the source at this sampled location
and time (see Algorithm 1). The MC algorithm estimating f = E[F] consists in sampling
a set of realizations f of F and estimating f as the arithmetic mean of this set.

Algorithm 1: Sampling algorithm for the random variable F' at phase space
position W and time ¢. f is the corresponding realization of the random variable

Sample 7 uniformly on [0, 1];

if r1 < p; then

Sample Wy according to the law of WI;

f = f1(®r);

else

Sample 7o uniformly on [0, 1];

if ro < P2 then

Sample (Wawy, tayw) according to the law of (Waw, Tow);
f = fow(Waw, tow);

else

L Sample (W, tyy) according to the law of (WW, Tw);

= fw(@w,tw);

Fig. 2 illustrates the proposition of probabilization in the simple case where the
problem is only time-dependent (there is no integration over W in this case), as for
instance in the fluid sub-domain.
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Mathematical view point

Let us consider the equation:

{ % =—a(f—f"), tet,+oof
f@t) = fi

where « is a constant and f* = f*(t).

For t €]tr, +oo[,t' € R we get

ldg ’ no_ oy
199 410y 1 gait) = ot — ¥

hence

Probabilistic view point
Define the probabilities

pr = gi(ttr)
1—pr
g(tltw)/pw

pw
pry (ttw) =
which leads to
F(t) = Blp:)fi+(1-B(pr) f*(Tw)
E[F(£)]

where B is a Bernoulli r.v. with parameter pr and Ty
is a r.v. with distribution pr,,,.

Algorithm 2: Sampling algorithm for
F(t)

Sample 7 uniformaly on [0, 1];

gt[t) =H(t>t)aexp (—a(t—t))
{ g1(tlt) = g(tlt') /e if 7 < pr(t|tr) then
w(tlt') = g(tlt) R
and else
L Sample tyy according to the law of Tyy;

t ) *

£O =ailenfi + [ owllt)f @) f =1 (tw;
tr

Fig 2. Implementation example for the probabilization proposition in the case of a
problem that is only time-dependent.
4 Implementation of the uncoupled thermal model

The previous section has exposed our probabilization strategy based on the propagative
formulation of the solutions of linear models when the equilibrium condition Eq. (8)

is met. We propose here to directly apply the procedure on each submodel in Eq.

(6), considered independently (i.e decoupled from each other). In this section, we will
therefore consider that, for each submodel, crossed variables ensuring the coupling are
prescribed (for instance, if we consider a fluid cavity, the solid temperature 0g at the
interface is assumed to be known).

4.1 Fluid sub-domain

Eq. (6¢) details the contributions on the fluid sub-domain boundary 9, so that the
coupling can be expressed unequivocally. But the distinction between the different
parts of the boundary (0Qp, N ONp and 0NF, N 0fg) is useless here as we aim to first
formalize the uncoupled problem by assuming that the temperature is known on all of
them. Thus, we just start from the generic form provided by Eq. (5) in which we write
the development as if temperatures g and 6g were known and prescribed time-space
functions. This balance equation and the corresponding probabilization can be written
in exactly the same way as in Fig. 2. To obtain the final propagative form, there
is however an additional step due to the fact that the source term of the differential
equation involves integral terms. Appendix B describes these developments that finally
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lead to the expression of the fluid temperature:

OF, (t) =gr, 1(t|tr)0r

t

+/ / gFi,S(t|l757T)QS(ﬁs,t)dg}’sdT
tr JOQF,

t (15)

+// 9r, R(t|ZR, T)0R(ZR, T)dERdT
tr QFz

where gF, 1, gr, s and gr, g stand for the propagation to fluid subvolume €2, from initial
conditions, surface (Solid) and volume (Radiation) respectively.

A random variable whose expectation is the temperature 6, (¢) is constructed following
the proposition stated in the general case (Eq. (7) to Eq. (14)), applied to the particular
case where the state variable is only time-dependant (as in Fig. 2):

O, (t) = E[OF,(t)] (16)
with
O, (t) =Bi(p;")0;

+ (1= Biof)) {Boof)0n (R T7) + (1= Balof) ) 05 (P, T7) }
(17)
To simplify the presentation, the complete definition of the random variables and
probabilities involved in this equation are reported to Appendix B.
Algorithm 3 describes the sampling procedure for O, defined as above, and Fig. 3
illustrates corresponding typical realizations.

4.2 Solid sub-domain

For the solid sub-domain, we start from the model as described by Eq. (6b). In the
description of the boundary conditions, temperatures 8p and fp~ are known functions of

time and space. By contrast, temperatures 6, result from the whole coupling dynamics.

As above, we consider that, here, they are prescribed and known.
In agreement with the general form of Eq. (7) and Eq. (10), the Green function
gs = gs(&, t|x’,t') associated with Eq. (6b) is solution of:

pCdigs — V. (/\693> +Cgs = 0(F —a")o(t —t') ,t€lty,+ool, & € Qg
gs =0 ,t Eltr, oo, & € 00p
)\ 395 D (18)
_ s — T Q
hF on +gS 0 at e]t1,+oo[,£c68 i
gs =10 <t

The solid temperature can thus be written as:

05(,1) = [ gs.1(@. 1,161 (F1)ds
Qg
t
+// 9s,000 (L, 1| Yr, tr)0r(Yr, tr)dgrdtr
tr BQ}Q (19)

t
+/ / 9s.005 (&, t|¥p,tp)0p(¥p,tp)dypdip
tr JOQp

t
+// 9s,R(Z,t|ZR,tR)0R(ZR, tr)dERALR
t;r JQgs
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Algorithm 3: Sampling algorithm for the random variable ©f, defined
by Eq. (17) assuming the functions 6p and s are known. 6Op, is the
corresponding realization of the random variable.

Sample 71 uniformly on [0, 1];
if r < p?" then
| Op, =0
else
Sample ro uniformly on [0, 1];
if ro < pgf then
Sample (Zg, 7) according to the law of ()_(:EI,TFI);
Or, = Or(ZR.7);
else
L Sample (g, ) according to the law of (?;’,TFI);
éFi = 95(?57 T);

Os(ys, ts)

Fig 3. Illustration of the three possible realizations for ©,. Each realization
represents one of the three contributions that can be returned: initial temperature
07, a radiance temperature 0 and a boundary temperature with the solid 6g. The
notation (.,¢) means that the temperature of the fluid is not dependent on the
location in the cavity and that the probe can be positioned anywhere.
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where:
e gs.1 = pCgs denote propagation from Initial condition,

® gsoan = hrgs denote propagation from surfaces 9QE corresponding to a Robin
condition. In this case, 0p takes the value 0, of domain ¢ to which ¢r belongs,

® gs.o0, = /\%Ls denote propagation from surfaces 9Q2p which a Dirichlet boundary
condition (6p),

® gs.r = (gs denote propagation from volume radiation.

A random variable whose expectation is the temperature 6g(Z,t) is constructed
following the proposition stated in the general case (Egs. (7) to (14)), with the domain
W consisting in the geometric space 2g. It is thus possible to write:

T @0 =B (RS + (1 Bo) B on (RS TE)
+ (1= B1(p7)) (1 = Ba(p3)) Bs(p5)0r (Y2, TF) (21)
+ (1= Bi(p])) (1 = Ba(p5)) (1 = Bs(p3)) Op (Y5, T5)
To simplify the presentation, the definition of the random variables and probabilities
involved in this equation are reported to Appendix C.

For given values of & and ¢, Algorithm 4 describes the sampling procedure for Og
defined as above and Fig. 4 illustrates corresponding typical realizations.

4.3 Radiative transfer in fluid and solid sub-domain

We start from the radiative transfer model described by Eq. (6d): here phase space
is the union of the sets of positions and directions, and boundary conditions are given
by the known function 0z sn, 4 on the fictive surface 9Qg. The temperature ¢ which
appears in the equation is either a fluid temperature, or a temperature in the solid, and
results from all the coupling dynamics. As in the two previous paragraphs, we are going
to consider first that 6 is known and prescribed so that we can build the probabilization
on the uncoupled model.

In agreement with the general form of Eqgs. (7) and (10), the Green function gr =
gr(&, @|x’, u’) associated with the model in Eq. (6d) is solution of:

ﬁ.ﬁgR + kegr — ks/ ps(t|@’)dd’ gr = 6( — F)o(d —d’), & e, icS?
SZ
gr =0, g€ Op, weS
(22)
Radiance temperature in the fluid and solid domains is therefore written as:
HR,;;(f, t) = / / gR7A(:E, ’EI:|£A, ﬁA)e(fA, t)dﬁAde
Q Js?
(23)

4 / / Ir.00m (&, s BR)0R 00 a0 (T 1) B RATr
oQr Js2

where gr 4 = gr(ke — ks) = grk, stands for the propagator from the temperature in
the solid or fluid volumes (Absorption) and gr sa, = gr stands for the propagator from
the radiative boundary condition on 0Qg.
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Algorithm 4: Sampling algorithm for the random variable ©g defined
by Eq. (21) assuming the functions 6 and 0p are known. 6g is the
corresponding realization of the random variable.

Sample 71 uniformly on [0, 1];
if r < p}q then
Sample Z1 according to the law of X }9 ;

93 = 9] (.’ff[);

else

Sample ro uniformly on [0, 1];

if 7o < p5 then

Sample (£gr, Tr) according to the law of ()Zﬁ., T3);

és = GR(fR,TR);

else

Sample 73 uniformly on [0, 1];

if 73 < p§ then

Sample (§r, 7r) according to the law of (Y, T5);
Os = O0p(§r, 7r);

else

L Sample (§p, 7p) according to the law of (Y5, T5);

fs = 0p(¥p,7D);

Op(¥p.tp)

Fig 4. Illustration of four realizations of ©¢(&,t)): an initial condition §; at point
&1, a radiance temperature 6 at point (Zg,tr), a fluid temperature 65 at time
tr and a temperature p imposed at the boundary at point (§p,tp). For clarity,
we represent only one fluid cavity.
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A random variable whose expectation is the radiance temperature 0g z(Z,t) is
obtained following the proposition stated in the general case (Egs. (7) to (14)):

QR,'&’(:E’ t) =E [GR,'E:(:I_;? t)] (24)
with
Ora(@ t) = B (pi(& @) 0(XF.t) + (1 - B (pA(Z @) 0y g0, 0, (Y1) (25)

To simplify the presentation, the definition of the random variables and probabilities
involved in this equation are reported to Appendix D.
A new random variable is defined in order to formulate the temperature 0g(Z,t) as
an expectation:
Or(Z,t) = O, (&, 1) (26)

where U follows a uniform law on the sphere, hence:

[ 0 a(@.1) = E[On(@. 1) (27)

For given values of & and ¢, Algorithm 5 describes the sampling procedure for O g
defined as above and Fig. 5 illustrates corresponding typical realizations.

4.4 Summary

In this section, we have built probabilized forms for heat balance equation inside fluidic
cavities, heat balance equation inside solid matrix and radiative transfer equation. This
was done by partitioning the model: for each case, an uncoupled form was considered,
i.e all the variables involved in the coupling between submodels were assumed to be
known. Under this assumption, we obtained a random variable whose expectation is the

temperature of interest within each submodel, with a corresponding sampling algorithm.

Practical implementation of these algorithms is not discussed at this point; it will be the
object of Section 7. We focus now on re-coupling the three submodels.
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Algorithm 5: Sampling algorithm for the random variable O
defined by Eq. (27) assuming the function 6 is known (depending
on the location, 6(Za,t) corresponds to a fluid temperature or

a solid temperature). éR is the corresponding realization of the
random variable.

