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Abstract

In space dimension larger or equal to two, the non-linear Klein-Gordon equation with
small, smooth, decaying initial data has global in time solutions. This no longer holds
true in one space dimension, where examples of blowing up solutions are known. On the
other hand, it has been proved that if the nonlinearity satisfies a convenient compatibility
condition, the “null condition”, one recovers global existence and that the solutions satisfy
the same dispersive bounds as linear solutions. The goal of this paper is to show that, in
the case of cubic semi-linear nonlinearities, this null condition is optimal, in the sense that,
when it does not hold, one may construct small, smooth, decaying initial data giving rise to
solutions that display inflation of their L>° and L? norms in finite time.

0 Introduction

It is well-known that quasi-linear Klein-Gordon equations with smooth, small, decaying initial
data have global in time solutions, in space dimension larger or equal to 3, as it has been proved
independently by Klainerman [2I] and Shatah [28]. The same holds true in 2 space dimension,
according to Simon-Taflin [29] and Ozawa, Tsutaya and Tsutsumi [27]. On the other hand, in
one space dimension, finite time blow-up may occur. Examples of non-linearities for which this
happens have been obtained by Yordanov [32] and Keel and Tao [18]. In [10], we introduced for a
general quasi-linear non-linearity a “null condition”, expressed explicitly in terms of the quadratic
and cubic parts of the nonlinearity, and we conjectured that, under that null condition, small
data that are smooth and have some decay at infinity should give rise to global solutions. We
showed in [111, [12] that this conjecture holds true for C§° initial data. We refer to Lindblad and
Soffer [23, 24], 25] for nonlinearities depending only on u, to Hayashi and Naumkin [I7] and to
Stingo [31] for more general data, and to the bibliography of [11] for references about the state
of the art at the time of publication of that paper.

The goal of the present paper is to show that, in the case of cubic semi-linear nonlinearities, i.e.
for the equation

(1) (0} — 9% + 1)u = P(u, Oyu, Oyu)

where P is a polynomial homogeneous of degree three, our null condition is optimal, in that sense
that if it is not satisfied, one can construct solutions, with small and decaying initial data, that
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do not enjoy the same dispersive bounds as the ones that hold true for linear solutions (or non-
linear global solutions when the null-condition is satisfied). More precisely, the null condition
was obtained in [10] extracting from the PDE an ODE which has global solutions for small data
if and only if the null condition holds. When this is the case, the asymptotics of the solution
of this ODE give the asymptotic behavior of the global solution of the PDE. When the null
condition is not satisfied, this ODE blows-up at some finite time, depending on the parameter
y = 7 €] —1,1[. The minimal blow-up time for y describing | — 1, 1] is of the form e for some
T, > 0 (when blowing-up occurs in the future), e < 1 being the size of the initial condition. In

A
[10] it was shown that the solution exists and has L> norm at time ¢ which is O(ﬁ) fort < e,
for any constant A < T,. The main result of this paper (see Theorem below) asserts that

one may construct initial data so that for ¢ = T'(¢) close enough to e, one has inflation of
norms in the sense that

/

VIElu(T(e)l + |0u(T(€))][10) > T(€) 37 ~ e, =0

for positive constants ¢, . In other words, the solution is still small at time T'(¢), but expo-
nentially large when compared to the size of linear solutions. Of course, this norm inflation
result does not mean that the solution does blow-up, but we explain in the remarks that follow
the statement of Theorem [I.2.1] that this is the best we may expect, if we want to single out a
property of the solution that follows only from the violation of the null condition, and that is in
contrast with the kind of estimates that hold true under the null condition.

The proof of the main theorem relies on the construction of an approximate blowing-up solution,
that was inspired to us by the papers of Cazenave, Martel and Zhao [6] and Cazenave, Han
and Martel [5]. In these references, the authors construct blowing-up solutions for Schrodinger
equations of the form

(2) (i0; — 0%)u = alu|*u, € C — R.

(Actually, their result is not limited to one space dimension nor to cubic nonlinearities). They
first look for an approximate solution given in terms of a profile that satisfies some ODE and
blows-up at time t = 1. Next they write the equation satisfied by the difference between this
approximate solution and the exact one. They prove that this equation has a global backwards
solution with zero initial condition at (or close to) the blow-up time. The sum of this solution
and of the approximate one brings thus an exact solution to that blows-up at time ¢ = 1. See
also Liu and Zhang [26] and for blowing-up solutions of Schréodinger equations with small data,
the preprint of Kita [19].

Our general strategy is the same, except that we have to cope with some difficulties inherent to
the Klein-Gordon equation. To describe it, let us write equation as a first order system on
(u4,u4), where uy is a new complex valued unknown deduced from u, with first equation

(3) (Dt Y 1+ D%)u-‘r = M(l)(u+7u+7u+) + M(Z)(U+,U+,ﬂ+>
+M(3)(U+,ﬂ+,ﬂ+) +M(4)(ﬂ+,ﬂ+,ﬂ+),

M) being non local expression of their arguments homogeneous of degree 3. The difference with
comes from MM, MG M® which are not invariant under u; — zu, for z € U(1). On the
other hand these terms are “non characteristic” ones, since when computed on a linear solution,
they oscillate along a non characteristic phase for the linear part of . Our proof has thus two
steps, as in [6, 5]. First, we construct an approximate solution starting from small initial data
(efo, €g0) with fo,go in S(R). If the null condition is not satisfied, choosing fy, go conveniently,



T«
we had constructed in [10] an approximate solution defined on some interval [1,e<* | as

= )]

where ai.1(s,v),a33(s,y,€) are functions supported for |y| < 1, smooth in (s,y) for s < T.
As a consequence of the violation of the null condition, one may construct a;1(s,y), a3 3(s,y, €)
A

Nt

)eim_i_ €

3 .
ar1(*logt, % —az3(e?logt, %, )3V L O(et™
2

4) u;pp(t,x) = 2Re [

that blow-up if s — T,—, so that 1) provides a useful approximate solution only for ¢ < e<2
T
with A < T,. If one wants to study what happens for ¢ close to e<?, one has to construct a
3T%
more accurate approximate solution, gluing for say t < e to another approximate solution,

Ty Tx
defined on e2e2 <t < e<?, given by an Ansatz of the form

N
ugpp(t, z) = 2Re [Z 62_575_%6“1”2_:”2&5,1(62 log ¢, %, €)

doda
(o]
(5) N
—0,— L GoNt2_z2 X
+ E E 20tV a&q(teogt,?,e)},
(=3 3<q<t
£ odd ¢ odd

where ay 4(s,y, €) are functions that blow-up at s = T, like (T} — 5)_3_0. If s = €?logt is close to

T, the ag 4 terms in the two sums in are thus larger and larger, so that cannot provide an

approximate solution. But we may exploit the dispersive decay factor =2 and limit ourselves to
times t < T(e), where T(¢) is such that T(¢)~}(Ty — €2log T'(¢)) ! < 1. Under this restriction,
(b)) provides a function satisfying up to a small remainder. Moreover, T'(¢) is close enough to

e 5o that u2 (T'(e),z)y/T(€) will be large (actually of size eé%) in L°°.
app ’
The second step of the proof is to look for an exact solution u(t,z) = uapp(t,z) + r(t, ),
where wu,pp is the approximate solution obtained gluing together u;pp and ugpp above, and 7 a
remainder that will be zero as well as its time derivative at ¢t = T'(¢). Then r solves the backwards
equation with force term deduced from replacing u by uapp + 7. One has to show that if the
approximate solution has been constructed in an accurate enough way, the remainder r exists
down to time ¢ ~ 1 and that at this initial time, it perturbs the initial condition (e fo, €go) used to
construct the approximate solution only at order o(e). The general strategy employed to prove
such properties is to use the methods that are useful in the study of global existence (normal
forms, energy estimates for the action of xz + t(;% on the solution of the reduced system obtained
by normal forms for the remainder). A difference with problems of global existence is that the
equation satisfied by the remainder contains linear terms (coming from the linearization on the
approximate solution). The coefficients of these linear term being expressions on the approximate
solution, they are relatively large close to T'(¢), and thus cannot be treated as perturbations. In
order to overcome this difficulty, we use an idea of Cazenave, Han and Martel [5]: we remark that
in a Gronwall inequality, the growth of the amplifying factor coming from this large coefficient
is more than compensated by the fact that the source term against which it is integrated — that
comes from the error in the equation applied to the approximate solution — may be made as
small as we want.

The plan of the paper is as follows: in section [I| we recall the definition of the null condition and
state the main theorem. Section [2|is devoted to the construction of the approximate solution. In
section 3] we study the remainder given by the difference between the exact and the approximate
solution. We express it as a solution of a 2 x 2-system with source term, and obtain energy
estimates for the Sobolev norm of the remainder and for the L? norm of the action of Ly =
T+t <gz> on it. Finally, in section we conclude the proof using a bootstrap argument and a




Klainerman-Sobolev estimate to control L> norms. The appendix is devoted so some technical
results used in the proof.

To conclude this introduction, let us give some references to other works concerning the con-
struction of blowing-up solutions for non-linear wave equations instead of Klein-Gordon ones. In
the quasi-linear case, recall that in three space dimension, the null condition has been introduced
by Christodoulou [9] and by Klainerman [20} 22] who proved that global existence with small
decaying initial data holds true under that assumption. In two space dimensions, Alinhac [3]
defined the (more complicated) corresponding version of the null condition and proved also global
existence when it holds.

When the null condition is not satisfied, the study of blowing-up solutions and of their asymptotic
behavior had been undertaken by Alinhac in a series of papers |2}, [1,[4]. For more recent references
on that and further results, we refer to the book of Speck [30] and especially its preface and
introduction. We notice also that the situation considered in all these papers is pretty different
from the one we encounter in the present work, as in these quasi-linear models, the singularities
that form are of shock type, i.e. the quantities that blow-up are second order derivatives, while
in our setting, the function itself (or its time derivative) will display norm inflation. For the
construction of blowing-up solutions for semi-linear wave equations with a nonlinearity depending
only on the function itself, and not on its derivatives, we refer to the papers of Cazenave, Martel
and Zhao [8 [7] and their bibliographies.

1 Statement of the main theorem

1.1 Semi-linear Klein-Gordon equation and null condition

We consider the cubic semi-linear Klein-Gordon equation in one space dimension
(1.1.1) (02 — 9% + 1)u = P(u, Osu, Opu)

where P is a polynomial homogeneous of degree 3, with real coefficients, that we write under the
form

3
(1.1.2) P(u, Opu, Opu) = ZPk(u; Opu, Oy )
k=0

where Py (T; Z1, Z2) is homogeneous of degree k in (71, Zs) and 3—k in T, with real coefficients.
We define for y €] — 1,1]
(1.1.3) woly) =

and we set

pr(wo(y),w1(y)) = Pe(15w0(y), w1(y))
(1.1.4) ?(y) = (p1 + 3p3)(wo(y), w1(y))
Y(y) = —(3po + p2)(wo(y), w1(y))-

We recall the following definition from [10]:

Definition 1.1.1 One says that the nonlinearity in satisfies the null condition if ¢ = 0.



Assume that the null condition is satisfied and take in initial conditions of the form
u(l,z) = ef(x), Owu(l,x) = eg(x) with f,g € C§°(R). Then, it has been proved in [I1}, 12]
(see also Stingo [31]), including in the case of quasi-linear equations with quadratic and cubic
nonlinearities (for which one has to modify the expression of ¢ in (|1.1.4))) that, if the null condition
is satisfied, for € > 0 small enough, the solution to (1.1.1)) is globally defined for ¢ > 1 and satisfies
L™ bounds of the form ||0Fu(t, )|~ = O(et_%) when ¢ goes to +00. The solution thus decays
like a solution of the linear Klein-Gordon equation in one space dimension. Of course, a similar
statement holds when t goes to —oo. On the other hand, it was proved as well that scattering
does not hold (one has only modified scattering).

We are interested here in the case when the null condition is not satisfied, and we want to
construct initial data that generate inflation of the norms of the solution in finite time i.e. we
want to show for instance that the L° norm will not satisfy the dispersive bounds that hold
true under the null condition. Consequently, in order to ensure that the null condition does not
hold, we assume

(1.1.5) sup ¢(y) > 0.
ye]—l,l[

This will allow us to construct solutions that display norm inflation at some positive time. If
in (1.1.5) ¢ was replaced by —¢, we would in the same way get inflation of the norms at some
negative time.

1.2 Main theorem and norm inflation

Let fo, g0 be two real valued functions in S(R). We associate to them

1

(1.2.1) [(y) = g(l — ) M fo(wi(y) — iv/1 — y2g0(wi(y))]

which is a smooth function on | —1, 1] that, extended by zero outside this interval, gives a smooth
function on R. (This function was introduced in [10], formula (1.18), but the expression given
there is correct only if fy, gy satisfy some evenness or oddness conditions. In general, the correct

expression 1s (|1.2.1))). By (|1.1.5)), we may choose fg,go In such that sup,_ Y)Yy
ion is (1.2.1f)). By (|1.1.5)) h in S(R h th el 1’1[1“ 10}

is positive, and we define T, > 0 by

2

(1.2.2) = Es]glfl[(F(y)fb(y))-

As I'(y) vanishes at infinite order at y = +1, and ¢ grows at most polynomially at these points,

the supremum is reached at some points in | — 1, 1[. We shall assume

y — ['(y)d(y) reaches its maximum at a unique point yo €] — 1, 1].
(1.2.3) Moreover, there is o € N* such that 9, (I'(y)¢(y))ly=yo = 0
fora =0,...,2k0 — 1 and 85“0 (T(y)o(y)|y=yo < O.

On course, one may always choose functions fo, go in S(R) such that 1' holds, because of
([T.1.5).
Let v > 0, 6’ > 0 be fixed positive numbers. For € > 0 small, define

_ 247428’

T
1.2.4 = they (—7* ) 1.
(124) = P Ta2nray) ©

Let u(€’) be the unique small solution satisfying u(0) = 0 of the equation

u=—¢e ( u )
P T oy



so that u(e') = € + O(¢%), € — 0. We define

T
€2

(1.2.5) T(e) = exp(% - u(e’)) =eZ(1—€+0(?),e —0.

Our main theorem is the following one:

Theorem 1.2.1 Let fy, go € S(R) be given such that assumption holds. Let ¢ > 0,0 >0
be given small numbers. Let so € N be a large enough integer. There is &) > 0 and for any
8" €]0,6p), any v > 2(8" + 2), there are g > 0, C > 0 such that for any e €]0, €[, there are
functions x — (f(x,€), g(z,€)) in HOT(R) x H%(R), small in the sense that

£ Gl sotr + g(s )0 < Cet™?

(1.2.6) )
2 f ()l + lag (-, o)l 2 < Ce'7,

so that the unique solution u of with initial data
(1.2.7) u(l,z) = e(fo(z) + f(z,€)), Qu(l,x) = €e(go(x) + g(z,€))

is defined for t € [1,T(¢)] and satisfies

u(T'(€), )| Lee + [[Ou(T(€), )| Lo = ¢
s 7€) o+ 10T e =

[u(T'(€); )2 + 10eu(T (€), )l 2 = €] (e),

I(e)

where

1

(1.2.9) () > ¢T(e)3, J(€) > ¢T(e)? ™o °.

-

Remarks: e By , T'(e) is exponentially large when € — 0+. Then and the first
inequality show that one has inflation of the estimate of the L norm of the solution
by a factor I(e) in comparison with the O(e/+/T'(¢)) bound that holds when the null condition
is satisfied. In the same way, if kg > 2, and the lower bound for J(e) in imply
inflation of the L? norms in comparison with the O(T(¢)*) (a > 0 arbitrary) bound that holds
under the null condition.

e The solution u will be written as the sum of an approximate solution and of a remainder. The
lower bounds ([1.2.8]) are those of this approximate solution (constructed from fy, go) at time
T(e).

e The exact solution will be given by the sum of the approximate solution and of an error
obtained solving a backwards Klein-Gordon equation with zero data at ¢ = T'(€) and source term
determined by the approximate solution. This error generates in the initial conditions
the O(e2~?) perturbation of (efy, €go).

e As mentioned in the introduction, our method of proof is inspired by the construction of
blowing-up solutions for nonlinear Schrédinger equations by Cazenave, Martel and Zhao [6] and
Cazenave, Han and Martel [5]. For Klein-Gordon equations that do not satisfy the null condition,
we cannot expect to get in general blowing-up solutions, but only norm inflation. Actually, the
null condition provides a global existence criterium only in the framework of small data: in order
to uncover it, one has to make some reductions (through normal forms) in order to eliminate
some non-characteristic contributions to the nonlinearity. These reductions bring new terms in
the nonlinearity, vanishing at order five at the origin. As long as data are small, these quintic
corrections are negligible, but they could play a prominent role for larger solutions. As a toy

€

example, consider the ODE g = %y?’, with data y(0) = €, whose solution y(t) = i blows-up




at time ¢t = }2 The perturbed equation y = %y?’(l — y?) with the same initial condition has

solutions that are globally defined for ¢ > 0. If we set

2 1
_(1_.2 € e
a(e) = (1 € log — 62)
the solution satisfies
y(t)? =3 ea(e)
(1.2.10) y(t)(1— y(t)zlog 7 =
( 1- y(t)2> (1 — te2a(e)?)z

At time t. = e 2a(e)72(1 — €27%) with § > 0 small, we deduce from (1.2.10) that y(t.) will be
of size essentially €’, much larger than the size € of the initial data (though still small). This is
the same phenomenon as the one that happens in the theorem.

2 Construction of approximate solution

2.1 Construction for moderate time

Our first goal is to construct an approximate solution for equation (1.1.1)) with initial condition
(2.1.1) u(l,e) = efo(x), Ou(l,e) = ego(x)

where (fo, go) are functions in S(R) chosen so that (1.2.2)) and (1.2.3) hold true. In this sub-

section, we construct the solution up to time eﬁ, following essentially [10]. We introduce the
notation

(2.1.2) p(€) =V1+&2 Ly =x+tp'(D,).

We first take as an approximate solution over an interval [1,e 1%%], where # > 0 is small, the
solution ug of the linear equation

(07 =02+ 1)ug =0

(2.1.3) ug(1,-) = efo, Auo(l,-) = ego.

Proposition 2.1.1 Set
(2.1.4) ro(t,z) = (8} — 0% 4 1)ug — P(ug, dyug, Dpug).

Then for any s € N, 8 > 0,c > 0, there is C' > 0 such that
C€71+6

/ [ro(7, )| 130 dr < Ce™°
1

—146

(2.1.5) !
/ Laro(r, )|y dr < CE2F.
1

Moreover, if for ly| < 1, we denote

(2.1.6) oly) = V1-192

then fort > 1, we may write ug under the form

(2.1.7) uo(t,x) = 2Re {%eiw(wm (a?(%) + %b(f (%) + tlzc(l) (t, %))} + ee(t, x)



where al(y), b)(y), (resp. (t,y)) are smooth functions on R (resp. [1,+o0o[xR), supported for

lyl <1, with

(2.1.8) (1= %) [folwi () — ivV1— 12d0(w1(y))]

for ly| < 1, with & satisfying for any o, 3, N in N
(2.1.9) 070, A (t,y)| < Capnt™ (1= [y,

and where e(t,x) is a real valued function in S([1, +oc] x R).

Proof:  Expansion is given in Proposition 2.1.1 of [I0]. To get estimates (2.1.5), we
just notice that ro(t,z) = —P(ug, dup, Ozup) may be written according to as the sum of
an element of S([1, +oo[xR) that is O(€®) in that space, that trivially satisfies , and of
expressions of the form

i’eiqtso(x/t)(;(t’ o)

t2 L
for some function ¢ of the same form as ¢ in (2.1.9) and some ¢ in Z. Such terms satisfy (2.1.5)).
This concludes the proof O

3T
Our next step is to construct the approximate solution for ¢ up to e42. We first introduce the
solution s — a1,1(s,y) of the differential equation

((y) + iv(y)lar(s, y)[Par1(s, )
a1,1(0,y) = al(y),

(2.1.10) wo(y)dsar, (s, y)

where a{(y) € C§°(R) with support in [—1,1] is defined in (2.1.8) and where wo(y), d(v), ¥ (y)
have been introduced in (1.1.3]), (1.1.4). It follows from (2.1.10]) that

Bsla1,1(s,y))* = d(y)woly) a1 (s, y)|*

when |y| < 1, so that

e ja§(v)” _ T
e e PV T Tt

using the definition (2.1.8)) of a9 and notation (1.2.1)). By (1.2.2), a1 is thus defined for s € [1, T}]

and plugging (2.1.11)) in (2.1.10]), we get the explicit expression

(2.1.12) a1 (s,y) = ad(y)(1 — T(y)d(y)s) 2 exp[—;ig; log(1 = T'(y)9(y)s)|-

In particular, a;; is a smooth function of (s,y) € [0,T\[x] — 1,1 that extended by zero for
ly| > 1 is smooth on [0, Tx[xR, since a{ and T are C* on R, supported in [—1, 1].

