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Dynamic Frozen-Function Design for Reed-Muller
Codes with Automorphism-Based Decoding

Samet Gelincik, Member, IEEE, Charles Pillet, Member, IEEE, and Pascal Giard, Senior Member, IEEE

Abstract—In this paper, we propose to add dynamic frozen
bits to underlying polar codes with a Reed-Muller information
set with the aim of maintaining the same sub-decoding structure
in Automorphism Ensemble (AE) and lowering the Maximum
Likelihood (ML) bound by reducing the number of minimum
weight codewords. We provide the dynamic freezing constraint
matrix that remains identical after applying a permutation linear
transformation. This feature also permits to drastically reduce
the memory requirements of an AE decoder with polar-like codes
having dynamic frozen bits. We show that, under AE decoding,
the proposed dynamic freezing constraints lead to a gain of up to
0.25dB compared to the ML bound of the R(3,7) Reed-Muller
code, at the cost of small increase in memory requirements.

I. INTRODUCTION

Polar codes [1] have been introduced as the first provably
capacity-achieving linear codes for the class of symmet-
ric binary memoryless channels under the low-complexity
Successive-Cancellation (SC) decoding algorithm. However,
capacity is achieved for unpractical code lengths and polar
codes suffer from a poor Maximum Likelihood (ML) bound in
the finite-length regime. Polar codes concatenated with a cyclic
redundancy check (CRC) code, namely CRC-aided (CA) polar
codes, drastically enhance the error-correction performance
under SC-List (SCL) [2] decoding. Indeed, using a CRC code
both enhances the distance property and approximates a genie
decoder [2]-[4]. CA-polar codes have been selected among
the channel coding schemes in 5G-New Radio [5].

On the other hand, recently introduced Polarization-
adjusted-convolutional (PAC) codes [6] perform very close
to the second-order rate approximation of the binary-input
additive white Gaussian noise (BI-AWGN) in short block-
length regime [7] under SCL decoding with large list sizes,
ie.,, L > 128. In [8] and [9], the concept of single-argument
dynamic frozen functions was introduced, where any dynamic
frozen bit is dependent on only one previous information bit.
Also, it has been shown that properly chosen dynamic frozen
bits reduce the number of minimum weight codewords or
increase the minimum distance. Code designs with single-
argument dynamic frozen bits perform as well as PAC codes
with much lower decoding complexity at short block-lengths
[8]. All these modified polar codes fall into the same cate-
gory, namely, pre-transformed polar codes [10], and can be
defined by their dynamic freezing constraint matrix. With
properly chosen pre-transformation matrices, pre-transformed
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polar codes were proven to enhance the distance spectrum
of the code without reducing the minimum distance of the
underlying code [10]. Given their distance properties, Reed-
Muller codes are often chosen as underlying codes of pre-
transformed polar codes for short block lengths [6], [8], [9].

Automorphism Ensemble (AE) decoding [11] is a possible
alternative to list decoding for codes exhibiting symmetry
[12]-[14] such as Reed-Muller codes. In AE decoding, M
permutations are selected in the affine automorphism group
of the code to generate M instances of the noisy vector.
The M permuted noisy vectors are decoded in parallel and
the most likely candidate codeword is selected. AE decoding
was first proposed for Reed-Muller codes [11] since the affine
automorphism group is isomorphic to the general affine group
[15]. AE decoding was proposed for polar codes in [16]-[18].

Recently, affine permutations outside of the affine automor-
phism group of a given polar code were shown to be usable in
ensemble decoding [19]. Each of the permutations generates a
new pre-transformed polar code. In [20], affine permutations
are successfully applied to CA-polar codes decoded with
AE-Belief Propagation. The error-correction performance is
improved with respect to [21].

