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Lie’s derivative in fluid mechanics

Henri Gouin *

Aix—Marseille University, CNRS, IUSTI, UMR 7343, Marseille, France.

Abstract

The invariance theorems obtained in analytical mechanics and de-
rived from Noether’s theorems can be adapted to fluid mechanics.
For this purpose, it is useful to give a functional representation of
the fluid motion and to interpret the invariance group with respect
to time in the quadri—dimensional reference space of Lagrangian vari-
ables. A powerful method of calculation uses Lie’s derivative, and
many invariance theorems and conservation laws can be obtained in
fluid mechanics.

Keywords: Fluid mechanics; Lie’s derivative; Invariance proper-
ties; Conservation laws
1 Introduction

In analytical mechanics of systems with a finite number of degrees of freedom,
Noether’s theorem is expressed as follows [1]:

We consider a differentiable curve (C') of R” and a form field in the dual R™
of R*, M € R* — E(M) € R™. Then

a= / ET(M)dM
(©)

is a functional of (C) denoted a = G(C'). We can look for paths such that a
is extremal.
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We assume that {7,}, u € I, where I is an open set containing 0, is a Lie
group generating the solutions of autonomous differential equation

dM
= —G(M
T = G(M),

where the vector field G(M) is the infinitesimal operator of the Lie group.
We call T,(C) the transformed curve of (C') by 7,. If a is invariant by 7,
(ie. Vu e I, G(T,(C)) = G (C)), along extremal of a we obtain the relation

ETN(M)G(M) =c, (1)
where ¢ is constant. Relation (1) is the analytical form of Noether’s theorem.

We show that for fluid media, the velocity field in space-time plays a role
analogous to the vector field G(M) and Hamilton’s action states theorems of
invariance allowing the search of first integrals of motion [2]; this is Noether’s
theorem generalized to fluids [3]. Since continuous media cannot be repre-
sented by a finite number of parameters, the forms of the first integrals are
expressed as conservation laws [4]. The natural method related to the defini-
tion of motions of a fluid uses a group with one—time parameter corresponding
to a diffeomorphism representing the fluid motion at each instant. The ve-
locity field in space-time is the infinitesimal generator of this group [5]. Its
main advantage is to use the variance of specific medium quantities which
have the structure of scalars, vectors, forms and tensors covariant order p
and contravariant order q. When they do not depend on the trajectories, the
quantities can be defined on the reference space independently of the motions
[6]. They are related to the Lie derivative associated with the velocity field
in the time-space of the fluid motion [7]. Their variance allows us to use the
linear tangent application associated with the motion.

Conservative laws are well studied in the literature [8, 9, 10, 11, 12]. In
our article, we obtain conservation laws in a geometrical form, the simplest
forms are associated with scalar fields allowing to write conservation laws
in a time-space divergence form. We analyse the different tensors classically
obtained in the literature and we can obtain first integrals of motions.

Notations: For any vectors a, b, term a’b denotes the scalar product (line
vector @’ is multiplied by column vector b) and tensor a b’ (or a ® b)
denotes the product of column vector a by line vector b’ , where superscript



T denotes the transposition. Tensor I denotes the identity transformation.

T
The gradient of scalar function f(x) is the transposition —) associated

ox
of ov(x)
ox

xr

dx and

with linear form df = denotes the linear application

defined by the relation dv = <8gfpw)) de.

2 Lie’s derivative associated with a fluid mo-
tion
2.1 Generalities
The fluid motion is represented by a t-dependent C*~diffeomorphism ¢; [13]:
X eDy — x €Dy,

such that @ = ¢,(X) is a mapping from a reference space Dy of Lagrange
variables X = (X, Xy, X3)7 into the space D; of Euler variables =
(71, 22, 23)" occupied by the fluid at time t.

