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Frequency domain approach for the stability analysis of a fast
hyperbolic PDE coupled with a slow ODE

Gonzalo Arias!, Swann Marx?2, and Guilherme Mazanti®

Abstract— This paper deals with the exponential stability of
systems made of a hyperbolic PDE coupled with an ODE with
different time scales, the dynamics of the PDE being much
faster than that of the ODE. Such a difference of time scales
is modeled though a small parameter ¢ multiplying the time
derivative in the PDE, and our stability analysis relies on the
singular perturbation method. More precisely, we define two
subsystems: a reduced order system, representing the dynamics
of the full system in the limit ¢ = 0, and a boundary-layer
system, which represents the dynamics of the PDE in the fast
time scale. Our main result shows that, if both the reduced
order and the boundary-layer systems are exponentially stable,
then the full system is also exponentially stable for ¢ small
enough, and our strategy is based on a spectral analysis of
the systems under consideration. Our main result improves
a previous result in the literature, which was proved using a
Lyapunov approach and required a stronger assumption on the
boundary-layer system to obtain the same conclusion.

Index Terms—Singular perturbation, Transport equation,
Stability, Spectral methods, Time scales

I. INTRODUCTION

Systems defined by partial differential equations (PDEs)
coupled with ordinary differential equation (ODEs) appear in
many applications, either through the modeling of coupled
physical phenomena of different natures, one described by a
PDE and the other by an ODE, such as the heated gas flow
model from [1], or through the boundary control systems
described by PDEs using a dynamic controller, such as the
control of a network of liquid fluids through its nodes using
proportional-integral controllers from [2]. Such a class of
coupled systems has attracted much research effort in recent
years and its analysis and control is an active subject [1]-[7].

In applications, the constituents of a coupled system may
model different physical phenomena taking place in different
time scales. This is the case, for instance, of electric motors,
in which the electrical time scale is typically much faster
than the mechanical one (see, e.g., [8, Example 11.1]). A
natural question in these situations, which is the basis of the
singular perturbation theory, is whether one can approximate
the fastest time scale by an instantaneous process. For linear
finite-dimensional systems, its answer is given by Tikhonov’s
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theorem, which states roughly that such an approximation is
valid as soon as the dynamics of the fastest time scale is
stable [9], and the nonlinear theory for finite-dimensional
systems is also well-established [8]. Broadly speaking, the
main idea of singular perturbation is to decouple the full
system into two approximated subsystems under the assump-
tion that the fast dynamics is fast enough. The approximated
slow system is called the reduced order system and the fast
one, after a suitable time rescaling, is called the boundary-
layer system. Singular perturbation for infinite-dimensional
systems is a more delicate topic which has attracted much
research effort in recent years [1], [5], [10]-[13], both for
coupled PDEs and for PDEs coupled with ODEs, and several
examples show that a straightforward generalization of the
finite-dimensional theory is not possible [1], [10], [12].

The purpose of this paper is to study the stability proper-
ties of a system composed by a transport equation coupled
through its boundary data with an ODE, when the dynamics
of the transport equation is much faster than that of the ODE.
More precisely, we consider here the system

2(t) = Az(t) + By(1,¢), t>0,

eyi(x,t) + Ay, (z,t) =0, z € (0,1),t >0,
y(0,t) = Gry(1,t) + G22(t), t >0, (1)
2(0) = 2

y(x,0) = yo(), z € (0,1),

where z: [0,00) — R™ is the state of the ODE, y: [0,1] x
[0,00) — R™ is the state of the PDE, y, and y; denote the
partial derivatives of y with respect to its first and second
variables, respectively, A is a diagonal matrix in R”**" with
positive diagonal entries, A, B,G1,G2 are matrices with
appropriate dimensions, I, — GG is invertible, and £ > 0.
The parameter € is supposed to be small, meaning that the
dynamics of the transport PDE is faster than that of the ODE.

