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A remark on the distributional Jacobian

Petru Mironescu®’

February 22, 2023

Abstract

We investigate the existence of the distributional Jacobian for maps u € Wllo’:;(lRN RN).
In 2D, we present necessary and sufficient existence assumptions. In dimensions 3
and higher, we exhibit sufficient existence conditions weaker than the standard ones.

1 Introduction

This note complements the expository text [2] by H. Brezis, J. Mawhin, and the author,
presenting a brief — and personal — history of the (distributional) Jacobian. Given a
mapping u € WZIO’CI(Q;[R{N ), where N =2 and Q c RY is an open set, and indices 1 <i,j <
N, we denote by C; ; the cofactor of d;u; in the Jacobian det(Vu) of u. Note that C; ;
is a measurable function defined a.e., but this function need not belong to Llloc(Q;[R{).
Assuming extra regularity assumptions on u, e.g.,

ue WV QRN N L (s RY) (1.1)

loc
or

ue WhNIN D0 gN), (1.2)

we have u;C; ; € Llloc(Q;[R{), and then we may define

N
Ti = Zaj(uiCi,j)e.@’(Q;[R{). (13)
j=1
Moreover, under the assumptions (1.1) or (1.2), T; is independent of i, i.e.,

N N

Z 6j(uiCi’j) = Z aj(ugC[yj) in .@I(Q;R), V1i<i,/ <N, 1.4)

j=1 j=1

and we may thus define
Det(Vu):=T;, V1<i<N, (1.5)

the distributional Jacobian made popular by the seminal work of J. Ball [1].
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The question we address here is the validity of (1.4) for u € Wllo’i(Q;[RN ) under ‘mini-
mal’ extra assumptions, i.e, we look for ‘minimal’ assumptions allowing us to define the
distributional Jacobian as in (1.5). For the sake of simplicity of the statements, we con-
sider only the case i =1, £ = 2. Given the local nature of our problem, we may assume
that Q = (-1,1)", and discard ‘loc’. It will be convenient to use the language of differ-
ential forms, and to consider the following more general situation. Let 2<% < N and

uw=(ug,...,ur) € WH(Q;RF). (1.6)
We want to find ‘minimal’ assumptions implying that
dwi +dws =0 in Z'(Q; AF), (1.7)
where A* stands for the space of k-forms and
wi:=uidug AdugA...Adup, we:=usdui AdusAN...ANdup, (1.8)

are (k — 1)-forms with measurable coefficients. (Our original question corresponds to N =
k=2)

Note that, formally, (1.7) is clear, since, for smooth u,
wi+tws=d(uiugdusA...ANdup),
and thus
dwi +dws =d*(wiusdus ... Aduy)=0.
In order to give a meaning to (1.7), we require
w1,w9 € LY(Q; AR, (1.9)

In the easier case k = 2, the minimal conditions (1.6) and (1.9) are sufficient for the
validity of (1.7). In fact, more can be said in this case.

Proposition 1. Let N = 1. Let ui,us € WhI(Q;R). Assume that uidus + usdu; €
LY(Q;AY). Then:

1. ujug e WHI(Q;R).
2. d(uiug) =u1dug +uoduq. In particular:

(a) We have d(ujdus+usdui)=0in 2'(Q;A?).

(b) Under the stronger assumptions u1 dus € LY(Q;A') and usdu; € LY(Q; A), we
have d(uidug)+d(uadui) = 0 in 2'(Q;A?). Consequently, (1.7) with % = 2
holds under the assumptions (1.6) and (1.9).

3. lluiualpr = Clluillwiilluallyi: + lluidug + uaduily1) (with C depending only on N).

Corollary 1. Let Q c R% be an open set. The distributional Jacobian Det(Vu) is well-
defined (via (1.5)) for maps u = (u1,us) : Q — R? satisfying

ui,ug € Wllo’i(Q;IR), uirdusg,usduq eL! (Q;Al).

loc



When £ = 3, the necessary conditions (1.6) and (1.9) are no more sufficient for the
validity of (1.7).