Sample 4 according to the law of U;
Sample 7 uniformly on [0, 1];
if r < pf}(&, @) then
Sample &4 according to the law of XE ;
éR = H(ZEA, t);
else
L Sample (§gr,@r) according to the law of (Y, Ug) ;

Or = Or00r.ar(UR:1);

Or.00p,an(YR: 1) £

0Qg

Fig 5. Representation of three realizations of ©r: a radiance temperature
imposed on the boundary g sa, @, at point ¥z (at this point, the boundary 0Q2r
coincides with 9g), a solid temperature g at point g, and a fluid temperature
0. We note £4 = g and (L 4,t) = 05(Es,t) if T4 € Qg, and L4 = Ep and
0(Za,t) =0p(Zp,t) =0p(t) if £4 € Qp. For clarity, we represent here only one
fluid cavity.
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5 The coupling

Under the decoupling assumption, there exists for each submodel a random variable
whose expectation is the temperature we are looking for, with a corresponding sampling
algorithm. The key point is that we built formulations in which the re-coupling can now
be done solely through sources in Green’s sense, i.e through inhomogeneous terms in
the descriptive equations. It will allow us to solve the whole coupled system by building
random walks switching from one algorithm to another; this translates in probabilistic
terms how we handle the recursivity of the implicit formulations.

To illustrate this question, the propagator equations are summarized below, keep-
ing only the basic structure of the partitioning/re-coupling (Eq. (15) for the fluid
temperature, Eq. (19) for the solid temperature, Egs. (27) and (23) for the radiative
temperature):

0r = gF, 101 + / dugr rOR + / dpgr,sfs
AtUQ R AtUOQp
s = dugs, 101 +/ dpgs,rOR +/ dpgs oanr -l-/ dugs,o0,0p
Qg AtUQs AtUan AtUIQp
1 1
Or :/ dp-—9r,ar/s +/ dp-——9r,00,9R,005
seuousz 4T S2U0QRUS? 4

(28)
where 4 is the measure associated to each integration space, 8 is the generic form for a
fluid temperature whatever the cavity, and /g stands for the fluid or solid temperature
according to the location in the domain.

Each equation in System (28) involves prescribed terms (known initial conditions 6y,
boundary conditions 6p or g aq,) and cross-coupling terms between solid, fluid and
radiative temperatures, which are space-time functions. Formally this system of integral
equations is a Fredholm equation of the second kind for the vector 6= (0p,0s,0R):

§=f+*(® (29)

where j? contains the prescribed terms and T is a linear integral vector operator acting
on the temperatures vector 0.

By construction of the model in Eq. (6) the integral operator T has contracting
kernel, which enables to apply the iterated kernel technique to establish solutions in
the form of integral Neumann-series. Thanks to this property, solving Eq. (29) fits
into the standard of the MC method [58-60]. With this approach, contributions of
the terms in the infinite Neumann-series expansion are statistically sampled, leading
to the algorithmic construction of random walks providing unbiased estimation of the
solution. In this regard, solving Fredholm equation of the second kind with MC can
be considered as the functional extension of classical MC methods for algebraic linear
systems of any dimension [61-63]. From a practical point of view, such methods estimate
a probe quantity and in no way the whole field (in continuous cases) or the ensemble of
the unknown (in discrete cases). Typically, when solving algebraic linear systems with
MC, one of the unknown is estimated without assessing the others, but the implemented
random walk statistically crosses the entire set of equations in order to ensure the
exactness of the result. In the present case, we will estimate the temperature at a given
location and time, without having to estimate the entire fields of temperature, thanks to
the implementation of random walks switching from one submodel to the other.
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5.1 Double randomization: a key point.

As in MC methods solving Fredholm equations, we base our proposition on the estimation
of potentially infinitely nested expectations: for example, the random variable © g, whose
expectation is the temperature in the solid, is a function of the temperatures 0p,
in the fluid cavities, which are themselves expectations of random variables Op,. To
understand the recursive mechanics of probabilized coupling through nested expectations,
it is interesting to isolate the essential MC property that is classically named double
randomization [48,49]. This property is trivial but leads to a subtle gesture that is very
powerful because it enables to think the question of the nesting (or the coupling in the
present case) locally, i.e when the question is raised, at one point of the random walk
sampling.

The following elementary illustration contains all the features of the double random-
ization:

We consider an observable 6;, written as the expectation of a random variable B,
which is itself defined as an algebraic linear operator £ on the function 65 of a random

variable X.
{01—-E(B)

B = £ (6,(X) (30)

In this case, the sampling algorithm for B is trivial:

Algorithm 6: b is a realization of B in the case where 65 is an explicit and
known function (Eq. (30))

Sample x according to the law of X;

b= L (0z(x))

Double randomization takes place as soon as the function 6, (z) itself is expressed as
an expectation of another random variable A(z) parametrized by x.

02(x) = E[A(z)] (31)

In a naive approach, one could think that it is required to evaluate the expectation of
A(x) for each realization z of X in order to be able to use the Algorithm 6 to sample B.
Yet, the law of iterated expectations enables to define a new random variable B such

that ~
{91 = E[B]

B = L(A(X)) o

which leads to the following algorithm to sample B:

Algorithm 7: b is a realization of B in the case where 65 is defined from an
expectation (Eq. (31))

Sample x according to the law of X;

Sample a according to the law of A(x);

b= L[a]

In practice, this double randomization operation is invoked whenever it is necessary
to estimate a quantity written in the form of an expectation at a step of random walk
sampling. Double randomization is essential in standard MC practice but often, it is not
made explicit because the processes which make the algorithmic proposal analogous to
physics rely on an intuitive vision that enables to circumvent formalization. For instance,
in linear transport physics, when intuitively sampling multiple scattering paths, at each
scattering event, the path continues in only one randomly sampled direction: this is
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the hallmark of double randomization. If, by contrast, probabilization of Fredholm
integral equations is the starting point, then double randomization allows for an increased
range of flexible application by simply avoiding to address systematically the whole
Neumann-series expansion.

This property vanishes as soon as the operators combining the expectations are no
longer linear [64—66]. However, recent works [67,68] have shown that it is possible to
extend the proposition to nonlinear cases, by expanding the nonlinear functions as a
Taylor-series and then writing each monomial in the series as the product of independent
and identically distributed random variables.

5.2 A recursive algorithmic approach: towards a coupled path
space

For each equation in System (28) taken independently, a probabilistic version was built
by defining random variables whose expectation are the temperatures of interest (Egs.
(17), (21), (26)). To find the solution of the coupled system with an iterative procedure,
we now face the fact that the different functions 6 of the random variables are only
known at the boundaries of the overall problem (temporal and spatial); everywhere else
they are themselves the expectation of new random variables. Double randomization
is here used to address this question. The strength of this approach is that double
randomization can be used in a nested manner, as many times as necessary, whenever
the situation arises. Hence, random processes are going to interlock recursively until an
outcome is found, at a boundary or an initial condition.

The algorithmic translation of this proposition becomes trivial from the algorithms
defined for each uncoupled equation (Algorithms 3, 4, 5): the estimation of unknown
6 functions (fg, O or Or) at a given location and/or time is simply replaced by a call
to the corresponding sampling procedure. Then, the iterative sequence switching from
one process to another (based on explicit probabilities) is ended as soon as an initial
condition 7 or a boundary condition 8p or 0 an, is met.

The result of the coupled procedure for a full realization is therefore to generate
from the probe at & and at a given observation time, a sequence of points that move in
space and back in time toward the initial condition. This sequence of points creates a

thermal path consisting of a succession of sub-paths associated with each transfer mode.

These sub-paths sampled according to Algorithms 3, 4, 5 will be named convective path,
conductive path and radiative path respectively. At this stage a sub-path is defined only
by its origin and its endpoint.

If & is within the solid, the first step in the MC algorithm consists in sampling a
conductive path. If & is within the fluid, this first step is a convective path. There
are also situations where the first step is a radiative path, typically when producing an
infrared image by simulating a camera sensor. In all cases, at the end of this sub-path,
either the temperature is known and the algorithm stops, or the temperature is unknown
and a new path is sampled:

e if the unknown temperature is a solid temperature, the new path is a conductive
path within the solid,

e if the unknown temperature is a fluid temperature, the new path is a convective
path within the fluid,

e if the unknown temperature is a radiative temperature, the new path is a radiative
path that may travel through both the solid and the fluid,

The process is continued until a sub-path ends at a location and time for which the
temperature is known. This succession of sampled conductive, convective or radiative
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paths will be named a recursive path. An illustration of such a sequence is proposed in
Fig. 6.

Fig 6. Illustration of a realization of a recursive path starting from (&, ) in the
framework of model (6). Information first spreads by conduction in the solid domain,
until it reaches the fluid domain. Once in the fluid, it propagates by convection until it
reaches the solid boundary at point (gg , tg ). Back in the solid, information continues to
spread by conduction until reaching a radiative source at (:f%, ts). Then it propagates
by radiation until being absorbed in the solid at point (fﬁ, ts), before finally reaching
by conduction the point (Zr,t;) where temperature is known. Through this example
recursive path, the contribution to temperature 6(Z,t) is the initial condition 6;(Z).

In the proposition made here, we do not discuss the practicability of sampling the
different random variables. In particular cases where propagators (and therefore the
probability density functions) have an explicit and known form, building this sampling is
undemanding. It leads to an easy and very efficient numerical implementation providing
an exact solution in the statistical meaning of the term (this is the case for the model in
fluid cavities for example). However, in most situations involving complex geometries,
the analytical expressions of the propagators are inaccessible. This situation is often
encountered in MC methods and indeed, sampling paths does not always require the
functional form of the propagators to be explicit. The following section will focus on this
question. The main difficulty will be related to the diffusive component appearing in the
energy conservation equation within the solid sub-domain (Eq. (6b)). To overcome this
difficulty, we get into the theory of stochastic processes, in relation with Feynman-Kac
formulation.
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6 Feynman-Kac approach and the definition of con-
tinuous sub-paths

The Green approach of the three previous sections is self-consistent in the definition of a
coupled heat transfer MC algorithm. The recursive nature of this algorithm is a way
to address the propagator of the overall system from a statistical reading of separate
conduction, convection and radiation propagators.

When describing this recursivity, we defined recursive paths made of random succes-
sions of conductive paths, convective paths and radiative paths. At this stage, these paths
are not yet fully defined, since only the sub-path ending and succession probabilities
pf’i, pgi, p7, p5, p5 and pff have been provided (Egs (17), (21), (25)). Hence, the Green
formulations of Egs. (15), (19) and (23) define propagators, from the sources (at the
boundary and within the domain) to the observation location, but with no time-resolved
path-like interpretation.

In this section, the path definition is completed using a stochastic interpretation of
the very same physics. Three processes are introduced, A , % and U , together with
four random variables, 74, T, €2 and €. They can be used to write a set of three
coupled Feynman-Kac formulations of the solid, fluid and radiative temperatures in
strict correspondence with Eq. (6) and the propagators are built from the statistics of
these sub-paths.

Z is defined on a domain €2 that is either a solid or a fluid connex domain, Q = Qg
or 2 = Qp. The notation @it is for 2 at time p, conditioned to reach location & at
time ¢ (i.e. ﬁif’t = &). The associated random variable Tf,}’t is defined as the time at
which 2" hits the parabolic boundary (€2 x {t;}) U (99 x [t1,t]).

