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Abstract

The theory of epistemic random fuzzy sets is a general theory of uncertainty encompassing
both possibility theory and the Dempster-Shafer theory of belief functions as special cases.
Within this framework, Gaussian random fuzzy numbers have recently been introduced as
a practical model of uncertainty about real variables. However, the limited flexibility of
this model does not allow it to represent all kinds of beliefs encountered in applications.
In this paper, it is extended in two ways. First, we study one-to-one transformations of
random fuzzy sets and show that such transformations commute with combination. This
property allows us to define parametric families of easily combinable random fuzzy numbers
and vectors on different frames based on the Gaussian model. We then go one step further
by studying mixtures of random fuzzy variables, which provide a very flexible model making
it possible to construct belief functions on continuous frames with arbitrary complexity.
To demonstrate the applicability and practical interest of these models, two applications
are studied: the elicitation of expert beliefs about numerical quantities, and generalized
Bayesian inference with weak prior information represented by random fuzzy numbers.

Keywords: Belief functions, evidence theory, possibility theory, random fuzzy sets,
uncertainty, statistical inference, elicitation.

1. Introduction

The Dempster-Shafer (DS) theory of belief functions [5, 24, I1] and possibility theory
[28, 14, [12] are two powerful frameworks for representing partial information and reasoning
with uncertainty. Whereas DS theory makes it possible to represent partially reliable evi-
dence, possibility theory allows us to express uncertainty based on vague information such
as conveyed by fuzzy sets. In [8 [13], we have argued that DS and possibility theories can
be viewed as two specializations of a more general theory of “epistemic random fuzzy sets”.
A random fuzzy set (RFS), also called “random fuzzy variable”, maps each element of a
probability space to a fuzzy subset of a set ©. It is, thus, a model of evidence that can
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be both uncertain and fuzzy. In this framework, a possibility distribution can be viewed
as a constant RFS, while a random set (a notion underlying DS theory) corresponds to the
special case where all images are crisp. Random fuzzy sets induced by independent pieces of
evidence can be combined by the (generalized) product-intersection rule, which generalizes
both Dempster’s rule of combination and the normalized product intersection of possibility
distributions.

Whereas the theory of belief functions has been defined from the start in a very general
setting [25], most applications have used only belief functions on finite spaces. This limita-
tion was mainly due to the absence of general enough parametric families of belief functions
in continuous spaces that could easily be defined and combined by Dempster’s rule of com-
bination. In [9], we have proposed Gaussian Random Fuzzy Numbers (GRFNs) as a model
for defining belief functions on the real line. A GRFN is a “doubly Gaussian model”: it
can be seen either as a Gaussian possibility distribution whose mode is a Gaussian random
variable, or as a Gaussian probability distribution whose mean is a Gaussian fuzzy set. We
have also proposed Gaussian Random Fuzzy Vectors (GRFVs) as a multidimensional exten-
sion of GRFNs, which makes it possible to construct belief functions in R? for p > 1. The
families of GRFNs and GRFVs are closed under the product-intersection operation, which
makes them suitable for evidential reasoning with continuous variables. An application to
machine learning was presented in [9] [10].

Practical as it may be, the GRFN model is quite restricted. The domain of a GRFN is
the whole real line, making the model unsuitable for representing belief functions on a real
interval such as (0, +00) or [a,b]. Furthermore, a GRFN is unimodal (the contour function
has a unique maximum) and symmetric about the mean y, i.e., intervals of the form [y —r, u]
and [, +7], for any r > 0, have the same degree of belief; these properties may not always
reflect an agent’s actual beliefs. The GRFV model is also inadequate for representing, e.g.,
beliefs on probabilities or proportions, for which the domain of interest is the probability
simplex. It is thus of interest to define more flexible parameterized families of random fuzzy
numbers and vectors with different supports and different “shapes”, while maintaining the
closure property under the product-intersection rule.

In this paper, the objective stated above is achieved in two ways. We first study bijective
transformations of RFSs and show that such transformations commute with combination,
i.e., applying the transformation before or after the combination yields the same result. This
property is exploited to define easily combinable random fuzzy numbers and vectors based
on GRFNs and GRFVs. We then go one step further by studying miztures of RFSs, which
provide a very flexible model making it possible to construct belief functions on RP with
virtually unlimited complexity. Finally, we combine the two ideas and propose miztures of
transformed GRFNs and GRFVs as a very general model of RFSs (and associated belief
functions) easily combinable using the product-intersection rule.

To demonstrate the applicability and practical interest of the flexible models introduced
in this paper, two applications will be discussed. The first one concerns the elicitation
of expert beliefs about a numerical quantity of interest. Without getting into the delicate
methodological problems posed by real elicitation experiments, we will demonstrate how
the parameters of a random fuzzy number can be fitted to a small number of expert plau-
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sibility statements. The second application is related to generalized Bayesian inference. As
discussed in [8, [13], the relative likelihood function can be seen as possibility distribution
about the parameter of interest. This sample information can be combined with prior knowl-
edge expressed as a RFS, which constitutes a form of “weak prior”, ranging continuously
from precise knowledge represented by a probability distribution, to complete ignorance. In
many cases, the likelihood function (sometimes after transforming the parameter) is well ap-
proximated by a Gaussian possibility distribution and can easily be combined with a GRFN
or a mixture thereof to compute a posterior RFS.

The rest of this paper is organized as follows. The main definitions related to RFSs and
GRFNs are first recalled in Section 2l Transformations of RFSs and mixture models are
studied, respectively, in Section [3] and [dl The applications are then discussed in Section
Finally, Section [6] concludes the paper.

2. Random fuzzy sets

To make the paper self-contained, the RFS setting and its relation with belief functions
will first be briefly reviewed in Section [2.1. The GRFN and GRFV models will then be
recalled, respectively, in Sections and

2.1. General definitions and results

Definition. Let us consider a probability space (€2, 3q, P), a measurable space (0, Xg), and
a mapping X from Q to the set [0, 1]® of fuzzy subsets of © (see Figure . For any o € [0, 1],
let X be the mapping from  to 2° such that

"X(w) = (X))
where o[X(w)] = {0 € © : X(w)(#) > a} is the weak a-cut of X (w). If, for any o € [0, 1],

X is ¥ —Xg strongly measurable [22], the tuple (2, Xq, P, 0, Yo, X) is said to be a random
fuzzy set (also called a fuzzy random variable) [4]. We define the support of X as the union
of the supports of its images, i.e.,

supp(X) = | J{0 € ©: X(w)(0) > 0}.

weN

If © is equal to R or a real interval, and if the images X (w) are fuzzy numbers (i.e., normal
and convex fuzzy subsets of R), X is said to be a random fuzzy number (RFN). For any
a € [0,1], the mapping X is, then, a random interval.

(Q,EQ,P) (6329)

Figure 1: Definition of a random fuzzy set.
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Interpretation. In epistemic random fuzzy set (ERFS) theory, RFSs are used to represent
unreliable and fuzzy evidence: the set () is then seen as a set of interpretations of a piece
of evidence about a variable € taking values in ©. If interpretation w € € holds, we know
that “0 is X (w)”, i.e., @ is constrained by the possibility distribution defined by fuzzy set
X (w). Such RFSs encode a state of knowledge about some variable 0, hence the adjective
“epistemic”. This model should not be confused with alternative interpretations of RFSs as
describing a fuzzy data generation mechanism [23, [I7], or as imprecise information about a
“true” random variable [19] 3].

Belief and plausibility functions. Just as a random set, a RFS induces a belief function,
which can be seen as quantifying one’s beliefs based on the available evidence. From now
on, we will assume any RFS X to verifying the following normalization conditions:
1. For all w € ©, the height of X (w), defined as hgt(X (w)) = SUDgco X (w)(8) is either 0
or 1, i.e., X(w) is either the empty set, or a normal fuzzy set;

2. The image X (w) is almost surely nonempty, i.e., P({w € Q : X(w) = 0}) = 0.

For any w € , let II W) be the possibility measure on © quantifying our beliefs on 6
given that interpretation w holds; it is defined ,for any B € g, as

g, (B) = sup X (w)(6). (1a)
oeB
The dual necessity measure N () is

1 —Tg,(B) if X(w) #0

: (1b)
0 otherwise,

N)?(w)(B) = {

where B¢ denotes the complement of B. For any B € Yg, let Belg(B) and Plg(B) denote,
respectively, the expected necessity and the expected possibility of B:

Bel(B) — /Q Ny (B)AP(w), (2)

Ple(B) = / Mg, (B)dP(w) =1~ Belg(B°). (2b)

The mappings B +— Belz(B) and B +— Plg(B), are, respectively, belief and plausibility
functions [29] [4].