The analysis of (1) at the light of the singular perturbation
method was previously carried out in [1] through the use of
a suitable Lyapunov functional, and it was shown that, if the
reduced order system associated with (1) is exponentially
stable and the matrices A and G satisfy a suitable matrix
inequality, then the corresponding boundary-layer system
is also exponentially stable in L2(0,1;R™), and (1) is
exponentially stable in R x L?(0, 1; R™) if € is small enough
(see Theorem 4.1 below for a precise statement). Here, we
rely instead in a spectral approach, which allows us to obtain
a stronger result than that of [1].

The sequel of this paper is organized as follows. Section II
provides a description of the singular perturbation method



applied to (1), describing the corresponding reduced order
and boundary-layer systems, and addresses well-posedness
issues and the definitions of exponential stability used here.
The statement of our main result and its proof are the subject
of Section III. Section IV compares our result to that of [1],
and a numerical illustration of our main result is provided in
Section V. Finally, Section VI concludes the paper.

Notation. Given a matrix M in R*>*™, M~ MT, M, and
p(M) denote, respectively, the inverse (when it exists), the
transpose, the matrix exponential, and the spectral radius of
M (i.e., the largest absolute value of the eigenvalues of
M). The identity matrix in R™*™ is denoted by I,,. For
p € [1,00], we use ||, to denote the p norm in R™ as well as
the induced matrix norm in R™*"*, and the index p is omitted
from this notation when it is clear from the context or when
the choice of the norm is not important. The norm ||-||, in
LP(0,1;R™) is defined for £ € LP(0,1;R™) by [£[[F =
f01|§(ac)|g dz if p < oo and [[{]lec = esssup,eo,1§(7)]o
if p = oo. Given a real interval I and a normed space
J,C°(I;J) denotes the set of continuous functions from
to J, and C°([0,1];R™) is endowed with the norm ||||so-

II. PRELIMINARIES
A. Singular perturbation method

Let us briefly describe the idea of the singular perturbation
method applied to (1). As € — 07, we expect solutions of
the transport PDE in (1) to become close to solutions of
Ay, = 0. Hence, for every ¢t > 0, z — (¢, x) is constant,
and we denote its value by §.(t). Using the third equation of
(1) and the invertibility of I,,, — G, we obtain that ¢, (t) =
(I, — G1)"'G2z(t). Inserting this into the first equation of
(1), we obtain that 2(t) = (A+ B(I,, —G1)~'G2)2(t). This
motivates the introduction of the reduced order system

{z':(t) = (A+ B(I,, — G1)"'G2)z(t), t>0,

2(0) = 29. @

Let us now consider the function ¢ defined by g(x,7) =
y(z,e7) — Gul(e7) = y(x,67) — (I;n — G1) " Gaz(eT), the
difference between the real solution y and its expected
approximation § in a fast time scale 7 = ¢/e. Then g, (z, 7)+
Ay (2, 7) = —e(L,, — G1) " Go(Az(e7) + By(1,e7)) and
the boundary condition on § becomes 3(0,7) = G1g(1,7).
Hence, as ¢ — 0T, one expects 4 to be approximated by
solutions of the boundary-layer system

r(x,7) + Ay (z,7) =0, x€(0,1), 7 >0,
y(0,7) = G1g(1,7), 7> 0, 3)
7(2,0) = yo(x) — (Im, — G1) " 'Gaz9, =z €(0,1).

B. Well-posedness

The reduced order system (2) is a well-posed linear ODE,
whose solutions belong to C*°([0, c0); R™).

The well-posedness of the full system (1) and the boun-
dary-layer system (3) were studied in L?(0,1;R™) in [14,
Appendix A]. In particular, [14, Theorem A.4] shows that (3)
has a unique weak solution § € C°([0,00); L2(0,1;R™))

(in the sense of [14, Definition A.3]) provided that the
initial condition belongs to L?(0,1;R™), and [14, Theo-
rem A.6] shows that (1) has a unique solution (z,y) €
C°([0,00); R™ x L?(0,1;R™)) in the sense of [14, Defi-
nition A.5], provided that zo € R™ and yo € L?(0,1;R™).

