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BOUNDS ON NON-LINEAR ERRORS FOR VARIANCE
COMPUTATION WITH STOCHASTIC ROUNDING

E-M. EL ARAR,*, D. SOHIER', P. DE OLIVEIRA CASTROf, AND E. PETIT'

Abstract. The main objective of this work is to investigate non-linear errors and pairwise
summation using stochastic rounding (SR) in variance computation algorithms. We estimate the
forward error of computations under SR through two methods: the first is based on a bound of
the variance and the Bienaymé—Chebyshev inequality, while the second is based on martingales and
the Azuma-Hoeffding inequality. The study shows that for pairwise summation, using SR results in
a probabilistic bound of the forward error proportional to y/log(n)u rather than the deterministic
bound in O(log(n)u) when using the default rounding mode. We examine two algorithms that
compute the variance, called “textbook” and “two-pass”, which both exhibit non-linear errors. Using
the two methods mentioned above, we show that these algorithms’ forward errors have probabilistic
bounds under SR in O(y/nu) instead of nu for the deterministic bounds. We show that this advantage
holds using pairwise summation for both textbook and two-pass, with probabilistic bounds of the
forward error proportional to +/log(n)u.

Key words. Stochastic rounding, Floating-point arithmetic, Variance computation, Non-linear
error, Doob—Meyer decomposition, Pairwise summation.

MSC codes. 65G50, 65C99, 65Y04, 62-08

1. Introduction. Stochastic Rounding (SR) mode [5] is a probabilistic rounding
mode: an inexact computation is rounded to the next smaller or larger floating-point
number with probability depending on the distances to those numbers. For several
algorithms, such as the inner product [4, 8, 13] and Horner’s rule [8, 9], SR is unbi-
ased and provides tighter probabilistic bounds of the forward error compared to the
deterministic bounds obtained with round-to-nearest (RN) [1]. In practice, SR shows
higher accuracy than RN for some applications and datasets [8], particularly in low-
precision formats such as bfloat-16. Additionally, SR avoids numerical stagnation [4]
in different applications such as neural networks [10], ODEs, and PDEs [14].

Previous theoretical studies of SR error bounds have only considered algorithms
in which the numerical error is a linear function of each operation rounding error.
Two main methods have been proposed to bound the forward error of linear error
algorithms such as summation or inner product computation. The first, referred
to as the BC method in the following, computes the variance of the SR computa-
tion and applies Bienaymé—Chebyshev inequality to establish a probabilistic error
bound [8]. The second, called AH method in the following, is based on martingales
and Azuma-Hoeffding inequality [4]. The two methods are complementary, and each
has advantages depending on the size of the problem and the target probabilistic
analysis.

Hallman and Ipsen [11] have studied pairwise summation in the context of SR,
showing that the forward error for a sum of n values has a probabilistic bound in
O(y/log(n)u) instead O(log(n)u) for RN. In this paper, we propose a more straightfor-
ward method that improves Hallman and Ipsen pairwise summation error bound [11].

In 1983, Chan, Golub, and LeVeque proved deterministic error bounds [3] for
different algorithms computing the variance of a sample of n data points. These algo-
rithms have non-linear errors due to the presence of squaring in the computation. In
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this paper, we prove SR forward error bounds for the “textbook” and “two-pass” algo-
rithms with recursive and pairwise summation studied by Chan, Golub, and LeVeque.
To the best of our knowledge, this is the first paper theoretically studying non-linear
problems with SR. We extend previous BC and AH methods to the non-linear variance
computation by carefully separating the error terms.

We first introduce some floating point background and the stochastic rounding
mode SR-nearness in Section 2, and recall its main properties that we will use through-
out the rest of the paper.

We analyze the error of pairwise summation under SR-nearness in Section 3,
using two methods, AH, and BC. We provide probabilistic bounds for the pairwise
summation forward error under SR using two methods, the BC and AH methods.
Our AH pairwise bound is simpler and at least as tight as the probabilistic bound
proposed in [11].

We then move to the analysis of variance computations, which, unlike summa-
tions, present non-linear errors. This, in particular, materializes in the existence of
a bias, which we study in Section 4. We prove that both textbook and two-pass
algorithms are biased and that their biases are equal at order 1 but of opposite signs.

In Section 5, we show that the deterministic bounds of Chan, Golub and LeVeque
[2] extend to SR computations by replacing the n in the bounds by y/n, and introduc-
ing a parameter A representing the probability that the bound does not hold. We do
it with both BC and AH methods, leading to bounds behaving better when n — oo
or A — 0 respectively, and propose an extension DM of the AH method based on a
Doob-Meyer decomposition, which allows to better account for the bias and provides
a new tool for SR analysis of non-linear errors.

We then prove that using pairwise summation in variance computations gives
bounds in y/log(n) in Section 6. We finally compare the obtained bounds by algorithm
(textbook or two-pass) and method (deterministic, BC, AH, DM), and discuss the
advantages of each in different situations in Section 7.

2. Notations and definitions.

2.1. Notations. In this paper, for an integer n and a vector x € R™, we denote
by

1
lelly = Y3y Joil and [l = (S0 fail®)
e s=Y" zyandm=L1Y" z,=1s
o (u) = (14+u)™” — 1.
e log(n) the smallest integer greater than log,(n).
We adopt the same notations as used in [3]. In the following, the textbook
algorithm computes the variance using the formula y = Z?zl x? — %32, while the

two-pass algorithm computes the variance using the formula z = Z?zl (z; — m)2. We
do not study the situation with y = z = 0, in which the relative error is undefined.
The statistical variance can be obtained by multiplying y and z by ﬁ Computing
y and z exactly results in y = z. However, rounding errors disturb the numerical
computations and the obtained results 7 and Z are not equal.

The condition number using the 2-norm for the variance computation is defined

in 3] as K0y = % We define the condition number using the 1-norm by Ky = %
Using the Cauchy-Schwarz inequality, K1 < Ko; K1 can be lower than 1 (for instance,

consider n =4 and 1 = 1/2, x5 = 1/4, x3 = —x1 and x4 = —x2).
Throughout this paper, for a random variable X, E(X) denotes its expected value,
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V(X) denotes its variance and o(X) denotes its standard deviation. The conditional
expectation of X given Y is E[X/Y].