Lower and upper expectations of a REFN. Let X be a RFN and assume for simplicity that,
for any w € €2, the membership function X (w) is upper-semicontinuous, so that for any
a € (0,1], X (w) = [*X~(w), “X *(w)] is a closed interval. The lower and upper expectations
of X are, respectively, the expectations of its lower and upper bounds. The lower and upper
expectations of X [13] are then obtained by averaging these expectations with respect to «,
ie.,

E.(X) = /0 11[«;(09?—)6504 and E*(X) = /0 IE(@’F)da. (3)
4



Combination of RFSs. The combination of independent pieces of evidence by Dempster’s
rule [24] is a key component of DS theory. In possibility theory, conjunctive combination
operators are based on t-norms [I5]. In ERFS theory, the product-intersection rule intro-
duced in [§, [13] extends these operators to the general case where evidence is represented
by RFSs. B

Let (Q;,%;, P;, 0,30, X)), i = 1,2, be two RFSs encoding independent pieces of evidence.
The independence assumption means here that the relevant probability measure on the joint
measurable space (2; x 9, %) ® 3y) is the product measure P, x P,. If interpretations
wi € O and wy € €y both hold, @ is constrained by both X, (wy) and )?Q(wQ). It is then
natural to combine these two fuzzy sets by an intersection operator. As argued in [I5] [§],
the product t-norm is the most suitable for combining fuzzy information from independent
sources. Furthermore, the normalized product intersection operation is associative.
__ Conflict needs to be handled at two levels. First, the product intersection of fuzzy sets
Xi(wy) and Xs(we) has to be normalized to obtain a normal fuzzy set, or the empty set
in case of total conflict. Let ® denote the normalized product intersection, defined for any
fuzzy subsets F and G of © as

F(0)G(9) , =
(Fod)O) = gr.q eEe=0 (4)
0 otherwise.

We consider the mapping )Af@(wl,WZ) = Xl(wl) ) )’ZQ(CUQ) assumed to be X; ® Yo-Yg
strongly measurable. Secondly, the product probability measure P; x P needs to be condi-
tioned to eliminate pairs of fully inconsistent interpretations (wq,ws) € €23 X €2y such that
hgt(X1(w;) X2 (ws)) = 0, but also to downweight pairs of partially inconsistent interpreta-
tions such that 0 < hgt(X; (wi)Xs(ws)) < 1. This is achieved by soft normalization proposed
in [8, 13], which consists in conditioning the product probability P; x P, by the fuzzy subset
©* of consistent pairs of interpretations, with membership function

6" (w1, ws) = hgt (Xl(wl) - 5(’2(@2)) . (5)

The conditional probability measure Piy = (P, x Py)(- | ©*) has the following expression,
for any B € ¥ ® Xa:

(P x P)(BNO") _ Jo, Jo, Blwr, wa)hgt (Xl(wl) Xz(a&)) dP(w2)d Py (wr)
(P x P,)(67) Jo Jo, het (K1) - Kolws) ) dPo()dPy ()

Plg(B)

I

where B(-,-) denotes the indicator function of B. The combined RFS, denoted by X, @ X,
and called the orthogonal sum of X and X5 is, thus, formally defined by the following tuple:

(1 X Q9,3 ® X, ﬁu, o, E@,)?Q)-

The operator & is commutative and associative; it generalizes both Dempster’s rule and the
normalized product intersection of possibility distributions.
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2.2. Gaussian random fuzzy sets

The important role played by the Gaussian distribution in probability theory and statis-
tics is partly due to the fact that it is amenable to easy calculation. Until recently, such a
practical model was missing in DS theory, which hindered its application to uncertain rea-
soning with real variables. The GRFN model fills this gap by blending Gaussian possibility
distributions and Gaussian random variables.

Gaussian fuzzy number. Let us start by recalling the definition of a Gaussian Fuzzy Number
(GFN) as a fuzzy subset of R with membership function

£ s (i, h) = exp (—%(x - m)?) |

where m € R is the mode and h € [0, +00] is the precision. Such a fuzzy number will be
denoted by GFN(m,h). GFNs are easily combined by the normalized product intersection
operator (4)), as the following property holds: GFN(my, hy) ® GFN(ma, he) = GFN(mqa, hy +
hQ), with mio = (h1m1 + hgmg)/(hl + hg)

Gaussian random fuzzy number. Let us now consider a probability space (£, Xq, P) and a
Gaussian random variable (GRV) M :  — R with mean x and variance 0. The random
fuzzy set X : Q — [0, 1]* defined as

X (w) = GFN(M (w), )

is called a Gaussian random fuzzy number (GRFN) with mean p, variance o2 and precision
h, which we write X ~ ]V(,u, 0%, h). A GRFN can, thus, be seen as a GFN whose mode is
uncertain and described by a Gaussian probability distribution. It is defined by a location
parameter 4, and two parameters h and o2 corresponding, respectively, to possibilistic and
probabilistic uncertainty. In the special case where the precision is infinite, X becomes
equivalent to a GRV with mean y and variance o2, which we can write: N(u,0?, +00) =
N(p,0?). If 0 = 0, M is constant and X is equivalent to possibility distribution GFN(u, h),
i.e., N(11,0,h) = GFN(u, k). Finally, when h = 0, we have X (w)(z) = 1 for all w €  and
all z € R: such a RFS represents total ignorance and the corresponding belief function is
said to be vacuous.

Belief and plausibility. Formulas to compute the plausibility and belief degrees of any real
interval [z,y] induced by a GRFN X ~ N(p,02 h) are given in [13]. In particular, the
contour function of X is given by

1 h(z — p)? )
l3() = ———=exp| /5 | - 6
(o) = o (i s B
The lower and upper cumulative distribution functions defined, respectively, as the mappings
x +— Bel(—o0, z] and x — Pl(—00, x] have the following expressions:

Betg((—so.a) = @ (21) —pig(e (L), (72)
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where ® is the standard normal cdf, and
Plg((—o00,z]) = Belg((—o0,z]) + plg(z). (7b)

Lower and upper expectations. Let X ~ N(u, 02, h) be a GRFN with & > 0. As shown in
[13], its lower and upper expectations are, respectively,

and EY(X) =+ /—. (8)

Combination of GRFNs. Most importantly, as shown in [13], tile fan}vily of GRFNs is clgsed
under the GPI combination operation @: given two GRFNs X; ~ N(uy,0%, hy) and Xy ~
N(,ug, O'%, hg), we have X1 D X2 ~ N(/jl%a:%% hl -+ hg), with

~ hlﬁl + hzﬁg ~9 h%b? + h%&% + 2ph1h25152

= = 9

H12 hl +h2 ) 019 (hl —|—h2)2 ’ ( a)
where -, —
- 1+ hos) + usho

[l = :ul( o 22) :u22 17 (9b)

1+ h(o% + 03)

~ 1 + ho? ho?

[y = :U’?< + 0-1>+:u1 0-2’ (90)

1+ E(o% + Jg)
ot(l+ho)  —, _ oi(1+ho})
1+h(o?+03) 7 1+h(o?+03)

~9
0

(9d)

h0'10'2

P = = =
V(L +Tio2)(1+ Fiod)

, (9e)

and h = hihy/(hi + hs). The degree of conflict between X, and X, is given by the following
proposition.

Proposition 1. The degree of conflict between X1 ~ N(p1, 0%, hi) and Xo ~ N(pa2, 02, hy)
18

~ ~ 2 2 ~2 ~2 ~ ~ .
1- 22T Fexp {1 |4+ 5] + sl |3+ 5 - 2022]} 01,0050

K= . _ _
Zf0120,02:()7

h ~ 2
S P <_2<1+55%></“ ) )

where [iy, iz, 0%, 05, p are given by @

Proof. The formula for the case o7 > 0,09 > 0 is proved in [I3]. The case o3 = 0 can be
treated by replacing fi1, fiz, 05, 03, by their expressions given by @, and letting o5 tend to
Z€ro. 0



2.3. Gaussian random fuzzy vectors

Gaussian random fuzzy vectors (GRFVs) are multidimensional extensions of GRFNs:
they are defined as Gaussian fuzzy vectors (GFVs), whose modes are random vectors with
a multidimensional Gaussian distribution. We start by giving the definition of GFVs, after
which we recall that of GRFVs as well as some properties.

Gaussian fuzzy vectors. A p-dimensional GFV with mode m € RP and p X p symmetric
and positive semidefinite precision matrix H is defined as the normalized fuzzy subset of
R? with membership function

i m, 1) = exp (- (o~ m)TH @~ m) ).

It is denoted as GFV(m, H). The normalized product of two GFV’s is still a GFV; more
precisely, the following equality holds: GFV(my, Hy) ©® GFV(my, Hy) = GFV(myq, H13),
with mip — (Hl + Hg)il(Hlml + Hgmg) and H12 = H1 + Hg.

Gaussian random fuzzy vectors. Let (2, Xq, P) be a probability space, M : Q — R? a p-
dimensional Gaussian random vector with mean g and variance matrix 3, and H a p X p
symmetric and positive semidefinite real matrix. The random fuzzy set X : Q — [0, 1]%"
defined as X (w) = GFV(M (w), H) is called a Gaussian random fuzzy vector (GRFV), which
we denote as X ~ N(p, X, H).

