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Non-local approximations of the gradient

Haim Brezis!), Petru Mironescu(®
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Abstract

We revisit the proofs of a few basic results concerning non-local approximations of the gradient.
Atypical such result asserts that, if (p. ) is a radial approximation to the identity in RV and u belongs
to a homogeneous Sobolev space W1, then

u(z+h) —u(z) h N
N/ 2 oe(h) dh, = € RY,
| Id

converges in L? to the distributional gradient Vuase — 0.

We highlight the crucial role played by the representation formula V. = (Vu)* F;, where F isan
approximation to the identity defined via p.. This formula allows to unify the proofs of a significant
number of results in the literature, by reducing them to standard properties of the approximations
to the identity.

We also highlight the effectiveness of a symmetric nonlocal integration by parts formula.

Relaxations of the assumptions on v and p,, allowing, e.g., heavy tails kernels or a distributional
definition of V, are also discussed. In particular, we show that heavy tails kernels may be treated as
perturbations of approximations to the identity.

1 Arepresentation formula and applications

Let (p.)o<e<c, be a family functions on RY such that:

p- 1s non-negative, integrable, radial, Ve, (D

/pe = 17 V€7 (2)

RN

ii_r)r(l) pe(h)dh =0, V4 > 0. (3)
|h|>0

Following Mengesha and Spector [7] (with roots in Bourgain, Brezis, and Mironescu [1], Gilboa and
Osher [6], Du, Gunzburger, Lehouck, and Zhou [5]; see also a detailed list of references in [7, p. 254]), we
set, for any measurable function u € L}, (RY), and assuming that the integral below exists,

+h)— h
Vo(@) = Veul(z) = Ve ( N/ < 0 u( )mp€<h)dh,xeRN. @

Keywords. Distributional gradient; Non-local approximation; Sobolev spaces; Functions of bounded variation
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V. may be seen as a non-local approximation of the gradient. Indeed (see Remark 2), (i) when w is
C' and bounded, we have the pointwise convergence V.(z) — Vu(z)ase — 0,Vz € RY; (i) when u
is C' and compactly supported, we have V. — Vu uniformly.

In what follows, we revisit the proofs of a few results establishing the validity of the convergence
V. = Duase — 0, ©)

in various functional settings. Many of these results were originally obtained, in slightly different forms,
in [7].

Before presenting the main results and methods, we make some easy observations concerning the
existence of V.. Set

h —_
Wa(-’lj) = Wa,u(x) - EupE / ‘u v ‘h,‘ u< )| g(h) dh, x € RV,

Clearly, the following holds.

Lemmal. Letu € L} (RY)besuchthat W, € L}, (R"Y). Then V. is well-defined a.e. and is measurable.
Moreover, we have [V.| < N W_ a.e.,and thus V. € L} (RY).

Remark 1. In the above statements, the condition W.,, € L;,.(RY) seems constraining. However,
under the following assumption:

for every ¢, there exist some d., R. > 0 such that p.(h) = 0 if |h| < J. orif |h| > R., (6)

we have W, ,, € L}, .(RY),Vu € L}, (RY).
This is especially relevant for Propositions 5, 6, 7, 8, and 18 below.

We next present a sufficient condition for having W. € L} (RY) (and thus, by Lemma 1, V. €
(RM)). For 1 < p < oo, set

u(z+h) —u(z
[s,pzlg,p,u: €,D,U,Pe —//’ |h‘p ( )‘ pg(h) dzdh.

RN RN

Ll

loc

Lemma2. Assume (2). Let 1 < p < coandu € Lj, (RY). Then [W. ], on) < Lo
Consequently, if I, , < oo, then V is well-defined a.e., measurable, and HVEHLP(RN) <N [I&p]l/p.

In the above and in what follows, the LP-norms of vector fields ' : RY — R¥ are computed with
respect to the Euclidean norm | |, i.e.,

IE1L, / F(a)]? d.

Similarly, the mass of a measure F' € .# (R™; R") is computed with respect to the Euclidean norm,
le.,

T p——— / ¢ dFy; ¢ € C2(RY;RY), [C(a)| < 1, Vo



Proof of Lemma 2. The conclusion follows by integrating in x the inequality

p—1
p</|““"1h‘p—” D () dh /pa(h)dh
RN 0
lu(x + h) — u(z)P N
R™.
/ o p.(h)dh, Y €

We now recall a few sufficient conditions for having /. , < oco. Set
WP = {ue Z'(R"); Du e L*(RY)} = {u € L,.(RY); Du e LPF(RM)}, 1 < p < o0,
BV :={uc Z'(R™); Du € .#(R")} = {u c L, (RY); Duc .#RN)}.

