N
N

N

HAL

open science

Cohomology of normic systems and fake Z_ p extensions
Filippo Alberto Edoardo Nuccio Mortarino Majno Di Capriglio, Luca Caputo

» To cite this version:

Filippo Alberto Edoardo Nuccio Mortarino Majno Di Capriglio, Luca Caputo. Cohomology of normic
systems and fake Z_ p extensions. New York Journal of Mathematics, 2023, 29, pp.1196-1272. hal-

04056144v2

HAL Id: hal-04056144
https://hal.science/hal-04056144v2
Submitted on 4 Dec 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.science/hal-04056144v2
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

Cohomology of normic systems and fake Z,-extensions

Luca Caputo and Filippo A. E. Nuccio Mortarino Majno di Capriglio

ABSTRACT. We set up a general framework to study Tate cohomology groups of Galois modules
along Zp-extensions of number fields. Under suitable assumptions on the Galois modules, we
establish the existence of a five-term exact sequence in a certain quotient category whose objects
are simultaneously direct and inverse systems, subject to some compatibility. The exact sequence
allows one, in particular, to control the behaviour of the Tate cohomology groups of the units
along Zp-extensions.

As an application, we study the growth of class numbers along what we call “fake Z,-extensions
of dihedral type”. This study relies on a previous work, where we established a class number
formula for dihedral extensions in terms of the cohomology groups of the units.

1. Introduction

The main goal of this work is to set up a convenient algebraic framework to study Tate coho-
mology groups along Zy-extensions of number fields. Before giving more details, let us fix some
notation. Let p be a prime number, let F' be number field and fix a Z,-extension Lo /F, by which
we mean a Galois extension such that I' = Gal(Lo/F) is isomorphic to Z,: in particular,

Leo=|J Ln
n>0

where we set Ly = F and where each L, /F is a cyclic Galois extension of degree p". Write I, for
the open subgroup T, = I'?" = Gal(Ls/Ly,) and set G, = I'/T,, = Gal(L,,/F); more generally,
for all m > n > 0, set G, = Gal(Ly,/Ly,). In this setting, one can attach to each field L,,
often regarded as a “layer”, several interesting arithmetic objects: the unit group OZH, the ideal
class group Cly,, or its p-Sylow subgroup Ay, , the group Uy, C Azn of idelic units, the idele class
group Cyr, , and so forth. Let {B,},>0 denote any of the above collections. Since all the B,,’s are
G-modules, the Tate cohomology groups H {(Gp, By) are defined, for every i € Z. Moreover, for
all m > n > 0, the inclusion Ly < L) and the norm N 7 : Ly — L} induce G,-morphisms
UL /Ln " Bn — Bm and N1 @ By, — Byp. Almost by definition, these maps satisfy

n

(1.1) NLp /Ly © /Ly =P and  tp,,/1, 9Ny, /L, = Nmg,,

where, for an arbitrary group H, we denote by Nmpy the norm element in Z[H]. These morphisms
are fundamental in the study of the behaviour of the groups B,, along the Z,-extension but they
do not systematically induce maps ¢, m : ﬁi(Gn,Bn) — ﬁi(Gm,Bm) OF Tt ﬁi(Gm,Bm) —
Hi(Gn, B,). Indeed, although the maps

U n, (G, By) — HY(Gy, BS™) and bosn H' (G, BS™) — H' (G, By)
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are always defined, they do not have the expected domain or codomain. When i > 1, one could
take ¢y, n, = Inf oy L where Inf denotes the inflation; and, when i < —1, one could consider the
deflation Defl (see [Wei59]), setting mp, n = N7z, © Defl. But, in general, for a given i € Z, only
one of these would be defined. In particular, a relation like (L)) involving ¢ m and m, ., could
not even be stated. Moreover, taking G,-cohomology kills the G,-action, so all abelian groups
fli(Gn, B,,) are trivial G,,-modules.

On the other hand, these Tate cohomology groups are certainly interesting arithmetic objects:
they have the advantage of always being finite (at least for all B,, as above) and they occur naturally
in class field theory. For example,

Ker(fll(Gn, or ) — fll(Gn,ULn)) =~ Ker(up, p: Clp — Cly,,) foralln >0
(see, for instance, [Nucl(, Proposition 2.2]) or, even more fundamentally,
H?(Gal(H,,/L,),Cx,) = Cly, for all n >0

where H,, denotes the Hilbert class field of L,,. To give one more example, one that has been at
the origin of our investigation, assume that p is odd and suppose that there exists a subfield k C F
such that, for every n, L, /k is Galois with dihedral Galois group D,, of order 2p™. Denote by K,
a subfield of index 2 in L, /k: then the equality

Cly, |- |CU> _ [H(Dn, OF )|
Clel-[Clk, > |H-Y(D,, 0} )]

(1.2)

holds up to a power of 2 (see [CN20, Theorem 3.14]).

Hence, it looks compelling to regard the assignment n H {(Gp, By) as an analogue of n +— B,
or perhaps of n — A, , since the Ay are also finite groups. Yet, this seems to immediately
break down, at least insofar techniques from Iwasawa theory are involved: to explain why, it is
probably necessary to clarify what we mean by “studying” or “analysing” the above assignment.
As mentioned, the groups H {(Gp, By) are all finite, and the most basic question one could ask is
to describe the behaviour of their orders |H* (G, By)| as n — +o0o. After all, the whole subject of
Iwasawa theory begun with the celebrated

Theorem (Iwasawa). There exists three integers g, A, _,vr., and an index ng such that
1.3 Ap | = pHroo P T koo M Voo or all n > ny.
( nl =D 0

Recall now the usual strategy of proof of Iwasawa’s theorem: one first considers the inverse limit,
with respect to the norm maps, X1, = lim Ay and regards it as a module over the completed group
algebra A = Z,[I'], showing that as such it is finitely generated and torsion. Secondly, a fine analysis
of the Galois action on Xiy, coupled with global class field theory, shows that one can closely relate
Ap, with the co-invariants (X1 )r,; finally, a structure theorem for A-torsion modules of finite
type yields the formula. Inherent to this approach is the asymptotic flavour of Iwasawa’s result: at
several stages, some adjustment is required, which modifies the outcome by a “finite, bounded error
term”. Now, all this breaks down when replacing the finite groups Ay, with any of the H (G, Bn):
already, they might not form an inverse system, when ¢ > 1; and, even if they do, the triviality of
the Galois action implies that the co-invariants of the inverse limit coincide with the whole limit
and are, in general, infinite. Hence, they are of no use to recover the finite groups H (G, Bp).
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To describe our approach, it is important to consider the somewhat dual strategy of considering

the direct limit
AL, = h_n>1 Ar,.
YL /Ln

As discussed in [Gre73} Introduction] the modules Xt,, and the Pontryagin dual Homz, (Ar_, Q,/Zy)
essentially carry the same information, and could be used interchangeably; Iwasawa himself occa-
sionally works with the latter module instead of the former (see, for instance, [Iwa81]). When
B, = (’)Zn rather than Ay, the direct limit occurs, for instance, in [Iwa83| §5]: there, Iwasawa
claims that the inflation maps

(1.4) nf: H' (G, 0F,) — (i H' (G, OF ) [p"] = H'(T, 07 )p")  fori=1,2

have kernel and cokernel which have bounded order as n grows. Given that the structure of the
direct limits hﬂﬁ i(Gn, Bn) = H'(T, Bs) is, in general, quite explicit (but “up to finite groups”)
we interpret this as a weak analogue of Iwasawa’s descent theorem leading to (L3]), replacing the
operation of taking co-invariants by taking the p™-torsion subgroup. Hence, we set out to find
an algebraic setting where the boundedness of kernels and cokernels as in (I4) could be proven
in general. But we were still confronted with two problems: first, in some formulz, for instance
in (L2), negative cohomological degrees must be considered and in this case the Tate cohomology
groups naturally form an inverse, rather than a direct, system; and secondly, that working “up to
finite groups”, would turn all inflation maps occurring in (I4) into the 0 map.

At this point, we were inspired by Vauclair’s approach in [Vau09], where he defines normic
systems in quite a general context: in particular, all the examples {B,},>0 above are normic
systems. Rather than taking limits, he works in the category whose objects are collections of G-
modules simultaneously carrying the structure of a direct and an inverse system, subject to some
compatibility. With this in mind, we define, at least under the assumptions [(Inj)| and [(Gal)]| of
Definition 24 on the normic system {B,,},>0, ascending and descending morphisms

Hi (G, Bn) , , * H(Gn, By,) forallm>n >0
Pn,m

turning the collection of abelian groups H {(Gp, By) in what we call a “double system”. Inside the
categoryEl DSy of double systems, we identify a a certain thick subcategory B of double systems
of bounded orders (see Definition [Z20)), such that the corresponding quotient category DS /By
turns out to be the framework we were looking for. Indeed, upon restricting to a subcategory
DS /BT & of DS./Bp defined by some very natural co-finiteness condition of the direct
limit, we define an endofunctor

Z: DS BETE — DSPTE /BT, X = (Xa)uzo > (X" o

attaching to a double system X = (X,,)n>0 the double system (Xoo[p"])n>0 (endowed with suitable
transition morphisms), where X, = li_nan . Writing a, « b, to mean that two sequences
{an},{bn} of natural numbers are eventually proportional (see Definition [Z27), we obtain the
following

n this introduction, we confine ourself to a special case of our main result, which holds for profinite groups D
which are more general than I'. Although this generalised approach is crucial for the dihedral applications we have
in mind, we prefer to stick to the case D = T" here, to lighten notation. In particular, all subscripts I" decorating the
several categories that we are going to introduce, actually read as D in the body of the paper.
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Corollary 232 Let X = (X,.)n>0 be a double system in DS 5 | and suppose that X >g L (X).
Then

|Xn| X pAXn
where lim X' = (Qp/Z,)* @ (finite group).

In this language, we can reinterpret Iwasawa’s claim about the boundedness of the kernels and
cokernels in (4] as the statement that the double systems ﬁi(OZ.), whose components are the
cohomology groups H' (G, Uy, ), satisfy 7:[\1((9;.) = X(QZ(OZ.)) for ¢ = 1,2. This is proved in
Theorem (see also Remark BT2]).

It is worth noting that the rigidity yielded by requiring that the objects in the DS are simul-
taneously inverse and direct systems is forced upon us by an interesting phenomenon: during the
proof of TheoremB.8 two morphisms in DS need to be shown to become injective in DS/Br, in
order to perform some homological algebra. Now, the analogous definitions B (resp. B}hr) of the
thick subcategory B can be given for the category of inverse (resp. direct) systems. Yet, it turns
out that the kernel of the first morphism (regarded simply as an inverse system) does not belong
to BV, and the kernel of the second one (regarded simply as a direct system) does not belong
to Bl‘iir: so, working either with direct or with inverse system alone would break our homological
argument. On the other hand, since both kernels belong to By, both DSp-morphisms become
injective in DS /By, as wanted: for a more comprehensive analysis of this phenomenon, we refer
to Remark We explicitly mention Yamashita’s paper [Yam84], which has been very helpful
at this point: she regards Iwasawa’s boundedness claim concerning (4] in the setting of abelian
groups endowed with two (not necessarily compatible) structures of direct and inverse systems, and
this was the starting point for our definitions of DS and Br.

With this formalism at our disposal, we are in shape to “let n go to +00” in ([[2)). To state our
result, as well as to motivate our title, we record the

Definition 4.1l Let p be an odd prime. Suppose that there exists a subfield k C F such that for
every n, L, /k is Galois, with dihedral Galois group D,, of order 2p™. Denote by K, a subfield of
index 2 in L, /k, chosen so that K, 2 K,_1 for alln > 1, and put Koo = |J K. The extension
Koo /k is said to be a fake Z,-extension of dihedral type, the extensions Lo /k is the Galois closure
of the fake Z,-extension and the field F' is said to be the normalizing quadratic extension.

With this definition, one of our main results is the following

Theorem .6l Let Ko /k be a fake Z,-extension of dihedral type. There exist constants fig,., Viake €
Z[3] and Ay € Z such that

|AKn| = plu‘fakepn+>\faken+’/fake fO,’, all n>> O

Observe that in a fake Z,-extension of dihedral type, none of the subextensions K, /k is normal,
so the groups Ak, are not Galois modules and Iwasawa’s original formula do not apply. We refer
to §4.2 for a more precise version of the above statement, describing the invariants p,,, and A
in terms of explicit arithmetic quantities. In §4.3 we derive, in some special cases, explicit bounds
for the values taken by the invariant Ag,,.: as an example, let us state the following resultf]

In its actual formulation, the quoted corollary is more precise: in order to avoid too much notation, we content
ourselves with a slightly weaker statement in this Introduction, referring to §4.3] for the full statement.
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Corollary AT14l Let K /Q be a fake Z,-extension of dihedral type: in particular, the normalizing
extension F/Q is imaginary quadratic and the Galois closure Lo, /Q is the anticyclotomic extension
of F. Then,

% if p splits in F/Q

)‘fake =
A , L
=N if p does not split in F/Q

and therefore A\, is odd if p splits in F' and it is even if p does not split.

Corollaries 416l and extend the above one to more general CM fields beyond the imaginary
quadratic case.

In the Galois setting of Z,-extensions, the invariant A, responsible for the linear growth in the
exponent of A, can be interpreted as the Q,-dimension of X1y ® Qp, where X1, = lim Ay . In
the final Section §4.4] we extend this result to our non-Galois setting, by studying the structure of
the projective limit

Xpake = Im A,
with respect to norm maps. We prove the following

Theorem d.27. Given a fake Z,-extension of dihedral type Ko /k, we have Mg, = dimg, Xtae®z,
Qp-

We conclude this Introduction by observing that our results concerning pro-dihedral extensions
are not entirely new. We refer to Remark [I7] for a comparison with Jaulent’s work [Jau81], to
Remark [I7) for a comparison with the works [Gil76] by Gillard and [CK82] by Carroll-Kisilevsky,
as well as to Remark for some results concerning the anticyclotomic py,, invariant.

This paper has a long history, which has been summarized in [CN20, Acknowledgment]. As
mentioned in loc. cit., the original arXiv preprint has been split up in two articles, the first be-
ing [CN20]. This work is the second one, focusing on fake Z,-extensions. We are grateful to the
anonymous referee for a thorough reading of our manuscript and for several remarks that improved
the clarity and the readability of the text.

2. Algebraic preliminaries

2.1. Group cohomology: notation and generalities. Given a group G and a G-module B, we
denote by B¢ (resp. Bg) the maximal submodule (resp. the maximal quotient) of B on which G
acts trivially. Moreover, let Nm¢ = >~ 5 g € Z[G] be the norm, B[N¢] the kernel of multiplication
by Ng and I the augmentation ideal of Z[G] defined as

Ic = Ker(Z|G] — Z) where the morphism is induced by g — 1 for all g € G.

For every i € Z, let H (G, B) denote the ith Tate cohomology group of G with values in B. Similarly,
for i > 0, let H*(G, B) be the ith cohomology group of G with values in B. For standard properties
of these groups (which will be implicitly used without specific mention) the reader is referred to
INSWOS]. If B’ is another G-module and f: B — B’ is a homomorphism of abelian groups, we say
that f is G-equivariant (resp. G-antiequivariant) if f(gb) = gf(b) (resp. f(gb) = —gf(b)) for every
g€ Gandbe B.
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2.2. Normic systems and their Tate cohomology. Fix a prime number p. Arithmetic objects
attached to layers of Z,-extensions have a structure of normic system, in the sense of Vauclair
(see [Vau09]). After recalling the definition of a normic system, we will study its Tate cohomology,
which is our primary goal in this paper.

We start with the definition of a normic system, in a slightly different context than the one of
[Vau09, Définition 2.1]. Let I' be a profinite group isomorphic to Z,, endowed with a decreasing
filtration by closed subgroups I'o =T' D I'y--- D I'), - - - for which there exists g = ¢g(I") € N, such
that for all m > n > g the equality (', : T';;,) = p™ ™ holds. Assume also that we are given an
exact sequence of topological groups

(2.1) 1—T—D— Dy —1.

Set Gy, = T'/T,, and Gy, = 'y /Ty, for all m > n. Since the subgroups T',, are closed, they are
characteristic in I" and hence normal in D, so that the quotient groups D,, = D/I’,, are defined for
all n > 0; in particular, GG,, can be regarded as a subgroup of D,,.

Remark 2.1. The most common choice for the filtration {I',,} in the above setting is given by
I, = I?" for all n > 0, and the reader can have this in mind in most of what follows. In that
case, g = 0 and (I, : ;) = p™ ™ for all m > n > 0. The reason for the slight generality
considered above comes from the arithmetic setting considered in Section B.I], where I' is the local
decomposition group inside a global Galois group. When the corresponding prime ideal splits, a
shift in the numbering occurs and a more general filtration than {T?"} needs to be considered.

Definition 2.2. Let (I', {T'y, }nen, D) be as above. A (T, {T'y, } nen, D)-normic system B = (By, Jn.m, km.n)n,meN
(or simply a D-normic system or a normic system if the groups are understood) is a collection of
Z,[D]-modules B, together with homomorphisms of Z,[D]-modules
km,n
Bn———— B, forallm>n>0
In,m
satisfying
o (By, jn,m) (resp. (Bp,kmn)) is a direct (resp. inverse) system of Z,[D]-modules: in par-
ticular, for all n > 0, the compatibilities j,11,n+20 Jn,n+1 = Jn,nt2 a0d kpt1.00knt2nr1 =
kn+2,n h01d7
e B, is fixed by I';, (in particular, it can be regarded as a Z,[D,]-module);
o forallm >n >0, jnm0kmn=Nmg,,, and kpnn 0 jnm = (Ip : Thy).

If B = (Bn, jn,m;>kmn) and B = (By,, j;, m, k1, ) are two normic systems, a collection f = (f,,) of
maps fn: B, — B/, is a morphism of normic systems if it is both a morphism of direct systems
(Bns jn,m) = (B}, jy.m) and of inverse systems (B, km,n) — (By,, ky, ,,). This defines the category

nsy Ym,n
NSp of normic systems.

The following lemma shows that NSp is abelian, using the concept of category of diagrams. For
a general reference about categories of diagrams see [Gro57, §1.6 and §1.7]: we adopt notation and
definitions from bid.

Lemma 2.3. The category NSp is a category of diagrams with commuting relations valued in the
abelian category of Zy[D]-modules, so it is abelian.

Proof. Consider the diagram scheme S = (N, ¥4 x ¥;, d) where
U4 = {(n,m) € N? such that n < m} and U; = {(m,n) € N? such that m > n}
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and the map d sends every Uy, m,m = (n,m) € ¥q to the pair (n,m) and every Uy, , = (m,n) € ¥; to
the pair (m,n). Fix a topological generator o € I' and for every (i, j) € N? consider the set R; ; of
Zy[D]-relations

(Tg:Iy) )
(FFI) — — . — e ap or - .
{61‘,70 =e;, Uk,iUie = (I : Tk)eq, Ueilie = E L R ifi=j
K2 K2
a=1 ==
2.2 R, ; = R S oo .
( ) ©J {'Uk,jvi,k = ’Uiﬁj} lf] >
i<k<j
17;@)‘17);@217)‘ ifi>j
{ I S izk>)

where the e; are auxiliary elements corresponding to the identity, as ibid. Set X = (S, R): then
NSp is the category of commutative diagrams D: ¥ — Modg, p) (where Mody, pj is the category
of Z,[D]-modules) and is therefore abelian thanks to [Gro57, Proposition 1.6.1]. O

Given a normic system B = (By,jn.m:km,n) one can consider the Tate cohomology groups

Hi(G,, By) for i € Z as well as the usual cohomology groups H* (G, By) for i > 0. These groups
acquire the structure of Z,[Dy]-modules via the conjugation action of Dy.

Definition 2.4. We say that the normic system B = (By, jn,m, km.n) satisfies condition |(Inj)|if
(Inj) Jn,m 1 injective for all m >n >0

and that it satisfies condition |[(Gal)|if

(Gal) Jnm(Bn) = BS™" for allm > n > 0.

Let B = (B, jn,m;km,n) be a normic system. Our next task is to construct, under suitable
hypotheses, functorial morphisms of Z,[Dy]-modules

—~. ﬁi(k):ﬁi(kmw) ~.
H' (G, B) * H(G,,, By) for all m > n > 0.

The “ascending” maps H i(j) are well-defined independently of any assumption on the normic
system, and we show in §2.2.4 that they are related to inflation in positive degrees. The definitions
of the “descending” maps H'(k) require condition [(Inj)|in odd degrees and both conditions [(Inj)]

and [(Gal)|in even degrees.