As shown in [13], the contour function of a GRFV is given by the following equation,
which generalizes @:

_ 1 1 T gp—1 -1
plg(x) = T, + sH2 P (—5(33 —p) (H +3) (- M)) : (10)

where I, is the p-dimensional identity matrix.
The orthogonal sum of two GRFVs is still a GRFV. Formulas for the mean, variance
matrix and precision matrix of the combined GRFV were derived in [I3]. For completeness,

they are recalled in [Appendix Al

3. Transformations of Gaussian random fuzzy variables

As mentioned in Section [I the GRFN and GRFV models are very convenient for un-
certain reasoning with real variables due to their closure property with respect to the &
operator, but they also have several limitations. In particular, the support of a GRFN is
the whole real line, making it unsuitable for representing evidence about variables taking
values in a strict subset of R. In this section, we overcome this limitation by considering
bijective transformations of RFSs. The main result, stated in Section [3.1], is that the image
of the orthogonal sum of two RFSs by a bijective mapping is the orthogonal sum of the
images. Some useful transformations of GRFNs are studied in Section [3.2] and a particular
transformation of GRFVs is considered in Section [3.3

8
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YoX

Figure 2: Transformation of a random fuzzy set X by a one-to-one mapping ¥ : © — A.

3.1. Transformation of a random fuzzy set

Let (2,%q, P,©,%Xg, X) be a RFS, and ¢ : © — A be a one-to-one mapping from O to
some set A. Zadeh’s extension principle [27] allows us to extend mapping ¢ to fuzzy subsets
of ©; specifically, we can define a mapping 1 : [0,1]® — [0, 1]* such that

VE € [0,1]°, $(F)(\) = ;31()0)15(9) = F(¥ ().

We note that mapping {bv is also one-to-one, and its inverse is the extension of 1~!: for any
Fel0,1)°,

(Lo d)(F)(0) = (¥ (F))(0)
= sup Y(F)(N)

f=1p=1(X)

= sup F(¥'(\) = F(0).
o=y—1 ()

Similarly, ({/;o qz\:l)(ﬁ) = ﬁ, SO we can write @/Z):/l = 7;011.
We now consider the composed mapping ¥ o X from € to [0, 1]*, such that (¢ o X)(w) =
Y[ X (w)] (see Figure . To show that it is a RF'S, we start by the following lemma.

Lemma 1. The set X5 containing the images of all elements of Yo by 1,
YA = {@/}(B) B e 29},
s a o-algebra on A.

Proof. Since Yg is a o-algebra, it contains the empty set (); consequently, 1(0) = () € X,.
Now, for any A € X5, B = ¢ 1(A) € Zg; hence, (O \ B) = A\ ¢(B) € X,. Finally, let
(A;), i € I be a collection of elements of ¥y, and B; = 1 1(A;), i € I their inverse images.

We have
UAi = U¢(Bi) =1 <U Bi) € 2.

icl el el



Proposition 2. Let (2,Xq, P,0,Y0,X) be a RFS, ¥ : © — A a one-to-one mapping from

O to A, and X5 = {¢(B) : B € Xg}. The tuple (2, 5q, P,A, 35,10 X) is a RFS.
Proof. We need to prove that, for any « € [0, 1] the mapping C“(1Zo )?) is ¥ — X, strongly
measurable [22], i.e., for any A € 3\,
A ={weQ: (Yo X)(w)NA#D}eTq.
Now,
“(WoX)(w) ={reA: (Yo X)(w)(N) = a}
= A eh: X 'W] = a}
= {Aer () € X ()}
= Y[* X (w)].
Consequently,
A ={weQ: Y[ X(w)]NA# 0}
= {we Qv "X(@) N (4)] £ 0}
={w e Q:°X(w) Ny~ (A) # 0}
As2X is Bo — e strongly measurable and ) "!(A) € Zg, it follows that A* € Xq,. [

Belief and plausibility. Interestingly, the belief and plausibility functions induced by the
transformed RF'S 1o X have a simple expression in terms of corresponding functions induced
by X, as expressed by the following theorem.

Theorem 1. Let (2, Xq, P,©,%0,X) be a RFS, ¥ : © — A a one-to-one mapping from ©
to A, Xy ={u¥(B) : B € Yo}, and 7:&0 X the RFS resulting from the transformation of)z
by 1. For any C' € 3y,

Bel,(C) = Belg(v™(C)), (11a)
and

Pls,5(C) = Plg(v™1(C)). (11b)
Proof. From , for all C' € ¥y,

G5y (C) = sup (0 X)(w)(N)

= sup X (w) (&' (V))

reC

= sup )?(w)(&) = H)z—(w)(@ﬁ_l(g)),
S ()]

and, similarly,

N({;o)?)(w)(c) =Nz (¥ ™HO)).
The result follows directly using the definition of belief and plausibility function in . O
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Combination. Let now consider the combination of two transformed RFSs ¢ o X; and (0 0 X,
with the same transformation ¢). The following lemma states that the image of the product
intersection of two fuzzy subsets of © is equal to the product intersection of their images, and
the degree of conflict (defined as the height of the product intersection before normalization)
of the fuzzy subsets equals that of their images.

Lemma 2. Let F and G be two fuzzy subsets of ©. We have
U(F 0 G) = P(F) 0 v(G)

and

hgt()(F) - ¥(G)) = hgt(F - G).
Proof. For any A € A,

HF oG = (Fo b)) (122)
P G ) 121
sup,y Flg1(V)]Go1 (V)
BN 120)
sup,, S(F)(N)H(E))
= (J(F) 0 H(E) (). (124)

Now, the degree of conflict between 1(F) and 1 (G) is the denominator on the right-hand
side of (12b)). It is equal to

sup Py~ (V]G (V)] = sup F(6)G(0).

We can now state the main result of this section.

Theorem 2. Let (Qi,Ei,PZ-,@,E@,)?i), 1 = 1,2, be two RFSs representing independent
evidence. We have

Do (X1®Xs) = (WoX))®(PoXy)

Proof. As recalled in Section , the orthogonal sum of J o )?1 and @Z o )?2 is defined by
mapping o L
(w1, w2) = (Y 0 X1)(w1) © (¥ 0 Xa)(w2),

and the joint probability measure P; X P, conditioned by the fuzzy subset of 2; x 2y with
membership function

O (w1, w) = hgt (({EO X1)(w) - (o )NQ)(M)) :

11



Now, from Lemma

(Y0 X)(w1) © (Y0 Xa)(wa) = ¥ | Xu(wr) © Ka(ws)]

Hence, the mappings from Q to [0, 1]* associated to ¢ o (X1 & Xs) and (¢ 0 X1) & (¢ 0 X»)
are identical. Furthermore, from Lemma [2]

hgt((@ZO Xl)(wl) ' (@ZO Xz)(wz)) = hgt(ffl(wl) ')N(z(wz))-

The fuzzy conditioning event in [0, 1]%*2 associated to X, & X, and (Jo X1) ® (¢ o Xs)
are, thus, also identical, which completes the proof. O

3.2. Transformed Gaussian Random Fuzzy Numbers

Applying the idea developed in Section [3.1] to GRFNs makes it possible to define a wide
variety of parametric families of random fuzzy numbers and associated belief functions on
the real line. Let X ~ N(u,a h) be a GRFN, and 1 a one-to-one mapping from R to

A CR. Let 1/} o X be the result of the transformation of X by . We Wlll say that w o X is
a transformed GREFN (or t-GRFN) and we will write YoX ~ TN(p,, 0%, h,v~1). For any

random fuzzy number Y, it is clear that
Y ~ TN(p, 0 b)) & ' oY ~ N(p, 0% h). (13)

From Theorem [2| given two t-GRFNs Y; ~ T'N (u;, 02, hi, ™), i = 1,2, we have Y; ® Yy ~
TN (fira, 521, b1 + ha, 0™ 1), where Ji, and &2, are given by (9).

Hereafter, we will consider three cases for the choice of function v allowing us to define
belief functions on the positive real line, on a closed real interval, or on the whole real line.

Lognormal random fuzzy numbers. Using a one-to-one mapping from R to (0, +00) allows
us to define a random fuzzy number with support equal to the positive real hne Choosing
P = exp, we obtain a lognormal random fuzzy number (RFN)Y ~ TN(/L, 02, h,log). From
(13), Y ~ TN(,LL, 02, h,log) if and only if log(Y) N(u, 02, h). A lognormal random variable
is recovered when h = 400. From @ and , the contour function of Y is

1 h(logy — p)?
Pr(v) = e O (_ 2(1 + ho?) ) '

Similarly, the lower and upper cdfs of Y can easily be computed from and as

logy—u) ( logy — p >
Belg((—o0,y]) =@ | —— | = pls(y)® | — |,
Y(( y]) < o p y(Z/) O\/m
and Plg((—o0,y]) = Bely((—o0,y]) + ply(y).
Expressions for the lower and upper expectations of a lognormal RFN are given in the
following proposition.

12
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Figure 3: (a) and (b): From left to right, two lognormal random fuzzy numbers Y; ~ TN(1,1,5,log) and
Yy ~ TN (2,0.1,2,1log); (c): combined lognormal random fuzzy number Y: @ Ys. For each RFN , we plot
ten realizations (black dotted curves), the contour functions (red curve), the lower and upper expectations
(vertical broken lines), as well as the lower and upper cdfs (blue curves).