One can also obtain the well-posedness of (3) replacing
the Hilbert space L2(0,1;R™) by LP(0,1;R™) for any
p € [1,00] or by C°([0,1];R™) when exploring its link
with continuous-time difference equations. This was done
in [15] in L?(0,1;R™), which proves well-posedness in its
Proposition 4.6, in the sense of its Definition 4.1, while the
well-posedness in C°([0,1];R™), under the compatibility
condition §(0,0) = G1%(1,0) on the initial condition, can
be proved by combining the equivalence between (3) and a
difference equation established in [15, Proposition 4.2] and
the well-posedness result for the latter from [16, Chapter 9].

As for the well-posedness of (1) in spaces other than
the Hilbert space R™ x L2(0,1;R™), one can make use of
the techniques transforming transport equations into delay
systems, such as those used in [14, Chapters 2 and 3]. More
precisely, denoting by y; the ith component of y and by );
the ith diagonal entry of A, the method of characteristics
shows that, for every i € {1,...,m}, the ith component of
the transport equation of (1) is equivalent to having

yi(z + 2h,t + h) = y;(x,t) for all t > 0,h > 0,2 € [0,1].

In particular, we have y;(1,t) = y;(0,t — ), and hence (1)

i

can be rewritten in terms of the functions 2(-) and y(0, -) as
the delay system of neutral type

2(t) = Az(t) + 31" | Bejel'y(0,t — ) @
y(oa t) = Z;il Gleiezry(ovt - )%) + GZZ(t)a

where eq,...,e,, are the vectors of the canonical basis of
R™. The well-posedness of (1) in R™ x C°([0,1];R™) can
hence be deduced from the classical theory of neutral func-
tional differential equations, and can be found in [16, Chap-
ter 9], under the compatibility condition yo(0) = G1yo(1) +
G2z, while the well-posedness in R™ x LP(0,1;R™) is
covered by the results of [17].

C. Exponential stability

The reduced order system (2) is said to be exponentially
stable in norm p if there exist positive constants C' and v
such that |z(t)|, < Ce "*|z(0)|, for every solution z of
(2) and t € [0,00). Since all norms are equivalent in finite
dimension, the notion of exponential stability turns out to
be independent of p. Moreover, (2) is exponentially stable if
and only if all complex roots of its characteristic functions

Aos have negative real part, where
Ars(s) = det(sI, — A— B(I,, — G1)"'G2). (5
Let us now consider the notions of exponential stability
for (1) and (3).
Definition 2.1: Let B denote one of the Banach spaces
C°([0,1];R™) or LP(0,1;R™) for some p € [1,00]. We
say that (1) is exponentially stable in R™ x B if there exists



positive constants C,v such that, for every zp € R” and
Yo € B, the corresponding solution (z,y): [0,00) = R" x B
of (1) satisfies, for every ¢t > 0,

2]+ ly ¢ )lls < Ce™ (20l + [lyolls), — (©)

where |-| is an arbitrary norm in R™. Analogously, we say
that (3) is exponentially stable in B if there exists positive
constants C, v such that, for every initial condition in B, the
corresponding solution %: [0,00) — B of (3) satisfies (6)
with z =0 and 29 = 0.

Even though the definition of exponential stability of (3)
depends on the space B, it turns out that all these definitions
are equivalent for the spaces B from Definition 2.1, as
discussed in [14, Remark 3.6] (see also [15, Corollary 4.11]
for the equivalence in LP spaces, p € [l,00]). For this
reason, in the sequel, we will say that (3) is exponentially
stable if it is exponentially stable in some (and hence every)
space B among C°([0,1];R™) or LP(0,1;R™), p € [1, ).
Exponential stability of (3) can also be characterized through
the characteristic function of (3), Ay, given by

Apis(s) = det(I, — e N Gy), 7

as stated in the next result, taken from [14, Theorem 3.5 and
Remark 3.6].

Proposition 2.2: System (3) is exponentially stable if and
only if there exists cv > 0 such that all roots s of Ay satisfy
Res < —a.