3T%
We shall construct an approximate solution of 1’ defined for t € [ce ' ea] that will
match with ug defined in Proposition [2.1.1

Proposition 2.1.2 There are, in addition to function ay, introduced in , smooth func-
tions (5,5) — abg(5,9) (resp. (5,4,€) = @ha(5,9,6), (rosp. (5,1,€) — alg(5,5,€)) defined on



0,322] x R (resp. on [0,%] x R x [0,1]), supported for |y| < 1, such that if we define for
ce 10 <t < e%

1 2 L it(x/t
Uppp (E, ) = 2Re[ ai,1(e logt,;)e w(z/1)

w

<ﬁ‘m
M

+ 5} (¢ logt, 5)e e/

= hd
(2.1.13) b2 [
+ Gaéﬁ (62 logt, —, 6)63”“"(9”/”
t2 ¢
5 .
+ %a%75(62 log t, E, 6)65“@(9”/“]
t2 t
the following holds true: The remainder
(2.1.14) ripp(t, x) = (07 — 02 + 1)u;pp - P(uipp, atu;pp, azu;pp)
may be written as
, 1
(2.1.15) rapp(ts 7) = 2Re et~/ (2 logt, 2,2 )] + Finp

where &1(s,y, h,€) is continuous on [0, 22=] x Rx]0,1] x [0,1], with uniform estimates for the
function and all its O, Oy, hOy-derivatives, supported for |y| <1, and F;pp satisfies for any s € N
estimates

exp(3T /4€2)
/ | ELp (b )z dt < €20

140 app

(2.1.16) e e
/ s Edy (8. | dt < 0.

—146
Before starting the proof of the proposition, we introduce some notation. We shall denote by P
the ring of continuous functions (y, h, €) — w(y, h,€) defined on | — 1,1[x]0, 1] x [0, 1], such that
for any a, o in N2, there is K, o in N such that (1 — yz)Kava’(?;“(h(?h)o‘/w is uniformly bounded.
Then the space of functions of (y, h, €) defined and continuous on Rx]0, 1] x [0, 1], bounded as
well as their 0,, hdj derivatives on that domain, and supported for |y| < 1, is a P-module. If
(s,y) — a(s,y) is a smooth function on [0, Tx[xR, supported for |y| < 1, and if ¢, ¢ are (odd)
integers with 1 < |g| < ¢, we notice that

(02 — 82 +1)[e"99@/01~30( log t, %)}

_t
(2.1.17) =(1—¢*)t 2e tqs@(y)a(s,yﬂs:ez log t,y—x/t

Ji . 1
+ 2iqt_§_161tq¢(y)w0(y) [6285& - 5(‘6 - 1)&](8, y)|s:e2 log t,y=x/t
¢ .
+ t_i_Qenqw(y)RQ(a)(sv Y, 6) ’5162 log t,y=2/t>

where wg has been defined in l’ and Ry(a) belongs to the P-module generated by 8;"8;‘/@(3, Y),
a+ao <2.

Let us compute first the linear part in the expression (2.1.14f) of r;pp.

Lemma 2.1.3 There is a smooth function (s,y,€) — bs3(s,y,€) (resp. (s,y,€) = bs1(s,y,€)),
defined on [0, 33;*] x R x [0,1], supported for |y| < 1, which is fully determined by a§’3 (resp.

ai1) in , there are continuous functions (s,y, h,€) — bz 4(s,y, h,€), defined on [0, 3}*] X




Rx]0,1] x [0,1], supported for |y| < 1, bounded as well as their Os, 0y, (hOy)-derivatives, for
q=3,5,7, fully determined by a1 1, a§73, a%’3,a%75 such that the following equality holds true:

3 .
(0} — 92 + 1)u;pp = 2Re [ino(y)%e’t“”(y)ﬁsa(s, Y)
t2

63 .
— 8" Wa} 4(s,y)
t2 '
+ e 1 (s,y, €)
3
_ € LBite(y)

t§ [8&%73(8, Y, 6) - b5,3(3a Y, 6)]
2

(2.1.18)
65
5
t2

5
€ ; 1 1
+ g Z ethip(y)bﬁq(sv Y, 27 6)] |S=62 log t,y=x/t*
q=1

— 24" Wa (5,9, )

Proof: ~ We apply 1' to each term in the definition (2.1.13) of u;pp. The aq1-term in

2.1.13)) brings the first term in the right hand side of (2.1.18) and the third one. If we apply
2.1.17)) to the t7%e3e3w(y)a§’3(s,y) term in ([2.1.13]), we get the second term in the right hand

side of (2.1.18), the bs 3 term (that depends only on aé,S) and contributions to the last sum.

In the same way, applying (2.1.17) to the etfga%’ge?’i‘p—term in (2.1.13), we get the a%’3—term in
(2.1.18) and contributions to the last sum. Finally, the last term of (2.1.13)) brings the a%’g)—term
in (2.1.18) and contributions to the last sum. o

app’

Next we compute the nonlinear part in the definition (2.1.15|) of 7!

Lemma 2.1.4 There are continuous functions (s,y) — c34(8,y), ¢ = 1,3 (resp. (s,y,e) —
c54(5,y,€), 1 < q <5, q odd, resp. (s,y,h,€) = cr4(s,y,h,€), 1 < q <15, q odd) defined on
[0, BZ*] xR (resp. [0, 32*] x R x [0, 1], resp. [0, 3{*] x Rx]0,1] x [0,1]), supported for |y| < 1, with
all their Og, Oy, hOp-derivatives bounded, such that P(uépp, 8tu;pp,8wu;pp) may be written under
the form

2Re [6315_% Z e"1°Wes o (s,y)

q=1,3
5 . 5 -
(2.1.19) + 72 Z et1°Wes (s, y,€) + €t 2ePWes (s, y, €)
st q=1,3
_7 ; 1
+ 63t 2 Z eltqw(y)cﬂq(sv Y, ;7 6)} ‘5262 logt,y=x/t*
dd
12¢<15

Moreover, c31 is given by
(2.1.20) cs1(s,y) = i(d(y) + i (y))lar 1 (s,y)*a11 (s, )
with ¢, defined in and

c3,3 depends only on a1
(2.1.21) ¢s5,4,9 = 1,3,5, depends only on a1, azl))’?)
c7,4,q 0dd, 1 < q <15, depends only on aLl,a%,g,a%,q,,q’ =3,5.
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Proof: For the proof, we introduce the notation

Ui(t,z) = %eitq}(x/t)aLl(e? log t, %)
(2.1.22) . N
Us(t,z) = ?63”"9(:”/”&%’3 (62 log t, ¥)
2

Then, by (2.1.13)), we may write

(2.1.23) Py, Oty iy,

) — P(2Re (U1 + Us, 0y (Uy + Us), 0, (Uy + Us)))
as a linear combination of expressions of the form
e”t_geiqt“’(m/t)c(e2 log t, E, e)
t
withp >3, 0> 7,1 <|ql <15, ¢ odd and ¢(s,y, €) smooth on [0, BZ*] x R x [0, 1], supported for

ly| <1, i.e. (2.1.23) contributes to the last term in (2.1.19). We are thus reduced to the study
of P(Uy +Us) where

Ui = (Uj + Uj,00(U; + U;), 9:(U; + Uj)).
By Taylor expansion,

(2.1.24) P(Ul +Z/[3) = P(ul) + DP(Z/[l) -Us
modulo terms that contribute again to the last term in (2.1.19). The last term DP(U;) - Us

may be written as contributions to the t_g—expression in (2.1.19) with coefficients c5 4 satisfying
(2.1.21)) and as contributions to the last term in (2.1.19)). It remains to study

(2.1.25) P(U,) = P(Uy + U1,at(U1 + Ul),ax(Ul + Ul))

When computing 0;Uy, 0,U1, if the derivative does not fall on the exponential, we get an extra

t~1 factor, so that (2.1.25) may be written as new contributions to the last two sums in (2.1.19)
and as the expression

m
w

(2.1.26) P(e"Way (s,9)2(y) + e "*Way 1 (s,9)Qy))

~
MY

with the notation
(2.1.27) Qy) = (1,iwo(y), iw1(y)).

Then ([2.1.26)) provides the +~3-term in (2.1.19), and to prove (2.1.20) we have to compute
explicitly the e®?®)-term in (2.1.26)), which gives

c31(s,y) = DP(a11(s,9)y)) - a11(s,y)2(y)
= |a1,1(s,y)|*a11(s, ) DP(Qy)) - Ay)

since P is homogeneous of degree 3. The explicit expression of c3 1 given by (2.1.20) follows from
the following lemma. O

(2.1.28)

Lemma 2.1.5 Let P be the cubic polynomial given by and let Q0 be given by .
Then

(2.1.29) DP(Q(y)) - Qy) = i(o(y) + i (y))
with ¢, defined in . Moreover,
(2.1.30) D*P(Q2(y)) - (2y), Uy)) = 2i(y) + ivb(y))-

11



Proof: Since P is homogeneous of order three, DP(X)X = 3P(X) whence D?P(X)(Y,X) =

2DP(X) - Y, so that (2.1.29)) implies (2.1.30). Let us show (2.1.29). Writing (T, Z1, Zs) the
variables of P, we have by (2.1.27)

opr

DP(Q)-Q = 1, iwg, iwy) — iwo—=—=(1, iwp, iwy) — w1 — (1, iwp, iw
(2.1.31) ) g (L o in) — iz (1 dwo, i) = den o (1, o, eon)

= (T&T - 21621 - ZQ@ZQ)P(L in, iwl).

Write the decomposition 1' P(T, Zy, Zs) = Zi:o Py(T; Z1, Z) where Py is homogeneous of
degree k in (Z1,Z3) and 3 — k in T. We get that (2.1.31)) is given by

(3P0 — PQ)(l,iUJO,iwl) + (Pl — 3P3)(1, 1w, iwl)
= (3P0 + PQ)(I,wo,wl) + ’i(Pl + 3P3)(1,w0,w1).

Going back to the definition ([1.1.4]) of ¢, we obtain (2.1.29). O

Proof of Proposition : By (2.1.14), »! is the difference of (2.1.18) and (2.1.19). We

app

choose first a1,1 as the solution to equation (2.1.10)). By (2.1.20) this implies that the first term

in the right hand side of (2.1.18]) cancels out the c3i-term in (2.1.19)). By (2.1.21), the c33-
term in (2.1.19)) is now determined, and we may eliminate it from (2.1.19)) choosing a},,’g,(s, y) =

—%6373(8, y) in (]2.1.18[). By (]2.1.21[), the cs5 4’s are now determined, as are bs 1 and b5 3 in (2.1.18]),
according to the statement of Lemma 2.1.3} The b5 1 contribution to (2.1.18) and the ¢51 one in
(2.1.19) will form part of the ¢51-term in (2.1.15)). On the other hand, if we set

1
1 2
a53 = —g(cs3€” —b53)
1 1
455 = T 5155

we cancel out the ¢~ 3-terms in (I2.1.18|) and (I2.1.19I).

We are thus left with only the t~2 contributions coming from d2.1.18b, d2.1.19b, that are all of
the form

; 1
(2.1.32) ee”W(y)t_%c(s, Yo )l s=e? log ty=z /1

for continuous functions on [0, 22=] x Rx]0,1] x [0, 1], supported for |y| < 1, bounded as well as

their s, 0y, (hOp,)-derivatives. The Sobolev norms of (2.1.32) integrated for ¢t > ce 11 is thus
O(€3729) which is better than the first inequality (2.1.16). If we make act L1 on (2.1.32) before
computing the H' norm, we lose an extra power of ¢ and get instead after integration a O(e2~9)
bound that brings the second estimate . This concludes the proof. O

Next we glue together the function ug solution to (2.1.3)), which is an approximate solution of
1’ for small times according to Proposition and the function u;pp defined by (2.1.13)),

that is also an approximate solution for intermediate times.

3T%

Proposition 2.1.6 Let xo in C*°(R) be equal to one close to zero. Define for 1 <t < e4e?

(2.1.33) uppo (@) = xo(e' 0 (t — 1))uo(t, 2) + (1 — x0) (€' (t — 1)ul,, (¢, @)
and
(2.1.34) rans (£, 2) = (0F — 92 + D)ubt — P(ully, dpudty, Oatids)-

12



One may write

€ _ 1

(2135) Tg/p[)p(tv 33) = 2Re t?eth(y)Xl(ﬁl 015)0571(8, Y, ¥7 6):| ‘5162 log t,y=z/t + Fapp( )
2

where x1 € C*°(R) is equal to zero close to zero and equal to one outside a neighborhood of

zero, cs.1(s,y, h,€) is a continuous function, bounded as well as its Os, 0y, (hOy)-derivatives on

[0, 22=] x Rx]0,1] x [0, 1], supported for |y| < 1, and where F;\I/)[p satisfies

exp(3T /4e?)
(2.1.36) / | EN ()| e dt < Ce®™?
1

for any s € N and

exp(3T% /4€?)
(2.1.37) /1 L Fp o (t, )| g dt < Ce0.

Proof: We decompose 7‘ p using notation - m as

(2.1.38) Tabp = Tapp.L + Tappnt, + X0 (€ 70t = 1))rg + (1 = x0) (€ 0(t — 1))ra,

with

(2.1.39) T‘%p’L =0 -0+ 1) Uapp Xo(elie(t —1))(02 — 02 + 1)ug
—(1=x0) ('~ (t = 1))(0F = 02 + Vg

and

(2.1.40) oL = — P, Oyt Oeny ) + xo(€ 0 (t = 1)) P(uo, yuo, Dxuio)

+(1 - XO)( _g(t - 1)) ( appvatuappva uapp)

Let us study successively (2.1.39)) and (2.1.40)).
e Study of ([2.1.39))
By the definition 1) of uapp, we may write (2.1.39)) as

(2.1.41) 26100 (e1 70 (t — 1)) (Opup — 8tuapp) + 272050 (0t — 1)) (ug — uépp).
By (2.1.7) and (2.1.13), we have
UO(ta 1") - uzlipp = 2Re |:i itely ) - al,l(sa y))
\f
1
+ —3€ Zt(p( )CS,I(y) 7)
t2 t
i e 3zt<p( )633(8 y)
(2.1.42) t% oA
+ 75637§t<p(y)0573(8, Y, 6)
t2
€ .
+ F651t¢(y)c575(37 Y, 6) ’8162 logt,y=x/t
2
+ ee(t, x)

where the functions ¢y 4(s,y, h, €) are continuous functions of their arguments s € [0, 32{* |, y € R,
h €]0,1], € € [0,1], supported for |y| < 1, bounded as well as their Js, 9y, (hdp)-derivatives on
their domain of definition, and where e(t, z) is in S([1, +00[xR).
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Denote by xo some function in C5°(]0, +00[). If we take eventually a time derivative of the second
term in the right hand side of and multiply it by €' %o (e! =0 (t—1)) = t71te! O 5o (e! 0 (t—
1)) we get an expression of the form of the first term in the right hand side of (2.1.35)). This
shows that the contribution of the ¢31-term in (2.1.42) to (2.1.41) has such a form.

We need thus to prove that all other terms in (2.1.42)) give, when plugged in (2.1.41]), contributions
to FM in (]2.1.35[). By q2.1.10D, a11(0,y) = al(y), so that the product of the first term in the

app
right hand side of (2.1.42)) by €' ~?xo(e!~?(t — 1)) is bounded in modulus by

(2.1.43) t%é*@ﬂ;zo(el*@(t — 1))l log 11y, <1
2

Similar or better estimates hold if we take 0; or 0,-derivatives, so that the contribution of the
first term in the right hand side of (2.1.42)) to (2.1.41]) satisfies, as well as its derivatives, bound
(2.1.43). As the L?(dz)-norm of (2.1.43) is O(e>T0=0t=21, _146), we see that a bound of the
form ([2.1.36)) holds. If we make act L. on the corresponding term before computing a H' norm,
we get a bound in O(e27970t=11, _i.4) which implies that (2.1.37) holds as well.

We are thus reduced to showing that the third to the last terms in the right hand side of

give also contributions satisfying ([2.1.36)), (2.1.37) when plugged inside (2.1.41)). This is evident
for the last term. The other ones bring to (2.1.41]) expressions of the form

Ea

(2.1.44) ey

2(6179 (t - 1))eiqt<p(y)c(87 Y, 6)‘8262 logt,y=x/t
with either ¢ = 3,/ = 3 or a = 1,/ > 5. The L? norm of (2.1.44) and its derivatives is
O(eat_HTll .—1+6) whose integral largely satisfies (2.1.36)). To obtain (2.1.37)), one has to make

-1

act Ly on ({2.1.44), which makes appear one factor ¢, so that the H' norm is O(e%™ 2 1, —1+0).
Because of the conditions on a, £ one gets a 0(62_0) bound as in (2.1.37). This concludes the

estimate of (2.1.39).

o Estimate of (2.1.40]
From the definition (2.1.33)) of uM | we may write (2.1.40) as the sum of expressions

app’
(2.1.45) P(ué\ép, XoOtup + (1 — Xo)atu;pp, 8xu2/ll)p) — P(ulavép, Or(xouo + (1 — Xo)u;pp), 8xu1avép)
and of

XOP(UOa 825”0’ axUO) + (1 - XO)P(u;ppv 8tu;pp7 8wu211pp)

(2.1.46) } ' X
— P(xouo + (1 = X0)Uapps X000 + (1 = X0)FtUapp, X00zuo + (1 — X0)xUapp)-

Difference (|2.1.45)) may be bounded point-wise by

2
(2.1.47) C (et = D)o — ubpo (D2 (1070wl + 07 05uol) )
a+p<1

The difference ug — u;pp is given by (2.1.42)), so that its modulus is bounded from above on

the support of x{(e!~?(t — 1)) by Cet™2 (using that the first term in (2.1.42) is O(=%-s) with

vi®)
s=¢€logt = O(%) if t ~ e~ 1%9). In addition, u;pp, ug are O(et_%), as well as their derivatives.
Then (2.1.47)) is bounded from above by

(2.1.48) Ce O (0 (t — 1))t 3 (Lpgy + O((a) ™).

A similar bound holds for the derivatives of (2.1.45)), so that (2.1.36) is largely satisfied. To get
(2.1.37)), one has to bound the L? norm of (2.1.48)) multiplied by ¢, so that the conclusion follows

as well.
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It remains to study (2.1.46)), that may be written as
(2149) XO(l - XO)M(UO7 aIqu) 0 U0, U app7 a app7 0, uapp)

for some cubic expression M. Since by , , ug, U ap and their derivatives are

O(et™ 21|x|<t) + O(et =N {(z)™"), we get that the Sobolev norm of (2.1.49) is O(e3t 11, —1+0),
which brings an estimate of the form . In the same way, the integrand in is
O(€31,..~1+0) which gives a O(e?*?) bound for the integral.

This concludes the proof since we have shown that (| may be written as a contribution to
the c51 term in and as a remainder that may be 1ntegrated to F, app, since ([2.1.40)) is also
of the form Fi\gp and since the remaining terms xoro + (1 — xo)r. Tapp 11 ([2.1.38)) are of the form
of the right hand side of by Proposition [2.1.1) and (2.1.15]). O

2.2 Construction for large time

3T
Our next goal is to extend the approximate solution that has been constructed up to time e 4z

Ty
in order to almost reach the blow-up time e<. At this time, the main part of the profile (2.1.13)
blows-up and we introduce a notation for spaces describing the solution close to the blow-up
time.

Definition 2.2.1 Let m € R, yo be a point in | — 1,1[ and kg € N*. We denote by X™ the
space of continuous functions (s,y,h,e) — a(s,y, h,€) defined on [0, T[xRx]0,1] x [0,1], with
values in C, smooth in (s,y, h), supported for |y| < 1, that satisfy for any integers a, 3,(, N, any
(s,y,h,€) in the domain of definition, estimates

m—a—s2—
(2.2.1) 1020, (hdn)a(s,y, b, )| < Capen (T — s+ |y — o)™ 20 (1 — y )V

In particular, X™ is a P-module (for P defined after Proposition. Moreover, 880‘55a belongs

B
to X" 20 c X2 B_ When a does not depend on one of the variables h or €, we remove it
from notation.