Proposition 3. The lower and upper expectation of a lognormal RFNY ~ Tﬁ(u, o2, h,log)

are given, respectively, by
)= oo 5 ) ) -5 (o) o

~ S| 1 1 1
E*(Y) = V27 ex < +U—+—) { <—>+—c1> <—)} 14b
(Y) plut oo |9 7)) P\ (14b)
where ¢ is the standard normal probability density function.
Proof. See [Appendix B O

We note that the expectation of a lognormal random variable is recovered in the limit
when h tends to infinity, as

and

. > . s o?
hgrfw E*(Y) o hEI-PooE (Y) - P (N + ?) '

Example 1. Figure[d displays two lognormal RFNs
Yy ~TN(1,1,5,log) and Ys~ TN(2,0.1,2,1og),

as well as their orthogonal sum 171 &) }N/g For each RFN, we plot ten realizations, the contour
function, the lower and upper expectations, as well as the lower and upper cdfs.

13
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Figure 4: (a) and (b): From left to right, two logit-normal random fuzzy numbers Y ~ TN (1, 1,5, logit) and
Y ~ TN(-2,0.1,2, logit); (c): combined lognormal random fuzzy number Y; & Y5. For each RFN, we plot
ten realizations (black dotted curves), contour function (red curve), lower and upper cdfs (blue curves).

Logit-normal random fuzzy numbers. Any cumulative distribution function (cdf) F' can be
used to define a RFN with support equal to interval [0,1] (or more generally, using an
additional affine transformation, an interval [a,b] with b > a). A natural choice is the cdf
of the standard logistic distribution, Fy(x) = [1 + exp(—z)]~!. The corresponding quantile
function is the logit function,

Fi ' (y) = logit(y) = log 1= "
ARFNY ~ TN (1, 0, h, logit) will said to be logit-normal. A logit-normal random variable
[1] is recovered when h = 4o00. From () and (L1b), the contour function of Y is

_ 1 h(logit(y) — 1)*
Ply (W) = e o (‘ 21 + ho?) )

The lower and upper cdfs of ¥ can be computed from and in a similar manner.
The expectation of the logit-normal probability does not have any analytical expression.
Consequently, this is also true for the lower and upper expectations of a logit-normal RFS.
A multidimensional extension of logit-normal RFNs will be studied in Section [3.3]

Example 2. Fz’gure shows representations of logit-normal RFNs Y, ~ T]V(l, 1,5, logit)
andY ~ TN(—2,0.1,2, logit), as well as their orthogonal sum Yy @ Ys.

Parameterized families of transformations. Whereas the fixed transformations considered
above allow us to define RFNs with various supports, it may be useful to consider more
general transformations belonging to parameterized families. We then obtain a parametrized
family of RFNs with parameters p, o2, h, and the parameters of the transformation. Such

14



flexible families may be useful, for instance, in a belief elicitation context where we attempt
to fit an expert’s belief statements with a t-GRFN, as will be seen in Section 5.1} The idea
of transforming the normal distribution to obtained parameterized families of distributions
with varying skewness and kurtosis can be traced back, at least, to Ref. [I8]. Johnson [1§]
actually considers the inverse problem of finding a transformation 1~! of a random variable
Y such that X = ¢~1(Y") has, approximately, a standard normal distribution. In addition to
the logarithmic and logit transformations, he considers a “system Sy” based on the following
transformation:
Y -¢

X =9y 1Y) =+ dsinh™! — (15)

where v, d, £ and A are four parameters, § > 0, A > 0, and X ~ N(0,1). Inverting , we
get

X —
Y = (X) = £+ Asinh = 7 (16)
To be consistent with our previous notations, we can rewrite ((16)) as
YIID&/\(X):f‘i‘)\SIHhX, (17)

where X ~ N(p,0?), and the four parameters are now: y, o2 defining the distribution of X
on the one hand, and ¢ and A defining the transformation on the other hand. This transfor-
mation makes it possible to define a four-parameter family of probability distributions on
the whole real line, with varying skewness and kurtosis. The same transformation applied to
GRFNs defines a parametric family of RFNs with different shapes. We note that Theorem
allows us to combine two t-GRFNs Y} ~ TN (uy, 0%, hy, @bg)l\) and Yy ~ TN (pa, 03, ha, 1[)5_)1\)
with different means, variances and precisions, but the same transformation )¢ .

Example 3. Fz’gure@ shows representations of RFNs ?1 ~ Tﬁ(1,1,5,wgi) and Y ~
TN(—Q, 0.1, 2,2/13) with £ =0 and X\ = 1, as well as their orthogonal sum Y; ® Ys. We can

see that the contour functions of Y and Yy are, respectively, right-skewed and left-skewed,
while the contour function of Y1 @ Yy s left-skewed. In general, the positive or negative
skewness depends, for this transformation, on the sign of p.

An even more general approach to create parametric families of probability distributions
was more recently proposed in [2]. Given three random variables X, T" and R, Aljarrah et
al. [2] define a new random variable

Y =¢pr(X) = (Fg' o Fr)(X),
where Fr and Fr are the cdfs of R and T'. The cdf of Y is, thus,
Fy(y) = P(Y <y) = P(Fr(X) < Fr(y)) = P(X < F;'(Fr(y))) = (Fx o Fr' o Fg)(y).

Taking X ~ N(u,0?), it is possible using this approach to define infinitely many parametric
families of probability distributions by choosing different parametric families for 7" and R.
We note that the support of Y is included in the support of R. Also, choosing F'r = Fx gives
us Y = R, while choosing Fr = Fg yields Y = X. By extension, we can define parametric
families of RFNs Y ~ T'N(u, 02, h, Lb;z:lp) based on parametric families for R and T

15
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Figure 5: (a) and (b): From left to right, two t-GRFNs Y ~ T'N(1,1,5, 77/15 /\) and Y ~ TN(—2,0.1,2 1/15_)\)

with £ =0 and A = 1; (¢): combined lognormal random fuzzy number Y1 &) Yg For each RFN, we plot ten
realizations (black dotted curves), contour function (red curve), lower and upper cdfs (blue curves).

3.8. Transformations of Gaussian Random Vectors

The general approach introduced in Section |3.1| can also be applied to GRFVs. Of special
interest is the multivariate extension of the notion of logit-normal RFNs, which is obtained
from a multidimensional normal distribution X ~ N(u,X) in RP~! (p > 2) and the following
softmaz transformation from RP~! to the simplex S, of p-dimensional probability vectors:

v = | o) exp(y 1) 1 m]7 (19

L4+ 37% jexp(a;)’ "1+ 370 exp(r;)’ 1437 exp

Us'(y) = {bg (z—;) . log <y2_:)]T (19)

This transformation is used in [I] to define the multidimensional logistic-normal probability
distribution. Here, given a GRVN X ~ N (u, X, H), we can define the random fuzzy vector
Y = IDS o X where ws is the extension of the softmax transformation ((18). We will say that
Y is a logistic normal RFV, and we will write Y ~ TN(y,, S H, ¥gh). The domain of Y is
the simplex S,. Such a RF'V can be used to represent beliefs about a vector of probabilities
or proportions.

with inverse

Example 4. Figures @@ show five focal fuzzy sets )N/(w) i barycentric coordinates for a
logistic RFV'Y ~ N(u, X, H,9g") withp =3, p = (2,0)7,

1.5 0.2 1 =02
>= (0.2 1 ) and  H = (—0.2 1.5 ) '
The corresponding contour function is displayed in Figure [0].
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Figure 6: (a)-(e): Five focal fuzzy sets Y (w) for a logistic RFV Y ~ N(u, X, H, Y5 ') (see Example; (f):
corresponding contour function.
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4. Mixtures of Gaussian random fuzzy variables

In probability and statistics, finite mixtures of probability distributions and, in particu-
lar, finite mixtures of Gaussians are commonly used to obtain distributions with arbitrarily
complex shapes [21]. In this section, we extend this approach to define mixtures of (trans-
formed) GRFNs and GRFVs. Mixtures of GRFNs and GRFVs will first be defined in
Section Their properties will then be studied in Section and their combination
will be addressed in Section [4.3] A summarization procedure allowing us to approximate a
mixture with a large number of components by a simpler one will be described in Section
4.4] Finally, mixtures of transformed GRFNs and GRFVs will be introduced in Section [4.5

4.1. Definitions

Mixture of GRFNs. We consider a pair of random variables (M, Z) from a probability space
(Q,Xq, P) to Rx {1,..., K}, such that the marginal distribution of Z is defined by P(Z =
k) = m,, k = 1,..., K, and the conditional distribution of M given Z = k is univariate
normal:

M | (Z = k) ~ N, 0})-

The marginal distribution of M is, thus, a mixture of K" normal distributions. Now, consider
the random fuzzy set X : Q — R defined as follows,

X(w) = GFN (M(w), ﬁ hfk(“)> ,

where Zj,(w) = I(Z(w) = k), and I(-) is the indicator function. Conditionally on Z = k, X
is a GRFN with mean s, variance o7 and precision hy:

X | (Z = k) ~ N, 0F, ).
We denote this conditional GRFN by X,. We say that X is a mizture GRFN (m-GRFN)

and we write

K
X ~ Zﬂ'kN(,U,k, 0']3, hk)
k=1

Mizture of GRFVs. Similarly, we can define a mixture of GRFVs by a mapping X:Q0-
(RP)[01 with p > 2 such that

X(w) = GFV(M(w), [[ H),

where, as usual, H 2 is the identity matrix, M is a random vector having a mixture of
multivariate normal distributions,

K
M~ meN (py, S,

k=1

18



and Hy, k = 1,..., K are positive definite precision matrices. We will use the following
notation:

)ZV ~ Zwkﬁ(uk,ﬁk,ﬂk)
k=1
4.2. Properties

Belief and plausibility functions. The belief and plausibility functions associated with an
m-GRFN are the weighted sums of, respectively, the belief and plausibility associated with
the components of the mixture. This property is expressed by the following theorem.