2.2.1. Cohomology maps in degree —1. We first define ﬁ_l(j) by
fl_l(j)(y mod Ig, Bp) = jn,m(y) mod Ig,, Bn for all y € fAI_l(Gn, B,).
Observe that H~1(j) is well-defined, because
Jnm(Bn[Nmg,]) € Bn[Nmg,, ] and Jnm(Ia,Bn) € Ig,, Bm,

since jp,m is Gm-equivariant.
Assume now that B satisfies [(Inj)} Then we define H (k) by

H Y(k)(z mod Ig, Bp) = kmn(z) modIg, B,  forallz € H " (Gm,Bm).



8 L. CAPUTO AND F. A. E. NUCCIO

To see that H~1(k) is also well-defined, observe that
Jn,m o Nmg, o kmn =Nmg, 0 jnm © km.n
= NmGn o NmGnl,n

= Nme.

Since jin,m is assumed to be injective, this shows that ki, . (Bm[Nmg,,]) € B,[Nmg, |. Since kp,n
is G,,-equivariant, it is immediate that k., »(Ig,, Bm) C I, Bn, so H (k) is well-defined.
Observe that we have

H Y (k) o H  (jum) = (T :T)  and  H  (jum) 0 H  (kimn) = (Do D).
Indeed, using the relation between ky, , and j, ,, in the definition of a normic system, we get
H Y(kmn) o H  (jum)(@ mod Ig, Bn) = km.n © jnm(z) mod I, B,
=T, :Ty)x mod Ig, B,
and
fl_l(jn)m) o ]?I_l(kmm)(x mod Ig, By) = jnm © kmn(x) mod Ig,, Bn
= Nmg,, .,z mod Ig,, B,
=(Tn: )z mod Ig,, By,
where the last equality follows from the fact that the action of Gy, . is trivial on H Gy Bm)-

Moreover, both fl‘l(kmm) and fl‘l(jnﬂn) are morphisms of Z,[Do]-modules, because both ky, ,
and jp m are Dp,-equivariant.

2.2.2. Cohomology maps in degree 0. We first define flo(j) by
H°(j)(y mod Nmg, B,) = (T, : I'1)jnm(y) mod Nmg,, By, for all y € H*(Gn, By).

Observe that, since j,, ., takes values in Bg{"’", there are inclusions (I'y, : T'y,)jn.m (Bn)%" C (T, :
I,,)BS™ C BS™ and

(Ty, : Ty)jnm © Nmg, = Nmg, 0 jnm o (T : T'n) = Nme, 0 jnm © kmon © Jnom = NI@,, © jn.m

so that (T : T )jn.m(Nme, Bn) € Nme,, By, showing that HO(j) is well-defined.
Assume now that B satisfies both [(Inj)| and [(Gal)l Then we define H°(k) by

H°(k)(z mod Nmg,, By) = (jum) '(z) mod Nmg, B,  for all & € H*(Gyp, Bn).
To check that ﬁo(k) is well-defined, observe that [(Inj)] and [(Gal)| imply that j,,, defines a G-

m,n

isomorphism of B,, onto Bg’; , which restricts to an isomorphism of B¢» onto BS™. Therefore,
given x € BS™, the element (j, ) ' (z) € BS™ is uniquely defined. Moreover, if z = Nmg,, z for

some z € By, then w = Nmg,, , 2z belongs to Bg{"’", so that
z = Nmg, z = Nmg, (w) = Nmg, o jn,m«jn,m)_l(w)) = Jn,m © Nmg, ((jn,m)_l(w))v

i. €. (jn.m) ' (x) € Nmg, By,. This concludes the proof that ﬁo(k) is well-defined.
As in the case i = —1, we have

H(kpmn) o HGum) = (Tn :T)  and  H(jnm) 0o H(kmn) = (T : Tm)

and both HO(ky,.) and H°(j ) are morphisms of Z,[Do]-modules, because j, , is Dy, -equivariant.
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2.2.3. Cohomology maps in arbitrary degree. Fix a topological generator v € I'. For each
n € N, 7o maps to a generator g, € G, and we let x,, € Hom(G,,Q/Z) = H'(G,,Q/Z) be the
map sending g, to (I' : T',) ™. We claim that

Inf(xn) = Tn : Tim)Xm form >n

where Inf: HY(G,,Q/Z) — H*(Gp,,Q/Z) is the inflation map. Indeed, since g, maps to gn,
Inf(xn) € Hom(Gy, Q/Z) sends gy, to Xn(gn) = (T : T,,) ™1, which in turn is equal to the ratio (T, :
)T To) ™' = (Dt Do) Xom(gm)- Since the connecting homomorphism 6 : HY(G,,,Q/Z) —
H 2(G,,7Z) corresponding to the exact sequence

0—Z—Q—Q/Z—0

induced by the inclusion Z C Q is an isomorphism, there exists a unique element 3¢, € H 2(Gn,7)
such that

5(1)(Xn) = Mn.
We now go back to the cohomology of the normic system B. Fix ¢ € Z and, for all h > 0, let
(Use,)": H(Gr, By) — H"(Gy, By)

be the isomorphism obtained by taking the cup product with s, h times. Extend the definition to
h < 0 by setting

(Usg, )" = inverse of (Us,)~".
If 7 is odd (resp. even), write ¢ = 2h — 1 and set ¢ = —1 (resp. i = 2h and € = 0). Then we define,
form >n >0,

H'(5) = H (jnm) = (Ust,,)" 0 H (j,m) 0 (Use,,) ™"+ H (G, Bn) — H' (G, Bun).-
Similarly, if i is odd (resp. even) and B satisfies [(Inj)] (resp. both [(Inj)| and [(Gal))), we define
Hi(k) = H (kpn,n) = (Us,)" 0 H (kmn) © (Usz,) ™"+ H' (G, Bm) — H'(Ga, By).

Remark 2.5. The definition of these homomorphisms is independent of the choice of 79. To see
this, let 75 € T' be another topological generator, that must be of the form ~g for some u € Z\. Let

grn, = gt € G,, be the image of 7, and let x/, € HY(G,,Q/Z) be the map sending ¢, to (I' : T,,) "L
it corresponds to a unique class s, € H?(Gy,Z). We have x,, = ux/, because

Xn(90) = xn () = uxn(gn) = u- (0 : Tn) ™" = ux,(g7)
and in particular
(Use,)" = u(Use)",
showing that the definitions of H*(j) and of H'(k) are independent of the choice of .

Arguing by induction, one can show that H' (k. ) and H(j, m) are Z,[Do]-homomorphisms:
we already observed this in the cases i = —1,0. To prove the assertion for i € Z, let k: D — Z, be
the homomorphism defined by

g9 ' =" forgeD.

For all g € D, denote by ¢g* the corresponding conjugation automorphism in cohomology. Then
(see [NSWOS8| Proposition 1.1.5.3])

9" 0 (Usg,) = (U(g™ 0 3t)) 0 9" = (g) ! (Usz,) 0 9"
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since
g 05t =g 06 (xa) =8 (g" 0 xu) = 8 (9" 0 xu)
and g* o xn : Y0 — ¢ 'Y0g. Therefore, on the one hand we can write
H () 0 g* = H(jum) 0 g% 0 (Use,) 0 (Uz,) "
= 5(g) T HT (jinm) © (Use,) 0 g% 0 (Use,,) !
= #(g) ™! (Usey) © H'(Gnm) 0 97 0 (Use,) 7.
On the other hand we have
9" 0 H (jum) = g" 0 H (jum) 0 (Uss,) 0 (Usg,) !
= g" 0 (Ur) 0 H' (jnm) © (Ug,) ™"
= k(9) " (Us,) 09" 0 H' (jm) © (Usg,) .
We deduce that
g o H'(jum) = H'(jum) 0 9" <= g" 0 H™*2(jum) = H (jum) 0 g"

showing the inductive step. A similar proof works when j is replaced by k.

2.2.4. Comparison with other maps. When i > 1, other maps H(Gy, Bn) = H' (G, Bm)
exist for m > n > 0. These are obtained by composing the inflation map

Inf = Inf': H(G,, BS™") —s H' (G, Bp)
with the map induced by jn m: Bn — BS™ in cohomology
5 =gyt H(Gp, By) — H'(Gn, BG™),

and they are denoted Inf’ Oj:;,:in or simply Infoj*. In what follows we analyse the relationship of
these maps with the ones defined in §2.2.3

Remark 2.6. For every [b] € B,[Nmg,]/Ic, Bn = H (G, By), there is an explicit description
of the cup product [b] U 3, € fll(Gn, B,,) as the class 57(37) of the 1-cocycle sending the generator
gn € G, to b. This is probably well-known, but we provide a proof because we were unable to find
an explicit reference in the literature. By [NSWO08, Proposition 1.1.4.8], the cup product [b] U ¢, is
the class of the 2-cocycle

(2.3) gn— > o) ®@03m(o " gn) = Y o(b) @5m(0 ", gn)
ceGy, oceGy

where 7, is any 2-cochain representing s,. To compute this expression explicitly, recall that
¥, = 6(1)()(") where x,,: G, — Q/Z is the character sending g, to (I' : I';,)~!. The definition
of the connecting homomorphism §() : ﬁl(Gn,Q/Z) - H? (Gn,Z) is given explicitly in [NSWO0S],
proof of Theorem 1.1.3.2] in terms of homogeneous cocycles: it is the connecting homomorphism
§: Kerdy,z — Coker 0z obtained by applying the snake lemma to the diagram on [NSWO0S| page 27].
By invoking [NSWO08| page 14], we can replace homogeneous cochains by inhomogeneous ones and
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transform the diagram in loc. cit. into the commutative diagram of exact rows

CH G, Z) —— €1 (G, Q) ——— €1 (G, Q/Z) ——— 0

agl aél aé/zl

0 —— €%(Gy, Z) ——— €*(Gn, Q) —— €2(Gy, Q/Z)

In this notation, x, € Ker 8(3 /z and, by definition of the connecting homomorphism in the snake
lemma, 6 (x,) is the class of 3, = 9%(x;,) € Cokerd7, where X, : G, — Q is any 1-cochain
lifting x,,. As lift, choose the cochain Y,: g2 + a(I' : T',)"! for 1 < a < (I': T,). By the explicit
description of 8@ on inhomogeneous 1-cochains given in [NSWO08, page 14], we obtain

1 ifa=(T:T,)

~ a = ~ a+1 o ay _
n\YnrYn) — Xn\n) — Xn\Yn + Xn n/ :
% (9> 9n) = Xn(9n) = Xn(95™") + Xn(95) {0 if1<a<(D:Tn)—1

It follows that that the sum in (23] contains only the summand corresponding to o = ggf") =idg,

and this term equals b, showing that [b] U s, = ®.

Lemma 2.7. Let B be a normic system and let i > 1 be an integer. Then ﬁz(j) coincides with
Inf® oj*.

Proof. If i is odd (resp. even), write ¢ = 2h — 1 and set € = —1 (resp. i = 2h and € = 0). By
definition of H*(j) and since (Us,,)" is an isomorphism, the statement of the lemma is equivalent
to the commutativity of the following diagram, for all m > n > 0:

(Use,,)"

H% (G, Bm) H(Gm, Bn)

(24) B () Inf oj*

(Use,)"

H¢(Gn, By) —— H'(G,,, By,)

We claim that commutativity of (24) for all ¢ > 1 follows once we can prove it commutes for
i = € + 2. Indeed, for arbitrary ¢ > 3 we have

)h 0 ﬁE(Jnm) 0 (U%n)ih
= (Usg,,)" 1 0 (Usg,,) © HE () © (Use,,,)~F o (Use, ) T

~

H'(j) = (U,
(by assumption) = (Uz,, )" o Inf*2 05" o (Use, ) " F!
(compatibility of U and Inf’0j*) = Inf’ oj*.

Hence, it now remains to show that (24]) is commutative for ¢ = 1,2
Consider first the case i = 1. Given the definition of H~!(j) and the explicit description of the
cup product described in Remark 2X6, commutativity of (24)) is equivalent to

Inf! oj(&) = &5
and this follows by the definition of the map Inf' 0j* on cocycles (see [NSWOS, § 1.5]).
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Suppose now that i = 2. We first show that

(Us,,)

H(Gp,, Bn) H2(Gy, Bm)

(Fn:rnl)jn,nl Inf2 Oj*

HO(Gy, Bn) — "y B2(G,, By)

commutes. Note that in the above diagram we have ordinary cohomology on the left-hand side (as
opposed to Tate cohomology): this allows us to consider inflation in degree 0, which is simply the
identity:

Inf’: H(G,,, B¢™) = B¢ — H%(G,,, B,,) = BS™.

m

Let x € H°(G,, By): the compatibility of the cup product with inflation yields

Inf? 05" (2 U 5,) = Inf?(jp.m () U 56,)
= Inf® (Jnm(z)) U Inf? (5¢,)
= Jn.m(x) U ((Fn : Fm)%m)
=Ty : Do) dn,m(x) U st

This shows that the above diagram commutes. To show that (2] commutes for ¢ = 2 and conclude
the proof, we just need to observe that the cup product on Tate cohomology is compatible with
that on ordinary cohomology. This can be checked, for instance, using the definition on cochains of
the two cup products (compare [NSWO8| (x), § 1.4] and [NSWOS|, proof of Proposition 1.1.4.6]). O

Remark 2.8. Assume that k,,, is surjective. Then the map ﬁo(jn,m) factors through “mul-
tiplication by (T, : T',,)”, i. e. there is a map Jnm: H°(Gpn, B,) — H®(Gum, B) such that
H°(jn.m) = (Ts : Tyn)7n.m. This is defined as

Jnm(y mod Nmg, By) = jnm(y) mod Nmg, B,  forallye BS".

To see that this is well defined, let b, € BS". Then it is clear that j,,,(b) € BS™. Suppose
now that b, = Nmg, (b)) € Nmg, B,,. Since ki, , is surjective, there exists b/, € B,, such that
kmn(b),) = b),. Then

Jnm(bn) = jn,m o Nmg, (b%)
= jn,m © Nmg, o km,n(b;n)
= jn,m o jO,n o kn,O o km,n(b;n)

= jO,m o km,O(b;n) = Nme (bm)

showing that 7,,.,, is well-defined. By definition of HO (), the relation ﬁo(jnﬁm) = (T : To)Inm
holds. Using 7. m, Lemma 2.7 can be restated, under the assumption that &y, , is surjective, as the
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commutativity of the following diagram :

(Us,,)

H(Gum, Bn) H2(Gm, Bm)
(T :Ton) T B2(5)

=0 (Us,) =,

H°(G,,B,) —~— H*(G,, B,)

Remark 2.9. One can wonder whether results similar to that of Lemma 27 hold when j is re-
placed by k. Assume that B satisfies [(Inj)| and [(Gal)} under this assumption, the inverse maps

. _ G
(]n,m) !

: By™" — By, and H'(ky, ) are defined and we have maps
(j*)il = (];i,zn)il ﬁi(GmaBng’") - ﬁi(GmaBn)

induced by (jm.)~t. Write i = 2h or i = 2h — 1, according to whether i is even or odd. Then we
claim that

(2.5) (i) oDefl' = (T : D) "Hi(kn)  foralli<0
where Defl denotes the deflation map
Defl = Defl’: H'(Gyn, Bp) — H (G, BG™m)

as defined by Weiss (see [Weih9]). Equality (2.5 is clear for ¢ = 0, —1 since in these cases h = 0
and we have

Defl’(z  mod Nmg,, B,,) =2 mod Nmg, B¢ for x € BS™
as well as
Defi™'(z mod Ig,, By) = Nmg,, ,& mod Ig, B¢  for z € B,,[Nmg,,]

(see [Weih9, (1) and Proposition 1]). For arbitrary i, we argue by backward induction: assume
that ([2.3) holds for a given i < 0. Then for x € H*2(G,,, Bn)

(G 2) ™ o Defl™™2(2) U sey, = (1)~ (Defl' ™ () U 52,
gt ) o Defl’(x UInf?(54,))  (by [Weib9, Theorem 3))
=iy lo Defl’ (U (T, : Tyn)2m)
m)i(hil)ﬁi(kmm)(x U 56,
m) PV HIZ2 (k) () U e,

K3

: T
: T
Since the cup product with ¢, is an isomorphism, (23] holds for ¢ — 2.

2.2.5. Functorial behaviour. We now come to the main results of this section, describing the
functorial behaviour of the maps defined in §2.2.31 First of all, observe that if f = (f,): B — B is
a morphism of normic systems then, for every ¢ € Z, there are maps

f*=fot H(Gn, B,) — HY(G,, BL).
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The diagrams

(2.6)
H{(Gp, Bp) —2—— H(Gon, BL) H{(Gpy Bp) —2—— H(Gom, BL)
7 J 7 (]J and Jfﬂ(m lﬁ%m
Ai(G,, By) —— Hi(G,, B (G, By) —— Bi(G,, B

are commutative (in the rightmost one we are assuming that H(k) is defined): to show this, it is
enough to consider the cases i = —1,0 because the isomorphism (Us,,) commutes with f* . Since
fn commutes with j, ,, and ky, ,, the cases i = —1,0 are easily proved by direct inspection. The
behaviour of the maps H'(j) and H(k) with respect to connecting homomorphisms is given by the
following two propositions.

Proposition 2.10. Let 0 — B’ — B — B’ — 0 be an exact sequence of normic systems. Then,
for all m > n >0, the following diagram with exact rows commutes

0 —— HY (G, Bl,) —— HY(Gy, Byn) —— HY(Gn, B) s BN Gy Bl,)) ————— -

JJT ]T j//T ﬁl(J/)T

© o~
0 —— H°(G,,B]) —— H°(G,, B,) —— H°(G,, B) LHl(Gn,B,’l) _—

S MGy B) —— BN (G, B 2 B2(Gon, BL) —— H2(Go, By

" (JJ fﬂ(j”)T fﬁ(j’)T fﬁ(j)T

~ ~ (1) ~ ~
S HYGry By) —— HY(Gy, B") 2 B%(G, B,) —— (G, By)

Proof. By Lemma [Z77] we can replace H'(j') with Info(j')*, and likewise for the other vertical
maps. The result follows from functoriality of inflation and of the maps j*, (5')*, (4)*. O

The above proposition holds for the full long exact sequence of ordinary cohomology extended
in every positive degree but we will only need it for the truncated exact sequences up to degree 2,
as in the statement. The following proposition, on the other hand, only holds in degrees smaller
or equal than 2, in general. This is because we assume that B” only satisfies [(Inj)| (instead of
both |(Inj)| and |(Gal)} as for B and B’). Such formulation of the statement reflects how this result
will be used for arithmetic applications (see for instance the exact sequence which is the basic
ingredient of Theorem [B.§]).

Proposition 2.11. Let 0 — B’ — B — B” — 0 be an exact sequence of normic systems and assume
that B and B’ satisfy |(Inj)| and [(Gal)| and that B” satisfies|(Inj)l Then, for all m > n > 0, the
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following diagram with exact rows commutes

0 —— HY(Gyn, Bl,) —— HO(Gy, Byn) —— HY(Gy B) s BN Gy Bly)) ————— -

lk/ J{k J/k// lﬁl(k/)

0 —— HY(G,,, B.) —— H(Ghn, By) —— H(G, B!) =2 BY(Gp, B,) —— .

~ ~ (1) ~ ~
e HY (G, Bi) —— HY (G, B) 2 H2(G, BL,)) —— H2(Gon, Byn)

lfll(k) Jfll(k”) lﬁz(k’) lﬁz(k)
1

oy HY(Gy, By) — HY(Gn, B") =2 H2(G,, B,) — H?(Gy, By)

Proof. First of all, the existence of vertical maps in degree greater than 0 is guaranteed by the
assumptions on the normic systems.

The commutativity of the two leftmost squares follows immediately from the fact that B’ — B
and B — B are morphisms of normic systems.

The commutativity of the third square is equivalent to (Us,) L 08® ok” = H=1(k')o (Use,,) Lo
6. Fix b € H*(G,,, B") and let b € B,, be an element mapping to b”. By the definition of the
connecting homomorphism, §(% (b”) is represented by the cocycle g, — (gm — 1)b:= b’. Similarly,
since k n(b) maps to ky;, ,(b”), the element 5o k., (b") is represented by the cocycle defined by
gn > (gn — 1)km n(b) and, in turn, this is the map g, + &y, ,,(b") because the morphisms k;, ,, are
Gm-equivariant. In the notation of Remark [Z.6] we thus need to show that

(Use) 7 (6 ™) = HTH W) 0 (Use,) T (ER)).

n m

Using the description of (Us,) given in Remark 26 this amounts to
[k (6] = H (K ([b'])

which follows from the definition of H~*(k’).