Example: Consider the function aj1(s,y) defined in (2.1.12)) with a smooth on R, supported
for |y| < 1. Then a;; is smooth on [0, Ty] x R — {(7%, yo)} because of (1.2.2)), (1.2.3]). Moreover,
for y close to yo, li implies that I'(y)¢(y) = 5}—* — (y — y0)?°O(y) for some smooth positive

function ©, so that we get estimates of the form (2.2.1f) with m = —% i.e. ar,; belongs to N3,

Our goal is to prove the following proposition:

Proposition 2.2.2 Let d > 0 be a small number, N € N. One may construct for all odd integers
. . _£_5(g_1) . . .
q, ¢ satisfying 1 < q < < N elements ayq of X2 with a1 given by so that, if
Ty T
we define fort € [e2? e[, x € R

N

app(t x) = 2Re [Z 2= 5 ¢ty )ag 1(s,9,¢€)
/=1
¢ odd
(2.2.2) N .
+ Z Z Qq_zt_ieth(p(y)af,q(svy7 E)}‘s:@logt,y:z/t
(=3 3<q<t
£ odd ¢ odd
then
(2.2.3) oy = (07 — 0% + Dud,, — P(ulyp, Orusyp, Oxtily,)
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may be written as the sum of the non-characteristic expression

3N
—0,—L 5
(2'2'4) 2Re [ Z Z 62q gt 2€th@(y)d£,q(s7 Y, 6):| ‘5162 log t,y=x/t

(=N+23<q<t
¢ odd q odd

with for 3 < q< ¥
(2.2.5) dp, € 2 0=3)

and of a characteristic expression

3N
0 .
(226) 2Re Z 66izt7§€lt¢(y)d&1(sa Y, 6) ‘8162 logt,y=z/t
{=N+4
£ odd
with
(2.2.7) dpy € N2 0D),

Before proving the proposition, we establish several lemmas.

Lemma 2.2.3 Assume we are given N an odd integer and for any odd integers £,q satisfying
1 < g < ¢ < N continuous functions (s,y,€) — agq(s,y,€) on [0,T[xR x [0,1], smooth in
(s,y), supported for |y| < 1. Let Py be the ring of functions (y,e) — ~(y,€) continuous on
] = 1,1[x[0,1], that are smooth in y and have at most algebraic growth, as well as their Oy-
derivatives when y> — 1 (uniformly in €). For each q,¢ as above, denote by Cr,q the Pyo-module
generated by all cubic expressions of the form

3
(2.2.8) 11 0590 a, q,(5,y, €)
j=1

where £; € N, q; € Z are odd, aj,B; € N, ay; —q, = ay; q;, and where the following inequalities
hold true:

3
(2.2.9) (U +2a; +2B;) <€, q=|q1 + g2 + g3).

j=1
Introduce
N .

(2210) U(t’ :E) = Z Z €2q_ét_§eltqlp(y)a€,q(37ya 6)|3262 log t,y=x/t*

(=1 1<q<t

£ odd ¢ odd

Then we may write

3N
P(2Re (U, 0,U,0,U)) = 2Re [Z Z 62‘1*615*%6“‘7“0(3/)6@,(1(87yaf)

(=3 3<q<t
¢ odd q odd

3N

6—£,—% it
+ Z € tze (P(y)C&l(S?y’ 6) ’s:eQIOgt,y:x/t

(=3
¢ odd

(2.2.11)
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where cg 4 belongs to Cy 4. Moreover, for 3 < q </,

(2.2.12) co,q depends only on ap y, 1 < ¢ <l <0—2.
In addition, c31 1s given explicitly by

(2.2.13) cs1(s,y) = i(o(y) + i (y))lar1 a1 (s, y)
and for £ > 5, one may decompose

(2.2.14) ce1(s,y,€) = cp1(s,9,€) + ¢/ 1(s,y,€)

where ¢, | is given explicitly by

. . 15 _
(2.2.15) ch1(s,y,€) = 2i(3(y) + v (y))(las1|*ar—2,1 + 561%,1%—2,1)(87?;, €)
and
(2.2.16) c’él depends only on ap o for 1 < g <V <t—4

or on ap_o 4,3 < ¢ <l—2and a,1.

Proof:  We notice first that (2.2.9)) implies that

3
(2.2.17) (2lg;l = 4;) 229 =1
=1

J

and that for terms (2.2.8)) that are characteristic, i.e. such that ¢ = |¢g1 + ¢2 + g3] = 1, we have
la1] + |g2] + |gs] — ¢ > 2, so that

3
(2.2.18) D @lgl - ;) = 20g| +4-L>6—L.
j=1
Let us compute (2.2.11f). From 12.2.101 , and the expressions that may be obtained for 6;U, 0, U

from that formula, we see that the t~2 terms in (2.2.11)) are given by the product of eFat¢(=/t)
(g € N, g odd), of an element of C;, and of a power of € of the form

(2.2.19) 25=12laj|=;)+a

for some a > 0. In the non-characteristic case ¢ # 1, it follows from (2.2.17)) that (2.2.19) is
O(€?77%) and in the characteristic case, (2.2.19) will be O(e5~¢) by (2.2.18)). We thus obtain the

structure indicated in . Let us check properties (2.2.12)) to (2.2.16)).

Since in (2.2.9) all ¢; are larger or equal to one, and ¢, is given by a cubic expression of the
form ([2.2.8)), (2.2.12)) holds necessarily.

Let us consider now specifically the characteristic terms ¢y 1 in (2.2.11f) with £ > 5. These terms
are given by with indices satisfying . In this property, either one /¢; is equal to
¢ — 2 and then the other ones are equal to one and a; = 3; = 0 for all j, or all ¢; are smaller
or equal to £ — 4 (recall that they are odd). This last case corresponds to contributions ¢,
satisfying the first alternative in . On the other hand, if one ¢; is equal to ¢ — 2, saL’y
03 =€ —2, then {1 = 5 = 1. If the g3 associated to (3 satisfies |q3| > 3, we get a contribution to
¢/, corresponding to the second alternative in . We are thus left with terms of the form

EZ8) with
(2.2.20) a5 = ﬁj =0,03=40—2, |Q3’ =1,00 =4y =1, |Q1 + g2 —I-Q3| =1.

17



These terms give 0271 in || and have to be computed explicitly. Notice also that in the case
¢ = 3, c31 is itself of that form. Moreover, we have also |g;| < ¢; =1, j = 1,2 so that we see
that we have to compute those terms of that oscillate on the phases +tp(y) and that
come from the contribution to U given by

N

v,
(2.2.21) U/(t,:c) = Z 62 ¢ t 2 elt@(y)aﬁ,l(sa y)|5=62 log t,y=x/t*
=1

Denote Uy, the general term of that sum and set

We thus have to compute the contribution to (2.2.11f) given by those terms in

(2.2.23) P( i Uy +Up))

that oscillate along the phases eFite(*/t) and that come from the terms (2.2.22)) where 8; and 9,

act on the oscillatory factors coming from ([2.2.21)) (since in (2.2.20), a; = S; = 0 for any j).
Using notation Q(y) = (1,iwo(y), iw1(y)) we see that we may reduce (2.2.23)) to the expression

N

(2.2.24) P<2Re [Q(y)eit”(y) Z eQigltfgae',l(S,y)D|S:€210gt7y:I/t.

/=1
¢ odd

By (2.2.20) we are only interested in contributions to (2.2.24) that are at least quadratic in
ai,1,a1,1 i.e. we may reduce (2.2.24) to

(2.2.25)
63P(2Re [Q(y)eit“"(y)t*%am (s, y)] )

N
£ 3 EDP(Re (20 Wt bar1(5,9)]) - (2Re [2)e Wt F ap1(5,9)e ) ogtysi

=1
2 odd

The first term in ([2.2.25)) has been already computed in (2.1.26]), (2.1.28) and brings c3 1 given

by (2.2.13). The term in =5 eite(v) coming from the sum in (2.2.25)) is obtained when ¢/ = ¢ — 2
and is equal to the e®*®)_term in

¢ . L= . L
66_£t_§DP(Qempa171 + G_thgﬁlyl) . (Qe”“”ag_zl + e_m‘DQZLg_gJ).
Taylor expanding this expression, we see that we have to consider

eG_Zt_%eiw[a%lag_g,lDP(Q) Q + |ar1*ar 21 D*P(Q) - (Q,Q)].

By (2.1.29), (2.1.30)), this gives (2.2.15)) and concludes the proof of the lemma. a

8tu2 8$u2 )

We apply the preceding lemma to compute P( app: app

2
Uapp,
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Corollary 2.2.4 Assume that u?_ is given by . Then

app
3N ,
2 2 2 6—£,—% it
P(Uapps Ottiapps Oxtiay,) = 2Re [Z et ze “O(y)ce,l(saya €)
o
[e]
(2.2.26) aN Z
2q—t,—% it
+ Z Z e“1 26 QW(y)C&q(S,gh 6) ’5:6210gt,y=x/t
(=3 q=3
q odd ¢ odd

where ¢y is an element of N5 —0(-1)+26 which, for ¢ > 3, depends only on ap 4y, 1 < ¢ <

0" <4 —2, where c3, is given by 221?) and for £ >5, cg1 may be decomposed under the form

2.2.14) with and (2.2.16) holding true.

Proof:  The left hand side of (2.2.26)) is (2.2.11)) so that we obtain expression ([2.2.26]). The
coefficients ¢, 4 belong to Cy 4 i.e. are given (up to Po-multiplicative factors) by expressions of the

e.
form (2.2.8) with indices satisfying (2.2.9). Since ay; 4, belongs to »=2 G109 it follows from

the definition of these classes and from (]2.2.9 that ¢4 is in 3=5-8(=1+25 The other assertions
of the corollary follow from (2.2.12]) to (2.2.16]). O

In order to prove Proposition [2.2.2] we also need the following result.

Lemma 2.2.5 Let y — ©(y) be a complex valued smooth function defined on | — 1,1, with at

most algebraic growth when |y| — 1— as well as its derivatives. Let a(s,y) be an element of N3,
Assume that there is an open neighborhood V' of yo in | — 1,1 and ¢ > 0 such that for any y in
V, any s € [0, T4],

(2.2.27) ReO(y)| > ¢

(2.2.28) ja(s,y)| = o(T. — s + |y — yol )2

and that a solves the ODE dsa(s,y) = O(y)|a(s,y)|*a(s,y). Let £ be an odd integer, £ > 5 and
let r be an element of N5 0=3) | et (s,y) — b(s,y) be the solution of

9sb(s,y) = O(y) (2la(s,)|*b(s, y) + a(s,1)?b(s, y)) + 7(s,y)
b(0,y) = 0.

(2.2.29)

Then b belongs to NG (-3,

Proof:  'We notice first that if y stays outside V, then by definition of E_%, the coefficients in
the right hand side of are smooth functions on [0, 7] x (R — V), so that the same holds
true for the solution b, which is moreover supported for |y| < 1.

We may thus assume that y stays close to yg, so that (2.2.27)), (2.2.28]) hold true. We introduce

B(s,y) = [b(s’y)} that solves the system

b(s,y)
(2.2.30) 0sB(s,y) = M(s,y)B(s,y) + R(s,y)
e (5.9 200 od’
s,y B a a
R(sy) = [T(s,y)]  M(s,y) = { Oa? 2(:)\a|2}
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Define the two functions

e o= [ ] = 28] - 3]

Then ®; solves the homogeneous equation 0,®; = M(s,y)®; and the wronskian w(s,y) of
®1(s,y), Pa(s,y) is equal to 2iRe O(y)|a(s,y)|*, so satisfies for y € V, |w(s,y)| > cA(s,y)*
according to (2.2.27)), (2.2.28) if we set

(2.2.32) A(s,y) = (T — s+ |y — yo|™) .

The fact that @ € ¥ "2 and that (2.2.27)), (2.2.28) hold for y close to yp imply that the wronskian
matrix W(s,y) and its inverse W (s',y) satisfy

C[0(A(s. )Y OAs) ] . 1 [O(A(shy)  O(A(sy))
Wisy) = [0<A<s,y>—1> 0<A<sjy>—3>]’W(5’y) = [0<A<s',y>3> O(A(s', )|

Since s — A(s,y) is decreasing, we conclude that for 0 < s’ <s

(2.2.33) W (s, y)W(s',y)"! = 0((‘1((‘2/”5)))3).

Writing the solution to ([2.2.30)) with zero initial condition at s = 0 under the form

(2.2.34) /05 W (s, y)W(s',y) " R(s',y) ds’

and using that r € E_%_‘W_l)"'%, we get from (I2.2.33b, (I2.2.34|)

‘B(S,y)‘ < C/S A<S/7y)3—€—25(5—1)+46 dS,A(s,y)_S.
0

Since £ > 5 and & > 0, this is O(A(s,y)>~¢"20=3)) "ie. B satisfies (2.2.1) with a = 8 = 0,
m = —Z_?Q — 0(¢ — 3) for y close to yo. If we take 9, or O, derivatives in (2.2.34), we get in the
same way the estimates ([2.2.1) for positive o or 5. This concludes the proof. O

Proof of Proposition : We shall compute first the action of 97 — 92 + 1 on u,, given by
and use the fact that the last term in the expression of rgpp has been computed
in Corollary m We shall then construct the ay,’s recursively in order to reduce rzpp to an
expression of the form (2.2.4])).

e Linear term in ([2.2.3|

We apply (2.1.17)) to the general term of the sums in (2.2.2). We get on the one hand the
characteristic contribution

N+2

2Re [2@' Z 667zt7§€it¢(y)wo(y)8sa672,l(37ya€)] |s=e2log t,y=a/t
(=3
(2.2.35) £ odd
N+4 .
+2Re |: Z 667€t7§6mp(y)R2 (0474,1)(87 Y, 6)] ‘5162 logt,y=x/t
{oda

where Ro(ar—4,1) belongs to the P-module generated by 6?85@_471 for a« + 8 < 2, so that

(2.2.36) Ro(ag_q) € B2 005)
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by the definition of this class. On the other hand, the second sum in (2.2.2]) provides to the
linear term in (2.2.3) the non-characteristic contribution

N
_y,_ L ;
2Re [Z Z €2 Et 2 (1 - q2)€thgo(y)a€7q(87 Y, 6)} ’8162 logt,y=x/t
(=3 3<q<f
¢ odd q odd

N+42
et
(2.2.37) +2Re[z Z A Qeltq@(y)Rl(aé—Z,q)}|s=6210gt,y:x/t

(=5 3<q<{—2
£ odd ¢ odd

N4
+2Re[z Z 62q+4—et—§eitq@(y)RQ(aé_47q):||S:62]Ogt7y:m/t

(=T 3<q<{—4
£ odd ¢ odd

where Ri(as—2,4) (resp. Ra(ag—4,4)) is in the P-module generated by 8?85@_2,(1 (resp. 8?85@5_4’(1)
for a+ 8 <1 (resp. a + f < 2). Thus, Ri(ar—24) (resp. Ra(ap—a4)) is in $-5-0(¢=3) (resp.

$-3-3(=5)) It follows from (2.2.35) and (2.2.37) that

N+2

(07 — 02 + l)uzpp = 2Re [21’ Z eﬁfetfgeit‘p(y)wo(y)ﬁsag,m(s,y, €)
(=3

£ odd

N
Y 4 :
+ 3703 @1 - ) Wag (s, y, )
(=3 3<q<t
¢ odd q odd
N-+4

£ Sty (5,,)

/=5
¢ odd

N+4
—0,—L
+ Z Z €2q Zt 2 eth(p(y) b&q(sv Y, 6) |8=62 log t,y=x/t

(=5 3<q<{—2
£ odd ¢ odd

(2.2.38)

where for 5 </ < N +4

by € E,g,(;(@,g)) and depends only on ay_41
(2.2.39) ' ’

beg € n=570(=3) anqd depends only on ap 4, ¢ < min(¢ — 2, N) when ¢ > 3.

e Nonlinear term in ([2.2.3))
This term is given by formula ([2.2.26])

e Determination of the az,’s
To prove Proposition we have to choose recursively the ay,’s in order to eliminate most

terms in the difference (2.2.2)) between (2.2.38)) and (2.2.26)), to be left only with terms of the
form (2.2.4) or (2.2.6). We determine first the characteristic coefficient a;;. Equating the

=2 _terms in (2.2.26) and (2.2.38)), and using expression ([2.2.13) for c3 1, we obtain

oy = 3 (6(9) + 1)l a (s )P (5,1).

If we take for a;; the function (2.1.12), this equality is satisfied by (2.1.10]), and the explicit

formula (2.1.12]) shows that a; 1 belongs to Dt
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We determine next coefficient a3 3, equating the =3 3t9(¥) coefficients in (2.2.26)) and ([2.2.38)).
We get —8agz 3 = ¢33 where ¢33 is determined by a1, according to Corollary and belongs

to X2 C N,
Assume by induction that we have determined for some ¢ > 5

(2.2.40) apg, 1 <qd <l <l—4and apqy,3<q <l-2.

Let us determine ay_2 ;. Equating the =3¢ _terms in d2.2.26l) and (I2.2.38I), we get using also
expressions ([2.2.14) to (2.2.16)

(2.2.41) Bsar—2.1(s,y) = Oy)[2]a1,1[*ar—o.1 + af 1ar—21](5,y) + re—2,1(5,y)

where O(y) = swo(y)~ (¢(y) + iY(y)) and

(2.2.42) re—2(s,y) = —7)(62/’1(3,3/) —be1(s,y)).

2w (y

By Corollary [2.2.4] and decompositions (2.2.14))-(2.2.16|), ¢j is in $=579(=3) and depends only
on ap g for 1 <q¢' < ¢ < ¢ —4and on ay_o I/, 3 < ¢ < /¢ —2. These coefficients are determined

by assumption ([2.2.40). Moreover, by (2.2.39)), b, 1 belongs to 5~5-0(-5) and depends only on

coefficients already determined. It follows that r,_5 ; is known and belongs to $=3-0=3) If we

supplement (2.2.41) by the initial condition ay_2(0,y) = 0, we may thus apply Lemma

0—
with @ = a11 to conclude that ay_o 1 belongs to 2_72_5(8_3) as wanted in the statement of the

proposition, if we check that assumptions (2.2.27)), (2.2.28)) hold. The first one, that is equivalent
to %wo(yo)_lgb(yo) = 0, follows from conditions dl.2.2[), (]1.2.3[). The second one is implied by the
explicit expression (2.1.12)) of a1 ; and the fact that by (2.1.8), (1.2.1) and (1.2.2), a9(yo) does

not vanish.
We have thus determined ap o for 1 < ¢’ < ¢/ < £ —2. To obtain (2.2.40) with ¢ replaced by

¢+ 2, we are left with finding ay, for 3 < ¢ < ¢. Equating terms in t=2eitar() iy (12.2.26|) and
(2.2.38]), we obtain an equation

(2.2.43) (1= @®)ary = cog — bog € £ 57003) ¢ x=5-6(-1)

where ¢ 4,beq depend only on ap o with 1 < ¢ < ¢ —2 by (2.2.39) and Corollary Conse-
quently, the right hand side of (2.2.43) is already determined , so that we have defined ay_5 4 for

3 < g < {. We have finally recovered at rank ¢ + 2.