When located inside a solid domain, 2 is designed to allow a Feynman-Kac for-
mulation of the solution of Eq. (6b) and defines a conductive path. Eq. (6b) is a
source-diffusion equation with Robin boundary condition (the particular situation of
a Dirichlet condition is, by construction, included in this case), which leads to a Par-
tially Reflected Brownian Motion (PRBM) with 2~ solution of the following Stochastic
differential equation (Skorokhod stochastic process, for further details see [69-71]):

A2, = AW, + n(2,) Hoos (23l (33)

where W is a three-dimensional Brownian motion, [, a local boundary time process, n a

function on Qg and Hpq, (%) =1 if & € 0Qs. When located inside a fluid domain, s
is designed to allow a Feynman-Kac formulation of the solution of Eq. (6¢) and defines
a convective path. Eq. (6¢) can be rewritten in probabilistic form (Egs. (15), (17) and
Appendix B) which leads to the definition of % as a white noise uniformly distributed
on Qp that hits the boundary with a constant rate p = hpSp (ﬁp is the average hp
over the boundary 9Qp of area Sg) at locations ?SF = Eg;x distributed according to

o (i
s) = F(yS)
s H

(34)

% is defined on the whole system, i.e. the union of all solid and fluid connex domains,
ie. QsUQp UQp, UQR, ... UQF~ and % is defined on the unit sphere. These two
processes are designed to allow a Feynman-Kac formulation of the solution of Eq. (6d)
and define a radiative path. Eq. (6d) is a stationary linear Boltzmann equation, which
leads to a Stochastic Transport Process, i.e. the standard Markov process of linear
transport theory [72,73]:

A%, = U, dp (35)
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where c is the speed of light and w jumps according to the single scattering phase
function at instants given by a Poisson process of rate fg’ ks (@ft) dv, that is, the

duration between two consecutive collisions is exponentially distributed.
These three definitions lead to the following three coupled functional integrals, that
are strictly compatible with Eqs (6b), (6¢) and (6d):

t
S QS»t S [t1,+OO[ : 95(£7t) = E[ qS(‘%‘m’,tt,vT;,”’t) €xXp <_/ a( pi’t7p)dp>

Té’t
(38)
with
9[(5) ift=t;, &€ g
qs(Z,t) = S Op(Z,t) ift>t;, &l (39)
ep(f,t) ift>t[, :Ee@QD
R 9[(_') ift=t;, £€Qp
) = 40
ar (&) {95(97;,75) ift>t;, &€ (40)
¢
— 41
a=-c (41)
B = kac (42)

where 93 = 0r 00,4 is the directional radiative temperature in incoming directions at
the limit of the composite domain, and 6, is either the temperature of the fluid 6 or
the temperature of the solid fg, depending on the position.

These sub-path statistics then achieve the objective of completing the spatio-temporal
description of section 4 on decoupled models for each of the three heat transfer modes
separately.

Of course, eqs. (36), (37) and (38) are coupled: 0 appears as an integrated source
in Egs. (36)-(37) and 6 as an integrated source in Eq. (38). To recover the recursive path
description of Section 5, this coupling must be translated into thermal paths switching
from one mode to the other (whether in the domain or at an interface). Following a very
standard MC approach, this is achieved by defining random variables €4 and € that
turn the source integrations into expectations. When conditionned by & and ¢, etﬁf is
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defined on [T%t7 t] with a probability density

&, t

Zz

t t
p,a:(€) = exp (— /. a(%?vt,mdp) SemrE)+a( 75 e (- [l pan)
Similarly, e?:;i;t is defined on [ﬁz’t, t] with

t . - o t
peg”é‘(E) = exp <— /m B( p’t,p)dp> o(e — f;’t) + B(ZT", €) exp (—/ B( p’t,p)dp>

(44)
Reporting these definitions into Eqs. (36), (37) and (38) leads to
feQ&teﬁb+m[%&@J%:E{mufﬁﬁzﬁ} (45)
Efz»
& € Qp,t € [tr,+oo] < 0r(E,t) = E[w(ﬁzf,ei’f)} (46)
€
te [ﬁ],—f—OO[ : 9R(£7 t) = E|: TR(@;’&Q:ZZJ) :| (47)
€z €
with
01 (X) ift=t;, ©eg
Or(Z,t) ift>t;, &R
re(@ ) = $OFTH b TN (19)
Op(€,t) ift>t;, £ 0Qp
QR(f,t ift>t[, Tre Qg
9[(—’) if t =ty, reQp
rp(&€,t) = Os(&,t) ift>t;, £e€ip (49)
QR(f,t) if t > tg, T eOp
Op(Z,3,t) if & € 00g
rr(&,d,t) = < 0s(F,t) if £ € Qg (50)
Or(Z,1) it & eQp

Egs (45) to (50) allow to find the same recursive structure as the one described in Section
o:

e In Eq. (45) the solid temperature is defined as an expectation that involves the
fluid temperature at the boundary, via 0 in Eq. (48).

e In Eq. (46) the fluid temperature is defined as an expectation that involves the
solid temperature at the boundary, via g in Eq. (49).

e Both equations involve the radiative temperature of Eq. (47), itself an expectation
that involves both the solid and fluid temperatures, via fg or 8z in Eq. (50).

Now, the recursivity is expressed in terms of processes, such that the physical picture of
randomly alternating conductive, convective and radiative paths is justified.

Through coupled stochastic processes, we have then developed a probabilized path
space that makes the propagation viewpoint of the previous section operational. Scanning
these paths according to the laws of the corresponding stochastic processes leads to
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(a) Green functions method (b) Stochastic process method

Fig 7. The figure on the left corresponds to Fig. 6 for which only the points
corresponding to the end of sub-paths (coupled propagators) are defined. In comparison,
the figure on the right, illustrates the whole path starting from the observation point
(£, t) until finding a prescribed temperature (here a temperature at the initial condition
at Zy). Brownian paths are black lines, radiative paths red lines and convective paths
by blue dotted lines. The illustrated sequence is: conduction — convection —
conduction — radiation — conduction.

strict sampling of the random variables defined by the Eqgs. (17), (21), and (25). Fig. 7
illustrates both visions for the realization of a path.

A MC algorithm of the coupled problem can be designed based on the recursive
sampling of the sub-paths defined by stochastic processes. Fig. 8 gives the corresponding
algorithmic prototype.
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sum = 0;
sumO fSquares = 0;
foreach recursive path i in 1:N do
Set recursion to true;
while recursion do
case (& is within the solid) do
‘ Sample a conductive path starting at (&, t);
case (¥ is within the fluid) do
L Sample a convective path starting at (&,t);

case (the path ends at an intial condition) do
Get the location Zy of the end of the path;
w = 91 (f]);
Set recursion to false;
ase (the path ends at a radiative source) do
Get the location £g and time tg of the end of the path;
Sample a radiative path 7 starting at location £g at time tg;
Get the location &, and the direction &., of the end of the radiative
path;
if (€, is at a radiative limit) then
w = 6(Zy, &y, tr);
Set recursion to false;

else
| Set & =&, and t = tg;

o

ase (the path ends at a boundary) do
Get the location ¢ and time to of the end of the path;
if (the solid or fluid temperature 0 is known at the end of the path)
then
w=0(Zc,tc);
Set recursion to false;
else
Set & = Zc and t = t¢;
case (the path is a conductive path) do
‘ Set ¢ as belonging to the fluid;
case (the path is a convective path) do
L Set ¢ as belonging to the solid;

<]

sum = sum + w;
| sumO fSquares = sumO fSquares + w?;

__ sum.
m = N

1 sumO fSquares

= g (el )

Fig 8. The recursive algorithm evaluating temperature at location & and time ¢ with a
full conduction/convection/radiation coupling. & and ¢ may be within the solid or
within the fluid. NV recursive paths are sampled, starting at &, backward in time from ¢.
The estimator is m and s is its statistical uncertainty.
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7 The practice of sampling Brownian Motion with
confinement and radiation coupling

From the algorithm provided in Fig. 8, the “Sample a convective path starting at
(&,t)” part does not raise any specific issue, and has been described in the Algorithm
3. We can simply mention that the ©p, random variable can be sampled using the
null-collision technique [74-76] as soon as the convective exchange coefficient hp is
spatially heterogeneous. The “Sample a radiative path ~ starting at location g at
time tr” part consists in the realization of a stationary radiative path, as described
in the previous section by “the standard Markov process of linear transport theory”.
The realization of such a path in the presence of an absorbing, emitting and scattering
medium has been widely described in the literature (see for instance [3,4,77]). Numerous
radiative transfer simulation codes have implemented this path sampling technique, and
various nuances and subtleties are presented in reference books [78-81].

As mentioned before, the main remaining issue for an efficient algorithmic imple-
mentation in a confined environment is to generate Brownian trajectories coupled to
a radiative source field in a solid medium. The issue of sampling Brownian motion in
confined environments with heterogeneous sources is well documented in the literature
and is the subject of active research (the Appendix E gives an overview of the most
popular approaches to confined Brownian motion). Here we make an alternative choice
which is not directly derived from the most standard first passage approaches. It is
motivated by the desire to stay as close as possible to path-sampling procedures that are
compatible with the efficient ray-tracing techniques developed by the computer graphics
community. Our proposal, denoted d-sphere random walk for conductive paths, can be
summarized as follows:

1. The diffusion equation is transformed by approximating the Laplacian term by its
finite difference version while remaining entirely continuous.

2. Near the boundaries the random walk is adjusted to guarantee a certain level of
accuracy, the scheme being exact for linear temperature profiles at steady state.

3. The continuity of the heat flux that ensures the coupling condition at the interfaces
is treated with the same level of approximation as the steps described above.

The advantage of reformulating the model with this set of approximations is that
once the probabilization is done, it can be solved exactly in the strict MC sense. It
allows to separate the approximations of very different nature: on the one hand, the
part associated with the rewriting of the model and, on the other hand, the statistical
uncertainty of the unbiased estimator of the corresponding expectation. The result in
terms of ray tracing and trajectories is illustrated in Fig. 9. Let us note in particular
two rays of opposite directions at each step of the conductive random walk, jumps of
variable size near the boundaries and standard multiple scattering trajectories for the
radiative part. We develop in this paragraph the theoretical considerations that lead
to this particular scheme. In order to justify the complete random walk scheme in a
didactic way, we will separate the steps as follows:

e Approximations of conducto-radiative coupled system in an infinite medium.

e Modifications to the scheme to account for confinement (essentially with conse-
quences near the boundaries).

e Additional steps related to boundary coupling conditions
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Fig 9. Illustration of thermal path sampling in a confined environment with a J-sphere
random walk for conductive paths. The bidirectional arrows represent the fact that an
intersection test must be performed in two opposite directions at each jump, in order to
obtain the local ¢ step value. In red: the walking step is smaller than in the rest of the
field, and the walk ends exactly at the boundary. At position &5 the conductive path
switches to a radiative path until position I3

7.1 The approximation of the coupled conducto-radiative sys-
tem in an infinite medium

We start with the model 6b rewritten in an infinite geometric space of dimension n, with
constant thermophysical properties:
pC00s = AAfg +C<9R—(95) ,(tﬂl_:’) E]t1,+OO[XRn (51)
0s(Z,tr) = 01(Z, 1) ,Z R

From previous sections, g (required for the radiative coupling) can be expressed
from a process that completely defines a path space over which it is possible to formally
write the temperature as an expectation:

0R(£7 t) = /’D pPr (7)d795(577 t) ) (ta f) E]tfa +OO[XR” (52)

in which Dr = Dr (&) represents the radiative path space of origin & over which the
path random variable T' = T'(&) of density pr is defined. It is worth noting that the
temperature retained at the end of the 7 path, &, is taken with no modification of date
t, which means that radiative processes are considered at a stationary state, because
they are very fast compared to the other processes involved. Sampling this path space is
straightforward using MC methods: sampling of the I' random variable is easy no matter
the complexity of the underlying radiative physics (for instance, taking into account
multiple scattering or multiple reflections in all kinds of situations).

The only required approximation in Eq. (51) consists in replacing the Laplacian
operator by its centered finite differences counterpart. In order to obtain an expression
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that does not depend on a given cartesian basis, the finite difference is averaged over all
possible basis orientations. The retained approximate model is finally:

~ 2n n—1 L dﬂés}g*?ﬂés ~ ~
pCO 05 = A ( Je 8”7162 ) +C(0r—0s) ,(t, %) €]t;, +oo[xR"
0s(Z, 1) = 0;(Z) , € R"
5M@ﬂ=/imWMWd@¢) ,(t, &) €]tr, +0o[xR"
Dr
(53)

where S,,_ is the surface of sphere S*~! in dimension n and ésﬁ = ésﬁ(a—f, t) =
és(i—l— dii, t). It was chosen to use the g notation for the temperature that is a solution
of Eq. (53) to specifically mention its dependence to the § parameter.

In Appendix F, the model 53 is analytically studied in an infinite medium. Its
consistency with the exact model of Egs. (51), (52) is discussed, as well as the convergence
of the solution fg towards Og.