As for the remaining part of the diagram, since the definitions of H'(k) and H2(k) rely on
cup products which are isomorphisms compatible with long exact Tate cohomology sequences, it is
enough to show that the shifted diagram

(2.7)

H (G, B.,) —— B (G, Bm) —— H (G, B ) 2 BO(Go, B,) —— HO(Gy, Bun)

Jﬁ%k) lﬁ%k) lﬁ%k) lf{“(k) lf{“(;@)

~ ~ ~ S(—1) o~ ~
H YG,,B!) —— H YG,, B,) —— H Y(G,,B") L H°(G,,B!) —— H°(G,, By,)

is commutative. The two leftmost and the fourth squares are commutative as discussed in (Z8]).
As for the third square, let b’ € B! [Nmg, | and pick b € B,,, mapping to b”. Then, the image of
Emn(b) in By is Ky, ,,(0") and

8V o H7L (k) (0"]) = 8V (KL, ,,(0")]) = Nmg,, ([km.n (D))
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On the other hand,
H (k) 0 5D (")) = HO(k)(INmg, b))
= (jnm)~ " ([Nmg,,b])
= [(Gnm) ™" © Jo,m © km,0(D)]
= [Jo.n © kn,0 0 kmn(b)] = Nmg,, ([Fm.n(b)])
showing that the third square in ([2.7)) is commutative. ]

Remark 2.12. Observe that although in §.2.2] we have considered Tate cohomology of a normic
system and defined morphisms H°(j) and H°(k), Propositions and [ZI1] start with ordinary
cohomology in degree 0. The appearance of ordinary cohomology is somehow exceptional, because
we will mainly be working with Tate cohomology. For instance, in the following section, we will see
that for each i € Z, the ith Tate cohomology groups of a normic system form a double system, a
notion to be defined ibid.

2.3. The category of double systems. In the previous section, we have considered Tate coho-
mology groups of a normic system, showing that (under some conditions) these can be simultane-
ously endowed with the structure of direct systems and of inverse systems of Z,[Do]-modules with
respect to the maps defined in §22.3] where D is the group appearing in (2]). In this section, we
focus on the study of such “double systems”.

Definition 2.13. In the setting of Definition 2.2, a (T",{T',,}nen, D)-double system (or simply a
D-double system or a double system if the groups are understood) X = (X, ©nm> Tm,n)m>n>0 18
a collection of Z,[Dg]-modules X,, which are Z,-torsion and such that

o (X, onm) is a direct system;

o (X, Tm n) is an inverse system;

® Vpm O Tmn = Tmon © Pnm = (O 1 Tyy) for all m >n > 0.
The morphisms Homps_ (X', ”) between two double systems X and A" are collections of Z[Do]-
homomorphisms f,: X,, — X/ which are both morphisms of direct and of inverse systems. This
defines the category DSy of D-double systems.

The results in §2.2 yield the following
Proposition 2.14. Let B be a normic system. If B satisfies|(Inj)| then

m>n>0

is a double system for every odd integer i. If condition [(Gal)| is also satisfied, then H'(B) is a
double system for all i € Z.

Remark 2.15. The category DSy, is abelian: the proof is analogous to that of Lemma 2.3 by
T ¢
replacing the requirement ¥y ;0;, = Z(Fe'r’)ﬂygp in 22) with U0, = (T : ;) for £ < 4.

a=1
Alternatively, one can observe that DS, is a full subcategory of NSp closed under direct sums,

kernels and cokernels and it is therefore abelian, thanks to [Rot09, Proposition 5.92].

Let X = (Xun, ©n,m, Tm.n)m>n>0 be a double system, and write ¢,,: X,, — lim X, for the direct
limit of the maps ¢, (for m > n). Similarly, write m,: @Xn — X, for the inverse limit of
Tm,n- Let

(2.9) ° X, = Ker(gon: X, — hﬂXn)g X, and XK= X0 /0 X
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as well as
(2.10)
FX, =Im(m,: ImX, — X,)C X,  and 41X, = Coker(m,: m X, — X,,)= X,/ Xy,

The next proposition shows that X = (*X,,), TX = (1X,,), as well as ,X = (, X,,) and +X = (+X,,)
inherit the structure of double systems from X'. It also shows that the assignments X — *X
X TX X~ X and X — X are functorial.

Proposition 2.16. Let X = (X, ©nm, Tm.n)m>n>0 be a double system. The restrictions of Tm.n
and on.m endow *X and X —and thus ,X and 1 X —with a structure of double system. These
double systems satisfy:
i) The formation of *X and ,X is functorial, and the functor X — X is left exact. Similarly,
the formation of TX and +X is functorial, and the functor X w +X is right ezact.
i) Write o X = (4 X 10, sPp > s Tmyn)m>n>0 and X =(0x,, T@nymaTﬂ—m,n)mZnZO- Then sy, m,
is injective and Tﬂ'mm is surjective for all m > n > 0.
i) For every double system X' = (X}, 5, m> T n)m>n>0 such that @), . is injective for m >
n > 0, and every morphism f: X — X', there exists a unique map ,f: X — X' making
the following diagram commute

Analogously, given a double system X" = (X},, 0 1> Tom n)m>n>0 such that m, . is surjec-
tive for m > n > 0 (and so X" = TX"), every mm’phzsm g: X" — X factors through the
subsystem X, making the following diagram commute

"

Proof. We claim that the restriction of ¢, m (resp. of my, ) maps *X, to *X,, (resp. *X,, to
©X,). This is obvious for ¢, thanks to the relation ¢, o ¢pm = @,. Concerning m, ,, the
relation @y, m © T, = (I : T'yy,) shows that for all z € X, it holds

©Pn (ﬂ'm,n(x)) = $¥m O Pn,m © 7'rm,n(a?) = @m((r‘n : Fm)'r) =0

and hence m, »(z) € *X,,. The claim implies that, defining * ¥y, 1 (resp. *mm,») to be the restriction
of @ m (resp. of T ) to * X, we obtain a double system * X which is a subobject of X. Moding out
X by *X defines the double system , X'. The claim that TX is a double system which is a subobject
of X such that +¥ = X/TX (in the category DSp) is analogous: the fact that the restriction
Twm)n to TX,, takes values in TX,, is automatic, and the relation ©nm © T = (I, : T'yy,) ensures

Functoriality as well as the claimed exactness properties of X — *X and of X — ;X are
straightforward: given a morphism X — X’ the rightmost square of the diagram ([2I1]) below is
commutative for all n > 0, implying the existence of the leftmost vertical morphism (making the
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whole diagram commute):

0 X, X, lim X,
(2.11) l l l
0 X7 X! limy X,

This shows that X — °X is functorial. Moreover, as discussed in [Gro57, §1.6], a morphism of double
systems is injective (resp. surjective) if an only if each of its components has this property. Hence,
if X < X’ is injective, (ZI1) shows that each component of the induced morphism *X — X" is
injective, so *X — *X is again injective. This is well-known to be equivalent to the exactness on
the left of the functor X — *X (since DSy, is abelian), establishing the first part of[¢)] Analogously,
a surjection X — X’ induces a commutative diagram of exact rows

@Xn )Iz +Xn 0
lim X[, —— X}, —— X}, ——0

showing that each component of the induced morphism *X — X’ is surjective, finishing the proof
of

To prove [i1)} observe that ,¢,, , is injective for all m > n > 0 by construction: indeed, for
all [z] = 2 (mod *X,) € ,X,, the definition of ,¢,, , is .¢, m[7] = @nm(x) (mod *X,,). Then
+Pnmlz] = 0 implies @, m(7) € * Xy, which means ©,,0nm () = ¢n(z) = 0 and hence z € * X,
and [r] = 0, establishing the injectivity of ,¢,, ,,,. The proof of the surjectivity of 7. i analogous.

We are left with the proof of [ii7)] Let X" = (X, ¢}, ;n, T,.,) be such that ¢/, ,, is injective for
m >n >0, and let f: X — X’. Write foo: limX, — h_nng'L for the direct limit of the maps
Jn- The injectivity of all ¢}, ,,, implies that ¢;,: X, — th:l is also injective. It follows that
fn(*Xy) = 0, because

Sﬁil(fn(iﬂ)) = foo (sDn(UC)) = f(0)=0= fr(z)=0 for all z € * X,,.

In particular, for all n, there exists a unique map , f,,: X,,/* X, = . X,, — X, making the following

diagram commute
X, In X!
\ /f;
A Xn

We need to check that the collection , f,, defines a (necessarily unique) morphism , f € Homps_ (, &, X”),

namely that

(2.12) Ton © afm = afn©aTmn

(2.13) @;,mOAfn: AmeA@n,m'
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This is tantamount to showing the commutativity of the right oblique squares in the following
diagrams:

X, fm X! X, I X!
\ A/ \ ‘V
Tm,n Xm Trin’n ©n,m Xm S"/n,m
and
X, I X X, I X!
\y NG \ N
X Xn

Since the left oblique squares commute, and so do the straight squares and triangles, one obtains
that (ZI2) (resp. (ZI3)) holds after composing with X,, — ,X,, (resp. X, — ,X,). Since
X — X and X, — X, are surjective, the required commutativity follows. The argument for
the universal property enjoyed by TX is analogous. This finishes the proof of the proposition. [

From now on, we drop the * from the transition morphisms *m,, , and *¢, , of *&, simply
writing 7, » and ¢y, », for their restrictions to * X, and to * X, respectively. The same convention
is adopted for the other three double systems , X, X and 1 X.

Remark 2.17. We are grateful to the referee for pointing out that Proposition 2Z16liz)| can be
interpreted as saying that X + ,X and X — TX, suitably restricted to certain subcategories of
DS, are adjoint to a forgetful functor. Since we have no use for this in our work, we omit the
details.

Remark 2.18. If X is a double system such that m,, ,, is injective for all m > n > 0, then X = *X;
similarly, if ¢y, m is surjective for all m > n > 0 and X, has bounded exponent for every n, then
X =1 X. To see the first implication, let € X,, and pick m > n such that (I, : I';;,)x = 0. Writing
(Ty : T) = Tmyn © ©n,m and using that m,, ., is injective, we deduce ¢y, () = 0, hence @, (z) =0
and x € *X,,. This shows X = *X. Similarly, suppose that ¢,, , is surjective for m > n > 0, and
let z € TX,,. Pick m > n such that (T, : I',,)X,, = 0 and let y € X,, be such that Tmn(y) = @,
which exists because = € TX,,. Surjectivity of ¢, ., guarantees the existence of an element z € X,
such that ¢, m(2) =y, and © = T © @nm(2) = ([ : Tp)z = 0. Then TX =0 and X = X

Before stating the next lemma, observe that if X = (X,,) is a double system such that the
exponents of X,, are bounded independently of n, then
(2.14) fxcex.

Indeed, for n > 0 and = € TX,,, one can write = m,(¢) for some ¢ € lim X,,,. The element ¢ is
torsion, because every X,,, has bounded exponent, and we pick m such that (T',, : T';,)€ = 0. Then
(pn(x) = Pm O Pnm © Tm,n O Wm(g) = Pm O 7Tm((l—‘n : Fm)g) =0

showing x € *X,,, and thus (Z1I4).

Lemma 2.19. Let X = (Xu, ©n.m, Tmn)m>n>0 be a D-double system such that the orders |X,|
are bounded independently of n. The following conditions are equivalent:
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Bp-1) T * X — 2 Xy, is an isomorphism for all m > n > 0;

Bp-2) ¢nm: 1Xn = 1 Xm is an isomorphism for all m > n > 0;

B,-3) tX, = *X,, or equivalently 1Xn = .Xy, for alln > 0.

When any of the above conditions is met, the orders | X,,| are eventually constant, and both Ty, T X, —
tX,, and On,m 2 Xn = 2 X are isomorphisms for all m > n > 0.

Proof. To prove that BE—IE implies observe that it is enough to show *X,, C tX,, for all
n > 0, in light of ([2.14). By BQ—l) we can find n such that m,, »: * X, = 0 X, for all m > n, and
let € *X,,. For all m > n there exists a unique z,, € *X,, such that m, ,(zm,) = z. It follows

that ¢ = limx,, € lim X,, exists and = = 7, (¢), showing z € TX,.

Assuming Proposition implies that ¢y m: 1 X, — 1 X5, is injective for all m >
n > 0. It follows that n — |;X,| is an non-decreasing sequence of bounded, positive integers and
thus eventually constant. As an injection of finite groups of the same order is an isomorphism, this
proves the implication [B,-3)={B,-2)|

Finally, assume B2—2) and let ng be such that ¢, ,, is an isomorphism for all m > n > nyg.
Consider the shifted double system

7 ! / A
X :(Xn = Xntnos Pn.m = Prntnom+ne Tmn = 7"-““F"(W“F"O)m>n>0'

Then X" satisfies T X! = X, 4, and * X} = * X, 1, because@nX,’l =1lim X,, and lim X,, = hﬂX{l
It follows that X/ = +X,4n, and X, = .Xntn, for all n > 0, so X’ satisfies for all
m > n > 0. By Proposition 2-I0Hi)| the natural surjection X’ — X’ factors as

XX
\AX'/

On the other hand, the inclusion (Z.I4) induces a surjection X’ — ,X”. Since all groups , X, and
+X, are finite, the existence of surjections , X — X/ and ;X — , X/ implies that these surjec-
tions are isomorphisms, proving for the system X”. Upon reindexing, this implies for
X.

To establish the statement concerning the stabilisation of the orders | X, |, write | X,,| = [*X,,] -
|, Xn|. Thanks to this coincides with |*X,]| - [1X,|, and both the orders |*X,,| and |;X,|
are eventually constant because of [By-1)| and [Bp-2)l Replacing in the isomorphisms in
and the equalities of [B-3)| yields the final statement. O

Definition 2.20. Let B be the full subcategory of DS, whose objects are the D-double systems
of finite p-groups whose order is bounded independently of n and that satisfy any of the equivalent

conditions of Lemma [Z.T9l In particular, the order of the components of the system
is in fact eventually constant, independently of n > 0.

Remark 2.21. In Example 2.29] we construct a double system of finite p-groups of constant order
which is not an object of B,.

Ezample 2.22. Suppose that I is filtered by T',, = I'"" for all n > 0 and consider the double system
X = (Z/p,id,0), where all components X,, coincide with Z/p, the ascending morphisms are the
identity and the descending ones are the 0 map. One computes that h&lX =0 and HEX = 7Z/p,
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so that * X, = TX,, = 0, and conditions [B,-1)| and [B,-3)| (and thus are satisfied, showing
that X’ is an object of Byp,.

Similarly, one can consider the system Y = (Z/p,0,id), that is again an object of B, because
Y, = 1Y, =Yy, s0,Y, = 0 and conditions [B,-3)|and [Bp-2)| are satisfied (and so is[Bp-1)] then).

Ezample 2.23. In this example, denote for simplicity the index (I'y, : T'y,) by Ay m and write h,, for
(T : T,,); similarly, write g for g(T'). In case the filtration {T',,},>0 coincides with {T'?"},>, these
become Ay, = p™ ", hy, = p™ and g = 0, and the reader may keep this particular case in mind.
Consider the D-double system Z(T') (denoted simply Z if the filtered group T' is understood)
defined as
Z(0) =(Z/hns -hnm: L) b — Z/hm,pr)m>n>0.

Here, for m > n, ‘hp_m sends  mod h,Z to hy ma mod hy,Z and pr: Z/hy, — Z/h, denotes the
canonical projection (we omit the indexes in pr to avoid notation overload); all components have
trivial action of Dy. Let ng > 1: define the shift Z,(I') = 2{,,) of Z as the double system whose
components are

(Zi ) = Z/hpp~™ foralln >g+mng
molJ =3 for all n < g + 1o

with transition morphisms ¢y, ,4+1 = -p and 7, 41,, = pr for n > ng, and the trivial maps otherwise.
Observe that the requirement n > g + ng ensures that h,p~™ € N and h,,+1 = ph,,. We intend to
show that, although Z,.) is not isomorphic to Z (none of the components are, in fact, and since
kernels and cokernels are computed component-wise in DS, the systems cannot be isomorphic),
their “difference” lies in B, in a precise sense.

Define a map ¢ : Z,,) = 2 by t, = 0if n < g+ ng and 1, = -p"°: (Z])n = Z/hnp™ " —
Z/hy = (£), if n > g+ ng. One easily checks compatibility of ¢, with transition maps, so ¢ defines
an injection ¢: Zp,,) < Z in the category DSp. The cokernel of ¢ is the double system of the
cokernels, hence

n .
(Coker ), = {Z/p " ifnzg+no
Z/h, ifn<g+mng

with transition morphisms

id: Z/p™ — Z/p™° ifn>g+mng

= and ™ =
Pn,nt+1 =P ntln {pr: Z)hpny1 — L/hy ifn < g+ng

Since the cokernel is non-trivial, the morphism ¢ is not an isomorphism in DS;,. Yet, the direct
limit liﬂ(Coker t) is trivial, because for all n > g+ ng and all € (Cokert),, ©non(z) = p"z = 0.
In particular, (“Cokert), = (Cokert), for n > ng and thus condition is fulfilled, showing
Cokert € Byp.

Rather than considering the injection ¢: Z,,; — Z one can look at the morphism ¢: Z — Z|,
defined component-wise by the projections (2), = Z/h, — Z/hyp™"° = (Z[p,])n, for n > g + no.
One can verify that the double system (Ker ¢, ¢, 7’) satisfies @Kerqﬁ = 0 and ¢’ = id for all
n > 0, showing that Ker ¢ € B, by condition

The following proposition provides a class of double systems belonging to B,.

Proposition 2.24. Let X = (X, ©n,m, Tm,n)m>n>0 be a double system of finite Z,[Do]-modules
such that either @y, m s an isomorphism for m > n > 0, or mp, n s an isomorphism form > n > 0:
then X € Bp.
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Proof. Observe that if ¢, ,,, (resp. mm,.n) is eventually an isomorphism, then the orders |X,,|
are bounded independently of n and the direct limit ¢, (resp. the inverse limit 7,) is also an
isomorphism for n > 0. In particular *X,, = 0 (resp. +X,, = 0) for n > 0 and condition
(resp. condition of Lemma [2.19]is satisfied, so X € By,. O

Remark 2.25. Proposition [Z24] shows that, for a double system of finite Z,[Dg]-modules, the con-
dition of being in B, only depends upon the underlying direct, or inverse, system. This will be
useful for our arithmetic applications, especially at the end of the proof of Theorem B.8

We recall the following result concerning quotient categories, for which we refer to [Gab62]
Ch. TIT,81]:

Definition/Theorem. A full subcategory C of an abelian category A is called thick (épaisse in
French) if for every exact sequence

0—X —X —>X"—0

in A, the object X belongs to C if and only if both X' and X" belong to C. For every thick
subcategory C C A there exists a quotient category A/C, which is abelian and comes with a full
localising functor
A— A/C.

The objects of A/C are the objects of A. Given two objects X, X' in A and a morphism f: X — X',
its image (still denoted f) in Hompa c(X,X') is a monomorphism (resp. epimorphism, isomor-
phism) if and only if Ker f € C (resp. Coker f € C, Ker f and Coker f € C ). If this is the case,
we say that [ is a C-monomorphism (resp. C-epimorphism, C-isomorphism,).

The main technical result of this section is the following proposition.
Proposition 2.26. The category By, is a thick subcategory of DSp.

Proof. Let 0 - &' — X — X" — 0 be an exact sequence in DSp. For every n we have
| Xn| = |X/|-|X/)|, so the order | X,]| is bounded if and only if | X, | and | X]/| are bounded.
By Proposition 218l:)| for every m > n > 0, there are commutative diagrams

00— X!, —— Xy —— 2 X) ——0
(215) lﬂ';n,n lﬂ—m’n lﬂ';r/l,n
0——°X/, ‘X, 3 Cp——

whose rows are exact, except possibly on the right.

Suppose that X" and X" are objects in By, and fix ¢ > g(T") such that p°X,, = p°X] =p°X] =0
for all n > 0. We claim that since X" € B, rows of (2Z13]) are exact on the right for n large enough.
For any n > 0 large enough, ensures that 77/, : * X" — * X} is an isomorphism for all £ > n;
we fix £ > n+e¢, so ([, : T)Xy = p "X, = 0. Let [2] € *X//. There exists [y] € *X, such
that [z] = 7/ [y] and if y € Xy is a lift of [y], then x = 7y, (y) € X, satisfies 2 (mod X7,) = [x].
Moreover, ¢, (7) = ©pn eTen(y) = we(p*~"y) = 0, showing = € *X,,. It follows that *X,, — > X/
is surjective for all n > 0. In particular, (215 has exact rows and the snake lemma shows that
since both 7, ,, and 7, ,, are isomorphisms, the same holds for 7, ,,. Hence, if both &', X" are in
B, then also X is in By,

Conversely, suppose that X € By and that n > 0 is such that 7, ,: *X;, — %X, is an
isomorphism for all m > n. Even when the rows in (2.15) are not exact on the right, the restrictions
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Tt * Xy — * X, are injective. It follows that n + |* X7 | is a non-increasing sequence of positive
integers and thus eventually constant. As an injection of finite groups of the same order is an
isomorphism, this shows A’ € Bp. In order to show that X" € Bp, consider the following
commutative diagram, analogous to (2Z.13)):

+ X +Xm 1 X7, 0
(216) T‘p;,m T‘pn*m Tsaiimn
1 X5, +Xn 1 X5, 0

Exactness of the rows follows from Proposition 2.16H:)| and shows that ¢y, ,, is surjective, since
On,m: 1 Xn — 1 X, is an isomorphism by Therefore, the orders |;X//| are non-increasing,
which implies that cp;;)m restricted to + X, is actually an isomorphism for m > n > 0, yielding that

X" € Bp. O

A consequence of the above proposition is that it is possible to form the quotient category
DS, /By, and to speak about double systems that are B-isomorphic. For instance, the systems
Z and Zj,,) from Example 2.23] are B-isomorphic, two Bp-isomorphisms being the maps ¢ and ¢
constructed ibid. To mark the difference between morphisms in DS, and morphisms in DS, /B,
we denote the latter by dashed arrows, thus writing

X - X

for a map f € Homps_ /B (X, x').

