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ERROR ESTIMATES FOR GAUSSIAN BEAMS AT A FOLD CAUSTIC

OLIVIER LAFITTE AND OLOF RUNBORG

ABSTRACT. In this work we show an error estimate for a first order Gaussian beam at a fold caustic,
approximating time-harmonic waves governed by the Helmholtz equation. For the caustic that we
study the exact solution can be constructed using Airy functions and there are explicit formulae for the
Gaussian beam parameters. Via precise comparisons we show that the pointwise error on the caustic is
of the order O(k—5/6) where k is the wave number in Helmholtz.

1. INTRODUCTION

Gaussian beam superpositions is a high frequency asymptotic approximation for solutions of wave
equations [1]. It is used in numerical methods to simulate waves in the high frequency regime. Unlike
standard geometrical optics, the Gaussian beam approximation does not break down at caustics, which
is one of its main advantages.

In this paper we consider error estimates for the approximation in terms of the wave number k > 0.
Error estimates for Gaussian beams are known in a number of settings. See for instance [2, 3] and
the references therein. The main result is that, in L? and Sobolev norms, the relative error of first
order beams decays as O(kfl/ 2), independently of dimension and regardless of the presence of caustics.
This has been shown for general strictly hyperbolic partial differential equations and the Schrodinger
equation [2, 3] as well as the Helmholtz equation [4]. The better rate O(k~1) is typically observed in
numerical computations and has been shown in L? for the Schrédinger equation [5], and also in L™ for
the Schrodinger and the acoustic wave equation on sets strictly away from caustics [3]. Similar estimates
have been also been derived for higher order beams. For p-th order beams the rates are O(k~?/2) and
O(k*“)/ 21) respectively. There are, however, no precise, pointwise, error estimates for the solution at a
caustic. In particular, for first order beams it has not been shown that this error vanishes as k& — oo,
although there is ample numerical evidence to this effect.

The purpose of this paper is to show such an error estimate for a typical fold caustic in two dimensions.
More precisely, we consider the Helmholtz equation

(1) Au+E*(1 — x)u = 0.
We assume there is an incident wave uj,e from x = —oco making an angle © € (0,7/2) with the z-axis.
Moreover, at x = 0 it has the amplitude envelope A(y), so that
uine(0,y) = Ay)e™ .
This wave will generate a fold caustic at the line x = z. where
r, = cos*(0).

Figure 1 shows a representative solution. In Section 3 we make this physical situation precise and derive an
exact solution using Airy functions on R%2. We subsequently study the solution in the region 0 < z < xz,.
and compare it at = x. to an approximation using Gaussian beams, denoted by ugp. (Note that
0 < 1—2 <1 in this region; we do not make comparisons elsewhere, as the equation then no longer
models the physical situation.) The main result is the following theorem.

Date: April 2, 2023.
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FIGURE 1. The fold caustic: Example of solution with ray tracing picture for 0 < z < 1.

Theorem 1.1. Suppose A is a Schwartz class function, A € S(R), and that0 < ©g < 0O < ©; < 7/2. Let
u be the exact solution of (1) as defined in Section & and ugp a first order Gaussian beam approximation
detailed in Section 4. Then there is a constant C independent of k such that

lugs(@e, ) — u(ze, )|z~ < Ck/°.

This result hence confirms that first order Gaussian beams do converge pointwise at the caustic.
Moreover, since the solution itself grows as O(k'/®) at this caustic, the relative error is O(k~'), the same
as away from the caustic. We conjecture that this will be the case also for more general caustics.

The paper is organized as follows. In Section 2 notations are established and some preliminary results
are discussed. In Section 3 the exact solution is defined and a formula for it is derived. In Section 4, the
corresponding Gaussian beam approximation is introduced. Sections 5, 6 and 7 contain estimates of the
Gaussian beam parameters, the phase, various oscillatory integrals, as well as the exact solution and the
Gaussian beam approximation. In Section 8 the proof of the main result in Theorem 1.1 is carried out.
Finally, in Section 9 some properties of Airy functions are presented.

2. PRELIMINARIES

In the analysis we use a k-scaled Fourier transform and indicate it with a hat mark on the function,

@ F) = Fel£)(n) = VEF(f) (k) = @ / Fa)e*ondy.

The corresponding scaled inversion formula reads

1) =\ [ Foeriy = 7 (o) = VEF () k)

We also have

fo(n) = iknfn),  |Ifllz= < \/zlfllm, Fr(fxg)(n) = ﬁf(n)ﬁ(n)

We will frequently make use of a smooth, even, cut-off function which we denote ¢ € C(R). It is
defined as
2| <1,

¥(x) = {0, |z = 2, P(—x) = ().
€(0,1), 1<z <2,

This is used to divide integrals into subdomains and to regularize the Fourier transform of functions in &,
the space of tempered distributions. For example, if f is in L>°(R), but not in L!(R), the definition (2)
must be interpreted in distributional sense. We then let ), := t(x/t) and consider instead the Fourier
transform of the compactly supported function fi;, which is well-defined by (2) for all ¢ > 0. The
following Lemma shows that the limit as ¢ — oo gives us the Fourier transform in S’.



3

Lemma 2.1. Let f € L™ and set ¥y = ((box + b1)/t) for any fized real numbers by # 0 and by. Then,
with Fy, as defined abowve,

lim Fo(fi) = Falf),
in 8'. Moreover, if g € S then, again in S,

Jim Fi((f * g)e) = Jm ﬁfk(fwt)fk(g) = %fk(f)]:k(g)-

The short proof is found in the Appendix. In particular, if f is defined pointwise, the Lemma shows
that

3) fn) = Jim @ [otmis@e s

We also introduce some notation that will prove useful later on in the paper. We let
(4) & = cos O, 1o = sin ©,
so that (£y,70)7 is the unit vector pointing in the propagation direction of the incident wave. Following

Theorem 1.1 we will assume, throughout the paper, that 0 < ©g < © < ©; < 7/2. This translates to
bounds on &y and 7 of the form

(5) 0<&<&H<& <1, 0<mo<m<m<L
for some Ej and 7;. Moreover, we let
(6) 5:;5(371::58711’

be the distance to the caustic. Finally, we introduce the polynomial ¢, which is related to the geometrical
spreading of the rays,
(7) q(s) = 1+ 2is — 5B, B =1+ 2i&.

It will be used frequently in the analysis.

3. EXPRESSION OF THE EXACT HELMHOLTZ EQUATION SOLUTION

In this section we define an exact solution to the Helmholtz equation for the physical setup described
in the introduction. Using a property of the Airy function we deduce a decomposition of the solution
into forward and backward going waves.

We consider a solution u to (1) which is a tempered distribution on R?, i.e. u € S’(R?). The solution
then has a k-scaled Fourier transform in y which we denote @(x,n). Upon Fourier transforming also (1)
in y, we obtain an ODE for 4(z,n),

(8) gy + Kk2(1 — 2 —n*) = 0.
The only tempered distribution solution to this ODE is given by
ilw,n) = a(m AR (2 + 2 - 1),
where Ai is the Airy function of the first kind, and a(n) is a function to be determined. This solution
is thus a C*° bounded solution. The Airy function in this expression contains waves going both forward
and backward. In the sequel, we will choose the function a(n) as k'/¢P(k,n) defined in (10). To arrive
at this choice, we first note that when
a = exp(ir/3),
it holds for all z that [12, Eq. 9.2.14],
(9) Ai(z) = aAi(—az) + aAi(—az).
This follows since Ai(—az) and Ai(—az) solve the same ODE as Ai(z) given that a® = —1. We then
introduce the scaled variables
2 _

() =k3(@+n*—1), (@)=-al, (- () =—a(
such that

a(z,n) = a(n)Ai(((z)) = a(n)aAi((y(z)) + a(n)aAi(C-(z)).



4 OLIVIER LAFITTE AND OLOF RUNBORG

To further understand this decomposition, we note that the asymptotics of the Airy function (in the
angular sector |arg(z)| < 27/3) is

Ai(z) ~ 23/%2_% exp <—§zg> .

Therefore, upon defining the phase ¢(z) = 2(1 — n* — 2)?/3 we have, when z < 1 — n?,

e—iko(z) etiké(x)
(1= —a)% (1—n? =)t
Thus, the phases of the two expressions, and their gradients, have opposite signs, meaning that the two
terms in (9) represent a decomposition into forward and backward going waves in the region z < 1 — n?.
More precisely, the solution is fully known when a(n) is given, and one assumes that this solution of

Au+ k*(1 — z)u = 0 for all x (including x < 0 where the velocity grows) is the sum of an incoming and
an outgoing wave of the form a(n)aAi({s(z)) and a(n)@Ai (¢_(x)), respectively. This leads us to define

_ Ai(¢(z)) _ Al (2)) _ AL(C(2))

To(xﬂ?)—ma Telam) = Ai(¢4(0) ~ A (0)

which are three particular solutions of (8), since each term in (9) solve the ODE. These solutions are
normalized such that they equal one for = 0. The solutions Ty and T_ represent forward and backward
going waves. Among the three solutions, only Ty is bounded, since Ai(z) is bounded, while T+ are not
even in &', since Ai(az) includes also the unbounded second kind Airy function Bi(z), cf. (72).