In what follows, for u € W'?, we denote the distributional gradient Vu.

Let K, v := ][N |hj|P do(h) (which does not depend on j € [1, N]).

We have the fsllc;\tving

Lemma 3. [1] Assume (1).
1. Let1 <p <ocandu € W'.Then I., < K, x |pc|| 1 ®V) HVuHLp(RN

In particular, V. € LP(R") and ”VeHLp(RN) < N [K, )P ||P5H1L/IZERN) HVU’”LP(]RN)‘

2. Letu € BV.Then Iy < Ky y ||p:l| 11 ) I1Dullygv-
In particular, V. € L'(R") and Vel vy < N Kin [[pell gy [Dull g vy

We next present a crucial identity that illuminates the validity of (5): (10), and its avatar (11). Although (10)
was probably known to experts (it is implicit in [7, proof of Lemma 3.3] and related to several identities
in [5])), its intimate connection to (5) seems to have remained relatively unnoticed.

Assume (1). Let f. : (0,00) — [0, 00) be a measurable function such that p.(z) = f.(|z|) for a.e.
r € RV, Set

F.(h) = N/fET(t)dt, VheRY\ {0} 7)

Ihl

Let us note that

IFery = [ o= V1857 o5 [ = 97 [
RN 0 r 0

S L CL R VA

RN

(8)

so that, in particular,

F. € LY(RM). 9)

Lemma 4. Assume (1). Let F, be as in (7).



1. Let1 < p < ccand u € W'». Then

V. = (Vu) x F. ae. (10)

2. Letu € BV. Then

V. = (Du) * F. a.e. (11)

Proof. Step 1. Proof of (10) when u € C(R") and p. € C>°(RY). In this case, we actually prove that
Vo(z) = (Vu) * F.(z), Vo € RY.

For this purpose, we note that

F. is compactly supported, (12)
h

VEL(h) = ~Npisp.(h), Yh € R\ (o), 1)

F.(h) =O(|1n|h||)as h — 0. (14)

Using (12)-(14), we find, via an integration by parts, that

Vo(x) =— /[u(a: + h) —u(x)] VF.(h) dh = —lim / [u(x 4+ h) — u(z)] VE.(h) dh

0—0
RN\B(0,5)

_ /Vu(x +h) F.(h)dh = /Vu(x — h) Fu(h) dh

= [(Vu) x F(x), Vo € RY.

Step 2. Proof of (10) and (11) when p. € C>°(RY \ {0}). Let ;) be a radial non-increasing normalized bump
function. By Step 1, we have

Vs (@) = (V(uxns)) * Fo(x) = (Du) * (F. % ns)(x), Vo € RY. (15)

On the one hand, as & — 0, the right-hand side of (15) converges (possibly along a subsequence) a.e.
to (Du) x F.(z). (This follows by combining the Young inequality with the fact that . xn; — F.in L'.)
In order to obtain (10), respectively (11), it suffices to prove that

Ve wsnspe () = Ve p.(z) as§ — Oforae. z € RY. (16)
Property (16) is obtained via dominated convergence, using the standard inequality
lus*ns(y)| < Au(y),¥0< <1, Vy € RY, 17)

(see, e.g., [11, eq (17), p. 571), where .#, u is the centered truncated maximal function of u,

Mu(z) = sup{][ |u|;0<r§1}.
Br(x)

(Here, we use the fact that 7 is radial, non-increasing, and supported in the unit ball.) Using (17) and the
extra assumptions on p., we obtain the domination

luxns(x 4+ h) — u*xns(x)|
A

pe(h) < [Mu(z + h) + Ayu(z)] g(h), VO <6 <1, (18)



with g(h) := p.(h)/|h| bounded and compactly supported. The right-hand side of (18) is in L*(R")
since # u € L} (RY) (and thus, in particular, .#;u is finite a.e.). The latter property follows by com-
bining the Sobolevembeddings W'?, BV < LYW= (R™) with the fact that, by the maximal function

loc

theorem, we have #,u € L, (R")whenu € L, (R") forsomer > 1. We obtain that the convergence

loc loc

in (16) holds on the full measure set
{x € RY; #u(zx) < oo and x is a Lebesgue point of u}.