Gabriel’s theory of quotient categories provides an algebraic framework to study objects, typically
occurring in Iwasawa theory, whose sizes is “eventually equal”. Since this notion is pivotal in our
study, we single it out in the following

Definition 2.27. We say that two sequences {x, }nen and {yn tnen of positive natural numbers
are eventually proportional if there exists ng > 0 and a rational number ¢ € Q, independent of n,
such that

Ty = ClYn for all n > nyg.
In this case we write z,, x y,. It is clear that oc is an equivalence relation.

We isolate the following easy consequence of Lemma [2.19

Corollary 2.28. Let X and X' be two double systems of finite Z,[Dg]-modules which are Bp-
isomorphic, then | X, | o | X} |.

Proof. Since X =g_ A”, there exists a morphism f € Homps_ (X, X”) such that both Ker(f) and
Coker(f) are in Bp. Lemma 219 implies that | X,,| o< | X]|. O

Example 2.29. A slight modification of Example yields the following. Suppose, as ibid., that
I is filtered by T',, = I'"" for all n > 0 and consider the double system X = (Z/p,0,0), where
all components X,, coincide with Z/p and all transition morphisms are the 0 map. In particular,
@X = li_rI>1X = 0 and therefore X, = *X,, = ;X,,. It follows that both *X,, and ;X,, are non-zero,
but the transition morphisms 7, ym: * Xy — * X, and @p m: 1+ X5, — 1 X5, are the zero map. Thus,
neither of conditions [B,-1)[nor [Bj-2)|is satisfied, showing that X" is not an object in By, and in
particular it is not Bp-isomorphic to the zero system O = (O,, = 0,0,0) (since By, is thick). Yet,
their orders are eventually proportional, showing that being Bp-isomorphic is a stronger notion
than having eventually proportional orders.
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For the arithmetic applications relevant to this work, it is enough to restrict to a certain sub-
category of DSy, which we now define. Observe that every Z,-torsion Z,[Dg]-module M can be
decomposed as M = Maiy ® Myeq, where Mgi, is the maximal Z,-divisible submodule of M and
M,eq is the maximal Z,-reduced submodule. This decomposition is in fact one of Z,[Do]-modules,
because Dy acts by automorphisms on the Z,-module underlying M.

For a finite group H, write ModZ’&ﬁ' for the abelian category of Z,-torsion Z,[H]-modules
M such that M.,.q is finite and such that Mg, = (QP/Z,,))‘ for some A € N. The subcategory
Mod%i’[ u C ModZ’&ﬁ' of finite modules (those with A = 0) is clearly a thick subcategory, so that

the quotient category 1\/IodZ'[f I'f]' / Mod%’[ ) is well-defined. When H is the trivial group, we drop

it from the notation and simply write Mod%‘:f'g' and Modgz.
Definition 2.30. For a torsion Z,-module M, we set
cork M = dimg, (Homg, (M, Qy/Zy) ®z, Q) .

The function cork is well-defined on objegts of the quotient category ModZ'[fbgo']/Modgz[Do],
because they coincide with objects of Mod%o'[tbgo']. Moreover, using [Gab62, Ch. III, §1, Corollaire 1],
one sees that it is multiplicative in short exact sequences because cork M = 0 for every M in the
thick subcategory Modg’:[ Do)- We will refer at the number cork M as the corank of M.

We can finally define the subcategory DSS™"# C DS, mentioned in the Introduction:

Definition 2.31. Let DS%"f'g' be the full subcategory of DS, whose objects X = (X, ©n.ms Tm,n)m>n>0
satisfy the following conditions:
(co-f.g. A) Every X, is a finite group such that (I' : T',)X,, = 0 for all n > 0;

(co-f.g. B) lim &’ belongs to Modg:[fbi'].

Similarly, let B%"f'g' be the full subcategory of By, consisting of objects satisfying [(co-f.g. A)

Observe that DS%"f'g' is an abelian category because it is an additive full subcategory of the
abelian category DS which is closed under kernels and cokernels. Moreover, we claim that B%}f'g'
is a thick subcategory of DSCDO'f'g'. That every object in B%"f'g' lies in DSCDO'f'g' is obvious, because

condition |(co-f.g. A)| holds by definition and condition |(co-f.g. B)| follows from condition of

Lemma 2.T9 (which shows that the direct limit is actually finite). This implies, in particular, that
objects in B%"f'g' can equivalently be defined as those in DSCDO'f'g' which moreover satisfy either of
the conditions of Lemma[2.T9 The claim that it is thick is also immediate: given an exact sequence

0— X —X—X"—0

in DS%}f'g', each of the elements X', X, X" lies in B%)'f'g' if and only it lies in By,, because[(co-f.g. A)|
is satisfied automatically by the requirement that the objects in the sequence be in DSCDO'f'g'.
Therefore B%}f'g' C DSCDO'f'g' is thick because By, C DSy is thick, and we can consider the
quotient category DS%"f'g' / B%"f'g', which is again abelian.

We now introduce the step-torsion functor .¥: Mod%c;‘[fbgo'] — DS%}f'g'. As in Example [2.23]
denote the index (T, : T',) by hym and simply write h, for (I' : T',); similarly, write g for
g(I'). Given a Z,-module M and n € N, denote by Mh,] the submodule of M consisting of
elements annihilated by h,. Define . to be the functor that associates to every Z,[Do]-module
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M e 1\/IodZ'[f bgo'] the D-double system
S (M) = (Mn = Mlhn], nm = idy: Mlhy] = M[hp], Tmn = hom: M[hp] — M[hn])

and to every morphism w: M — M’ the morphism (u) = (un = ulpp,: Mhn] = M'[hy]).
The fact that .7 takes values in DSCDO'f'g' is immediate: condition in Definition 23] is
satisfied by construction, and condition follows by writing ling . (M) = lim M [hn) =M
(since M is Z,-torsion).

It is easy to see that . sends the thick subcategory MOd%:[Do] c ModZ'[fbgo'] of finite modules
to B8 indeed, given a finite module M € Modgz[DD], one has Ml[h,] = M for all n > 0,
and therefore the transition morphisms ¢, ,, are the identity idas: M — M for all m > n > 0.
Proposition shows (M) € Bp, and since . (M) € DSCDO'f'g' by construction, we obtain
S (M) e B%}f'g', as claimed. It follows that . induces a functor between quotient categories, still
denoted by the same symbol

(2.17) 7 Mod /% /Mod" ) — DS3"# /BF "=

Related to . is the limit functor

m>n>0

lim: DSH " — Modg 7%
taking a double system and associating to it the direct limit of the underlying direct system: it
takes values in MOdZ_[fbo.] by definition of the category DS%’_f'g'. By composing it with ., we
obtain the endofunctor
& = olim: DSFT* — DSFE
Given any object X in BCDO‘f'g', the direct limit lim X is finitely generated and of finite exponent,
by Lemma Z.I% it is therefore finite, and the direct limit functor factors as

. co-f.g. co-f.g. co-f.g. n
(2.18) lim: DST & /BE™* — Mody” % /Modz” p,)

(see [Gab62 Ch. ITI, §1, Corollaire 2]). Combining (ZI8) with [2I7) shows that .£ extends to an
endofunctor, still denoted by the same symbol,
7. DSEe Bte _ psiote gite

Corollary 2.32. Let X be a double system in DSCDO_f'g', and suppose that X =g _ ZL(X). Then
| X,| o< p*X™, where Ay is the corank ofligé’(. Moreover, given an exact sequence
0--2X -2 X--2X"--0
in DS%)_f'g'/BCDO_f'g' of double systems satisfying the above assumption, the relation
)\X == )\X/ + )\X(l
holds.
Proof. As observed in Corollary 228 the existence of a Bp-isomorphism as in the statement
implies that | X,,| « |(hﬂ X)[hn]]- On the other hand, the explicit structure of the direct limit of
the groups X, yields
(timy ) ]] ox p".
Given an exact sequence as in the statement, [Gab62, Ch. ITI, §1, Corollaire 1] yields an exact

sequence
0—Y —Y—Y' —0
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in DSCDO'f'g' such that the diagram

O-———3Y ————3Y————3Y'————30
I \ |
| =B, | =B, =B,
4 N2 +

) [ 2N €

commutes. It yields, again through Corollary 228 the chain of eventual proportionalities
P o | X o< [Yal = (Yol - [V ] o | X0 - X ] oc pAar e
finishing the proof. O
We conclude this section by analysing the exactness of the functor .Z.

Proposition 2.33. Given an exact sequence

v

0— M M-S M —0

n ModZ_[fbgo'], the sequence

S (v)
-

(2.19) 0 -7 28 ) 2 oy -5 0

s exact in DS%)_f'g'/BCDO_f'g'. In particular, £ is an exact functor when regarded as

2. DS /B TE s DS /BT

Proof. Observe first that . is left exact, since so is the functor M — MT[h,] for all n > 0.
Therefore we have an exact sequence

0 — (M) 2 7 7Y 2 (M) — Coker 7 (u) —s 0.

We claim that Coker.#(u) € By #: this will imply that (ZIJ) is right exact.

For n € N, let §,,: M"[hy,] — M'/h,M’ be the connecting homomorphism of the snake lemma
corresponding to multiplication by h,. The formation of the snake exact sequence being natural,
for m > n we get commutative diagrams

(2.20)
M [hg] —2" s M [y M M [hy] —2" s M /By M
Sa71,7n:'hn,7n and hn,m Fm,n:mOd hnM/
M [hy] —2" s M Jhy M M [hy] —2" s M [y M

The commutativity of (Z20) together with the exactness of the snake sequence shows that the
cokernel Coker.#(u) is a subobject of the double system X = (M'/hn,M', 0n.m,Tm ). Writing
M' = M}, ® M].4, we obtain
X = (M//hnM/ = Mr/cd/hnM;cda Pn,m = 'h’n,ma Tm,n Mr/cd/hmM;cd - MI/‘Cd/h’nMI/‘Cd)mZnZO'

Since, by assumption, M, is finite, the quotient M., /h, M, coincides with M/ , for alln > 0 and
the projection 7, , is the identity. Thus, this system satisfies the assumptions of Proposition [Z24]
showing that X € By and therefore Coker.%(u) € BS™#. This concludes the proof of the
exactness on the right of (2.19).
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The final assertion concerning .#: DSS "8 /B8 — DS /B follows from the previ-

ous point, combined with exactness of lim: DS /BTE ModZ'[fl')go'] / Modg’:[ Do) a

Given any double system X = (X,, ©n.m, Tm.n) I DSCDO'f'g', for each n > 0 the map ¢, : X, —
lim & factors through ®x ,: X, — (hﬂ X)[hn] = Z(X)pn. We claim that the diagrams

<I>X m <I>X m
Xy %" P (X)m X ——2 ()
(2.21) %,{ JA and ﬂm,i lhm
X, — 2% 2(x), X, —2% (),

are commutative, and hence determine a morphism ®y: X — Z(X) of double systems. The
commutativity of the left square in (22I)) follows from the fact that the direct limit is taken with
respect to the morphism ¢, ,,. Concerning that on the right, let € X,,: we need to show that,
in the direct limit, the equality
Ry m@® = T n@ € hgé’(

holds. By definition of direct limit, this follows from the equality h, mz = ©m.n (wm,nx), which is
a consequence of the relation ¢y, n © Ty m = Ay m. The next corollary shows that this construction
is functorial:

Corollary 2.34. The collection ® = (Px) ycp
. -f.g. -f.g.
£ of endofunctors of the abelian category DSL ™% /BE ™%,

geot.s. defines a natural transformation ®: idpgeo-t.s. ;geota. —
D D / D

Proof. Let f: X — X’ be a morphism of double systems. We need to prove the commutativity of

x— 1

(2.22) @Xl li’w
k%
2x) —Z g
Fix n > 0: by construction, .Z(X), = (hﬂ X)[hn]) and Z(X"),, = (hﬂ X")[hy]. Thus, commutativ-
ity of (2Z22) translates in the requirement that the following diagram commutes, for all n > 0:

X, — I x

@Xﬂll J{‘:I)X’,n
ligf
limg A [f,] ——— ling X[, ]
This is clear. O

Ezample 2.35. We show that the hypothesis of Corollary 2.32 holds for the double systems Z and
Zn,) from Example 2.23] where we fix ng > 1 in what follows. Since liﬂZ = Qp/Z, and each

component (Z£), is finite, the system Z actually lies in the subcategory DS%)'f'g'. We start by
computing .Z(Z). By definition, £(Z) = < lim Z, and we find

220 = Qu/Zylhn) = (5-2) /22 Lo = (2,
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with the obvious transition morphisms. In particular, the evaluation ®z of the natural transfor-
mation ® at Z is actually an isomorphism in DS%}f'g', not only in DS%}f'g'/BCg't'g'.

Concerning Zj,,,) we have seen in Example2.23|that Z,,,) =g Z, and clearly Z|,,) is an element

of DSg't'g' as well. By first applying .Z to this isomorphism and then composing the resulting
isomorphism with @z, we find

L (Ziny) Zn, L(2) 2p, £ g, 2, i DSFE/BRTE

showing that ® 2}, 1S an isomorphism as well. Note, though, that this is not an isomorphism before

]
taking the quotient by BCDO'f'g'. Indeed the direct limits lim Z and lim Z[,,) are both isomorphic to

Qp/Zyp, showing that
L(Zppg) 2 Z# 2, in DSFHE

3. The double system of the cohomology of units

3.1. Arithmetic set-up. In this section, we apply the algebraic results from Section 2] to an
arithmetic setting arising in Iwasawa theory. Fix a number field £ and a finite normal extension
F/k, and set Dy = Gal(F/k). Consider a Zp-extension Lo,/F, which is also normal over k: set
D = Gal(Lo/k) and T' = Gal(Lo/F), so that there is an exact sequence

(20 1—T—D—Dy—1

as in Section Endow I' with the filtration I',, = I'?" for all n > 0, so that, with notation as
in loc. cit., g(I') = 0 and define the groups Gy, Gy, and D,, accordingly. Denote by L,, the subfield
of Ly fixed by T'y,, so that Loo =|J L, F = Lo and [Ly, : L] =p™ ™.

We refer the reader to [Tat67] and to [Ser67] for the global and local class field theory results
that we use. Consider the following commutative diagram of Galois modules with exact rows and
columns:

1 1 1
1 oy, Lx Prp, ——1
(3.1) 1 U, A} Id,, ——1
1 Qr, Cr, Ar, 1

1 1 1

Here we use the following notation for a number field M: M* denotes the group (M \ {0}) ® Z,,,
Idas is the group of fractional ideals tensored with Zj,, Prys is the group of principal ideals tensored
with Z,, Ay is the quotient Idas/Pras (4. e. the p-Sylow of the class group of M), A}, is the idele
group tensored with Z,, Cas is the quotient Ay, /M> (i. e. the idele class group tensored with Z,),
O3, is the group of units tensored with Z,, Uy is the group of ideles of valuation 0 at every finite
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place tensored with Z, and Qs is defined by the exactness of the diagram. Every term in (B.I))
belongs to a D-normic system, in the sense of Definition 2.2] where the transition maps are induced
by the inclusion

UL /L Ln = L,
and the (arithmetic) norm

NLm/Ln: L7>7<1 — L:i
The collection of all diagrams [B.1) for n > 0 is a commutative diagram in the category NSp. All
these normic systems satisfy except for the system (Ag,). As for|(Gal)| it only holds for
the four normic systems in the upper left square and for the idele class group.

Together with the global objects introduced above, two local normic systems will be needed. For
every prime p of F, fix a prime P in Lo, above p. This choice determines a decomposition group
D(p) C D as well as a decomposition group I'(p) =T ND(p) CT. The prime Poo N L, of L, will be
denoted 9B,, and its decomposition groups in G,, and in D,, will be denoted by G, (p) and D, (p),
respectively. When there are only finitely many primes above p in Lo, (this will be the only case of

interest to us), I'(p) is isomorphic to Z, and we can endow (Lg ) and ((’)ZqB ) with a structure of

D(p)-normic system as follows (for a local field F we follow the same convention explained above, so
E* = (E\{0})®Z, and O} is the group of units tensored with Z,). Endow I'(p) with the filtration
(T(p)n = I‘(p)ﬁFPn)neN so that T'(p)/T(p)n := G(p)n = Gn(p): this filtration satisfies the condition
of §2.2) with g(I‘(p)) = g, where p9 is the (finite) number of primes in L., above p—in other words,
Lgy/F is the maximal subextension in Lo /F where p splits completely. The collections (Lg; ) and
(Ofmn), endowed with the natural extension and norm maps, denoted vy, /3, and Ny ., are

then D(p)-normic systems. We denote these normic systems by (9;3. and L%., respectively. They
satisfy both [(Tnj)| and [(Gal)] Before passing to the analysis of double systems arising from Tate
cohomology, we establish one lemma on the residual action on the cohomology of local units. First,
we introduce the following notation.

Notation 3.1. Given a number field My and an extension M;/Ms, denote by T(M;/Ms) the
set of primes of My which ramify in M;/Ms. Given any prime p C Op, denote by p the prime
p = pN O of k and by p% the number of primes in L., above it. Finally, let e,/ (resp. fr/n,
dm/n = €m/n" fm/n) denote the ramification index (resp. the inertia degree, the extension degree) of
Lo, . /Ls, . To lighten the typesetting of some formulee we also introduce the notation £_, to denote
In,(fs) where fo is the inertia degree of p in Lo, /F. When the prime p needs to be specified, we
write ¢% instead.

The following general lemma will be useful to analyse the action of Dy on the G,-cohomology
of the idelic units.

Lemma 3.2. Let D be a finite group and let G < H < D be subgroups of D. For every H-module
M and every i € Z, there is an isomorphism

H'(G, M &y Z[D]) = H'(G, M) @) Z|D)
of D-modules.

Proof. Given any Z[G]-module P, consider the Z[D]-homomorphism
T: HomZ[G] (P, M) ®Z[H] Z[D] —)HOIDZ[G] (P, M ®Z[H] Z[D])

S @m) = (2= Y (i) o my)).

3
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Since Z[D] is Z[H|-free, [Bou61, Chap.I, §2, n°9, Proposition 10], shows that 7 is an isomorphism
whenever P is projective and finitely presented. Now let P®* — Z be resolution of the trivial
Z|G]-module Z made of finitely presented projective modules. Then

H'(G, M @z Z[D]) = H'(Homgg)(P*, M @z Z[D)))

(3.2) = [ (Homge (P*, M) @z ZID))

(3.3) = [ (Homgc) (P*, M) @z ZID)
= H'(G, M) ®zm) Z[D).

The isomorphism (2] is induced by 7 and (B3)) is an isomorphism because Z[D] is Z[H]-flat. In
particular, we get an isomorphism of Z[D]-modules

H(G, M @g(n) Z[D]) = H(G, M) ®z/n) Z[D).

To conclude the proof we argue inductively by backward dimension shifting. We start the induction
at ¢ = 1: we have just proved that for every Z[H]-module N there is a Z[D]-isomorphism

HY(G,N ®zm) Z[D]) = HY(G,N) ®za) Z[D].