LEMMA 2.1. Let X and Y two random variables, a,b € R, and X\, pn €]0; 1 such
that: P(|1X]| <a)>1—=Xand P(|Y| <b) > 1—pu. Then
o P(IXY|<ab) >1— A+ p),
o P(IX|+[Y|<a+b) >1—(A+p).

Proof.

POX[[Y] < ab) = P({|X| < a} n{[Y] < b})
=P(X] <a)+P(JY]| <b) - P{|X]| < a} U{[Y] < b})
>1-A4+1l-p—1=1—A+p).

The proof of the second item uses the first point and the following property log(ab) =
log(a) + log(b). 0

2.2. Floating-point background. For a given basis 5 and a working precision
p, a floating-point number is a real x such that x = m x 8¢~P, where e is the exponent
and m is an integer (the significand) such that 8P~! < |m| < BP. In this paper, we
don’t take into account special floating-point values such as underflow, overflow, de-
normals, and NaNs. Detailed information on the floating-point format most generally
in use in current computer systems is defined in the IEEE-754 standard [1].

Let us denote F C R, the set of floating-point numbers, and z € R. Upward
rounding [z] and downward rounding |z | are defined by:

[2] =min{y € F:y >z}, |z] =max{ye F:y <z},

by definition, || < z < [z], with equality if and only if € F. The floating-point
approximation of a real number z # 0 is one of |x] or [z]:
(2.1) (z) = z(1 + 9),
where § = 18)=% i5 the relative error: |§| < B17P. In the following, we use the same
notation as [4, 13] u = 81~P. IEEE-754 mode RN (round to nearest, ties to even) has
the stronger property that || < 247 = lu. In many works focusing on IEEE-754
RN, w is chosen instead to be %Bl’p.

For x,y € F, the considered rounding modes verify fl(z opy) € {|zopy], [xopy]}

for op € {+,—,%,/}. Moreover, for IEEE-754 rounding modes [1] and stochastic
rounding [4] the error in one operation is bounded:

(2.2) fi(zopy) = (zopy)(1+46), [6] < u;

specifically for RN we have [§| < $u.
In this paper, we investigate asymptotic results for a problem of size n and pre-
cision u; nu < 1 means n — oo, u — 0 and nu — 0.

2.3. Stochastic rounding. Throughout this paper, T = fl(x) is the approxima-
tion of the real number = under stochastic rounding. For x € R\ F, we consider the
following stochastic rounding mode, called SR-nearness:
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[x] with probability p(x), >
fi) = { x| with ﬁerZbilig ]1) —p(x). L] =]

Fig. 1: SR-nearness.

where p(z) = [i{ _L:fi 7- The rounding SR-nearness mode is unbiased

B(@) = p(@)[«] + (1 — p(e)) L]
= p(@)([a] - L)) + L) = =

In general, under SR-nearness, the error terms in algorithms appear as a sequence
of random variables. The following lemma has been proven in [4, lem 5.2] and shows
that this sequence is mean independent when considering operations satisfying the
standard model (ie. the result is calculated exactly on the basis of its input, and then
rounded according to SR).

LEMMA 2.2. Consider a sequence of elementary operations ci <— aj opy by for
k > 1, with op,, satisfying the standard model and &} the error of the k™ operation,

that is to say, ¢ = (ag opkgk)(l + 0x). The Ok are random variables with mean zero
and (81,02, ...) is mean independent, i.e., Vk > 2,E[0 | 01,...,0k—1] = E(dk).

3. Pairwise summation. It is known that the accumulator implementation of
a sum of n numbers s = > | x; using a binary tree leads to a deterministic error
bound in O(log(n)u). In this section, we investigate the forward error made by the
pairwise summation under SR-nearness.

For the AH method, we construct a martingale straight from the tree levels and
then use Azuma-Hoeffding inequality. This technique has the advantage of building
a martingale from the entire tree. For the BC method, we use [8, lem 3.1] and Bien-
aymé—Chebyshev inequality. Both methods show O(y/log(n)u) probabilistic bounds
on the forward error. These bounds are simpler and more intuitive than the bounds
in [11].

Considering h the height of the summation tree, if 2"7! < n < 2", we set the
2" — n absent inputs to zero. Without loss of generality, let us then assume that
n = 2", Denote S? = z; and Sf = 55;_11 + 55;1 forall1<i<2F % and1<k<h.
We have

12% 2"
SF = E z; and S = E ZT; = S.
i=(I—1)2k+1 i=1

Let §7 = §7 and S = (8574 + §37)(1+0f) forall 1 <0 < 2" * and 1 <k < h.
a 12% k '
In particular

oh h oh h
(3.1) Sh = Z;x 1_[1(1 +ol.)= z;miwi with ; = 1‘[1(1 +51,).
1= = 1= j=

As mentioned in Section 2.2, we compare the asymptotic behavior of the forward
error bounds. El Arar et al [8] have introduced a new approach based on a bound of
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the variance and Bienaymé-Chebyshev inequality to obtain probabilistic bounds of
the forward error and applied it to Horner’s rule. These bounds have the advantage
of being closer to the forward error for a large n and a fixed probability than the ones
based on the Azuma-Hoeffding inequality. At the same time, Higham and Mary [4]
and Ipsen and Zhou [13] used martingales and the Azuma-Hoeffding inequality to
obtain probabilistic bounds of the forward error. BC bounds prove better than AH
asymptotically in n, while AH outperforms BC for A — 0. In the following, we
present these two methods and show that SR benefits extend to pairwise summation.
In particular, our probabilistic bounds are lower than any deterministic ones (at the
expense of introducing a probability that they do not hold).

3.1. BC method. Let us recall the lemma that bounds the variance of an error
product ¢ = [[;_,(1 + ;) under SR-nearness. A general expression of this lemma
can be found in [8, Lemma 3.1].

LEMMA 3.1. (from [8, Lemma 3.1]) Under SR-nearness ¢ satisfies
1. E(p) = 1.
2. V(p) < m(u?),
where v, (u?) = (1 +u?)* — 1 =~ exp (nu?) — 1 = nu? + O(n?u?) for nu? < 1.
This lemma has been used to study the inner product and Horner’s algorithm in [8].
For the pairwise summation (provided that _ z; # 0, because we are considering a
relative error that cannot be defined if the result is 0), we have

THEOREM 3.2. For all 0 < A < 1, the computed g{L satisfies under SR-nearness

5t st
(3.2) W <K Nog(n) (UQ)/Av
1
with probability at least 1 — X\, where k = é{:ﬂ is the condition number using the
i=1Ti

1-norm of the sum of the x;.