The linear tangent mapping of ¢, is defined by:

Fo oz _ O, (X)
09X T X
By derivation with respect to time, we get:
dF  Ou dF—1 ou
— =__F and - —F ' = 2
dt  Ox al dt ox’ )

where u is the velocity in D;.
The motion of the fluid can be also represented by the inversible differentiable
mapping ® such that [5, 13]:

t
. (X)

where W is the /-D physical space-time and W, is the 4-D reference space.

t

2=®(Z) with z:[i}z{ <

161/\/ and Z:{ }EWO,

In differential manifold W, the space-time velocity is U = [ i 1
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In each point of W, the 4-D vector U generates a local one—parameter group
defined by the mapping

(h,z) €] —€, e[ x O — O(h,z) €W,

such that

o= [, oty 1= [t |

where O is an open set of W and € a positive real number. The velocity field
U is the infinitesimal displacement of the one-parameter group associated
with transformation ®.

We consider tensor fields with covariant order p and contravariant order ¢
applied to the vectors of the tangent space to D; and the forms of its dual
(or covector of cotangent space) at @, respectively; we said tensors in vector
space TE?*(D,;). At each point & of D; we consider the fiber-space (fiber-
bundle) which is tangent order p and cotangent order ¢ [14].

To each tensor field v € 17, {(D;) when z € O, we associate its image in
the tensor space TgZ;(X)(DHh) when O(h, z) € O. We denote the image:

Vp = Hh('v).

Definition 1 A tensor field is moving with the fluid if and only if its image
in the reference space represented in Lagrange variables is independent of the
time.

The definition is an extension of set & of Dy and its image &:
E ={x such that x = ¢(X), X € &},

when time ¢ varies. The set £ is always made of the same particles. The
set £ is material or moving with the fluid. This is in particular the case of
curves, surfaces and volumes of D).

To this definition, we associate a special derivative of the tensor fields.

Definition 2 The Lie derivative of v is dpv = }llin(l] (Gh(v(z)})l — v(z))'
_>.



To interpret dpv in fluid mechanics, Wy is a convenient space. Let vo(Z)
the image of v(z) by ¥ the mapping for the tensor field corresponding to
¥ = & ! and we denote ® the mapping corresponding to ®. We obtain

B (W (04(v(2)) — T(v(2)))
h

dL’U = lim
h—0

s (’uo(t +h,X) - vo(t,X)) |

h—0 h
Then,
= d’UO (t, X)
drv=® | ———=
o ()
corresponds to the commutative graph:
'
v € TP (D) — vy € TR (Dy)
d
| |2
g dt
P
drv € TH™(Dy) — dvo(t, X) € 1% (Do)

dt
To consider tensor fields, we can also consider restrictions of tensors defined
on W at t given (the Lie derivative does not commute with the restriction).
To consider tensor fields, we can represent their images in W, and we assume
that the images depends only on X and do not depend on the trajectory
parameter (i.e. time). Such quantities are called moving with the fluid and
its definition domain is Dy. From the previous results, we can write:

Theorem 3 A tensor is moving with the fluid if and only if its Lie derivative
associated with the vector field U is zero.

2.2 Lie’s derivative of tensor fields

2.2.1 Scalar field

A scalar field is moving with the fluid if and only its Lie’s derivative is null
(which corrresponds to its material derivative)

I{X € Dy — so(X)} such that s(t,x) = so(X).



For example, in isentropic (conservative) motions, the specific entropy is

moving with the fluid:

ot om T

where the d/dt means the material derivative.

2.2.2 Vector field

ox
The tangent linear mapping F = X transforms vectors of the tangent

vector space Tx(Dy) at X € Dy into vectors of the tangent vector space
T%(Dt) at ¢ € Dt-
Let us define a vector field J of D; by the mapping:

zeW — J(z,t) € To(Dy).

The Lie derivative d;, of the vector field J is deduced from the commutative
diagram:

7
J € TX(D,) — F'J eTx(D,)
d
d -
Ll l dt
dJ Ov dF~! dJ
o —J Tl D —1 o 1

Consequently, the Lie derivative of J is:

dJ 8’u,J_8J oJ ou

W= "0 = o T 0
Let us note that ﬂ — g—u J is the convective derivative of J with respect
T

to the velocity field U.