In this work, we integrate the single-argument dynamic
frozen function concept into automorphism-based code design.
In that sense, we propose a dynamic freezing constraint
matrix for Reed-Muller codes that remains identical for a
large group of permutations. The proposed dynamic freez-
ing constraint matrix permits to lower the ML bound and
achieves better error-correction performance under AE-SCL
with limited list size L and automorphisms used M. Moreover,
the proposed dynamic freezing constraint matrix drastically
reduces the memory required by AE decoding algorithm when
pre-transformed polar codes are used.

II. PRELIMINARIES
A. Reed-Muller Codes, Polar Codes and Monomial Formalism

A polar code (N, K) of length N = 2" and dimension K is
a binary block code defined by the binary kernel G = [1 9],
the transformation matrix Gy = G$", where (-)®" denotes
the n'" Kronecker power, the information set Z C {0,..., N —
1} and the frozen set F = Z°. Encoding is performed as x =
u - Gy with the input vector u = (ug,...,un—1) generated
by assigning u; = 0 if ¢ € F and storing information in the
K bit-channels stated in Z. In polar coding, Z includes the K
most reliable bit-channels resulting from channel polarization
[1]. A polar-like code may use a different criteria to define
7, not necessarily reliability. The K rows of G stated in Z
form the generator matrix G of the polar-like code.
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The relation between polar codes and Reed-Muller codes
was already pointed out in [1]. That is, the row-selection of
Gy to generate G for a R(r,n) Reed-Muller code [22], [23]
is based on the Hamming weight of the rows. Hence, Reed-
Muller codes are polar-like codes. The Hamming weight of
row k is 201(P&) [1], [8], where by = (bk.o,---,bkn_1) is
the binary representation of k and i1 (-) returns the Hamming
weight. The binary representation of indices in Zg ;. ) verifies

ZR(nn) = {k : il(bk) Z n — ’I"}. (1)

Note that the row g of Gy can be represented as the
evaluation of a monomial in Fo[zg,...,2,—1], where the
coordinate indexing increases from right to left:

gr = sz:zng , 2)

JjE€Po(br)
ie.,

Iz [z 201 =by_m,
JEPo(bk)

Jk,m =

where Py(-) is the set of coordinate indices with 0 in by,.
Hence, any row gy corresponds to a monomial obtained
with respect to binary representation of k:

fuz) = ] = 3)

JEPo(bk)

i.e., the monomial and binary representations are alternative
representations of the same entity: polar matrix rows. Reed-
Muller codes can thus be described through monomial formal-
ism in such that any codeword is obtained as an evaluation of
a linear combination of some monomials in the monomial set
MR (rn) corresponding to a given information vector, where

Mz (rny = {fe(z) 1 i1(bx) > n—r}. )

B. Pre-transformed Polar Codes

For a given K-bit information vector v and a pre-
transformation matrix W € Ff *N " encoding of a pre-
transformed polar code is performed as x = uGy with
u = vW. Pre-transformed polar codes are defined by the
dynamic freezing constraint matrix V € IFéN_K)XN verifying
WV T = 0[24], where (-) " denotes the transpose of a matrix.
V transcribes the bits in F, frozen at 0 (with a single 1 in
the row) or data-dependent (several 1s in one row). Properly
chosen pre-transformation matrices may reduce the number of
low-weight codewords, enhancing the distance properties in
the finite length regime [9], [10]. Reed-Muller codes are often
adopted as underlying codes for pre-transformed polar codes
at short block lengths [6], [8], [9].

C. Automorphism Group of Reed-Muller Codes

An automorphism 7 of a code C is a permutation on
{0,..., N — 1}, mapping every codeword x € C into another
codeword w(x) € C. The automorphism group Aut(C) of a
code C is the set containing all automorphisms of the code.

The general affine group of order n, GA(n), is defined as the
set of all transformations of n variables described by

z— 2z = Az +bmod?2, 5)

withz,z’ € Fy, A € F5*" an invertible matrix and b € F5**.
The affine automorphism group A(C) C Aut(C) of any Reed-
Muller code is known to be general affine group GA(n) [15].
The affine automorphism group of polar codes contains the
lower-triangular-affine group (LTA) of order n.