Proposition 2. Let N = £ = 3. There exists some u = (u1,...,us) € W-H(Q;R*) such that:
a) uj e C®(Q;R), j#2,3.

b) uje WL1(Q;R)n L and du; e LZ°(Q; A1), j=2,3. (So that us and us are ‘almost’ in
wi2)

¢) w1,w9 € L2°(Q; AR,
d) dwi+dwy #0in 2'(Q; A").

Finally, we present an existence result for the distributional Jacobian when & > 3.
Motivated by the example in Proposition 2 (see also Remark 1 in the next section) and
the validity of (1.7) under the assumption (1.1), we consider the following assumption,
weaker than (1.1):

duje LF (e <|ujl< M), VO<e<M <oo,V1<j<k. (1.10)

Proposition 3. Assume (1.6), (1.9), and (1.10). Then (1.7) holds.

Corollary 2. Let N = 3 and let Q c RN be an open set. Let u € Wllo’i(Q;[RZN ) satisfy
lullduM 1 e LY(Q;R) (1.11)

(where | | stands for the Euclidean length). Then the distributional Jacobian Det(Vu) is
well-defined via (1.5).

Acknowldegment. I warmly thank H. Brezis for useful discussions during the writing
of [2], and in particular for suggesting (1.11) as a sufficient condition for the existence of
the distributional Jacobian.

2 Proofs

Proof of Proposition 1. In what follows, C denotes a generic constant depending only on
N.

When N = 1, the assumption uyuj,+ugu € L1 is always satisfied, part 2 is simply the
chain rule (ujug)' = ujug+ugul, and the estimate in part 3 follows from the embedding
Wil Lo,

Let N = 2. Using the case N =1 and Fubini, we find that parts 1 and 2 hold provided
we know that ujus € L.

In particular, when N =2, parts 1, 2, and 3 follow from the above considerations and
the embedding Wil 1.2 which implies that lu1uall;1 < Clluillyuillually.

The case N = 3 follows by induction on N. With no loss of generality, we may assume
that u;1 and ug are absolutely continuous on a.e. line segment of the form

Ly, xy pi={(x1,...,xn-1,1); -1 <t <1}



Pick some ¢( € (—1,1) such that the partial functions
(-1, l)N_l 3(x1,...,x8-1)— vi(x1,...,an_-1) = ui(x1,...,xN_1,%0), 1 = 1,2,
satisfy vy,ve € WH((-1,1)V1;R) and the estimates

lvillwir < Clluillyr, i =1,2, (2.1
lvidve +vodvil;r <Cllurdug +usduqlzi. (2.2)

By (2.1), (2.2), and the induction assumption, we then have vive € L1((-1, DN 1;R),
and the estimate

lvivallp: < Cllutllwiiluallyis +lluidus + usdulipa). (2.3)

On the other hand, for a.e. (x1,...,x5-1) € (=1,1)N~1 the Leibniz rule applies, on
L, to the absolutely continuous partial maps

HXN-1)2
L3t w;@®):=u;(x1,...,xx-1,), 1 =1,2,
which implies, for such (x1,...,xx5-1), that

lw1wallzi1,1y < Clwi(te)walto)l + |[w1wh + waw} || 11 1)- (2.4)

Combining (2.3) and (2.4), we find that item 3 holds, and in particular, that uus €
LY(Q;R). As explained above, this also implies the validity of items 1 and 2. O

Proof of Proposition 2. Set, for x € Q, p = p(x) := (x% + x%)l/ 2 and let
u1(x):=1,us(x):= ﬂe’CS, us(x):= Eex3, uj(x):=x;,4<j<k.
p p

Properties a) and b) are straightforward.
We now prove c). Clearly, ws = 0. On the other hand, we have