Proof. By expectation lincarity, E(SP) = Zfll 2;E(;). Lemma 3.1 shows that
forall 1 <i < 2" E(y;) =1 and V(¢;) < yn(u?). It follows that, E(S?') = SP and

. \ 2
V(Sh) < (Zf}zl | \/V(%‘)) < ||&||3 1 (u?). the Bienaymé Chebyshev inequality
implies P (‘gf - E(§{1)‘ < V(A{l)/)\> > 1 — A. Thus, with probability at least
1- A

st
B

G ]
V(SH/A <
1 |S{L

T Vn(u?) /A = &/ m(u?) /.
Since h = log(n), we have with probability at least 1 — A,
s

L / 2
|S{7’| S R ’ylog(n) (U )/)\ D

3.2. AH method. This method uses martingales and then applies the Azuma-
Hoeffding inequality for a martingale [2, 12].
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Definition 3.3. A sequence of random variables (M, . .., M,,) is a martingale with
respect to the sequence Xo,..., X, if, for all k,
e M, is a function of X, ..., X,
o E(|My|) < o0, and
o E[My/Xo,..., Xn_1] = My_1.
If E[My/Xo,..., Xk-1] > My—1, (Mo, ..., M,) is called submartingale.
LEMMA 3.4 (Azuma-Hoeffding inequality). Let (My,...,M,) be a martingale

with respect to a sequence Xg, ..., X,. We assume that there exist ap < by such that
ar < My, — Myg_1 < by for ke {l,...,n}. Then, for any A >0,

P(|M,, — My| > A) <2 ( 24° )

n — = >~ ex —n . 95 .
’ S -

In the particular case ap = —bp and A = Qexp b2> we have

P | [M, — M| < Zb%/zlnz/A >1- ),
k=1

where 0 < X < 1.
THEOREM 3.5. For all 0 < A < 1, the computed §{L satisfies under SR-nearness

< K/ uy2M10g(n)] (w) VIn(2/A),

St - st]
(3.3) i

with probability at least 1 — \.
Proof. Let us denote for k > 0, M = Zgi_k §f - Sf and My = 0. Then, M; =

=1
Gh _ Gh _ 2R Gho1 | okl k .

St — St and My = M1+, (S5 +S55; )07 The §; are mean independent,
therefore My, ..., M} form a martingale with respect to {(55, 1<i<2hk 1<k<
h — 1}. Moreover, Equation (3.1) yields

th 2hk

‘Mkak 1‘ < Z ’ 521 1+S§1 1)5k Z ‘521 1+S§i_1‘

Qh—k 2k = 1(2271) 2k=1(24)

u(l +u)kt Z Z Ty + Z T
i=1 m:2k—1(2i72)+1 m=2k—1(2i—1)+1
2h. k 2h

u(1 + ) ! Z Z |zm\=u(1+u)kflz|xm|
i=1 m=2F(i-1)+1 i=1

= u(l+u)* |z, -
Denote Cj, = u(1 4 u)*~1||z||,, Azuma-Hoeffding inequality implies that with proba-
bility at least 1 — X, [My] < /3 r_, C2y/2In(2/X). Now
h

h 2h _
2 _ a2 sk—1) _ 2.2 (L+u) 2 '72h( )
];:1 Crp = u”[|z[)y 1?:1(1 +u) = u” ||zl 7(1 T u)? |z}
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Since, ;%5 < % and h = [log(n)], we have [My| < ||z, /u 21| STn(2/}).

Finally

|5t —st]

st|
Sh| <K \/ W2Mlog(n)] \/ 2//\

with probability at least 1 — A. ]

Comparison with Hallman and Ipsen’s pairwise bound [11]. The probabilistic
bound proposed in [11, cor, 2.14] to the pairwise summation forward error is

5t —st|

(3.4) T

<mu\f\/21n (2/0)(1+ dnnm)s

with probability at least 1 — () + §), where h is the height of the computational tree
and ¢, jy = AnyV/2huexp (A2, hu?) with X, , = /2In(2n/n).

Bound (3.4) uses two parameters § and 7, the sum of which is higher than the
probability that the bound does not hold. We could not find any closed form describing
the best value for 1 and § given that § +71 = A, and we doubt that such a form exists.
This makes the choice of their values difficult and, to some extent, arbitrary.

Taking 6+n = X and h = log(n), comparing the two bounds adds up to comparing
\/’Yglog(n \/ln (2/(6 +mn) and V2uh+\/In(2/6)(1 + Pn.ny). V2log(n)(u) > 2hu and
Yor0g(n) () = 2hu + O((hu)?), giving a short advantage to (3.4) regarding the first
factor. However In(2/(6 + 1)) < In(2/6), and to close the gap, one needs to take 7
as small as possible, giving the advantage to (3.2) for the second factor. In the third
factor, taking n — 0 makes ¢, 5, , grow to co. Moreover, the term ¢y, j, ,, is in O(hu),
and thus grows more rapidly than the second order terms in bound (3.2). All in all,
the bound established in this paper avoids the use of two parameters with no easy
way to choose their values and gives better asymptotic results than the one in (3.4).

4. Bias analysis. The unbiased nature of SR-nearness extends to various algo-
rithms such as the inner product [4] and Horner’s rule [9]. Nevertheless, it fails to
hold in the general case. In the sequel, we study two algorithms for computing the
variance: textbook and two-pass.

4.1. Textbook algorithm. Forz € R",let s =3 jz;andy =Y 712
Using SR-nearness:
. The computed 8 satisfies § = 37| i [ [i_ ooy (1+0k-1) = D071, iy with

Hk —max(2, Q(l + k1) forall 1 <i<n.
° The computed 7 satisfies

< 1
(4.1) y= le’?i/)z - 2 Pnt1,

where ¢; = (1 +¢;) HZ;Lrlnax(z,i)(l + i) and Yn1 = (14 €n41)(1 + np1)(1 +0). For
all 1 < i < n+1, ¢ and n; represent the rounding errors from the products and
additions, respectively. @ represent the error of the division of 52 by n.