To go from i to i — 1, apply the functor — ®z M to the augmentation map Z[H| — Z. We obtain
an exact sequence of Z[H|-modules

0— M — M®zZ[H) — M —0

for a suitable M’, where M ®gz Z[H] is induced, hence cohomologically trivial. We deduce that
there is an isomorphism H*~}(G, M) = H'(G, M") of Z[H]-modules,inducing a Z[D]-isomorphism

H'™N(G, M) @z Z[D) = H'(G, M") @) Z|D).
We also have an exact sequence of Z[D]-modules

0 — M’ ®zg) Z[D] — M ®z Z[D] — M Qg Z[D] — 0

yielding an isomorphism of Z[D]-modules

H'™H(G, M @y ZID)) = H'(G, M' @31 Z[D)).
Since, by the inductive hypothesis, H (G, M’ Qg Z[D]) = Hi(G, M) ®z[m) Z]D] as Z[D]-modules,
we obtain a Z[D]-isomorphism

H'"NG, M @3y ZID]) = H'™H(G, M) @) Z[D),
concluding the proof. O

Lemma 3.3. Fizn > 0. The decomposition
u, = [J oz,
SncoLn

together with Shapiro’s lemma induce isomorphisms of Do-modules
(3.4) H'(Gnl,)= @ DHGur).05)

PET(Loo/k) plp
for alli € Z. In particular, there are Dgy-isomorphisms
(3.5) HY(Gn,Uy,) = (Zfenyo) ™ E=/T) fori=1,2
where Dy acts on (Z/en/O)T(LOO/F) through its action on the set T(Loo/F).
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Proof. We start by analysing the cohomology of local units. Let p € T(L./F) be a prime.
Denoting by v, the P,-adic valuation, we have an exact sequence of D, (p)-modules
(3.6) 0— OF — L — 7, — 0.

Taking cohomology of the sequence we get, through Hilbert Theorem 90, a D, (p)-equivariant
identification

(3.7) 0%+ Zfenso = HO(Gn, Z)/ Im(vys,) = H (G (p), O )-

A similar result holds for i = 2: local class field theory shows that jhe cup—productAwith the funda-
mental class induces a D, (p)-equivariant isomorphism Z/d,, o = H%(Gy(p), Z) = H*(Gy(p), Ly )
This restricts to a D, (p)-equivariant isomorphism

(38) (Vur,/e): Zfenso = H(Gn(p), 05 ).

Observe that (3.7) and (38) show that D, (p) acts trivially on H'(Gy(p), Og,) fori=1,2.
We now proceed with the proof of the lemma. For a prime p of F' (resp. a prime p of k), set

Vi =JJoxs  @esp. Vi =]]0%)
Lnlp Lnlp
where the product is taken over the prime ideals of L, dividing p (resp. dividing p). Then Uy,
decomposes as
= H Vﬁ’!l
P

as D,-modules and, since the local units in unramified extension are cohomologically trivial, this
induces an isomorphism of D,-modules

H(GnUp,)= P HI(G. V).
PET(Loc/k)

In particular, to establish ([B.4) it suffices to work component-wise, and we focus on H HG, Vgn)
for a fixed prime p € T(Loo/k) from now on. Note that

=PV,

plp

as G,-modules and this gives a G,,-isomorphism

(3.9) H (G, VE ) =@ H (G V],
plp

To analyse the D,-action, observe that Vzn is in fact a H,,(p)-module where H,,(p) = (G, Dn(p)) C
D,, is the subgroup generated by G,, and D, (p), and

VI, =V}, S, ) ZIDn]
as Z[Dy]-modules. In particular, Lemma yields an isomorphism of D,,-modules
H' (G, VE ) = H (G, V}) @211, () ZIDn) = P H'(Gn. VE)
plp
that coincides with ([3.9).
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Now observe that Shapiro’s isomorphism factors as

~ . ~ . Resg,, i o~ TR, T
H' (G, VE,) = H' (G, [ 0F) =2 H(G(p). ] 02) = D, H'(Culp). OF) = H'(G(1). 05,)
Llp Llp

(sce [Tat67, §7.2]) and thus it is D,,(p)-equivariant. Since D, (p) acts trivially on H (G, (p), O )

in light of the discussion in the first part of the proof, the same holds for H G, VEH) and therefore
the whole H,,(p) acts trivially on ﬁi(Gn, Vzn). Hence we have

HY(G, Vi ) @z, () ZIDn] = H (G, Vi) ®2 Z[Do/ Do(p)] 2 H'(Gy(p), 0 ) ®z Z[Do/Do(p)]

as Dy,,-modules, because D,,/H,(p) = Dy/Do(p). This concludes the proof of the first assertion of
the lemma.
The existence of the isomorphisms (B3] follows from B1) and (33). O

3.2. Double systems of Tate cohomology. Given any D-normic system B = (By,) as in §2.2]
we equivalently denote its direct (resp. inverse) limit as lim B or lim B, or Br (resp. lim B or
im By, ), according to convenience. If B satisfies (resp. |(Inj)| and [(Gal))), then for all odd
i € Z (resp. all i € Z) we can consider the collection

HI(B) = (H (G, Br,)s H (jom ), H (ko))

m>n>0

which is D-a double system in the language of §2.3] by Proposition 214l Since any cohomology
group of G, is annihilated by p™, for every D-normic system B satisfying [(Inj)| (resp. both |[(Inj)
and [(Gal))), condition [(co-f.g. A)| is satisfied for H?(B) for i odd (resp. for all i). Moreover there

are canonical isomorphisms
H'(I,Br.) =lim H Gy, By,)  fori>1,

where the limit is taken with respect to the maps Infoj*. In particular, when ¢ > 1, condi-
tion for H(B) is equivalent to the condition that H*(T', By,__) belong to ModZ'[fbgo'], be-
cause the direct systems (H*(G,, Br,,), H(j)) and (H(Gyn, Br,,), Inf 05*) coincide by Lemma[2ZT7
Hence, when this is the case, the double system QZ(B) actually lies in DSCDO'f'g' and can be regarded
as an object of the quotient category DS%)_f'g' / BCDO_f'g'. When considering a local normic systems
By, € {(’)X. , L‘E. }, the cohomology we consider is relative to the decomposition groups G, (p). To
stress this difference, we denote by a subscript p the corresponding D(p)-double system

Hi(Byp,) = (H (Gn(p), By,.), topn s Nog s, Jm=n0-

The starting point of our study is the exact sequence of double systems
(3.10) HU(OF,) — H'(Ur.) — H'(Qr.) — HA(OF,) — H*(Ur,)

whose existence follows from Propositions 210l and 211l Let B € {(’)z.,L{L.,Q L.} be any of the

f

normic systems occurring in (3I0). It is well-known that H*(T, lim B) belongs to Mod%o_[ when
P

.g.
. Do]
i =1,2 (see, for instance, [[wa83, §2]), so (BI0) is an exact sequence in DS &',

We first analyse the D-double systems H (U, ), and we single out their relationship with the
D(p)-double systems H;(O%.) in the following proposition.
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Proposition 3.4. For each prime p € T(Loc/k), the sum @, 7?{;3 (Og,) is a D-double system,
with the Do-action discussed in Lemmal33 Moreover the isomorphisms [B4) induce isomorphisms
of D-double systems

1%

(3.11) HiUL,)

@ @7—7;((9,;3.) for all i € Z.

PET(Loo/k) plP

Proof. To prove the first assertion we need to show the relation
(3.12) ﬁ’(]nm) o fli(km,n) = ]?Il(kmn) o ﬁ’(]nm) =Ty :Th) foralm>n>0

for the transition morphisms of the system ®P\p HGn(p), Og.). Let nf. be the first index above
which any of the local Zy-extensions Ly /F} (for any p | p) is totally ramified. For every natural
number n > nf, we have (I', : T'yy) = p™™ " = (D(p)n : T(p)m), and [BI2) is satisfied since
every H;(O%.) is a D(p)-double system. When n < nf, the group D5 HY{(Gn(p), Og ) vanishes
bAecause the thomology oflocal units in unramified extensions is trivial. Therefore in this case both
H(jpm) o H (km.n) and H (k) o H(jp, m) are trivial endomorphisms and (B.I2) is equivalent
to saying that (I', : T',) annihilates @, 5 H H(Gu(p), Oy, ) and D5 H' (G (p),Og, ). This is
obvious for @, H Hi(Gn(p), OX ) = 0. As for the groups at level m, observe that each group
ﬁi(Gm(p),Ogm) is anmhﬂated by [G,, 0 (P)] = (L(P)yp : T(P)m) = €,,/np = €m0 we have

Tir

shown this in Lemma [3.3] for degrees 1 and 2, and periodicity of Tate cohomology yields the same
result for all ¢ € Z. Thus, since (F(p)nfr :T(p)m) divides (T, : T',) because n < nf, it follows that
(T'n : ') also acts as 0 on P, 5 H H(Gin(p), Og,)-

Having established that the right-hand side of (BI1)) is a D-double system, the fact that [B.IT)
is an isomorphism will be an immediate consequence of Lemma once we prove that the iso-
morphisms (4] are compatible with the ascending and descending morphisms, hence defining
isomorphisms of double systems. Since both the ascending and descending morphisms are relative
to the extension Lo, /F (rather than L. /k), we can and do fix a prime p C Op and check the
compatibility for the relevant component. Given the explicit definition of Shapiro’s lemma in Tate
cohomology, the required compatibilities correspond to the commutativity, for all i € Z, of the
diagram:

(3.13)
Res m ~. -~ PTy,, =
H (G, [[0%) —=5 H (G (), [T 02) = [ H (Gm(p), 0F) — 22— H(Gm(p), 05,)
Llp Llp Llp
Tﬁi(%mun) H (v y3)

Res n ~. o~ Pry,, .
H(G, [T 07) ——="= H(Gu(p), [T OF) = [T H (G (), 0) ——"— H (G (p), O

Ilp llp Ilp

SWe adopt the typesetting convention of denoting by £ the generic prime dividing p in L., and denoting by [
the generic prime dividing p in Ln. We adopt the notation Ng, and tg/ to denote the corresponding norm and
extension maps.
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and
(3.14)
Res m ~. -~ Pry,, =
H (G, [[0%) —=5 H (G (), [T 02) = [ H (Gm(p), 0F) —2— H(Gm(p), 05,)
Llp Llp Llp
Jﬁi(NLm/Ln) H (N, /)

Res n ~. o~ Pry,, .
H(G, [T 07) ——="= H(Gu(p), [T OF) = [T H (Gu(p), 0) ——"— H (G (p), O

Ilp llp Ilp

All terms in the bottom lines of (BI3)) and ([BI4) vanish if n < g,, and there is nothing to check:
hence we assume, from now on, that m > n > g,. Observe that Shapiro’s isomorphism is compatible

with the cup-products defining H i(5) and H i(k) for arbitrary i. More precisely
Resg, (p)(x U 2,) = Resg,, (p) (z) UResg,, (p)(5n)

and Resg,, (p)(#e) corresponds to the element of Hom(Gy,(p), Qp/Z,) defined by

(3.15) Resc, () (Xn): 7+ 0% /(D :Ty) = (0 : T(p))/(T : T).

On the other hand, by definition of Hi j) and Hi(k ¢(k) for the local system, they coincide with cup

(J
product with the class s, € H?(G,,(p),Z,) that corresponds to the element of Hom (G, (p), Qp/Z,)
defined by

(3.16) X8 1/ (T(p) : Tu(p)).

Since n > g,, we have I',,(p) = T',, so that (3I5) and (B.16]) agree. Therefore it is enough to check
commutativity of both BI3)) and of BI4) for ¢ = —1 and for i = 0.

Starting with i = —1, let £ € H (G, [Iy, O) and E € H (G, [Ie), © ). By [AWGT, Propo-
sition 7], restriction in degree —1 is represented by multiplication by the algebraic norm, hence
commutativity of the diagrams (B13) and (BI4) are equivalent to the equalities

(3.17) H (i, ) i, (NG, 6, 06) = Do, (N6, 16,00 (B (02,/2,)6) )
and
(3.18) A Ny, 0,) P, (NG, 6,0 E) = P, (N, 6,0 (7 (N2 2,)E) ).

To check ([BI7), suppose that & can be represented by (&) € H”p O[‘. Thanks to the assumption

n > gy, the restriction of Galois automorphisms induces a bijection between the sets Gy, /G ()
and G,,/G,(p): denote this bijection by a bar, writing 7 for the generic element of G,,,/G,,(p) that
is the restriction of o € G,,/G,(p). Then, with a slight abuse of notation consisting in identifying
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& with the tuple of &’s,

A (i, ) o1, (Nmar, 6, 06) = B )0, | TT 7(60)
G€Gn/Gn(p)

=H (g, p.) [ 7&g.)
T€GH/Gn(p)

| R ()

TEGR/Gn(p)

H U(&T*l‘ﬁn)

UGGM/Gm(P)

= Pfspm(( H U(Lol):/oltﬁalr))gp>

UGGM/Gm(P)

Ilp

=y, (Nma, 600 (H 7 (01,2,)6))

establishing (3.17).
The computation for (B.I8) is analogous, by replacing the equality Gor,—145,, Jo—1R, = Iy, /R, 00

with 7o Ny-1q, /o-193, = N,/ 0 0 for all 0 € G, /G (p) corresponding to & € G, /Gr(p).
The case ¢ = 0 can be handled similarly. This time, restriction reduces to projecting a class mod-
ulo Nmg, (resp. modulo Nmg,,) to the class modulo Nmg,, () (resp. modulo Nmg,  (p)). Given an

clement b mod Nmg, € HY(G,, [Ty, OF) (resp. an element B mod Nmg,, € H(Gn, [}y O2)
the commutativity of diagrams 3I3) and (BI4) can be written as
(3.19) ﬁO(Lgpm/gpn) Prys,, (b mod Nmg,, ) = Pros, (ﬁO(LLm/Ln)(b mod Nmg,, ()))

and

(3.20) ﬁO(Nmm/mn) Pry,, (B mod Nme(p)) = pry,, (ﬁO(NLm/Ln)(B mod Nme(p))).

Thanks to the assumption n > gy, the sets {£ | p} and {l | p} are in bijection; moreover, the
index (I'y : T'y) equals p™~". Thus, writing b = (br)y,, the relation (3.I9) reduces to the chain of
equalities

ﬁO(me /cpn) prys, (b mod ngn(p)) = ﬁo(mpm/mn) (bs;pn mod NmGn(p))
= (L‘,Bm/‘ﬁn bpq;:;n mod Nme(p))

= pry,, (L‘g/[bfmw mod Nme(p))S\P
=pry, (H°(tg,,/,)(b mod Nmg, ())).

Equation ([3.20) can be checked similarly. O

We will use the above proposition to obtain an explicit description of the double system of the
cohomology of local units. First, we need a lemma.

Lemma 3.5. Let p € T(Loo/F') be a prime of F and set E = F,. For every s € N, set E; = L,
and let ug, /g € H*(Gs(p), EX) be the fundamental class of Es/E. Then, for m > n > 0, the
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diagrams
AO(Gon(p), Z) ——2202s B2(Gi (), E) FOGon(9), Z) ——222) s B2(Go (), B
T m/n B2(ip,, /5,) and H*(Np,, /5,)
G (p), ) — 2225 (G (), ) AO(Gu(p), Zp) — 2205 B2(Go (i), )

commute, where the map ﬁO(Gm(p),ZP) — H(G,(p), Zy) is the canonical projection and d,;, =
[En, : Ey) is the degree of the local extension.

Proof. For the first diagram, the proof is similar to that of Lemma 2.7 for i = 2, replacing s by
the fundamental class and using that

H*(1p,, /5, )(up, /&) = Inf? oUg,. /B, (UE, /) = dm/mUE,, /B

(see [Ser62, Ch. XI §3], note that Serre’s Inf is our Infoiy, ).
To analyse the second diagram, let x? € H Y(Gs(p),Qp/Zy) be the element introduced in (318

and set »? = (M xP € H2(G,(p), Zy), for s > 0. As discussed in §2.2.3 the relation
(3.21) X (DL, 0) = b (o)

holds for all 0 € Gp(p)* ® Zy = Gy(p) where pr,, ,: Gp(p) — Gn(p) is the surjective map
induced by the restriction to E,. Given a € Z,, set § = (Us?,) ™! ((a mod |Gy (p)]) Uup,, k) €
HY(Gm(p), EX) so that

(3.22) gU s = (a mod |Gn(p)]) Uug,, /&
If y € (BX)9®) = EX represents 7, then it also represents ﬁO(NEm/En)@) € H%(Gm(p), EX).

Denote by (-, Ey/E): EX — Gn(p)*® ® Z, the reciprocity map of local class field theory. Then,
with notation as in [Ser62, Ch. XIJ,

inve [H*(Np,,/p,)((a mod |Gm(p)|) Uug,,/p)] = inve[(Usd) o H'(Ng, /5,)Tm)]
=invg [H (Ng,,/E,) @) U 1))("}
(by [Ser62, Ch. XI, Proposition 2]) = (x¥, (y, En/E))

)
(by [Ser62, p.178, (4)]) = (X}, prp.n ((y, Em/E)))
(by B2I) = (s (v, Em/E)" )
)=
)=

(by [Ser62, Ch. XI, Proposition 2]) = d,/, invg [yu5<1) )
(by B22)) = dynypinve[(a mod |G (p)|) Uug,, /5]
=invg[(a mod |G (p)]) U (dm/nus,./5)]
(by [Ser62, Ch. XI, §3]) = invg[(a mod |Gy (p)]) U Inf? otp, /E, (UE, /E)]
1nVE[Inf OLEm/E ((a mod |G, (p )|)UuEn/E)]
=invg[(a mod |G, (p)) Uup, k]
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where the last equality follows from the definition of the absolute invg as the limit, relative to
inflation, of invg at finite levels. Since invg is injective, we conclude that
H*(Np, /p,)((a mod |Gum(p)) Uup, /p) = (@ mod |Gu(p))) Uug, /g

showing that the second diagram is commutative. g

Remark 3.6. Consider the normic system Z,, = (Zp, id, dm/")m>n>0' Then in the left (resp. in the
right) diagram of the statement of Lemma[35} the left vertical map is in fact H(id) (resp. ﬁo(dm/n)).
In particular, the lemma can be reformulated as saying that the double systems ’;Zg (Zp,) and

’ﬁg(L%.) are isomorphic, an isomorphism being the cup-product with the fundamental classes.

Corollary 3.7. The isomorphisms [B1) define isomorphisms of D-double systems
(3.23) HUy,) =, 2T E=/T) fori=1,2
where Z = Z(I') denotes the double system introduced in Ezample [2.23 and where Dy acts on
ZT(Lee/F) through its action on the set T(Loo/F). In particular, there are Bpy-isomorphisms
HiUp,) =B, L(H UL,)) =B, 2TE=/D fori=1,2.
Proof. For a prime p € T(Ls/k), the maps (B arise from isomorphisms of Dy-modules
(324) D H'(Gnr), 05,) = D Z/enso
plp plp
induced by @B1) and [B.8). Considering the groups on the right-hand side as the terms of the
D-double system @, 52 (1) (g, 1¢__], We are going to prove that

(3.25) P H05.) =P 20, 1e

plp plp
as D-double systems: this is enough to prove the main assertion of the corollary because, arguing
as in Example 2.23] we see that

@ Z(M) gy +e..] =B, @ Z()
plp plp
where Dy acts by conjugation on the set {p | p}.

To prove ([B.25), we need to check that isomorphisms ([B:24]) are compatible with the transition
maps of the double systems. Since transition maps are defined component-wise, we can perform
this check on the components corresponding to a fixed prime p above p.

The sequences ([B.6]) induce a short exact sequence of D(p)-normic systems

(326) 0— O;;j,. — L%}. — (Zpujn,m = €m/n> km,n = fm/n) — 0.

The first two normic systems in ([3.26) satisfy both [(Inj)| and [(Gal)] and the third satisfies [(Inj)|
By applying Propositions [ZT0 and 21T to (3:26) we obtain commutative diagrams

(0) -~ (0) ~
HO(Gm(p)a Z;D) 6—> Hl(Gm(p)v O;}m) HO(Gm(P), Zp) 5—> H2(Gm(13)7 O%m)
Iﬁo(.]n,m) Tﬁz(“ﬁm/mn) a'nd lﬁo(kn,m) lﬁz(anm/%l)
(0) -~ (0) ~
HO(Gn(p)v Zp) 6—> H2(Gn(p)v O%n) HO(Gn(P% Zp) 6—> H2(Gn(13)7 O%n)
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Note that the cohomological connecting homomorphisms are precisely the maps inducing the iso-
morphisms ([B7), so we have shown the required compatibility for ¢ = 1.

Concerning the case i = 2, the sequence [8.26) induces an injection H%(O%.) — H, (Lgy,.) of
double systems. The isomorphisms ([B.8]) are the restriction to H 2(Gn(p), Og ) of the reciprocity
isomorphisms

(3.27) On: H*(Gn(p), L) = H(Gn(p), Zp).

Hence, it is enough to show that the isomorphisms in (3.27), commute with the transition morphisms
for arbitrary m > n > 0, which is precisely Lemma
The final statement concerning . follows from the first combined with Example 2.35] O

The following theorem is the main result of this section.

Theorem 3.8. In the quotient category DS%)_f'g'/B%)_f'g' the following sequence is exvact
(3.28) 0--» HY(OF,) --» H'Ur,) > H'(Qu.) --» HA(OF,) > H2Us,).