We are looking for the solution

Ai(Cy(2)) ~ Ck™Y/0 Ai(C_(z)) ~ Ck~Y/0

T_(z,m)

We do not know 4(0,7), just that the incoming part of 4(0,7n) represents the incident plane wave. We
therefore write it as a sum of an incoming and an outgoing part

ﬁ(o’ 77) = ﬁ+(0, 77) + ’&'*(07 77)7

where we define 44 (0,7) as the k-scaled Fourier transform in y of the incoming wave with amplitude A
and direction © (recall ny = sin 0),

"U,+(0, y) - uinc(oa y) = A(y)eiknoy.
We then want to find 4 (0,7) such that

To(.]?, 77)@(07 77) = T+(Jj, 77)@+(0a 77) +T- (Z‘, 77)1}'— (O’ 77)'

To achieve this, it is necessary and sufficient that the values of the functions and their derivatives agree
at « = 0, since both sides satisfy the same second order ODE. This gives us the linear relations

4(0,n) = u4(0,m) +a—(0,7),
T5(0,m)a(0,n) = T'(0, )iy (0,1) + T (0,n)a—(0,7),
from which we can deduce

- 001) = 7 = O 0) = T 0,0)

It follows that

a(z,n) = To(x,n)a(0,n) = To(z,n) (@ (0,7) + @ (0,1)) = To(z,n)(1 + T(n))i(0,n).

The decomposition is not valid at the roots of Ai(¢(0)) = Ai(k# (2 —1)). Another form is available,
which is valid at all points. It is given in the following Lemma.

Lemma 3.1. One can express T(n) as follows

T — —aN(E(0)

a Ai(¢(0))
Ai(¢+(0))’

LT = a5 o))



Proof. To simplify notation we write Aiy _ o(x) := Ai((4+ — o(x)). Then, using (9),

)

Ais(r)  Aio(z) _ Aix(z)Aig(0) — A (0)Aig(x)

Ty —Ty = —
70T AL (0)  Alg(0) A (0)Aig(z)
_Aig(z)(aAiy(0) + @Ai_(0)) — Air(0)(aAiy (z) + @Ai_(z))
B Aiy (0)Aig(z)
S Ai_(0)Aiy(z) — Aip (0)Ai_ (x)
Al (0)Aig(z)
Hence,
Ai_(0), o Ai_(0)
T, —Ty= (T — T, — =(T_ — T .
+ 0 ( 0)A1+(0)< «a ) ( 0)A1+(0)a
The first identity follows upon differentating this expression with respect to x. The second identity is
then given by another application of (9). |
It follows now that
Ai(¢(z)) Ai(¢(0 Ai(¢(z
L1 T — o) ACO) _  aic()

Ai(C(0) Ai(¢+(0))  AQ(C4(0)

Since we know 4 (0,7) we can thus express the full solution as

_Ai(k3 (z — X))

w(x,ng +n) =a 14 (0,m9 + 1),
(z,m0 +n) Ai(ak%X) +(0,m0 +1n)

where we defined

X(n) =1~ (no+n)*
In this expression, one notices that the denominator never vanish because all the roots of the Airy function
are on the negative real axis.

Finally, since
up(0,y) = Aly)e™™ = a4 (0,n) = A(n — o),

we get
_Ai(k3 (z — X))

a(x,no+n) =a Ak X) An).

We write this as A
11(.’)3‘7 Mo + 77) = 77(777 z, k)A(W),
where
dk—l/ﬁ

(10) o(n, x, k) = kYSP(k,p)Ai(k3 (z — X)),  P(k,n) = T RRT)

4. CONSTRUNCTION OF THE (GAUSSIAN BEAM APPROXIMATION

In this section we derive expressions for a first order Gaussian beam approximation to the solution
of (1). A Gaussian beam is a high frequency asymptotic solution to the Helmholtz equation. To model
a general solution of (1), superpositions of Gaussian beams are used. We give the general form of a
Gaussian beam and their superposition in R? below. The derivations of the expressions can be found in
[4].

The Helmholtz equation with a general index of refraction n(x) reads
(11) Au+ k*n(z)?u = 0.

When n(z) is real, the equation models wave propagation, but it has a well-defined solution also when

n(x) is imaginary. However, Gaussian beams can only be defined for real n(z).
A first order Gaussian beam for (11) has the form

= a(s)eRSE+@=1()-P(8)+ 1 (@=1() " M(3) @=7(5)) _ g
(12) () = a(s)e » s=s"(2),

where a(s) € C is the amplitude, S(s) € R the reference phase, p(s) € R? the phase gradient and
M(s) € C?%2 the phase Hessian. Moreover, v(s) € R? is the central ray, which agrees with the rays
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T

FIGURE 2. A Gaussian beam starting at (z,y) = (0, —0.5) with direction 7y = sin©® =
3/4. The central ray v is indicated with a solid line.

of geometrical optics. An example of a Gaussian beam is shown in Figure 2. In (12) the parameter s
depends on the point of evaluation . Normally one takes the s-value for the point on the central ray
that is closest to @, as indicated in Figure 2. However, in the analysis below we make a simpler choice.
By a result in [1] the Hessian M will always have a positive definite imaginary part. The solution vy
will therefore be a ”fattened” version of the central ray, with a Gaussian profile normal to the ray with
a width determined by M.

The s-dependent parameters in the Gaussian beam are all given by ODEs [4], as follows

dy dp dM

(13) 75 = 2P s vn?(v), ke D*(Vn?)(y) - 2M?,
ds 9 da
it 2n°(7), = —tr(M)a.

The initial data for v and p is given by the starting point (zg,yo) and direction (g, 1) of the beam,

0= (1) o= (2),

In order to form an admissible Gaussian beam, M (0) must always satisfy
(14) M(0)" =M(©0), M)y (0)=p'(0), a"(ImM(0))a >0, whena L~ (0).

The choice of M(0) and the precise form of the incoming wave finally determine the initial data for S
and a. We come back to this issue below.

To build more general solutions we use superpositions of Gaussian beams. We assume that the incoming
wave is known along a curve I' in R?, which we can parameterize with the parameter z, so that I'(z) =
(z0(2),y0(2)). For each point on I' we launch one Gaussian beam in the direction 6y(z) of the wave at
that point. The parameters of the beams then also depend on z and we write v = v(s; 2), p = p(s; z), etc.
This gives the beams vy, = Vpeam (€; 2), from which we finally construct the Gaussian beam superposition

(15) ugp(x) = \/Z/vbeam(m;z)dz.
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See [4] for more details. In a numerical scheme the z-variable is discretized and for each discrete value, the
ODEs (13) are solved with a numerical ODE method. The superposition (15) is subsequently computed
using numerical quadrature.

4.1. Expressions for Gaussian beam parameters. In (1) we have the index of refraction n(z) =
V1 —z. The ODEs (13) can be solved explicitly and we get analytic formulae for all parameters in the
Gaussian beam. To show this we let p = (£,7) and v = (z,y) and also recall that p(0) = (&, 10), where
€2 +n2 = 1. Since we let the beam start at g = 0, we set v(0) = (0,yo). With the particular choice of n
it follows from (13) that £'(s) = —1 and 7/(s) = 0. Hence,

£(s)=% —s,  n(s)=no.
For the positions, we get a'(s) = 2£(s) = 2&p — 2s and y/(s) = 2n(s) = 21. By also using the initial data
we obtain
x(s) = 2s&o — 5%, y(s) = yo + 2smo.
The caustic z = . is located at the point where the ray turns back, i.e. where 2’(s) = 0, which gives
s =& and
Te = J}(fo) = 53
Note that all the rays are confined to the region z < x, < 1, where the index of refraction is real-valued.
The fact that n(z) is complex-valued for z > 1 therefore does not affect the Gaussian beams.
We also need to compute the coefficients corresponding to the phase S, the second derivative of the

phase M and the amplitude a. We have

as

ds

so the phase is a third order polynomial,

2n?(z(s)) = 2(1 — z(s)) = 2[1 — 2s& + 57, S(0) = So,

2
S(s) = Sp + 25 — 25%&y + = 5°.

3
For M we have the Riccati equation
dM 2/, 2 2 2
= DA (a(s)) — 2M () = —2M(s)?, M(0) = Mo,

with the solution
M(s) = (I +2sMy)~* Mp.
The matrix My must satisfy the conditions in (14). We pick

_ ~ _(m —méo _1/(=&% —no
Mo =Q+iP, P<—770§o & )’ Q2(—770 'fo)'

Note that P, Q are symmetric, P is the orthogonal projection on pg, and 2Qp, = —e; = p’(0). Moreover,

(py)"@pg =& > 0.
Next, one checks that

M (s) = (I +2sMy)~ ' My = m(1 + 2s(il — My)) Mo,

1
s
where

det(I + 2sMy) = 1 + 2sTrMy + (25)*detMy = 1 + 2is — 528 = q(s), B =1+ 2i&.

We note that g is related to the geometrical spreading of the beams. Further manipulations, using the
facts that P2 = P, 4Q% = I and 2(PQ + QP — Q) = &I reveals that M(s) can be written simply as

M(s) = ﬁ (MO - ;sm) .
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1.5¢

x = (z,9)

FIGURE 3. The simplified map s*(y).

We let m;; be the elements of M and deduce that

(16) mas(s) = —%(5)@0 — 2ind + 55) = —%(—% (& +9)P),
(17) maa(s) = f(s)@o +2i€3 — 56) = f@@o — 5)8.
Finally, for a,

% = —tr(M(s))a, a(0) = ao.

We note that if A\g and A; are eigenvalues of My, then ¢(s) = det(I 4+ 2sMp) = (1 + 2sX)(1 + 2sA1) and

Ao A1 1d

- — -4 .
Troon " 1325 — 2ds 840

tr(M(s))

It follows that

(18) a(s) =

ao

q(s)

The last thing needed to make the expression (12) for the Gaussian beam well defined, is to decide which
s-value to use for a given x, i.e. the function s*(x). As mentioned above, this is normally taken to be
the s-value for the point on the central ray that is closest to &. Here, however, to simplify, we just take

the s-value for the point of the curve that has the same y-coordinate; see Figure 3.
With & = (z,y) this leads to

Then = — y(s*(z)) = (z — x(s*), 0)7 and (12) becomes

1

(o) = (5% exp ik (S(67) + (o = o)) + Jn (7)o = 2672 )|

with z(s), £(s), S(s), m11(s), a(s) and s*(y) given above.