Consequently, we have eliminated all characteristic terms in that are O(f%) for¢ < N+42

and all non-characteristic terms that are O(t_é) for £ < N. We are thus left with the terms in

the third (resp. fourth) sum in corresponding to £ = N +4 (resp. { =N +2 or N +4)

and with the terms in the first (resp. second) sum in corresponding to N +4 < ¢ <3N

(resp. N+2 < ¢ < 3N). These terms contribute to (2.2.4)) and (2.2.6]). This concludes the proof.
O

We construct now an approximate solution to equation 1’ defied for ¢ € [1,e<? ], gluing
together the approximate solution for moderate times ug/ép defined in Proposition and the
approximate solution ugpp of Proposition m

Ty
Corollary 2.2.6 Let xo be in C§°([0, %[) be equal to one on |0, %] Define fort € [1,e< |

(2.2.44) Uapp(t, ) = Xo(€ log t)ugép(t, z) 4+ (1 — %0)(? log t)ugpp(t, x).
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Then
(2.2.45) Tapp(t, @) = (87 — 03 + 1)ttapp — P(tapp, Opttapps ztiapp)

may be written as a sum

1
(2246) 2Re [ th( )Xl( 6t)C5,1(5, Y, za E)] |3252 log t,y=z/t

t2

+ (1 - XO)(6 logt) app(tvw) + Fapp(t7x)

where x1 1 smooth, equal to zero close to zero and to 1 outside a neighborhood of zero, where
c5.1(8,y, h,€) is a continuous function on [0,4+00[xRx]0,1] x [0,1], supported for s < 3T* and

ly| < 1, bounded as well as all its Os, Oy, hO), derivatives on that domain, where r2 gwen by

app

3T
2.2.5) is the sum of (2.2.4) and (2.2.60) and where F,py, is compactly supported for t < ea® and
satisfies

exp(T../€?) -
/1 | Fap (7, ) a1+ dr < Ce
(2.2.47)

exp(Tx/€?)
/ | Lt Eapp (T, ) || g1 dr < Ce2 Y,
1

Proof: By the definition of uapp and (2.1.34)), (2.2.3)), we may write
Tapp (£, ) = )20(62 log t) Q/I[)p(t z) 4+ (1 — %o)(e? logt)r alf)p(t,:zs)

+ 2 XO(G log t)at( Unpp uzpp)(t, x)
4
(2.2.48) + (G 1081) — SR ogD) (13, — 1) (1 2)
P(’U,app, 8tuapp’ 0 uapp) + X0(€ 10g t) ( app7 atuapp? 0 ulav{)p)
+ (1 - XD)(G log t) ( Uapp» aIfuauppv ) uapp)
=I4.--4 VIL

We examine successively terms I to VII.

e Contribution of term I: By Proposition [2.1.6] we get contributions to the first term in
and to Fipp.

e Contribution of term II: This is the second term in

e Contribution of terms III 4 IV: On the support of Xo(e log t), uM coincides with u}

app app
by 1) so that we have to estimate uapp ugpp and its time derivative. This difference may

be computed from 1} and . The ¢~ terms cancel out. We are thus reduced to the

following terms:

— Characteristic terms in O(f%) coming from the tfgag,l term in li this provides a
contribution to the first term in ([2.2.46]).

— Non-characteristic terms in O(t_%) coming from the a3 3 term in 1} and the aég term
in (2.1.13)): when plugged inside III 4+ IV, these terms give contributions

5
. 1
(2.2.49) Re [6 ;

FXO(S)63zt@(y)a3’3(S, Y, ;a 6)] |S:€2 log t,y=x/t
2
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where x, € C§°(]0, +-00[) and where a3 3(s, y, h, €) is continuous on [0, +oo[xRx]0, 1]x[0, 1],
supported for s < 3T* and |y| < 1, bounded as well as all its Js, 0y, hO}, derlvatlves on that

domain. The Sobolev norm of ([2.2.49)) is O(e°t2) so that the first estimate (2.2.47) largely
2:2.49

holds. If we make act L4 on (2.2.49) and bound the H! norm, we get a O(e 5t 1) estimate.

3T
Integrating for 1 < t < e gives a 0(¢®) bound, better than the right hand side of the
second inequality (2.2.47)). Thus (2.2.49) may be included in Fjp, in (2.2.46)).

— Characteristic or non-characteristic terms coming from (I2.1.13|) or (I2.2.2|) that are O(f%),
i.e. terms in a%ﬁ, aéﬁ in (2.1.13) and asq, £ > 5 in (2.2.2)): The contributions of all such
terms to III + IV may be written under the form

6 l to(s) 1

XO( ) vty a&q(sa Y, Z’ 6)] |S=€2 log t,y=x/t

(2.2.50) Re [ -

with ¢ > 7 and ay 4 satisfying the same estimates as a3 3 above. Then the Sobolev norm of
(2.2.50) or its H' norm after action of L4, integrated for ¢ in the support of XO(@ logt) is

0(6_0/62), so that (2.2.47)) is largely verified and these terms may be included inside Fjpp.
e Contributions of V + VI + VII: We write this contribution as the sum of

(2.2.51) P(uapp, gatuapp—l—(l Xo)atuapp,a uapp)—P(uapp,ﬁt()zoug/{)p—i-(l—f(g) app) OpUapp)
and of

XoP (g, Ortiip s Dutin,) + (1= X0) Py, O, utilyp)

- P(Xouapp + (1= Xo)u app’XOatuapp (1 - Xo)atuapp’ X090z uapp (1 = X0) 0z ezxpp)

Consider first m This expression may be bounded point-wise by
2

€ 2
(2.2.53) SR Log 1) by, — ulppl( D 10707, + 070U, )
a+p<1

(2.2.52)

We have seen in the study of III + IV that the 72 terms cancel out in ug/ép - ugpp, so that this
difference is O(efat_% for some a. The squared factor in (2.2.52)) is moreover O(e?/t) so that

we may get for (2.2.53) a bound in O(e*“t_%lmgt). The same holds for derivatives of (2.2.51])
so that, computing its H® norm or the H' norm of the action of L+ on it, we shall obtain as
at the end of the study of IIT + IV that the time integral of these quantities is O (e~ 62). Thus

(2.2.51)) largely satisfies (2.2.47]).

Finally, consider (2.2.52)) that may be written —1(Xo(e?logt)) with
¢(#) = P(Huapp (1 - :LL) Uapp» :uatuapp ( )atuappv /“La uapp ( )a uapp)

—pP(u app’atugép’axug/ép) — (1= p)P(u app’atuapw8 “app)

As (1) = ¢(0) = 0, we have

(2.2.54)  [¥(Xo(e?logt))| < (1 — Xo)Xo sup [¢"(1)]
nefo,1]

2
< C(1 = Xo)Xo “ Uapp — gpp| + |8t(“1;f>p app)| + 10 (g Uapp — gpp)”
X Z |8t muapp| + |8t ag gpp‘)

a+B<1
We have seen in the study of |i that uapp ugpp is O(e‘at_%), as well as its derivatives, on

the support of (1 —xo)Xo(e?logt). It follows that again (2.2.54)) is O(e~ %~ 2) and supported for
|z| <t. As the same bound holds for derivatives of (2.2.52)), we conclude that this term satisfies
as well (2.2.47)). This concludes the proof. O
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3 Reduction to a system and normal form

In this section, we shall reduce equation to a first order system. We shall then look for
the solution as the sum of an approximate solution deduced from u,p, constructed in section |2|
and of a remainder. Finally, in subsection we shall perform a normal form procedure in
order to eliminate part of the cubic nonlinearity.

3.1 Reduction to a system

Let us introduce a notation that will be used in the rest of the paper. We shall denote by
My(&1, ..., &) asmooth positive function on R”, with values in R, such that My(&1,...,&,) is
equivalent to 1+maxa(|£1], . - ., [€n]), where maxs stands for the second largest among |£1], . . ., |€,]-
For instance, we may take

N

(3.1.1) Mo(fl,.--,én)=< >y )(HZ@)

a=(at,...,an)
|a)=n
max(o;)<n—1

Definition 3.1.1 Let n € N*,v € R, k € Ry, € R;. We denote by Sy g(M§,n) the space of
smooth functions on R x R™, (z,&1,...,&,) = m(x, &, .., &), with values in C, satisfying for
any ag € N, o € N* N € N estimates

(3.1.2) |0200¢m (2, €1, - . &) < Cagrany Mo(€)P 0t (1 4 gpfle))=N

Remark: Most of the time we shall only need the special case 8 = 0, so that the last factor
in the right hand side of (3.1.2)) disappears. If m is in S, o(M{,n) and x € C3°(R"), then
m(x,&)x(hP€) is in S, g(M¥,n) for B > 0.

If mis in S, g(My,n) and if ui, ..., u, are in S(R™), we set

1
(2m)"

(3.1.3) Op(m)(uy, ..., up) = /eix(§1+"'+§" m(z, &1, ... &) Ha (&) d&y - - - dép,.

In appendix we observe that (3.1.3)) remains meaningful when u; belongs to Sobolev spaces
of high enough order, so that we may use (3.1.3)) for the solution to our problem.

T,
Let u — wu(t,z) be defined on [1,T[xR for some T €]1,e<® [ with values in R, which is in
CO[1,T[, H*(R)) N CY([1, T[, H*~*(R)) for some large enough s, solving equation (1.1.1). We
define, with the notation p(D,) = /1 + D2,

(3.1.4) utr = (D¢ £ p(Dy))u
so that
1 .
(3.1.5) Uo = —lUg, U= 5]9(D95)_1(mr —u_), Owu= %(u+ +u_).

If I = (i1,i2,43) is an element of {—,+}3, we set u; = (uj,, Uiy, uiy). If we express u and its

derivatives from (3.1.5)) in ((1.1.2)), we may write

(3.1.6) P(u, Oyu, Oyu) Z Op(mr)(ur)
Ie{—+}3
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for some my’s in Sp(1,3) (with constant coefficients). Consequently equation (1.1.1)) is equiva-
lent to

(3.1.7) (D¢ = p(Da))us = > Op(my)(ur).
Ie{—,+}3

Of course, by conjugation, using (3.1.5)), we have

(3.1.8) (D + p(D Z Op(m} )(uf)
Tef{—+}

where I = —I and
(3~1~9) mf(x,&,...,én):( ) m(x7_£17"'7_€n>'

Let us construct from the approximate solution u,p, of Corollary [2.2.6) m an approximate solution

u®PP of equatlon . We shall do that when the time ¢ stays smaller than the time 7'(¢) defined
in . We shall use the following inequality, with ¢ > 0 introduced in Proposition [2.2.2) “ 2| and
5 > 0,7 > 0 to be chosen:

(3.1.10) There is € €]0, 1] such that if 0 < e < ¢y and ¢ € [e%,T(e)[ then

t_%(T* — € logt)_%_‘S < ex (T, — €logt)?’~?

T,

Actually, this inequality is trivial if T, — e?logt > €2 since, as t > e2, the factor +3 in
the left hand side is then exponentially decaying, so that (3.1.10) holds for small enough e. If
u= T*%ilogt < 1, then inequality (3.1.10)) is equivalent to

o _2+n+28
(3.1.11) ue 1+28 > ¢ 1428 ¢ 52(1+25/)

whose right hand side is the quantity €' introduced in . Since u — ue 27 is strictly
increasing on [0, 1] if ¢’ > 0, inequality is equivalent to u > u(€e’) where u(e’) has been
defined before (L.2.5)). But by the definitions of u and of T'(¢) in (1.2.5), this means ¢ < T'(e).
In the sequel, the parameters ¢, ¢,y will be chosen positive, with § and ¢’ small, satisfying the
inequalities

(3.1.12) § > 6,v>2(8+2).

We notice for further reference that (3.1.10) implies that ¢t~(T, — €2logt)~! = O(1), so that,
when ¢ € [1,T(e)] the definition (2.2.1)) of classes X™ shows that

1
(3.1.13) a €S = 99 [a(e? logt, % 7.6 = b(elogt, =, 5. )

for some b in ¥™. We define from the approximate solution uapy, of Corollary 2.2.6

r 1
Tt

(3.1.14) P’ = (D¢ + p(Dz))uapp, 0P = —aiP?
and 4™ = (@, ugr?, ugy?) if I = (i1,142,i3). Then, by (2.2.44), (2.2.43)), (2.2.46) and (3.1.6)

(3.1.15) (Dy—p(Dy))a — Y Op(mp)(a;™)
Ie{—+}3

€ 1 € _; _ 1
- _ (t ztip( )Xl( et)C5,1(S, n ;7 6) + Fe 1ts0(y)X1 (61 et)057_1(37 Y, ;, 6)) |5:€2 log t,y=a/t
2 2

— Fopp(t,z) — (1 — Xo)(e logt)r app(t,a:)
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where ¢5 1 = €51 is supported for s < 3T ly| < 1 and Fypp(t,x) for ¢t < e%, and satisfies
1} In the right hand side of , we have a e?(®/Y)_term that is characteristic for
D; — p(Dy) and a e~ P(@/t)_term that is non-characteristic for the same operator. We start by
eliminating the non-characteristic term introducing a modification uj_pp of ﬂj_pp. We first define
this function and study its structure.

Lemma 3.1.2 Define

- € _; _ 1
(3'1'16) uj—pp(tv (IZ) = uipp(t7 :L') - 2t7§€ Ztcp(y)Xl(el et) V 1- y2057_1(s, Y, 27 6)|s:52 logt,y=x/t*
2
Then we may write for 1 <t < T'(e),
uPP(t,2) = xo(e' 0 (t = 1)uo,+ (t, )
€

V= x0) (€7 = 1) a1 (5 9)lo=erog =i

N+1
(3.1.17) . e 1
4 Z Z eitap(y)¢ 2an(s,y, 7 €)eeq(ts €)]s=e? 1og ty—a/t
(=3 1<|q|<¢
£odd 4 odd
+er(t,x)
where xo has been introduced in Proposition [2.1.6, where we denoted
(3.1.18) U()H,_(t, :L') = (Dt —i—p(Dx))ug,

where ail(s,y) =2(1 - yz)_%al,l(s,y), ay 1 being defined in (2.1.13), where a;q(s,y,h, €) are
£_s(0-1)
2

elements of ¥~ and where eg 4(t,€) satisfy for any ¢

(1) eqq(ti€) = Oe) if t < eie
(3.1.19) (80 eaq(t,€) = O(1-0) if t > e g # —1
(t0) er,1(t,€) = O(0) if t > ez
and where r(t,x) is a smooth function satisfying for all a, B, N,
(3.1.20) 02957 (t,z)| < C(t + |=|)~N.

Moreover,we may write ug 4 (t,x) under the form

_ € giteta/gr (T 1Y € gt - (21
(3.1.21) uo,+(t, x) \/%e aj (t’ t) + . e aj (t’ t) + ero(t, x)

3
2

where ai(y,h) are continuous on Rx]0,1], bounded as well as their 8, and hd),-derivatives on
that domain, supported for |y| < 1, and where ro satisfies (|3.1.20).

Proof:  Consider first an element ay, of 2,%,5(6,1)7 with 1 < |g| < ¢. We may apply Corol-
lary of the appendix to compute p(D,)[e’ @/ Da, (€2 logt, % %, €)] since the assumption
t(Ty—s)2s0 > cof the appendix is satisfied: this is trivial for s < % and holds for s = €2 logt > %

and t < T'(e) by (3.1.10]) (for e small enough). By this corollary and estimates (2.2.1)), we have

i 1
(3122) (Dt +p(D$)) |:6 th(y)af,q(sa Y, ZJ 6)] |S:62 logt,y=x/t

¢+/1+ (=12 !
— < >€th¢(y)aé,q(sa Y, 7 6)‘5162 logt,y==z/t
i f

1. 1
+ Zethtp(y)a%’q(& Y, ;7 6) |S:€2 log t,y=z/t + T(t7 (L‘)
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where a} is in X3 1-0(-1) and r satisfies (3.1.20]).
We compute first @3 in (3.1.16) from its definition (3.1. 14|) making act (D; + p(D,)) on the

definition 1} of Uapp- Usmg expression ([2.1.33)) of uapp, we get
@ = xo(e' " (t = 1))(Dy + p(Ds))uo
+ (1= x0)(e' (¢t = 1)) Xo(e* log ) (D¢ + (D) gy
( XO)(€2 logt)(Dt +p(DI))u§pp

(3.1.23) b (0t — 1)) uo(t, z)
( Ot = 1)) — R (Alog 1) Jugpy (@)
+ it 1X0 (2 log t)u app(t,ac)
=14+ VL

We study successively terms I to VI above in order to obtain expressions (3.1.17)) from ((3.1.16]).
e Term I: This provides the first term in the right hand side of (3.1.17)) by (3.1.18]).

e Term II: Recall that u;pp is given by ([2.1.13). We may apply (3.1.22)) to all terms in that
3Ty
4

and since the first term in the

sum. Since each of these terms is supported for s = e2logt <
right hand side of (3.1.22)) vanishes if ¢ = —1, we shall get that

_ ~ € ol
(3124) II:(]-_XO)(EI e(t_l))XO(S)\/{E tgo(y) (S Y, € )|s e2logt,y=z/t

5
1
1
+Z > = x0)e (= 1) W0l (5,4, 7Ol omez gy
=3 1<|q|<2 k2
q odd

Codd o od

+er(t,x)

with a (s y) defined in the statement of the lemma, and where the a, 1, ¢ = 3,5 are elements of

N5 5(5 ) and are supported for 0 < s < % and |y| < 1. Thus, |} provides a contribution

to the last sum in (3.1.17)) and to er. Notice also that the last term in (3.1.16)) may be written
also as a contribution to the sum in (3.1.17) with £ =5, ¢ = —1.

e Term III: We make act D; + p(D,) on the sums (2.2.2). Consider first the contributions
coming from the second sum

v,
(3125) (Dt + p(Dx)) [€2|q‘ gt 2 ethcp(y)aﬂ,q(sv Y, 6)] ‘5262 log t,y=x/t*

According to (3.1.22)), we get a first term which is of the form of the (¢, ¢)-term in the sum
(3.1.17) with 3 < |g| < £. The second term in the right hand side of (3.1.22) may be also be

written under this form: actually, we may write it from

Ly 1

+5 pitae(y) (T — s)a%yq(s, Y g €)et,q(t; €)ls=e2 1og t y=z/t
with egq(t, €) = 2l4=41(T, — & logt)~? X, (e?logt) for some function X, supported for s > L
Then property m 3.1.10]) shows that for ¢t < T (€), egq satisfies the second inequality (3.1.19] m When

3< gl <2
We consider next the contributions coming from the first sum in (2.2.2]). We have to study

0 -
(3.1.26) (Di +p(Dy)) [ 472" Way 1 (5,9, €)]ls=e2 10g t y—n/t

Y4 .
(3.1.27) (Di +p(Da)) [ 7267 Way 15,1, €)]lsmc2 tog 1.y /i
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with a1 =ag1. We apply (3.1.22)) to (3.1.26). We get a first term that may be written

_¢,—t 1
(3128) 62 et 22(1_3/2) 2eZtSD(Z”)CLZ,l(Say?E)|s:62logt,y::p/t'

For ¢ = 1, this brings the second term in the right hand side of (3.1.17)), when we combine
it with the first term in the right hand side of II in ([3.1.24]), since we defined afl(s,y,e) =
2(1 - y2)7%a171(s,y,e). Terms ((3.1.28) with ¢ > 3 contribute to the last sum in (3.1.17) with

g = 1. On the other hand, the second term in the right hand side of (3.1.22f) applied to ([3.1.26])
is of the form

g, 2 1
(3'1'29) 62 et 2 eZtv(y)a%,l(Svyvgve)‘s:@logt,y:m/t

with a}l in - C o u UGS M any ¢ > 1, we may incorporate that term to
the sum in (3.1.17) with coefficients eg19; satisfying (3.1.19) with ¢ = 1. Notice also that the
remainder i may be incorporated to the one i, in spite of the negative powers
of € that may appear, since term III is supported for ¢ > 652*, so that the rapid decay in
brings also smallness in e.

We still have to cope with . Because the oscillatory term is e (/1) when we apply

3.1.22) with ¢ = —1, the first term disappears, and we are left only with a term of the form
3.1.29) with e*¥ replaced by e~*¥. Such a term may be rewritten as

4—0 —itp,—L + 1
€ e "t 2a£7—1(5ayaZa€)|s:€2logt,y:m/t

for some aZ_l in 379D and ¢ > 3 i.e. brings a contribution to the sum in (3.1.17)) with
g = —1 and a coefficient ey 1 which is O(¢*~%) as in the last equality (3.1.19) and not just
O(e275).

This concludes the treatment of term III in ((3.1.23]).

e Term IV: If we use expansion (2.1.7) of up and again (3.1.22)), we see that this term may

be rewritten as a contribution to the t=3 e+ term in the sum (3.1.17), with a coefficient e3 1
satisfying the first bound and to the remainder er.

e Term V: Using , we see in the same way that this term may be written as a contribution
to the sum in , with coefficients e/ , satisfying the first bound .

e Term VI: We use , which implies that VI may be written as a contribution to the
last sum in with coefficients satisfying the second or third equality in . This
concludes the proof of equality .

To obtain , we notice that we may apply Corollary in the special case when functions
a(s,y, h,e€) of that corollary are replaced by smooth functions of the sole variable y supported
for |y| < 1 and use again in that context. Using expansion of ug, we thus get
(3.1.21). O

Next we shall check that the function u"” defined in (3.1.16|) will provide an approximate solution
for the nonlinear equation given by the left hand side of (3.1.15)).

Proposition 3.1.3 Let Ny be an integer. Then if we define the approximate solution uipp by
(3.1.16), (3.1.17), with N large enough relatively to No, ui® solves an equation

(3.1.30) (Dy = p(Da))uff® = Y~ Op(my)(uff?) = —(F + Tapp)
[e{—+}?
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where uf? = (w7, u;t? uiP), and where the source term is gwen from a function F(t,x)
1 2 13

supported for 1 <t < eﬁ, that satisfies for any sg in R

+00
[ e < 0,
1
(3.1.31) -
[ < 02
1

T,
and from a function (t,x) — rapp(t, ) supported for t > e2 that satisfies for any t < T'(€), any

50
(3.1.32) [rapp(t, )| o0 < Coot €N (T — € log 1) N0
B | Ltrapp(t )| < Ct_IENO(T* — logt)NO.