7.2 Walk on §-sphere without radiative coupling

In order to understand the approximation proposition, this paragraph first describes
the random walk in pure diffusion (i.e. on the only mechanism that is approximated in
the field, the radiation being treated in an exact manner). The first equation of (53)
without the radiative term (which is the case when ¢ = 0) can easily be reformulated as
a second kind Fredholm integral:

o too 7—[(7’ — t)GI(a':’)
0s(Z,t) = /0 P9y L - T)/ pg (@)dd0s(Z + 0@t - 7) oy
Sn*l

That can be re-written as an expectation:

egaw:EpuT—mu@+H@—fm@gf+&ip4ﬂ} (55)

where pr is the density probability of T' that follows an exponential law of parameter
2nD /6%, where D = p% is the thermal diffusivity of the material and pg is the density

probability of the U random variable (uniform over the sphere of dimension n — 1).
Notation H(z) stands for the Heaviside function, that takes a value of 1 for z > 0 and a
value of 0 for x < 0.

Temperature O at position & and at time t is expressed as the expected value of
a linear function of an expectation; the double randomization principle can then be
invoked in order to express the temperature as a unique expectation.

0s(&,1) = E [QI(XN)} (56)
with:
e Xn=E+6Y N, U;, Up=0, Ty,=0,
e N=min{neN;>" T; >t—t;}
¢ (T3)ieqo,...ny and (ﬁi)ie{o,...,N} two series of independent and identically dis-

tributed random variables (IID) respectively for T and U.
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It should be noted that X ~N can be read as a process that replaces the Brownian
process W that was defined in the previous section. Eq. (56) is a Feynman-Kac equation
in the study case. Algorithm 8 gives the simple way in which the sampling of 6 1()_5 N) is
done for given & and t.

Algorithm 8: §-sphere algorithm in infinite medium without coupling. w is
the generic notation for a realization of the sampled random variable

while ¢t > t; do

Sample 7 according to the law of T’

t=1—T;

if t <t; then

‘ w = 0;(&);

else
Sample @ according to the law of U ;
T =+ u;

Under the hypothesis of a linear temperature profile in every direction, the §-sphere
random walk provides an exact solution to the problem of stationary diffusion within an
infinite medium, whatever the value of §. Let’s assume, for instance, that at steady state
the temperature depends linearly on the position: Whatever the value of i, we have:

05 (& + 6@) + 05(Z — 5i)

0s(Z) = B

(57)

The d-sphere random walk guarantees the exactness of this relation, from a statistical
point of view.

In the case when the temperature profile is not globally linear, a value of the ¢
parameter that locally ensures a linear profile can be found in almost all cases; this
makes the §-sphere random walk a good approximation, including during non-stationary
phases.

7.3 Walk on §-sphere with radiative coupling

Eq. (53) is now considered with its radiative coupling term. From a formal point of
view, there is no additional difficulty to obtain a version of this equation as a second
kind Fredholm equation:

H(T > t—t1)91(a’c’)
. pc/“ pg (@) did0s(Z + o, t — 1)
- _ Sn—l

4+pRu/’ pr(y)dvfis (&t — 7)
o (58)

That can be re-written as an expectation:

Gy —g| 0@

(59)
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where pr is the density probability of T' that follows an exponential law of parameter
(2nA 4 ¢02)/(pC82); po = (2nA)/(2nA + (62), pr = 1 — pc and pg is the probability
density of the U random variable (uniform over the sphere of dimension n — 1). B(p¢)
is a Bernouilli random variable of parameter pc.

Similarly to the no-radiation case, the double randomization principle is used in order
to evaluate this expectation by MC. It consists in writing:

Os(&,t) =E [91(}7N)} (60)

The random variable Y is not formally defined here; the Algorithm 9 for the sampling
of 07(Yn) for given & and t is sufficient to clarify its meaning.

Algorithm 9: §-sphere algorithm in infinite medium with radiative coupling.

w is the generic notation for a realization of the sampled random variable.
while t > t; do

Sample 7 according to the law of T

t=1—r;

if t < t; then
‘ w = 9[(5),

else

Sample 7 uniformly on [0,1];

if » < pc then
Sample @ according to the law of U:
T =&+ ou;

else
Sample v according to the law of I'(&);
T =Ly

7.4 The approximation of conductive path near the boundary

The d-sphere random walk has been detailed in an infinite medium. Coupling with
radiative transfer does not require any approximation, nor does it introduce any additional
difficulty. Remains the question of approximating the Brownian walk in a confined
medium, more precisely, how the diffusive random walks deal with boundaries. As in any
“Walk on Sphere” method [82-85], the d-sphere walk never really ends at a boundary.
With a small enough value of §, it could be considered that, when the random walk
crosses the boundary, the intersection position is the final position of the path. An
alternative to this trivial solution is proposed here, that reduces the numerical error for
a given value of the walking step.

We keep the constraint of using only random walks built upon ray-surface intersections,
since our d-sphere random walk aims at using computer sciences methods for identifying
the intersection between a ray and a scene defined by a huge number of geometrical
primitives.

When boundaries have to be taken into account, the average expressed in Eq. (57)

must be statistically ensured, in order to keep an exact solution for the stationary regime.

To that purpose, the value of the walking step is adjusted along direction :

6 = 8(Z, @) = min {dref, do0, (T, @)}
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where Ot represents the maximum step of the random walk, and dsq. (&, @) is the
distance to the closest boundary in directions 4 or —.

From an algorithmic point of view, the proposition is rather straightforward. After
sampling a direction 4 and before enacting the displacement, the value of the random
walk step has to be evaluated by testing the distance to the boundary in both directions
@ and —u. The random walk will therefore always use a value d,¢f for positions far from
the boundary; and for positions that are close to the boundary, the value of the walking
step will be automatically reduced (see Fig. 9). In the spatial sub-domains where ¢
is lower than §,f, the random walk will therefore statistically stop at the boundary
half the time. If the temperature of the boundary is known (Dirichlet limit condition),
the random walk ends at the boundary. Otherwise (Robin limit condition), a specific
treatment must be performed, that is described in the following paragraph.

It should be emphasized that Eq. (55) is still perfectly valid, even in the presence
of boundaries. The main difference in this case is that, in a confined medium, the ¢
parameter and the random variable 7" both depend of the random variable U. This will
translate in terms of algorithm by the fact that the first sampling must be performed
for random variable U. The algorithm for sampling random variables for & and ¢ is
described in Algorithm 10.

Algorithm 10: é-sphere algorithm in bounded domain without radiative cou-
pling. w is the generic notation for a realization of the sampled random variable.

while ¢t > t; or & ¢ 0Qgs do
Sample @ accordind to the law of Tj;

Compute the distances d* to the boundary in the i directions ;
§ = min(d,ep, d*);

Sample 7 according to the law of T ~ £(2%2);
t=1t—T;
if t < t; then
| w=0;(Z);
else
X = I+ du;
it & € 90 then

7.5 Interface conditions and flux continuity

The temperature at the boundary is generally unknown, except in the particular case of
a Dirichlet condition (set temperature). When the temperature is unknown, a discretized
version of the flux continuity relation for the interface between two media is used, in
order to express the boundary temperature as an expectation. The double randomization
technique then makes it possible to continue generating the recursive thermal path, as
previously shown.
The continuity of the surface flux density over an interface with a Robin condition is
written as in Eq. (6b):
.- 005 — D
M. Vlg = —)\% =hp (9}7‘ — 95) , (t, :B) G}tj, +OO[X8QS (61)
where 71 is the incoming normal at the surface of the solid and 0 is the temperature
of the fluid. As for the field approximation, the normal derivative at the boundary is
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translated into its finite difference counterpart:

0s(E,t) — (& + 6y, 1)

A
O

—hr (9r(1) = 05(@,1)) (@) €ltr,+oo[x008  (62)

From which the boundary temperature is obtained:

05(Z,t) = ps,05(& + o7, t) + prOp(t) ,(t, @) €]tr, +oo[xINE (63)
A
with ps, = %j’ibh}? and pp = %}th.
b b

dp is a numerical parameter just like §. In some cases it may be useful to be able to
impose d;, and d separately but in many applications d, = d is a relevant choice.
Expression 63 is interpreted as the expectation of a random variable ©;,,(Z,t):

05(,1) = E [61(&,1)|

with:

Oint(Z,t) = B(ps, )05 (& + 0, t) + (1 — B(ps,)) 0r(t)

It was previously shown that the temperature at any position in the solid and the
temperature of the fluid can be interpreted as the expectation of well defined random
variables. The double randomization technique is then used once again in order to deal
with nested expectations; by doing so, the thermal path continues either in the fluid or
in the solid, at a distance §, from the boundary.

7.6 The path space with random walk on /-sphere

All items are now available in order to completely define the thermal path space. The
Brownian process in the field and the connecting condition between the solid and fluid
are the only mechanisms that are approximated. Other processes, as well as all couplings
in the field, are treated in an exact manner.

Fig. 10 completes Fig. 7 by adding a representation of the conductive paths under
the approximation of §-sphere random walk.

(a) Propagators viewpoint (b) Stochastic Processes viewpoint (¢) Walk on §-sphere viewpoint

Fig 10. Fig. 7 is completed by the representation of a diffusive random walk under the
approximation of a d-sphere random walk.
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8 Conclusions and Outlooks

The proposal of the present text combines several points of view over MC methods with
one leading intention: benefiting from the solid foundations laid in a vast literature. As
far as propagation, stochastic processes and integral relations are concerned, the formal
background is well established and the corresponding probabilistic description provides
a common language that supports simple algorithmic proposals. The presentation was
focused on coupled thermal transfers for their very wide application significance, but the
illustrated framework is nonetheless much wider than this particular disciplinary field
and other linear coupled physics can be studied similarly (see for instance [86-88]). Of
course, many questions about coupled path spaces are still widely open, which were left
out from the present article. Several of these questions are getting addressed in ongoing
works that already started to provide insightful perspectives, as for instance:

e computing spatial gradients or parametric and geometric sensitivities; solutions
are starting to emerge from a better understanding of the information carried by
thermal paths that is available for further quantitative analysis [8,89-92];

e the question of non-linearly coupled physics; several theoretical advances in the
domain may lead to practical solutions for probe computations, which preserve
the essential properties of the present methodology [68,88,93-95].

e in a very general way, revisiting physical intuitions using path integrals that include
coupling has consequences in terms of analysis because of the possibility to read
the structure of the coupling inside a single trajectory space.
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APPENDIX

A Radiation linearized in temperature

We start from the stationary radiative transfer equation formulated in terms of monochro-
matic specific intensity I, = I, (&, u,t) at position &, in direction @ at time ¢ and
frequency v:

VL, = kL, + RIS~ L+ k[ il (64)
4w
where kY is the absorption coefficient, kY the scattering coefficient, p¥ the scattering
phase function, I}, = I, (&, 4d’,t) and I¢? = I¢9(6(&, t)) the specific equilibrium intensity
at temperature 6(&,t) of the solid or fluid. Although the radiative transfer is stationary,
I,, depends on t due to the evolution of the solid/fluid temperature.
Assuming that at all times and positions, the solid/fluid temperature remains close
to a reference temperature 0,.¢, the temperature dependence of the specific equilibrium
intensity can be linearized:

I59(0) ~ 1% (Orer) + O 157 (Oret) (6 — brer) (65)
Equilibrium properties allow to write:
0=—kJ IS+ Kk I2T — KIS + ks”/ pY(dla’)Ictda’ (66)
4

Introducing the notation 1:1, =TI, — I£%(0,e) for the perturbations and subtracting
Eqs. (64) and (66), the radiative transfer equation under the assumption (65) can be
written as follows:

ﬁ§ﬂz—%ﬂ+%%ﬁ%%ﬂ@—&w)—%ﬂ+k;/pﬂﬂﬂﬁﬁﬂ (67)
4

We choose to rewrite this equation using the radiance temperature 6% 5 in the
direction @. This radiance temperature is a spectral and directional quantity defined
as the temperature for which the equilibrium specific intensity is equal to the specific
intensity:

(0% q(&,t) = 1 (%, 4, t) (68)
Using Eq. (65),
I, ~ I (Oret) + 89[§q(9ref)(911/%,ﬁ — Oret) (69)
and therefore, _
Iy ~ 0o 13" (Orer) (0, — Oret) (70)
Eq. (67) becomes:
ﬁ.ﬁ@}’zﬁ ~ kgt g+ ket — k0 g + kg/ pe(d|a')0 g da’ (71)
4