Step 3. Proof of (10) and (11) in the general case. For fixed , we approximate p. in L' with a sequence (p. ;);
ofkernels p. ; € C>°(RN\{0}) satisfying (1). By Step 2, the corresponding associated kernels F. ; satisfy

Veup., = (Du) x F_ j a.e. 19)

Let us note that F.; — F.in L'(R") as j — oo. (This follows from a straightforward variant of
(8).)

We obtain (10), respectively (11), by letting j — oo in (19). Passing to the limits is justified, on the
left-hand side, by Lemma 3, and, on the right-hand side, by the Young inequality combined with the fact
that F. ; — F.in L'(RY). O

Using Lemma 4, (8), and the Young inequality, we obtain the following
Lemmas5. Assume (1)-(2).

1. Let1 <p < ooandu € W'P. Then IVell o gy < IV ull o vy

2. Letu € BV. Then ||Vz| 1 vy < 1Dt -

This is an improvement of Lemma 3, since N [KP’N}l/p > 1when N > 2. Indeed, the Jensen in-
equality yields

o> (£ i) = (2 £ St = (2 £ wtn) =5

We next present two direct consequences of Lemma 4, originally obtained, with different arguments,
in [7].

Proposition 1. [7, Theorem 1.1 (b)] Assume (1)-(3). Let u. € W'?(RY). Then

V. = Vuin LP(RY)ase — 0.

Proposition 2. [7, Theorem 1.2] Assume (1)—(3). Letu € BV. Then
V. — Du *-weaklyin . (R")ase — 0 (20)
and

lim [ Vell s vy = 1Dl g

Proof of Propositions 1 and 2. By Lemma 6 below, (F) is an approximation to the identity. We conclude
by combining this fact with Lemma 4. O

Lemma 6. Under the assumptions (1)-(3), (F;) is an approximation to the identity.



Proof. 1f 6 > 0 is fixed, then (7) and (3) yield

/ F.(h)dh = N\SN—ly]OrN*]OfET(” dtdr
s T

|h|>8
oo t [e%s)
_ N sV / / erdrfeT(t> dt < sV / N1 (1) dt @21
6 o 1

= / p:(h)dh — 0ase — 0.

|h|>d
The conclusion of the lemma follows from (8) and (21). O
We next present two a.e. versions of the above results.
Proposition 3. Assume (1)-(3). Letu € WP, Then, fora.e. v € RY, we have V.(x) = Vu(x)ase — 0.
Proposition 4. Assume (1)—(3). Let u € BV.Then, fora.e. z € RY, we have Vo(z) — V®u(x)ase — 0.
These results clearly follow from Lemmas 4 and 6 and the following measure-theoretical
Lemma?7. Let (F.) be a an approximation to the identity, with F_ radial and non-increasing. Then
1. Forevery1 < p < ooand G € L?(R"), we have G x F.(x) — G(xz) at each Lebesgue point of G.
2. For every finite Borel measure v singular with respect to the Lebesgue measure in R”, we have

vxF, — 0a.e.

Proof of Lemma 7. The assumptions on F. imply that there exist (unique) non-negative Borel measures
pte on (0, 00) such that

F.(z) = ,us((|x| )), fora.e.z € RY, (22)
gN-1
lim |SN_1‘ /tNd (t)=1,Y46 >0 (24)
e—0 He - .

Proof of item 1. We have

|G x F.(x) x)| = / N- 1/ (x —rw) — G(x)] ds(w) p((r,00)) dr

S/TN_I / |G(z — rw) — G(z)| ds(w) pe((r, 00)) dr

N1
/ N-1 / |G(r — rw) — G(x)| ds(w) 7dua(t)d7“
R v

// o / |Gz —rw) — G(x)] ds(w) dr dpc(t) 25)

SN-1



//m ()] dy dpue (1)

- / Bl f,166) - Gyl

_ 5 1|/tN]im ()| dy ().

We complete the proof by combining (23)-(25) with the fact that

lim |G(y) — G(z)|dy = 0 at each Lebesgue point z of G

and the straightforward inequality

1
Gly) — G@)|dy < 771Gl oy + |G
£ 160) - @y < (Gl + 16

1
< WHGHLP(RN) +|G(z)], Vt > 4.
Proof of item 2. We have
vaFe) = [ il -yl o) dvt) = [ / dpe(t) du(y)
R:O RN |z— y\ (26)
|SN ']
[ [ st - AUB@ D) o),
0 |z—y|<t

We complete the proof combining (23), (24), and (26) with the fact that (by the Lebesgue-Besicovitch
differentiation theorem) we have

lim v(B(z,t))

_ N
B Oforae .z € RY,

and the upper bound

v(B(x,1) _ v(RY)

< , Vi >0. O
|B(z,t)] — |B(x,9)]

For other results in the spirit of Propositions 3 and 4, see Spector [10, Theorem 1.2] and Brezis and
Nguyen [2, Theorems 1 and 2].

