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MEAN SQUARE VALUE OF L-FUNCTIONS AT s =1 FOR
NON-PRIMITIVE CHARACTERS, DEDEKIND SUMS
AND BOUNDS ON RELATIVE CLASS NUMBERS

STEPHANE R. LOUBOUTIN

Abstract: Let dg be a given square-free integer. We give an explicit formula Mg, (p) = A(do)(1+
Bg,(p)/p) for the quadratic mean value at s = 1 of the Dirichlet L-functions associated with
the non-primitive odd Dirichlet characters modulo dpp induced by the odd Dirichlet characters
modulo an odd prime p. Here do +— A(dp) is an explicit multiplicative arithmetic function
and By, (f) is a twisted sum over the divisors d of dp of Dedekind sums s(h,df). To prove
that f +— Bg,(f) is do-periodic, we find a new and closed formula for the Dedekind sums
f = s(a+bf,c+df), for fixed integers a, b, c and d. We deduce explicit upper bounds for relative
class numbers of cyclotomic number fields.

Keywords: Dirichlet character, L-function, mean square value, relative class number, Dedekind
sums, cyclotomic field.

1. Introduction

Let f > 2 be an integer. Let X7 be the multiplicative group of the ¢(f) Dirichlet
characters modulo f. Let X = {x € Xy; x(—1) = —1} be the set of the ¢(f)/2
odd Dirichlet characters modulo f. Let L(s,x) be the Dirichlet L-functions asso-
ciated with x € X;. We have (see [6, Proposition 1|):

F—1
L0 = £ 3 xa) ot (”f) (x € X7). W

According to [11] and [6], the mean square value M (f) of L(1,x) as x ranges in
X ;s defined by and given by

™ ¢(f) ( 1)_3
Tax; 2 e 7 AL (17g) -7

X€X; alf
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For f = p > 3 an odd prime, we recover Walum’s formula in [14]:

ot S-S {003} v

Let h denote the relative class number of the cyclotomic number field of prime
conductor p > 3 (see [15] for the definition). Using the arithmetic-geometric mean
inequality, we obtain (see also [6], [9]):

=) T I e () T en(@) T e

XEX,

Now, let dy > 1 be a given square-free integer. Assume that p { do. For x € X,
let ¥’ be the non-primitive character modulo dyp induced by x. Then,

1
i 1

Therefore, we obtain

W = 2p (L)% IT 20.x) < 2p (pMdo(p)>p47 3)

0 (@) \372) - 1L 1T (do) \~a7?
where
H H <1XEIQ))
dldg XEXp
and

Mg, (p

o(p) 7Z|L1X (4)

xeXy

In [6] and [7], we explained how using (3) one could get explicit bounds better than
(2) of the type h, < 2p(p/C)P=1/* for any given constant C' < 472 and p large
enough. In the present paper we greatly simplify the approach developed in these
previous articles by giving a neat formula for these My, (p), see Theorems 3.1 and
4.3. For explicit formulas for dy € {2,6, 30,210}, see (9), (10), (22) and (23). As
a consequence of (3) and this formula, we readily obtain improvements on (2) in
Theorem 5.2, by using the explicit lower bounds on I1; (dp) given in Lemma 5.1.
We invite the reader to start his reading with a quick look at our Theorems 3.1,
4.3 and 5.2.
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2. Dedekind sums

The Dedekind sums s(c, d) which depend only on ¢ mod d are defined by

(c,d) 4chot( ) (WZC> (ceZ, d>1, ged(e,d) =1),

with the convention s(c¢,1) = 0 for ¢ € Z. Since ¢ — s(c,d) is d-periodic, we may
consider s(h,d) for h € (Z/dZ)*. Recall the reciprocity law for Dedekind sums

A4+d?>—3cd+1
12¢d ’

s(c,d) + s(d,c) = (c=1,d>1, ged(c,d) =1) (5)

(see [2], [12] or [8]). In particular,

d? —3d+2

sld) = —og

(d=1). (6)

3. A mean square value formula for non-primitive L-functions

Theorem 3.1. Let dy > 1 be a square-free integer. Set

¢k(d0) = H (qk — 1) .

q prime
aldo

Whenever ged(f,do) = 1, let Hy = Hg,(f) be the kernel of order ¢(do) of the
surjective canonical morphism (Z/dofZ)* — (Z/fZ)* and set

Say(f) = p(do) > > du(d)s(h,df)  (Dedekind sums). (7)
1#£h€Ho d|do

Let p = 3 be a prime that does not divide do. For x € X, let x' be the non-
primitive Dirichlet character modulo dop induced by x. Then,