In the energy conservation equation, the radiation balance term g is defined as the
difference between the absorbed and emitted power densities, ¥Yr = Yabsorbed — Yemitted
with

+oo
¢absorbed :/ dﬁ/ dv kZIu (72)
4 0
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and

—+oo
Gemitted = / did / dv kT
4 0

Using the Stefan-Boltzmann law,

+oo 04
/ Iﬁq(me)dy = Tref
0 ™

and the previous assumptions, we can write:

+oo
"/’R—/ dU/ dyk;”(?g[ (Href)(eR
47

+oo +oo
/ du/ de‘VagI ref (/ du/ dl/klyaefeq( ref))
A A

_ 16k aemf(( i / dupzv(u)eg,ﬁ>—9)
47'r

with
kl/
pN (V) = fpk(V)
where
o ’/Taﬁje ( ref)
pk(y) B 4aefef
and

We finally retain:

Yr =((0r —0)
1

A 47

400
Or = —dﬁ/ dvpn (v)07%,
0

with ¢ = 16k,003,

(75)
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B Definitions for ©p(¢) oo

Eq. (5), which is a first order time equation for the fluid temperature variable, fits o

perfectly into the illustrative case described in Fig. 2 and can be reformulated as: 902
dHFi *
- (1) = —ar, (0r,(1) — 0F,(1)
GVrF, + faQF_ hr(§s)dys
R, = t
piCiVr, (79)
o1 (t) = Gi fQ 9R (ZR, )dwR+faQ r(Ys)0s(¥s,t)dys
i GVE, + faQ ¥s)dys
O, (tr) = 0r
_ The development then leads to the same probabilistic formulation as in Fig. 2, with o
OpF, the random variable whose expectation is 0, : 904
Or(t) = BEor+ (1-Bop)) o5 (") (80)
or(t) = E[Or(1)] (s1)
where: 905
o pi" = exp (—ag, (t — t1)); with ¢; the initial time. 906
e 53(p) is a Bernoulli r.v. with parameter p 907
e TFiis ar.v with an exponential distribution of parameter ar, a08

Meanwhile, expressions provided by 80 and 81 are not fully satisfactory because the oo
source term 07, (t) involves integrals of both temperatures g and 0s. It is thus necessary o
to carry out the probabilization of 673, (¢) by writing the temperature of the fluid as the o
expectation of a random variable which takes either the value of 6 or that of 0g (or a2
01). Such an expression will be compatible with the final objective, which remains the s
coupling between submodels. Indeed, the temperatures 6z and 0g, which are prescribed o
here, will be the coupling variables when solving the whole model in Eq. (6). 015

Let us define the area Sg, of the domain 90, and hp, = Joa,. hr(Ys)dys/Sk, the

convection coefficient hp averaged over the boundary. Hence:

« GiVr, / _. hr,Sr, / hr(Ys)
0% —_— —9 ZR,t)dZRr+ L -~ 0 t)dy.
r(h) = GiVE, + hp, Sk, O, R(®r,1)dZr GV + hE Sk Joar, heSF, s(¥s, 1)ds
Which finally leads to the expression of the fluid temperature (Eq. (15)): 916

Or, (t) =gr, 1(t|tr)0r
t
+ / / g5, 5(t7s, 705 (Fs. ) dFsdr
tr 8QFi
t
+/ / gFi’R(t|:fR,T)QR(fR,T)d:fRdT
tr QF'i

where 917

o g5, 1(ttr) = py’ 918
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® gr,.5(tlys,7) = (1 —pg ap, exp (—aF, (t — 7)) o1
hSF,
- ro 1
] thR(ﬂwR,T) :pRlTaFi exp(—api(t—ﬂ')) 920
F;
. 142
with pg = 9—5 921
GiVF, + hp,SF,

Defining the two independent variables o2
° ?SF * a random position variable following the distribution % on the surface o
o0, Y

e X 11;:1' a random position variable following the uniform distribution ﬁ on Qp, s

we can write Eq. (16) and Eq. (17) which define the temperature of the fluid as an o
expectation: 027

0Fi (t) =E [QFI (t)]
with 28
OF, (t) =Bi(p;*)0;
+ (1= Bipf) {Booi W0r (X T7) + (1= Bolp) ) 0s (P, T7) }

When dealing with coupling, we will then work, for each fluid subvolume Qp,, with the oo
random variables O, (t) rather than O p, (¢). 930

42/64



C Definitions for Og(&, )

This appendix aims at providing the definitions of the random variables and probabilities
that appear in expression 21, reported here for the sake of clarity:

Os(Z,t) =B1(p7)01(X5) + (1 — Bi(p])) B2 (p3)0r(X 5, T5)
+ (1= Bi(p]) (1 — Ba(p3))Bs(p3)0r (Y, T)
+ (1= Bi(p?)(1 = Ba(p3)) (1 — Bs(p35))0p (Y5, T5)

e Definition of the probabilities:

P ttr) = / 95,1 (&, E1, t1)dE1
Qs
t

PoE tt) = / / 95.1(@ HF s tr)AF Rdt
tr JQg

t
pgﬂg (&, tltr) / / 95,000 (&, t|§r, tr)dgrdip
tr 89?

t
Paa, (& ttr) / / gs.00, (Z, t|¥p,tp)dypdtp
tr JOQp

with the relation (under the restriction conditions defined in Eq. (8))
P+ ergﬁg + P30, =1
so that the following quantities can be considered as probabilities:

S
s _ _Dh s_ _ Poap
L—pj L—pi —p

e Definition of the probability density functions:

pg;(fvt\fntl) = gs.1(Z, t|Z1,t1) /D] (F, t]t;)
Pxs.rs) (& tER R) = 9s,r(Z,t| TR, tr) /D5 (F, tItr)
Pegs ey @ HUTrtF) = gsoan (& tlTr tr)/Poon (Z tltr)
Psrs) (& tldp,tp) = 95,00 (&, t|FTD.tp) /P3a, (T, tltr)

e Definition of the random variables:

— B(p) is a Bernoulli r.v. with parameter p

- X}g is a r.v. with distribution Pxs

— (X8,T5) is a paired r.v with distribution P(xs,18)
— (171:5, T#) is a paired r.v with distribution P¥s.18)
— (Y§,T5) is a paired r.v with distribution P¥s.18)

which are independent from each others.
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D Definitions for Op (%, 1)

This appendix aims at providing the definitions of the random variables and probabilities

present in expression 25, reported here for the sake of clarity:

Ora(& t) = B (pf(& @) 0 XK, 1) + (1 - B (pA(&,4))) 05 g0, 0, (Vs

e Definition of the probabilities:

ﬁ@ﬁ)Zk//mm@ﬁWﬂmmw
QJSs2

Ph(&E, @)

/ / Ir.00, (T, U]y, @' )dd’ dy
005 J52

7 t)

with the relation (under the restriction conditions defined in Eq. (8)):

pE+ph=1

e Definition of the probability density functions:

pa(@,@Ta) = ( [ 9n.al@ @z a Ta)T ) /(3. D)
S
Pz 0 &l R) = gro0. (. ilin dr) /(& @)

e Definition of the random variables:

— B(p) is a r.v with parameter p

— )_ff is the r.v with distribution Pxr
— (Y2, Ug) is a paired r.v. with distribution PR )

which are independent from each others.
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E Random Walk on Sphere and equivalent

For sampling Brownian motion in a confined environment, there are almost only ap-
proximate methods that use numerical parameters on which the accuracy of the method
depends [33,43]. Among the most popular applications, it is worth mentioning the
elegance of so-called “first passage of a trajectory over a fictitious boundary” meth-
ods [96,97].

The most common approach when it comes to sampling contributions according to
the conductive Green function, in a close domain 2 with a Dirichlet boundary condition,
is the Walk on Sphere proposition [82-85]. It consists in the random sampling of a point
(both in space and time) over successive spheres of maximal radius, centered on the
current position, as illustrated in Fig. 11a (spheres are tangent to the boundary of the
domain, and entirely fit inside the domain). From the first passage Green function over
a sphere, it is possible to deduce:

1. a distribution of exit times,

2. a distribution of exit positions over the sphere (that follows a uniform law when
conductivity A is uniform!)

3. a distribution of positions inside the sphere, given that information is confined to
the inside of the sphere during the time elapsed from the initial condition.

The numerical strategy in order to find a exit position over the boundary of the
domain consists in setting an arbitrary thickness e to the boundary. As a consequence,
a position is considered to have reached the boundary as soon as its distance to the
boundary is less than e (this is necessary, since the contact between the sphere and 2 is
most of the time reduced to a point).

With this approximation and using the previously described three distributions, the
contribution associated with the current sphere can be sampled. In this case, three
situations must be considered:

e cither the initial condition has been reached inside the sphere, and the MC
weight is the initial temperature for the corresponding position, sampled using the
distribution of point 3.,

e or a position is reached at the surface of the sphere located at a distance smaller
than € from the boundary, in which case the MC weight is the known temperature
at the boundary,

e or a position is reached at the surface of the sphere located at a distance greater
than e from the boundary (at a time that is per construction closer to the initial
condition), in which case recursivity occurs.

A “walk” over spheres therefore emerges, until a boundary condition is reached. First,
thickening the boundary using parameter e is a source of uncertainty. This approximation
is not, in fact, an issue, because the average number of jumps that is required to reach
the boundary increases as [log(e)| [83,96]; it is therefore possible to imagine a value
of € that is compatible with the numerical accuracy inherent to the representation of
numbers, which is the limiting approximation. Secondly, the implementation needs, for
each jump, to solve an optimization problem: identify the sphere of maximal radius
contained in 2 and centered on the current position. This optimization problem may be
computationally expensive for a high level of geometric complexity. Current research on
this topic has already been translated in more efficient intersection libraries [98,99].

In the same line of thought, recent advances [36-39] propose an effcient methodology
in order to sample contributions in a general polyhedral domain with a Dirichlet boundary
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(a) WOS (b) Walk-on-rectangle-parallelepiped
Fig 11. Illustration of methods based on Green’s function first-passage algorithms

condition, as illustrated by Fig. 11b (the strategy is similar to the Walk on Sphere,
but with parallelepipedic rectangles). This proposition consists in computing the Green
function within a parallelepipedic rectangle of arbitrary dimensions, in order to obtain:

1. a distribution of exit times (that depends on the probe position)

2. a distribution of exit positions (that depends on the probe position and the exit
time)

3. a distribution of positions inside the rectangle, knowing that the information
remains confined to the inside of the rectangle domain during the time period from
the initial condition (that depends on the probe position and the observation time)

The proposition then consists in a practical and ingenious process to generate
parallelepipedic rectangles contained in the polyhedron and containing the probe position,
while maximizing the contact area between this rectangle and the boundary of the
polyhedron. It is then possible, from the three distributions, to sample a contribution
associated with the rectangle. In each case, three situations have to be examined:

e either the initial condition inside the rectangle is reached, and the MC weight is
the initial temperature at the corresponding position,

e or a position is reached at the portion of the surface of the rectangle that is shared
with the surface of the polyhedron, and the MC weight is the imposed boundary
temperature,

e or a position is reached at the portion of the surface of the rectangle that is inside
the polyhedron (at a time closer to the initial condition), in which case recursivity
occurs.

A “walk” on rectangles emerges, until a limit condition is reached. Contrary to the
Walk on Sphere, there is no thickening parameter, making this approach a reference
method since the various contributions are sampled in a exact way. One of the remaining
questions, that is currently not addressed on a theoretical point of view, is the capacity
to generate such parallelepipedic rectangles efficiently enough in a complex geometry.
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Nonetheless, even if it was possible to produce these volumes in an optimal way, account- 17
ing for couplings and heterogeneous parameters is a consequent additional work that 1ems
remains to be conducted. 1020

Attempts to address this question were made, notably by trying to sample contri- 1030
butions in a domain with non-uniform conductivity, as for instance in the case of a 1m
discontinuity at an interface [34,40-42], or with Robin or Neumann boundary condi- 103
tions [69,100,101]. 1033
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F Consistency of the approximate J-sphere random
walk on infinite domains

In order to investigate the consistency of the approximate model and the convergence
speed of fs towards g as a function of 4, a solution to the coupled conducto-radiative
tridimensional model provided by Egs. (51) and (52) will be proposed, while specifying
the radiative physics of interest.