Proof: To compute the left hand side of (3.1.30)), we use the definition (3.1.16| of uipp, (3.1.15))

and the fact that we may apply Corollary [A.1.4] with ¢ = —¢ in order to compute the action of
1

Dy — p(D,) on the last term in (3.1.16)). (Notice that the assumption ¢(T, — s)20 > ¢ holds on
the support of that function). By (A.1.27)), the action of that operator on this last term is equal
to

1

(3133) e_itw(y)XI (El_et)cafl (87 Y, ;» 6) |s:e2 log t,y=xz/t

modulo a term of the same form where t3 is replaced by =3 and cs,—1 by a function c7 1
satisfying the same conditions, and modulo a remainder satisfying (A.1.28) and supported for
s < %. Since ([3.1.33]) compensates the second term in the right hand side of (3.1.15)), we get
more precisely

(D = p(Dp)uf® — Y~ Op(my)(a7™)
Ie{—+}3

€ - 1
= — [t—ée”‘p(y)m(el “t)es 1 (s, v, e €)
2

_l’_

1

3.1.34 )
( ) e_ltsa(y)m(Gl_et)67,—1(37 Y7 €)

~~
MH‘ ™

_ 1
+ X1(61 gt)er(sa Y, Z’ 6)] |S:62 log t,y=x/t

—(1- )20)(62 logt)rgpp —Foypp=1+---+V
where ¢7_1(s,y, h,€) is continuous on [0,4+o00[xRx]0,1] x [0, 1], supported for s < % and
ly| < 1, bounded as well as all its Js, 0y, hOp-derivatives, where x; is a new function supported
inside a neighborhood of zero (that may vary from line to line), and where r satisfies (A.1.28])
and is supported for s < 33;*. If in the cubic term in the left hand side of (3.1.34)), we replace
PP by uPP using , we generate in the right hand side a perturbation

(3.1.35) > (Op(ms)(ufP + APP) — Op(my) (u?))
IE{—,+}3
where
a € _ 1
(3136) A—i-pp = —5¢ Zt(p(y)XI(El et) V 1- y205,71(5a Y, 7 €)|s:€2 logt,y=x/t"
2t2 t
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It remains to show that terms I to V in (3.1.34)) and (3.1.36)) may be written as contributions to

F + rapp in the right hand side of (3.1.30). We start with the terms supported for s < % ie I
to IIT and V in (3.1.34)) and (3.1.35)).

e Term I in ((3.1.34]): Since c5,1 is bounded, as well as its 0; and Jy derivatives, and supported
for |y| < 1, the Sobolev norm of I is O(et™2), so that its integral for ¢t > e 1 is O(¢27%) as in
. If we make act Ly on I and use with ¢ = 1 (and a symbol a supported for
s < 32* ), we obtain the same estimate for the H'! norm of LT integrated for t > ¢ ' so that
the second inequality holds as well.

e Term II in : The reasoning is the same, except that we use with ¢ = —1, so
that the first term in the right hand side of this equality remains. We thus get a O(|z|) = O(¢)
factor, which is compensated by the fact that c7 is O(tfg) instead of O(f%)

e Term III in ([3.1.34)): By (A.1.28), this term is rapidly decaying in ¢ and |%|, so that the
bounds (3.1.31)) are trivial When mtegratlng for t > ¢ 119,

e Term V in (3.1.34): This term is F,p, coming from (3.1.15) which by (2.2.47)) satisfies
(13.1.31).

e Term (3.1.35)): Note that Aipp in (3.1.36)) is supported for s < 32*, as the same holds for
¢5,1. We have to study terms of the form

(3.1.37)  Op(my)(ulPP, uPP Aapp) Op(my) (uf! app | A\BPP Aapp) Op(my)(AZPP, AZPP Aapp)

11’22’ 12 ) i1 ) T

with I = (iy,i2,i3) € {—,+}%, A™P = —A"P and m; in Soo(1,3). By inequality li of
Appendix there is pg € RT such that for any sg € N, the H*° norm of any term in (3.1.37)
is bounded from above by

2
(3.1.38)  C(|[uPlwroee + [|ATP [[wreoe ) “[| AT oo
([P e + [|ATP oo ) [ AP0 [P 2750

3T
Notice that for ¢ in the support of 1' ie. e 110 <t <ea? | we have

(3.1.39) 427 (8 )lmeo = O0), (0, ) e = O( 72

(3.1.40) JAP(t, )10 = O(et™), [|A%P(t, ) [swooe = O(et3).

Actually, u5" is given by (3.1.17)), with the e/ 4’s bounded by the first 1nequahty 9) by our
assumption on ¢, and with s in 1) smaller than Z* so that the functions aé (s y, h e) are
uniformly bounded. Then (3.1.39) follows. On the other hand, (3.1.40) follows from

If we plug these estimates inside (3.1.38)), we get a bound in O(e3t~3), whose time 1ntegral largely
satisfies the first inequality (3.1.31)). If we make act on (3.1.35) L, before computing the L?
norm, we get an O(e3t2) estimate that is still sufficient to obtain (3.1.31)).

Ty
e Term IV in (3.1.34)): Term IV is supported for ¢ > e22 and is expressed in terms of rgpp

coming from (3.1.15)), i.e. from ([2.2.46)), and is given by (2.2.3)) i.e. by the sum of (2.2.4)) and
(2.2.6). The general term in these sums is bounded from above if ¢t < T'(€), by

(3.1.41) O~ 5(T, — log t)‘é(%”)lmgt

£—5

< Ot 3T, — logt) () [E0(1 — Plogn) ) 1,

where we have used (3.1.10) and that £ > N 4+ 2 > 5. As we assumed that (3.1.12) holds, if N
is so large that

(5’—5)(N—3)2N0+5(%+5), (%—6’—1)(N—3)2N0—1,
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we get a bound in eNOtfg(T* — e2logt)No,

If we take 0, derivatives of the general sum in , @, we may use (3.1.13) to see that
we still get expressions of the same type so that @ will still hold true. This implies that
for any sg in N

11 = Xo0)(* log t)ripp (t, )l zr20 < Ot 2N (T, — €2 log t)™

i.e. the first estimate (3.1.32) holds. The second one holds in the same way, since the action of
L makes lose at most O(t). This concludes the proof of the proposition. O

To finish this subsection, we introduce the equation satisfied by the difference vy = uq — u’?

between the solution of (3.1.7) and the approximate solution u5”® of Lemma,

Proposition 3.1.4 The function vy = uy — uPP satisfies, with symbols m(Ij) in So0(1,3),

(Dy = p(Da))vy = Y Op(mM) (viy , viy, viy)
Ie{—+}3
+ Z Op(m(lz))(vil » Vig u?;)p)
(3.1.42) Ie{—+)3
+ > Op(my) (v, uil?, uit?)
16{77+}3
+ F + rapp

3T T
where F' is supported for t < es, rap, is supported for t > e2 and F (resp. rapp) Satisfies

(resp. (F159))

Proof: One has just to make the difference between (3.1.7) and (3.1.30). O

3.2 Normal forms

We shall denote, identifying {—, +} to {—1,1},

3

T. = {I = (ir,ig,i3) € {—,+}% ) ir =1}
/=1
3

Toe = {I = (i1, 9,i3) € {—, +}* > ir # 1}

(=1

(3.2.1)

the set of characteristic and non characteristic indices. We shall eliminate by normal forms all
non-characteristic terms in the right hand side of . We recall that normal forms for
Klein-Gordon equations have been introduced by Shatah [28] and for further results on these
methods, we refer to the review paper of Germain [16] and references therein.

Consider I = (i1,12,13) € Zye. Up to permutations, we have thus either (iy,1i2,i3) = (1,1,1), or
(il, i27i3) = (1, —1, —1), or (il, i2,i3) = (—1, —1, —1). We set

(3.2.2) Dy(&1,&,83) =i\ /1+ & +ia\/1+ & +is\[1+ & - V1+ (& + &+ &)

Since i9 = i3, we may write with some ¢ > 0

|Dr(&1,82,83)] > \/1 + &+ \/1 + & — &2 + &
> ¢(1 + min(|&l, |&]) 7! > eMo(&1,&2,€3) 7"
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if Mo(&1,&2,&3) is defined by (3.1.1) and so is equivalent to the second largest among 1 + [1],
1+ |&)|, 1+ [&3]. This implies that for any non-characteristic index I, Dy(£1,&a,&3)~" belongs

to the class S1 (Mo, 3) of Definition Consider the symbols my) in the right hand side of
(3.1.42)) and define when I € Z,,.

(3.2.3) (&1, 6, 8) = mi (&, &, &) D161, &, &)1 € S1o(Mp, 3).
We shall prove:

Proposition 3.2.1 Define from the solution vy of

Wy =V — Z [Op(mg}))(vh » Vig, Ui3) + Op(m?))(vn » Vi u?;)p)
I=(i1 in,i
(3.2.4) fats)
+0p (i) (v, , i, uPP) |

12 7 713

Then wy solves for t < T(e) an equation of the form

(Dt - p(Dx))er = Z [Op(mg}))(vh » Vig,s Uis) + Op(m?))(vh y Vig)s uifp)
(3.2.5) =)
+0p(m{) (v, 3P, uiPP)] + R

12 13
where R is a sum of terms of the following form

e A contribution F(t,z), supported for t < e4e , satisfying (3.1.31]).

o A term rapp(t, x), supported for e2e2 <'t, satisfying (3.1.59).
e “Quintic” terms of the form

Op(m)(vy,uR’), [J1| +|Je| = 5,1 > 1
(3.2.6) Op(m) (v, up?, Fiy), |1l + |Jo| = 2,
Op(m)(vhvub ’rapp7i3)7 |J1’ + ’JZ‘ =2,

for different symbols m belonging to Sy (Mg, 5) (resp. S1,0(Mf,3)) for the first line (resp. the sec-
ond and third lines) for some v € N, where we denoted F. = F,F_ = —F, Tapp + = Tapp, Tapp,— =

—Tapp-

Proof: 'We make act Dy — ) on - We get using and (| -

(De = p(Da))ws = (Dy = p(Da))vs = Y [0p<m§”><v@-1,vz~2, i)
(3.2.7) I=( dats)
+Op(m§2))(vn,v12, ug’) + Op(mg ))(v“,uapp app)} + R

12’23

where R’ is a sum of expressions of the following form, up to permutation of factors:

(3.2.8) Op(m\) (D, — ixp(D)yviy , vig, Vi)
(3.2.9) Op(m)((Dy — irp(Da))viy  viy, uiP)
(3.2.10) Op(m?)(Ds — i1p(Da) iy, ulP®, ulPP)
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(3.2.11) Op(m{?) (w3, iy, (Dy — i3p(Da) Jui™)

3

(3.2.12) Op(my”) (v, uf? (Dy — isp(Dy))ul™)

3

where [ = (il,ig,ig) 1S in Inc-

In , we replace (D; — i1p(Dy))v;, by the right hand side of if i1 = 1, and by
the opposite of the conjugate of this right hand side if i; = —1. Using Lemma [A27] we
get expressions of the form . The same conclusion holds for , . Using

(3.1.30) instead of (3.1.42)), we see in the same way that (3.2.11)), (3.2.12) may be written as
contributions to (3.2.6). Thus R’ contributes to R in (3.2.5)). Finally, if in the right hand side of

(3.2.7), we replace (D — p(D,))v+ by its expression coming from (3.1.42)), the non-characteristic
contributions cancel each other, and we are left only with the characteristic ones, as in the right
hand side of (3.2.5)), and the contribution F' + 7,5, to R. This concludes the proof. a

To prepare the energy estimates of next section, we notice that getting bounds on w4 or v4 will
be essentially equivalent, up to small errors.

Lemma 3.2.2 There is pg € N such that for any sg in N
(3.2.13) lws = vl < Clllos[fyeoce + 145 po-+sg.00) [0 2150

(3.2.14)
L4 (wi = v )22 < Cllvs [fynoce (1 Lv ]l 22 + tllvs ]| 2]
+ CllILui [lweooo + Ui lweooe ] (lvg lwroee + Ui llweoce ) [ o4 ]| 2

Proof:  To get (3.2.13)), we express wy — vy from (3.2.4). We apply (A.2.3) to the first term in
the sum in the right and side. To treat the two remaining ones, we use (A.2.8)) with £ = 2 or

£ =1 respectively. We obtain a bound by the right hand side of ((3.2.13)).
Let us prove (3.2.14). We may write for any functions f1, f2, f3 and any symbol m in S o(Mo, 3)

L+Op(m)(f17 f27 f3) = Op(m)(fla f27 f3) + Op(m)(fla f25 xf?)) + tp/(Dx)Op(m)(flv f2’ f3)
for some 7 in Sy 0(Mg,3). Writing then z f3 = (z + istp'(Dy)) f3 — istp’(Dz) f3, we obtain

L Op(m)(f1, fa, f3) = Op(m)(f1, fa, Lis f3) + Op(m)(f1, f2, f3)
— i3tOp(m)(f1, f2,0' (D) f3) + t0' (D) (f1, f2, f3)-

We write Ly (wy —vg) from (3.2.4) on which we make act L. We apply to the Op(m (a )) term
in (3.2.4) equality (3.2.15) with (f1, fo, f3) = (viy, Viy, vig). By (A.2.4] apphed with j = 3, we

get that the L? norm of the action of L on the first term in the sum is estimated from
(3.2.16) (L 4ol + o) llos s

In the same way, applying (3.2.15) to (f1, f2, f3) = (viy, vy, 5, "), and using (A.2.4) with j = 1,
we estimate the L2-norm of the action of L, on the Op(1n (2 )) term in 1} by

(3.2.15)

(3.2.17) (L4l [lweo.co + uTPP [lweo.co ) [Jog oo 04 [| 2.

Finally, doing the same for the Op(mg )) term, we get a bound in

(1L uf?P lweowoo + tl[uZPP [[weoeo ) Ui lwro oo [0 || 2.

Together with (3.2.16) and (3.2.17)), this gives (3.2.14]). |
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4 Construction of the solution and proof of the main theorem

Recall that we want to construct a solution u to equation - ) that displays inflation of its
norms and that we have rewritten that equation as a first order system ([3.1.7] - - We look
next for the solution (u4,u_ = —uy) of that system under the form uy = P + vy, where

u®P? is the approximate solution defined in (3.1.16)), that solves (3.1.30), and that blows-up at

time e% and where v is the perturbation introduced in Proposition [3.1.4] that solves equation
@D We shall construct v, solving that equation backwards, starting at time 7'(¢) introduced
in E[) with initial condition v |;—7() = 0. In order to show that v, exists up to time t =1,
and remains under control down to that time, we shall prove in this section a priori estimates for
l|lv4(t, )| mso for so large enough and HL+U+( I L2 In order to do so, we shall exploit the fact
that ||v4||weo.cc remains small, so that Lemma will imply that the H* (resp. L?) norm of
vy (resp. L+v+) is equivalent to the H® (resp. LQ) norm of w4 (resp. Liw,y), where wy solves
equation (3 , in which the explicit cubic terms in the right hand side are all characteristic. In
the followmg subsectlons we shall successively prove estimates for ||vy (¢, )| gso, [|[L+v4(t, )| 2
and then perform the bootstrap argument that gives the proof of the main theorem.

4.1 Sobolev estimates

In the estimates of this subsection and the following ones, it will be important to track the
dependence of some constants on other ones. We shall fix indices of smoothness pg, so (that
will be taken large enough), as well as the parameters §,d’, v that satisfy . A universal
constant will be a constant that depends eventually on these parameters, but on no other quantity.
Next, we shall have constants like N (the order at which we construct the approximate solutions
(3.1.17)) or Ny in (3.1.32), as well as the constants Ay, A1, B that we introduce below in the
estimates of vy. It will be important to track how other constants depend on them. Because of
that, when we introduce a constant like K (Ag, A1, B, ... ), we mean that K depends only on the
quantities explicitly mentioned in the argument.

Proposition 4.1.1 Let pg € N be fized such that the estimates of Proposition [A.2.9 of the
appendiz hold. Let so € N be given. There is an integer No min > 0 such that for any Nog > No min,
the following holds:

The choice of po, so, No determines the constants in the right hand side of (3.1.31), (3.1.32). For
any couple of constants (Ao, B) with Agy large enough relatively to Ny, there is eg €]0,1] such that,
for any € €]0, €], the following bootstrap holds: Denote by vy the backwards solution of (3.1.42),
with initial condition v4(T'(€),-) = 0, and source term F + rapy (with F, rap, satisfying (3.1.31]),
(5.1.39)). Assume that this solution is defined on an interval [T,T(e)] for some T € [1,T(e)]
and that the following a priori estimates hold true for any t € [T,T(¢)]:

B
(4.1.1) o4 (8, ) Iweoe < ﬁfg ‘.

Then, for any ¢ € [T, T(¢)] one has

A
(4.1.2) [og(t, )| mso < 7062—9@* — & log t)No
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Before starting the proof, we introduce a notation for the cubic terms in the right hand side of

(13.1.42)), namely

Fylvp,uP) = S Opm{Y)(vi,, vy, v)
Ie{—+}3

2 a,
(4.1.3) + > Op(m{?) (v, vig, uilP)
I€{7,+}3

3 a al
+ > OpmP) (v, ulPP, ).
Te{—+}3

As mgj ) is in S0,0(1,3), independent of x, we may apply |) to the first sum in 1) and
(A.2.8)) to the second and third ones, with £ = 2 and ¢ = 1 respectively. We get for any sy € N

(4.1.4) 1Fs (v, uP) o0 < Clllo [yooce + [4S yng+s0.0 ) [0 | 7250

To prove Proposition we shall need a bound for ||[u%”||ype+s0.c in the right hand side of
@1.4).

Lemma 4.1.2 For any p > 0, there are Co(p), 8’ > 0 and for any N € N, there is a constant
K(N) such that the approzimate solution u’P® given by with that value of N satisfies

€ _1
[ wece < Co(p)-S2(T. — log)
(415) 1+6/
€ 2 _1 €
+ K(N) (Tx — e logt) 2 + K(N)

Vi Vit

Remark: We shall use to estimate ||uSP||yppo+s0.00 in the right hand side of (4.1.4)), so
that the first multiplicative constant in the right hand side Cy(po + so) = Cy will be a universal
constant with the terminology introduced at the beginning of this section. In particular, it is
independent of N. The two other constants in do depend on N, but they are either
multiplied by a small factor €’ or are not affected by the large factor (T, — €% log t)fé.

Proof: 'We bound the W#*°-norm of each term in the right hand side of (3.1.17]).

e By (3.1.18) and (3.1.21f), the first term in the right hand side of (3.1.17) has W#*°-norm
bounded by C (p)ﬁ for some constant C'(p) depending only on p.

e In the second term in the right hand side of (3.1.17)), ail(s,y) is equal 2(1 — y2)_%a171(s,y),
where a1 is the element of N3 given explicitly by (2.1.12)). It depends only on the initial data

of (2.1.10). By the definition (2.2.1) of class £~ 2

(4.1.6) 8£ (afl (62 logt, %)) =t <62 log t, %)

for some by € ¥~2~*. Since by (3.1.10), t4(T\ — €2 log t)~¢ = O(1), the W** norm of the second

term in the right hand side of (3.1.17)) is bounded by Co(p)%(T* —ée?log t)_% for some constant

Co(p) depending only on p.

e Consider next the W norm of each term in the last sum in . Since as above in
, any 0, derivative may be written as an expression of the same form as the general term
in that sum, it is enough to bound the L° norm, that is smaller than

(4.1.7) Cut™5(T, — 2 logt) ™39 Dey(t, ¢)
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with a factor ey(t, €) that satisfies according to (3.1.19)

3T
eo(t,e) = O(e) if t < e
(4.1.8) oAt,€) = Ole) .
eo(t,e) = O(274) if t > e2e?,
Using (3.1.10)), we estimate 1D when t > 62%2 by
(4.1.9) C’gt_% (T, — €% log t)_%w(t, e)e(g_l) (3-9) .

Using (4.1.8), (3.1.12)) and the fact that ¢ > 3, we get that (4.1.9) is estimated by the second
term in the right hand side of (4.1.5) with 6’ > 2. The sum of all these terms for 3 </ < N +1,

£ odd, is thus also controlled by this quantity.