Remark 4.1. The value of q(s) = 1 + 2si — s23 crosses the negative real axis when s = 1/£;. To find a
better branch cut for the square root in the expression (18) for A(s) we note first that the equation

%%:O S (38)(Ra(s) = (RB)(Sq(s) & 260(1 — 5*) = 25(1 — &o3)

has the unique solution s = &;. Therefore, the equation ¢(s) = ¢5 with ¢ € R only has a solution if
t =q(&)/B = (1 —¢&2) > 0. Hence, g(s) never crosses the line {—¢3 : t > 0}, which we therefore use as
branch cut. This guarantees a smooth dependence of the Gaussian beam on s for all s > 0. It can be
written as /zf3*/+/B* if v/ is the usual square root with branch cut along the negative real axis.
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4.2. Gaussian beam superposition. We will now prepare the superposition. The initial curve T" is
simply the y-axis so that I'(2) = v(0;2) = (z0(2),30(2)) = (0,2). By assumption the incoming wave
propagates in the same direction (&g, 1) for all z. Moreover, the same initial data for M is used for all
z. This means that x, £, n, M and the geometrical spreading parameter g are all independent of z. Only
y, S and a depend on z. We obtain from (12),

(z,y:2) = a(s; Z)eik(5(8;2)+(w—v(8;z))~p(8)+%(w—v(S;z))TM(S)(fc—v(S;z)), s = s*(x).

Ubeam

To derive the initial data ag(z), So(z) for a(s;z) and S(s; z) we consider the trace of vpeam and ugp on
x = 0. To get explicit formuale we also let s*(x) be the s-value for the point on the curve that has the
same z-value, i.e. s*(0,y) = 0. That gives

Vbeam (0, 3 2) = ao(Z)eik[so(Z)Jr((oﬁy)*W(O%Z))'PoJr%((O,y)*V(O;Z))TM(O)((0’9)*“/(0:2))]
- ao(Z)eik[so(Z)-i-(y—Z)no-i-%(y—z)2m22(0)].

and for ugp,

ugp(0,y) = eV \ 2i /ao(z)eik[S“(Z)fzn"}*%ik(y*2)2m22(0>dz
T

= ao(y)eiky”(’\/?/eik[so(ﬂry)(Z+y)no]+;z‘kz2m22(o)dz + oY),
27

To match this with the incoming wave on z = 0, i.e. uinc(0,y) = A(y) exp(iknoy), we take
So(z) =m0,

and

a0(y) = A(y) (\/5 / e“’“zzT”Zz(“)dz) = Aly)V/=imz(0).

Thus the expressions for the Gaussian beam coefficients are

(19a) x(s) = 28y — 57,

(19b) y(s;2) = 2 + 2sm0,

(19¢) £(s) =& — s,

(19d) n(s) = no,

(19¢) S(s;2) =noz + 25 — 25%&y + 253,
_2i—(%o+5)8

(19¢) a(s;z) = Az) v/ —ima2(0).

This gives us the simplified expression for vpeam,

(20) Vbeam (7,75 2) = a (s%; 2) eik(s(s*;z)-‘r(w—w(s*))f(s*)-&-%mu(s*)(w—w(s*))2)’ s*(y; 2) = y2— 27
Mo

which, together with (19), define ugp via

(21) ugp(r,y) = \/z/vbeam(m,y; 2)dz.

We will continue now to simplify (20) and compute the k-scaled Fourier transform of ugp in y. Since
r—x(s*) =z — 25*¢ — s*% and § = €2 — x by (6) we have

etkSg (s™;8)

q(s*)

Ubeam (2,5 2) = A(2) f(y — 2)e™™™¥, f(2n08") = \/~ima2(0)
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where

Sy(s%36) 5= S(s%52) + (2 = 2(sDE) + Jmun(s7) = (%)) — oy
= olz )+ 25 = 26726 + 25"+ (2 = 26 + 572 (60 — ) + () (o — 2670 +57)?
:2€f42f%u+§§3+«§4f®2*®@o*f)+%mn@ﬂﬂf4(@2*®2

o B R L (G D (R R GO (G

Then we can write
[k ,
ugp(z,y) = g(A x f)(y)eFmy.

Since A € S the beam v is always integrable in z, so that ugp in (21) is well-defined. However, there
is no guarantee that ugp(w,-) is in L'; in general it is not. When we compute its Fourier transform we
therefore use Lemma 2.1 and (3). By Lemma 5.1 and 5.2 below, ¢ is bounded away from zero and Smq;
is strictly positive. Hence, f € L. Therefore,

tgp(w,mo ++) = P (Yrucp(z,-) exp(—ikno-))

= lim \/7]-";f (Ve (Ax f tlgglofk(ﬂ/}t)]:k(A)v

t—o0

where we can choose ¥ (w) := ¢¥((w/2n9 — &o)/t), that is, bp = 1/2n9 # 0 and b; = —&p in Lemma 2.1.
We then compute

Fulfu) (6,1) \ﬁ / e(w) f(w)e 7 du = \/T / Ur(2087) f (208" e 20" 9 s

sz g(s™;0)

= \/—ima2(0 \/ /% 108" ) ———e 210" 21y d 5*
q(s*)
(kS (0-+€0:6)

/—im N/ — 76—2%?7170(9-5-50)2 do
22 /d} \/m Mo

Here we made the change of variables w = 2nys* and 6 = s* — £y. Moreover,

2 2 1
Sy (04 &0;0) = 55(3) + 593 — (6> = 6)6 + §m11(9 + &) (6 — 6)?

2 1 1
= gfg - 593 +80 + gmu (0 + £0) (6% —6)°
2
= gfg + ¢g(6a 07 77) + 27707797
where we have introduced the Gaussian beam phase ¢, as,
1 1
(22) $q(0,0,m) = —593 +0(0 = 2non) + 5ma(€o + 0)(6% —6)°.

Since Mmoo (0) = £3/2 = by (17) and q(&) = Bn3, this finally gives

eik(%58+¢g (6,0,m)—2nm080)

Fiu(fpr)(6,m) = \/Tzz(())\/?/w(e/t) 2100

q(0 + &o)
zk¢y(6 0,m)

= 2701 /_/”n22 1 /7e”€( £8—2nmoéo) /w 7(”
\/ q(0 + &o)

k2.3 elk(by(‘sxem)
— VRG] e G2 [ o/ ———a
2 q(0 + o)

= kY% Pgp(k,n)L(n, 0, k),
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where

(23) Pgp(k,n) = 2(7r50)1/26*i7f/46ik(%§3*27777050),
and
L1/3 kg (6,0,m)
2m q(6 + &o)
Then
(25) acs(z,m0 + 1) = der(n, 2, k) A1),
with

@GB (777 x, k) = t1i>r£c kl/GPGB(k7 77)It(777 57 k)

5. PROPERTIES OF THE AMPLITUDE AND PHASES

In this section we collect a series of estimates that we will need for the final proof of the magnitude of
the Gaussian beam error.

5.1. Geometrical spreading. Here we show some properties of the ¢g-polynomial in (7) that relates to
the geometrical spreading, repeated here for convenience,

q(s) = 1+ 2is — s>, B =1+ 2i&.
We have
Lemma 5.1. There are positive constants qo and qy, independent of & and 0 € R, such that
0< qo(1+6%) < lg(éo+0)| < qu(1+6%).

Furthermore, there are constants b, independent of 0 and &y such that
dr 1 by
Jon S n+1"
o™ \/q(& +0)| — 10"
Proof. We first show that g has no real root for the considered values of £y. Suppose therefore that ¢ has
a real root s = r. Then the real and imaginary parts of ¢(r) = 0 reads

1—7r2=0, 2r — 26012 = 0.

The only solutions to this system are r = £ = =£1, which are both ruled out by (5). Let ¢(0) :=
lq(€0 +0)|/(1+6?), which is then continuous and non-zero for all §. For large 6 it is bounded from below
and above since limg_, 1o ¢(0) = |5]. In fact, there is a a constant 6y such that

i 51
o) - 181l < 2,

uniformly in &y, because of the bound (5). We can then take gg and ¢; as

qo = min< inf g(0), |ﬂ> , @1 =max ( sup ¢(6), 3'5') :

16]<60 2 19]1<60

|6| > 907

The stated bound then follows.
For the second statement, we observe that there exists a sequence of polynomials p,, of degree n such
that
di 1 - Pn(0)
ao" \Jq(@)  a(O)172

given by the recursion
Pr+1(0) = p, (0)q(0) — (n+ 1/2)pn(0)q'(0),

d pa(0)  pn(8)q(8) — (n+1/2)pa(0)q'(0)
do q(0>n+1/2 - q(g)n+3/2 ’

thanks to
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Then, by the lower bound on |g| and (5), there are constants C;, and b,, depending on n but independent
of 6 and &; such that

a1 palbo+ O _ o LG 0" _ T2 ) 1
N R | R ey B e T L S o
This shows the lemma. O

5.2. Phase. In this section we define the two phase functions ¢, and ¢, that turn up in our analysis
and show a few properties of them. The first one, ¢,, is defined as

(26) 6a(68,0,1) = 507+ 0(6 — 2101).

This has a close connection to the Airy function and we call it the Airy phase. Indeed, exp(i6#3/3) is the
Fourier transform of Ai(z) in &'(R) and therefore, using the regularization of Lemma 2.1,

lim ~ / 0(8/s)e= O BOM gy — Ai(K/3 (2m0m — 6)).