THEOREM 4.1. The quantities 5 and y satisfy under SR-nearness
. B(5) =
.« B(j)=y- SV (3).
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Proof. The first item can be proved as in the first part of Theorem 3.2 proof. For
the second, we have, by expectation linearity, E(y) = Y 22E(;) — %E(§27/)n+1).
Let F = {d;,¢,m,0 € {1,...,n—1}, 5 € {1,...,n}, k € {2,...,n}}, the mean
independence property implies that E(t;) =1 for all 1 <14 < n and E[¢,4+1/F] = 1.
Therefore, the law of total expectation E(X) = E(F[X/Y]) yields

E(#n41) = B (B[54 41/F]) = E (8Elns1 /F)) = EG?)
=EG)?+V(5) =52+ V().
It follows that E(y) =Y i 2? — 12 — LV (5) =y — 1V (3). 0
Remark 4.2. Lemma 3.1 gives V(¢;) < v,_1(u?), so [8, thm 3.2] shows that the

bias satisfies
1 1

V) < =l (42) = g3 ().
Thus E(7) >y (1 — K3ym-1(u?)).
4.2. Two-pass algorithm. Let z1,25,...,2, € R, denote m = %22;1 x; and
z =" (z; —m)?. Using SR-nearness:
e The computed m satisfies m = 237" | a; HZ:;aX(Q,i)(l + 0p—1) with ¢, is
the division error by n.
e The computed 7 satisfies

(42) Z i 1/117

where ¥; = (1 + ¢)%(1 + n;) szmax(m)(l +0;). For all 1 < i < n, ¢,n; and 6;
represent the rounding errors of subtraction, square, and addition, respectively. Let
us denote @; = (1+ €;)(1 +n;) HZ:max(2,i)(]‘ + 0k). Then 9; = (1 + €;);.
THEOREM 4.3. The quantities m and Z satisfy under SR-nearness
e E(m)=m,
e E(Z) =2+ LV(5) + O(nu?), where s =m.
Proof. The first item is similar to the first part of Theorem 3.2 proof. For the
second, we have by expectation linearity E(2) = Y1 | E ((z; — m)?1;). For all 1 <
i <mn,let #; =0 and

Fi = {5_176167771701’ .] € [1,7’1;]7 k S [177']3 and ! S [152 - 1]}

The mean independence property implies that E[(1+n;) HZ:max(Zi)(l +0;)/Fi] =1
Using the law of total expectation, we have

n

E((wi—m)’) =B | E [(@i—m)*(1+e)’(L+n) [ (1+6k)/F

k=max(2,7)

n

E|(xi—-m)?1+e)E |[(1+m) ] Q+60)/F

k=max(2,i)

=E ((z; —m)?*(1+ &)%) = E ((z; — m)*(1 + 2€; + €))
=F ((mz m)*(1+€7)) by Lemma 2.2
= E ((xz; —m)?) + E ((z; — M)’€7)

= (z; — m)2 V(m)+ FE ((xl — m)ze?) .
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It follows that

Since i = 2(1+6,)5 = 15+ 15,5 and ||?,[6,> < w? forall 1 <i <n,
N 1 2
V(m):n2 (3) + O(nu?) and ZE %e) = O(nu?).
Therefore E(2) = z + 2V(5) + O(nu?). 0

Interestingly, these two algorithms under SR have an opposed bias at the first
order over wu.

Remark 4.4. Lemma 3.1 implies that V(i) < -4 ||z[|? v, («?). Then

E(Z) =z +nV(m +ZE %€7) < z 4 nV (i —I—uQZE in)?)
=z+nV(m)+u (z+nV(m))
< (1 +u?)(z+ % 203 0 (%)) = 2(1 + u®) (1 + Kiyn(u?)).

5. Error analysis for algorithms with non-linear error. This section ex-
amines SR for non-linear computations via the previous two algorithms. We use the
two methods discussed in the introduction to estimate the forward error. In addition,
a new approach based on Doob-Meyer decomposition is proposed for the textbook
algorithm.

5.1. BC method. This section uses the BC method proposed in [8] to provide
a probabilistic bound on the forward error of both textbook and two-pass algorithms
under SR-nearness.

5.1.1. Textbook algorithm. In order to estimate the forward errors of the
textbook algorithm, compute

1
y— = _1_7 n — 57
il ij L — )

-y
i=1

< iﬁ(w -
i=1

Let B = {(?— )2 nt1 ’ +215(5 = 8)¥ng1|+|5* (Wng1 — 1)], the following equation will
be used in all proofs of the textbook forward errors

=2 et
i=1

<

S a2 - 1)) + 2
1=1

" |§2wn+1 — s

+%\((§—s)+s)2wn+1—52‘

+ % (|(5- 8)2¢n+1| +2|s(58 — 8)hpa1| + |52(1/)n+1 -1)]).

(5.1) s

3
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Remark 5.1. To handle the non-linearity of errors, the key idea of this approach
is to isolate terms of order 1 in error the errors and then use the previous results
on the inner product or summation. This error could be decomposed otherwise. For
instance,

1 . 1 . R N 1, ~
E(Sme_l —5%) = E(s2wn+1 — 85 +5s— %) = - (5(8tpt1 — s) + s(5—3)) .

Then, we can apply the same properties on (51,11 — s) and (s — s). The bounds are
different but asymptotically equivalent when nu < 1.

The rounding errors accumulated in the whole process of this algorithm ¢; and
1; satisfy for all 1 <14 <mn,

|| < (14 ) TEmmax@a) | < (14 u)"H37mED and (1| < (14 w).

Let us compute the deterministic bound of this algorithm. We have

n

PEACE))

i=1

2
<l Yot (w)-

Since |s] < [l2ll, and [3— | = [0, 2 — 1)] < [lally Y1 (),

B < (1+w)?||zl} (421 (u) + 21 (w) + [} (1 +u)® - 1)
= (1 +u)? 2]} (2o (w) + 271 (u) + 1) — |z}
= (1 +u)? ]} (e (u) +1)° — |||}

2
= [z} (1 +w)*™ ' = 2]} = [l v2n41 (w).