2
X
dug = —gex3 dxq— x1§2 e dxg + ﬂex3 dxs in 2'(Q; AY),
o p p
2
X1X X X
dus= —1—32ex3 dxq + —:l,)ex3 dxg + Ze* dxg in 2'(Q; AY),
p P p

and therefore, with wqg:= dx4 A ... Adx (and the convention wg:=1if £ =3)
e duuy Ndivg + 3 dvg Adar | Awg in Z'(Q; AP, 2.5)
Y [y

2
Thus c) holds.
Finally, using (2.5) and the fact that

=]

xl x2 . / 2
01— | +02|— | =27 6(0,0)in Z'(R™;R),
(53)+0:(5)
we find that
dwi+dws=dw1=-2m,0)® e2x3dx1 A---Adxpin .@’(Q;Ak),

and thus d) holds. O



Remark 1. A similar example shows that, in order to insure the validity of (1.4), the
condition (1.1) cannot be weakened to uj € L7® ((;R) and du; € LZZ\;;LOO(Q;AI), 1<j<N.
Indeed, if we set r = r(x) := (x% +-- +x2_1)1/2 and let

Xij—
ui@):=1,uj(x):= —e%, 2< j <k,
r

then (by repeating the proof of Proposition 2) we have u; € L(Q;R), du € LF1oo(Q; AD),
1<j<k,wi,wee€ Lr12o(Q; A*~1), and dwy + dwy # 0 in 2'(Q; AF).

Proof of Proposition 3. Consider a sequence (®/)s>9 <€ C*°(R;R) such that ®,(¢) =0 if |#| <
1/20), @p(t) = (€ + Dsgnt if |¢t| > £+ 1, p(t) =t if 1/ < |t| < ¢, and |®)| <2, V{. Set
uj=1ujy¢:=®D,(uj). The strategy of the proof consists of proving (1.7) for & ; instead of u;,
and then letting ¢ — co.

Since @1, 42 € WH1 N L, the Leibniz rule implies that d(#1%s) = &1 diia + Us d@i1, and
thus

(i1diis +Uadu) AdisA...ANdi =d(@1ag) Adis A... Adiy in 2'(Q;AF ). (2.6)
We claim that, under the only assumption (1.10), we have
d@wiug)AdugN...ANdup =d(@1uz)dug A---ANdup)) in 9'(Q; A®) 2.7

(and this also holds for N =k —1).

Indeed, (2.7) follows by approximation with smooth maps, using the fact that, by the
assumption (1.10) and the chain and Leibniz rules, we have @149, us,...,0; € W1,

Combining (2.6) and (2.7), we find that
d@1duandisA...ANdup)+d(@edii AdigA...Adip)=01in 2'(Q; AF). (2.8)

We obtain (1.7) by letting ¢ — co in (2.8). (Recall that u; =u; ¢.) Passing to the limits
is justified via the assumption (1.9) and the uniform inequalities

luedug e NduseN...Ndug gl 5Zk_llulduz/\dugA.../\dukl, Ve,

ldg,rdiire Adiige A... Adig el <28 Nugduy Adus ... Aduyl,V e,

inequalities that follow from the properties of ®, and the chain rule. O

References

[1] J. M. Ball, Convexity conditions and existence theorems in nonlinear elasticity, Arch.
Rational Mech. Anal., 63 (1976/1977), no 4, 337-403.

[2] H. Brezis, J. Mawhin, and P. Mironescu, A brief history of the Jacobian, Comm. Con-
temp. Math., to appear.

() Université Claude Bernard Lyon 1; Ecole Centrale de Lyon; INSA Lyon; Université
Jean Monnet Saint-Etienne; CNRS UMR 5208 Institut Camille Jordan; 43, boulevard du

11 novembre 1918, F-69622 Villeurbanne Cedex, France
mironescu@math.univ-lyonl.fr


mironescu@math.univ-lyon1.fr

	Introduction
	Proofs