The second phase is the Gaussian beam phase (22) derived in the previous section. It can be written as
a sum of ¢, and a complex correction, by (16),

OT)  0y(6.0m) = 64(6,0,m) + grni(6o + O — 6, mu(s) =

We start by looking at the my; part of the Gaussian beam phase.
Lemma 5.2. For mq; it holds that

2i — (& + 5)B
2q(s)

1
. o . _ ! 2 _ =
(28) sgrfoo mll(s)s o sllrinoo mll(s)s - 2’
3
29 Smai(s) = ,
2 RO
d”mu(&) + 9) dy,
<
(30) aom 14 |9|”Jr17
(31) s (6o +0)] > —2
11\S0 =1 ¥ |6|7

for some constants d,,, Dy independent of 0 and &g.
Proof. From (27) we have

sm (S) _ SQi B (50 +5)B _ (22 7506)5*652 o (*2i+§05)571 +5 5 1
e 2(s)  2(1+2i—fs?)  —2(1+2i)s ' +28 2

showing the first limit in (28). Moreover,

1B+ 2is— 828) + (20— 25B)(2i— (€ +5)8) 18— A= 286 +258(6B —2i) + 5267
M) = =3 4(5)? =73 16)?

which similarly implies the second limit in (28). For (29) we have by (16),
S [(2i — (S0 + 5)B) (1 — 2is — s*B*)] (€0 + 5)(25 — 25%) + 2(15 — &) (1 — 5%)

Smus) = O - Ok
_ ng + 5 [(&o + s)(1 — &) —ngs — &(1 — 5%)] _ e 50
FBE POk

To show (31) with Dy = min(1/2,1 — &;)/v/2q1 we observe that,
12¢ — (0 +260) (1 + 2i)| [0 + 260 + 2[1 — (6 + 2£0) &0
(0 + &)l - V2q:(1 + 62)
o 104 26] +1 = [(0 +260)80] _ 1+ (1 —&)[0 +26[ _ 1 —2(1 —&)éo + (1 — &)lol - Do
B V2q1(1+6?) V2(1+62) V2q1(1+62) BERa

Im11(§o +0)| =
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where we used Lemma 5.1 as well as the facts that v/2|z| > [Rz| + |Sz| and 1 — 2z(1 — x) > 1/2 for
0<z<1.
For (30) we note that if 7, and p are any polynomials of degrees ¢; and ¢, then
d (e _rp =y e
4o T pRtL T pRtL

where the degree of rg11 is £+1 =, + £ — 1. By induction,

dn T1 o Tn+1
dom ; - opntl?
and 7,41 has degree ¢,,11 = ¢; +n(f — 1). Since mq; is the quotient of the first order polynomial

r1(s) = (2 — & B — Bs)/2, and the second order polynomial ¢(s), its n-th derivative, is

Tnt1(&o +6)
q(§o + )+t

and 7,41 is of degree n + 1. Using Lemma 5.1 and (5) we then obtain the required estimate,

C(1+l6+01"") _ C+2°(& + 101" _
(qo(1+62))ntl = (qo(1 + 62))n+1 =1+ gt
where d,, is independent of &. O

m{™ (& + 6) =

im{? (& +60)] <

We are now ready to estimate the full phases ¢, and ¢,.

Lemma 5.3. Let ¢ be either ¢, or ¢4. Suppose |§| < 1. Then there are constants co and C,,, independent
of n, 0, & and § such that

52) 60601 = 2o when 6] > o (14 /),
0P +6+1al, n=1

(53) 000,00 < Cu {0146 n=2

Additionally,

(59 30(0.0.1) > 0.

For ¢, we have C,, =0 when n > 4.

Proof. We first prove the statements for ¢ = ¢,. Suppose 0] > co(1 + |n|)*/2. Then || < 0?/cy — 1 and
by (5)
10000 (8,0,m)| = |07 + 20 — 6] 2 0% = 2[n] =1 > 6% —2(6%/cg — 1) — 1 > (1 - 2/c5)0°,
which gives (32) when ¢ > 1/32/15. Similarly,
[00a (8,0, < 0% +2|n| + 6 < 2(6% + || +6),

showing (33) for n = 1. The bounds for larger n follow easily from an explicit calculation, yielding C,, = 2
for1<n<3andC, =0 forn>4.
To prove the statements for ¢, we denote the correction term by w(6,0) = ¢4 — ¢o. Lemma 5.2 gives

wg(é, 9) . 1 3

1 2 2 1.3
05+ 62 0—>rino<>92( miy (G0 +0)(6% = 8)* + 2mua (6o + 0)(0 _6)9) T4 tl= 4

Consequently, there is a K such that |wy(5,0)| < 762/8 for all |§] > K, uniformly in & and § thanks to
(5). We now take co = max(K,/32). Then for |6] > co(1 + ||*/?) > K, we have

7 1
[9004(8,0,1)| > 06¢a(8,0,1)] — |0ew(8,0)] > (1 - 2/c5)0* — §92 = (1/8=2/c3)0* > T602’

and (32) is proved.
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For (33) we use (30) in Lemma 5.2. When n = 1 we have, as above,

1
10060, 0,m)| < 0% + 16 = 2non| + 5 M4y (S0 + 0)](67 = 8)* + 2mar (o + 0)[0(6% - 0)
dq |0]* + 62 16> + 46|
< 62 _ k1 bl B I Ll B hl §
<0 4|0 277017\—&-2 s + 2dg 510

which shows the result for n = 1 with Cy = max(1 + d; /2 + 2dp, 2). For n = 2 we get

1
< (1 + 5di + 2d0> (0% + 6) + 2noln],

|899¢g(67 07 77)| =

1
20+ gl 6+ 0)(0% = 57 + il (60 + 0)6% 610+ 2o +0)(36° — )

do |0]* + 52
<2|0|+ — 4d
= H+21+\9|3+ !

0 016 , ,, 36°+0
1+ 62 ]

1
< (2 + 5o + 4dy + 6d0> (16] + 8) =: Ca(|0] + 6).

For n > 3,
(a0 — 1] n (nt) ) d g 71 max(4,n) n (n—0) ; dt 2 s
|9w(,)|7§; ¢ M (foJr)W( —9) =5 ; P LCE (&)JF)W( —0)
max(4,n)
n 1 4—0 Cn
< S — <
<0 3 (2 40 < s

which shows the result for n > 3 as 93¢, = —1 + Jgw and Iy ¢, = 5w for n > 4.

Finally, statement (34) for ¢, is trivial, as S¢, = 0, and for ¢, it follows from (29) in Lemma 5.2 and
(5), since

1 (02 _ 5)2772
S¢y(6,0,m) = =Sm +0)(0% —6)? = —29 >0,
¢g( 77) 2 11(50 )( ) 2|q(50+9)|2

This concludes the proof. O

In the final part of this section we consider a space of function that is used in Lemma B.1. For a fixed
phase function ¢ and order p we first introduce the basis functions

¢(Oék+1)

(35) Wp(¢)={H P > ar=p, akzl,},
k k

when p > 1 and let Wy(¢) be the constant function equal to one. Second, we denote by U, (¢) the linear
span of these functions over the complex numbers,

(36) Uy(¢) = spangc Wy (9).

Functions in U, (¢) appear in Lemma B.1. Here we show that when ¢ is either ¢, or ¢,, these functions
are bounded on subsets where the phase gradient grows at least quadratically.

Lemma 5.4. Let K ={0 € R | ro < 0| <71}, with 0 < Ry <19 < ry and, for some ¢ > 0,
|po(5,0,n)| > cb?, for allf € K and |§] <1,

where ¢ and Ry are independent of § and n. Then for each u € Uy (¢(6,-,n)), where ¢ is either ¢, or ¢,
there is a uniform bound

lu(8)] < C, Vo € K.
The constant C depends on ¢ and Ry but is independent of ro, r1, § and n.
Proof. We get from Lemma 5.3,
|¢06(0,60,m)| < Co(|0] 4 6) < C2(16] +1) < C2(1+1/Ro)|0], VO € K,
while for n > 3 we have

Cn o wheR

"0(6,0,n)] < ——x
|89¢( 9 777)| = 1_’_‘9‘71—3 >~
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The constants Cy and C,, are independent of § and 7. Consider next w € W,(¢(4,-,n)) and assume it
has M > 1 factors and, without loss of generality, that the first M’ < M factors have a = 1. Then, for
alld € K,

H 600 (3.6, m)] ﬁ 95+ 6(8.6,m)] _ ﬁ Co(1+1/Ro)|f) ﬁ Coy 1

|00 (9, 6,n)] My |po(6,0,m)]  — Pt} cf? k=M’+1 |c62]
(1+1/R)™  _(1+1/R)M
< . < =
. (gg?é‘;ilcf) o=t =€ g =

where C' is independent of 8, i, ro and r1, but depends on ¢ and Ry. Since u € Up(9(d,-,n)) is a linear
combination of functions in W, (¢(9, -, 1)) the same bound holds true for u on K. O

6. ESTIMATES OF OSCILLATORY INTEGRALS

We consider integrals of the type
k3 / 077 (9) e 00m gy,

where ¢ is either ¢, or ¢4 and r € W™°(R), whose norm is defined by

" || dir
7wy =D || 255
=0

Le>=(R)

In general the integrand is then not in L'(R) and the integral must be defined in a generalized sense
as an oscillatory integral. In this section, however, we only estimate the integral over bounded intervals
that are defined using a smooth cutoff function ¢ € C°(R), which takes values in [0, 1], is equal to one

n [—1,1] and has supp(¥) C [—2,2]. This leaves us with integrals over compact domains with smooth
integrands. Our main tool for estimating them are the identities stated in Lemma B.1. They are used
to rewrite the integral on the domain where ¢y # 0. Lemma 5.3 in the previous section tells us when
this is true. Lemma B.1 uses the space of functions U, defined in (36). Functions in U, are bounded
on the domains we consider here, which is proved in Lemma 5.4. Together, Lemma B.1 and Lemma 5.4
constitute a precise version of the non-stationary phase lemma.