7T2 $2(do) 1254, (p) — 3¢1(do)
o1 2 PO =570 (” $2(do)p )

Mg, (p

0
XEX’

Proof. The surjectivity of the canonical morphism (Z/dy fZ)* — (Z/fZ)* read-
ily follows from Dirichlet theorem that asserts that there are infinitely many prime
integers in the arithmetic progressions a + fZ for ged(a, f) = 1. The canonical
morphism (Z/dofZ)* — (Z/doZ)* is also surjective. Since ged(dy, f) = 1, its
restriction to Hy is injective, hence bijective. It follows that whenever d divides dy

we have
Si= Y shyd)= Y s(hd) =0. (8)

heH, he(Z/doZ)*
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Indeed, whenever d divides dj, we have

do*l do*l
Si= > sthd)y= > sthd)= > s(do—h,d) =-S5
he(Z/doZ) gcd(Zizt):l gcd(::,:dlo):l

Now, for ged(a, dop) = ged(b, dop) = 1, we have the orthogonality relations

5 +1 ifb=+4a (mod p),
e(a,b) := p— X'(a)x'(b) =4 -1 ifb=—a (mod p),
b XEX, 0 otherwise,

and using (1) we have

2 dop—1 dop—1

T ma b
Mdo(p) = W Z Z {-:(a,b) cot (dop> cot <dop) .
a=1 b=1

ged(a,dgp)=1 gecd(b,dgp)=1

The imparity of the cotangent function and the change of variables b — ah give

s Ta wah
My, (p) = —— = =
() 2dgp? 2 D ot (dop> ot ( dop )

a=1 heH
ged(a,dgp)=1 0

o2 -
= 5 - Z S(h,dop),

dop

heHy
where
1 = ™ m™me
§(C, d) = Zd ; cot (7) cot (7)
gcd(1jd) 1
=y B HO) (e, d/6) = Z Su(
sld sld

Since ¢ | dgp if and only if either 6 = d or § = dp where d | dy, we have

Ma, (p dop h; - C(l)(;p dzd:pd
Zzp udcf)o h;{() dzld:odﬂ s(h,dp),  (by (8))

d|do
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Finally, by (6), for dy > 1 square-free we have

B fRd?—3df +2 fo2(do) — 3¢1(do)
(ﬂzddﬂ(d)s(lvdf) = dlzdﬂ(d)uf = p(do) 12 :
The desired formula follows. [ |

Example 1. Take dy = 2 and f > 3 odd. Then Hy = {1} and Sy(f) = 0.
Therefore, in accordance with [6, Théoréme 3], for p > 3 we have

M) = 5 (1-1). )

Example 2. Take dy = 2-3 =6 and f > 5 coprime with 6. Then Hy = {1, ho},
where hg =1 +4f if f=1 (mod 6) and hg =1+ 2f if f =5 (mod 6), and

7T2 256(])) -1
M, =— 14+ ——— 10
o) = 5 (14 22221 (10)
Moreover, using (5), (6) and a tad tedious but easy computation, we obtain:
Se(f) = 6s(ho,6f) — 3s(ho,3f) — 2s(ho,2f) + s(ho, f)
{2f2—13f+1 B Y e 2f2—63f+1 4 P2osf2 ~2 iff=1 (mod 6),

212 65ff+1 12 ﬁj}w 212 §f+1 2 1§]}+2
B 1 e o 1 e
— -t =3 i f=5 (mod6).

6f 12f
For example, for f =1 (mod 6) we have

10f2+5f—1

10/ +5f—1
= eur e LAY
L 2fP4Tf+1
—_W+S(4f+l,2f—l)
2fP47f+1
f*W*FS(?),?f*l)
22 11f 41
22 11f 41
= ey Y
22 11f 41 1

36f 18
2f2 —13f +1

36f
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Therefore, Sg(f) depends only on f modulo 6, and for p > 5 we have

2 1-1 ifp=1 (mod6) 2
Ms(p) = — x v d Mg(p) < = 11
6(p) =5 {1 ifp=5 (mod6) 6(p) < 5 (11)

in accordance with [6, Théoréme 4 (revised in the Addendum)].

4. On the Dedekind sums f — s(a + bf, c + df)

The aim of this section is to prove in Theorem 4.3 that f — Sy, (f) is dp-periodic,
which makes our mean square formula in Theorem 3.1 even more interesting and
useful. Indeed, we will use it to obtain explicit improvements on (2), see Theo-
rem 5.2.