Remark 2. Here are two additional quick consequences of the fact that, under the assumptions (1)-
(3), (F.) is an approximation to the identity. It is straightforward that the pointwise equality V.(x) =
(Vu) % F.(z),Vo € RY, holds if u € C!(R"), and therefore for such u we have V. — Vu uniformly
in RY as e — 0. Similarly, this equality holds when u € (C' N L*>°)(RY), and in this case we have
V.(z) = Vu(x),ase — 0,V € RV,



2 Anintegration by parts formula and applications

The representation formula (10) naturally leads to the following formal calculation, with ¢ € C>°(RY; RY),
f(z):= f(—z),Vz € RY,and {e, }1<;j<n the canonical basis of R":

[ V= }j/ Ve e _zjau@1@<> Xm@w*awém>

—Z“*[F *agj] Zu* - 27)
:A;u@gEIK@-%K—@-

J
Combining (27) with the (formal) identity V_ s(—z) = —V. ¢(z), we obtain the formal identity

Vi €= / V. 1dz, (28)
/RN C Z RN Cj e]] x

and its more symmetrlc avatar

[ Wewretp == [ al) Vea(o) - )i ¥, 96 € C2(®R), @
RN RN

Similar “nonlocal integration by parts” identities were known in the literature (see, e.g., [5], [7, Theo-
rem 1.4], and, in a slightly different setting, Silhavy [12, Section 6]). As we will see below, (28) holds under
mild assumptions on wu (this is to be compared with the more restrictive assumptions in Lemma 4). The
importance of such identities is that they provide a first direction for generalizing the results in Section
1, consisting of weakening the assumption u € W' (respectively u € BV), widely used in Section 1, to
a reasonable one allowing V. to be well-defined a.e. and to obtain the property u € WP (respectively
u € BV) as a conclusion.

We first formalize the validity of (28).
Lemmas8. Lete > 0 be fixed. Assume (1). Letu € L}, (RY) be such that W, € L} (R").
L Ifu € (L' + L®)(RY), then

/ G = — Z/RN Voo, () - ¢j] du, V¢ € CF(RY;RY). (30)

2. If p. is compactly supported, then (30) holds.

Proof. We first note the following equalities, valid (thanks to the Fubini theorem applied to the firstline)
for every ¢ € C°(RY; RY):

[roson [ [ mm) o

RN

B we +h) —u@h )
IS == Mh)d)dh

RN

_ el @)
_N[ /u( ) TE pe(h)d ) dh

- Clath) =]
_ NR[</ e E(h)d)dh.

(31)




We next claim that we may apply the Fubini theorem to the last integral in (31). By linearity, in item
1 we may assume that either u € L'(RY) oru € L= (RY).

Proof of the claim when v € L'(RY). In this case, we have

h - h) —
J{ [ o= ) do | < 19 ol o <

RN
Proof of the claim when v € L°°(RY). By Lemma 3 item 1, we have

RN

N

< K(L Nl gy D IVG gy el 1 vy < 00
j=1

Proof of the claim when p. is compactly supported. Let r, R > 0 be such that supp ¢ C B(0, ) and supp p. C
B(O, R) Setv := UXB(0,r+R) € Ll(RN) Then

ute) = ) = (o) P = ), v e Y

and we then argue as in the case where u € L'(RY).
Applying the Fubini theorem in (31), we find that

/Vg (= —N/u(x) /h' C +|h}|2 — <@ dh) dx

RN RN RN

:—N/u(gj) /ZCJ x+}]lh’ Gz )lhhjpg(h)dh) dz
__Z/ ECJ ej]dx?

so that (30) holds. 0

Here are two quick consequences of (30), in the spirit of [7, Theorems 1.5 and 1.6].
Proposition 5. Assume (1)-(3). Let 1 < p < oo. Letu € L;, (RY) be such that W, € L] (R"Y),Ve.