We will also make use of the simple inequalities

n j
(37) |[uv||wn.com) < C"ZZ

§=0 k=0
for all u,v € W™*°(R), and

(38)  ul(-/o)llwnom) = ZU

di—ky

i < Collullwn.se @) [0l oo ®),

Le>=(R)

L>=(R)

diu

7Y < max(1,07")||ullwn.m), Yu € W™(R), o # 0.

L (R)

We start with an estimate of the integral between R and 2t where ¢ is arbitrarily large. For this we
consider a smooth cutoff around # = R and § =t > R and obtain bounds that are independent of .

Lemma 6.1. Let ¢ be either ¢, or ¢, and set
= k% [ (1= (0 R)) (6 /)67 (0)e™ 50 a,
where cg < R < t with ¢y as in Lemma 5.3, |0] < 1 and v € W™(R). If co(1 + |n|*/?) < R and
n > 14+ p/2, there is a constant Cy, independent of k, R, §, n and t such that
|1 < Cok 277 || [wrnco ) -

Proof. On this domain the results in Section 5 show that the phase gradient does not vanish, and |¢g| >
ch?. Since the integrand is smooth and compactly supported we can therefore use the non-stationary
phase lemma to estimate the integral. For sufficiently regular r the repeated partial integrations in this
lemma enables us to offset the growing 67 factor and obtain a bound that is independent of ¢.
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To be precise, let
b(0) = (1 = (6/R))p(0/t)r(0),
which is supported in the compact set K = {§ € R | R < |0 < 2¢t}. Then by Lemma 5.3 we have

|po(5,0,1)| > 62/16 on K, independent of §,  and ¢, since 0] > R > co(1+ |n|*/?). We apply Lemma B.1
with a(f) = b(0)0? and let D be any bounded open set containing K. This gives

I, =k'3 / b(0)gPe (201 dg
D

13 wn(®) kg6 .
(39) = k'3 (ik)~ Z/ <d9€ > %(5707”)”6 do, Upn € Un—e(0(,-,m)).

where the space U, is defined in (36). Since K satisifies all conditions in Lemma 5.4 and R > ¢y > 0 we
obtain a uniform bound,

lugn(0) < Cony VO €K,

where (Y, depends on ¢y, but is independent of 6, n, R and ¢. This allows us to estimate I; as

n min(¢,p) |9| n min(¢,p) oo do
1/3— 0— 1/3— —
\I,| < CkY/ nz Z /‘b( =) (p |\2 d9<0k/ nz Z ||b¢ a)||L0Q(R/ e
=0 j=0 R
< CEV3N T ! <C L b
< ZH ||L°°(R)Z R2n—ptitl = 7 2n= o1 bl ®).
£=0 §=0 ‘o

where we also used the fact that 2(n — 1) > p and ¢y < R < t. Moreover, by (37) and (38),
[[bl[wn.oe () < O max(1, ¢5 ™)1 = | wn.oe ) 9] [wroo )| 7| lwnooe ) < Cllrllwn.oe (m)

The result in the lemma follows. O

Next we consider the main part of the integral for small  and § with the Airy phase. The estimate
involves the norm of r with an argument scaled by k'/3.

Lemma 6.2. Let
I=FkY3 / »(0/R)OPr(0)eFPa0m gg.
where 0 < Ry < R < Ry andr € W™°(R) withn = [(p+ 1)/5|. Moreover, suppose
(40) 9 $ -2/
nl+ 0l < SRS k21
Then there is a constant C, depending on Ry and Ry, but independent of k, R, n and § such that
1) < CE PP lillwnoey, 7(Q) =7 (K77%)),
Proof. For 6 — 2nny = 0 the phase ¢, has a degenerate stationary point at the origin. We will therefore
treat the integral in the vicinity of the origin separately. Away from the origin we have the same type of
lower bound Jy¢, > cf? as in Lemma 6.1 and we can therefore once again use the non-stationary phase

lemma to estimate the integral. _
For the proof we use the rescaled variables ¢ = k'/30, 6 = k?/36, 7 = k*/3n. Since

BalB/11%, G %) = — 263 + (3 = 2ml) = 6a(6,,7),

we can rewrite the integral as

1=k [y (klfg R) ¢rrn(¢)e® (Mg,
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We then divide the integral into two pieces,

i [0 () oren- 65

+ kPP /(1 = Q)Y (kl/c?,R) Q)6 (e d¢ = kP/3(1y + ),

where I is the part close to the origin containing the stationary point, and I is the remaining part.
Note that I matches the general form of the integral in Lemma 6.1 if we take t = k*/3R2.
For I; we simply have

2
TAE / 1€ [7(O) dC < Clil| e,
-2

with C independent of k. If 2k'/3R < 1 we have I, = 0 and the proof is complete. We assume henceforth
that 2k/3R > 1 and let

40) = (1= 0 (a5 ) ()

the support of which lies in the compact set K = {¢ € R | 1 <|¢| < 2k'/3R}. Then for ¢ € K, by (40),

- ;1
10c6a(8, G, )| = |C? + K2/ (2n0m = 8)] > |C%] = k(2| + |81) > 1% — %0 e

Thus, since ¢, has no stationary points on K we can use Lemma B.1 with a(¢) = b(¢)¢? and D an open
bounded set containing K. This gives

ug,n(C) otk®a (8,6,7)
1 (ik)~ —_— S,
2= ;/ (dd ) 5c(3.C.0)"

where g, € Up—p, with U, defined in (36). This expression is now estimated in the same way as (39)

above. Since |§| < €2/2 <1/2 and K satsfies the assumptions of Lemma 5.4 we obtain a uniform bound
for ug, on K. Then

1] < Ok Zmi) Dy [ o R
: 2 v [ e <O [
< CE™[b | (ry max(1, (2k/3 RYP=2)2k/3 R < C||b]|yyrn oo gy max(k'/3", kP=0n+D/3 gp=2n) R,
< Cmax(1, RE™>", RY™*") Ry |bllwn.oo ) =2 Cl[b]lwr.oo m),
since p+1 < 5n and k > 1. Moreover, as in the proof of Lemma 6.1, by (37) and (38), since k'/>R > 1/2,
|Ia] < C|bllwn.co @) < CCR2™ |1 = Pl wn.co @) |9/ [wnoe @)l |Fllwroo @) < ClIFk][wn.oo @)

Together the estimates of I and I then prove the lemma. We finally note that since r € W™ (R) the
norm ||7g||wn.(r) is bounded because of (38) and (40). O

Finally, we show that the derivatives of the Airy function are well approximated by an oscillatory
integral with a monomial factor and the Airy phase.

Lemma 6.3. Let
I = k1/3/’(/}(0/R)9p€ik¢a(6’0’n)d9,

where ¢g < R with ¢y as in Lemma 5.8 and |6] < 1. If co(1 + |n|*/?) < R and n > 1+ p/2, there is a
constant Cy,, independent of k, R, 6 and n, such that

2miP . _
’I - mAl(p)(kz/?’(Qnon - 5))' < C kY3,
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Proof. The Fourier transform of Ai® in &’ (R) is

F(AIP)(Q) = —=(i¢)Pe’

Therefore, using Lemma 2.1, and noting that F~1(-)(p) = F(-)(—p),

L icpeis = imi iC)Pe’ G4
o tiere ) (o) = fim o= [ utc/nticre 50l

After rescaling 6 = k=/3¢ we get
/1/) ¢royiore (5H0) ae = ”k*/w (Ok/3 1y gre (5 +4500) g
It follows that if

(41) p = k*3(2non - ),
then

AP (p) = F1 (

2m

% 2/3
(k1/3) A1<P)(k2/3(277 n—20)) = L1/3 hm /77[} kl/?’/t) oPe k( +k~ gp)(w

Y RVE tlim /w(g/t)gpe*ikaﬁa(&@m)dg
—00
= k1/3(—1)Pt1Lm / W(—0/t)gPe ka0 gy,

Since ¢, is odd and v is even in 6 we obtain

- oA (K23 2oy — 8)) = 4 KV lim / (1= {0/ R))(8,/1)9Pe 4= 0:0m gg

The result now follows from Lemma 6.1, with » = 1. O

7. SOLUTION ESTIMATES

In Sections 3 and 4 it was shown that the partial Fourier transform in y for both the exact solution
and the Gaussian beam approximation can be written on the form

a(x,n) = i(z,mk)A(n),

where A is the amplitude function and ¢ for the two cases are given in (10) and (25). In this section we
prove bounds of those ¢ in terms of k and 7, which are valid for all n € R, z € [0,z.] and k > 1. We start
with the Gaussian beam superposition case and estimate 9gp as follows.

Lemma 7.1. For 0gp defined in (25), there is a constant M such that
(42) foan e, k)| < M (1-+1og (1+[n'/2) ) K1/2,
foralln eR, x € [0,2.] and k > 1.