3T%
For t < eae® 1j implies that the sum of expressions |) is smaller than the last term in
(4.1.5). This concludes the proof of the lemma. O

We show next

Lemma 4.1.3 Assume the a priori inequality and that the source term in sat-
isfies (3.1.31), (3.1.39). Let Ny be given in N. Then there are a universal constant Cy and a

constant K(Ny) depending on Ny, a constant K(B) depending on B in , such that

T(e)
[0+ (¢, )l a5 S/t WE T mso + rapp(7, )| o] d7

T(e) ’ dr
F RN [T = logr) ™+ Yo7 ) o T

411 '
(4.1.10) , [T ) » dr
+ Coe / (T* — € IOgT) ||’U+(Ta ')HHSO T
t

_ T(e) dr
el A TP TP

for any t € [T,T(e)].

Proof:  We write the backwards energy inequality for the solution to (3.1.42) with zero initial
condition at t = T'(e) using notation (4.1.3). We obtain
(4.1.11)

T(e) app T(e) T(e)
[0 (¢, ) 0 S/t [ F3 (04, i) (7, )| %0 d7+/t 1E (7, )l m20 dr+/t [7app (7, )| 50 d.

Under the first integral in the right hand side, we plug (4.1.4). By estimate (4.1.1), the [Jv4 |3 00,00
term in the right hand side of (4.1.4]) brings the last term in (4.1.10). To study the contribution
i

of the [[ufPP[|2, 1.0 term of 4), we apply (4.1.5) with p = pg + so for a N taken large

enough relatively to Ny so that Proposition holds. We obtain thus from the right hand side
of (4.1.5) the second and third terms in the right hand side of (4.1.10]), with a constant K that
depends on N, and thus on Ny. This concludes the proof. O

Proof of Proposition |4.1.1; We make the change of variable t = e with s € [0,S(e)], S(e) =
€2 log T (€), and rewrite (4.1.10) as

S(e) S(e)
(41.12) ﬂ@s/ m®w+/ $(0)f(0) do

37



where

(e, ) lmo
(4.1.13) 9(0) = eZ e[| F(e®, )0 + [|r(eZ ) o]
K(No) (e (T, — o) ' +1) + Co(Ty — o) ' + K(B)e™%.

g
—
w
S~—
I
=3

=
2
I

Denote

S(e)
(4.1.14) y@:—/ W(o) do

so that (4.1.12) implies by Grownwall inequality
S(e) ,
(4.1.15) f(s) §/ e®EN=2() g (') ds.
S

Assume that e is small enough so that in the expression of (o) in (4.1.13), K(Np)e2? +
K(B)e*=%0 < 1. Then (4.1.14) implies that for T < s < s’ < T'(¢) < T

’ T — S Co+1
D(s")—D(s) < (K(No)+1)Tx *
¢ =¢ (T* — s’) ’

We thus get from (4.1.15))
(4.1.16)

s 5@, T, —s C’o+ s
st Mo < KW) [ (7=5) " B IPEE Dl + rapne . )] d

’

for a new constant K (Np). We use next (3.1.31)), (3.1.32)) to estimate the right hand side. If
s> 3{*, then the F'(e<?,-)-contribution in the right hand side of (4.1.16) vanishes, so that by
(3.1.32)), we get an estimate by

S(e) o
(4.1.17) Cisy K (No) / (T, — 5)0TY(T, — &)~ Com1HNog= 2 No=2 g/,
S

If Ng > C’o, which may be imposed since Cj is a universal constant, we get a bound in
K(No)e~ Z (T, — s)No+1eNo=2 (for a new K (Np)) that largely implies an estimate of the form
(4.1.2)), if we assume Ny > 4 and € < ¢y small enough.

If on the other hand in (4.1.16), s < SZ*, the integral in the right hand side of (4.1.16|) for

s € [32=,5(e)] is estimated as above and the remaining one by

3T /4 N J
K(NO)/ (Tx - S)CO+1(T* - 5/)_00_1‘5’72 2||7"app( s M mso ds'
(4.1.18) *

3T /4

+4CO+1K(N0)/ | E (7, ) || 0 dr.
1

The first term may be bounded again by (4.1.17) and then by K (Ng)e>~? if Ny is large enough.
(4118

By (3.1.31)), the last contribution to (4.1.18) is also in K (Ng)e?>~? for a new constant depending
on Ny. If the constant A is chosen large enough in function of Ny, we may ensure that (4.1.2))
holds. This concludes the proof. O
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4.2 Estimates for the action of L,

We want to prove estimates for the L? norm of L v, analogous to those of Proposition m
in the case of Sobolev norms. To do so, we shall have to use the auxiliary unknown w, of

Proposition [3.2.1]

Proposition 4.2.1 Assume given large enough integers pg, so. Assume also given a large enough
integer N1 and an integer Ny satisfying No > N1+14+25. For any constant Ay > 0 (that depends
on the preceding ones), there is A1 > 0 and, for any constant B > 0 (that may depend on Ay, Ay ),
there is €y €]0, 1], such that the following holds true for any € €)0, €):
Let T €]0,T(€)[ and let vy be a solution of equation defined on [T, T(€)], with the initial
condition v4 (T'(€),-) = 0, such that vy satisfies for any t € [T, T(€)] the following estimates:

B 5 g
o o (6w < 2

04 (£, )| o0 < Age® (T, — *log )™
Then for any t € [T, T(€)], we have the estimate

A120

(42.2) 1Lqvs ()l < €T — e logt)™

To prove the proposition, we first need an estimate for || L4 u|lye. for any p.

Lemma 4.2.2 For any p > 0, any N € N*, there is a constant K(p, N) such that if 3™ is
defined by , one has for any t < T(e) the bound

(4.2.3) L4t lwese < K (N, p)~7(Ts — elogt) 22,

Vit

Proof:  'We make act Ly on (3.1.17). We get a first term
(4.2.4) xo(e' 70t — 1)) Lyug 4.

If we apply to expression 1) of ug 4+ Corollarym“nth q= 1 or ¢ = —1, we conclude that
the WP >°-norm of (4.2.4 - is O(e/v/t). Applying again Corollary with ¢ = 1 to the second
term in the right hand side of (3.1.17] m, we get that the action of L+ on it gives an expression

; _ € . 1 - 1
(425) eztga(y)(l - XO)(el a(t - 1))%(0’;1(87 Y, + 6) + T(Sv Y, 1’ 6)‘8262 logt,y=xz/t

1 1
with &il in X2 %0 C $73 and 7 with all its s, Oy, hO-derivatives smaller than k™ (y)

for any N. Then the W#** norm of (4.2.5) is O(%(T* — e?log t)_%) since the action of each

O-derivations makes lose at most 1+t~ 1(T, — €2logt)~!, which is O(1) (using when ¢
satisfies eT+/2¢° < t < T(e)).

We consider next the action of Li on the last sum in . We have on the one hand the
characteristic terms corresponding to ¢ = 1,¢ > 3. We apply Corollary with ¢ = 1 to see
that the action of L1 on these terms is given by a sum for 3 < ¢ < N 4 1 of expressions

-N

£ 42 1
(426) th( )t QQJT (S yvE,e)ef,l(tae)lszeglogt,y:z/t

w1th ae 2 in 210D and ee1(t, €) given by (3.1.19), modulo a remainder e, with 7 as in

([#.2.5), so that it W111 trivially satisfy a bound of the form (4.2.3)). In (4.2.6), es1(¢,€) = O(e) if
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t < el+/ 262, so that in this case bounds 1} hold immediately. If ¢ > eT+/ 252, we bound the

modulus of (4.2.6) by

AT~ @ logt)TE TN =R (T - ) ) T - ) g

3

By (3.1.10) this is O(\[( —e?logt)™ 5) since ({ —1)(3 —0') +2—¢>1 by (3.1.12). Since the

same estimates hold for 0,-derivatives of , we get for the W+ norm of the action of L
on the characteristic terms in the sum in a bound by the right hand side of .

We still have to study the non-characteristic terms in that sum i.e. those for which ¢ # 1. By
Corollary and , we get that the action of Ly on these terms gives

; 1
(427) ethcp( )t 2+1a€q (S Y, Eae)ef,q(tv 6)|5252 logt,y=x/t

with a, - 2 in E_* 0(=1) ¢ > 3, modulo again a remainder that is again like er in (4.2.5)). The

modulus of (4 is bounded by

(4.2.8) ¢ 2T, — 2logt) "2 0 De, (¢, )]
1, 1 _1_ _ _3_
=12 (t 2 (T* - 3) 2 J)E B(T* - 3) 2 26’€g’q(t, 6)"5:52 logt-

By (3.1.10)), we estimate that from

(4.2.9) 33 (3-9) leeq(t, )|(T, — 2 logt) "2~

if t > eT+/2¢ If ¢ = 3,q = —1, the last inequality (3.1.19) gives a bound of the form |D

If £ = 3,|q| = 3, the second estimate shows that egq(t,€) = O(e3), so that we obtain
again the wanted bound. If £ > 5, using that ey 4(t,€) = O(e 2=6) and (3.1.12), we obtain that
is controlled by the right hand side of (4.2.3)). When ¢ < eT/2¢ , the first estimate
shows that the bound by holds trivially. Flnally, since sunllar bounds are satisfied by
0,-derivatives, we get that the non-characteristic terms in the sum in (3.1.17)) are controlled as

in (4.2.3). This concludes the proof. O

We prove next a lemma relating estimates for Lyvy and Lywy
Lemma 4.2.3 Let vy be a function defined on some interval [T, T (e)] satisfying for any t €
[T,T(e)] estimates

B
(4.2.10) st Yhwros < 222

for some constant B. There is €9 > 0, depending on B, such that if € €]0, o[ and holds,

then wy defined by (3.2.4)) from vy and u P given by (3 satisfies

(4.211)  |Lav(t )iz < 2N Lewi (8, )llgz + K(N, BT, — & logt) 2o (t,)]

(with N equal to the order at which ui™® has been constructed in M))

Proof: By (4.1.5) and (4.2.3) we have

(4212) [Lyal® (8, ) o + P E, ) fisoce
< eK(N)WHT, — € logt)*%*%[l +t YT — logt) ™).
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On the other hand, still by (4.1.5) and the a priori estimate of ||v4 (¢, -)||weoce in (4.2.10), we

have

eK (N, Be!=9)
Vit
Using (3.1.10]), we see that the product of (4.2.12)) by (4.2.13)) is smaller than

(4.2.13) |uSPP (8, ) lweosoe + [[og(E, ) |[weosee < (T, — € logt) 2.

EK(N,Be' =) (T, — 2 logt)™17%.

Plugging this in (3.2.14]), and using also the a priori estimate (4.2.10)) of ||v4 (¢, -)||weo., we get

2
(4.2.14) L4 (wy = v )(t ) g2 < K (Be'™ )*HL+U+( Mz + K (B =)o (t, )] 2

+€2K(N,BE1 T = Elogt) 2 os ()l 2
which implies (4.2.11)). This concludes the proof. O

We prove next an energy inequality for ||Lywy(¢,-)| 2.

Lemma 4.2.4 Assume that for t in some interval [T, T (e)] the following a priori estimate holds
true

(4.2.15) vy (¢, )|[weoee < Ze”.
Then for t in the same interval, one has an inequality
(4.2.16)
D= pD) L (8o < [T = logt) ™ (Co+ KN B)E) 4 K(V) vt )
+ 6:(T* — logt) PP (K(N) + K (N, B)e” )| (¢, )l o + Rr(t) + R (t),

where Cy is a universal constant, 8" > 0 and Ry, R satisfy

+oo ) _
(4.2.17) /1 |RL(t)| 2 dt < (K(N)+ K(N,B)e? )e*?

IRu(®)llz < K(N, Bt N(T, — logt) V0!

where Ny is the integer introduced in Proposition and Ry, is supported for t < 3T/ 4e”

Proof: We make act Ly on equation (3.2.5)) to get

(De=pDo)Lyws = > |L+Opmf?) (v vig, via) + L Op(mi™) (v, viy, ™)
I=(1§'1,%'2,i3)
(4.2.18) &

+L+Op(m§3))(v,1,uapp uiPP) | + Ly R

Z2’Z3

=T+ +1V.
We estimate the L? norm of the terms in the right hand side. Since the index I is characteristic,

we may use Proposition in order to estimate I + II + IIIL.
e Estimate of I, II, III
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By (A.3.1), we get
(42.19) [Tz < Clloglfreoce (1 Lv | g2 + 04l 20) < CB?

by (4.2.15)). We estimate IT using (A.3.2). We get

|2 < 2C v weooo [[uZPP lweowoe ([[ Lol L2 + (04| 0 )

E4—26

(ILvg 2 + llosll 7o)

+ Cllogllwrooo ([ L uZP weoee + [P weoce )|l [ 2.

Using (4.2.15)), bound (4.1.5)) of u P which implies
(4.2.20) [u2PP(t, ) [wroce < K(N)——= (T — e2logt) "2,
Vi
and (4.2.3)), we get
3 0
(4221) T2 < K(N, B)~(T. — logt) # | Lyv (1, )2

30

+ K(N, B) (T, — *logt) ™2 26Hv+(

To estimate III, we use (A.3.3]). We obtain

T 22 < 2Cuf? [lweo oo (I Luf [lweoee + [[uf? [weo.ee)l[v]] 2

+O|uf [fyoo.00 (| Lo+ [l 2 + o4l 7150

Using (4.1.5) to estimate [|[u3||wro. and (4.2.3), we obtain a bound

2
(42.22) Tz < Co (T — logt) (1 Zvyllze + o 1)

2
€ / —
+ K(N)ﬂe” (T — ¢ logt) ™" + 1)([| Lot || 2 + v+l zr0)

2
+ K(N) (T = € logt) > 2 o, (¢

Summing (4.2.19)), (4.2.21)) and (4.2.22), we deduce

(4.2.23)
2

) 0.

2

JL+ I+ I 2 < < [Co(Te = P og t) ™! + K(N, B)" (T = log t) ™" + K(N)][| Lo 12

2
(K (N) + K (N, B)e" ) (T = log t) > o (¢

for some #” > 0, which is controlled by the right hand side of (4.2.16]).
e Estimate of IV

» Mo

We estimate now the L2-norm of the last term L, R in (4.2.18)), where R is the last term in (3.2.5)

and has the structure described in the statement of Proposition The contribution
3T
LR satisfies (3.1.31]) and is supported for t < e4<? | so may be incorporated to Ry, in

L. F to
(219,

with Ry, satisfying (4.2.17). The contribution Ly r,p, to LLR is supported for ¢ > 6262 and

satisfies (3.1.32)), so that we may incorporate it to Ry in (4.2.16)), with Ry satisfying (4.2.17)).
We are left with studying the quintic terms obtained making act L4 on (3.2.6). We consider first

the action of Ly on the first term in (3.2.6)). Since |J1| > 1, the first argument in Op(m
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equal to vy. When we make act Ly = z +tp'(D,) on it, we argue as in (3.2.15), and rewrite the
resulting expression as a sum of terms of the following form

(m)
(m)
19/ (D2)Op(m) (v, v, w57

+ tOp(m)(p' (Da) v+, vy, uz}zp)

Op(m)(Lavs, vy, u'p?)
Op(m) (v, vy, u')
(4.2.24) 2

whee [J]| + |J4| = 4 and m is a new symbol in the class S1 (M, 3) for some v, with constant
coefficients. We apply (A.2.4) with j = 1 to all these expressions. We get an estimate of their
L? norms by

(4.2.25) (v llweoe + [P lweooe ) (I Lv4 ]| 2 + tlos ] 2).
By (4.2.20) and the a priori assumption (4.2.15)), we get a bound
4

€ _ _
K(N,B)—(T: — €?logt) [t Lyvyll 2 + [lvsllz2].

Using again that by (3.1.10)) t~!(T, — €?logt)~! = O(1), we get finally the upper bound

4 4
€ _ € _
(4.2.26) K(N,B)—t (T, — e2logt) Y| Lyvy |2 + K(N, B)—t (T, — 2 logt) " 2|Jvy || 2

which is better than the right hand side of (4.2.16)). Finally, we have to estimate the L? norm of
the action of Ly on the last two terms in (3.2.6). Arguing again as in (3.2.15]), we have to study

(4.2.27)

for symbols m in Sy o(M},3) with constant coefficients, |Ji| + [J2| = 2, G4 = F or rapp, G- =
—F or — Tapp. Using (A.2.4) with j = 3, we bound the L? norm of all these terms by

(1.2.28) (s s + 1P o 21 L4 G 2 + EIGl 22).

When G = F, since this term is supported for ¢t < e3T*/4€2, it follows from (4.2.20)) and (4.2.15))
that this is bounded by

K(B,N)E(|L4 F(t, )2 + | F(t, ) 2).

By (3.1.31)), the integral in ¢ of that quantity is O(K (B, N)e*~%), so may be incorporated to R,

satisfying (4.2.17]).
When G = r,pp, we use again (4.2.20]) and (4.2.15)) to bound (4.2.28)) by

62 _ 62
(KN T = 1ogt) ™ + K(B) ) L rapp(t, )12

—|—K(N, B)62(T* —é log t)_IHTapp(tv ')HLQ‘

If we plug (3.1.32) in this inequality, we largely get an estimate in

2
%K(N, B)eM (T, — €2 log t)No—
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so that we obtain a contribution to Ry satisfying (4.2.17). Combining this to (4.2.23) and
(4.2.26) we get (4.2.16)). O

Proof of Proposition |4.2.1;  We assume a priori inequalities (4.2.1)). For ¢y > 0 small enough, if

€ < €p, inequality (4.2.11)) holds. Plugging this inequality in the right hand side of (4.2.16), and
assuming also €y small enough so that K (N, B)egn <1 and Be!=? < 1, we get

62
(4.2.29) |[(Dy = p(Da)) Lyws (£ )| 22 < —-2[(Co+ 1)(Tx — *logt) ™! + K(N)] | Lyws ()] 2

2
+ RN — 1og Doy (4 ) o + Re(t) + R

In the right hand side of (4.2.29), we plug the second a priori estimate (4.2.1)) and we write the
energy inequality associated to (4.2.29)), starting from time ¢t = T'(e) at which Liw, vanishes.

We get for T <t < T'(e), using also (4.2.17]),

T(e) dr
ILows e < [ 20(Co+ DT = Eogr) ™+ K] (7 ) |12
t

T(e)
+ K(N, Ag)e* / (T, — €2 log 7)No—2-20¢2 dr
t T

(4.2.30) -
T / IR(7) 12 dr
t

T(e)

+ K(N, B)eNO_Q/

d
(T, — 2 log T)No~1¢2 .
t T

We set t = e, 7 =ee2, S(e) = e2log T(e)
f(s) = [Lywy (e, )2

(4.2.31) . .
g(s) = € (K(N, Ag) + € K(N, B)) (T — )™ ™" + |Rp(e7)| 26 %e?

with N1 < Ng—1—26 and Ny large enough so that Ny > 4. We may thus rewrite (4.2.30)) under
the form

S(e) S(e)
(1.2.32) f6)< [ wse)as + [ gy
with
(4.2.33) Y(s) = 2(Co+ 1)(Ty — 5)1 + 2K (N).

We may apply estimate (4.1.15]), with notation (4.1.14]). We obtain, with new constants,
(4.2.34)

. S(e) — 5\ 2(Co+1
Iy wi (€, )|z < / (ITJ‘ ~) V(K (N, Ag) + CK (N, B)) (T, — )M
s * — 8

’

FE(N)|[RL(e,)|| 2 2] ds'.

Since Cp is a universal constant, we may take Nj large enough so that Ny — 2(Cp + 1) > 0.

’

Moreover, as RL(ee%, -) is supported for s’ < %, (T, — s')~! stays bounded on the support of
that function. Using (4.2.17)), we get finally

|Low (€%, )12 < (K (N, Ag) + & K(N, B)(T. — )"
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for some constants depending on N, Ag, B and a new 6” > 0. By (4.2.11)) and the second a priori
inequality in (4.2.1]), we get

|Lsvs (b )z < € P(K(N, Ag) + &' K(N, B))(T. — log t)™

for new constants K (N, Ap), K(N, B), using again that No > N; + 1 + 26. We take A; large
enough so that K (N, Ag) < % and € < e small enough so that ! K(N, B) < % in order to

obtain (4.2.2)). O

4.3 Proof of the main theorem

We shall deduce from the preceding subsections the proof of Theorem [I.2.1} Let us recall how
the constants are chosen:

e One fixes first # > 0 small and 4, &', v satisfying , with 4, 4" small. One fixes also py € N
large enough so that the estimates in Proposition hold true (for a fixed large enough v)
and po larger than pgy in Proposition [AZ3.1] This pg is universal and does not depend on any of
the constants that we shall introduce in the forthcoming points. It determines the constant Cy
in Lemma [4.1.2

e On chooses next sg € N large enough, such that Proposition holds true and large enough
in function of pg so that Proposition holds true.

e One takes N; large enough as in Proposition Once Nj has been chosen, we take Ny so
that Proposition and Proposition hold true. Once N7 and Ny have been fixed, the
order N at which one has to construct the approximate solution so that «3’ in Proposition
satisfies - is also determined.

e Once Ny is determined, the constant Ay is taken large enough in Proposition [{.1.1]

e Once Ay is fixed, the constant A; is determined by Proposition Next we choose B large
enough relatively to Ag, A1 as in below.

e Finally, € is taken in ]0, ¢y for some ¢y small enough in function of all preceding constants.