L Ifu € (L' + L>®)(RY), then

li_r% IVell oy = IVull 1o gy (with the convention [|Vul| 1, gvy = coifu ¢ Wwhp), (32)

2. Ifthere exists some R < oo such that
supp p. C B(0,R), V0 < & < &, (33)
then (32) holds

Proposition 6. Assume (1)-(3). Letu € L} _(RY) be such that W, € L} (RY),Ve.

9



L Ifu € (L' + L>®)(RY), then

li_r)r}) IVell iy = [Dull gy (with the convention [ Dul| ,pny = o0 ifu & BV). (34)

2. If (33) holds, then (34) holds.

Open Problem 1. Letu € L} (RY)besuchthat W, € L} _(R"). Is it true that (32), respectively (34),
hold, without assuming the support assumption (33)?

Proof of Propositions 5 and 6. In view of Lemma 3 item 2 and Propositions 1 and 2, it suffices to prove the
following. If / := lim iélf IVl pomyvy < 0o, thenu € WP if1 < p < oo, respectively u € BV if p = 1.
E—

Clearly, this holds provided

/u div ¢ < €]l V¢ € CF(RYRY), 35)

RN
where ¢ is the conjugate exponent of p. In turn, (35) holds provided
—/udiv(:lir%/vs-(, V(e CRY;RY). (36)
e—
RN RN

In order to complete the proof, it suffices to establish (36) under the assumptions of Proposition 5,
respectively 6 (with no boundedness assumption on || V.| ., g))-
In view of (30), in order to obtain (36) it suffices to prove that

e—0
RN RN

lim uVE’Cj-ej:/uajCj, 1<j5<N. (37

When u € L>°(R"), this follows from Proposition 1 applied to ¢; with p = 1.
When u € L'(R"), we note the domination

[uVeg - €5l SNVl ooy lul € LHRY).

We conclude by dominated convergence, using the fact that V_ ¢, - e; converges to 0;(; pointwise as
e — 0 (see Remark 2).

The argument foru € L}

loc

(RY) under the support condition (33) is similar.
The proof of Propositions 5 and 6 is complete. O

One may consider versions of Propositions 5 and 6 for families of functions instead of a fixed func-
tion. Here are, for example, two versions of [7, Theorem 3.7].

Proposition 7. Assume (1)-(3). Let 1 < p < oo. Let, forevery ¢, u. € L}, .(R") be such that W_,,_ €
L} (RY). Assume that

loc

(Vz..) is bounded in LP(RY). (38)

1. If (u.) is bounded in (L' 4 L>°)(RY), then there exists some u € W'? such that, up to a subse-
quence e, — 0,

u. — u x-weakly in .#,.(RY), (39)
Vull;pioy < liminf ||V, , , for every open set Q C R¥. (40)
e = M Ve el yop

10



2. If (u.) is bounded in L (R™) and the support condition (33) holds, then (39)-(40) hold.

Proposition 8. Assume (1)-(3). Let, for every ¢, u. € L} (RY) be such that W, . € L}, (RY). Assume
that

V....) is bounded in L' (R™Y). (41)
(Veue)

1. If (u.) is bounded in (L' + L>)(RY), then there exists some u € BV such that, up to a subse-
quence e, — 0,

u, — u x-weakly in .#,.(RY), (42)
IDull 0y < ligri)iglf HV&%HLl(Q), for every open set 2 C RY. (43)

2. If (u.) is bounded in L}

loc

(RY) and the support condition (33) holds, then (42)-(43) hold.

Remark 3. Note that, by Lemma 2, (38) (respectively, (41)) holds if 1. ,,,, < C < 00,V0 < € < g
(respectively, I. 1, < C < 00,V0 < e < g).

Proofs of Propositions 7 and 8. We present the argument for Proposition 8; the proof of Proposition 7 is
similar. Consider a (signed) Radon measure ;o on RY such that, up to a subsequence, u., — p x-weakly

in Ao.(RY). Fix some ¢ € C>°(RY;R"). We then have

/ div ¢ dp =lim div ¢ ue,
RN ko JrN

~tin [ D Wawty sl +lip

= llin A + llin B;.

RN

(diV< - Z[kaﬁj ) ej}) Uey, (44)
J

Step 1. We have By, — 0. We have to treat three cases: (i) (u., ) is bounded in L*(R™); (ii) (u., ) is bounded
in L= (RY); (iii) (u., ) is bounded in L}, .(R") and the support condition (33) holds.

Step 1.1. Proof in case (i). We use the fact that, by Remark 2, div ¢ — > [V;, ¢, - ¢;] — 0 uniformly in R,
together with the boundedness of (u., ) in L'(RY).