Proof. From (24) in Section 4.2 we have

I =k? / B(O/t)r(0)eRsGOM gy p(g) = — (&EEJOF)G)

We note that r € W™ (R) for all n by Lemma 5.1 and that 0] = |z. — z| < |z.| = & < 1. We divide
the integral into two parts. Let R = R(n) = ¢ (1 + |n|'/?) with co as in Lemma 5.3 and define

I, = K/ / D(0/ RY(0,/1)r(0)ees(:0m) gg 1 1/ / (1= (0 R))0(8/)r(0)e*es@OMdg = Iy, + I,
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For I, ; we have, again using Lemma 5.1, and that fact that 3¢, > 0 by Lemma 5.3,

T N o
90 J—2R(n) Vit qo V1+62

< Ck*log(R(n)) < C"k"*log(1 + [n|'/?).
For I ; we use Lemma 6.1 with p = 0, which says that for any n > 1 and ¢ > R(7),
Ia,t| < Cok ™7l lwncom) < Crk'27T,

where C, is independent of k, R(n), §, n and t. By (23) we have |Pgp| = 2(n&)'/? < 24/7 for all  and
k. Then we get

(o5 (n,, K)| < Jim K| Pas (e, m)|(1 el + |Tal) < 20k S [C'RY log(1 + [nl'/2) + Cok /o=
and upon taking n = 1 the Lemma follows with M = 2/7 max(C’, C}). O
Next, for the exact solution, we estimate 0.
Lemma 7.2. For ¢ defined in (10) there is a constant M such that
[0, 2, k)| < ME'S,
foralln eR, z €[0,z.] and k > 1.
Proof. From (10) we have
ak-1/6

o(n,a, k) = KPR AR (@ = X)), Plk) = s

X(n) =1—(no+n)>

Then, using (68) and (70) in Lemma 9.1,

1/4

Ai(k3 (2 — X 14 k3o — X]|)~1/4 1+ k3 -X
oty = @ =01 (ke = XD (1 k(] 4 e )

|A1(ak3X)| (1+ k3| X|)-1/4 1+ k3|z — X|

k3 1/4 1/4
_of1p Kl g0(1+|xc|k%) < C(1+KY5).
1+ k3|x — X|
The result follows as k > 1. (The estimate is sharp for z = X.) O

8. PROOF OF THE MAIN RESULT

In this section we prove the main result Theorem 1.1 estimating the L error between the exact solution
and the Gaussian beam solution. To estimate the difference between ugp(z,y) and the exact solution
u(x,y), it is enough to control the L! norm of the difference between their scaled Fourier transforms since

(43) lugp (2, -) —u(x |Loo<\/>IIUGB —a(z, )L

We will use this strategy. From (25) and (10) we get
iGp(x,mo +n) = a(z,m0 +n) = (dap(n,,k) = (n,z,k)) An).

We divide the expression into two parts, one for || smaller than O(k~2/3) and one for || larger than
O(k=2/3). Thus, for ¢ to be determined below, we let

k. . k N N A
W) Eian ) it e < £ s - ol A
2 27 Jin|<ek—2/3
o [ loste) — o]l Awdn = B + B
T Jin|>ck—2/3

For the large values of || we can immediately get a bound of O(k~1) by using the fact that A has very
rapid decay, being the Fourier transform of A € S. This is used in the following lemma.
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Lemma 8.1. Suppose f(-,k) € Ll (R) for each k > 1 and A € S(R). Let ¢, > 0 be given. If there
exist v € R and g, M € R such that,

(45) [f, k)] < ML+ kn|Dk", Wk >1,  |kn| > ck”,

then, for each p > 0, there exists a constant Cp, independent of k, but dependent on A, M,q,r, c, such
that

e A dn < o
|kn|>ck?

Proof. Since A € S(R) for all £ > 0 there exists ¢, such that |F(A)(n)| < co/(1 + |n|*). Hence,

. covk
A = WVEF(A) (kn)| < —228 v,
[A(n)| = | (A)(kn)| < T hgl? n
Then for ¢ > g + 1, with £ = kn,
2 k)| 1+ |knl?
k2 / \f(mk)A(n)\dn < cik / |*’C<Ldn < cME™! / —
k| >ck? k| >eke 1+ [knl¢ k| >cks 1+ [knlf
1 a 1 a
- c@Mk:’"/ I e < ceMk’“/ TIEE 4
le|>cks 1+ €] le>cks €l
! rrsa-n . ST stk
— oM 8- fr80-tta))
“ (z 1 e g )

For the given p we now take ¢ = ¢, := max((r +p)/8+q¢+1,¢+2). Thenr + (1 - £+ ¢q) < —p and

k1/2 /
[kn|>ck?

A ™t p—Bq ct=fra P
k ‘d < oM I
f(n, k)A(n) | dn < %(gpl T 14 )

L=t cl—tota
<2M k~P
B Cep(€p1+£p1q) ,

=:C)p

which is the desired estimate. U

In our case we let f = (0gp — 0)/v/2r for fixed x. Then it follows from Lemma 7.1 and Lemma 7.2
that f satisfies (45), as for k > 1,

oG (n, @, k) —0(n, 2, k)| < MEYO+M(1+log(L+[n]"/2)k"? < M'(L+[n]V )k < M (1+ k|2 k2,

where M’ is in fact independent also of z € [0, x.]. Lemma 8.1 with 8 =1/3, ¢q=1/2,7r=1/2, c=£2/4
and p = 1 now shows that

(46) |Eo| < Ck™H

The choice of ¢ will be motivated below in the next step.
To estimate E; we will use more precise estimates of [0gp(n,z, k) — 0(n,z, k)| for small |n| and the
following lemma.

Lemma 8.2. Suppose f(-,k) € L (R) for each k > 1 and A € S(R). Let ¢, 8 > 0 be given. If there
exist v € R and g, M € Ry such that,

(47) [f(n, k)| < M1+ [kn| k", VE>1,  |kn| < ck”,
then there exists a constant C, independent of k, but dependent on A, M, q,r,c, such that

e R VOOY (I PR
|kn|<ck?

Proof. As in the proof of Lemma 8.1, when ¢ > ¢ + 1 we get

3 1+ (&) 1+ [¢]
k”“‘/ Jk)A dchk’”/ dch/ dek”.
\kn|§ck5‘f(n ) (77)’ = ej<eks 1+ (€0 <= 1+ [¢ff ¢
=:C

This proves the lemma. O
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As for E5 we apply this lemma with f = (6gp —9)/v27 and to get the bound (47) we need to estimate
the difference between 0¢p and © when |kn| < ck'/3. This estimate is the main part of the proof.
To examine vgp — © more carefully we first recall the expressions:

bap(n, x, k) = kY Pag(k,n)I(n, =, k),
(n, k) = kS P(k,m)Ai(k3 (z — X (1)),

where
kl/?,m/ etkeg(x,60,m) ; 2,163 9
I(p,2,k) = lim ~——Y250 [y (0/t) —udf  Pap(k,n) = 2(n&o)/2e /1 ike0—2ikméon,
(n,2,k) = lim ——— Y(0/1) TR 5 (k,n) = 2(méo)
and
7k—1/6
4 X(n)i=1— R R —

We divide the difference 6gp(n,x, k) — 9(n, z, k) into three parts
0,2, k) = Dap (.7, k) = K/ Pap (k, m[Ai(k (z = X)) = Ai(kF (2 = X —1%))]
+ KYO[P(k,n) — Pap(k, n)]Ai(k (z - X))
+ kY Pap (k, m Ak (z = X =) = I(n, 2, k)]
=: Ry + Ry + Rs.
In three Lemmas below we show that when x = x, and < £2k~2/3/4, there is a constant M such that
(Ry| < Mlkn2k™),  |Rol < ML+ [en)k™/S, | Ro| < M(1+ k)5,
It follows that
160, Ze, k) — DaB(0, e, k)| < |R1 4 Ry + Rs| < 3M (1 + |kn|)k™>/%,  when |kn| < %/&/3 and k> 1,

Then applying Lemma 8.2 with 8 =1/3, ¢ =2, r = —5/6 and ¢ = £3 /4 shows that
|E1| < Ck—s/ﬁa

when x = x.. Together with (43), (44) and (46) this proves Theorem 1.1.

Note that the estimates of R; and Ry above are shown to be valid for all € [0,z.], while the Rj3
estimate is considered, in this paper, only for x = x.. Furtheremore, note that Ry and R3 exhibit the
same loss of decay through the term £~°/6. In R, this comes from the estimate (52) and R3 has k'/6
embedded in (54).

We now turn to proving the lemmas about R;.

8.1. Estimate of R;.
Lemma 8.3. There is a constant M independent of n and k > 1, such that
|Ry| < Mkn?, when |n| < 1.
Proof. Since |Pgp| < 2(m&)"/? we have
|Ry| < 2v/7kY/|Ai(kS (@ — X)) — Ai(k (2 — X —n?))|.

Moreover, from (69) in Lemma 9.1 we get

JAi(K3 (z — X) — Ai(k5 (2 — X — n?)| = k3

Then, since



22 OLIVIER LAFITTE AND OLOF RUNBORG

we obtain
|Ai(kS (2 — X)) — Ai(k3 (z — X —?))| < Csk3n?(1+5k5)1/ < C361/457/ O,
It follows that |R| < Mkn? where M = 2,/76'/4C3 with C3 being the constant in (69). O
8.2. Estimate of Rs.
Lemma 8.4. There is a constant M dependent on x, but independent of n and k > 1, such that

—5/6, x=x,,

. £ _as3
Ro| < M(1+ E2n?)k", h < 22k, =
|Ra| < M( n”) wen|77|_4 r -1, 0<z <x,.