Theorem 4 d;J = 0 if and only if

J{X €Dy —> Jo(X) € Tk(Do)} such that J(t, @) = FJo(X)



2.2.3 Form field

Let us denote T2*(D;) the cotangent linear space of D; at  and Tx (D,) the
cotangent linear space of D, at X, and consider a field C of forms (covectors)
of Dy:

zeW — Clz,t) € T (D).

The Lie derivative dj, of the form field C' is deduced from the commutative
diagram:

v
C € T (Dy) — CF Ty (D,)

d

d il

L l l dt

dC ou ® dC ou

- 1% 1%

o+ C o €T7(D) — i F+C o FeT{(D,)

Consequently, the Lie derivative of C' is:
7~ T
dC ou 0C u” (8C ) +C(9'u,

Wl ="r+Cor =27 7% | os o

Theorem 5 d;C = 0 if and only if
F{X € Dy — Co(X) € T5(Dy)} such that C(t,x) = Co(X)F".

For all form field z € W — C(t,x) € T*(D;) and for all curve (v) in Dy,
we associate the curvilinear integral I = | C(t,x) dx.
gl

Corollary 6 A form field is moving with the fluid if and only is, for all
transported vector field, the associated scalar product is a transported scalar
field.

Theorem 7 Form C' being a transported form field, its integral along any
fluid curve is constant. If we denote by ~yy the image of v in Dy, we obtain

/C’(t,m)d:c:/ Co(X)dX.

Y Yo

This result leads to Kelvin’s theorems.



2.2.4 2-form field

We consider a 2-form field z € W — w(t,z) € T2*(D;). There exists an
isomorphism w(t, x) € T2*(D;) — W € T(D;) defined as

V v1 and vq € Ti(Dt), w (v1,v2) = det (W, v1, v3), (3)

where "det” is the application determinant. We are back to the tensorial
structure of W' that does not have the structure of a vector field. Vector
fields v; and vs defined in T.1(D;) have images v10 and vgq in Tk (Dy). From
(3) we can write:

det (W, V1, ’Uz) = det (W(), V10, ’020).

Then,
FW,(t,X)

Wt @)= det F

and we deduce immediately:

dW . ou
dL(det (W, . )) = det (W + Wle’U, — % W, . ) s

where div is the application divergence in D;.

Corollary 8 A 2-form field is moving with the fluid if and only if, applied
to any two transported vector fields, we get a transported scalar field.

From theses results we define the integral of a 2-form field on a surface S of
D,;. We denote Sy the image of S in Dy; we obtain

// det (W,dlm,d2$) = // det (W(),le,de)
S So

This integral corresponds to the flux of W through S. We obtain the follow-
ing properties :

Theorem 9 The five propositions are equivalent :
- The flux of W through any fluid surface is constant.

- The 2-form field det (W ,.,.) is moving with the fluid.



- The vector field W det F' is moving with the fluid.

F
- dX € Do — Wo(X) < T}((DO) such that W(t,w) = m WQ(X)

AW . du_ OW W o du

In the case of barotopic flow, we denote the vorticity of the fluid by
w = curlu

we obtain the Helmholtz equation [6]:
D (w ou w
D(@)=tue (@)
Dt \ p ox p

In particular, it implies the well-known Kelvin theorem. The developed form
is the Helmholtz equation :

ow  Ow _ ou
E+8_mu+wdlvu_8_a:w_0 (5)

and w is associated to a 2-form moving with the fluid.

2.2.5 3-form field

A 3-form of T2*(D;) is an element of a real vector space of one dimension
corresponding to the value of an isomorphism between 3-forms and scalar
fields. If the 3-forms is written vdet, for any vectors vy, vy, v3 of T2 (Dy)
with images o1, Vo2, Vo3 of Tx (Dp), it exists vy scalar field of W, such that

v det (’Ul, Vo, ’Ug) = Vo det (’U01, Vo2, ’Uog)

and for any volume )y in Dy of image €2 in D,

/// vdet (dx, dxy, dxs) = /// vodet (dX1,dX,,dX3).
Q Qo

Then, v(x,t) det F = vy(X,t) and the Lie derivative of vdet is:

d
dp(vdet) = (d—:: —l—vdivu) det .