Let dg > 1 be a given square-free integer. For f > 1 we can rewrite (7) as

do—1

Sdo (f) = M(do) Z Sk,do (f)? (12>

k=1
ged(1+kf.dgf)=1

where
Skay(f) =Y dp(d)s(1 + kf.df). (13)
d|do
We prove in Theorem 4.3 that for f large enough f +— Sk 4,(f) is do-periodic.
Therefore, Sg,(f) depends only on f modulo dy for f explicitly large enough.
To begin with, we extend the definition of Dedekind sums by setting

s(c, d) = sign(ed)s(|cl, |d|) = sign(d)s(c, |d]|) (c,d € Z\ {0}).

Hence ¢ — s(c,d) is still d-periodic and (5) gives the following generalized reci-
procity law that holds true whatever the signs of ¢,d € Z \ {0}:

A+d>+1 _ sign(cd)
12¢d 4

Let us now set some notations. Let Py(X) = ag + boX and P (X) = a1 + 01 X
in Z[X] be given, with by > b; > 1 and

. ay Qo
Dy = det (bl bo) 7é 0.

Let bg > by > --- > b > bp1 = 0 denote the sequence of remainders in the
Euclidean algorithm for calculating ged(bo, b1). For 0 <4 <1 — 1, define P;(X) =
a; + b;X € Z[X] by Piy2(X) = Pi(X) — ¢;Piy1(X), where ¢; = [bi/biy1] > 1.
Clearly, ged(ait1,a;), ged(big1,b;) and ged(Py1(f), P;(f)) do not depend on the
index i € {0,...,l}, where f € Z. In particular,

s(e,d) = —s(d, c). (14)

by = ged(0,b;) = ged(bi41, b)) = ged(by, bo). (15)
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Moreover,

D; = det (‘““ ‘”) = (=1)'Dy # 0.
bit1 b

Set

-1 b b
::z : -1 i [ i+1
Tt 1':0( ) (biJrl - bi )’

(which is related to the Dedekind sum s(b,b() and Zi;é b(fb—,l)i, where b, =

i1
b;/ ged(by,bg), by [2, Exercise 20, page 73]),

T(X) = Taoybo,al,bl (X) = H(X) =aq+buX =a + ng(bl, bo)X (16)

and 5 ,
T T Dy, ged(by, bo)

R(X) = Ra()yb(hahbl (X) = Tho,by T Po(X) Do

T(X). (17)
We are now in a position to state our new result on Dedekind sums:

Theorem 4.1. Let Py(X) = ag + bpX and Pi(X) = a1 + b1 X in Z[X] be given,

with by > by > 1 and
_ aip ao
Dy = det <b1 b0> £ 0.

For f > land ged(Pi(f), Po(f)) = 1, we have the Dedekind sums formula

— (=" sign
S P ) = RO — L SBMP) qy py ay

where Dy := Dy / gcd(bg, b1) is a rational integer not equal to 0 and the arithmetic
function f v~ s(T(f), Dy) is Dj-periodic.

For example, take Py(X) = 6X and P;(X) =1+ 4X. We have Dy =6, [ =2,
Py(X) =2X — 1 and P3(X) = 3, ro4 = —1/3, R(X) = 2X22X41 Therefore, for
f=1 (mod 6) we have s(2f —1,3) = s(1,3) = 1/18 and we obtain

22 —11f+1

22 —13f+1
36f ’

S(1+4,6f) = %

—-s(2f-1,3) =

as in Example 2 of the previous Section.

Proof. We will use some technical results proved in the next Lemma 4.2.
Set Q(X,Y) = X424 and Qi(X) = Q(Piy1(X), P(X)). We have the easy
to check identity

. b . .
b; bit1 B bil + Dt-l n % + &
bit1 b; Pi1(X) Pi(X)

Qi(X) =
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and

D, bl
2 b
bl D, + 1 H(X)

QuX) = Px) "D

Noticing that D; = (—1)Dg, we obtain

l Do bo bl

. +
Z(—l) Qi(X) = Tbop, + % + DT)PZ(X) R(X). (19)

Now, let f > 1 be such that ged(Pi(f), Po(f)) = 1.

Then ged(Pi1(f), Pi(f)) = 1, Pi(f) # 0 for 0 < ¢ < [, by Lemma 4.2, and
Pi1(f) = a1 # 0. Therefore, we can define a(f) = sign(P;(f)) € {£1} for
0 < i< 1+ 1. Using (14), P(f) = Piyo(f) + ¢iPir1(f) and the d-periodicity of
¢ s(,d), we obtain s(Py(f), Pisi (1)) = $(Prsa(f), Prya (f)) and

(P (), P = 5@ — D) ), P ()
for0<i<!l—1and
(P, ) = 15 @it — D gy p ),

Taking the alternating sums of these [ + 1 equalities and using (19) we obtain

SR, o) = 5 RU) = 3() = (VISR P (£),
where
l
() = Y (- Dera(Hailh). (20)
=0
By Lemma 4.2, we have
_(_1\!
c(n =T 4 sien(0o).