Finally

(5.2) 'ﬂ;f" < K2 (1) + Ko (1),

The following theorem presents a probabilistic bound of the forward error of this
algorithm through the BC method.

THEOREM 5.2. For all 0 < A < 1, the computed § in Equation (4.1) satisfies
under SR-nearness

Tt < 3B lI/3+ 3 (1 0P (VB 3+ 1) - 1),

with probability at least 1 — A.

Proof. Equation (5.1) states that |J —y| < |>i; #2(¢; — 1)| + £B. The quan-
tities ‘Z" 1 22(1h; — 1)| and |§ — s| represent the absolute errors of the inner prod-
uct > x? of the vector z by itself and the summation s = Y .- | x;, respectively.
Then [8, sec 5.1] proves that

n

ng(wi -1)

A
< 1#)13 v/29me1 (u2) /A with probability at least 1 — 5
i=1

~ : . A
|5 —s] < |lz|ly vV2vn—1(u?)/A with probability at least 1 — 5
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Since, |41 < (1 +u)® and |s| < ||z||;, with probability at least 1 — 3,
B < (14w all} (291 (62)/A+2v/230 1 (@)/A) + lall} ((1+w)°* = 1)
= (1) all} (231 (2)/ A+ 2v/ 27 1 (@A + 1) = |Jo]}
= () ol (VI GBI/A+ 1) — [l

Finally, Lemma 2.1 shows that with probability at least 1 — A,

n

1y — vl 1 2
< = Qomi(i—1)
[l ly] ;

< K2\ 29mr (2) )X + K2 ((1 + )3 (/21 () A+ 1)° — 1) . D

5.1.2. Two-pass algorithm. As with the previous algorithm, we present a
computational scheme for the proofs of the two-pass algorithm errors in this paper.
One needs first to separate the errors of order two. Let us recall that v; = ¢;(1 + ¢;)
for all 1 < ¢ < n. Therefore

1
+—B
n |yl

|z —z| = i(wl — ﬁ@)%/}i — (z; — m)2

A
(=
)
|
=)
e
i
|
E)
|
3
o

A
(=
E)
|
=N
e
5
|
E)
|
g
[\v]

because Y., (z; —m) = 0. Denote

n

> (@i —m)(pi — 1)

i=1

C= +2|(m—m) > (xi —m)(p; — 1)| +

i=1

(m—)?> .
i=1
The following equation will be used in all proofs of the two-pass forward errors

(5.3) 27— 2 < (14+u)C+ulz|.

The following theorem presents a probabilistic bound of the forward error of this
algorithm through the BC method.
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THEOREM 5.3. For all 0 < X\ < 1, the computed Z in Equation (4.2) satisfies
under SR-nearness

> 2 2 2
|ZZ|Z| §(1+u)< 4’Yn+;(u ) + 47n+/\1(u ) (2]C1+]C%< 47"*/\1(U)+1>>>

+ u,

with probability at least 1 — \.

Proof. Equation (5.3) states that |2 —z| < (14 u)C + ulz|, and |>1; ;| <
> (pi = 1)| + n. The following quantities |>1" (2, — m)?(¢; — 1), |m —ml,
1> (xi —m)(pi — 1)] and [> 1~ (¢; — 1)| represent the absolute errors of the in-
ner product of @ — m by itself > | (z; — m)?, the average m = 13" ;, the
summations s = Y., (z; —m) and »_._; 1 respectively. Then 8, sec 5.1] proves that

= 4y, 2 A

E (z; —m)?(p; — )| < |2 ’y%(u) with probability at least 1 — T
i=1

4 : s A

|m—m| < — H x|, i ( ) with probability at least 1 — T

47 . . A
Z(xi —m)(p; —1)| < Z |x; — m)| i H( ) with probability at least 1 — T

4, A
Z(gpi -1 <n %W) +n with probability at least 1 — 1
i=1

Using the Cauchy—Schwarz inequality, we obtain

Since v, (u?) < Yn+1(u?), Lemma 2.1 implies

4, 2 4 4 4 2
¢ <ol eex)  plohs e >\ﬁ+||x||1 Yt (u >< %H(u)H)

A n A A
o [ () Ay (u?) Jll, | llf { [4rmei(u?)
=l X T T 2l st o TH )

with probability at least 1 — A. Finally

T _ 2 2 2
= §(1+u)< 4%+A1<u>+4%+;<u>(Q,Cﬁ,q( MKM“)))

+ u,

with probability at least 1 — A, ]

5.2. AH method. This section uses the AH method proposed in [13] for the
inner product and Lemma 2.1 to provide a probabilistic bound of the forward error
of both textbook and two-pass algorithms under SR-nearness.
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5.2.1. Textbook algorithm.

THEOREM 5.4. For all 0 < A < 1, the computed § in Equation (4.1) satisfies
under SR-nearness

=1l 2 e T
+ K3 ((1 +u)3(\/m\/m+ 1) - 1) ’

with probability at least 1 — A.

Proof. Equation (5.1) states that [J — y| <[>, #2(¢; — 1)|+2 B. Moreover, [13,
cor 4.7] shows that

- A
me(% -1 < Hx||§ \/ WY2(nt1)(u)y/In(4/X)  with probability at least 1 — 5
i=1

A
|5 — s| < [|2l|; \/uvan—1)(u)y/In(4/X) with probability at least 1 — 3
Since, |thn41] < (1 +w)? and |s| < ||z||;,we have with probability at least 1 — 3,

B <4 u)® [ (wragomn) (1) In(4/A) + 2y ez () V/In(A/))
+lzl} (1 +w)® 1)

=(1+uw)® ||} (Wz(n—n(u) In(4/A) + 24/ ura(n-1) (w) v In(4/A) + 1) = 2|17
2
=1+ w?* o} (/wrnin ) (@) v/IEN) + 1) = e}
Finally, Lemma 2.1 shows that with probability at least 1 — A,
y|;|y SK%\/ Wya(n+1) (w) v/ In(4/X)
2
+ K3 <(1 +u)* (/wran 1) (W) V(AN +1) = 1) . 0

5.2.2. Two-pass algorithm.

THEOREM 5.5. For all 0 < A < 1, the computed Z in Equation (4.2) satisfies
under SR-nearness

SRR (\/Wz(nH)(U)\/IH(S/)\)
+ uYa(n41) (u) In(8/X) (2/C1 + K%(« [uYa(nt1)(w)/In(8/X) + 1)) > + u,

with probability at least 1 — A.