Similarly to (3), exponential stability of (1) is also inde-
pendent of the space B chosen among the ones in Defini-
tion 2.1. Indeed, (1) is equivalent to (4), and the indepen-
dence of the exponential stability of the latter on the space
B was established in [18, Corollary I1.1.8] for the P spaces,
obtaining the same criterion of exponential stability as [16,
Chapter 9] for C° (see also [19]). Hence, as for (3), we
will say that (1) is exponentially stable if it is exponentially
stable in some (and hence every) space R™ x B with B
among C°([0,1];R™) or LP(0,1;R™), p € [1,c]. Taking
the Laplace transform of (4), the characteristic function of
(1) is

Afuu(S,E) = det M(S,€), (8)

where

sI, — A Be A 'es

M ,€) = -1
(S ) GQ Im_GleiA ©s

9
From [14, Theorem 3.14], we have the following result
relating stability of (1) and roots of Agy.

Proposition 2.3: System (1) is exponentially stable if and
only if there exists o > 0 such that all roots s of Ag satisfy
Res < —a.

The roots of Agup, Ares, and Ay are referred to in the
sequel as poles of systems (1), (2), and (3), respectively.

ITII. MAIN RESULT

We are now able to state the main result of this article.

Theorem 3.1: Suppose that (2) and (3) are exponentially
stable. Then there exists €, > 0 such that (1) is exponentially
stable for every € € (0,¢,].

The proof of Theorem 3.1 relies on the spectral charac-
terizations of exponential stability from Propositions 2.2 and
2.3. The first step is to provide a suitable rewriting of the
characteristic function Agy. For that purpose, we define, for
each s € C and ¢ > 0 such that Aps(es) # 0,

Mi(s,€) = sI, = A= Be™ (I, = Ghe™ )71

We now remark that, for such s and ¢, we have

In OnXm
M _
(8’6) |:—(Im — Gle*A 158)71G2 Im :| ’
M; (s,€) Be A les
- [ Omxn Im*GleiA_lgs - 19

Taking the determinant of the above identity, we deduce that
Afun(S,E) = det Ml(S,e’:‘)Ab]S(é‘S). (11)

To explain the idea of the proof of Theorem 3.1, let us
note that, formally, taking ¢ = 0 in (11), we obtain that
Afuu(S, 0) = det M1 (S, O)Abls(O). Since det Ml(S, 0) =
Apos(s) and Ap(0) = det(l,, — G1) # 0, we have that
the roots of Agy(-,0) coincide with those of A (+). If the
behavior of the system is continuous with respect to € as
€ — 07, we may then expect that the asymptotic behavior of
(1) is similar to the asymptotic behaviour of (2) as e — 0.
The main idea of the proof is to show that this expected
behavior is indeed correct. More precisely, we will prove
the following result.

Proposition 3.2: Suppose that (2) and (3) are exponen-
tially stable and let o > 0 be such that Res < —a for
every root s of Ay. Then there exists €, > 0 such that, for
every ¢ € (0,e,], we have Res < —a for every root s of
S Afuu(s,&‘).

Due to Proposition 2.3, Theorem 3.1 will follow as an
immediate corollary of Proposition 3.2 once the latter is
proved. Note that the existence of an « as in the statement
of Proposition 3.2 is guaranteed by the exponential stability
of (2).

The proof of Proposition 3.2 is based in the decomposition
(11) and it is split into several technical lemmas. We start
by the following property of the roots of Apy.

Lemma 3.3: Assume that (3) is exponentially stable. Then
there exist & > 0 and xk > 0 such that Re s < —2a for every
root s of Ay and |Aps(s)| > k for every s € C with
Res > —a.