By applying the functor £ = ./ o hﬂ’ it gives rise to the exact sequence
(3.29)
0--» Z(HYO]))) --» L(H'UL,)) --» Z(H"(Qr.)) --» L(H*(0})) --» L(H*UL,))

and there is a commutative diagram of exact sequences
(3.30)

0= = 2 HNOL) === = HUs) == = =3 H Q) == = =5 HY(OF ) =~ == HoUs)
I

|
i ) ) )
0- > ZHNOF ) - ~ZL(H UL)) - »ZL(HY QL)) — L (HX(OF ) - »Z(H*UL..))

oo

Proof. Since the sequence [B.10) is already exact in DSCDO'f'g', exactness of (328) amounts to

(3.31) Ker(ﬁl((’)f.) — ﬁl(uL,)) € By,

To show this, observe that the ascending transition morphisms of this system are the restriction of
H'(j): H (G, 0F ) — H'(Gp, OF ).

Lemma [Z77] together with injectivity of inflation in degree 1, implies that H L(4) is injective, be-
cause j* is the identity in this case. Moreover, for every n > 0, the kernel Ker(Hl(Gn, Ofn) —
ﬁl(Gn,L{Ln)) is isomorphic to the capitulation kernel Ker(AF — ALn) (see, for instance, [Nucl0l
Proposition 2.2]), and therefore its order is constant for n large enough. It follows that the maps
H(j) are isomorphisms for n > 0, and Proposition 224 yields ([3.31)). Since .Z is an exact functor
when restricted to DSCDO'f'g' / B%)'f'g' by Proposition 233} exactness of ([3.29) follows. By applying
Corollary 234 to (3:29), we find the commutative diagram (3.30), where the second and fifth verti-
cal maps are isomorphisms by Corollary B.71 What remains to be proved is that the third vertical
morphism of (330) is injective. To check this, recall that by Lemma [2.7] the following triangle
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commutes

H (jin,m)

ﬁl(Gn,QLn) ﬁl(Gm’QLm)

Jih nf
7 Gm,n
Hl (Gnu QLm, )

for all m > n > 0. In particular, Ker(ﬁl(jnym)) = Ker(j}},), because inflation is injective in
degree 1. Taking G,,-cohomology of the exact sequence

Gm,n Gm,n
0—Qr, — Q" — Q™" /Qr, —0

shows that Ker(j;},) is a quotient of a submodule of Qf::‘”/QLn. Taking direct limits, the natu-
rality of the connecting homomorphism guarantees that in fact

Ker(ﬁl(QL,) — f(ﬁl(QL.))) is a quotient of a subsystem of (QEZO /QL,, L0 /1, Ni, /1)

Now, Qf:"/QLn is isomorphic to Ker(Ar, — Ay, ), as shown in [Nucl0, proof of Proposition 2.2],
the isomorphism ibid. being the connecting homomorphism of the snake lemma. Again these
isomorphisms give rise to an isomorphism of double systems

Q" /Qr. ey /0, Nr,./r,) = (Ker(AL, = Ar_),tr,. /0, NL, /1.,

thanks to the naturality of the snake lemma. Hence, in order to prove that j*' = (j;},) is a Bp-
monomorphism, it is enough to show that the double system (Ker(ALn — Ar), LLm/LnaNLm/Ln)
belongs to Bp,. This follows from Proposition [2:24] because the norm is eventually an isomorphism
on capitulation kernels as shown, for example, in [Oza95 Proposition]. |

Remark 3.9. In the Introduction we mentioned that two morphisms in (B30 become injective in
the quotient category DS%}f'g' / B%)'f'g' but their kernels do not belong to the corresponding thick
subcategories when regarded simply as direct (resp. inverse) systems. The morphisms in questions
are HY(Qp.) — f(ﬁl (Qr.)) and 7—71((’)2.) — HY(Uy,), respectively. This is the main reason that
led us to introduce the notion of double systems.

We now move forward to the study the global counterpart of Corollary B.7l Before, we need the
following technical lemma;:

Lemma 3.10. Let Aq,...,As,B1,...,Bs be objects of an abelian category and let f1,..., fs5 be
morphisms in the category making the following diagram with exact rows commute:

Al A2 A3 A4 A5
lfl lfz lfS lh st
0 B1 B2 Bg B4 B5

Suppose that fo is an isomorphism and fx is injective. Then there is an exact sequence
0 — Coker fi — Ker f3 — Ker f4 — 0.

In particular, if fs3 is injective, then f4 is injective as well and fi is surjective.
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Proof. Completing with 0 the rows of the diagram of the statement, we obtain cochain complexes,
which we denote by &7 and % respectively, satisfying o7; = A; and %; = B; for 1 < i < 5. Thus we
have a map f: & — 2 of cochain complexes and we consider the cochain complexes # = Ker f,
# =Im f and ¥ = Coker f. We obtain two exact sequences of complexes

(3.32) 00— — o — =0 and 0— Y —>PB—%—0.

The exactness of the rows of the diagram in the statement can be recast as H(</) = 0 for all
i # 1,5 and HY(%) = 0 for all i # 5. In particular, the zig-zag lemma applied to the exact
sequences in ([B32)) yields isomorphisms

(3.33) HY %)= H*(¥) = H3X) and H?*(¢) = H3¥) = HYX).
The exact sequence of the statement can be obtained from the exact sequence
(3.34) 0 — Ker (s — Hy) — Hz — Hy — A4/ Im(H3) — 0
as follows. The assumptions on f; and f5 mean that % = 5 = 0 and %5 = 0: in particular,
H?*(¢) = 0 and .33) implies H*(#") = 0. Therefore the fourth term J¢;/Im(.%3) in (3:34) is
also trivial since it is isomorphic to H*(.#¢), since %5 = 0. Similarly, #, = 0 implies H3(#) =
Ker(# — ), and invoking again (3:33) we can rewrite (3.34) as

0 — HY (%) — 3 = Ker f3 — #; = Ker f4 — 0.
The fact that H!(%’) coincides with ¢7 = Coker f; follows again from %% = 0, finishing the proof. [J

Corollary 3.11. The D-double systems QZ(OZ.) and Z(ﬁl((?z.)) = S(H'(T,0f_)) are Bp-
isomorphic fori=1,2.

Proof. Apply Lemma [B10 to the commutative diagram (B30) of Theorem B8 we obtain a sur-
jection

(3.35) HY(OF,) -+ Z(HY(OF.))
as well as an injection
(3.36) H2(OF,) = Z(H(0],)).

The morphism in ([33)) is clearly also injective (and therefore an isomorphism), because so is the
composition

HU(OF,) - Z(H'(0F,)) - £ (7' Ur.)),
as shown in Theorem
Passing to cohomology in degree 2, consider the morphisms, for m > n > 0,

I/’,\[O(LLM/L")I O;/NLn/Fozn — O;/NLm/FOZm

m—n

x — 2P

Set

H n.

m

Tn = hmﬁo(LLm/Ln)I O;‘/NLn/FOZn — (hﬂO;‘/NLm/FOZm)[pn] = (f(ﬁO(OZ.)))

By definition of H(ur,, /1) as H*(ir,/1,) = (Usg,) © HO(up, /1) 0 (Use,) ™" (see §Z2Z3), Bp-
surjectivity in (330) is equivalent to the claim that the double system C with components (C),, =
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Coker(7,) is in Bp, or also that the image of 7 = (7,,) in the quotient category DS,/Bp is a
surjective morphism. Consider the D-double system
(3.37)

(’);/((’);)p. = (O;/(O;)pn, Onm 't T — 277" mod (O;)pm,wm,n: x— 2 mod ((’);)pn)m>n>0.

Let NOF, be the double subsystem of 0% /(0F)P" whose components are N.,,rOf /(Op)P . By
the structure theorem of units in number fields, one immediately sees that OF/(O%)P" is Bp-

isomorphic to Z™% ©F and in particular belongs to DS (and the same holds for A Or.):
We can therefore apply Proposition 2.33] and Corollary 2.34] to the tautological exact sequence
0= NOJ, = 05 /(0F)P" = H°(OF,) — 0 and obtain a commutative diagram in DS e /BT

0———+NOJ, — ===+ O (O = = = = 3 HOOF) = — = +0
| |
! I

|
+ L Y+
0- -+ Z(NOJ,) - =+ ZL(0OF/(0F)F") = = + L(H(OF,)) = — 0

Example[2.35 shows that the middle vertical map is an isomorphism. The snake lemma implies that
the right vertical morphism is surjective, concluding the proof that (330]) is an isomorphism. O

Remark 3.12. In [[wa83] Iwasawa obtains a general description of the cohomology groups H(T, OZOO)
“up to finite groups”, which becomes explicit under the assumption that F' is totally real and that
it satisfies Leopoldt conjecture (see [Iwa83 Proposition 5 and Section 4]). His analysis is performed
only at the limit, and conveys no information on the full “double system” (a notion which does
not appear ibid.). One of our motivations for this work was to unravel the purely group-theoretical
content of his results so that it could be generalized to other settings and other normic systems.
More precisely, to obtain an Iwasawa-like formula for the growth of the orders of cohomology groups
of units from the description of the cohomology groups H*(T, Ozw), one is naturally led to consider

the morphisms \,, and p,, of [Twa83, p. 199], which are precisely our maps ’QZ(OZ.) — Z(ﬁl(Oz. ).
The groups H/(T, OF )[p"] = (& (QZ(OZ.))n follow an Iwasawa-like formula, since

H'(L,0F ) = (Qp/Zy)"* & (finite group)

by Iwasawa’s description. One can deduce from this that the cohomology groups of units at finite
levels also follows an Iwasawa-like formula if both kernels and cokernels of A, and p,, are eventually
constant: Corollary B.IT] makes this precise. Formule for the cohomology groups of units at finite
levels will be made explicit in the next section.

4. Fake Z,-extensions of dihedral type

4.1. Definitions. In the rest of the paper assume that p > 3 is odd, and that D is pro-dihedral:
by this, we mean that Dy has order 2 and the split exact sequence

(21 1—T—D—Dy—1

induces a non-trivial action of Dy on I'. Many results we obtain are likely to easily generalise to
the case where Dy is a finite group of order prime to p whose characters are Z,-valued.

The image of a fixed splitting Dy — D is a subgroup ¥y C D, which intersects each I, trivially.
It is hence isomorphic to its image ¥y C D, still denoted by the same symbol by a slight abuse of
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notation. For n < oo, let K, be the subfield of L,, fixed by ¥y and write k = K. The corresponding
diagram of fields is the following:

Lo

N
K

oo

r Ln D=DoxT

I
I
I
(4.1) \
Gn K,
D,
F
PN

\
!
\
\
|

k

The collection of fields { K, } ,>0 share some similarities with a Z,-extension: indeed, each extension
K, +1/K, has degree p and the only possible ramified primes lie above p, because so is for the
extension Lo, /F. Yet, a crucial difference is that none of the extension K, 1/K,, let alone the
whole Ko /k, is Galois. This motivates the following

Definition 4.1. Assume that p > 3 is odd and consider the setting of diagram (4.1]). The extension
K /K is a fake Z,-extension of dihedral type, the field L is the Galois closure of the fake Z,-
extension and F'/k is called the normalizing quadratic extension.

If B is a Z,[D]-module, then it is uniquely 2-divisible. By restriction, it admits an action of X,
which we can see as an action of Dy via the splitting Dy — D. Accordingly, it admits a functorial
decomposition B = BT @ B~ where we denote by BT (resp. B™) the maximal submodule on which
Dy acts trivially (resp. as —1). Such decomposition is obtained by writing b = HT‘Tb + 1_T‘Tb for
b € B, where o generates Dy. Then

(4.2) BP» = Bt~ B/B~ = Bp,.

This applies in particular to Z,[D,]-modules and their G,-cohomology. In fact we can say a bit
more in this case, as explained in the next proposition which is [CN20, Proposition 2.1] (the final
statement about I'-cohomology follows from the result at finite levels by taking direct limits):

Proposition 4.2. Let B be a uniquely 2-divisible D,-module. Then, for every i € Z, restriction
induces functorial isomorphisms

H'(D,,B) =~ H (G,,B)*.

Moreover, the Tate isomorphism ﬁi(Gn,B) = ﬁ”Q(Gn,B) is Dg-antiequivariant. In particular,
for every i € Z, there are isomorphisms
H'(Gy,B)~

~

HY(G,,B)"

1%

i+2(Gn,B)+
i+2(Gn,B)7 o

1%

T

ﬁi+2 (Dn; B)
HY(D,,B)

1%
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of abelian groups. In particular, given any D-normic system B = (Bp,), there are functorial
isomorphisms

H'T,B,_ )" = H(D,Br.)  fori>1.

Proposition -2 induces a decomposition of double systems H(B) = H*(B) T @H(B)~, where, for
every n, (Hi(B)i)n: H'(G,,Br,)*; an entirely analogous argument applies to the double system
of the cohomology of a local normic system, inducing a decomposition 7—7; (B) = ’;ZL (B)t® 7—7; (B)~
whenever D(p) is pro-dihedral.

4.2. An Iwasawa-like formula. In this section we state and prove Theorem [£.6] which is one
of our main results. Fix a fake Z,-extension of dihedral type Ko./k and adopt the conventions
introduced in §&11 For future reference, we add the following piece of notation to Notation BT

Notation 4.3. Denote by T(Lw/k)s C T(Leo/k) the set of primes of k that ramify in L., /k and
split in F/k. Also, denote by 7(Loo/k) and by 7(Leo/k)s, respectively, the number of primes in
T(Loo/k) and in T(Loo/k)s-

The first step is Corollary [£.4] below, which is a signed version of Corollary B.7 and of Corol-
lary B11l Here, Z = Z(I') again denotes the double system introduced in Example 2231

For a group H and a H-module B, we denote by hi(H, B) the order of Hi(H, B), whenever this
group is finite.

Corollary 4.4.

i) For i = 1,2, there are Bp-isomorphisms 7—A[1'(1/{L.)Jr =g, ZT(Loc/k) gnd ﬁi(Z/{L.)f g
ZT(Loo/K)s that induce Mod%:—isomorphisms

T

(4.3)
7yi ~ T(Loo/k 2 o~ T(Loo/k)s :
H'(D,Ur_) =Modsn (Q,/Z,) (Loo/k) and  H'(T,Ur_) =Modg (Qp/Zy) (Loo/K) i=1,2.

i) For each choice of a symbol x € {0, %} and every i € Z, there exists integers \(i, O} )" €
Z>q such that

*

B (G, OF, )" o pP N0

iii) For every i € 7 these invariants satisfy

(4.4) A(i, OF )F = \(i + 4,05 )*
as well as
(4.5) i, O0F ) = A0, OF )Y + A6, 05,)~
(4.6) Ai, OF )7F = Ni+2,07)F
(4.7) /f\Li(Dn,OZn) o ptAEOE)”
(4.8) A(2i,0F,) = M2i +1,0F,) — 1.

In particular,

(4.9) A2i— 1,05 )T = M2, 05 )T =A(2i — 2,07 )" = A2i+ 1,07 )" + 1.
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Proof. Recall that Corollary B.7 yields B-isomorphisms
HUy,) =g, 2TE=/T fori=1,2

where Dy acts by permutation on the set T(L,/F). We are thus reduced to analyse the objects
(ZT(L“’/F))i. Starting with the plus component, let

(4.10) z = (vp [m])meT(Lm/F) with xp € Z

be an element of (ZT(Lm/F))+. For primes 8 above a non-split prime in F'/k we have o3 = 3,
while for primes in T(Lo/F) dividing a prime that splits in F/k we have o3 # B. The condition
ox = z translates into

(4.11) Tp = Top for every P € T(Loo/F') dividing a split prime in F/k

and no constraint on the coefficients zg when P lies above a non-split prime. Let p € T(Lo/k)
denote the prime below P € T(Loo/F): the surjection sending x to the element

(o [p])peT(Loo/k)

is injective thanks to ([IT]), so defines an isomorphism (ZT(Lw/F))+%’ ZT(Le</F)  Concerning the
minus component, the same analysis as above shows that an element z as in (£10) satisfies cx = —x
if and only if

0 if 9P lies above a non-split prime in F/k;
€T =
¥ —zop  if P divides a prime that splits in F/k.

Therefore, the morphism sending x € (ZT(L“’/F))_ to the element

(€29 [p])peT(Lm/k)s

defines an isomorphism (ZT(LOO/F))fg ZT(Lee/k). . This concludes the proof of the first part of
and ([@3) follows by taking direct limits.

When * = (), Corollaries and BI1] imply the statement for i = 1,2: the case for general
i € Z follows by periodicity of Tate cohomology. For the signed invariants, let ¢ = 1,2 and take
+-parts for the action of Dy on the isomorphism QZ(OZ.) =g 92”(7-71((9;.)) of Corollary BIT} we
obtain

H(0;,)* =n, Z(H(O,)
- (G0
((ﬂlﬂ (G, 07))7)
7 (limy (H'(G, OF,)*))
L (H(OF,)*).
Corollary 232 implies that there exist A(i, Of)* € Zx¢ such that

[H (G, OF ) o p"XOLDT  for i = 1,2,
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Combining Proposition 2 with the periodicity of Tate cohomology permits to extend the definition
to all ¢ by setting

A2,07)F ifti=0 (
LO)* ifi=1 (mod4
2,07 )F ifi=2 (
M1,07)F ifi=3 (mod 4
The equalities in (£4) and (@8] follow by [@I2)). That in [@H) is a direct consequence of the

decomposition H(G,,, Or.) = Hi(Gh, or)te Hi(Gy, OF.)~, while 1) follows from Proposi-
tion As for (L)), it comes from the fact that the Herbrand quotient of global units satisfies

(4.12) Ai, 0F)* =

R¥(G,,0F)  h(Gn,0F) 1
h2H1(G,, OF ) BN G, OF)  P"

together with the relation
W (G, OF ) n(M2i,05,)-A(2i+1,05,))
h2iH1(G,,, Ozn)

which has been shown in the first part of the proof. The last relation (£9) follows by combining (E.8])

with ([@H) and (@.6]). O

Remark 4.5. Observe that H**3(,Of ) = 0 for all j > 0 because I' has strict cohomological
dimension 2. Nevertheless, \(2j + 3,07 ) = (1,05 ,) is non-zero, in general, showing that the
B -isomorphism between ﬁl(OZ.) and f(’;qz((?f.)) of Corollary B11] does not hold for ¢ > 3.

Recall now [CN20, Theorem 3.14] which, applied to the dihedral extension L, /k, says that

2| Ap| hO(Dy, OF
(413) |ALn| — |AKn| |214F|A ( Ln) '
[Al> h=1(D,,05)

For every number field M, let e;; be the p-power of the order of the p-Sylow of its class group,
so that

| Aps| = po™.
Building upon Corollary 4] we find the following

Theorem 4.6. Let K /k be a fake Zy-extension of dihedral type with Galois closure Lo /k and
normalizing quadratic extension F/k. There exist constants fig,., Viake € Z[%] and Mg, € Z such
that

(4.14) €K, = Makel" + Make™ + Veake for all n > 0.
Moreover, if we denote by py,, A, the Iwasawa invariants of the Z,-extension Lo/ F, then

. A + A=1,05)F = \(0,05,)*
Htake = T and )‘fakc = )

where \(—=1,07 ) and X\(0,07,)" are as in Corollary [{ i)}

c ZZO
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Proof. By taking p-adic valuation in (£I3) and rearranging terms we obtain
2ek, =L, +2e,—ep+ vp(?fl(Dn, (’)Zn)) — U h%(D,,, Ofn))

By Iwasawa’s theorem quoted in the Introduction, the growth of ez, is controlled by the three
invariants i, Ay, Viw. Formula (£14) follows from Corollary [L4} [@.7).
The only thing which is left to be checked is that A, is an integer: this follows by computing

the difference ek, ,, — €k, for any n big enough so that the (£I4) holds. We find

n+1
EKny1 €K, = Nfakean + Aae (7 + 1) + Viake = fgaeP™ — Apae™ — Viake = HgakeP" (P — 1) + Aaie € Z

and since (p — 1) is even we have pg,, p"(p — 1) € Z, whence A, € Z. O

Remark 4.7. Under the hypothesis that F'/Q is an abelian extension such that Gal(F/Q) is killed
by (p — 1), and that L., /Q is Galois, the above result is a particular case of [Jau81 Théoreme 3].