Proof. Equation (5.3) states that |2 — 2| < (1+u)C+u|z|. Note that [>"1 , ¢;| <
1> (i — 1)]+n and [13, cor 4.7] shows that each of the following inequalities holds
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. o1 )\ .
with probability at least 1 — 7:

n

Z(Ii —m)*(p; — 1)

IN

BN NI
< Ll Varyan () /G,

n n

Z(iﬂi—m)(%—l)ﬁz -—mlm\/ (8/N),

i=1 i=1

S i = 1| < nyfurago 0 () VI,

By the Cauchy—Schwarz inequality, > ., |z; —m| < \/n S (wi—m)? = /nz.
Since yon (1) < Ya(nt1)(w), Lemma 2.1 implies

C <|¢| \/ U’Yz(nﬂ)(u)\/ In(8/A) + Z@UVZ(nJﬂ)(U) In(8/A\)v/nz
” ||1U72(n+1 u) In(8/X) (”\/%’2@4—1)(“)\/ In(8/A) +n>
= [z| \/uya(n+1) (W) VIn(8/A) + uya(n1) (u) In(8/A) <2| ‘ [;EE
+ @(\/U’Yz (n+1)(u)/In(8/X) + 1))
with probability at least 1 — X, Finally
|Z|;Z < +u)<1/u72(n+1)(u)\/1n(8/)\)
+ Yoy (1) In(8/N) (2/61 + K2 (y/urani (u) /In(3/N) + 1)) ) tu

with probability at least 1 — A. a

El
|
El
/\

5.2.3. Textbook algorithm and Doob-Meyer decomposition. This work
introduces a new approach based on Doob—Meyer decomposition [6, p 68] to bound
the forward error of the textbook algorithm. To apply this method, we study

n

s= im, H (1-‘1-(5;6,1).

i=1 k=max(2,i)

Consider s1 = 1, s = Sg—1 + o and 81 = x1, Sp = (Sp—1 + xx)(1 + 0p—1) for all
2 <k <mn. Then s, = s and 5, = 5. Denote Z = 5 — sp = Zr—1 + (Sg—1 + T )0 —1.
Then, Z,, =5, — s,. By mean independence of 6y, Z1,..., Z, form a martingale with
respect to d1,...,0,—1. Then, Z; +s,...,Z, + s is also a martingale. Denote:
o Fr={01,...,0k}.
o Vi1 = Zx — Zp—1 = (Sp—1 + x)0k—1 for all 2 < k < n. Then Z, =
ZZ:2 Yy
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2 2
e 0i_ = E[Y;? | /Fr sl

o A, = ZZ:Z 0'1371 with A; = 0.
On one hand, A, is predictable:

E[An/Fn—l] =K

Z Gi_l/Fn_l]
k=2

S EYZ/Fra] /Fn_1]
k=2

3

=F

Z E[E[Y? | /Fr—2]/Fpn_1].
k=2

n

Since E[Y}2 | /Fi_2] is F_s-measurable, so it is F,,_1-measurable, and for all 2 < k <
n, we have E[E[Y;2 | /Fr_2]/Fy_1] = E[Y}2 | /Fr—_2] . Then

E[An/Fn—l] = Z E[YkQ—l/Fk—2] = A
k=2

On the other hand, X,, = (Z, + s)? — A,, — s? is a martingale:

E[X,/Fn_1] = E[(Zy + 8)* — A, — 8% /Fp_1]
= E[(anl + s+ Yn71)2/Fn71] - An - 82
= (Zn1+58)*+2(Zp_1+8)E[Yp_1/Fp_1] + EY? | JF,_1] — A, — 5°
= X,,—1 because E[Y,_1/F,_1] =0.

The expression of (Z,, + 5)? = X,, + s® + A,, is a Doob-Meyer decomposition.

LEMMA 5.6. The martingale X1, ..., X, satisfies | X — Xg—1| < uCy, for all 2 <
k <mn, where
Cr = [lz]I7 (1 + u)2*=2 (2 4 u).

Proof. Note that 07| = E[(Sp—1 + xx)?07_1 /Fr—2] = (Sk—1 + 2%)2E[6}_, /Fr—2]
by definition of Fy_o. Then
Xy — X1 = (Z,+8)2 — Ay — (Zo—1 + 8)° + Ay
= (Zk—1+ s+ See1 + 21)0k—1)" — Ak — (Zr—1 + 8)° + Apa
2(Zr—1 + 5)(Sk—1 + @k)0k—1 + -1 + 2) 651 — 0h_4
2(Zi—1+ 8)Sr—1 + 2)6k—1 + (S—1 + 2)* (0h—1 — E[0p_1/Fr—2]) -

Since [0r_1] < u, we have |81 +xx| < (1 + u)F~2 Zle |z;| < (1 + u)F—2 |zl
|5,%_1 — E[dz_l/Fk,QH < u?2 because 0 < 6,%_1 < u? and

k—1
|Zi—1 8 < (L+ )72 = 1) Y fail + Js| < Jllly (14 )2,
i=1

Thus
|Xk — Xk,1| <2u|Zp—1+ s ‘/S\k71 + $k| + u? [Sk—1 + :L‘k|2
< 2u(1+u)* 72 )] + u (1 4 u)®* 2 (|2}
=ullz)? (14 u)2*F=2D (2 +u). 0
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THEOREM 5.7. For 0 < A < 1, the martingale X1,...,X, satisfies under SR-
nearness

(5.4) | Xn| < Jl2ll} /2uya(n 1) (u)v/In(2/N),

with probability at least 1 — \.
Proof. Since X; = 0, Lemma 3.4 and Lemma 5.6 yields

zn:uzc’,%\/ﬂn@/)\),

k=2

| Xn| <

with probability at least 1 — A. Furthermore

- - 4 _ 4 Ya(n—1 (U)
ST w20 =S |l (1 w) D2 4 u)? = el (2 4+ u)?
(14w 1
k=2 k=2
o)t A dut (w)
- L4 4 6u+4u2 + 43 T4(n-1)
4
< 2]} Yan—1)(w).
Finally, |X,| < |3 v/2uyatm—n) (@) v/In(2/X). O

We are now in a position to state the main result of this sub-section.