The two aforementioned groups can be described by
the block-lower-triangular affine (BLTA) group [11], namely
the group of affine transformations having a block-lower-
triangular transformation matrix. A BLTA group is recovered
by the sizes of the blocks alongside the diagonal, defining
the block structure S = (s1,...,8;), $1+ ... + s = n.
LTA and GA(n) correspond to BLTA(1,...,1) and BLTA(n),
respectively.

The permutation linear transformation PL corresponds to
the group in which A is a permutation matrix and b = 0.
Note that any PL automorphism (except identity) maps each
monomial fi(z) in My, ) to a different f;/ (z) in Mgy )
with the same degree. This leads to the following corollary.

Proposition 1. Let 7 € PL be an automorphism with A as
the corresponding permutation matrix. Then, fy(Az) = f,/ (2)
such that

b, = Aby. (6)

Proof. Application of 7 to row gy, is given as

w(gr) 2 7({fi(2), 7 € F3)),
= {fr(Az), z € F}},

® Hz;,ZEIF;l ,

JEPo(bi)

= zj, z€Fy o,
Jj€Po(Aby)

= H Zj, 4 € F3 0,
J€Po(b, /)

= {fi (2), z € F3},

where z; is obtained from vector multiplication of the j*" row

of A with [z,..., zn,l]T, (a) comes from (2) and (3) while
(b) and (c) are induced by the permutation matrix A. ]

D. Automorphism Ensemble Decoder of Reed-Muller Codes

Given a decoder dec for a code C, the corresponding
automorphism decoder adec is given by

adec(y,7) = 7! (dec(7(y))), (7)

where y is the received signal and # € A(C). An auto-
morphism ensemble (AE) decoder [11] consists of M adec
instances running in parallel with = € A(C). Each of the M
adec returns a codeword candidate and the least-squares metric
is used to select the most likely candidate.
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In [19], permutations outside of A(C) are used and proved to
result in a pre-transformed polar code. For a pre-transformed
polar code defined by V, applying a permutation = € GA(n)
results in a pre-transformed polar code defined by the trans-
formed dynamic freezing constraint matrix [20]

Vi =V (GyT'Gy) ', (8)

with T~ ¢ Fév XN , the post-transformation matrix of m,
defined as the permutation matrix related to .

According to (8), the transformed dynamic freezing con-
straint matrix Vp is permutation dependent. Hence, if pre-
transformed polar codes are used in AE decoder, every adec
decoder needs to store its related transformed dynamic freez-
ing constraint matrix leading to large memory requirements.

III. STABLE DYNAMIC FREEZING CONSTRAINT MATRIX

In this section, given that T~! is a post-transformation
matrix of a permutation in BLTA(n — 1,1) N PL, a dynamic
freezing constraint matrix V is proposed such that V re-
turns an equivalent dynamic freezing constraint. Next, R(r, n)
Reed-Muller codes are used having A(R(r,n)) = BLTA(n).

A. Structure of V

First, the definition of two equivalent dynamic freezing
constraint matrices is given.

Definition 1 (Equivalent dynamic freezing constraint matri-
ces). Given a pre-transformation matrix W, two dynamic
freezing constraint matrices V; and Vs, are equivalent if
WV =WV, =o.

After row reduction of V; and V,, the same dynamic
freezing constraints are obtained. It follows that a given pre-
transformed polar code can be defined in various ways. Next,
the stability of V under a set of permutations is defined.

Definition 2 (Stability of V). A dynamic freezing constraint
matrix V is said to be stable under the set of permutations B
if and only if for any 7 € B, the transformed dynamic freezing
constraint matrix Vr is equivalent to V.

First, the input vector u stores the information in the K
positions stated in Z. The proposed freezing constraint is:

We}"{uizo’

Ui = Uy,

if bjn—1=0 < i< N/2, ©)
if bi n—1— 1W1th b = Bi,
where ( ) denotes the complement operation, i.e., for any 0 <
£<n,bjy=1+b;; mod2.