In [CN20], explicit bounds for the ratio of class numbers are determined. Such bounds can be
translated into bounds for A, as shown in the next corollary. For a number field M, set

Bar = 0 if M does not contain any primitive pth root of unity
M7 1 otherwise

Corollary 4.8. The following inequalities hold

A +a A — b
IT > Aake = — 5
where a = rkz(OF) + Br + 1 and b = rkz(O}) + By
Proof. By [CN20, Corollary 3.15], we have
AL, | - [Ak[? )
4.15 —an<v, | ———— | < bn
19 <o ([ ier)

where v, denotes the p-adic valuation. When n > 0, using Theorem we can write the central
term of the above chain of inequalities as (Ar, — 2Ap.0 )7 + /& Where & is a constant independent of
n. We deduce that

(2A take = Arw — @) < £ < (0 + 2Xgpe — Ay )0
and, since these inequalities hold for every n > 0, we must have
(2Afake — Ay —a) <0 and (0 + 2Afake — Arw) 2 0
which is equivalent to the statement. O
We end this section by showing that the constant A(—1, (’)z.)"r appearing in Corollary

and in Theorem .6 has a more direct description in terms of arithmetic invariants of the extension
Loo/k. In what follows, adopt the notation introduced in §8.1] as well as those of Notation

Definition 4.9. For every n such that every ramified prime in Lo /L, is totally ramified, denote
by I, C Ar, the subgroup generated by the classes of the form

[Nme, /a0 Bn] € AL,

for p running through the set T(L,,/F). One sees immediately that IT;, is in fact a D,,-submodule
of Ay, so that the plus and minus components Hfu are well-defined.
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According to the above definition, the subgroups II;,, are defined only for n > 0. This shall
cause no harm to our arguments, because we will be interested in the behaviour of their order for
n — 4o0: in particular, they do not directly give rise to a normic system, although the relations of
Definition are satisfied for m > n > 0.

Proposition 4.10. There exists M\, \f; € Z>o such that [Ty, | < p*™ and |Hil| x p)‘ﬁn. They
are related to the invariants obtained in Corollary [{-4Hit)| as follows:

(4.16)

ML OL) = 7(Loo/F)-Aqs A1, OF)" = r(Loc/k)=N;  and  A(=1,05,)F = 7(Loo/k)s— AT

Proof. Let Y = (Yo, ©n.m;Tm,n) be the cokernel of the first map in (BI0)), so that, by Theorem
3.8 there is a short exact sequence

(4.17) 0> HYOF,) - H'Ur,) >V -0

in DAS%)'f'g'/B%"f'g'. The first two terms satisfy 7—71((’);.) = f(?tzl(@f.)) and H'(Ur,) =g,
ZL(MH'(Uy,)), by Corollary BI1] and by Corollary BZ, respectively. Since the functor & is exact,

we obtain J =g Z(Y). Thanks to Corollary 232, there exists A), such that [V, | o p*v™ and
Corollary B implies

(4.18) A1,07%,) = 7(Loo/F) = Ay

Moreover, given any D-double system X' satisfying & ~p_ Z(X), we deduce X+ B, L(x*)
because the functor .£ commutes with the action of Dy: hence, ([II8]) admits the signed versions

(4.19) A1, OZ.)Jr =7(Loo/k) — /\$ and M1L,O5,)” =17(Leo/k)s — Ay -
To conclude the proof we show that
(4.20) Mz, | oc Y]

for all choices of a sign * € {{), £}: one obtains the sought-for constant Ay by setting A\jj = AV
We give the proof of [@20) for x = @); the other cases follow since all morphisms considered in the
proof are Dg-equivariant.

For m > n > 0, let 6,(7??n: H(Gmon, AL,,) — fll(Gmm,QLn) and 25\(73)" fIO(Gm)n,ALm) —
H! (Gmon, QL,, ), respectively, be the connecting homomorphisms induced by the bottom row in (B1))
for regular (resp. Tate) cohomology. For brevity, write 57(10) (resp. 37(10)) to denote 57(32) (resp. 37(102))
Observe that, for all m > n > 0, the equality

holds, where Iz, denotes the image of 11, € H%(Gun,AL,,) in ﬁO(Gmﬁn,ALm). In particu-
lar, [NuclQ, Proposition 2.1], yields an isomorphism

(4.21) Y, 26O, ) =69(1,,)  foralln>0.

Therefore, to prove [@20) we are left to show that Ker(57(10)|HLn) has constant order for n large
enough. Let n. be the first index such that all ramified primes in Lo/ Ly,, are totally ramified and
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consider, for n > n,,, the commutative diagram
(4.22)
H° (Gn,nt,r s Z/{Ln )

l \
50

ﬁO(Gn,ntraQLn) — ﬁO(Gn,ntrchn) — ﬁO(Gn,ntraALn) i> ﬁl(Gn,ntraQLn) —0

The compatibility of local and global class field theory shows that « is surjective: indeed, its image
is the product of all inertia subgroups in Gn,nw and this is the whole Gnmhr since L,/ Ly, is totally
ramified at all primes where it ramifies. It follows that 37(821" is injective and therefore, for all
n Z ntra

(4.23)  Ker(6(), ) =Nmg, , (Ar,) and Ker(s\), ) N1, =Nmg, , (Ag,)NI,.

M

Since L,/ Ly, is totally ramified, the arithmetic norm is surjective on ideal class groups and we
obtain

).

This already shows that the order [Nmg,, ,, (AL, )| is bounded independently of n; the same holds, a
fortiori for the order [Nmg,, , (AL, )N, [. Moreover, form > n = ny,, [@.24) yields identifications

(4.24) Nmg, . (Ar,) = tr,/L,, °Ni, /L, (AL,) = te,yL,, (AL,

tr

tLp/p, (Nma, , (Ar,)) = e, /0, (t0,/1,, (AL, ) = o0, (Ar, ) =Nmg,,, (Ar,).
It follows that, for all m > n > ny,, the maps ¢y, 1, are surjections between groups of bounded
orders: they are therefore isomorphisms. In particular, through ([@23]), they induce injections

Lo /L Ker(é,(l%u) NI, < Ker(&(g?n”) NIy, ; again, since the orders |Ker(57(821”) NI, | =
|ngqmt (Ap, )NIIg, | are bounded, this shows that the extension maps are actually isomorphisms

(4.25) g, /r, Ker(8%), ) NI, =Ker(5), |n,,) — Ker(s()

Ty

YN, = Ker(é,(,?))ntJHLm)
for all m > n > n,,.. Observe now that, for all n > n,, there is a commutative triangle

Iy,

(0)
6(0)J/ 671,71"

Rean,ntr
R L
It induces an inclusion Ker(&(lo)m%) C Ker(&(l%”m%). This implies that |Ker(57(10)|HLn)| is
bounded independently of n, a bound being the order |Ker(5,(821”|HLn)|, which is independent
of n > n,, by (ZE). Moreover, restricting the isomorphism in (£25) to Ker(&(lo)|HLn) induces
inclusions, for m > n > n,,,

L /L - Ker(5£0)|HLn) — Ker(d,(g)mLm).

Once more, these are inclusions among groups of bounded order, and are therefore isomorphisms,
showing that |Ker(57(10)|HLn)| is constant for n large enough. O
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Remark 4.11. For later reference, we extract from the above proof the fact that Ker(ggo)) is bounded

independently of n (and actually eventually trivial, although we will not need this). Indeed, we

have shown that Sﬁ%u is injective for all n > n,,, and the commutative triangle

ﬁo (Gﬂ? ALn )

gglo,)n
ggbo) tr
Resg,, p

HY Gy, Qr,) —————"— H (G, , QL)

yields an injection Ker(&(?)) C Ker(&(f??l”). In particular, Ker(g,(l%u) =0 for all n > n,,.

4.3. Formulee for A(0, (’)Z.)+ in special cases. In this section, we fix a fake Z,-extension of
dihedral type Ko /k and we place ourselves in the setting introduced in §&11 The invariant A,
of Theorem is explicitly related to the constants A\(—1,07 )* and \(0,0f )", and we have
provided an arithmetic description of the former in Proposition £I0. In this section, we show that
in some cases also the latter can be interpreted in more explicit arithmetic terms. In the next
proposition, write 1 (k) and r(k), respectively, for the number of real embeddings and of pairs of
conjugate complex embeddings of k, respectively.

Proposition 4.12. Suppose that one of the following conditions holds:
(a) F/k is totally imaginary and k is totally real, so that F' is a CM field with k as totally real
subfield;
(b) k is either Q or an imaginary quadratic field;
(¢) p is totally split in F/Q, all primes of F' above p ramify in Lo, /F and the Leopoldt conjecture
holds for F' (and p).

With the same notation introduced in Notation [{-3 and in Proposition [{-10, we have

T(Loo/F) = Ay — 1 in case[(a)]
M0,07)T =10 in case|(b)]

ri(k) +ro(k) — 1 in case

Proof. [(a)| By [Was97, Theorem 4.12] we know (recall that all abelian groups under consider-
ation are Z,-modules) that Op = OF = (Op)*: it follows that H(G,,Of )~ = 0, so that
A0,07,)~ = 0. Corollary B4t {L.5) yields A(0,05, )" = A(0,0F,) and Corollary B4 @) finally
gives A(0,07 )" = X\(1,07,) — 1. The result follows from Proposition EET0

[(5)] When £ is Q or imaginary quadratic the unit group O is finite, so A(0, Or )t =

To prove the statement, we first define an ancillary normic system. For every n > 0, let

_ X
v, = [[ o
ICOL,,
llp

be the Z,-module of semi-local p-adic units of L,,. Clearly, this gives rise to a D-normic system
V whose nth component is V; . The diagonal embedding Ofn < V;_ induces a morphism of
normic systems Of <V which gives rise, through (2], to a morphism 7:[\0((9;.) RN 7:[\0(VL.)
in DS /BT & Consider now the D-double system O /(O%)?" introduced in B37) together
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with the semi-local counterpart

Vie/ V)" = (Ve/ Vel s onmi w0 2" mod (V)" i w0 mod (V)" )

m>n>0 '

the diagonal embedding induces a morphism O /(O5)P" -2» Vi /(Vp)P" in DS & /BSy 2. The
inclusions (OF)P" € Ny /pOf (resp. (Vp)P" C Ny, /pVp, ) give rise to a commutative diagram in

DSy TE /Bt

1 1 1
| | |
| | |
+ + +
1--->Kerw— — — > Kerv— — — — > Keru
| | |
| | |
(4.26) < v 3
1- =3 NOf, - =205 /(0OF)F = =+ H(OF,) - - +1

| ‘ |
| w v | u

+ + o
1- =NV, = = 2 Vp/(Vp)P = = > H' (V) - — =+ 1

where NOZ. and NV, _ denote, respectively, the double system whose components are NLH/FOZH/(OJ? »"
and NLn/FVLn/(VF)pn. We now make the following claims:

Claim A) When p is totally split in F/Q and all primes above p ramify in Lo, /F, the double
system N V. belongs to Bp;

Claim B) Assuming the Leopoldt conjecture for F" and p, the morphism v is a Bp-monomorphism.

Assuming the claims, let us derive point implies that Kerw = 0, so [Claim A)| yields

N(’)X. =g, 0: we get an isomorphism

(4.27) O} /(OF)F" =B, H(OF,)
and, taking plus parts,
(4.28) OF J(OF )" =B H(OF)T.

The structure theorem of global units gives O /(O; )" ~p  Zrktr2()=1 apd follows, by

combining Example with Corollary We are therefore left with the proof of the claims.
Concerning fix n > 0 such that all primes above p are totally ramified in Loo/Ly:

for every p | p in F and every [,, | p in L,, the extension Ly, /F, is a cyclic extension of Q,, with

ramification degree p" ‘% (where £%_ is as in Notation BI)), and local class field theory implies that

Ny, pOF = (ZX)P" ™. Tt follows that

In

p
% n—~_L5g
NpeVe, = ] @)
,COL,,
llp
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and thus the double system A V. coincides with the “constant” double system

IT @/p=id p™ ™), s 0s0
[n%gLn

which lies in By, by Proposition 2241
Concerning |Claim B)| [Mik87, Lemma 2] shows that the Leopoldt conjecture is equivalent to the
existence of v > 0 such that

0N (V)" = (05N (VF)pnfl)p for all n > v
or, equivalently, such that
(4.29) 0N (V)" = (05N (VF)pV)pnw for all n > v.
On the other hand, the nth component of Kerv is (OF N (Vp)P")/(OF)P" which can be rewritten,
using (£29), as

(Kerv) = (OFnN (VF)pV)pnw/(((’);)py)pnw for all n > v.
Set M = 05N (Vp)P and N = (OF)?": then N C M are two finitely generated Z,-modules such
that M/N = (Ker v)o is finite. It follows that they have the same rank, and this shows that
(Ker v)n = Mpnfy/anw has order bounded independently of n > 0.

To conclude the proof, we show that the D-double system Ker v satisfies condition namely

that tKerv,, = “Kerw, for all n > 0. We need to compute the direct and inverse limits of the
D-double system
(Mpn/an, Opym: T — 227" mod N”m,wm,n: r+— 2 mod N”n).
Since both M and N are finitely generated Zj,-modules, the inverse limit functor is exact and
]'&n(Kerv)n — ]&D(Mpn/an) _ @Mpn/],&n]vpn _ ﬂ Mpn/ ﬂ an —0
n>0 n>0
In particular,
(4.30) Kerv, =0  forall n>0.

On the other hand, the torsion submodule of M is finite, say M[p>] = M[p]. Tt follows that the
morphism ¢, : MP" /N?" — liﬂMp” JNP" is injective for n > t: to see this, suppose Z € Ker(y,,)

is represented by some x € MP" and let zy € M be such that x = 25 . To say that ¢, (z) = 0
means that there exists m > n such that ¢, (%) = 0 or, equivalently, zP""" € NP" . Hence, there

exists y € N such that gggm = 2P"" = yP": therefore zy = y - ¢ for some ¢ € M[p>] = M|[p'].
Since n > t, this yields z = Ign =y?" € NP" so that Z = 0. In particular,
(4.31) *Kerv, =0 for alln >0

and combining (30) with [@3T]) establishes condition concluding the proof of|Claim B)l O

Before proceeding, we need a small digression concerning the Gross conjecture. Retain the same
notation as in the rest of the paper but suppose that F' is a CM number field] and write Ly
for its cyclotomic extension. Denote by My the maximal p-extension of L.y which is unramified

4The Gross conjecture can actually be stated in greater generality, but we will not need this.
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everywhere and abelian over F, and by M/} C M, the maximal p-extension of L.y, which is totally
split at every prime above p in Lcy. and abelian over F. Denote by k = F* the maximal totally real
subfield of F' and by ¢ the non-trivial element of Gal(F'/k). It acts upon Gal(M|/F), decomposing
it as a direct sum

Gal(M}/F) = Gal(M}/F)*=' @ Gal(M}/F)*=1.
The Gross conjecture is
Conjecture (Gross). The group Gal(M(/F)*==" is finite.

The original formulation of Gross conjecture as in [Gro81l Conjecture 1.15 and (1.21)] is proven
to be equivalent to the above formulation] in [FG81l (6.6) and p. 457].

Lemma 4.13. Let F be a CM field which is Galois over Q and which satisfies both the Leopoldt and
the Gross conjectures. Suppose that Lo /F is a Zy,-extension which is Galois over Q and is different

from the cyclotomic Z,-extension Leyc/F: write L for the compositum L= LooLeye. Assume that
a prime of Lo above p is unramified in L/Lo. Then every prime £ of Lo above p is unramified
in L/Lo and Frob(£',L/Ls,) has infinite order in the group Gal(L/L).

Proof. Let £ be a prlme of Lo, above p that is unramified in L/L007 and let £ be a prime of L
above £; set Leye = 2 N Lcyc for its restriction to Ly and [ = £ N F for its restriction to F. Let
Leye = ECVC, . ,Ecyc be all the primes in L¢y. above p. The diagram of fields and primes is as

follows:

\/Cy
|

p—Q

The assumption that L., is Galois over Q implies that £ is infinitely ramified because Lo./F must
eventually ramify at one, and hence at all primes above p in F. It also implies that L /Q is Galois
and therefore each prime £ of L., dividing p is unramified in Z/ Lo, establishing the first part of
the lemma. For the same reason, if we can prove that Frob(£, Z/ L,) has infinite order, then the
same is true for all other Frob(£', E/ Lo). A similar argument shows that the splitting behaviour
of Sgi,)c in E/LCyC is the same as that of £y, for all 1 <i <s.

Suppose by contradiction that Frob(£, L /Loo) has finite order or, equivalently, that it is trivial in
the group Gal(L/Lso) = Z,: in particular, (Leye) 2eye (Loo) e = (Loo) e or equivalently (Leye)e,. €
(Loo)e. This means in particular that (Leye)e,,. = (Loo)e since Gal((Loo)e/Fi) = Z), does not

&—

1 s
c {Scyc - »S((:y)c, e 7»8((:y)c

5We have made a small change of notation with respect to [FGS8I]: in particular, the field that we call My is
called Lo in loc. cit. and the superscript (—)°=—1 is simply denoted (=)~ in loc. cit. These changes were forced by
the fact that Lo = F already has a meaning in our work, and the (—) ™ -notation is normally used for Dy-modules
rather than for Do x Gal((Lcyc)n/Lo)-modules.
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have any non-trivial quotient isomorphic to Z,. Then the extension E/ Ly is totally split at Leye
and hence, by the above considerations, it is totally split at each of the Sg,)c. This implies that
LC MY (we follow the same notation as in the above formulation of the Gross conjecture). By
hypothesis, the totally real subfield k£ of F' satisfies the Leopoldt conjecture and hence admits a
unique Z,-extension, so that Gal(L/Leye) = Gal(L/Leye)='. The inclusion L C M} then implies
that Gad(Mé/Lcyc)czf1 is infinite, because Gal(E/LCyC) & Z,, violating the Gross conjecture. This
provides the required contradiction and establishes the lemma. g

In the remainder of this section, we focus on some special cases to relate the invariant Ag,.
appearing in Theorem to the classical invariants Ay .

Corollary 4.14. Suppose that k = Q, so that F is an imaginary quadratic field and Lo /F is the
anticyclotomic Zy-extension of F. Then, with notation as in Proposition [{.10,

)\(—1,0;.)-"— = )\H = )\ﬁ = T(LOO/Q)S S {O, 1} and )\(O,OZ.)J’_ = )\ﬁ = 0.

In particular,

Mot Lo
Te—  if p splits in F/Q
/\fakc =

)‘ITW if p does not split in F/Q

and therefore Ay, is odd if p splits in F' and it is even if p does not split.

Proof. Once the formula for A(0,Of ) and A(—1, 0} ) are established, the formula for A, and
the claim about its parity follow readily from Theorem

In the setting where £ = Q and F is imaginary quadratic, both conditions @ and @ of
Proposition are satisfied. The equality A(0,0f )T = 0 is proved Proposition and

Proposition implies that
(4.32) T(Loo/F) = A + 1.

Assume first that p does not split in F/Q, so 7(Leo/F) = 1. Then @32) reads 1 = Ay + 1, so
A = Aff = A = 0 = 7(Loo/Q)s and Proposition B0 gives A(—1,05 )" = 7(Loo /Q)s — A = 0,
establishing the corollary in this case.

If p splits in F/Q, write pOr = pq and let P = PO, ... PG (resp. Q = QD,... Q) be
the prime ideals of Lo, that lie above p (resp. above q). Let Lcyc be the cyclotomic Zy-extension

of FF = Ly and set L = LeycLoo. Since F/Q is abelian and totally imaginary, it satisfies the as-
sumptions of Lemma T3 by [Gro81 Corollary 2.14] and [Was97, Corollary 5.32]. Now, observe
that 9B is unramified in L/Lo because Fy,, = Q, and Q, admits no totally ramified Z2-extension.

Lemma [4.13]implies that the global extension Z/ L is unramified everywhere, because it is clearly
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unramified outside of p. Denoting by M, the maximal abelian p-extension of L., which is unram-
ified everywhere, we find the following diagram of fields and of Galois groups:

M

\ p
%(/H\
cyc
D \

For all 1 < j <'s, consider the Frobenius elements Frob(‘B(j), M./ Lso) and Frob(QW) | M, /L) in
X = Gal(Mws/Lso). The group D acts on the set {Frob(PY), Mo /Lo ), Frob(Q), MOO/L )}
by conjugation: given 1 < j < s, for each 7 € D and a lift 7 € Gal(M,/Q) we have
7 Frob(PY), Mo /Loo)7 ™ = Frob(rBY), Mo /Lo
and similarly when replacing 80 by Q). On the one hand, this action becomes trivial on the
classes
Frob(PY), Mo /Ls) (mod H) and Frob(QY), M /Lso) (mod H)

in Y, because Gal(L/Q) = D x Gal(Leyc/F) with D acting trivially on Y. On the other, the action
factors through D, = Gal(L,,_/Q), where L,, issuch that L,/ Lnt is totally ramiﬁed at one (and
hence all) primes above p, because I',_acts trivially on all LU Q). Since Frob(PY), My /Loo)

(mod H) = Frob(V), L/ L) and similarly when replacing @) by Q@ it follows that, inY, the

equality

(4.33)

[ Frob(BD, L/ L) Frob(QY), L/Lee)  (mod H) = ] Frob(rB,L/Lec) = Frob(P, L/ Log)*
j TE€EDn,

holds. Having set this up, consider the element

z = [ Frob(BY), Moo /Loo) Frob(QY), Moo /Loo) € X.
J
Lemma and (A33) imply that  (mod H) is the (2s)th power of an element of infinite order,
so it again has infinite order: in particular, x has infinite order as element of X. Via the Artin map
of global class field theory, x corresponds to the inverse limit of the generators of IT;': in particular,
the orders |II}| cannot be bounded, showing that A{; > 1. Since 7(Loo/F) = 2, {@32) yields
Aq = )\E + A = 1, and therefore we must have )\ﬁ = 1, finishing the proof of the corollary. O

Remark 4.15. It has been shown in [HW18| Corollary 26] that, in some special cases, p, = 0 for
the anticyclotomic extension of an imaginary quadratic field: in particular, in these cases, g, = 0.
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Finis and Hida (see [Fin06, Hid10] and the references therein) prove that, under mild assumptions,
the analytic anticyclotomic invariant p{” vanishes. As Hida and Tilouine observe in [HT94, §1,
Comment 4] the fact that their proof of the anticyclotomic main conjecture requires tensoring with
Q prevents a direct comparison between iy and i,

As it is clear from the proof of Corollary .I4] the situation where p does not split in F/Q is
significantly easier to consider. In particular, the full assumptions that F'/Q is imaginary quadratic
is not needed, and we single out this case in the next corollary:

Corollary 4.16. Suppose that F' is a CM field and that k is its totally real subfield. Assume that
there is a unique prime above p in F/Q. Then

At
/\fakc = 2w
so that Ap, s even.