Finally, P)l+1(f) = al+1 = gctclll&;;%l) = gcd(ll?é,bl) - (_1)ID0/ng(b0ab1)a by (15)
Therefore,

(=1)'s(P(f), Piv1(f)) = s(P(f), Do/ ged(bo, br)),
and the desired result follows. |
Let us now prove what we used for proving Theorem 4.1, namely that the

P;(f)’s are never equal to 0, which enabled us to deal with their signs, their
associated Dedekind sums and the reciprocity law for Dedekind sums:
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Lemma 4.2. Let Py(X) = ag + bpX and Pi(X) = a1 + b1 X in Z[X] be given,
with bg > by > 1, ag,a1 = 0 and

_ ap ao
D() = det <b1 bo) 7& 0.

Let f > 1 be such that ged(P1(f), Po(f)) = 1. Then P;(f) #0 for0 <i<l+1
and (f) defined in (20) does not depend on f and is given by
11— (-
e(f) = # + sign(Do).
Proof. Recall that ¢; > 1 for 0 < ¢ < I. We claim that a; > 0 for 0 < ¢ < ip and
a; # 0 with sign(a;) = (—1)"% for 19 <@ <[+ 1, where

1<ip:=max{i; 0<i<Il+1anda; >0}

Indeed, if igp < I, then a;, > 0 and a;,+1 < —1. Hence if 9 < 1 —1 then a;,42 =
Qiy — QipQig+1 = 1, ie. alo+1 < —1 and a;,42 > 1. Hence if iy < [ — 2 then
am+3 Gig+1 — Qig+1Gig+2 < —1, 1.e. ajy42 = 1 and a;,43 < —1. We then proceed
inductively. Consequently, (i) if a;41 < —1 for some index ¢ < [ then a; > 0 for
the previous index and (ii) the indices in

_={i; 0<i<l+1and q; < -1}

have all the same parity.

Now assume that P,1(f) = 0 for some f > 1 and some index i < [. Since
P1(X)=aj41 #0,wehave i <l—1and b; > b;y1 = by > b1 = 0. Hence b; > 2
and b;11 > 1. Therefore, 0 = Pi11(f) = aj41 + bix1f = aj1 + 1 gives a;41 < —1.
Hence, a; > 0, by the assertion above, and P;(f) = a; +b;f > a; +2 > 2. However,
Pia(f) = 0 and ged(Poy1(f), Bi(f) = ged(Pi(f), Po(f) = 1 give P(f) = +1
and we obtain a contradiction.

Hence, P;(f) # 0 for f > 1 and 0 < i <1+ 1 and the g;(f) are well defined.
We claim that &;(f) = +1 for 0 < i < i (f) and ;(f) = (=1)""%) for io(f) <
i1 <141, where

io(f) == max{i; 0<i<Il+1and P(f) >1}.

Indeed, if io(f) < I, then P, (f) > 1 and P;,4+1(f) < —1. Hence if ip < 1 — 1 then
Pi0+2(f) = on(f) — Qiopio+1(f) 2 1, i.e. Pi0+1(f) < —1 and P»L‘O_A'_Q(f) > 1. Hence
if io(f) <1 —2then Piyy3(f) = Pig41(f) = Gig+1Pig+2(f) < =1, Le. Pigya(f) =1
and P, 43(f) < —1. We then proceed inductively.

Hence, €;41(f)ei(f) = +1 for 0 < i < io(f) — 1 and e;41(f)ei(f) = —1 for
in(f) < i < 1. By (20), it follows that £(f) := =CD° — (—1)ia(),

Finally, I(f) := {¢; 0 < i <1+ 1 and P;(f) < —1} is included in A_. Since
the i’s in A_ have all the same parity, the parity of ig(f) = minI(f) — 1 does
not depend on f > 1. Since b; > 1 for 0 < ¢ < [, for f > large enough we have

gi(f)=+1for0<i <, zo(f):l—l—%w and e(f) = = ( L +sign(Dp). A
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Theorem 4.3. Let 0 < k < d be given. There exist rpq € Q and T q(X) =
a+bX € Z[X] such that for f = 1 and ged(1 + kf,df) = 1, we have

ged(k, d)2f2 + 2

s+ kfdf) = 5=

+ Tk,d — S(Tk7d(f),d/ ng(k‘,d)). (21)

Consequently, the rational numbers Sq,(f) defined in (7) depend only on f > 1
modulo dg.