Step 1.2. Proof in case (ii). By Proposition I, we have div ( — > . [V, ¢, - ¢;] — Oin L*(RY). We combine
this fact with the boundedness of (u., ) in L= (RY).

Step 1.3. Proof in case (iii). By Remark 2, we have div( — > [V, ¢, - ¢;] — 0 uniformly in RY. By the
support condition (33), there exists some r > 0 such that, for each ¢, div{ — > i Voo, €] = 0in
RN\ B(0,7). We find that

| Bi| < lueell 1m0,y — 0as k — oo.

dive = [V, - €]
J

Lo (RN)

Step 2. Conclusion. By Lemma 8, we have

A== [ Vo, ¢ “5)
RN

Let 2 C RY be an open set. Combining (44), Step 1, (45), and the assumption (41), we find that, when
¢ € CX(RY),

/QdiVCdM < ”C”LOO(Q) limginf ”VE,uEHLl(Q)-
It follows that 1 € BV and that (43) holds. O

11



Remark 4. In view of [I, Theorem 4] and Ponce [8, Theorem 1.2], it is likely, but not known, that, in
Propositions 7 and 8, the boundedness assumptions on u. can be removed, and that the x-weak conver-
gence in .#,. can be improved to strong Lj . convergence. In this direction, we formulate below two
open questions.

Open Problem 2. Let 1 < p < oo. Let, for every ¢, u. € L}, (R"Y) be such that W.,. € L, .(RY).
Assume that

V. ..) is bounded in LP(RY), (46)

(Veu.)

/ u. =0, Ve. (47)
B(0,1)

(RN), or atleastin L (RV)?

loc

1. Isittrue that (u.) is bounded in L)

loc

2. Isittrue that (u.) is relatively compactin L (R”), oratleastin L}, (R")?

Note the natural condition (47). Such a “normalization” condition is needed since V. “does not see
constants”; therefore, in order to have a priori estimates, one has to “kill the constants”.

3 Adistributional approach

A natural generalization of the approach in the previous section (based on the identity (30)), consistent
with the spirit of the theory of distributions, was initiated in [7]. It consists of taking the identity (30) as
a definition of V.. More precisely, instead of assuming that W, € L} (RY), we assume that (30) holds

for every ¢ € C°(RY;RY) and some function V. € L}, _(RY) that is not, a priori, given by (4). This
is a distributional version of V. given by (4) and, by the proof of (30), it coincides with V. provided that
W. € Li,.(R"). One could even go one step beyond and define the distribution V. through the formula

V.(¢)=the right-hand side of (30). (See also, for similar approaches in different but related settings,
Shieh and Spector [9], Comi and Stefani [4], Brue, Calzi, Comi, and Stefani [3].)

Repeating the end of the proof of the Propositions 5 and 6, we obtain, e.g., the following

Proposition 9. Assume (1)-(3). Let 1 < p < oo. Ifu € (L' + L>®)(R") and there exists some V. €
L} (RY) such that (30) holds, Ve, V¢ € C°(RY; RY), then

loc

li_I)I(l) IVell oy = IVull 1o vy (with the convention [|Vul| 1, gy = coifu ¢ Wwhe). (48)

And the usual variants forp = 1oru € L}, (RY), under the support condition (33).

loc

4 Heavy tails kernels

The results in this section are in the spirit of [4].
Let p. satisfy (1) and the following variants of (2)—(3):

ll_I)% pe(h)dh =1, (49)
|h|<1
.(h
lim/p<)dh:0,V(5>0. 50)
e—0 ’hl
|h|>0
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Note that these assumptions are weaker than (2)-(3) and that they allow heavy tails kernels, which are
not integrable at infinity. Here is a special case, considered, e.g., in [4], of kernels satisfying (49)-(50):

N —
o (%)

plh) = v r <5> ||
2

,0<e< N+2 (6D

Indeed, the validity of (50) is straightforward, while (49) follows from the fact that

N —¢
r(—=4+1
gl-—e ( ) N
2 c F<—+1> °

N 7N/2 r (f) e N N/2 9 - |SN-1)°
2

combined with the identity

€ 1
dh = 1.
[SN-1] / |h|N—=

|h|<1

The results in the previous sections can be easily adapted to kernels satisfying (49)-(50). The price to
pay is that the natural function setting is WP (RN), respectively BV (RY), rather than WP, respectively
BV . Here are some results from the previous sections adapted to the assumptions (1) and (49)—(50).