Proof. By Proposition ET12H(a)l we have A(0,0f )" = 7(Loo/F) — Ay — 1. On the other hand,
since there is a unique prime above p in F, the constant 7(Loo/F) equals 1 and from the trivial
bound A(0, OF,)* > 0 we obtain

/\(O,OZ.TL =g =0.
In particular, A = 0. Moreover, since the unique prime in £ above p does not split in F/k, we

also have 7(Loo/k)s = 0, so that Proposition B 10 yields A(—1, O ) = 0. The result follows from
Theorem O

Remark 4.17. The parity result concerning the Iwasawa invariant A;, of the anticyclotomic Z,-
extension of an imaginary quadratic field F' obtained in Corollary .14 is not new: it has already
been found by Gillard in [Gil76, Théoréme 2 and Théoréme 1-Corollaire], and by Carroll and
Kisilevsky in [CK82, Theorem 5]. Moreover, Carroll and Kisilevsky obtain ibid. a result similar
to Corollary LT6] which holds for more general semi-direct products beyond the pro-dihedral case,
although under the additional assumption that F/Q is abelian with Galois group of exponent
divisible by (p — 1).

The next corollary improves Corollary L. under the assumption that F'is a CM field, generalizing
Corollary .14 to more general number fields beyond the imaginary quadratic case. As observed in
Remark T its assumptions are satisfied when F'/Q is abelian.

Corollary 4.18. Suppose that F/Q is a CM field of degree 2d, and that k is its totally real subfield.
Assume that p splits completely in F/Q and that Lo, /Q is Galois. Then, with notation as in
A

Proposition [{.10,
1-d
(4.34) Afake 2 %

If, moreover, F/Q is Galois and satisfies both the Gross and the Leopoldt conjectures, then Ag = d,
Ap <d—1, )\ﬁ > 1 and

AMw T2—d

——

Proof. The hypotheses imply that 7(Leo/F) = 2d and 7(Leo/k)s = [k : Q] = d. Moreover,
condition [(a)| of Proposition E12 is satisfied: we find

(4.36) A0,05 ) =7(Loo/F) = Ay — 1 =2d — Ay — 1.

(4.35) Afake =
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The formula of Theorem .6 becomes, through (£36) and Proposition 10,
22 ake = Arw + (A= Ap) — (2d = Ap —1) = A, —d+ Af + 1.

Since Af; > 0, the estimate ([@34) follows.

Assume the Gross and the Leopoldt conjectures for F' and that F/Q is Galois: the estimate in
case|[(c)| of Proposition T2 reads A(0, O, )" = d — 1, which yields A;; = d through ([@36). We now
proceed to prove that )\ﬁ > 1: this will imply both estimates A\ < d—1 and (@33]). The proof goes
along the same lines as those of Corollary [£T4l Denote by G the Galois group Gal(Ls/Q) and set
L= LooLeyc, where Ley. is the cyclotomic Zy-extension of F. Since F/Q is Galois, so is Lc¢yc/Q
and the Galois group Gal(L/Q) is the direct product G x Gal(Leyc/F). Write pOr = q1---qq
and §;0r = q;qq+:: each prime q; is divided by the same number of primes in Lo /F, so let

q;0r.. = D;l) - ~D;S) be its factorisation in Lo, for 1 < j < 2d. The localisations Iy, are all
isomorphic to Q,, and hence admit no totally ramified Zg-extension, showing that Q = le) is

unramified in E/ Lo and so Lemma (.13 guarantees that L C M., where M, is the maximal
p-extension of L., which is unramified everywhere. The diagram of fields is as follows:

Moo

\ i

%{/H\
cyc
g \

The group G permutes the ideals jS and acts trivially on Gal(L/La), so the equivalent of [#33)
reads
(4.37)

HFrob My/Lo) (mod H)=  J]  Frob(rQ,L/Ls) =Frob(Q, L/Lo)*™ €Y
r€Gal(Ly, /Q)

where, as ibid., Ly, is such that Lo /Ly, is totally ramified at all primes above p. The element
z =[] Frob(Ql", Moo/Ls) € X

has infinite order by Lemma [£I3] and corresponds, via the Artin map of global class field theory,
to an element in @Hj This shows Ay > 1, finishing the proof. O

Remark 4.19. In the proof of (£34), the hypothesis that L., /Q is Galois is only needed to ensure
that all primes in F' above p ramify completely in Lo, /Q, in order to apply Proposition ET2H(c)|
In particular, the inequality holds also under this weaker assumption.
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One condition that guarantees that all assumptions of Corollary are satisfied is that the
group Gal(F/Q) is abelian with exponent divisible by (p —1): this is shown in [CK82, Theorem 1],
together with the result that both the Gross and the Leopoldt conjectures hold for abelian number
fields.

4.4. The structure of the limits of class groups. As in the previous section, fix a fake Z,-
extension of dihedral type K /k and adopt the conventions introduced in §411 Let B = (Byr,) €
{(’)z.,L{L.,QL.,CL.,AL.} be any of the five normic systems occurring either in the left column
or in the bottom row of BI)). As in §32 set By = lim By, (resp. Bk, = lim By, , letting
By, = Bzrn) where the limit is taken with respect to ¢/, (resp. with respect to v, /K, ).

In this section we make no use of double systems: only direct and inverse systems will appear.
Indeed, the focus will be on the structure of direct and inverse limits, which are coarser invariants.
Moreover, one easily realises that the direct system of class groups with ideals extension as mor-
phisms satisfies neither |[(Inj)| nor [(Gal)| and the assumptions of Proposition [2.11] are not fulfilled,
so its G,-cohomology does not give rise to a double system fitting in a cohomological long exact
sequence. In fact, the analysis of the direct and inverse limits of class groups relies on our previous
work [CN20], and we need to consider morphisms between 0th Tate cohomology groups which are
different from the map H e, /L,) defined in §2.2.2] because of the factor p"~" appearing there.
To define these morphisms, observe that, for m > n >0, Ny, : Ar,, — Ag, is surjective and
so, by the arguments of Remark 2.8 we have maps

T, p,: H(Gn, Ap,) — H(Gp, Ar,,) and

i yp YDy Ar,) — HO(Dy, AL).

We can therefore take direct limits with respect to these maps, and define the groupsﬁ
BN, Ap,) = lim H°(Gn,Ap,)  and  HO(D,Ap.):= lim H°(D, AL,
CLom/Ln D
Being direct limits of finite Dy-modules, these are Z,-torsion Z,[Dy]-modules; moreover, via Propo-
sition 2], they satisfy HO(T', A )t = H°(D, A_), extending the isomorphisms ibid. for i > 1.
More generally, in this section, we tacitly identify plus parts of all G,-cohomology groups (resp. of
all T-cohomology groups) with D,,-cohomology (resp. D-cohomology).

4.4.1. An Euler-Poincaré formula for fake Z,-extensions of dihedral type. The main
result of this section is Theorem [£.22] which can be seen as a relationship between dihedral versions
of Herbrand quotients of class groups and of units, at least in the limit. This theorem will also be
pivotal in the next section to interpret the invariant A, as the dimension of a Q,-vector space.

We begin by relating H' (D, A;__) to H%(D, Q_) on the one hand, and H(D, A, _) to H'(D, QL_)
on the other.

Proposition 4.20. There is an isomorphism of Z,-modules
HY(D, A )= HY(D,QL..)
and an exact sequence
0--» HY(D,Ar_) --» H*(D,Qr..) --» H*(D,CL_) --» 0
in the category ModZ’f'g'/Modgz. Moreover, H*(D,Cr_.) = Q,/Z,,.

6In [NSWO08| Definition 1.1.9.3], the notation ILAIO(Q7 M) denotes a different construction, which we do not need,
hence we allow ourselves this inconsistency.
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Proof. By Proposition 2.10] we have a commutative diagram

(0) ~
HO(Dy, Ar, ) — s HY(Dy, Q)

(4.38) TLLm/Ln Tﬁl(LLm/Ln)

HO(Dn, Ap,) —2 s V(D Q1)

The definition of H'(: Lom/Ly,) given in Remark 2.8 makes it clear that (£38) induces the commu-
tative diagram

(D, AL,) —2 s (D, Q1)

TTLwn/Ln Tﬁl(LLm/Ln)

jio(l)naqun) 5 jil(l)naCQLn)

5O
From [CN20, Proposition 3.4], the rows of the above diagram are isomorphisms, and so by taking
limits we obtain the first statement of the proposition.
Arguing as in the proof of [CN20, Proposition 3.4], we get an exact sequence

0 — HYGy, AL,) — H*(Gn,Qr,) — H*(Gn,Cr,) — H*(Gn, Ar,) — H*(Gn,Qr,) — 0
with its plus counterpart

0— HY(D,,AL,) — H*(D,,QL,) — H*(D,,Cp,) — H*(D,, Ay,) — H*(Dy,,Qp,) — 0.
By Proposition [4.2] this exact sequence can be shortened as

(4.39) 0 — H'(D,, Ar,) — H*(Dy,Qr,) — H*(Dy,Cr,) — Ker(6) ™ — 0

where 6. : H*(Gn,Ap,) — H'Y(Gn,QL,) is the morphism analysed in Remark @Il As shown

ibid., Ker(&(lo)) is bounded independently of n, and taking direct limits of ([@39]) we obtain the
exact sequence of the statement.

Concerning the final isomorphism, an argument similar to the one used to prove the commutativ-
ity of the left-hand diagram of Lemma [35] shows that the direct system (H2(D,,,Cy, ), H> (tLo/L,))

is isomorphic to (H°(D,, Zy), H° (Gnym)) = (#ZP/ZP, incl) (where incl denotes the inclusion #Z —

p%Z), finishing the proof. a

Remark 4.21. The proof of the above proposition actually shows that there is an exact sequence
0— H'Y(D,Ar) — H*(D,Qr..) — H*(D,CL) —V —0

in the category Modg;'f'g' with V in Mod%:. Since we are only interested in comparing coranks of

divisible Z,-modules, here and in what follows we content ourselves to work in Modg;'f'g' / Modgz.

We can now proceed to the proof of the main result of this section, that we regard as an Euler—
Poincaré formula:

Theorem 4.22. Given a fake Zy-extension of dihedral type Ko /k with normal closure Lo /k, we
have

cork H'(D, Ay ) — cock H{(D, Ay ) = cork H*(D,0f ) — cork H(D,Of_) + 1.
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Proof. Taking direct limits in (3.28) we obtain the exact sequence in ModZ'f'g' / Modgz

0--» H\T,05_) --» H'T,Up.) - H' (T, Q1) --» H*(T,0F_) ™ HA(T,Uy_.).

By construction, the rightmost morphism v : H*(I', Of ) --» H*(T,UL,) is the image, in the
quotient category, of the direct limit of the morphisms H*(Gp,Of ) — H*(Gyn,Ur,). It follows
that we can complete the above sequence as

0--» Hl(F,OZOO) - Hl(FvuLoo) - Hl(ra QLOO) - H2(F,OZOO) - HQ(FauLoo) - HQ(Fa QLOO) -0

where the final 0 is a consequence of I' having strict cohomological dimension equal to 2. By taking
plus parts we get, through Corollary 4+ ([A3),

cork H'(D, Q) — cock H*(D,Qr.,) = cork H'(D,Uy,.) — cork H*(D, Uy, ) 4 corkH*(D, O} )
— cork H'(D, Of )
= cork H*(D, Of ) — cork H'(D, O} ).

Moreover, by Proposition [£.20]

cork H*(D, Q) = cork H (D, Ap ) + 1
and

cork HY(D, Q1) = cork H*(D, AL _),
finishing the proof. O

4.4.2. Interpretation of Ay, .. Let A = Z,[I'] denote the Iwasawa algebra of the group I' =
Gal(Loo/F). In this section we show that the invariant Ag,,, obtained in Theorem is also the
dimension of the Q,-vector space Xtaxe ®z, Qp, where

Xeake = &1 AKn7

the inverse limit being taken with respect to norms. The analogous result for X, (with Ap,
replacing Ag,,.) is well-known and comes from the structure theorem for finitely generated torsion
A-modules together with a classical descent argument (see [Iwa73, §1.2 and Theorem 7]). Since
Xtake is not stabilized by I', and hence it is not a A-submodule of X1, we argue in a different way.
Our approach is to work with direct, rather than inverse, limits because they are easier to analyse
in our setting. We then recover the result about inverse limits via a purely algebraic argument due
to Yamashita.
Tensoring the exact sequence [CN20, (3.1)] with Z,, we obtain

(4.40) 1 — Kern, — Ak, ® Ak Iy Ap, — Cokern,, — 1
where the map 7, is defined via the formula

M (¢, ¢') =1L, /k, (€)ir, k1 () for c € Ag,, ¢ € Ak .
The explicit definition of 7,, makes it evident that, for m > n, the relations
(4.41) M © (Lk /K0 @ L7 /K1) = ULy /L © Tn

hold. We can therefore take direct limits with respect to the extension maps to obtain an exact
sequence

(4.42) 1 — Kerne — Ax., ® Axr 5 Ap — Cokerne — 1

where 7o, = li_ngnn.
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The first step of our strategy is to interpret, in Lemmas [£.23] and [£.24] Ker 7, and Coker 1o, in
terms of the cohomology groups of Ar_ . We then invoke Theorem [4.22] to compare their coranks.

Lemma 4.23. The modules Ker o, and EIO(D, Ap.) are Modgrp‘—isomorphic.
Proof. Recall from [CN20, Proposition 3.2] that
Kef??n = HO(Dnu ALn)

and the isomorphism, called 6 ibid., is defined by sending (z,2') € Kern, C Ak, © Ak: to
tL, /K, (7). Hence, the diagram for m >n >0

Kern,, ———— H%(D,,, AL,)
LKm/Kn@LK;,I/KJ TbLm/Ln
Kern, ———— H%(D,, AL,)
commutes, showing that
(4.43) Kern., = H(D, Ar_).

The definition of Tate cohomology groups gives another commutative diagram
0 ——Nmp, Ay, — H'(Dp, Ap, ) — HY(D,, Ap, ) —— 0
LLm/LTW LLm/LnT /L\Lm/LnT
0——Nmp, Ay, — H(D,,, Ap) — HY(D,,, Ap,) —— 0
yielding the exact sequence
0 — limNmp, A, — H(D,Ar.) — H(D,AL.) — 0.
The groups Nmp,_ Ay, have bounded order since
INmp, Ar, | = |er, /eNr, kAL, | < |en, Akl < |Ag],
so their direct limit is certainly a finite group. We conclude using (£43). O
Lemma 4.24. The modules Cokern., and H' (D, Ar_) are Mod%?-isomorphic.
Proof. As in the proof of [CN20, Proposition 3.2], Remark 3.1 ibid. yields the exact sequence
0 — AL, [Nme, ]/ (AL, [Nmg,, ] N Imn,) — Cokern, g Nmg, Ay, /Nmp, Ar, — 0.

We actually have commutative diagrams, for m > n > 0,

Nm
0—— A, [Nme]/(ALm [Nmg,,] N Im nm) — Coker n,, —om, Nmg, (Ar,,)/Nmg, (Imng, ) —— 0

LL7n/LnT LL7n/LnT prnnLlwn/Ln
Nmg,,

0—— Ap, [NmGn]/(ALn [Nmeg, | N Im nn) — Cokern,, —— Nmg, (A, )/Nmg, (Imn,) —— 0
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By [CN20, (2.7)] and by definition of ﬁ_l(LLm/Ln) (see §2.2.T)), this can be rewritten as

~ Nm
00— H Y(Gn, AL, )~ ——— Cokern,, L)ngm(ALm)/Nme(Ianm) ——0

ﬁl(bLm/Ln)/{\ LLm/LnT TpanLm/Ln

~ Nm
0—— 5 H Y(Gn, A, )~ —— Cokern, ———+ Nmg (A, )/Nmg, (Imn,) ———— 0

Moreover, the cup product with ¢, induces an isomorphism ﬁ_l(Gn, Ap,)” = ﬁl(Dn, Ap,), and
by definition of H* (v, /L), together with Lemma 7, the diagram becomes

~ Nm
0 ——— HY(Dy, Ar, ) ——— Cokern,, LN Nmg,, (A, )/Nmg, (Imn,, ) —— 0

InfOLzm/LnT LLm/LnT Tpm”LLm/Ln
Nmg,,

0—— s HY(D,,Ap,) ——— Cokern,, ——*— Nmg, (Ar,)/Nmg, (Imn,) ——— 0

The groups on the right have bounded order since |[Nmg, Az, | < |Ap|, by the same argument as
at the end of the proof of Lemma [£23] Taking direct limits we obtain the statement. O

Combined with Theorem .22 the above lemmas yield the following
Corollary 4.25. We have
2cork Ak, — cork Ap, = corkKer s — cork Cokerne = A(2, 07 )Y — AM1,07 )" +1
where \(1, 07 )t and N(2,0F)" are the invariants defined in Corollary FHii)}
Proof. From the exact sequence ([@42]), we obtain
2cork A — cork A = cork Ker 1o, — cork Coker 1700
(Lemmas and L) = cork H*(D, Ay, ) — cork HY(D, Ay )
(Theorem E22) = cork H*(D, Of_) —cork H'(D, 0} ) +1
(Corollary 232 and Corollary E&ifii)| ) = A(2, OF,)" — A(1,0F )" + 1. O

We are now in shape to relate the invariant Ag,, . to the Z,-module structure of Xg.ie, but we
first need a final lemma:

Lemma 4.26. The equalities
cork ALoo = dim@p Xiw ®Zp Qp and cork AKoo = dim@p Xtake ®Zp Qp
hold.

Proof. The first equality can be deduced from [Iwa73, Theorem 11]. Here we give an alternative
proof, following that of [Yam84, Lemma 2], which also yields the second equality.

Since Xiy, is a finitely generated torsion A-module, we know, by the structure theorem of such
modules, that there exists 3 € N such that p® Xy, is a finitely generated torsion A-module with
trivial p-invariant. Since p? X1y = I&H pP AL, , we deduce that the Z,-ranks of p® Ay, are bounded
and thus so are those of p?Ag, . As arithmetic norms are eventually surjective on A, their
restriction to p® Ap  is also eventually surjective, and likewise when restricting to p® Ag, . Similarly,
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the kernel of the extension map restricted to p® Az, has bounded order and, again, the same holds

when restricting to p? A, . We can therefore apply [Yam84, Lemma 1] to obtain that
cork(pBALoo) = dimg, (p’BXIW ®z, Qp) and cork(pBAKm) = dimg, (pﬂXfake ®z, Qp).

This concludes the proof because, for every Z,-module M, dimg, (pP M ®z,Qp) = dimg, (M ®z,Q,)
and cork(p® M) = cork M. O

Finally, we obtain the main result of this section.

Theorem 4.27. Given a fake Zy-extension of dihedral type Koo /k, we have A, = dimg, Xtake®z,

Qp.
Proof. By the structure theorem of finitely generated A-modules, we know that
(4.44) dime Xiw ®z, Qp = My

Now, using Theorem [£.6] we deduce
2 ake = Anw T AL 07 )T = A0,07 )"
(Corollary E4H@ET) and -@A)) = Ay, + A(2,07,)" —A(1,07 )" +1
(by @) = dimg, Xiw @z, @y + A(2.05,)* = AL OF)* +1
(Lemma F26) = cork Az 4+ A(2,05 )7 = A1,0;,)" +1
(Corollary 28] = 2 cork Ak
(Lemma .26) = 2dimg, (Xfake Rz, Qp) ) d
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