THEOREM 5.8. For all 0 < A < 1, the computed y in Equation (4.1) satisfies
under SR-nearness

|yy|y| < 1) () VIRCATN) + K1+ ) [/ 2074001y () IO CA/N)

’V2(n—1)(u)
2

with probability at least 1 — X. In the following, this bound will be called DM bound.

Proof. Recall that Z,, =5 — s and (Z,, + s)?> = X,, + s + A,,. Therefore, from
Sub-section 4.1,

+u +1]—IC§,

~ 1 1
y—vy (Zn + 5)2¢n+1 + ESQ

n

I

1 1 n
2 ~2 2 2
(Vi —1) — — n+ - _—E (Y — 1
xl(w ) nsw 1+ns 7- 1xz(¢ )

=1

P20 = 1) = s (X + An) = 5 (s — 1)

|

N
Il
=

Since [¢n41] < (14 u)? and |s| < ||z||,, we deduce that

PIEACIESY
i=1

n
Z 3 (i — 1)
i=1
On one hand, Theorem 5.7 states that with probability at least 1 — %,

| Xn| < N2l /2uya(n 1) (u)v/In(4/N).

. 1 1 2
-l < L0 (X 40D+ el ()

1 2 1, 2
= ) (1Kl + Al + J2l1F) =l
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On the other hand, A, = ZZ:2 E[Yk{l/Fk_g] = 22’22@«—1 + :z:k)2E[5,%71/]Fk_2],
then

2
n n k
T S L oI ((RED 1)
=1

Yo(n—1) () Yo(n—1)(u)
< o 321+ )< o} BEL < e RO
k=2

Moreover [13, cor 4.7] yields:

= A
fo(?ﬁz -1 < Hm||§ \/ UWY2(n+1)(u)y/In(4/X)  with probability at least 1 — 5
i=1

Finally, Lemma 2.1 implies

v — H$||2 ||z Hl 3
o < w20 () VI (4 )| 32033000y () VIRCAT)

- () 1) _ lal;

+u
2 nlyl

:’ng/ wYa(nr1) (w)/In(4/X) + KF (1 + u)? ( 2uya(n—1)(w)v/In(4/X)

n—1)\U
-l—ui%( 21)( ) + 1) - K3,

with probability at least 1 — . 0

6. Pairwise textbook and pairwise two-pass. In this section, we illustrate
the continued applicability of SR results on the forward error of the pairwise summa-
tion to the forward error of both pairwise textbook and pairwise two-pass algorithms
(ie. the two-pass and textbook algorithms in which sums are computed pairwise).
The following theorem derives a probabilistic bound for the pairwise textbook using
the BC method.

THEOREM 6.1. For the pairwise textbook algorithm, for all 0 < A\ < 1, the com-
puted § in Equation (4.1) satisfies under SR-nearness

|gl;lyglC Ditog(n +1(u )/’\+’C2((1+U)3( 210g(n) (42)/A + 1) 1),

with probability at least 1 — \.

Proof. Equation (5.1) states that |7 —y| < [>7_; #(v; — 1)| + 1B. Since the

sum is pairwise, the term HZZ;aX{z,i}(l + ni) in 9; can be replaced with a term

1°8(") (1 4 i) as shown in Section 3. Thus:

n

Z%z(?/fi -1)

A
< |=|2 2%og(n)+1(u?)/X  with probability at least 1 — 5
i=1

N : s A
15— s] < ||z|l; 1/2Mog(n)(u?)/A  with probability at least 1 — 5
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Since, |thn41] < (1 +u)® and |s| < ||z]|;, we have with probability at least 1 — 3

B < (140 2]} (27080m) (43)/A + 24/ 2oy (@) /) + 2]} (1 +w)* = 1)
= (14 ) 2] (2108m) (1 )/A+2\/2mog<n><u2>/x+1)—||x||%
= 0 2l (2 tonn (/A +1) = [

Finally, Lemma 2.1 shows that with probability at least 1 — A,
-yl _ B

1v] |y| Zx T
< KQ \/ 2’710g(n +1( )/)‘+’C2 ((1 +U)3< 2’)/log n)( )/)‘ + 1) 1) . a

The following theorem shows the probabilistic bound for the pairwise textbook
algorithm using the AH method.

1

THEOREM 6.2. For the pairwise textbook algorithm, for all 0 < X\ < 1, the com-
puted § in Equation (4.1) satisfies under SR-nearness

-y
| - 'szcéw/uw(log(nm<u>\/1n<4/A>
+’C2< 1/U'7210g u)y/1n 4/)\ +1 )

with probability at least 1 — X.
Proof. Equation (5.1) states that |7 —y| < |37, #2(¢; — 1)| + 1B. Moreover,

Section 3 shows
& A
Zx?(z/}i -1 < ||sc||g \/ WY2(io0g(n)+1) (w)/In(4/A) with probability at least 1 — >
i=1

~ . . A
|5 — s| < ||z} \/uy2108(n) (u)y/In(4/X) with probability at least 1 — 3

As the previous proof, we can show that with probability at least 1 — %,

Bg(1+u)3‘\x||§(,/u7210g(n) )v/In(4/2) +1) E

Finally, with probability at least 1 — A,

3 <K it () VTR
+ K7 <(1+“)3(WW+1) 1). -

Similar bounds are reached for the pairwise two-pass using the same methods.

7. Error bound analysis. Table 1 shows the asymptotic forward error bounds
for the textbook algorithm. Higher order terms in u have been dropped when nu < 1
and uniquely for BC when nu > 1 and nu? < 1, and only dominant terms are
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nu <1 nu > 1 and nu? < 1
Det (K3 + 2K3)nu (K2 + K2)entDu
BC (K3 + 2K3)/2/Av/nu (K3 + 2K%)v/2/Av/nu
AH | (K2+2K3)2In(4/N)vnu | (K2 + K2/uln(4/X))/uln(4/X)e@rt+Du
DM | (K3 +2K3)2In(@/ N vu | (Vuln(4/N) (G + V2K3) + K3 g ) eCriin

Table 1: The asymptotic behavior of the textbook forward error bounds for a fixed
probability A and over n up to a constant.

shown. The results in the table are based on: 7, (u) ~ nu + O(nu?) and +/uvy, (u) ~
Yn(u2) = y/nu + O(nu?) when nu < 1. y,(u) = ™, Juy,(u) ~ uez* and
Y (u?) =~ y/nu + O(nu?) when nu > 1 and nu? < 1.