Proof: The existence of & > 0 such that Res < —2a
for every root s of Ay is a straightforward consequence of
Proposition 2.2. In addition, we have that

lim  Apg(s) =det I, =1,

Res—+o0
and the above limit is uniform in Im s. Hence, there exists
¢ > 0 such that [Ap(s)| > & forevery s € C with Res > (.
Note that Ay is an exponential polynomial (in the sense
of [20]), i.e., it can be written under the form Ap(s) = 1+



Zj.vzl aje” 77, where N is a positive integer, ay,...,an
are nonzero real coefficients, 7 = (1/A1,...,1/An), A1,
..., Am are the diagonal entries of A, and ~1,...,yy are
vectors in N™, where N denotes the set of nonnegative
integers. In addition, for every s € C with —& < Res < (,
s is at a distance of at least @ > 0 from every zero of Ay,
in the usual metric of C. Hence, using [20, Lemma 2.1(ii)],
there exists < > 0 such that |Ap(s)| > & for every s € C
with —a < Res < (. The conclusion of the lemma follows
by taking £ = min{1,&}. [ |

Using Lemma 3.3, we obtain the following property on
the behavior of s — Aps(gs) for e small.

Lemma 3.4: Assume that (2) and (3) are exponentially
stable and let @ > 0 be as in Proposition 3.2. Then there
exist £ > 0 and k > 0 such that, for every £ € (0,¢&], we
have Res < —2« for every root s of s — Ayg(es), and
|Apis(es)| > k for every s € C with Res > —a.

Proof: Let & > 0 and x > 0 be given by Lemma 3.3,
set € = %, and let € € (0,&]. If s is a root of s — Api(es),
then es is a root of Ay, thus Re(es) < —2&, implying that
Res < f% < —2aq, as required. In addition, if s € C is
such that Res > —a, then Re(es) > —ea > —@, and thus
|Apis(8)| > k by Lemma 3.3. |

We now turn to the analysis of the first term of (11), i.e.,
of det M (s, ¢).

Lemma 3.5: Assume that (2) and (3) are exponentially
stable, let & > 0 be as in Proposition 3.2, and € > 0 be
given by Lemma 3.4. Then there exists R > 0 such that,
for every ¢ € (0,&], we have |s| < R for every root s of
s+ det M (s,e) with Res > —a.

Proof: Thanks to Lemma 3.4, I, — Gre A 'es g
invertible for every € € (0,] and s € C with Res > —a,
and thus M; (s, €) is well-defined for all such € and s.

Fix € € (0,2] and let s € C be such that det M;(s,e) =0
and Res > —a. Since det My(s,e) = 0, we have that
s is an eigenvalue of the matrix A + Be*A_IES(Im —
Gre=2'e%)71G,, and thus

Is| < p(A+ Be 2 7'55(1,,, — Gre™ =) 71Gy),

e e i ],
(12)
which comes from the fact that the p(M) < |M]| for any

induced matrix norm |-|. Note that

—1 _ £s fa
‘Be‘A ¥l =  max |Bj|1‘e Y| < |Blpetmin, (13)
1 je{1,....m}
where By, ..., B;, denote the columns of B and Ay is the

smallest diagonal entry of A. On the other hand, using [21,
Chapter 1, (4.12)], there exists a constant C' > 0 depending
only on the dimension m such that

1 _
|Im—G16_A ESHn 1

Im -G —Ates\—1 <C )
|( 1€ ) ‘1 = det([m_Gle—Afles)

Similarly to the estimate of [Be=® '¢%|;, we obtain that

_ fo m—1
(L= Gre™ =) < € (14 [Gahe™in) L (4

where k is the constant from Lemma 3.4. Combining (12),
(13), and (14), we obtain the conclusion. |

We are now in position to prove Proposition 3.2 and
conclude the proof of Theorem 3.1.

Proof of Proposition 3.2: Let £ and R be given by
Lemma 3.5 and assume, to obtain a contradiction, that there
exist a sequence of positive real numbers (e;)ren and a
sequence of complex numbers (si)ren such that e — 0
as k — oo and, for every k € N, we have Agy (s, ex) =0
and Re s > —a.

Up to excluding finitely many terms of the sequence, we
have ¢, € (0, ] for every k € N, and thus, by Lemma 3.5,
we have |si| < R for every k € N. Hence, up to extracting a
subsequence (which we still denote using the same notation
for simplicity), there exists s, such that sy — s, as k — oo.
In particular, Re s, > —a.