Proof. We start by proving two estimates of X (n). We use the inequalities 1 —z < /1 —2 <1 —z/2
which hold for z € [0,1]. The definition (48) together with the assumption on n and the fact that k > 1,
then gives

2 2 2\ 2 2
X =1-emPz1- (24 i-g) 21-(1-2) 22 x>0

Moreover, since . = &2,

52
X0 ] = allzm — ol < Il |21 - & + &

Clearly, we also have X (n) < 1, and therefore, in summary,

< 2|n|.

s, &
<Inl 2—50‘1‘2

(49) 0<Xo<X(n) <1,  [X(n)—z| <2l
Next, we rewrite Pgp, adopting the the defintion
—~ 1 1 2.3
50 Ai(z) = T1e73%°
(50) i(2) N

from Lemma 9.1. Then for x € R,

N —1/6 3/ — —~ ; 2 3/2
Ai(ak2/3x) = Ll emim/ 12—k o= Fika? Ai(akQ/BX) = Ai(OékZ/gl‘c) (%)1/4 e Bik(X?/2—ay/ ),

2y/m
and
P 6(]{_1/6 e—QikﬁUO\/a dk_l/G (1{:6)1/4 e—%ik(XB'/z—IS/Q)—?iknno\/ﬂTc @k_1/6g(17)
GB — —~————— = = | == € == ___-
Ai(ak?/3z,) Ai(ak?/3X) \ X Ai(ak?/3X)
We get
1 g(n) 1 1 1—g(n)
kY6|P — Pgp| = S— < - —
| Gzl Ai(ak?3X)  Ai(ak?2/3X)| ~ |Ai(@k?3X)  Ai(ak?/3X) Ai(ak?/3X)
B 1 Ai(ak?/3X) — Ai(ak?/3X) L= o)
 JAi(ak2/3X)| Ai(ak?/3X) gL |-
We can then estimate Ry as
(51) Ry < |Ai(k? (z — X))| | Ai(ak?/3X) — Ai(ak?/3X) 1L g
2= (k23 X)) Ai(ak2/3X) '
We will now study the different parts of this expression separately.
e Estimate of ‘Ai(akZZé),;/As_igg)k2/3X) .
This is given directly by (67) in Lemma 9.1 with so = Xj, as then k2/3X (1) > k?/3Xq > so. We

get

Ai(ak?/3X) — Ai(ak?/3X)

<O EBX|732 < 0y X3Pk = Dy kY
Ai(ak?/3X) <Gl = 0X R

where C is the constant in (67).



o Estimate of |1 — g(n)].
Using Taylor’s formula for z — 2%/2 around = = X(0)=1-n2 =& = z., we compute

X(0)*? = X(0)°% + ;X(O)I/Q(X(n) = X(0)) + R(X (n) - X(0))%,

=32 4 2 a2 — o) + R(X(n) — X(0)), |R| < sup Sg 2=
2 £>X, 8

Therefore,

2 , 9
g(XS/z — 33/%) + 20/ = —/T® + SR(X () - )%,

and consequently, by (49),
X(n) —x.|? 2
< <|T]2+ 7| (n) el ) < <|T]2+ ] > =: Dyn?.

2
3

X(n)
% 1/4
1+ 21 -1
( +X0>

This gives us
1
< Dokn? + ——n < D3(1 + k*n?)k 1,
2Xo

(X372 — 23/%) + 2mmo /e

[1—g(n)| < ‘1 _ o tk(B(XP a2 f 2o /)

_|_

2
<k ‘3(){3/2 — 23/%) + 2o/ | +

for Dg = maX(Dg, (2X0)71).
2
. |Ai(kS (z—X))]

e Estimate of Ak x|

We divide this into three subcases. Suppose first that

|"1j - xc‘ > \X(U) - xc"
Then by (49),
K2 = X (n)| 2 Ko — e = K*PIX () — 2| = K e — ac| = 267 |n)

2
> k28|x — x| — %0.

By (68) in Lemma 9.1 and (50),
|Ai(k3 (z — X))|

Y < 2Tk O X|MACy (1 + |k (x — X))~ V4
Ai(ak?X) | XA C (1 + [R5 ( )

< UTEYOCH(1 — /24 k3 |z — wo|) 4 < 2V/mColx — wo| V4,
where Cy is the constant in (68). On the other hand, if
[X(n) = @e| 2 o — 2| >0,
then by (49),

k2/3 < i < 5(2) < 58 ,
N 4‘”' N 2|X(77) - xcl - 2|‘T _$c|

and we obtain the same estimate as above, via
|Ai(k3 (z — X))

|Ai(ak?/3X))|

< /MO X |VACH (1 + K5 (2 — X))~V < 2y/mkY/0C,

52 1/4
< 2/7C, (°> < 2/rChl — .

2|z — x|

8vXo

23
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Finally, when z = . (caustic case) we can not get better than

|[Ai(k3 (z — X)) < Qﬁkl/6|X|1/402(1+ \k%(a:—X)\)_l/4 < ZﬁCle/G.

|Ai(ak?/3X)|
In summary, we have with Dy = 2,/7Cs,
7.2 _ 1/6 _
|Ai(ak?/3X)| |z — x|V, 2 <.

We can now put the estimates together and apply them to Rs in (51). We get

1/6 —
k/, T = Ze,

Ry| < (D1k~ '+ Ds(1+ k20> )k~ 1) D
|2|_( ! 3l ") ) * |:1:—9cc\_1/47 T < T,
where

M = max(Dl, Dg)D4 {

This proves the lemma. O
8.3. Estimate of R3 at the caustic. This is the main estimate. Here we assume that x = x..

Lemma 8.5. For x = x. there is a constant M independent of n and k > 1, such that
2
Ryl < M+ R0, when fn] < k=27,

Proof. We consider p = 2k?/3n9n, which amounts to taking § = 0 in (41). By the assumption on 7 and
k it is bounded as

1
(53) ol <267 < €5/2 < 5.
Moreover, since k2/3(x, — X —n?) = p and as before, |Pgp| < 2(7&)
(54)  |Rs| = kY°|Pap(k,n)| - |Ai(kS (ze — X —n?)) — I(n, 2, k)| < CEYC|Ai(p) — (1, zc, k)|

Hence, we need to estimate |Ai(p) — I|.
Let

1/2, we get

(55) r(6) = % prRe (Zgﬁ) 5y

As in the proof of Lemma 7.1 we then use the fact that I = lim;_, ., I; where I; is defined and divided as
I = kY3 /1/1(0/t)r(0)eik¢9(0’6’")d9 = k3 /1/1(0/R)1/1(0/t)r(0)eik¢9(0’6”’)d0

+ k13 / (1 —(0/R))b(0/t)r(0)e*?sCOMag =: [ in + Ty ait-

With ¢y as in Lemma 5.3 we choose here R = 3¢(/2, independent of 7, which implies that for all 5y which
we consider,

(56) o1+ %) < cof1 +60/2) < S0 = R.

Moreover, we take t > 2R = 3¢g such that ¢(6/R)y(0/t) = ¢ (8/R). To analyze Iain we then first note
that it can be written as

Tomain = k/° / YO/ R)F(O)e™ OO dy, F(9) = r(g)ertrmnCotOd

We next expand 7 in terms of 0, first using the Taylor expansion of exp(iz),

(iz)® i2)3Z(z z ! 16isz —5)2ds
2020, 26 =5 [ -9t

(%4 )
=1+4+iz+ = —
& (74 %
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This gives

7(0) = r(0) (1 + %mn(fo +0)0* + (“;)2

(ik)®
8

m11(§0 + 9)298>

+

r(0)Z <];m11(§0 + 9)94> ma1(&o + 9)3012,

Furthermore, let
ve(0) = r(B)ma1 (& + 6)",
and Taylor expand these functions as

P @ (099 I
v (08 Voe(0)0P T, Vu(0) = 7/ v (1) (1 t)Pdt.

ve(0) = -
E() J! P Jo

=0
Then

1
7(0) = vo(0) + v + 51}6’(0)92 + Va,0(0)6?

+ %v1(0)94 + %vi(O)Qs - %VM(G)Hﬁ
+ %vg(o)e8 + @Vm(e)e‘g + (i’;)gvg(e)z (k:;mll(fo + e)e‘*) 01
From this expansion of 7 we now get a corresponding expansion of I ain,
(57) Inain = Is + Iy, , + %fvu + éIVM +1z,
Is = vp(0)Io + v} (0) 11 + %Ué’(O)IQ + vl(())%h + %’Ull(())l5 + (ik)2v2(0)18,
where

I, =k'? / P(0/R)GPe P 00mag Iy = (ik)'K/? / U(0/R)Vy0(0)03 30 (0:0m) g

and .
_ (ik)? 1/3 12 ika (0,0,n)
Iz = 5 k PY(@/R)w(0, k)0 e de,

with
w0k = @00, +(0.0) =2 (Gl +0)0*).