Eq. (52) can be seen as the solution of a radiative transfer equation that is obtained
after describing the underlying process. A rather simple way of obtaining this formulation
consists in reformulating the differential radiative transfer equation under its integral
form. In the considered radiative physics, the collisional term is associated to absorption
and scattering processes for spatially uniform radiative properties. For the needs of the
computation presented in this appendix, the phase function is chosen isotropic. The
radiative transfer equation under its integral form can then be written as:

+oe k k :
/ —du/ kee keldl (“95 + SoR) ,(t, @) €]tr, +oo[xR?
s2 4 ke ke [(&+1il,t)

(82)
Note that using the iterated kernel procedure over the Fredholm Eq. (82), the solution
appears as a development of a Neumann series, which formally defines the integration
path space as described by Eq. (52). This additionnal step is not useful for the needs of
this appendix. R
Using Eq. (82), 85 and 6g are respectively the solutions of coupled Egs. (83) and
(84). For the original model,

pCOls = MAOs + ((0r — 0s) , (t, &) €tr, +oo[xR?
05(5:’,7&1) :91(5:') ,fERg
= Lo (7 ka ks = 3
Or(@,t) = [ —du kee™%'dl | —0s + —0r , (t, &) €]tr, +oo[xR

s2 41 Jo ke ke "/ @rat)
(83)

and for the approximate model,
6 du@s @ = 695 ~ ~ N

Pcates =A ( fS2 52 ) + C(GR - 03) ) (ta CC) E]tfv +OO[XR3
é(ac tr) = 0;(Z% ,fERS
e ko~ ks~ f
/ */ ke keldl (05 + 93) , (t,&) €]tr,+oo[xR?

s2 4 0 ke ke |(Z+al,t)
(84)

where k., ks and k. = k, + kg are respegtively the absorption, scattering and extinction
coefficients. Let us recall that 8gz = 05(& + du,t) and that S? is the unit sphere of
dimension two.

Fourier expansion

és(a_s', t) is obtained by a development over a Fourier basis, in order to get the dispersion

relation for the approximate model. Notation éS(E, t) is used for the component on the
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basis associated with the wave vector k (Fourier transform). 1060

6 1 2, e o
— / —du | Og(k,t)e*EHD
S

02 2 47 R3

5 N GREAD 6A 5o o \REAT

pC 0O, Os(k,t)e™"dk | = 52 Os(k,t)e™*dk
R3 R3
+ ([ InEemea ~ [ do(E 00" 4
R3 R3
85)

that is reformulated as follows, 1061

1 T = -
e %j </ e —1> Os(k,t)\
/ pCo,0s(k, t)e™*dk = / \Jg2 4m *Fdk  (86)
. ¢ (9R - 95)

Using the fact that {Z — ei’;'f},—éekf5 is a Hilbert basis, a relation for each component of 102

the associated wave vector k is obtained: 1063

= D 1 LT 2 2 2
9,05 = 0 ( —dii R _ 1) bot S (eR _ 95)

02 \Jgo 47 pC
~ 6D 1 eiéﬁ.ﬁ+e—i5§.ﬁ ~ ¢ ~ ~
= — — T —_—_—-s w _ 1 _— —
0¢0s 52 ( " 27Tdu 5 0s + °C (HR 95)

s 6D [ [ 1 R - 5o S (5
9,05 = il (/0 %d(b/o sin(0)dé cos(d||k|| cos(8)) — 1) Os + —= (93 — 95)

pC
5,54 — 0P (Sm@lkl)_l) i+ (- )

67 o K| pC

(87)
where D = \/pC' is the thermal diffusivity. Similarly, the Fourier transform for g is 106
straightforward: 1065

: kqarctan ('f”) N
Or = — ———0g (88)
||k|| — ksarctan (”kke”)
Combining Eqs. (87) and (88): 1066
. 6D [ sin(d]|k]|) NS kaarctan (”;f”) :
ols=| 5| —=—-1]0s+— = -1 0s  (89)
0 o ||| pC ||k||fksarctan(“k’iu>

from which it is deduced that: 1067

s (K, t) = b;(Fk, t)e=/7 (90)
where the characteristic time 7 associated to k verifies: 1068

o

) -1
O\ iy (91)
pe || k|| + ksarctan (HkH)

’7‘:

k %
_6D (sin(o][k])) ) _ ¢ /faarctan(”k\\
0\ 4llE|

ke
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Altogether, the analytical solution for fg is:

0s(@,t) = [ 61(k,t)elt—t/7eikE ) (92)
HQS

In order to perform a similar development over the 05(&, t) model, the Fourier transform
of the finite differences operator has to be replaced by the Fourier transform of the
Laplacian operator:

0s(@,t) = [ 0;(K,t)e=t—t/meikEqf (93)
H§3

-
where the characteristic time 7 associated to k verifies:

- -1
. ¢ kqarctan (H:H)
7= | PP =25 | AR (04)
p ||k|| + ksarctan (Te)

The consistency of the approximate model is now straightforward:

T=1lmT7T
o—0
and the approximate model converges as §2:
1

T

74
—ingMﬂﬁ2+d$) (95)
T 5!

The fs model approximation only finds its origin in the Laplacian associated to
the diffusive process. The radiative part is evaluated exactly, which means that in
parametric regions where radiation dominates over conduction, the approximation of
the temperature field is nearly independent of the walk parameter §.

For illustration purposes, and without seeking completeness, Fig. 12 shows how 65 and
fs temperature fields behave for a given set of parameters that correspond to radiative
processes without scattering (ks = 0) and equivalent weights for the conductive and
radiative processes. It is worth mentioning that, without surprise, the MC computation
behaves exactly as the approximate model whatever the value of the walk parameter §
(MC reconstructs Eq. (92)). Furthermore, it should be noted that for a walking step
equal to 1/20 of the characteristic length, the approximate model and the exact model
agree within an outstanding level of accuracy.
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Fig 12. Each s and g curve are the exact solutions of respectively (83) and (84).
Points that are denoted MC and associated errorbars are the solutions of a numerical
resolution by MC over the approximate model. The initial temperature field is:

—0.4

01(Z) = Orer + Acos (Ea’c’) Results have been obtained for a characteristic time 7 and

for position = € [0, L], y = z = 0 with k = (2r/L, 2r/L,2r/L), for cach figure. The
only differentiating parameter for the four figures is the value of § that is taken
respectively in the {L/2, L/5, L/10 and L/20} set. The scattering radiative coefficient
is null (ks = 0) and the reference temperature 6,.f that is used in coefficient ¢ is chosen
so that a equivalent weight is given to conduction and radiation, through the constraint

. ko E
DI|k||* = péHEHarctan (%)
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Nomenclature
(WW, Tw) Paired random variable with distribution P (Wi Tyy) = W /pw

(WBW, Tow) Paired random variable with distribution P(Wo Tow) = J0W /Pow

(ol
o

ol
Jn N

* TFi) Instantiation of (Wyy, Tyy) in the fluid model
,TS) Instantiation of (Wyy, Tyy) in the solid model

T5) Instantiation of (Wayy, Tow) in the solid model for the Dirichlet boundary

,T5) Instantiation of (Wayy, Thyy) in the solid model for the Robin boundary

1

r) Instantiation of Waw in the radiative transfer model

®

f L=< |
m Wy Ty Uy

19

,TF+) Instantiation of (Waw, Tow) in the fluid model

a Parameter in the system of coupled functional integrals (= ¢/(pC))

aF, Inverse characteristic time in a fluid cavity model

hr Average convective exchange coefficient over the fluid / solid boundary

F Average convective exchange coefficient over the fluid / solid boundary of the

it cavity

oy, The adherence of domain

154 Parameter in the system of coupled functional integrals (= kqc)

v Nabla, differential operator

o Vector of fluid, solid and radiative temperatures in the Fredholm equation

f Prescribed terms in the Fredholm equation

; Conductive energy flux density vector

7 Incoming normal vector to the solid boundary 9Qg

U Random variable that follows a uniform law on the sphere

u Direction vector

WI Random variable with distribution Py, = 91 /D1

X ~N  Position random variable after N jumps of size §

XE  Instantiation of Wiy in the radiative transfer model

T Position vector

I Linear integral vector operator acting on the temperature vector in the Fredholm
equation

L Algebraic linear operator

w Generic integration domain of any dimension

N Intersection of ensembles
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don

57‘€f

€

Union of ensembles

Laplacian, differential operator
Step of the §-sphere random walk
Dirac distribution

Step of the finite difference discretization of the normal derivative at the
solid/fluid boundary in the §-sphere random walk

Distance to the closest boundary in the @ or —i directions in the d-sphere
random walk

Maximum step of the J-sphere random walk

Arbitrary thickness of the boundary in the §-sphere approximation

€a, €z Time random variables

r

Random variable “radiative path”
Realization of OF,

Realization of O

Realization of Og

Realization of F'

Thermal conductivity of the material
Expectation of a random variable
Real vector space of dimension 1
Real vector space of dimension n

2-sphere, the ensemble of points that lie on the surface of a three-dimensional
ball

(n-1)-sphere, the ensemble of points that lie on the surface of a n-dimensional
ball

The ensemble of directions towards the interior of the sphere

Bernoulli random variable with parameter p

Rate at which 2 hits the surface of the fluid domain

Frequency

Fluid domain (the union of the m fluid cavities and the surrounding fluid cavity)
Solid domain

Surrounding fluid cavity

ith fluid cavity

The interior of domain €2 s
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on
o0p
O0F
O0gr
00Ng
N,
onk
Og

O
ow
(4

p

Pi

Partial derivative with respect to n

Part of 0Q0g with Dirichlet-type boundary conditions
Boundary of the union of fluid cavities

Fictitious spherical boundary enclosing the whole domain
Boundary of the (disconnected) solid medium

Boundary of the i*? fluid cavity

The complementary of 0Q; to 0Qk

Partial derivative with respect to temperature

Partial derivative with respect to time

Boundary of the generic integration domain

Radiative power density, difference between absorbed and emitted power densities
Mass density of the material

Mass density of the fluid in the i*" cavity

T, T Random variables, the time at which the associated process reaches the parabolic

01
02
fp
Or
0r
Or

Or/s

boundary

Temperature

Observable

Function of a random variable X
Temperature on 9)p
Temperature in the fluid

Initial temperature at time

Radiative temperature (the angular and spectral integral of the monochromatice
radiance temperature)

Temperature in the solid

Temperature in the fluid or solid depending on location
Temperature in the surrounding fluid cavity
Temperature in i fluid cavity

Random variable whose expectation is 0y

Random variable whose expectation is 0 i

Radiance temperature (or brightness temperature) associated with the monochro-
matic specific intensity of frequency v in direction @

Monochromatic radiance temperature (or brightness temperature) associated
with the monochromatic specific intensity of frequency v in direction @

Reference temperature for linearized radiative transfer
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Og Random variable whose expectation is fg

I, Monochromatic specific intensity perturbation with respect to equilibrium

Or,0r 00,4 Radiance temperature on d{dr

S r, ©p, Random variable whose expectation is 6,

0;,+ Random variable whose expectation is és

0s.z  The temperature of the solid in the d-sphere approximation, at (€ + du, t)

O The temperature of the solid in the §-sphere approximation, at (&, t)

—

w Point in W

s , %77 U Stochastic processes defined on either a solid or fluid domain, on the whole
domain (union of solid and fluid cavities) and on the unit sphere respectively

ﬁ‘izi’t 2 at time p conditioned to reach & at time ¢
¢

Linearized radiative transfer coefficient in the solid

G Linearized radiative transfer coefficient in the i*? fluid cavity
A Random variable whose expectation is 6o
a Realization of A

a(w,t), c(w,t) Functions that are part of the generic model definition

(=)