Proposition 10. Assume (1) and (49)-(50). Let 1 < p < oo. Letu € WHP(RY). Then

V. = Vuin LP(RN)ase — 0.

Proposition 11. Assume (1) and (49)—(50). Let u € BV (RY). Then
V. = Du xweaklyin .# (R") ase — 0 (52)
and

li_ff(l) HVsHLl(RN) = HDU”,///(RN)' (53)

In the next two results, we assume that, for some 1 < ¢ < oo, we have

li_r)% Hpa(h>/|h|||1:q(|h|>1) = 0. (54)

Proposition12. Assume (1) and (49)—(50). Let 1 < p < oo. Assume that (54) holds when ¢ is the conjugate
exponent of p. Let u € W1P(RY). Then, for a.e. r € RY, we have V.(z) — Vu(z)ase — 0.

Proposition 13. Assume (1) and (49)—(50). Assume that (54) holds when ¢ = oo. Let u € BV (RY). Then,
fora.e.z € RY, we have V_(x) — V*%u(z)ase — 0.

Remark 5. Given any ¢ > 1, the kernel in (51) satisfies (54). Therefore, Propositions 12 and 13 apply to
these kernels.

Remark 6. Propositions 12 and 13 have straightforward versions, in which the assumption on u is u €
L™ (RN) N WP, respectively u € L™(RY) N BV for somer € [1,00) (and then, in (54), ¢ is the conjugate
exponent of 7).
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Proposition 14. Assume (1) and (49)-(50). Let 1 < p < oo. Ifu € LP(RY)and W, € L] (RY) for every
g, then

lir% IVell o vy = V]| 1o vy (with the convention |[Vu| gy = 00 ifu ¢ WP (RM)). (55)
E—

Proposition 15. Assume (1) and (49)-(50). If u € L*(RY) and W, € L} (RY) for every ¢, then

loc

li_r)r(l) IVell iy = [1Dul| vy (with the convention [ Dul| ,pry = oo ifu & BV (R™Y)). (56)

Proposition 16. Assume (1) and (49)-(50). Let 1 < p < oo. Ifu € LP(RY) and there exists some
V. € L} (RY) such that (30) holds, V&,V ¢ € C(RY; RY), then

loc

li_{% IVell oy = IVull 1o gy (with the convention [|Vul| 1, gv) = coifu ¢ WP (RY)). (57)

Proposition17. Assume (1) and (49)-(50). If u € L*(R") and there exists some V. € L}, .(R") such that
(30) holds, Ve,V ¢ € C°(RY; RY), then

lig% IVell iy = [1Dul| 4 gy (with the convention [[Dul| ,gny = o0 ifu & BV (R™)). (58)

We prove only Propositions 10 and 12; the other results are obtained from the corresponding ones
in the previous sections using similar arguments.

Proof of Proposition 10. Set

1 2 1 1 2 Pg(h)
Pz 7= Pe XBOY): Pz = Pe = P Vo 1= Ve, V0= Veupzs hie(h) - :

3 3

By Proposition 1 and the assumptions (1) and (49)—(50), we have V! — Vuin LP(RY) ase — 0. On
the other hand, we have the straightforward inequality

V2 (@)] < ul  ke(@) + [u(@)] [Kell pr gy, Vo € RY. (59)

Combining (50), (59) with § = 1, and the Young inequality, we find that V> — 0 in LP(RY) as
e — 0. ]

Proof of Proposition 12. It suffices to note that (by (59) and (54)) we have V2 — 0 pointwisease — 0. [

Remark 7. The fact that p is radial when |h| > 1 is not relevant for the above results.
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5 ['-convergence

One can associate ['-convergence results with the above convergence statements. We present one result
of this type, in the spirit of [7, Theorem 1.7].

Let1 < p < o0. Set, for0 < ¢ < ggand u € L}, (RY),

loc

L ”V:f,u LP(RN)7 ifWE,U € Llloc(]RN)
Jep(u) := . )
00, otherwise
Vu , ifueWwhr
Jop(u) := {” lire) ., Vl<p<oo,
00, otherwise

Joqi(u) == ||Du||///(RN)> ifu € BV
| 00, otherwise

Proposition 18. Assume (1)-(3). Let 1 < p < o0.
1. For1 < ¢ < oo, J., [-converges to Jy , in L4(RY).