Theorem 3. Let B(R) be the Borel o-algera on R, and A € B(R) be a measurable subset of
R. The degrees of belief and plausibility of A induced by an m-GRFN X ~ Zle N (g, 02, i)

are

Belg(A) =Y miBelg, (A) (20a)
¢(4) =) mPlg (A), (20b)

with Xk ~ N(,uk, O'z, hk)
Proof. Let us start with (20b]). By definition, Pl;(A) is defined as the following expectation,

Pl3(A) =Enz

sup p(u, M, th" ]

u€A kel
K
sup p(u, M, HhZ’“

u€A k1

K
Z kEM|Z {sup SO(U M, hk) ’ Z = k]

u€A

=EzEum 2

Eq. (20a) can be proved in the same way, as Belz(A) is also defined as an expectation. [

Using Theorem [3| and the closed-form expressions given in [13], we can compute the
degrees of belief and plausibility of any real interval [z, y]. In particular, setting x = y gives
the following corollary:

Corollary 1. The contour function of m-GRFN X ~ Zszl Wkﬁ(uk, o2, hy) is
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Figure 7: Ten realizations (black dotted curves), contour function (red curve), and lower/upper cdfs (blue
curves) of an m-GRFN X ~ 0.4N(—2,1,5) + 0.6N(2,0.12, 1).

Proof. Immediate from Theorem |3l and Eq. @ O]

Example 5. Figureljshows ten focal sets of an m-GRFN X ~ 0.4[\?(—2, 1, 5)+O.6]V(2, 0.1%,1),
its contour function as well as its lower and upper cfds.

Similar results can be obtained in the same way for mixtures of GRFVs. In particular,
the contour function of a mixture of GRFVs is the weighted sum of the contour functions
of its components, which is expressed by the following proposition.

Proposition 4. The contour function of m-GRFV X ~ Zle Wkﬁ([,l,k, 3, Hy) is

Z I, + zkmwz o (‘%(‘” — )" (H 37 (@ m) . (22)

Lower and upper expectations of an m-GREFN. The lower and upper expectations of an m-
GRFN can easily be computed from those of its components, as stated in the following
proposition.

Proposition 5. The lower and upper expectations of m-GRFN X ~ Zszl Wkﬁ(uk, o2, hy)
are given by

K K
~ m
E*(X) _Zﬂ-k:uk_z Q_hka and
k=1 =
. K K p
E*(X)—Z?Tk,uk-i-z Q—hk
k=1 =



Proof. The a-cut of X (w) is the closed interval

a)?(w): [Mw —2Ina —2hha ]

- w _|._ -
K Zi(w)? K Z(w
Hk:l hkk( ) Hk:l hkk( )

From , the lower expectation of X is
—21
M=, | = | da
[Tz hi"
! —2Ina
= EzEvmz | M — | ———— | da
/o | VI nf

1
E.(X) = /0 Eyrz

1 K

—21
:/ N mEBas | M - "2 Z = k| do
0 11 k
K 1
—21
=Y [ Buz [M =[R2 = k| da
k=1 70 k

where the last equality is derived from . The upper expectation of X can be computed
in the same way. O

4.3. Combination
Combination of m-GRFNs. Let us now consider two independent m-GRFNs

K L
Xq ~ ZﬁkN(ulk, o, hir) and Xy ~ ZW%N(,LL% 030, har).
1 —1

The following theorem states that their orthogonal sum X, & X, is an m-GRFN.
Theorem 4. Given two independent m-GRFNs X, ~ szzl 7T1kN(M1k7U%k, hix) and X, ~
Zle ToeN (1120, 05p, hag),

1. The orthogonal sum of X and X, is an m-GRFN,

K L
Xi@Xo~ Y Y T [N<,U1ka 0%y ) @ N(pae, 03, h21z)] ;
=1

k=1
with
(1 — K)o
Zk/g/(l - ’fk%’)ﬂ-lk’ﬂ'%’7

Tke =

where Ky is the degree of conflict between Xlk and )~(2g given by Proposition .
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Figure 8: (a) and (b): From left to right, two m-GRFNs X; ~ 0.5N(—2,0.12,5) + 0.5N(0,0.12,2) and
X5 ~ 0.5N(0.1,0.12,2) + 0.5N(2,0.12,0.1); (c): combined mGRFN X1 @ X,. For each RFN, we plot ten
realizations (black dotted curves), contour function (red curve), lower and upper cdfs (blue curves).

2. The degree of conflict between X and X is

L

K
RZE E RieT15T2¢.

k=1 (=1

Proof. See Section [Appendix C] O

Example 6. F@gure@ displays two m-GRFNs X, ~0.5N(=2,0.12,5)+0.5N(0,0.1%,2) and
Xy~ 0.5N(0.1,0.12,2) 4+ 0.5N(2,0.12,0.1), and well as their orthogonal sum

X, ® Xs ~ 0.020N(—1.38,0.07672,7) + 0.426N (0.05,0.07072, 4)+
0.197N(—1.92,0.0980%,5.1) + 0.357N(0.0970, 0.09532, 2.1).

We note that X190 X> has four components but the first one, resulting from the combination of
X1 and X21, has a small proportion because of high conflict. When combining a large number
of m-GRFNs, the number of components grows exponentially. However, the combined m-
GRFN can be approximated by a simpler one, using a technique that will be introduced in

Section [{.4).

Combination of m-GRFVs. Theorem [ can easily be generalized to GRFVs, using the re-
sults in presented in [I3, Proposition 13]. Basically, when combining two GRFVs, each
component of the first GRFV is combined with each component of the second GRFV, and
the proportions are adjusted based on degrees of conflict. This result is formally stated in
the next theorem.
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Theorem 5. Let X; ~ S TN (g, B2, Huy), and Xy ~ S Too N (fop, B2, Hop) be
two p-dimensional m-GRFVs and assume that the precision matrices Hy, and Hyp are all
positive definite. Then:

1. The orthogonal sum of X: and X, is an m-GRFV,

K L
X, X, ~ Z Z [ (B BT, Hu) @ N(u% 33, Ho)l
k=1 (=1
with
~ (1 — Kpe) 1m0
Tee = )
Yoo (1 — K ) T mop

where Ky is the degree of conﬂzct between Xlk, and ng given by (A.1] -
2. The degree of conflict between X, and X, is

K L
E § RpeT1,T20

k=1 (=1

Proof. The theorem can be proved by following a similar line of reasoning as in the proofs
of Lemma |3] and Theorem , using the results in Lemma 2 and Proposition 13 in [13]. O

4.4. Summarization of an m-GRFN

As already mentioned, the number of components grows exponentially when combining
m-GRFNs: if all of N m-GRFNs have the same number K of components, the combined
m-GRFN has, in general, KV components. However, components of a combined m-GRFN
resulting from the combination of highly conflicting GRFNs have a very small proportion.
When combining many m-GRFNs, we can expect to obtain a large number of components,
many of which will have a proportion close to zero. A similar problem occurs when combining
a large number of mass functions, in which case we often observe a proliferation of focal sets
with very small masses. A simple strategy introduced in [20] to control the number of focal
sets is to transfer all masses less than some threshold to the union of the corresponding
focal sets, resulting in an outer approximation of the original mass function [6]. Here, we do
not have a notion of “union” for GRFNs that would result in a GRFN, but we can transfer
the small proportions to a vacuous GRFN X, ~ N(u, 0?2, 0) with arbitrary g and 2. This
procedure, formally described in Algorithm [1, yields a conservative approximation of the
original m-GRFN. It is illustrated by the following example.

Example 7. Consider the following three m-GRFNs, each one with three components:

-1~ 1~ 1~

< 1 1~ 1~
Xy ~ gN(—2.1, (0.5)%,2) + 5N(o.1, (0.5)%,2) + gN(1/9, (0.5)%,2),
23



Algorithm 1 Summarization of a m-GRFN.

Input: m-GRFN X ~ 25:1 ﬂkﬁ(,uk, 0%, hy), threshold € < 1
Reorder the components of X such that Ty <) <. < Tk
if mq) > € then

X ’ — X
else
Find the largest ko such that S5 LTy S €

To < Zk 1 T (k) ~
X’ < WON(O, 1, 0) + Zk ko+1 W(k)N(,U(k), U(Qk), h(k))
end if N
Output: Approximate m-GRFN X’

0.8 1.0
| |

0.6
|

Belief/plausibility
0.4
L

0.2

0.0

Figure 9: Contour functions (red curves), and lower/upper cdfs (blue curves) of m-GRFN X with 27
components in Examplelﬂ (solid lines) and its approximation X’ with only 13 components (broken lines).