Corollary 10 The 3-form field v det is moving with the fluid if and only
if, applied to any three transported vector fields, we get a transported scalar
field.

If v det is moving with the fluid, the volume integral is constant in the con-
vected fluid volume.

This property is equivalent to

d
d—: +ovdivu = % + div(vu) = Div(vU) = 0,

where Div the space-time divergence in W, corresponds to the conservation
of density v.

To define the specific mass, we assume a given mass distribution po(X) in
Dy. The mass density p is given by the relationship

p det F' = po(X)
and from Jacobi’s derivation of det F' and relation (2)

d(det F) LdFY ou

where "Tr” is the trace operator. We deduce:

dp . _Op . o B
pn + pdivu = n + div(pu) = Div(pU) = 0.

2.2.6 A general tensor field

Definition 11 A tensor field with covariant order p and contravariant order
q 1s moving with the fluid if and only if, applied to any p vectors and q forms
moving with the fluid, the associated scalar is moving with the fluid.

This property is equivalent to a zero Lie derivative of the tensor field.
An example is matrix field M. We obtain the immediate property

dM ou Ou
_ -1 — _ -
M (x,t) = F MyX) F — d;M = o +M8a: Eh:M’

where M (X)) is the image matrix defined on Dy.
We can summarize the results of previous paragraphs in form of a table:
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Tensors

Lie’s derivatives

Tensors moving with the fluid

ds

Scalar s 7 s(x,t) = so(X)

Vector J %fg—z J(xz,t) = FJ(X)

Form C % Z—Z C(x,t) F = C(X)
2-form det (W) | det (dzf + W dive — % W, ., ) W (a,1) = % Wo(X)

d
3—form vdet <d: +vdiv u) det v(zx,t)det F = vo(X)
dM ou Ou 1
Matrix M — —— —M M=FMyX)F
atrix dt Jxr Ox o(X)

2.3 Lie’s derivative and exterior derivative

It is possible to summarize the properties of integrals by noting the integral

mdw of a p—form 7 in a fluid domain €2 convected by the flow:
Q

Theorem 12 a p—form 7 in a fluid domain €2 convected by the flow verifies

i(/ﬂ'd(ﬂ) :/dmrdw.

This property immediately derives of the writing of the integral into Dy.
From the Stokes formula we deduce:

Corollary 13 The Lie derivative commutes with the exterior derivative of
differential forms.

Theorem 14 We have the properties:

11



- If s(x,t) is a scalar field moving with the fluid, then, the form field
0s

— 18 moving with the fluid.
ox
- If C(x,t) is a form field moving with the fluid, then the vector field

—curl CT' is moving with the fluid.
p

- If J(x,t) is a vector field moving with the fluid, then the 3—form field
isomorphic to the scalar field div(pJ) is moving with the fluid.

- If a(x,t) and B(x,t) are two scalar fields moving with the fluid, the
2—form field da/Ox N OB /0x is moving with the fluid.

2.4 Complements

Theorem 15 p being a scalar field isomorphic to a 3-form, s a scalar field
and J a vector field, all fields moving with the fluid (i.e. with a zero Lie’s
derivative with respect to the velocity field U ), and such that

0

a—;J =0 and div(pJ)=0,
then, there locally exists a scalar field n moving with the fluid and a mapping
(s,n) — f(s,n) such that

d
pd = f(s,n) grads A gradn with d—? =0.
Proof. div(pJ) =0 implies:

Due to Clebsch’s representation, there locally exists 2 scalar fields T and

0
n such that pJ = gradt A gradn [15]. The relation 8_5 J = 0 proves that
x

there locally exists an application F such that F(s,n) = 7, and we obtain

F
pd = %—(s,n) grads A gradn. Vector field J moving with the fluid, s and
s

n can be chosen moving with the fluid (i.e. have a zero Lie’s derivative with
respect to the velocity field U ).