Proof. For (ag,bo,a1,b1) = (0,d,1,k) we have ged(by,by) = ged(k,d), Dy = d,
Dy /by +by/Dy =2 and Py(X) = dX. By (16), (17) and (18), we do have the first
assertion (21). For the second assertion, we use (21) and notice that _;; u(d) =0

for do > 1 and that the function do — G(do, k) == _ 44, 1(d) ged(k,d)? is multi-
plicative. Therefore,

G(do, k) = [ (1—ged(k,q)?).

aldg,
q prime

Hence, for dy square-free, G(do, k) = 0 if and only if dy 1 k.
It follows that for dy > 1 square-free and k not divisible by dy there exists
T.do € Q such that for f > 1 and ged(1 + kf, df) = 1, we have

Sido (f) = > dp(d)s(1 + kf,df) = 1 g0 — > du(d)s(Th.a(f), d/ ged(k, d)).
d|do d|do

Hence, the rational numbers S, 4, (f) defined in (13) depends only on f modulo dj
and the last assertion follows from (12). |

We refer the reader to [5, Theorem 4.4 and Proposition 4.6] for a different proof

of the last assertion of Theorem 4.3.

5. Explicit upper bounds on relative class numbers

Lemma 5.1. Let g > 2 be a given prime integer. Let p > 3 be a prime integer,
with p # q. Let f be the order of q in the multiplicative group (Z/pZ)*. Then

p—1

1 (q) = ][ <1><(q)> (1-%) fﬁ if f is odd

P q 1 \NT L,
XEX, (1 + qf/2) if f is even.

Moreover, we have

6/7 fordy=2 andp
_ 2/3  fordy=06 andp
II m@> / 0
o prime 1/2 fordy=30andp>71,
alo 5/13  for dy =210 and p > 11.

23,
>5

)
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Proof. By [13, Lemma 6 page 72|, we have II,(q) = [[,cx, (1 — x(¢)T) =
p—1 1

(1 =757 and ILf (¢) := erXj(l - x(@T) = (1 - Tf+)2f+ where fi is

the order of ¢ in the multiplicative group Gi := (Z/pZ)*/{£1} of order

(p—1)/2 and X, = {x € Xp; x(—1) = +1} is the group of characters of G. Now,
clearly, f1 = f 1f fisodd and fy = f/2is f is even. Since I, (¢) = Hp(q)/H;(q),

the desired first result follows. Now, we have ¢/ > p + 1. Hence,

p—1 (p—1)logg
_ 1 2f 1 2log(p+1) logq
1T 21— —— > |1—-— = —F 1
0 (@) ( p+1> ( p+1> eXp( y Ft )>

(x—2) log(

where for x > 1 we set F(z) := Togs ) . Therefore,

1 (o) > exp (5 0P+ 1))

The desired lower bounds easily follow. |

Theorem 5.2. By taking successively dg = 2, 6, 30 and 210 in (3) we obtain

G (32)(1) D forp>=3 (compare with [3, (1)]),
1)/4
CJw@et s,
p X 4p(2p+1)(p*1)/4 forp>T,
9\ (p—1)/4
2 (Bt ) forp > 11.

Proof. For dy = 2 we use (3), (9) and Lemma 5.1 to get the first bound.
For dy = 6 we use (3), (11) and Lemma 5.1 to get the second.
Take dp = 30 and p > 7. Then

Man(p) = S (14 F0=2) 2

Now, S30(f) depends only on f modulo 30 for f > 1 and ged (30, f) = 1, and easy
numerical computations that, with :

f modulo 30 1 7 11 13 17 19 23 29
S30(f) —46 —-42 26 2 —-30 —-54 14 18

In particular, %];)_2 < 1. Using (3), (22) and Lemma 5.1, the desired third
bound follows.
Finally, take dy = 210 and p > 11. Then

1287’1’2 5210(p> —12
Moro(p) = —oos <1 w0y ) (23)

Now, S210(f) depends only on f modulo 30 for f > 1 and ged(210, f) = 1, and easy

. . s —12
numerical computations that % < 8. Using (3), (23) and Lemma 5.1,

the desired fourth bound follows. [ |
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By [1], we have h, = 2pttol) (=) = Accordlng to [4], Kummer’s conjecture

2
on the asymptotic behavior h, ~ 2p ( ) Yis unlikely to be true. Notice also
the explicit bound h,; < p?’l/4 (%) (see [10]).
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