Realization of B

B Random variables whose expectation is 6,

Heat capacity of the material

~

B,

C

C; Heat capacity of the fluid in the i*" cavity

D Thermal diffusivity of the material in the §-sphere approximation
F Random variable whose expectation is f

f Generic quantity of interest (real-valued function)

fw, fow, fr Generic source terms (real-valued functions)

g The Green function in the generic model
JR The Green function for the radiative transfer model
gs The Green function in the solid model

gw, gow, g1 Propagators of the generic source terms

grF,.1, 9F,,S, 9F;,r 1nstantiation of the propagators of the source terms in the fluid model

(initial conditions, solid boundary, radiation in the volume)

JR,00r: Jr,A Instantiation of the propagators of the source terms in the radiative

transfer model (boundary conditions, absorption/emission in the volume)
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98,1, 95,0005 95,002 YS,R Instantiation of the propagators of the source terms in the
solid model (initial conditions, Dirichlet and Robin boundary conditions, radiation

hr

L, Lsy Generic homogeneous and linear integrodifferential operators

lp

m

Pa

pr1, Pow, Py Probabilities associated with the different sources

pf i p%‘ For fluid model : probability of ending at initial condition, probability of

p}q . D5, p§ For solid model : probability of ending at initial condition, probability of

PN
P
px (@)
qar
as
Tk
TR

s

tr

S

in the volume)

Convective exchange coefficient at the fluid / solid boundary

Test function, 1 if & € J, 0 otherwise

Monochromatic specific intensity

Monochromatic specific equilibrium intensity

Absorption coefficient at frequency v
Extinction coefficient at frequency v

Scattering coefficient at frequency v

Local boundary time process

Number of fluid cavities

Dimension of the geometric space in the d-sphere approximation

For radiative model : probability of ending at a solid ou fluid temperature

ending at radiative temperature

ending at a radiative temperature, probablity of endind at a fluid temperature

Frequency probability distribution function

Phase function at frequency v

Probability density function associated with the random variable X

Either 67 or 0p

Either 67, 0 or 6p

Either 6;, 65 or

Either 0g, 05 or 0p

Either 0y, 0p, 0F or g

Random variable “time”

Time

Time of the initial condition
Three-dimensional Brownian motion
Random variable

Realization of X
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Dr Radiative path space
H(z) Heaviside function, 1 if > 0, 0 otherwise
Sr Area of the boundary of the union of fluid cavities Qg

Volume of the it* fluid cavity

Acknowledgments

This work received financial support from the French National Agency for Research
(ANR project HIGH-TUNE ANR-16-CE01-0010, ANR project MC2 ANR-21-CE46-0013
and ANR project MCG-RAD ANR-18-CE46-0012) and from Region Occitanie (Projet
CLE EDSTAR). This work has also been sponsored by the French government research
program ”Investissements d’Avenir” through the IDEX-ISITE initiative 16-IDEX-0001
(CAP 20-25), the IMobS3 Laboratory of Excellence (ANR-10-LABX-16-01) and the
SOLSTICE laboratory of Excellence (ANR-10-LABX-22-01).

57/64

1253

1254

1255

1256

1257

1258

1259

1260

1261

1262

1263

1264



References

1.

10.

11.

12.

13.

Kay TL, Kajiya JT. Ray tracing complex scenes. ACM SIGGRAPH computer
graphics. 1986;20(4):269-278.

Glassner AS. An introduction to ray tracing. Morgan Kaufmann; 1989.

Delatorre J, Baud G, Bézian JJ, Blanco S, Caliot C, Cornet JF, et al. Monte Carlo
advances and concentrated solar applications. Solar Energy. 2014;103:653-681.

Villefranque N, Fournier R, Couvreux F, Blanco S, Cornet C, Eymet V, et al.
A Path-Tracing Monte Carlo Library for 3-D Radiative Transfer in Highly
Resolved Cloudy Atmospheres. Journal of Advances in Modeling Earth Systems.
2019;11(8):2449-2473.

Fournier R, Blanco S, Eymet V, El Hafi M, Spiesser C. Radiative, conductive
and convective heat-transfers in a single Monte Carlo algorithm. In: Journal of
Physics: Conference Series. vol. 676. IOP Publishing; 2016. p. 012007.

Villefranque N, Hourdin F, d’Alencon L, Blanco S, Boucher O, Caliot C, et al.
The ”teapot in a city” : A paradigm shift in urban climate modeling. Science
Advances. 2022;8(27):eabp8934. doi:10.1126/sciadv.abp8934.

Sans M, Farges O, Schick V, Parent G. Solving transient coupled conductive and
radiative transfers in porous media with a Monte Carlo Method: Characterization
of thermal conductivity of foams using a numerical Flash Method. International
Journal of Thermal Sciences. 2022;179:107656.

Penazzi L, Blanco S, Caliot C, Coustet C, El Hafi M, Fournier R, et al. Toward
the use of symbolic monte carlo for conduction-radiation coupling in complex
geometries. In: Proceedings of the 9th International Symposium on Radiative
Transfer, RAD-19. Begel House Inc.; 2019.

Penazzi L, Blanco S, Caliot C, Coustet C, El Hafi M, Fournier R, et al. Transfer
function estimation with SMC method for combined heat transfer: insensitivity
to detail refinement of complex geometries. In: Proceedings of CHT-21 ICHMT
International Symposium on Advances in Computational Heat Transfer. Begel
House Inc.; 2021.

Ibarrart L, Blanco S, Caliot C, El-Hafi M, Richard F, Penazzi L. Couplage
conducto-convecto-radiatif par échantillonnage de chemins: un parallele avec les
chemins de multi-diffusions en transfert radiatif. In: SFT 2019-27eéme Congres
Francais de Thermique; 2019. p. p—239.

Penazzi L, Blanco S, Caliot C, Coustet C, El-Hafi M, Fournier RA, et al. Stardis:
Propagator evaluation for coupled heat transfer in large geometric models; 2022.
Available from: https://hal.archives-ouvertes.fr/hal-03518455.

Ibarrart L, Caliot C, El Hafi M, Fournier R, Blanco S, Dutour S, et al. Combined
conductive-convective-radiative heat transfer in complex geometry using the
monte carlo method: application to solar receivers. In: International Heat
Transfer Conference Digital Library. Begel House Inc.; 2018.

Ibarrart L, Blanco S, Caliot C, Dauchet J, Eibner S, El-Hafi M, et al. Advection,
diffusion and linear transport in a single path-sampling Monte-Carlo algorithm :
getting insensitive to geometrical refinement; 2022. Available from hal-03818899.

58,64


https://hal.archives-ouvertes.fr/hal-03518455

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.
25.

26.

27.

28.

29.

30.

31.

Caliot C, Blanco S, Coustet C, El-Hafi M, Eymet V, Forest V, et al. Combined
conductive-radiative heat transfer analysis in complex geometry using the monte
carlo method; 2019. Available from: https://hal.archives-ouvertes.fr/
hal-02096305.

Eymet V, Piaud B, Prisse L, Ybanez L, Harribey D, Lefévre Y, et al. Modélisation
et simulation par exploration statistique de chemins thermiques dans un empile-
ment magnétique refroidi par des caloducs. In: Congres Frangais de Thermique
SFT; 2020.

Méso-Star. Stardis; 2022. Available from: https://www.meso-star.com/
projects/stardis/stardis.html.

Bird G. Recent advances and current challenges for DSMC. Computers &
Mathematics with Applications. 1998;35(1-2):1-14.

Vignoles GL. A hybrid random walk method for the simulation of coupled
conduction and linearized radiation transfer at local scale in porous media
with opaque solid phases. International Journal of Heat and Mass Transfer.
2016;93:707-719.

Dunn WL, Shultis JK. Exploring monte carlo methods. Elsevier; 2011.

Robert CP, Casella G, Casella G. Monte Carlo statistical methods. vol. 2.
Springer; 1999.

Angel A, Magro M, Pujol P. Physique et outils mathématiques méthodes et
exemples: méthodes et exemples. EDP Sciences; 2012.

Stakgold I, Holst MJ. Green’s functions and boundary value problems. vol. 99.
John Wiley & Sons; 2011.

Beck JV, Cole KD, Haji-Sheikh A, Litkouhl B. Heat conduction using Green’s
function. Taylor & Francis; 1992.

Duffy DG. Green’s functions with applications. CRC Press; 2015.

Durbin J. The first-passage density of a continuous Gaussian process to a general
boundary. Journal of Applied Probability. 1985;22(1):99-122.

Salminen P. On the first hitting time and the last exit time for a Brownian motion
to/from a moving boundary. Advances in applied probability. 1988;20(2):411-426.

Durbin J, Williams D. The first-passage density of the Brownian motion process
to a curved boundary. Journal of applied probability. 1992;29(2):291-304.

Redner S. A guide to first-passage processes. Cambridge University Press; 2001.

Di Nardo E, Nobile A, Pirozzi E, Ricciardi L. A computational approach to
first-passage-time problems for Gauss—Markov processes. Advances in Applied
Probability. 2001;33(2):453-482.

Nobile AG, Pirozzi E, Ricciardi LM. On the two-boundary first-passage time for
a class of Markov processes. Scientiae Mathematicae Japonicae. 2006;64(2):421—
442.

Nobile AG, Pirozzi E, Ricciardi LM, et al. Asymptotics and evaluations of FPT
densities through varying boundaries for Gauss-Markov processes. Scientiae
Mathematicae Japonicae. 2008;67(2):241-266.

59/64


https://hal.archives-ouvertes.fr/hal-02096305
https://hal.archives-ouvertes.fr/hal-02096305
https://www.meso-star.com/projects/stardis/stardis.html
https://www.meso-star.com/projects/stardis/stardis.html

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

Abundo M. On the excursions of drifted Brownian motion and the successive
passage times of Brownian motion. Physica A: Statistical Mechanics and its
Applications. 2016;457:176-182.

Haji-Sheikh A, Sparrow EM. The floating random walk and its application to
Monte Carlo solutions of heat equations. STAM Journal on Applied Mathematics.
1966;14(2):370-389.

Torquato S, Kim IC, Cule D. Effective conductivity, dielectric constant, and
diffusion coefficient of digitized composite media via first-passage-time equations.
Journal of Applied Physics. 1999;85(3):1560-1571.

Milstein GN, Tretyakov MV. Simulation of a space-time bounded diffusion.
Annals of Applied Probability. 1999; p. 732-779.

Deaconu M, Lejay A. A random walk on rectangles algorithm. Methodology and
Computing in Applied Probability. 2006;8(1):135-151. doi:10.1007/s11009-006-
7292-3.

Deaconu M, Lejay A. Simulation of exit times and positions for Brownian motions
and diffusions. In: PAMM: Proceedings in Applied Mathematics and Mechanics.
vol. 7. Wiley Online Library; 2007. p. 1081401-1081402.

Deaconu M. Processus stochastiques associés aux équations d’évolution linéaires
ou non-linéaires et méthodes numériques probabilistes [Habilitation & diriger
des recherches]. Université Henri Poincaré - Nancy I; 2008. Available from:
https://tel.archives-ouvertes.fr/tel-00590778.

Deaconu M, Lejay A. Simulation of diffusions by means of importance sampling
paradigm. Annals of Applied Probability. 2010;20(4):1389-1424. doi:10.1214/09-
AAPG659.

Ramirez JM, Thomann EA, Waymire EC. Advection—Dispersion Across Interfaces.
Statistical Science. 2013;28(4):487-509. doi:10.1214/13-STS442.

Lejay A, Maire S. New Monte Carlo schemes for simulating diffusions in discontin-
uous media. Journal of Computational and Applied Mathematics. 2013;245(1):97—
116. doi:10.1016/j.cam.2012.12.013.

Lejay A. The snapping out Brownian motion. The Annals of Applied Probability.
2016;26(3):1727-1742.

Lapeyre B, Pardoux E, Pardoux E, Sentis R. Introduction to Monte Carlo
methods for transport and diffusion equations. vol. 6. Oxford University Press
on Demand; 2003.

Feynman RP, Brown LM. Feynman’s thesis: a new approach to quantum theory.
World Scientific; 2005.

Kac M, et al. On some connections between probability theory and differential
and integral equations. In: Proceedings of the second Berkeley symposium
on mathematical statistics and probability. The Regents of the University of
California; 1951.