Note that, by Lemma 3.4, we have Apg(crsy) # 0
for every k € N and thus, using (11) we obtain that
det M1 (sk,er) = 0 for every k € N. Since M; is con-
tinuous on the set {s € C: Res > —a} x [0,&], we
deduce, letting k& — +oo, that det M;(s.,0) = 0. Since
Avos(+) = det M(+,0), we deduce that Aos(s«) = 0, which
is a contradiction since Res, > —a but Res < —a for
every root s of Ay, by definition of «. This contradiction
establishes the result. [ |

IV. COMPARISON WITH RESPECT TO THE
LYAPUNOV APPROACH

We now compare our main result, Theorem 3.1, to [1,
Theorem 1], which is the main result of that reference for the
singular perturbation of (1). In this section, we shall denote
by D;!. be the set of m x m diagonal matrices with positive
diagonal entries.

Theorem 4.1 ([1, Theorem 1]): Suppose that (2) is expo-
nentially stable and there exist 4 > 0 and Q € D
such that e *QA — GTQAG, is positive definite. Then
there exists €, > 0 such that (1) is exponentially stable in
R™ x L%(0,1;R™) for every ¢ € (0,&.].

The existence of u > 0 and Q € D;}, such that e *QA —
G?QAGl is positive definite is shown in [1, Proposition 2]
to imply the exponential stability of (3). Hence, Theorem 4.1
can be seen as a particular case of Theorem 3.1: whenever the
assumptions of Theorem 4.1 are satisfied, the assumptions of
Theorem 3.1 are satisfied as well.

Before proving that Theorem 3.1 is strictly stronger than
Theorem 4.1, let us provide the following criterion.

Lemma 4.2: Let G; be an m X m matrix with real entries
and A € D.. The following assertions are equivalent.

1) There exist © > 0 and Q € D;}, such that e *QA —

GTQAG, is positive definite.

2) infDeD::”DGlD_lHQ < 1.

Proof: Note that 2) holds true if and only if there
exists D € D, such that |[DG1D~!|2 < 1 and, using the
expression of the induced matrix 2-norm, the latter condition
is equivalent to p(M) < 1, where M = D'GT D*G,D~1.
Since M = (D'GTD)(D~1GT D)T, it follows that M is a
symmetric positive semi-definite matrix, and thus there exists



a real orthogonal matrix U such that UMU? is diagonal,
and its diagonal entries are the eigenvalues of M. Hence,
p(M) < 1 if and only if there exists p > 0 such that
e I, — UMUT is positive definite. Multiplying by UT
on the left and by U on the right, we deduce that the latter
condition is equivalent to e ~*I,, — M being positive definite,
which, up to multiplying by DT = D on the left and D on
the right, is equivalent to e=#D? — G¥ D2 being positive
definite. We have thus shown that 2) holds true if and only if
there exists D € D}, and p > 0 such that e *D?—GT DG,
is positive definite. The conclusion follows by imposing the
relation QA = D? between Q, A, and D, which is possible
since these three matrices belong to D;'. u

Remark 4.3: The quantity inf, 5+ ||DG1D™'|2 from
assertion 2) of Lemma 4.2 is usually denoted in the literature
by p2(G1), and the condition p2(Gi) < 1 is a sufficient
condition for the stability in L? of (3) (see, e.g., [14,
Section 3.1]).

We now provide an example showing that Theorem 3.1
is strictly stronger than Theorem 4.1, i.e., that there exist
A € D and a matrix Gy of size m x m such that (3) is
exponentially stable but, for every > 0 and Q € D, the
matrix e *QA — GTQAG, is not positive definite.

Example 4.4: Let m = 2 and consider

1 -2 10
4 2 2

In this case, the characteristic function (7) of the boundary-
layer system (3) is

Apis(s) =1—e* + 272,

whose roots s satisfy e® = ?eﬂ%, i.e., the set of roots
of Ap is {—3In2=+4(F + 2km) : k € Z}. Since all these
roots have real part equal to —%ln 2, the boundary-layer
system (3) is exponentially stable, and hence the assumption
on (3) from Theorem 3.1 is satisfied.