=~ 1= 1~ 1~
X5~ gN(—1.9, (0.5)2,5) + gN(—O.l, (0.5)%,5) + §N(2.1, (0.5)2,5).

The combined m-GRFN X = 551 &b )22 &b )?3 has 27 components. Summarizing X with a
threshold € = 0.05 yields an n-GRFN with 13 components. The contour function as well as
the lower and upper cdfs of X and X' are shown in Figure|9. As we can see, X' is a good
conservative approzimation of X, while having less than half as many components.

4.5. Miztures of transformed GRFNs

Definition. The ideas developed in Section |3| and in the current section can naturally be
combined to define mixtures of transformed fuzzy numbers. Let us consider a one-to-one
mapping ¢ from R to A C R and, as in Sectionan m-GRFN X ~ Zszl e N (g, 02, hy),
originating from a pair of random variables (M, Z) from a probability space (€2, 3q, P) to
R x {1,...,K}, such that P(Z = k) =m, k =1,...,K, and M | (Z = k) ~ N(pux,0%),
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k=1,..., K. From Proposition [2, the composed mapping
N L K
Y (w) = (1) o X)(w) =1 | GFN(M H

where Zj,(w) = I(Z(w) = k), is a random fuzzy set. Conditionally on Z =k, Y is a t-GRFN
with mean i, variance o and precision hy:

Y | (Z =k) ~TN (s, 02, hy, p™1).

We say that Y is a mixture of transformed GRFNs (mt-GRFN) and we write

K
Y ~ Z T TN (g, a,%, h, w_l).

k=1

In a similar way, we can define a mixture of transformed GRFVs (mt-GRFV) as the transfor-
mation of an m-GRFV X ~ Zszl TN (py,, X, Hy) by a one-to-one mapping from ¢ = R?
to A C R? and write

~ ~ ~ K ~
Y =¢oX~Y mTN(u, Iy, Hy,yp™ ).

k=1

Properties. The properties of mt-GRFNs can be derived directly from those of m-GRFNs
and t-GRFNs. Some of them are described in the following propositions. Similar properties
hold for mt-GRF'Vs.

Proposition 6. Let Y ~ S TN (pg, 02, by, 0 ™1) be an mt-GREN, where ) is a one-
to-one mapping from R to A CR. For any event A € 3,

Bel(A) = miBelg, (v'(A)), and PI(A) =) mPlg (¢~ (A)),

where )?k ~ N(/Lk, o2, hy). In particular the contour function 0f§7 18
Z (_ hi(~H(y) — Mk)Z)
) /1+hkak 2(1+h’k0—13)
Proof. Immediate from Theorem [I] Theorem [3] and Corollary [I} O

Proposition 7. Let Yy ~ Zszl WlkTﬁ(ulk, o2 hig, 1) and Yy ~ 25:1 WQ[TN(,LLQ(, 03y, hog, 1)
be two mt-GRFNs, where v is a one-to-one mapping from R to A C R. Their orthogonal
sum is the mt-GRFN

K L
YieY, ~ Z Z%MTN(TLM,&%E, hag + hae, 1),
k=1 k1
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Figure 10: (a) and (b): From left to right, two mixtures of logit-normal RFNs Y; ~ 0.5T'N(2, 1,2, logit) +
0.5N(—2,1,2, logit) and Y3 ~ 0.3TN(—1,0.12, 1, logit) + 0.7N(1,0.12, 1, logit); (c): orthogonal sum Y; & V5.
For each RFN, we plot ten realizations (black dotted curves), contour function (red curve), lower and upper
cdfs (blue curves).

where g and o3, are the mean and variance of the orthogonal sum N(ulk,a%k,hlk) a5

N (p2e, 035, hae) given by (9), and

~ (1 - /iké)ﬂlkﬁe
Tke = )
Zyzl(l - /’ik’é’)'/'rlk/ﬂ—%/

where K1y s the degree of conflict between ]V(,ulk, 0%, hiy) and N(u% 03, hat) given by Propo-
sition [,

Proof. Immediate from Theorems 2] and [4] O
Example 8. Figure displays two mixtures of logit-normal RF'Ns Vi ~ 0.5TN(2, 1,2, logit)+

0.5N(=2,1,2, logit) and Yy ~ 0.3TN(—1,0.1%, 1, logit) 4+ 0.7N(1,0.12, 1, logit), and well as
their orthogonal sum Y; @ Ys.

5. Applications

In this section, we will discuss two applications of the models introduced in this paper.
Belief elicitation will first be addressed in Section [5.1, The use of m-GRFNs to represent
weak prior knowledge in generalized Bayesian inference will then be discussed in Section [5.2

5.1. Elicitation

According to Garthwaite et al. [16], “elicitation is the process of formulating a person’s
knowledge and beliefs about one or more uncertain quantities into a (joint) probability dis-
tribution for those quantities”. There is, however, no reason to limit oneself to probability
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distributions for representing a person’s beliefs. In this section, we briefly discuss the ap-
plication of the RFN models introduced in this paper to represent expert beliefs about a
numerical quantity. It is clear that an in-depth treatment of this topic would require to
delve into complex methodological issues arising when interviewing human experts. Here,
we will only be concerned with the use of already obtained plausibility assessments to fit
the parameters of a RFN.

For single-expert probabilistic elicitation, the two main approaches are the fixed interval
method, in which the expert is asked to give his subjective probabilities for some fixed
intervals, and the variable interval method in which the expert is invited to provide points
corresponding to specified percentiles of his subjective probability distribution. Assuming
the latter approach is used, a sequence of questions for eliciting an expert’s beliefs about a
numerical quantity X could be the following:

1. What is the most plausible value mg of X7

2. Given two numbers 0 < o < § < 1 (such as, e.g., « = 0.1 and 5 = 0.5), give values z,
and xg such that PI(X < z,) = a and PI(X < x3) = (.

3. Give values 7, and x; such that PI(X > x,) = a and PI(X > z}) = §.

This procedure yields a maximum-plausibility value mq and the plausibility degrees of four
intervals (—o0, z4), (—00, 2], [77,, +00) and [z, +00). Whatever the details of the elicitation
procedure, we can assume that we have obtained mg and the plausibilities ply, ..., pl, of n
real intervals I, ..., I,.

Several parametric families of RFN proposed in Sections [3.3] and [4] could be fitted to
such data. As the number n of intervals will typically be small, simpler models should be
preferred. Mixture models may not be the most suitable because they depend on many
parameters (at least seven for the simplest two-component case) and they can yield mul-
timodal contour functions. Let us, thus, consider a parameterized family of t-GRFNs
Xy ~ TN(u,o?, h, by, D), where 7 is a vector of parameters for the transformation func-
tion ¢, and 0 = (u,0? h,n) is the vector of all parameters. We can then identify 6 by
minimizing the following mean squared error function:

n

MSE(6) = ) "(Plg, (L)) — pli)’*. (23)

i=1

subject to the constraint v, (1) = mg. The following example illustrate this approach with
the family of t-GRFNs defined by transformation 1, = 1¢ » given by .

Example 9. Assume that an expert gives us mg = 1 as the most plausible value of X, and
the following plausibility assessments:

PI(X <-7)=0.1, PI(X<-1)=05 PI(X>2)=05PI(X>5)=0.1.

The constraint e (1) = mq gives us p = sinh™* (mOT_g) Substituting p by its expression
as a function of & and X and minimizing w.r.t. o2, h, & and \ yields the following
estimates:

-~

62=0.73, h=1090, £=337, \=271,
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Figure 11: Contour functions (red curves), and lower /upper cdfs (blue curves) of the fitted t-GRFN )?5 ~
TN (7, 52, h, wgii) of Example |9| (solid lines) and a fitted GRFN (broken lines). The data points are shown

as black dots, and the vertical broken lines marks the most plausible value my.

and @ = —0.79. Figure shows of the lower and upper cdf of the fitted t-GRFN, as well
as its contour function. By comparison, we also show the corresponding functions for a
GRFN fitted on the same data. Obviously, a GRFN is a poor fit given the asymmetry of the
plausibility assessments.