2. Under the support assumption (33), J. , ['-converges to Jy , in L}, .(RY).

loc

Proof. Proofofitem2. Let (u.)ocecsy C Li (RY)beafamilysuchthatu, — uin L} (RY)andlim inf Jeplue) <
e—

oo. By Proposition 7 and the proof of Propositiqns 5and 6 (see, more specifically, (35) and (36)), we find
thatu € W'?if1 < p < oo (respectively u € BV if p = 1) and Jp,(u) < lim inf Jep(ue).
e—

In the opposite direction, we do not need the support assumption (33). Letu € W' if 1 < p < o0,
respectively v € BV if p = 1. Let ) be a normalized bump function. By Proposition 1 applied to u * 1, /;,
where j > 11is an integer, there exists a sequence (¢;),>1 such that

1 .
Jep(usniy) < Jop(uxny;) + S ViZLV0<e<e

With no loss of generality, we may assume thate; — Oand ¢, < ¢;. If we set
Ue = u kN5, Ve <€ < gy,

thenu. — win L}, (R") whene — 0 and

loc

limsup J. p(u:) < limsup Jop(u *n1/5) = Jop(u).

e—0 j—00

Proof of item 1. The proof is similar to the one of item 2. It suffices to note that Propositions 5, 6, and 7 still
hold if we replace (L' + L>)(RY) with L¢(RY). O

References

[1] J. Bourgain, H. Brezis, and P. Mironescu. Another look at Sobolev spaces. In J. L. Menaldi, E. Rof-
man, and A. Sulem, editors, Optimal Control and Partial Differential Equations — Innovations and Appli-
cations, pages 439-455, Amsterdam, 2001. IOS Press.

[2] H. Brezis and H.-M. Nguyen. The BBM formula revisited. Atti Accad. Naz. Lincei Rend. Lincei Mat.
Appl., 27(4):515-533, 2016.

15



(3]

[4]

[5]

(6]

(12]

E. Brue, M. Calzi, G. E. Comi, and G. Stefani. A distributional approach to fractional Sobolev spaces
and fractional variation: asymptotics II. C. R. Math. Acad. Sci. Paris, 360:589-626, 2022.

G. E. Comi and G. Stefani. A distributional approach to fractional Sobolev spaces and fractional
variation: existence of blow-up. J. Funct. Anal., 277(10):3373-3435, 2019.

Q. Du, M. Gunzburger, R. B. Lehoucq, and K. Zhou. A nonlocal vector calculus, nonlocal volume-
constrained problems, and nonlocal balance laws. Math. Models Methods Appl. Sci., 23(3):493-540,
2013.

G. Gilboaand S. Osher. Nonlocal operators with applications to image processing. Multiscale Model.
Simul., 7(3):1005-1028, 2008.

T. Mengesha and D. Spector. Localization of nonlocal gradients in various topologies. Calc. Var.,
52:253-279, 2015.

A. C. Ponce. An estimate in the spirit of Poincaré’s inequality. J. Eur. Math. Soc. (JEMS), 6(1):1-15,
2004.

T.-T. Shieh and D. Spector. On a new class of fractional partial differential equations. Adv. Calc.
Var., 8(4):321-336, 2015.

D. Spector. LP-Taylor approximations characterize the Sobolev space W'P. C. R. Math. Acad. Sci.
Paris, 353:327-332, 2015.

E. M. Stein. Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals, volume 43
of Princeton Mathematical Series. Princeton University Press, Princeton, NJ, 1993. With the assistance
of Timothy S. Murphy, Monographs in Harmonic Analysis, III.

M. Silhavy. Fractional vector analysis based on invariance requirements (critique of coordinate
approaches). Contin. Mech. Thermodyn., 32(1):207-228, 2020.

(1) Rutgers University, Department of Mathematics, Hill Center, Busch Campus, 110 Frelinghuysen Road,
Piscataway, NJ 08854, USA

brezis@math.rutgers.edu

hbrezis@gmail.com

(2) Université Claude Bernard Lyon I; Ecole Centrale de Lyon; INSA Lyon; Université Jean Monnet Saint-
Etienne; CNRS UMR 5208 Institut Camille Jordan; 43, boulevard du 11 novembre 1918, F-69622 Villeur-
banne Cedex, France

mironescu@math.univ-lyonl.fr

16


brezis@math.rutgers.edu
hbrezis@gmail.com
mironescu@math.univ-lyon1.fr

	A representation formula and applications
	An integration by parts formula and applications
	A distributional approach
	Heavy tails kernels
	-convergence