The second line in (9) can be sub-divided as either j € F or
J € Z. In the former case, we have u; = u; = 0, in the latter
case, the bit 7 is a dynamic frozen bit with u; = u; € {0,1}.
Hence, in most cases, the matrix V, that transcribes the bits
in F as induced by the constraint (9), can be row reduced.
The maximum number of dynamic frozen bits D is given by

D= min(|{i S f‘biynfl = 1}| s |{] S I‘bj,nfl = O}D . (10)
Next, we prove that the dynamic freezing constraint matrix
V induced by (9), compliant with the concept of single-

argument dynamic frozen functions [8], is stable after applying
any permutation 7 € BLTA(n — 1,1) N PL.

Theorem 1 (Stability over BLTA(n—1,1)NPL). The dynamic
freezing constraint matrix V induced by (9) is stable under
any permutation T € BLTA(n — 1,1) N PL.

Proof. The permutation 7 is generated with the permutation
matrix A € Fy*™. Let us denote by f, the vector such that
Ay ¢y =1 for 1 <k < n, we have f(n) =n.

By Proposition 1, application of PL automorphisms to
monomials can also be represented by matrix multiplication
of A with binary representation of the corresponding indices.
Hence, in the following, the proof is given in terms of binary
representations of row indices.

For any ¢« € F with b; ,_1 = 1, the bit value is data
dependent on index j € Z with b; = b;. The indices b;
and b; are mapped to by = A b, and b;; = A xb; with

bi,f(1) bj,r(1)
by = bir2) , by = bj.r(2) =Dy an
bi,f(n)=n bj.f(n)=n

Note that, since 7 € PL C A(R(r,n)), the information set
T is preserved, i.e., 7(Z) = Z, and for any (i,j) pair there
is a corresponding (i’,j’) pair such that i;(b;) = i1(bl)
and i1(bj) = i1(b’). Hence, by construction of dynamic
frozen set and functions, by (9), the dynamic frozen set and
corresponding functions are preserved as well. O

The equivalence between V and V for a single permu-
tation 7 can also be verified with (8). As an example, the
R(1,3) code, having frozen set 7 = {0, 1,2, 4}, is constrained
according to (9). matrices V and W are:

e
10000000 00011000
v BEORRIRS ] w— |dhRaedie].
00011000 00000001
The code is permuted with m; = 6,5,7
as m (i) = bi2int {géﬂ ), w1th 0 < i < 8 and
bi2int(b,,) Y 102" % by, a function that converts a
binary number to an integer. Its transformed dynamic freezing
constraint matrix Vg, is shown in (13). Vp, and V are
equivalent, as expected since m € BLTA(2,1) N PL.

Some transformed dynamic freezing constraint matrices Vp
generated after applying permutation 7 ¢ BLTA(2,1) N PL
are equivalent to V such as m = (7,2,5,0,3,6,1,4) € LTA.
7y is retrieved as mo (i) = bi2int (H) g @] x b, H) The

n

+
transformed dynamic freezing constraint matrix VT2 1s:

Th
0
0
0
1

After row reduction on Vp,, V and Vg, have the same
dynamic freezing constraint, i.e., V and VT2 are equivalent.
We also note that

WV =WV =WV, =0, (14)

satisfying Definition 1. However, we conjecture that the trans-
formed dynamic freezing constraint is not equivalent with
respect to V for longer codes and 7 ¢ BLTA(n —1,1) N PL.

Next, we study dynamic freezing constraint matrices that
are variants of V as described in (9). Let Fy, = {k € F :
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TABLE I: Memory required by AE under three scenarios

Vr Decoder R(r,n)
generated knowledge GH [ Gy [ @&® [ 5
Stable Trrelevant 22 29 29 8
Not Known 7 1889 5724 4199 1140
stable Unknown 7 | 65536 | 333824 | 190464 | 75776
Additional memory required (in bits)

bk,nfl =1, Zl(bk) = Z} and Idi = {k e 1. bk,nfl =
0, i1(bx) = i}. By (9), V is obtained by setting ur, =
uz, ., where applicable. Then, any variant of V is obtained
by setting ur, =0 for some i € {1,...,n}.