5.2. Generalized Bayesian inference

Let us consider a statistical model in which observed data X are drawn randomly from
a probability distribution Py, where # € © is some unknown parameter. Having observed a
realization x of X, we define the likelihood function as the mapping

L(;2):0 —[0,400)
0— L(0;x) = f(x;0).
Assuming supgeg L(6; ) < 400, the relative likelihood function can be defined as
L:6 —[0,+00)
L(0; x)
SUpgee L(0'; )

0+ L,(0) =

In [8], we showed that L, can be interpreted as the membership function of a fuzzy subset of
O (the fuzzy subset of “likely” values of # after observing x). Equivalently, L, can be seen
as a constant RFS. As shown in [§], Zx is, in some sense, the least committed RFS verifying
the following two requirements:
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1. Compatibility with Bayesian inference: let [ be a prior probability measure on ©;
combining it with L, using the product-intersection rule yields the Bayesian posterior
distribution P(-|x):

Py® L, = P(-|x). (24)

2. Combination of independent observations: if x and y are realizations of two indepen-
dent observations X and Y, then the RFS induced by (z,y) is the orthogonal sum of
the RFS induced by x, and that induced by y:

Lol -L,

From the perspective of a general theory of epistemic random fuzzy sets, there is no reason
to limit oneself to probability distributions for representing prior information. Indeed, prior
knowledge is often vague and the relevance of representing it by precise probabilities is
questionable. Equation can, thus, be generalized as

0o ® L, =0,, (25)

where 50 is a RF'S representing weak prior information, and 593 is posterior RFS resulting from
the combination of prior information with observations. Considering the case where © C R,
. lends itself to O easy computatlon if L is a GFN: in this case, modeling prior information
as a GRFN 00 ~ N(,uo, 02, hg) or, more generally, an m-GRFN 00 ~ Zk 1 WokN(MOk, o2, hor)
will result, respectlvely, in a posterior GRFN 0, ~ N (ftz, 02, hy) or a posterior m-GRFN
930 ~ Zk:l erN(,uxk? Ok hxk)'

Except in a few simple cases, the relative likelihood function is not exactly a GFN,
but this model can be used as an approximation [7]. Indeed, a Taylor series expansion of
log L, (6) about the maximum likelihood estimate (MLE) 8 up to the second order gives us
[26, p. 33]:

~ Olog L, (0)

7 r 21og L
log L (6) = log Lu(6) + (0 — 0) — 0 log L.(0)

1 N2
+5(0—0)

The first term on the right-hand is equal to zero by definition, and the second term is zero
in the usual case where # is a stationary point of the likelihood function. Neglecting the
higher-order terms, we get the approximation

L.(0) ~ exp [—%1(5; 2)(0 — 5)21 | (26)

i.e., L, ~ GFN(, I(6; z)), where the precision (g, x) is the observed Fisher information

~ 82 log L,(6)

0?log L(0; x
iy PIL0| Pty

06?
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In the multidimensional case where © C RP, the same line of reasoning as above yields
L, ~ GFV(0,1(0;z)), where I(6;x) is the observed information matrix.

As noted in [26], the quality of the normality assumption can sometimes be improved for
small samples by applying some transformation to the parameter. Let § = 1)(¢d) for some one-
to-one differentiable mapping ¢ and alternative parameter J, and assume that the relative
likelihood as a function of 8, L (8), is approximately Gaussian, ngs)(é) ~ GFN(J, I(3, z)).
Then, the likelihood as a function of 6 is E&G)(G) = QZ(Z;(;;))(Q) = ngs)(zﬁ_l(@)), and it can be
approximated by

1Gio) (v70) - 07 @) | (27a)

-~

1@ G (570 - o7 ®) (27h)

where we have used the equality [ (g, x) =1 (é\, x) [y (g)]2 (see [26, p. 35]), and ¢’ denotes
the first derivative of . The fuzzy set LY can be combined with a t-GRFN prior 50 ~
TN (11, 02, ho, ™) or, more generally, an mt-GRFN O ~ S mox TN (ftor, 02, hog, 1) to
obtain, respectively, a posterior t-GRFN gx ~TN (e, 02, by, p™1), or a posterior mt-GREN

K
Qz ~ Z erTN(/vLmka Oilm hmlm ¢_1>'
k=1

Example 10. Consider an iid sample v = (x1,...,2,) from a Poisson distribution with
mean 0. Lett =" | x;. The likelihood function is

. L 0%iexp(—0) 60 exp(—nb)

and the MLE of 6 is 0= t/n, which gives us the following expression for the relative likeli-

hood: t
L.(0) = (%) exp [n((i—e)] .

It can easily be shown that [(@\, x) = n/é\, so that yields
L,(0) =~ exp [—2(0 - 5)2} = exp n (Q - 1)2 (28)
: 20 2\9 '

Alternatively, let 0 = exp(d). Approzimation (27)) gives us

L,(0) ~ exp {—%exp@é\)(logﬁ —log 5)2} . (29)
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Figure 12: Relative likelihood L, (0) and its normal and lognormal approximations for an iid sample for the
Poisson distribution with mean 6, for n = 10 observations and ¢ = 30.

Figure displays the exact relative likelihood Em(ﬁ) forn =10 and t = 30, as well as its
approximations and . As we can see, the lognormal approximation 8 more
accurate, and it takes into account the positivity of 6. B B

Figure shows two priors: a lognormal Bayesian prior 6y ~ TN(0.5,0.1, 400, log),
represented by its cdf (blue dotted line) and a weaker lognormal t-GREN prior

g, ~ TN(0.5,0.1,10, log),

represented by its contour function (red solid line), its upper and lower cdfs (blues solid
lines) and 10 realizations (black dotted lines). We also show the lognormal approximation
to the relative likelithood as a red broken line. Figure 130 shows the corresponding lognormal
1- GRFN posteriors 9 = (90 D L (equal to the posterior probability distribution) and ¢, =
) Lz, as well as the approximated relative likelithood. As expected, the posterior lognormal
t- GRFN corresponding to the weaker prior is more imprecise, and closer to the relative
likelihood. It is clear from Figure that our approach is not a robust Bayes method:
although the Bayes prior cdf is comprised between the lower and upper weak prior cdfs, this
1s not the case for the posteriors. In the extreme situation where the prior is vacuous,
0y ~ TN(0,1,0,log), the posterior is the relative likelihood, as 9 P L = L,. This is in
contrast with the robust Bayes approach, which yields a (useless) vacuous posterior with the
same vacuous prior information.
To illustrate the possibility of taking into account more complex prior information, we
show a bimodal mt-GRFN prior

fo ~ 0.5TN(0.5,0.1, 30, log) + 0.5 TN(1.5,0.01, 20, log)
in Figure and the corresponding posterior mt-GRFN

0, =00 ® L, = 0.29 TN (0.84,0.047, 60, log) + 0.71 TN (1.26, 0.0040, 50, log).
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Figure 13: (a) Lognormal Bayesian prior o ~ TN (0.5,0.1, +00,1og) (blue dotted line), lognormal t-GRFN
prior 56 ~TN (0.5,0.1,10,log) (contour function: red solid line, upper and lower cdfs: blues solid lines, and
10 realizations: black dotted lines), and lognormal approximation to the relative likelihood Em (red broken
line); (b): Bayesian lognormal posterior distribution 6, = 6y & L, (blue dotted line), lognormal t-GRFN
posterior 5; = 56 @ Zz (contour function: red solid line, upper and lower cdfs: blues solid lines, and 10
realizations: black dotted lines), and lognormal approximation to the relative likelihood (red broken line).

in Figure [I{§. In practice, the prior RFS could be elicited by a method similar to that
proposed in Section [5. 1.
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Figure 14: (a) Lognormal mt-GRFN prior Oo ~ 0.5TN(0.5, 0.1,30,log) + O.5T]Tf(1.57 0.01, 20,log) (contour
function: red solid line, upper and lower cdfs: blues solid lines, and 10 realizations: black dotted lines), and
lognormal approximation to the relative likelihood (red broken line); (b): mt-GRFN posterior 6, = 56 &L,
(contour function: red solid line, upper and lower cdfs: blues solid lines, and 10 realizations: black dotted
lines), and lognormal approximation to the relative likelihood (red broken line).

6. Conclusions

Until recently, the application of evidential reasoning to problems involving continuous
variables has been limited due to the lack of practical models of belief functions in R, p > 1
allowing for easy computation and combination. In [I3], we have proposed a solution to this
problem by considering “epistemic random fuzzy sets” as the basic construct, from which
belief functions can be derived. In this framework, random fuzzy sets represent items of
evidence and can be combined by a generalized product-intersection rule extending both the
normalized product of possibility theory, and Dempster’s rule of Dempster-Shafer theory. In
this framework, we have introduced in [13] simple models of random fuzzy sets based on the
normal distribution. The proposed GRFN model and its multidimensional generalization
define parameterized families of belief functions in R? that can be easily used in calculations
and combined using simple mathematical formulas. However, GRFNs, indexed by three
parameters (mean, standard deviation and precision) are not flexible enough to represent
the wide variety of belief functions needed in applications.

In this paper, we have presented two extensions of the GRFN model. The first one
consists in transforming a RFS X defined in RP by a bijective mapping ¢ from RP to
A C RP. Such a transformation allows us to define, e.g., belief functions on real intervals
la,b] with —oo < a < b < 400, or on the probability simplex S,. The second extension
consists in considering mixtures of (transformed) GRFNs, which make it possible to define
belief functions of arbitrary “shape” and complexity. The rich families of generalized GRFNs
introduced in this paper are closed under the product-intersection rule and can be used for
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a variety of evidential reasoning tasks involving real variables.