Proof of Theorem [1.2.1: To construct the solution u of the theorem, one considers the solution
(uy,u_ = —uy) of the equivalent system ([3.1.7), (3.1.8): one looks for u; under the form
ug = ufP? + vy where u’? is defined in (3.1.16) and v, satisfies equation (3.1.42)). One then
wants to solve this equation for vy backwards from ¢ = T'(¢), with zero initial data at ¢t = T'(e),
and prove that the solution exists down to time ¢ = 1. By local existence theory, there is
Ty < T'(€) such that the solution exists on [Ty, T'(¢)] and we denote by T > 1 the infimum of the
T > 1 such that the solution exists on [T, T'(¢)] and satisfies for all t € [T', T(¢)] a priori estimates

[og(t, )0 < Age®° (T — €*log )™
(4.3.1) ILyvs(t, )2 < A1 (T, — € logt)™

26
[o4(,-)

Vi

where the parameters sg, pg, No, N1, Ag, A1, B are chosen as explained at the beginning of this
subsection. If we apply Proposition we get that it implies that for ¢ in the same interval

A
(43.2) ot o < (T — Elog 1)
if € < €9 small enough. Then, applying Proposition we get for € < €,

(4.3.3) ILsor (8, )llge < 2
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By (A.4.7)), we deduce from the first two inequalities (|4.3.1))

(434) ”7}+( )HW”O ) < CT Al + \/ AO —+ A1 < 76

if B is chosen large enough relatively to Ag, A1.
By the bootstrap (4.3.2)), (4.3.3), (4.3.4), we get that the solution vy exists on [1,7(¢)] and

satisfies (4.3.1]) at any ¢ in that interval. Writing these estimates at ¢ = 1, we get from (4.3.1)
lus (1) = ufPP (1, ) |00 = O(*~7)

l(ur (1,) = ufP(1, )|z = O(E7).

By (3.1.16)) and recalling that x; vanishes close to zero, we get for small enough e,
lur (1,-) = @ (L, )00 = O(E7)

l(ur (1,) = @R (1, ))ll2 = O(E77).

The definition (3.1.4)) (resp. (3.1.14)) of uy (resp. @3'”) from u (resp. uapp) and the fact that u,

Uapp are real valued functions imply

(4.3.5)

(4.3.6)

(1, ) = vapp(L, ) o+ + | Deu(l, ) — Devtapp (1, )| 0 = 0(62_0)
(a1, ) = tapp(L, Dl + le(Dru(L, ) = Drttapp(L, Dllzz = O(~0).

By (2.2.44)), (2.1.33) and (| - Uapp (1, ), Oruapp(1, -)) are the initial conditions (efo, €gp) cho-
sen in the statement of the theorem so that - ) holds. Thus shows that the initial
conditions of our solution u have structure (1.2.7), with the perturbation (f(z,€), g(z,€)) satis-
fying .

It remains to prove . At time t = T'(e), the value of u (resp. dyu) is given by wapp(T'(€), -)
(resp. Opttapp (T'(€), -) By , these quantities are equal to uapp(T( €), ) (resp duZyp(T(€),-))
with uzpp given by (12 All contrlbutlons corresponding to £ > 3 in , as well as their
derivatives, have modulus bounded from above by

(4.3.7)

(438)  @7T() 73 (T~ log T(e) + |y — yol™) 7 (T(e) (1. — log T(e) 2 ~*) 7",

Since £ > 3, (3.1.10)) implies a bound in
/ , /—1
(4.3.9) T(e)"3 (T, — e2log T(e)) " (e%*é (T, — 2log T(e))° *5> 2t

By , -, —e%logT(e) = 62'LL( ’) is exponentially small in e, so that since & > §
, and thus all terms Wlth £>3in Computed att = : i are neghglble relatively to

eT( ) (T* —€%log T(¢))~2. On the other hand by 1 .1.12) and 1 , , the coefficient
of %e“@(m/t) in (2.2.2), computed at t = T(¢), ¥ = yo satisfies

e log T (e) > -3

a1 (210g T(6), o) = lad o)l (1 = —2

since I'(yo)é(yo) = T by , Eb Moreover, since |a{(yo)| = (1 — yo)_if(yo)% by
[2.1.9), (L.2.1), Wlth [(yo) # 0 by (1.2.2), we get that all terms with ¢ > 3 in at time
T(e) are o(eT'(e)~ \al 1(e21og T(€),0)|). We conclude that the main contrlbutlon to at
time t = T'(e) and © = yoT(€) is

2Re [ET(E)féeiT(e)“’(yo)aLl (¢’ log T(e), ?/0)]
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and its time derivative is
2Re [eT(e)_%iw(yo)eiT(e)‘P(yO)al,l (62 log T'(e), yo)] .
Thus

[u2 (T(€), 50T (€))] + 18ru2,, (T(€), yoT(€))] ~ €T(€)™ 2|1 1 (€ log T(e), o)
(4.3.10) ~ €T(e)” 3 (T, — log T(e)) ™

~ T(€) 2u(e) "2 ~ T(e)"2¢

by (1.2.5)). If ¢ > 0 is given and if §’ in (1.2.4) is taken small enough with respect to ¢, one has

e < e E172) T(e)~'*+2¢. Thus (4.3.10) is bounded from below by T'(€)~¢ which gives the

first equality n

To get the second one, we proceed in the same way, except that we have to estimate from below

D= N

\al 1(e*log T'(e), )= ellar,1(€*log T(€), y) Il r2(ay)-

T(e))

By (1.2.3)), the example following Definition and the expression (2.1.12)) of a1, one has

250)—%

la1,1(s,y)| ~ (Tx — s + |y — o

so that if kg > 0,

1yt
la1,1(€*10g T(€), ) 2(ay) ~ (Tx — € log T(e)) > " 30,

We have seen above that (T, — 2 logT'(€))™1 > T'(¢)!~2¢¢~2. Then the second inequality (1
for the aj i-term in (2.2.2) with the lower bound - ) follows from that, up to changmg the
definition of ¢. Since the contributions to indexed by £ > 3 are bounded point-wise by

4.3.8) and thus by T(e)_%\a1,1(62 log T'(e ), xe) )]e < for some ¢ > 0, as seen after (4.3.9)), they

are negligible perturbations, so that 1} |-D hold for uapp(T(e), -). This concludes the
proof. |

A Appendix

A.1 Pseudo-differential operators

In this subsection, we prove several results on pseudo-differential operators used in the bulk of
the proof.

Definition A.1.1 Let p(z,§) be a smooth function on R x R, satisfying for some p € R and all
a,fB in N

(A-L1) 020 p(2, )| < Cap(1+ €)1

Then if u € S(R), we set

(A.1.2) p(w, Dy)u = % / ) (2, €)a(€) de

47



and if h €]0,1] is a semi-classical parameter, we set

plahDoyo = o [ e pla ne)ie) de
1

(A.1.3)

where the last integral is an oscillatory one. This is related to by the conjugation formula

(A.1.4) 0, op(z,hD,) 0 O, = p(hx, D,)
if we define

1 T
(A.1.5) (Opu)(z) = ﬁu(ﬁ)

We want to study the action of p(D,) on oscillating expressions of the form used to construct
an approximate solution in section [2l We define first

Definition A.1.2 Let xg €]—1,1[, ko € N. We denote form € R by 3™ the space of continuous
functions

(x, A\, h,€) = o(x, A\, h,e)
R x [1,400[x]0,1] x [0,1] = C

smooth in (x,\,h), supported for |x| < 1, that satisfy for any o, B,(, N in N, any (x,\, h,€) in
[_17 1] x [11 +OO[X]O¢ 1] X [07 1]

(A.1.6) 10005 (how) o (2, A, by €)] < Cop A1 4 Ao — o) 072008 (1 — |2|)V.
Let ¢ :] — 1,1]— R be a smooth function such that for some A € R} and any a € N
(A.1.7) 10%4(2)] < Co(1 — |z)~ 4710l va e] — 1,1].

Finally, let £ — p(§) be a symbol independent of x, satisfying .

Proposition A.1.3 Let o be in ¥™. Then for any (x, \, h,€) satisfying \b < 1, we have

p(th)[e%d](x)U(x7 )‘7 h7 6)] = p(dw(ﬂl))U(l’, )\, h, 6)6%1/)(1)

(A.1.8) i
+ hoy(z, A, hy €)en? @ 4 r(z, X, hye)

where o1 € X1 and where 1 is a continuous function on R x [1,4+00[x]0,1] x [0,1] smooth in
(x, A, h), satisfying for any o, B,(, N € N

(A.1.9) 10207 ()7 (2, A, by €)| < CAN (1 + |2|) ™.

Proof: The left hand side of (A.1.8) is

1 i
(A.1.10) o | eV WIp©o(y, A, b €) dyde.

Let (x,y) — O(x,y) be a smooth function on Rx| — 1, 1], supported for |z —y| < 1 — |y|, such
that for any «, 8

(A.1.11) 02050(x,y)| < C(1— [y)~~.
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Assume also §(z,y) = 1if |z — y| < ¢(1 — |y|) for some small ¢ > 0. If we insert the cut-off 1 — 6
under the integral, and make N’ integration by parts in &, we get an integrand bounded by

(A.1.12) CRV A™™(1 4+ Ay — o)™ (1 — [y N ()N (A + | — y) ™

by (A.1.1} - - If we make act on (A.1.10) hdy, we get also a similar bound, with a different
N’, using also (A.1.7). We thus see that A 1. 1 A.1.10)) with the cut-off 1 —# under the integral brings

a contribution to r in (A.1.8), using that by assumption A = O(1/h) in order to control any
positive power of A like those coming from d,-derivatives. We are thus reduced to

(A.1.13) ﬁ el @ VEPWN(2,)p(E)o (y, A, b, €) dyd.
Define
1
(A.1.14) Y1 (z,y) =/ Y (ty + (1 —71)x)dr.
0

As on the support of 6, 1 — |z| ~ 1 — |y|, we see using (A.1.7) that for 0(z,y) # 0
(A.1.15) 0201 (2, y)| < Cap(l— ly)) 7177

and 9(y) = ¥(x) — 1(2,y)(x — y), so that (ALI3) may be written

1 L v@

(A.1.16) o T [ R -+ (2, A h) dyd,

Inside this integral, we decompose

(A.1.17) p(n+1(z,y) = p(¥1(z,y) +nq(z,y,n)

where q(x,y,n) fo (Y1(z,y) + 7n) dT satisfies according to (]A 1. 1[) (]A.1.15I) and for (z,y)
staying in the support of 6, bounds of the form

(A118) 1020507 (n0,) a(e, g, m)| < C )" ¢=10(1 — Jy])~Kasone

for some positive exponents K, g, . We substitute (A.1.17) inside (A.1.16). The first term in

the right hand side of (A.1.17)) gives the first term in the right hand side of (A.1.8). Consider
(A.1.16

;Y(x)
next the term in (A.1.16) coming from the last term in (A.1.17) i.e. the product of ¢' " » by

(A.1.19) —% eh @VG(z,y,m, A, h €) dydn,

with
qN(xa y,n, )\a h7 6) = 8y[9([l?, y)Q(xa Y, 77)0(,% )‘7 h’v 6)]
It follows from (A.1.6)), (A.1.11]), (A.1.18) that

(A1.20) (08010, (hOW)i(ar, y,m, A, )
< C)\_m+1+0/(1 + >\|y _ m0|)m—1(1 . ’y|)N<77>max(,u—1,0)

for any o, 7,4/, (, N. We perform inside integral (A.1.19)) integrations by parts using the operator
<%>_2(1 %7 Dy). We shall obtain a new expression

(A.1.21) /ei(’ﬁ‘y)"dl(w,y,n, Ash, €) dydn
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where §; satisfies since Ah < 1 and since 1 — |z| ~ 1 — |y| on the support of §(z,y),
(A.1.22) |05 03 (ndy)" (hdw) @ (x, y,m, A, D)

~No B
< O\ m+1+a’ ()\h) </\77h> (1 + )\|y - m0|)m—1(1 o ’:L_|)N<77>rnax(,u 1,0)

for an arbitrary large Ny. We perform next integrations by parts in (A.1.21)) using
Mz =) 2(1+ Nh(z —y) - Dy).
It follows from (A.1.22]) that the modulus of (A.1.21]) is bounded by

(123 x [ = ) o1+ My o)™ ™0 dydn(1 — [a])Y
Since Ah < 1, the modulus of (A.1.23) is O(RA™™ (1 + Az — xo)™ 1 (1 — |z|)V).

If we make act a J,-derivative on the integral in , one Oy-integration by parts to-
gether with (A.T.15) and estimates (A.1.6), (A.1.18)), shows that we get the same estimates
as in (A.1.18)-(A.1.23)), with m replaced by m — 1. In the same way, a Jy-derivative acting on
the integral gives rise to an extra factor A™1(1 + Ay — xg|) 2", that induces in the estimates of
a corresponding factor A~ (1 + Az — x¢|) 2.

Finally, a hoj,-derivative acting on the exponential in (A.1.16) may be trade off against a 79,-
derivative, so that by integration by parts, the final expression (A.1.23|) has still the same esti-
mates. We thus see that with p(n + ¢1(x,y)) replaced by ng(z,y,n) may be written as
the second term in the right hand side of . This concludes the proof. O

We shall translate Proposition on the class of symbols ™ introduced in Definition 2.2.1
Notice that if a belongs to ¥ and if for s € [0, T}[, we set

(A.1.24) A= (T, — ) 70, s =T, — \2%0,
then for a(s,y, h,€) in ™, the function
(A.1.25) oy, A, hye) = a(T, — X720y h€)
satisfies by
0, A By )] < A2 (1 4 Xy — g )20 (1 = [y

for any N i.e. bound (A.1.6) with o = 8 = ¢ = 0 and m replaced by m = 2kgm. If we take a
Oy-derivative of o, we get in the same way estimate (A.1.6)) with m = 2kom and o = 1. One

checks similarly that 9y, hdy derivatives acting on (A.1.25|) give rise to the similar bounds for

(A.1.6). In other words, with definition (A.1.25) of o in terms of a, we have the equivalence

(A.1.26) a€X™ <o eX™ with m = 2kgm.

Corollary A.1.4 Letp(§) be a function independent of x and satisfying (A.1.1]). Let (s,y,h,e) —
a(s,y, h,€) be an element of ™ defined as in Definition [2.2.1| for some m in R Let o) be a real

1
phase function defined on | — 1,1[ satisfying (A.1.7). Then zf t(T, — s)%r0 > ¢ >0, we have

t(E z 1 t(E T T
(A127) p(Dw)[et’[p(t)a(Sv;uEve)] :etw(t)p(wl(;))a(5)27

[u—y
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where a1 € Ty c Y™ and r satisfies
(A.1.28) 1020 (hO)) T (s, y, h,€)| < OnRN (1 + [y[) ™

for all a, 8,(, N.

Proof: 1If we set h = %, we have according to |D
(A.1.29) a(s, %, h,e) = Vt(O; 'a)(s, z, hy€)

so that the left hand side of (|A.1.27) may be written according to (A.1.4)) as

(A.1.30) \/159;1 [p(hD) (e a(s, 2, h, )]].

We notice that if A is defined by (A.1.24)), the assumption Ah < ¢ of Proposition is
equivalent to the condition #(T, — s)2%0 > ¢~! that we impose in the corollary. If we apply
Proposition to the symbol o defined from a by (A.1.25)), we deduce that (A.1.30) is equal

to

(=)

@ﬁl[p(dw(as))ei noa(s,x, h,€) 4 he' i 01(:1: A hy€) +1(x, A\ hye))

1
A.1.31 —
( ) vh
~ . __1
for some element o1 € Y™ with /i = 2kgm by (A.1.26). We denote by a; € Y 20 the

symbol associated to o1 by (A.1.26)), so that by (A.1.29)), we obtain (A.1.27) with r(s,z, h,¢€) =
r(x, A\, h, €) that satisfies (A.1.28)) by (A.1.9)), (A.1.24) and the fact that A(s)h < 1. This concludes

the proof. O

Corollary A.1.5 Denote for |z| < 1, p(z) = V1 — 22 and set p(§) = \/1+&2. Let m be an
element of X™ and q be in Z. We have

(A.1.32)
(x+ tp'(Dx))[eitq“"(””/t)a(s, %, %, €)] = ZL‘(l d )eitq“"(x/t)a(s,

x

t

V14 (g2 —1)(z/t)2

1
for some a; € X" %0 C X1 and r satisfying (A.1.28) (with h = %)

Proof: We just apply (A.1.27) noticing that y+p'(q¢'(y)) = y(l—ﬁ) by the definition
a*>—1)y

of p, . |

A.2 Properties of multilinear operators

We gather here some properties of multilinear operators that we use in the bulk of the proof.
Some of them follow from the appendices in [14].
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Lemma A.2.1 Let my € S19(M",p), mg € S1,0(M"2,q) for some p,q € N*, some vy,v5 € N,
with the notation introduced in Definition |3.1.1 Assume moreover that mi, mo have constant
coefficients. Then there is m in Sl,o(Mo”lJr”Q,p +q — 1) such that

(A.2.1) Op(ma)(ui, ..., up—1,0p(me)(up, - . ., Uptq—1)) = Op(m)(u1, ..., Uptq—1)

for any functions uy, ..., Uptq—1-

Proof: Equality follows from (3.1.3)) setting
M1,y Eprg—1) = M1(E1s - Ep1,&p + -+ §prg—1)m2(&py - -+, §prg—1)-
The conclusion follows from
Mo(&1, - Sp-1,6p+ o+ §p+q71)V1MO(§p7 s a§p+q71)y2 < CMo(&,- - »§p+q71)yl+yz
since Mo(&1,...,&n) is equivalent to the second largest among [£1| + 1,...,|&,| + 1. O

We recall some results abound boundedness properties of operators associated to symbols in the
class Sy 0(Mg,p) from [14]. Recall that we defined

(A.2.2) [ullwe.ce = [[{Da) wl| poe-

Then, by Proposition D.1.1 of [I4] (applied with A~ = 1 and to symbols independent of z,y with
the notation of that reference), we have

Proposition A.2.2 Let n € N* x € N,v > 0. There is pg € N such that for any m €
Sk,0(My,n), independent of x, the following estimates hold for any s € N, any v1,..., v,

(A23) [0pm) @ vl < O S (TTleellwooe ) gl
J=1 #j§
and moreover, for any fized j in {1,...,n}
(A.24) 10pm)(w1, - vl 2 < € (T eellwene )l 2
#j
(A25) 10p(m) (v, - v 1ze < Ca(TTorllymece )y 1
U

If one assumes in addition that m is supported for |&1] + -+ + |&no1] < C(1 + [&]) for some
constant C', one gets instead of

n—1

(A.26) 10pm) (w1, va) e < Cs ([T eellwo s ) ol
/=1

and for any j < n,

(A2.7) [0p(m) (w1, oa)lze < Cullogllza ([T Ivellweos) vn oo
&
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Without the support condition on m, we get instead for any 1 < <n—1

L
(A.2:8) [[0p(m)(va, . va) = < Co| D~ (TT lowllwro ) sl
J=1 U#j

n ¢
+ 30 D lwilweorslivglee TT loellwos ).

j=t+1 =1 05
1<¥/<n

Finally, inequality holds also for x-dependent symbols in S, g(My,n) for any k> 0,8 >
0.