This table displays the advantage of the probabilistic bounds of the textbook
forward error in terms of O(y/nu) compared to the deterministic bounds in O(nu),
when nu < 1. Additionally, the BC method is far better when nu > 1 and nu? < 1.
The previous discussion also holds for the two-pass forward error bounds.

7.1. Numerical experiments. We performed a series of numerical experiments
comparing these new probabilistic bounds to the deterministic ones. We show that
probabilistic bounds are tighter and accurately reflect the behavior of SR-nearness
forward errors. Two types of plots are presented. Firstly, the plots are displayed over
n and show that for large values of n, BC bounds provide significant benefits compared
to AH or DM bounds for the textbook algorithm. Secondly, the plots are shown over
A, and show that AH bound holds a significant advantage for higher probabilities.
All SR computations are repeated 30 times with verificarlo [7]. All samples and the
forward error of the average of the 30 SR instances are plotted.

7.1.1. Textbook algorithm. We present a numerical application of the text-
book algorithm for floating-points chosen uniformly at random between 0 and 1.

1-1=09 n=1e+06

0175
—+— DM bound

=== AH bound
—— BCbound

DET-Text

—— DM-Text

=== AH-Text E

—— BCText Sy

v SR-nearness - ./‘ 0125
RN-binary32 Ty

102] ® SR-average !’ 0.100

0150

0075

0.050

0.025

0.000

Fig. 2: Probabilistic error bounds over n with probability 1 — A = 0.9 (left) and over
A with n = 10° (right) vs deterministic bound for the textbook algorithm.
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10°°

e i
i { U II

107®

Error

;“giiﬁ g4 o488 8T
T‘W SRR RRRRIE

v § g o9 o8 o§ i i

4 B LR O R B
RN-Text . .

« RNTP

B Two-pass
RN-Text

[- Textbook
e RNTP

0.008 0.016 0.031 0.062 0.125 0.250 0.500 1.000 2.000 4.000 8.000 0.008 0.016 0.031 0.062 0.125 0.250 0.500 1.000 2.000 4.000 8.000
n led n le4

Fig. 3: The forward errors of textbook and two-pass algorithms in binary32 precision
for floating-points chosen uniformly at random in [—1; 1] (left) and [1024; 1025] (right).

In Figure 2, triangles represent instances of the SR-nearness relative errors eval-
uation in binary32 precision, a circle marks the relative errors of the 30 instances
average, and a star represents the IEEE RN-binary32 value. Interestingly, for small
n, the left figure shows that AH, DM, and BC bounds are comparable with a slight
advantage for AH-Text and DM. However, as shown in Table 1, when nu > 1, AH
and DM bounds grow exponentially faster than BC bound.

As expected, for a fixed n, the figure on the right shows that the three bounds are
close for a probability around 0.9. Nevertheless, AH and DM bounds are more accu-
rate for higher probabilities than BC bound.The result is unsurprising because, gen-
erally, Azuma-Hoeffding inequality provides a bound for the deviation of the sum of a
sequence of independent and bounded random variables, martingales in this instance,
which gives tighter bounds for higher probabilities. In contrast, Bienaymé—Chebyshev
inequality is a less restrictive result that provides an upper bound for the probability
of deviation between the mean of a distribution and a particular value. The two-pass
algorithm exhibits analogous boundary behavior.

7.1.2. Textbook against two-pass. We now compare the forward errors of
both algorithms under SR. In figure 3, when the floating-point numbers are randomly
chosen with zero mean distribution (left), the absorption errors cancel each other out
because both positive and negative errors are uniformly distributed. Therefore, the
computed mean is close to zero with low absolute error, and the two-pass algorithm
degenerates into the textbook algorithm. Interestingly, this effect is captured by the
theoretical bounds because the condition term K3 + 2K? becomes smaller for zero-
mean distributions. This is confirmed by the experiment in the left figure, which
shows a similar forward error for the two algorithms, whether for SR or RN.

As expected, the figure on the right illustrates that when random floating-point
numbers are uniformly selected from the interval [1024,1025], the two-pass algorithm
outperforms the textbook algorithm using SR or RN. The mean centering in the two-
pass algorithm avoids cancellations and increases its accuracy. While the quantities
Dy z? and %82 are inevitably very large and have the same order of magnitude,
their subtraction yields a loss of significant digits in the result, which can compromise
the accuracy of the textbook outcome. It is evident from this figure that the use of
SR avoids stagnation for n > 10%.
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8. Conclusion. Many computations are non-linear in various fields such as nu-
merical analysis. In this paper, we have chosen variance computation as an example.
In 1983, Chan, Golub, and LeVeque investigated the forward error of variance compu-
tation algorithms using RN. To the best of our knowledge, this is the first theoretical
study of this problem using stochastic rounding as well as of any algorithm with non-
linear errors. In this paper, we have presented probabilistic bounds for two variance
computation algorithms that exhibit non-linear errors under SR.

Two methods are used to estimate the forward error of computations: the BC
method, which is suitable for large problem sizes n, and the AH method, which is
preferable for higher probabilities. The study demonstrates that using SR results in
probabilistic bounds on the forward error proportional to \/nu, which is better than
the deterministic bound in O(nu) when using the default rounding mode.

While introducing pairwise algorithm in summation, textbook, and two-pass al-
gorithms, SR leads to probabilistic bounds proportional to /log(n)u, instead of
O(log(n)u) for RN. We also demonstrate that the two-pass algorithm performs better
than the textbook algorithm under SR, as it does under RN.

A new approach based on the Doob-Meyer decomposition has been proposed as
an alternative method to AH for non-linear SR computations. Our proposed approach
contributes to developing new methodologies to bound the algorithms forward error
under SR. Though asymptotically in n, this approach is equivalent to the previous
two methods, we believe that it can be extended to other algorithms.

The scripts for reproducing the numerical experiments in this paper are published
in the repository https://github.com/verificarlo/sr-non-linear-bounds.
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