We have discussed two important applications: the elicitation of expert beliefs about
numerical quantities, and generalized Bayesian inference with weak priors defined as gener-
alized GRFNs. Elicitation has been widely studied in the probabilistic context, much less
in other settings such as possibility theory or belief functions. The new models introduced
in this paper could be tested as representations of expert beliefs in real experiments. As
for statistical inference, the epistemic random fuzzy set perspective provides a simple and
consistent model in which data and prior knowledge are treated symmetrically as pieces
of evidence represented by random fuzzy sets. The parametric families of random fuzzy
numbers introduced in this paper can be used with a variety of statistical models without
resorting to Monte Carlo simulation. It would be interesting to compare this approach
with alternative methods such as, e.g., robust Bayesian analysis, both conceptually and
practically.

As another important application of the models introduced in this paper, we can mention
the quantification of prediction uncertainty in machine learning, for regression problems
characterized by asymmetric or heavy-tailed noise distributions, or in which target variables
are subject to some constraints. The EVREG model, an evidential neural network model
proposed in [9, [10] for “classical” regression problems, models prediction uncertainty using
GRFNs. It could be adapted, for instance, to compositional regression tasks (in which
target variables are proportions) by transforming its outputs to logistic normal random
fuzzy vectors. This and other research directions will be investigated in future publications.
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Appendix A. Combination of Gaussian Random Fuzzy vectors

Let X; ~ N(ul,El,Hl) and Xy ~ N(MQ,EQ,HQ) be two independent GRFVs such

that matrices X, 39, H; and H, are all positive definite. We have

)?1 NP XQ ~ N(ﬁl?a f31271712)

with

H,=H,+H,; p,=Ap, and fl12:1‘1§]AT7

where A is the constant p x 2p matrix defined as

A=Hj; (H, H,),

S 21_1 +H -H -
“\ -H x'+H) -
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1

— -1 ,___
. (H s 41, -1, H
-1, H 'S, +1, 0

IJ,I

and o
H=(H'"+H;") "

Furthermore, the degree of conflict between X 1 and )A(:g is

/ ’2~| { 1 [ Tx—1 Tx—1 ~T& L~ }
Kk=1—4{/ ———expl —— by + by — by ] .
AN P 5 My 2y by T Mg 29 o — |28

Appendix B. Proof of Proposition

The membership function of Y (w) ~ TN (1, 02, b, log) is

with M ~ N((g,02). The a-cut of Y (w) is

Y (w) = [exp (M(w) - —21};),2;04) , €Xp (M(w) + —nga)] :

>t 0

1

(i)
H ;') \M)’

7)) = exp (5 logy — M()?),

(B.1)

Now, M — % ~ N (,u — 4/ %, 02), hence the lower bound of (B.1]) has a lognormal

distribution LN (,u — ) e 02) and an expectation

=~ —2log
E*<ay) = exp <,U/ - hg
Similarly,
0SS —2loga
E*(“Y)=exp | p+ .

+ 2
5 |-

+ <
5|

(B.2)

(B.3)

The lower and upper expectations of Y are, respectively, the integrals of (B.2)) and (B.3))

from a« =0 to o« = 1. Let us start with
—2log

E.(Y) = /01 exp <u - -

—2log o
h

, we get

E.(Y) = hexp (u + 0—2) +Ooﬁexp (—gBQ - ﬁ) dp.
0

2
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Completing the square gives us

~ 0.2 400 2
E.(Y) = hexp (u + =+ 21h) B exp [—— (ﬁ + ) as. (B.4)

N J/
-~

1

Integral I is related to the mean of the left-truncated normal distribution on [0, +00), with
mean —1/h, standard deviation 1/h, and density

Vh h 1\?
fly) = ) exp D) (5+E)
s

The mean of this truncated normal distribution is

1+ 1 o(1/Vh)
Vi1 —o(1/vVh)

where ¢ is the standard normal pdf. Consequently, we have

¢(1/v'h)

A e (e () ()] o

From (B.4)) and (B.5)), we get (14al). Similar calculations starting from the upper bound of

yield (T4E).

Appendix C. Proof of Theorem

We start by the following lemma, which generalizes Lemma 1 in [13].

Lemma 3. Let (M, Z1) and (M, Z5) be two independent two-dimensional random vectors
such that
P(lek):ﬂ'lk, kzl,...,K,

M1|<Z1:]€>NN(/L1]€,O'%]€), kzl,,K

and
P(ZQZE):']TQ[, gzl,...,L,

My | (Zy =€) ~ N(uge,05,), (=1,..., L.
Let F be the fuzzy subset of R? x {1,..., K} x {1,..., L} with membership function

F(my,ma,y1,y2) = hgt (GFN(my, hu(y1)) - GFN(ma, ha(y2)))

~ex ~ ha(y)ha(y2) (ma — my)?
- ( 2(h1(y1) + ha(y2)) ) ’
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where hy(y1) = [1r_, BV and ho(y2) = [y W% and, as before, gy, = I(yy = k) and
Yo = L(y2 = ). -

The conditional probability distribution of (My, My, Z1,Z5) given F' can be described as
follows:

e The conditional probability distribution of (M, M) given F and (Zy,Zs) = (k,0) is
two-dimensional Gaussian with mean vector iy, = (fige, flore)’ and covariance matrix

~2 ~ ~
S, = T1ke Pre01ke0 2kl
Kl = ~ ~ )

PreCT 15002k Oary
with
~ p(lF ho2,) + pacheeo?, -  pge(1+ hieody) + piaghieos
Hike = = 5 7 y o H2ke = = 5 2 (C.1a)
L+ (o), + 03,) 1+ hye(0F), + 03,)
52 U%k_(l + hyo3,) 52 _ Uge_(l + hreoty) (C.1b)
H T (ol + o) T L (o + 03,)
h
Pt = _ keO1k02¢ _ ’ (C.1¢)
\/(1 + hieo ) (1 + hieoly)
where b
Dy = ——k726 C.1d
§ hik + hog ( )

e The conditional probability distribution of (Zy, Z3) given F is

(1 — Kge)T1xmae (C.2)

P(Zy =k Zo=0|F) =7 =
( 1 y 42 | ) Tke Zk/g/(l—/fk/é')ﬂlkfﬂw’

where € Kt 18 the degree of conflict between two independent GRFNs Xlk ~ N(,ulk, alk, hix)
and Xop ~ N(u% o3, hay) given by Pmposztwnl

Proof. Given (Zy,7Z5), My and M, have normal distributions. The conditional probability
distribution of (My, Ms) given F and (71, Zs) = (k,{) results directly from Lemma 1 of [13].
Now, from Bayes’ theorem,
P(F|Zy=k,Zy=0)P(Zy =k, Zy = {)
P(F)
_ P(F | Zy =k, Zy = {)mypma
Zk’,Z’ P(F ’ Zy = kla Zy = g’)ﬂ'lk’ﬂ'zz’

P(Z =k, Zy=1L|F) =

From Lemma 1 in [13], P(ﬁ | Z1 = k,Zy =€) = 1 — Kgp, where Ky is given by Proposition
[T, which completes the proof. O

We can now give the proof of Theorem [4]
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Proof of Theorem. Let (M, Z1) and (Ms, Z5) be pairs of random variables from (2, %1, Py)
and (€9,%, P) to (R, B(R)) corresponding, respectively, to m-GRFNs X; and X,. The

orthogoilal sum of X; and X5 is the random fuzzy set (21 x Qy, 31 @ Xo, ﬁlg, R, B(R), )?@),
where X is the mapping

)?Q : (wr,we) = GEN(Mi2(wy,ws), h(w) + ha(w)),
with
hi(w) My (wy) + he(w) Ms(ws)
hi(w) + ha(w) 7

M12(w1,w2) =

and ﬁlg is the probability measure on 2; x {25 obtained by conditioning P; X P, on the fuzzy
set O (w1, ws) = hgt (GFN(M; (w;), by (w)), GFN(Ma(ws), ho(w))). The pushforward measure
of ﬁlg by the random vector (My, Ms, Zy, Z5) is the conditional distribution given F described
in Lemma , with parameters (fi1xe, foke, O1ke, O2ke, Pres Tje), k=1,..., K, £ =1,..., L. The
conditional expectation of M, given (Z1, Z3) = (k,¢) and F is

hB(My|Zy =k, Zy = ¢, f) + holE(Ms|Zy =k, Zy = ¢, ﬁ)
hik + hoe

E(Mis|Z =k, Zy = {,F) =

_ hagfiar + hofize
hik + hoe

)

and its conditional variance is

1
(hik + hae)?
h%V&I‘(MQlZl = k?, ZQ = K, ﬁ) + thkhggCOV(Ml, M2|Z1 = k}, ZQ = é, ﬁ)),

Var(Mio|Zy = k, Zo =, F) = (W3Var(My|Zy = k, Zy = {, F)+

which gives

2 ~2 92~2¢ ~ o~
hix071) + h505" + 2prehirhoeo 1102

Var(Mio|Zy = k. Zy = (. F) = (hak + hae)?
1 2

Finally, P(Z, = k,Zy = E!ﬁ) = T, which completes the proof of the first part of the
theorem. The second part is obtained directly by noticing that

K L
k=1-P(F)=1-Y Y P(F|Zi =k Zy=0P(Z =k Zy =)

k=1 (=1
K L K L

=1~ E g (1 — Kge)T1mor = g E KT 1k T20.
k=1 (=1 =1 (=1
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