It6 K, Henry Jr P, et al. Diffusion processes and their sample paths: Reprint of
the 1974 edition. Springer Science & Business Media; 1996.

60,64


https://tel.archives-ouvertes.fr/tel-00590778

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

o7.

58.

99.

60.

61.

62.

63.

64.
65.

Kac M. Random walk and the theory of Brownian motion. The American
Mathematical Monthly. 1947;54(7P1):369-391.

Maire S, Nguyen G. Stochastic finite differences for elliptic diffusion equations in
stratified domains. Mathematics and Computers in Simulation. 2016;121:146-165.

Bossy M, Champagnat N, Leman H, Maire S, Violeau L, Yvinec M. Monte
Carlo methods for linear and non-linear Poisson-Boltzmann equation. ESAIM:
Proceedings and Surveys. 2015;48:420-446.

Pharr M, Jakob W, Humphreys G. Physically based rendering: From theory to
implementation. Morgan Kaufmann; 2016.

Kajiya JT. The rendering equation. In: Proceedings of the 13th annual conference
on Computer graphics and interactive techniques; 1986. p. 143-150.

Wald I, Woop S, Benthin C, Johnson GS, Ernst M. Embree: a kernel frame-
work for efficient CPU ray tracing. ACM Transactions on Graphics (TOG).
2014;33(4):1-8.

Suryanarayana N. ” Heat and Mass Transfer”-Mechanical Engineering Handbook.
by Frank Kreith Boca Raton: CRC Press LLC. 1999; p. 46-55.

Incropera FP, DeWitt DP, Bergman TL, Lavine AS, et al. Fundamentals of heat
and mass transfer. vol. 6. Wiley New York; 1996.

Barton G, Barton G. Elements of Green’s functions and propagation: potentials,
diffusion, and waves. Oxford University Press; 1989.

Economou EN. Green’s functions in quantum physics. vol. 7. Springer Science &
Business Media; 2006.

Cole K, Beck J, Haji-Sheikh A, Litkouhi B. Heat conduction using Greens
functions. CRC Press; 2010.

Heinrich S. Monte Carlo complexity of global solution of integral equations.
Journal of complexity. 1998;14(2):151-175.

Farnoosh R, Ebrahimi M. Monte Carlo method for solving Fredholm inte-
gral equations of the second kind. Applied Mathematics and Computation.
2008;195(1):309-315.

Doucet A, Johansen AM, Tadi¢ VB. On solving integral equations using
Markov chain Monte Carlo methods. Applied Mathematics and Computation.
2010;216(10):2869-2880.

Halton JH. Sequential Monte Carlo techniques for the solution of linear systems.
Journal of Scientific Computing. 1994;9(2):213-257.

Dimov I, Dimov T, Gurov T. A new iterative Monte Carlo approach for in-
verse matrix problem. Journal of Computational and Applied Mathematics.
1998;92(1):15-35.

Dimov IT. Monte Carlo methods for applied scientists. World Scientific; 2008.
Kalos MH, Whitlock PA. Monte carlo methods. John Wiley & Sons; 2009.

Gobet E. Monte-Carlo methods and stochastic processes: from linear to non-
linear. Chapman and Hall/CRC; 2016.

61,/64



66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

e

78.

79.

80.

81.

82.

83.

Curtiss JH. “Monte Carlo” methods for the iteration of linear operators. Journal
of Mathematics and Physics. 1953;32(1-4):209-232.

Dauchet J, Bézian JJ, Blanco S, Caliot C, Charon J, Coustet C, et al. Addressing
nonlinearities in Monte Carlo. Scientific reports. 2018;8(1):13302.

Terrée G, El Hafi M, Blanco S, Fournier R, Dauchet J, Gautrais J. Addressing
the gas kinetics Boltzmann equation with branching-path statistics. Physical
Review E. 2022;105(2):025305.

Grebenkov DS. Partially reflected Brownian motion: A stochastic approach to
transport phenomena. Focus on probability theory. 2006; p. 135-169.

Skorokhod AV. Stochastic equations for diffusion processes in a bounded region.
Theory of Probability & Its Applications. 1961;6(3):264-274.

Gikhman II, Skorokhod AV. The theory of stochastic processes II. Springer
Science & Business Media; 2004.

Maire S, Talay D. On a Monte Carlo method for neutron transport criticality
computations. IMA journal of numerical analysis. 2006;26(4):657-685.

Lejay A, Maire S. Simulating diffusions with piecewise constant coefficients
using a kinetic approximation. Computer Methods in Applied Mechanics and
Engineering. 2010;199(29-32):2014-2023.

Koura K. Null-collision technique in the direct-simulation Monte Carlo method.
The Physics of fluids. 1986;29(11):3509-3511.

El Hafi M, Blanco S, Dauchet J, Fournier R, Galtier M, Ibarrart L, et al. Three
viewpoints on null-collision Monte Carlo algorithms. Journal of Quantitative
Spectroscopy and Radiative Transfer. 2021;260:107402.

Galtier M, Blanco S, Caliot C, Coustet C, Dauchet J, El Hafi M, et al. Integral
formulation of null-collision Monte Carlo algorithms. Journal of Quantitative
Spectroscopy and Radiative Transfer. 2013;125:57-68.

Modest MF. Backward Monte Carlo simulations in radiative heat transfer. J
Heat Transfer. 2003;125(1):57-62.

Hammersley J, Handscomb D. Monte Carlo methods, methuen & co. Ltd,
London. 1964;40.

Mikhailov GA, Sabelfeld KK. Optimization of weighted Monte Carlo methods.
Springer; 1992.

Howell J. The Monte Carlo method in radiative heat transfer. Journal of heat
transfer. 1998;120(3):547-560.

Veach E. Robust Monte Carlo methods for light transport simulation. Stanford
University; 1998.

Muller ME. Some continuous Monte Carlo methods for the Dirichlet problem.
The Annals of Mathematical Statistics. 1956; p. 569-589.

Sabelfeld K, Talay D. Integral formulation of the boundary value problems and
the method of random walk on spheres. Monte Carlo Methods and Applications.
1995;1(1):1-34.

62,64



84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95.

Deaconu M, Herrmann S, Maire S. The walk on moving spheres: a new tool
for simulating Brownian motion’s exit time from a domain. Mathematics and
Computers in Simulation. 2017;135:28-38.

Maire S, Simon M. A partially reflecting random walk on spheres algo-
rithm for electrical impedance tomography. Journal of Computational Physics.
2015;303:413-430.

Charon, Julien. Résolution par la méthode de Monte Carlo de formulations
intégrales du probleme de diffusion électromagnétique par une suspension de
particules & géométries complexes [University]. Sciences de I'ingénieur Perpignan;
2017. Available from: http://www.theses.fr/2017PERP0048/document.

Ibarrart L. Description en espaces de chemins et méthode de Monte Carlo pour les
transferts thermiques couplés dans les structures fluides et solides, une approche
compatible avec l'informatique graphique [University]. Ecole nationale des Mines
d’Albi-Carmaux; 2020. Available from: http://www.theses.fr/2020EMAC0009/
document.

Gattepaille V. Modeles multi-échelles de photobioréacteurs solaires et méthode
de Monte Carlo [University]. Université Clermont Auvergne; 2021. Available
from: http://www.theses.fr/2021UCFAC014/document.

Lapeyre P, Blanco S, Caliot C, Dauchet J, El Hafi M, Fournier R, et al. Monte-
Carlo and sensitivity transport models for domain deformation. Journal of
Quantitative Spectroscopy and Radiative Transfer. 2020;251:107022.

Lapeyre P. Un modele de transfert radiatif pour la sensibilité géométrique :
lecture physique des algorithmiques de Monte-Carlo via la double randomisation
[University]. Sciences de I'Ingénieur Perpignan; 2021. Available from: http:
//www.theses.fr/2021PERP0017/document.

Sans M, Blanco S, Caliot C, El-Hafi M, Farges O, Fournier R, et al. Méthode
de Monte-Carlo Symbolique pour la caractérisation des propriétés thermiques:
application a la méthode flash. In: SFT 2021-29 eéme congres Francgas de
Thermique; 2021. p. 293-300.

Penazzi L. Construction d’une fonction de transfert par la méthode Monte
Carlo Symbolique : application a la thermique couplée en géométries complexes
[University]. Ecole nationale des Mines d’Albi-Carmaux; 2020. Available from:
http://www.theses.fr/2020EMAC0018/document.

Tregan JM. Thermique non-linéaire et Monte-Carlo [Theses]. Université Toulouse
3 Paul Sabatier; 2020. Available from: https://hal.archives-ouvertes.fr/
tel-03266863.

Gattepaille V, Dauchet J, Gros F, Roudet M, Supplis C, Cornet JF. Integral
formulations of multi-scale models for the optimization of solar photo-catalytic
processes. In: International Congress/3rd days of GAR Solar Fuels: Artificial
photosynthesis and Solar Fuels; 2018.

Tregan J, Blanco S, Caliot C, Dauchet J, El Hafi M, Eymet V| et al. Transient
Conducto-Radiative Heat Transfer in a Single Monte Carlo Algorithm: Handling
the Nonlinearity. In: 9th International Symposium on Radiative Transfer, RAD-
19; 2019.

63,64


http://www.theses.fr/2017PERP0048/document
http://www.theses.fr/2020EMAC0009/document
http://www.theses.fr/2020EMAC0009/document
http://www.theses.fr/2021UCFAC014/document
http://www.theses.fr/2021PERP0017/document
http://www.theses.fr/2021PERP0017/document
http://www.theses.fr/2020EMAC0018/document
https://hal.archives-ouvertes.fr/tel-03266863
https://hal.archives-ouvertes.fr/tel-03266863

96.

97.

98.

99.

100.

101.

Sabelfeld KK. Monte Carlo methods in boundary value problems. vol. 274.
Springer; 1991.

Hwang CO, Mascagni M. Analysis and comparison of Green’s function first-
passage algorithms with “Walk on Spheres” algorithms. Mathematics and
computers in simulation. 2003;63(6):605-613.

Shellshear E, Ytterlid R. Fast distance queries for triangles, lines, and points
using SSE instructions. Journal of Computer Graphics Techniques Vol. 2014;3(4).

Wald I, Woop S, Benthin C, Johnson GS, Ernst M. Embree: A Kernel Framework
for Efficient CPU Ray Tracing. ACM Trans Graph. 2014;33(4):143:1-143:8.
doi:10.1145/2601097.2601199.

Fyrillas MM, Nomura KK. Diffusion and Brownian motion in Lagrangian
coordinates. The Journal of chemical physics. 2007;126(16):164510.

Dhuriya R, Dalia V, Sunthar P. Diffusiophoretic enhancement of mass transfer
by nanofluids. Chemical Engineering Science. 2018;176:632-640.

64,/64



	Introduction
	The proposition
	The theoretical framework
	The particular model supporting the presentation of the theoretical development

	The thermal model
	Radiative Heat Transfer
	Heat equation for solid sub-domain
	Heat equation for fluid sub-domain
	Summary: the coupled model 

	Linearity and propagators
	The formal proposition
	Expression for . 
	The Green function g(,t|',t')
	Probabilistic reformulation
	Monte-Carlo algorithm

	Implementation of the uncoupled thermal model
	Fluid sub-domain
	Solid sub-domain
	Radiative transfer in fluid and solid sub-domain
	Summary

	The coupling
	Double randomization: a key point.
	A recursive algorithmic approach: towards a coupled path space

	Feynman-Kac approach and the definition of continuous sub-paths
	The practice of sampling Brownian Motion with confinement and radiation coupling
	The approximation of the coupled conducto-radiative system in an infinite medium
	Walk on -sphere without radiative coupling
	Walk on -sphere with radiative coupling
	The approximation of conductive path near the boundary
	Interface conditions and flux continuity
	The path space with random walk on -sphere

	Conclusions and Outlooks
	Radiation linearized in temperature
	Definitions for Fi(t)
	Definitions for S(,t)
	Definitions for R,(,t)
	Random Walk on Sphere and equivalent
	Consistency of the approximate -sphere random walk on infinite domains