Proof:  Estimates and are inequalities (D.6) and (D.7) of Proposition D.1.1 of
[14]. Inequality follows from ([A.2.4)) if we make act s d,-derivatives on Op(m)(v1,...,vn)
and use Leibniz rule. In addition, (A.2.4) holds for general symbols in S, 3(M¥,n) by (iii) of
Proposition D.1.1 of [14]. Estimate E}) is just inequality (D.5) in [14]. Let us prove

when j = 1 for instance. Using the support property of m, we may write for any o € N, a < s,

9S0p(m)(v1,- -+ ,vs) = Op(m)(v1, ..., Vn-1, (Dz)’vy)

for another symbol m in Sy o(M},n). Applying (A.2.4]) we get (A.2.7).
To prove (A.2.8), we decompose

m&,. &) =Y mji(&, ... )
j=1

where m; is in Sy o(M{,n) and is supported for |{;| + -+ + |E;| + -+ 6] < C(1+1¢]). For
1 <j </ we apply with n replaced by j to bound [|Op(m;)(vi,- -+ ,vn)| ms by the first
sum in the right hand side of (A.2.8). For £ +1 < j < n we bound [[Op(m;)(vy,--- ,vn)l|ms
using with (j,n) replaced by (j', 7). This concludes the proof. O

A.3 Action of L, on characteristic cubic expressions

Consider m an element of S 9(Mp,3) with constant coefficients, with the notation introduced
in Definition Let I = (i1,12,i3) be a characteristic index i.e. an element of {—1,1}® with
i1 + 42 + i3 = 1. The goal of this subsection is to obtain L? estimates for the action of Ly ona
characteristic cubic term.

Proposition A.3.1 There are integers pg,So in N such that for any functions wi,ws,ws the
following estimate holds true

3
(A31) L Op(m)(wr, ws,ws)lz2 < O3 (ILigwellze + el o) TT o
/=1 1§i§3
VES4

In addition, one has also the bounds

|1 L+ Op(m) (w1, w2, w3)|| 2 < C(||Liywill 12 + llwil| 3o ) 1wallyyse.so [|wslyyse.e
(A.3.2) + Cllwillyyo.ce ([ Liywall 2 + [[wal g0 ) 1ws]yyso.00
+ Cllwi| 2 lwalyyso.oo (1 Liswsllwsoce + lwsllyyso.)
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and

|L+Op(m) (w1, w2, w3)|| L2 < C (|| Liywil 2 + w1l grso ) lwzllywso e [lwslyao.00
(A.3.3) + Cllwil| g2 wallyso.ee (| Liswsllwsoce + lwsllyso.ee)
+ Cllwt || 2 (|1 iy wallyyrao.ce + [[w2llyyrso.ce ) w3l oo

Moreover estimates similar to , hold if one makes any permutation of (1,2,3) in
the right hand side.

To prove the proposition, we shall apply some results of [I14]. In order to do so, we reduce
ourselves to the framework of the appendices of that reference, using the rescaling (A.1.5)). Set
h =1 and

¢

1 T
(A.3.4) Uj = (@hwj)(m) = ﬁw](ﬁ)
Then if we set
(A.3.5) [vllz; = [[{AD2) vl 2, [[vllwpee = [[{(RD2) || Lo,
one has
_1
(A.3.6) lojllz; = Nwillzss [lvjllwee = b7 |wjllweee.
Define
1 : ’
(A.3.7)  Opu(m)(vy,ve,v3) = @y / e EFETE) (hey, hey, hes) [ [ 65(&) dérdéadés.
j=1
Then
(A.3.8) ©;, 'Opy,(m)(Opw1, Opws, Opws) = h™'Op(m) (w1, wa, ws).
Moreover, by (A.1.4)), if we set
1 1
(A3.9) Li = Opy(0 % 1/(€) = 1 (v 9/ (hD2)
we get
(A.3.10) 0,1 0L oOpuw=Liw.

It follows from ((A.3.4)), (A.3.6))-(A.3.10), that inequality (A.3.1)) is equivalent to

3
(A.3.11) |£+Opy,(m)(v1,v2,v3)| 2 < CZ(HQ’@WHL? + [lvell ;5 ) H l[vellyy-p0.00 -
=1 hgi<a "
e

In the same way, (A.3.2) is equivalent to
1£40py(m) (v1,v2,v3) | 2 < C[([|Li 01 L2 + HUIHH}S;O)H”QHWEOWHUSSHWSOW
(A.3.12) Hlorlypzooe (1£izvall2 + [zl 0 ) 03l 0.0

Hlotllzzllvzlly o (1£isvsll o + 03]l )]
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and (|A.3.3)) is equivalent to
1£4.0py(m)(v1,v2,v3) |2 < C[([[Li 01 L2 + ‘|U1||Hio)||v2‘|wfom”U3||W507°°
(A.3.13) + ||U1HL2HU2||W50700(||£isv3||W£Ov°° + ||U3\|W’§o,oo)

+ ||U1\|L2(\|Eizv2|\wfo,oo + HUZHWSO»OO)HU?rHW,anOO]-

Moreover, estimates of Proposition hold (uniformly in h €]0, 1]) if we replace everywhere
Op(m) by Opy(m), ||l by [|-lzg, I-[lweee by ||-[[yeoe.

Proof of Proposition[A.3.1: Let us decompose

m(£17£2563) = mL(§17£Qa€3) + mH(£1a£2a£3)

A.3.14 &
(4.3.14) mi (€1, €2.65) = 3 ml (61,62, 65)

Jj=1

where for some 8 > 0 small, m” is supported for |&1]+|&a| + €3] < Ch™7, while mf is supported
for |&| < C¢;], £ # j and |€;] > ch™P, each of these symbols being in S o(Mo, 3).

e Contribution of m* to (A.3.11)-(A.3.13)

Write

(A.3.15) L, Op,(mi) (v1,v2,v3) = Opy, (i) (v1, va, v3) + Opy, (M) (L, 01, v2,v3)
+ h7'p (hDy)Opy, (mi") (v1,v2,v3) — i1h ™ Opy, (m{") (p' (hDz)v1, va, v3)

where mil = i% € S10(MZ,3). In the arguments of each term in the right hand side, we
may replace v1 by Opy,((1— x0)(h?€1))v1 for xo € C$°(R), equal to one close to zero, with small
enough support, by the support property of m{l . We estimate then the L?-norm of (A.3.15)
using the version of for Opy,(m). We obtain

(A:3.16) [|£+Opy(mi")(v1,v2,03)l| 2 < C (RO, (1 = x0) (R7€))vil 22 + 1 L3y 01| 2)

vzl 0 oo [[v3 ] yyrpo.o0
if pg is taken large enough. Moreover, in the first factor in the right hand side, we may bound
(A3.17) A10pA((1 = x)(BP)wnllze < CHH5% w1, < Clenl g

if 5¢ is chosen large enough so that $p8 > 1. Thus the left hand side of is bounded
from above by the first term in the right hand side of . By symmetry, we thus get that
(A.3.11)) for m replaced by m* holds.

Let us prove (A.3.12) for m*. By (A.3.15) to (A.3.17), the contribution of m{’ to the left hand
side of @D is estimated by the first term in the right hand side of this inequality. In the
same way, the contribution of mg is bounded by the second term in the right hand side. For
mil, write instead of (A.3.15)

(A.3.18)  L4Opy(m4')(v1,v2,v3) = Opy, (g ) (v1,v2,v3) + Opy,(mf ) (v1, va, Lizvs)
+ h_lp'(th)Oph(mgl)(vl, V2, V3) — igh_lOph(méf)(vl, v, P (hDy)v3).

We use next (A.2.4) with j = 1. The L?-norm of (A.3.18)) is bounded from above by

(A.3.19) Cllvtllz2 vzl o0 (Hﬁmvsllwflm + 7 Opy (1 - X(hﬁﬁ))vsl\w’flm)
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for some large enough p;. If pg is such that (pg — p1)8 > 1, we may bound the last term by
||113||Wp0 ~, using that operators of negative order are bounded on L°°-spaces. This gives an
estlmate of (A.3.19) by the last term in the right hand side of ({A.3.12] m

Finally, let us prove (A.3.13)) for m®. The contribution of m1 , mgl are treated as in the study
of (A.3.11)) and (A.3.12) above. For mg , We write for mil instead of mi! with indices
2 and 3 interchanged in the right hand side. This gives an estimate for the mg -contribution to
the left hand side of ({A.3.13]) by the third term in the right hand side.

e Contribution of m’ to (A.3.11)-(A.3.13)

Since m! is supported for |£1] + |&| + €3] < Ch™P by construction, my satisfies estimate
with 8 > 0, v = 1,k = 1, i.e. belongs to the class S; 3(Mp, 3). This allows us to apply
Proposition F.2.1 of [I4] that asserts that a Leibniz rule holds, in that sense that if (iq,1d2,13) is
characteristic,

L4 Opy,(m*)(v1,v2,v3) = Opp,(m¥)(Li,v1,va, v3

ol )
(A.3.20) +O0py, (m§ ) (v1, Liyvz, v3)
+O0py, (mF)( )

)

+O0py, () (v1, v2,v3

v1,v2, Li,U3

where m ,j=1,2,3 and r are elements of the class S g(M{,3) for some v € N. Actually, in

[14], there is also a weight H i1 (& ]> in the right hand side of the inequalities @) that define
the symbols, but that does not play any role in the proofs. There is also in Proposition F.2.1
of [14] an extra term in the right hand side of , of the form h=1Opy, (') (v1,v2,v3) for
some r’. Such a term does not appear here because our symbols are constant coefficients and in
particular do not depend on the y-variable in Proposition F.2.1 of [14]: see the last three lines
in Proposition B.2.1 of [14].

To obtain (A.3.11)) for m”, we now just have to use estimate for each term in the right
hand side of (D putting the L? norm on the factor in L;,vj for the first three terms in the
right hand side.

One obtains (A.3.12) for m* in the same way, except that we treat the Oph(mé)—term in the
right hand side of (A.3.20)) putting the L? norms on the factor vy in estimate . Finally,
to get (A.3.13)) for m%, we argue in the same way, controlling the L? norms of the Op,,(m%) and
Opy,(m%) terms using where we put the L? norm on the v; term in the right hand side.
This concludes the proof. O

A.4 Klainerman-Sobolev estimates

We prove in this subsection a Klainerman-Sobolev estimate for the one dimensional Klein-Gordon
equation. This estimate is not new and may be found implicitly on a weaker form in [13] [3T] for
instance. We first introduce some notation.

If § € [0,1], let us introduce Ss(1) the space of smooth functions (z,£) — a(z, &, h) from R? to
C, depending also on a parameter h €]0, 1], such that for any «, 5 in N

(A4.1) 10907 a(x, €, h)| < Coh™0CFF),
For u € S(R), define the semi-classical Weyl quantization of a acting on u by
1 (e (T TY
W — = | Gilz—y)
(A4.2) Opy (@)u =5 [ e ha( £, h) (y) dyde.

If b(z,&,y,n) is a smooth function, define
(A43) U(Dwa Dﬁ’ Dyv Dn)b(xy §, Y, 77) = (DﬁDy - Dan)b(x, £y, "7)
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and recall that if § € [0, %[, if a1, a9 are in 5’5(1), there is a symbol a1#pas in 5’5(1), such that
for any N

N o1 b .
(Ad4) ar#nas = Y (5 0(De, De, Dy, Dy) ) (a1, )az(y,m) o=y e

k!
k=0

is in AVFD(-20)§5(1) and

(A.4.5) Ova(al) o Ova(ag) = Ova(al#hag).

In particular, if a; and as have disjoint supports, Ova (a1)o Op}lN(az) may be written for any N
in N as hNOp)Y (r) with 7 in S5(1), since § < 1.
Recall also that if a € Ss(1), Ova (a) is bounded on H} with uniform estimates

(A.4.6) 10p (@)ullsy < Clullm;.-

All the results above may be found for instance in Chapter 7 of the book of Dimassi-Sjostrand [15].
Our goal is to prove:

Proposition A.4.1 Let pp € N. There is so € N such that for any function w, one has the
bound

1 1
(A47) ollwane < == ((1Eswlizz + fwlleo) ? fwll e + [ Z1wllz2 ),

SlQ

where Ly = x4 tp'(D,) with p(§) = /1 + &2.

We deﬁne from w a function v by (A.3.4) and using notation and (A.3.6), we see that
is equivalent to

1 1
(A48) Jolgoes < C((NE+vllze + olgz0) 2 ol3n + 140012 ).

Let us notice that one may further reduce to proving that there is some large enough sy such
that the following estimate holds:

1 1
(A49)  ADvliee < C((1£+0llzz + Noll o) 2ollZ oy + 1400 0 )-
h h h

Actually, if lb is proved, we may apply it to vy = Ova(x(Q_kf))v for some x € C§°(R*)
and k£ € N. We have then
logllypeose < C2HEFD|[(RDy) P vg| oo

< 2 (1L vl + el o) el + 10l )

< C2MPF T (|| 50 o + V]l z720) : HUH2 s+ C2RPr3=R0) (|| L 0] g2 + ol 2).

from which (A.4.8)) follows by summation of a Littlewood-Paley decomposition if sg > 59+ 2(po+
3) and Sp > po + 3.

In the rest of this subsection, we shall prove (A.4.9). Before starting the proof, we make some
reductions.
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Lemma A.4.2 Let v,x € C§°(R), equal to one close to zero, with small enough support. Let
M € N. There is 8 > 0 and a family of smooth functions © — 0p(x), depending on a parameter
h €]0,1], with for any a € N, 020y, (z) = O(h=28%), ), being supported in [—1 + ch?’,1 — ch?P]
for some ¢ > 0, such that for any function v

[(hD4) v — OpyY (v((x + p'(€))(E)*) X (RPE)0n () (€) %) v]| L

A.4.10
( ) < c(||v||H:% 1Ll 2nen).

Proof: By semi-classical Sobolev embedding, one has for any ¢ > 0
—2 Wi (BB —3HB(s+3—¢ ,
(A.4.11) [{hDa) (v = Oy (x(B7€))v) | = < Ch™2 P27 o g

if s > —% +¢€, so that we have an upper bound by the right hand side of (A.4.10f). We shall study
next the L™ norm of Op}" (a(x,&))v if

(A.4.12) a(z,€) = x(FP€)(©) (1 — M ((z + P ()(€)?) = ai(z,&)(z + /()

where a; = x(RP€)v1((z + ' (€))(€)?) with 71 (z) = 129G Then a and a1 belong to Ss(1) with

0=28< % for small enough 8 > 0. We use 1) 1) to write with some 7 in Sg(1)

Op) (a)v = Op)’ (a1) 0 Op)Y (z + p/(€))v + B ~2°Op)Y (r)

(A.4.13) B
= hOp}) (a1)Lyv + h'*0pY (r).

In the right hand side write
(A.4.14) Opy (a1)L1v = Opy (a1)Opy ((€)**) (D) "M L 1v)

and use that since M is an integer, we have an exact composition formula ((A.4.5|

2M
(A415)  Opy(ar) o OpY ((€)*') =) %(igawx, De, Dy, D)) (a1 (2. €)M my o
k=0

Since |¢] = O(h™?) on the support of a1, we get that (A.4.15) is of the form h_QM‘SOpXV(aQ with
h

some ag € 55(1). Applying again the semi-classical Sobolev inequality, we deduce from (A.4.14)),
(A.4.15)

1
10D (@) Lol| e < CRT2 MO Lo onryye
Plugging this in (A.4.13]), we get

1_ 1_
(A.4.16) 10D (a)vll o < CRE2ML0] o,y + CHEZIODE ()] .-

If 6 = 25 is small enough relatively to 1/M, this implies that (A.4.16) is bounded by the right
hand side of (A.4.10). Taking into account (A.4.11)), we thus see that it remains to consider

(A.4.17) OpyY (X (W) ((z + 1/ (€))()*) (1 — 0) (2)(€) ?)w.

We shall be done if we prove that, if Suppy has been taken small enough, we may choose 0y,

such that it is equal to one on the support of x(R%€)y((x + p'(€))(€)?) so that (A.4.17) vanishes
identically. This follows from the fact that, if Supp~ is small enough and ~v((z + p'(£))(€)?) # 0,

then when & — 400 (resp. £ — —oa), x + 1 (resp. # — 1) stays in an interval [c; /€2, c2/€2] (resp.
[—ca/€2, —c1/€?]) for some 0 < ¢1 < co. If in addition, |¢| = O(h™?), this implies that = belongs
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to the interval [—1 + ch?? 1 — ch?P] for some ¢ > 0, which allows to construct the wanted 6j,.
This concludes the proof. O

Proof of Proposition[A4.1: We set with the notation of Lemma [A74.2]

(A.4.18) 0 = Opy (v((z + ' (€))(€)")0n(2)x (R7€) (&) " )v
so that, by that lemma, inequality (A.4.9)) that implies Proposition will follow if we prove

1
(A4.19) [l < Ol g0 + IL+0lz2)2 ol -
Take 0), € C5°(] — 1,1]), equal to one on the support of 6, satisfying %6, = O(h=%%) (with
6 = 28) for any «. Since the symbol of the operator defining o in is in 5“5(1), it follows
from (A.4.5) and the remark following it, that (1 — 6;)8 = hNOp," (r)v for some symbol 7 in
55(1) and any N. Then, using again semi-classical Sobolev estimate and , we see that
(1 = 0;,)0|| L is estimated by the right hand side of . We are thus left with studying
0,0. If p(x) = V1 — 22 for z €] — 1,1], write
~ 1

. e . 1 iAok e
(aa0) |00l = e R0l < OR™3hDa(e™ R 0:2) | Falle™ R Oul

~ 1 ~ 1 1
< Ch™ 3 (||0n(x) (hDy — dp(x))8)|2, + [|(hD103) 5] 2,) 3|2,

Note that (hD.0,)0 = —ihl_‘sé,ll(a:)f} for a function é}l satisfying again 26} = O(h=%*), whose

support does not intersect the support of the symbol defining ¢ in (A.4.18]). Using again ({A.4.5]),
(A.4.20

we conclude that ||(hD01,)0| 2 < exh™||v| 12, so that to show that (A.4.20) is bounded by the
right hand side of (A.4.19)), it is enough to prove that

1 | ;1
(A4.21) B E 100 @) (BDs — dp (@)l 117l £ < Cllel oo + 1£401122) 0] 2,
h

Notice that in (A.4.21)), h#8),(z)de(z) is an element of S5(1) and that
) Wi o ha
(A.4.22) On(x)hDy = Opy, (01€) + z§9h(:c).

Again, the last contribution in (A.4.22]) will bring a trivial term to estimate in (A.4.21f), so that
we are reduced to the study of

1 ~ L1
(A.4.23) h™2|OpyY (On(2)(§ — de(2)))5]1 7. 115 .-
If we express 0 from (A.4.18]) and use (A.4.5), (A.4.4) at order N = 1, we obtain
(A4.24) P (B ()€ — dip()))5 = OpY (ao (. £) + han (z,€) + K125y,

where 7 € 5’5(}) is the remainder in (A.4.4) (the extra power h~? coming from the fact that
0y dyp is not in S5(1), but only in h=5S5(1)), and where ag, a; are the first two terms in expansion

and are given explicitly by
a0 = 0a(2)(€ — dp(w))7((x + PO x(hPe)(e)~°
a1 = —5{(6 — do(@)). Ba(@)y((x + 7 (ONEI(HE)(E) ).

If 4, B are small enough, the r term in (A.4.24) brings to (A.4.23|) a contribution bounded by the
right hand side of (A.4.21)). We thus have to study agp, a;. We use Lemma 1.8 of [I3] to rewrite
ap,a1. According to (1.28), (1.29) with x = 2 in that reference, we may write

(A.4.26) ao(z,§) = (z +p'(€))bo(,€)

(A.4.25)
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where by is supported for |¢] < h™8, 1 — 2% > ¢(€)"? and satisfies estimates of the form
\838?/190(:1:,5)] < C(6)**™" . Actually, as already seen in the proof of Lemma [A.4.2) 6), = 1
on the support of v((z + p/(€))(€)*)x(hP€), so that this factor 6, may be omitted in the defini-
tion of ag. It follows then that by is in S5(1) with § = 2.

We may thus apply , A.4.4) to write

(A.4.27)
Opy) (ag)v = Opy (bo(x, &) (z + p (&)
=ﬂm¥wmm¥m+ﬂ@»v—ﬁo (‘%O

23

0b
P'(€) 5 )0+ B 0p (r)u

for some 7 in S5(1). In the above expression, a—bg - ’(5)% is in S5(1) since p” (&) = O((&) ™).
Applying (A.4.6) to the three terms in the right hand side of (A.4.27), we get that for 5 > 0

small enough

10D} (a0)vll 22 < C(IOPY (2 + ' (€))vll 2 + Allv]l2)

(A.4.28)
< Ch([|L4v] 2 + [[v]|z2)-

Consider next aj given by m (where 6, (z ) may be removed). As on the support of aq,
9% (do(x)) = O((€)112*), it follows that a; is in S5(1), so that the second term in the right hand

side of (|A.4.24) satisfies

(A.4.29) RIOPY (a1 )oll 2 < Chlfo]l .

Plugging (A.4.24)), (A.4.28)) and (A.4.29) inside (A.4.23), we get that this expression is bounded
from above by the right hand side of (|A.4.21)). This concludes the proof. O
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