Proposition 2. The alternative dynamic freezing constraint is
also stable under BLTA(n —1,1) N PL.

Proof. The proof of Theorem 1 corresponds to the case having
D dynamic frozen bits. Freezing to 0 all the indices whose
binary representations share the same Hamming weight does
not violate the validity of Theorem 1 since the permutation
matrix A maps any binary number to another one with the
same Hamming weight. O

Consider the R(3,7) Reed-Muller code. By (9), each dynamic
frozen bit of the sets Fy,,Fy, and Fgy, is associated with
an information bit of the sets Z4,,Z4, and Z,,, respectively.
Then, designing a pre-transformation matrix with respect to
any combination of dynamic frozen constraints JFg,, Fq, and
Fa, satisfies the PL automorphism imposed by Theorem 1.
Proposition 3 gives the total number of stable dynamic
freezing constraint matrices under BLTA(n — 1,1) N PL.

Proposition 3. The WR(r,n) Reed-Muller code has
min (277771, 2") stable dynamic freezing constraint matrices
under BLTA(n — 1,1) N PL.

Proof. The number of stable dynamic freezing constraint
matrices corresponds to the number of existing combinations
of dynamic freezing constraints Fy, with Z,; . The size of
sets Fgq, and Z,, _, is r-dependent. For a R(r,n) Reed-Muller
code, the number of non-empty sets F4, and Z, is respectively
n —r — 1 and r. Hence, the number of stable dynamic
freezing constraint matrices corresponds to the number of
k-combinations for all 0 < k < min(n —r — 1,7), ie.,
min (2”’T’1,2T). The dynamic freezing constraint matrix
having zero dynamic frozen bit is included in the formula. [

For the R(3,7) Reed-Muller code, there are min (23,2%) =
8 stable dynamic freezing constraint matrices. Each combi-
nation returns a different number of low-weight codewords
affecting the ML bound of the resulting pre-transformed code.
However, the best combination is not in the scope of this paper.

B. Memory Requirements

In the following, the additional memory requirements to
perform AE decoding with pre-transformed polar codes are
evaluated. The freezing constraint evaluated is that of (9) with
M = 8 permutations. Any of the proposed stable dynamic
freezing constraint matrix can be synthesized with a maximum
of D bits (see (10)). For any code rate, D has % as the

TABLE II: Number of codewords with weight w for R(3,7)-
based codes and various dynamic freezing constraint matrices

w
16 13 20 2 24
94483 0 0 0 | 74078592
20760 0 203420 [ > 0 >0
[ 28632 | 13504 | 172800 | >0 >0

upper bound. In the following, the dynamic and fixed decoder
scenarios are studied. In the dynamic case, the permutations
are unknown. Each adec needs to store their corresponding
transformed dynamic freezing constraint matrix V since Vo
is permutation dependent (8). In the fixed scenario, the M
permutations are known a priori and a row reduction of each
Vr is performed, reducing the amount of memory required.

Table I shows the memory required, in bits, to store the
dynamic freezing constraint V for AE with M = 8 per-
mutations for the aforementioned cases. If permutations in
BLTA(n — 1,1) N PL are used, regardless of the scenario, V
is stable and shared among the M = 8 adec instances. As
a result, at the cost of a reduction in permutation diversity,
storing 'V requires less memory, i.e., D < N(N — K) bits.
Table I shows that D < 29 for Reed-Muller codes of length
N < 256.

The last two rows of Table I show the memory required by
the fixed and dynamic scenarios, respectively, for permutations
in LTA ¢ BLTA(n—1,1)NPL. The matrix V is thus not stable
and cannot be shared among the M = 8 adec instances. The
dynamic scenario requires to store the M transformed dynamic
constraints; M N (N — K) bits are required in total. With regard
to memory requirements, the dynamic scenario is an upper
bound of the fixed scenario (highlighted in gray in Table I).
For the fixed scenario, the permutations are known in advance
as well as the 8 transformed matrices V. The V1 matrices
can thus be row-reduced before storage, reducing the memory
requirements for the fixed case by over 97%, as can be seen
by comparing the last two rows of Tablel.