All the previous properties are associated with conservation laws. The
most classical ones are those of conservation of mass, momentum and energy

12



for conservative fluids which are represented by divergence forms in space-
time W, i.e. of the form [16]:

da(z,t)

ot

where a(z,t) is a scalar field and A(z,t) a matrix field of Dy, respectively.
To these conservation forms, it is natural to add non-divergence representa-
tions associated with tensors with covariant order p, contravariant order ¢
and zero Lie derivatives. To these tensors one can associate scalars or 3-forms
which allow to write conservation laws still in divergence forms. It is a way
to obtain universal relations in continuum mechanics [17]. As example, we
obtain:

+div (A(z, 1) = 0,

- If J(=x,t) and C(x,t) have zero Lie derivatives, C(x,t) J(x,t) is a
scalar field moving with the fluid.

- If p(x,t) is a 3-form field moving with the fluid, p(x,t) C(x,t) J(x,t)
is a 3-form field moving with the fluid.

- It is the same for the field of mixed tensors J(zx,t) C(x,t) and we
deduce that det {J(x,t) C(x,t)} is a scalar field moving with the fluid.

- It is similar for the vector field p(x,t) W (x,t) and the scalar field,
plx,t) C(xz,t) W(x,t), ete.

- For all scalar field f moving with the fluid, we get a conservation law
in divergence form:

36,0_tﬁ +div(pSu) =Div(pSU) =0

and from all these conservation laws we can deduce first integrals along the
flow, and Kelvin’s type theorems.

3 Other applications

3.1 Electrodynamics of fluids

In the case of perfect non-conducting fluid motion (infinite electrical resis-
tance), the equations of the electric field D and electric induction E are

13



(18, 19]:
divD =gq and curl E = 0,

where ¢ is the volumetric electric charge. D and E are related by the relation
D = ¢FE, where ¢ is the electrical permeability of the medium. It depends
on the density and specific entropy. Our medium being supposed isotropic,
the permeability tensor of the dielectric is scalar. The charge is conserved
in the motion, i.e. the field ¢ is an isomorphic 3-form field moving with the
fluid:

F{X € Dy — qo(X)} such that gdet F = go(X).

Consequently Div (¢U) = 0 and due to the fact that div D is a 3-form moving
with the fluid, relation (detF)div.D = divo (det(F) F~'D) yields:

F
D =——Dy(t,x).
det F ot )

The field Dy is not necessarily a 2-form moving with the fluid. This is
nevertheless the case when the fluid is in adiabatic motion.

3.2 Magnetodynamics of fluids

In the case of the adiabatic motion of a perfect fluid with zero electrical
resistance, the equations verified by the magnetic field H (¢, x) are [18]:

H
divHH =0 and 8——cur1(az/\H) = 0.

ot
These relationships involve:
dH ou
— 4+ Hdivu— — H =0.
dt + v ox

The magnetic field is such that the 2-form det(H, .,.) is convected by the
flow and it exists Hy(X) such that:

F
(2) = Gerp HoX):

14



4 Conclusion

Various concepts, such as the particle derivative, the convective derivative,
the Jaumann derivative, etc., allow to express conservative fields frozen in a
moving fluid medium and whose properties are given by means of scalars and
simple or multiple integrals. A more natural method, linked to the definition
of the motion, is that of the Lie derivative associated with a one-parameter
group, corresponding to the diffeomorphism representing the motion of a fluid
in space-time. Its essential advantage is that it can express the variance of
specific quantities defined on the reference space in Lagrangian variables.
These quantities will have the structure of covariant order and contravariant
order associated with scalars, vectors, shapes or tensors. Quantities depend-
ing only on the trajectory are moving with the fluid. They allow to express,
as by Noether’s theorem, some first integrals and conservation laws.
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