On the other hand, for every D € Dy, denoting by dy, d

the diagonal entries of D and § = g—;, we have

—1 AT 12 -1 _ 1+ﬁ —25—%
DUGiDieiD™ =1 o5 0 e I

The eigenvalues of the above matrix are 0 and 2 +46%+ 2=,
and thus | DG1 D |3 = p(D7'G{ D*G1 D7) = 2446+

a5z > 1 for every D € D . Hence, using Lemma 4.2, we

conclude that the assumption on G; and A from Theorem 4.1
is not satisfied.

V. NUMERICAL ILLUSTRATION

As an illustration of Theorem 3.1, we provide a numerical
simulation' of (1) when the parameters G; and A of the

I'Simulations were done in Python, with an explicit computation of
the solution of (2), an upwind scheme in space and an explicit Euler
scheme in time for the hyperbolic PDEs of (1) and (3), and an ex-
plicit Euler scheme in time for the ODE in (1). The time step was
adapted according to the value of € and the space step was chosen in
order to satisfy a CFL stability condition for the numerical scheme. The
simulation code is available in https://gitlab.inria.fr/mazanti/
singular-perturbation-fast-transport-pde-and-slow-ode.

boundary-layer system are those of Example 4.4 and with
n=1, A=2 B=[1 2], Gy=[-1 0]",
yo(x) = [—cos (3Fa) O]T

for different values of €. Note that (3) is exponentially stable
with this choice of parameters, as shown in Example 4.4,
and (2) reads z(t) = —2z(t), so it is also exponentially
stable. Hence, the assumptions of Theorem 3.1 are satisfied.
In addition, the initial conditions were chosen so that the
compatibility condition y0(0) = G1yo(1) + G2z required
for the existence of solutions in CY is satisfied.

2’021,

)

Solution of the ODE

Reduced order system

1.0 A

0.5 1

= 00 1

-0.5 1

Time ¢

Fig. 1. Solution of the ODE in (1) for various values of ¢ and solution of
the reduced order system (2).

The solution of the ODE in (1) is represented in Fig. 1 for
various values of ¢, together with the solution of the reduced
order system (2). We observe that, for ¢ large, the system (1)
seems unstable, as z oscillates with an increasing amplitude,
but stability is recovered as ¢ is reduced, and the behavior
of z becomes close to that of the solution z of (2).

Fig. 2(a) represents the trace at x = 0 of the solution
of the PDE in (1) for the same values of & as those
from Fig. 1. Following the discussion in Section II-A, we
expect y(t,x) to be close, when ¢ is small enough, to
Ux(t) = (I, — G1)"1Goz(t) (which is constant in ), and
so the latter function is also represented in Fig. 2(a). As in
Fig. 1, we observe an unstable behavior for ¢ large, but it
becomes stable as ¢ is small. For small €, we observe strong
oscillations of the solution for small times, corresponding
to the fast dynamics of the system. Fig. 2(b) represents the
solution of the PDE in (1) when € = 0.01, detailing, in the
left, the behavior of such solutions in the small time interval
[0, 8c]. We observe that, at ¢t = 8¢, the solution y is close to
being constant in space, as expected following the discussion
in Section II-A.

VI. CONCLUSION

In this article we have applied the singular perturbation
method to system (1), showing that it is exponentially stable
as soon as both subsystems (2) and (3) are exponentially
stable and ¢ is small enough. This result was proved using



Trace of the solution of the PDE at z = 0
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Solution of the PDE with £ = 0.01

)
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2. (a) Trace of the solution of the PDE in (1) at 2 = 0 for various values of €, compared with the function g« (t) = (I, — G1) " G2Z(t). (b)
Solution of the PDE in (1) with ¢ = 0.01, in the time intervals [0, 8¢] (left) and [0, 5] (right). In both (a) and (b), the top and bottom figures represent
the components y; and y2 of y, respectively.

a suitable analysis of the behavior of the spectrum of (1)
when ¢ is small enough, through the spectral information of

2

and (3). Moreover, our approach improves the previous

result from [1, Theorem 1], which had been obtained through
a Lyapunov analysis: the condition on (3) of our main result,
Theorem 3.1, is less restrictive than that from [1, Theorem 1].
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