For example, the proposed constraint reduces the memory
requirements by 98.8% for the R (3, 7) Reed-Muller code with
respect to the fixed scenario having permutations in LTA.

IV. SIMULATION RESULTS

In this section, simulation results with R(3,7) as the under-
lying code are performed over the AWGN channel with BPSK
modulation. Three different stable dynamic freezing constraint
matrices are compared: V having no dynamic frozen bits,
Vp with all D = 22 dynamic frozen bits, and V; with
0 < d =15 < D dynamic frozen bits. The d dynamic frozen
bits correspond to all indices k € F with i (by) = 3.

The codes are decoded under AE decoding with M = 8§
automorphisms in BLTA(n — 1,1) N PL and having SCL with
L = 16 as sub-decoders. This decoder is denoted as AE-
8-SCL-16 in the following. The code defined by Vj is the
R(3,7) Reed-Muller code and AE decoding was shown to
perform close to the ML bound [11], [25]. By lowering the
ML bound with the proposed freezing constraint, a gain is
expected at the cost of a small memory overhead.
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Fig. 1: Decoding performance of R(3,7)-based codes under
AE-8-SCL-16 and SCL-16 against other codes and bounds.

Figure 1 shows the error-correction performance of the
three codes of interest under AE-8-SCL-16 decoding and
their ML bound approximated with the truncated union bound
(computed from the number of low-weight codewords). For
reference, Figure 1 also shows 2 other pre-transformed polar
codes: a PAC code [6] and a 5G CA-polar code [5]. Both are
decoded with SCL-128, thus having similar complexity but
higher latency with respect to AE-8-SCL-16.

Table II shows the number of low-weight codewords com-
puted as in [26] for codes defined by Vp, V; and V. It can
be seen that the R(3,7) Reed-Muller code has a large number
of minimum weight (w = 16) codewords with respect to the
two other pre-transformed polar codes investigated. The pre-
transformed polar code defined by V p has 28632 codewords
of weight w = 16, a reduction of 70% with respect to R(3,7),
but has generated 13504 codewords of weight w = 18. From
Table II, the results for V; show that freezing some of the
dynamic frozen bits of Vp to 0 allows to reduce the amount
of codewords of weight w = 16 by approximately 27%, i.e.,
from 28632 down to 20760 (78% with respect to R(3,7))
while having 0 codeword of weight w = 18. Comparing the
union-bound curve for V, against either of the other two
bound curves in Figure 1, it can be seen that a reduction in
the number of low-weigth codewords lowers the ML bound.

Figure 1 also shows that AE-8-SCL-16 decoding reaches
the ML bound of R(3,7) while AE decoding with the
proposed dynamic freezing constraints, i.e., Vp and Vg,
gains up to 0.25dB with respect to this bound. At the cost
of a higher latency than AE-8-SCL-16, the 5G CA-polar
code manages a similar error-correction performance under
SCL-128. Also under SCL-128, PAC codes exhibit the best
performance, however the convolution inherent to PAC codes
incurs more computations than our proposed constraint (9)
that only requires to read former decision values. The use of
8 automorphisms improves the error-correction performance
of SCL-16 by 0.3dB for the code defined by V.

and that are stable under permutation linear transformations.
V. CONCLUSIONS

In this letter, we proposed several dynamic freezing constraint
matrices for Reed-Muller codes that lower the ML bound

The stability of the dynamic freezing constraints reduces the
memory requirements by 99% with respect to a dynamic AE
decoder. The decoding performance under AE-8-SCL-16 was
shown to be 0.3 dB better than under SCL-16 while the ML
bound of the R(3,7) Reed-Muller code is beaten by 0.25 dB.
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