We will next show that the last four terms in (57) are at most of size O(1/k). To see this, we note
that by Lemma 5.1 and Lemma 5.2, both r and mq1 (& + -) belong to W™ (R) for all n, &, and their
W™ _norms are bounded independent of §. By (37) the same is true for vy, for all £. Therefore, by
(38),

1 ! +1 1 ' n +1
|%MWW®SHAH#)%memﬂfwﬁSEAmM@UWf”Ww@ﬂ*ﬁﬁ

1
S H|‘U€||W7L+p+l,o®(R)7

showing that also V,, , € W™*(R) for all n, p, £. Since (40) is satisfied under the assumptions on 7, § and
k, we can use Lemma 6.2 with n = [(3¢ + 4)/5] to estimate

v, < CRTCEDBIY, (/3 Jwnoz) < Ok max(1, k7 3)|[ Ve

Wn,oo(]R) S Ck_l

For I; we first observe that

1

Z(@/k‘ék’) =Z <k23mll(§o + k_é9)94> .
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By appealing to Lemma C.1 with e = k~'/3 we conclude that Hz(-/ké,k‘)ﬂws,w(R) is bounded uniformly
for k > 1. Consequently, we can use Lemma 6.2 with n = [(12 4 1)/5] = 3 together with (37) and (38)
to show that

[Iz] < CE*23|w(- /K3, k) |lws.e ) < Ck ™  max(1,k~Y)||vs||ws.oe ) ||2(- /53, E)| lws.oo ) < CE1
We have thus proved that
(58) |Imain - IS| S Ckil-

From Lemma 6.3 we know that I, ~ 27 AiP) (p)iP /kP/3 and we therefore introduce the approximation g
of Is obtained by replacing I, with the corresponding Airy function,

_ ) o 1 2mi?
Is = 0p(0)2mAi(p) + v (0) 1775 A (0) + 506 (0) 1575 A (p)
ik 2mi* ik 27i® ik)? 2mi®
Fu0) 5 T AO() + 50t (0)37 4 0) + (o) 22 A ),

y (56) we can use Lemma 6.3 with large enough n to obtain

2mP

k/ A(p)( ) SCk—37

I, —

where C' is uniform in p. Then
(59)  |Is = Is| < C(lvo(0)| + [vg(0)] + |vg (0)] + klv1 (0)] + k[v (0)] + &2 (0) )k % < 'k,

as |[ve||wn.co(ry < C uniformly in &o.
The next step is to show that I is close to Ai(p). Upon using the identities for Ai™ with m = 2,4, 5,8
given in Remark 9.1 we can simplify the expression for Is as follows
I 1
5 = vo(0)Ai(p) +ivh(0)k™ FA¥ (p) — Sug (0)k 5 AL (p)
; 1 5 1
+ 5010k AIY (p) = S0} (k3 A (p) = Sua(0)k~F AL (p)
1 .
= v (0)Ai(p) + ivh (0)k AT (p) — St (0)k ™8 pAilp) + Sv1 (0)k~ 3 (*Ai(p) + 241 (p))
1

o1 (00~ (4pAi(p) + p*Ai'(p)) = g2 (0)k™ 3 ((p* + 28p) Ai(p) + 12p°Ai'(p)

= (UO(O) - %Uo( )k ip+ ;Ul(())k 5p? — 2 (0)k~5p — %vz(o)k‘%(p4 + 28/))) Ai(p)

+ <wg(0)ké + vy (0)k™3 — Zv (0)k~ 5 p® —
From (55), (7) and (16), we obtain

1 _q' (%)
27’ Y
Hence, v{(0) + v1(0) = 0 and

_ 2i— 2603 _ q (&)
4mq(&o) 4mq(&o)

Vo (O) =

- 1

Is = (1 + iﬁk_%p%l —nk~3p ( ) + 401 (0) + 11}2(0)(/)3 + 28))) Ai(p)
— k™5 p (v(0) + 3v2(0)) AT’ (p)

Since p is bounded by (53) and Ai is smooth around p = 0, this shows that

(60) [Is = Ai(p)| < C [k=3 2 + k3 pl] < C' [klnf* + [nl] = C" [Ikn? + lfen]] &~

Note that the dependence on k%n? which appears here, also appears in the estimate of Ry in Lemma 8.4.
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It remains to estimate Iy ai1. By (56) we get from Lemma 6.1 with p = 0 and n = 2, for all ¢ > R,
that

(61) Tt it < Cok 3727w, ) < CRT/3,
where the constant is independent of ¢. In conclusion, using (58), (59), (60) and (61) we have shown that
11(n, e, k) = Ai(p)] < Tmain — Is| + | Is — Is| + |Is — Ai(p)| + A (7 can

<c' [1 + En|? + [kn| + k-2/3] k1< 1+ 2] K1

Together with (54) this concludes the proof of Lemma 8.5.
Finally note that, away from the caustic point, i.e. < z., the method used here to estimate Rz will
not give sharp results; if the stationary phase method is applied directly to ¢, extra decay in k follows.

O

9. PROPERTIES OF THE AIRY FUNCTION

Here we show some known properties of the Airy function and we derive a few consequences in two
lemmas. A more complete source for information about Airy functions is [12], which we frequently cite
below. We consider the Airy function of the first kind Ai and second kind Bi.

e Alry functions are linearly independent solutions of the Airy differential equation
P1) The Airy f i li ly ind d luti f the Airy diff ial i
(62) Ai"(2) = 2Ai(2), Bi”’(z) = 2Bi(z).

(P2) Ai and Ai’ only have zeros on the negative real line. The zeros do not coincide. Ai(s) is positive
and decreasing for s > 0.

(P3) Bi and Bi’ also only have zeros on the negative real line. The zeros do not coincide. Bi(s) is
positive and increasing for s > 0.

(P4) Let

(63) Ai(z) =

571 cos gs%—I +isin 25%75
3 4 3 4 ’

Then, for real s > 0,

Avi(fs) = %71’7

N

(64) ‘Ai(s) - E(s)‘ < 0532 ‘E(s)

, ‘Ai(—s) - 2%2‘5(—5)’ < 05732

(65) A () + V5Ai(s)| < 057" [Ai(s)

, ‘Ai’(—s) - Qﬁsﬁ(—s)’ < os1
We can now prove the following lemmas.

Lemma 9.1. Let 8 = e with |0] < 7/3. There is a constant C such that

(66) Ai(Bs) — E(ﬁs)) < 0532 ‘E(ﬁs) . s>0.
Moreover, for each sy > 0 there is a constant C(sg) such that
(67) |Ai(85) — Ri(Bs)| < Cso)s 2 [Ai(Bs)], s 2 0.
Moreover, for s € R and o = exp(im/3) there is a constant C' such that
(68) |Ai(s)] < C(1+s)) 714,
(69) [A(s)] < O+ s,
(70) |Ai(as)| > O(1+s)) 4,

1+ [s])*/2|Ai(s)], s>0,
(71) AT (5) + iv/—sAi(s)] > C {El 1 :s:;w! (s)] =0
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Proof. We define @ by the relation Ai(z) = E(z)q)o(z). It has an asymptotic expansion,

2) ~ ic ,—3n/2 o = (=1)"T(n+5/6)T'(n+1/6) (%)"

" 2mn!

. =1, ¢ ~—0.104

From the estimates on P and @ of [8, Appendix A, Lemma 7] one obtains the uniform estimate

|c1]
|Z|3/27

|o(z) — 1] <

valid for |arg(z)| < Z. Then (66) follows directly with C' = |¢1],

jus
3

|Ai(5s)
Ai(Bs) — A1 (Bs) ‘ = ‘Al Bs) ‘\(I)O Bs)—1| < \c1|7

Now suppose s > sg > 0. We first note that for all s > 0,

[®o(Bs)] > 1 — |Po(Bs) — 1] > 1~ s'%'z

Hence, for s > 51 := (2|c1|)?/® we have |®y(s3)| > 1/2, and since Ai = Ai®, only has zeros on the
negative real line, there is a positive infinum,

s0<s<s1

d(sg) := i§1f |®o(Bs)| > min (;, min |<I>0(ﬁs)|> > 0.
Therefore, as above,
!Al ﬁs | Jal [B69%669)] e i)
" d(so) 53/2 ~d(sg) s3/2 7

when s > sq, proving (67) with C(sg) = |cl|/d(so).
Next, to show (68) and (69) we note first that, for real s > 0,

‘Al Bs) AI(BS)‘ < ey

M\w

_2
39

NG

|Ai(s) TT3s e

— )

1 —~ 1
<Cs™ 4 |[Ai(—s)| = 5

-5
Then (64, 65) readily give

IAi(s)| < ‘E(s)] rC (1 + ‘Xi(s)‘) 1s|73/2 < C|s| "1/
and
A (5)] < \/M‘Ki(s)‘ +o(1+ ]E(S)D Is|71 < C]s|V/4.

which extend to (68) and (69) as Ai(0) is bounded.
The lower bound (70) follows for s > sg from the previous estimates,

‘A1 as ‘ 3/2

‘,Avi(ozs ‘ )Al as) Al(as)‘ + |Ai(as)| < |cl|7 + |Ai(as)| = 33 3/2 ‘Al as ‘ + |Ai(as)],

as then

_1
1

|[Ai(as)| > = ’Al (as) ’

1
4f ~a
By (P2) we also have |Ai(as)| > ¢ for 0 < s < sy and some ¢ > 0. Moreover, the identity [12, Eq. 9.2.11]
(72) Ai(as) = %[Ai(—s) +iBi(—s)],

and (P3) implies that |Ai(as)| > |Bi(—s)|/2 = Bi(—s)/2 > Bi(0)/2 > 0 for s < 0. This gives the bound
(70) also for s < sq.
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For (71) we consider s > 0 and use (64, 65)
2/5|Ai(—5)| < [2/5Ai(—5) — iAi'(—s5) — V/5Ai(—s)| + [iA'(—s) + v/5Ai(—s)|
< |2V5SAI(—5) — AT’ (—8)| + V/5]|2RAI(—s) — Ai(—s)| + |iAi'(—s) + V/SAi(—s)|
< Cs 4 [iAV (—5) + VsAi(—s)| = Os™ + |Ai'(—s) + i/sAi(—s)).
Hence,
|AI'(—s) + iv/sAi(—s)| > 2v/5|Ai(—s)| — Cs™' = Cs'/* — Cs7 1.
Since the zeros of Ai’ and Ai do not coincide (no double roots) we get
|Ai'(—s) + iv/sAi(—s)| = |Ai'(—s)| + V/s|Ai(—s)| #£ 0, s> 0,
and the estimate (71) for s < 0 follows. Moreover, by (P2), when s > 0,

|A¥ (s) + iv/=5Ai(s)| = [AT(s) — V3Ai(s)] = V5Ai(s) - Al'(s) = V3IAi(s)] + AT (5)]

| IO |

> > =

> ma (VAL 1A auin, BEO) > S vm s oppaice,
which gives (71) for s > 0. Here we also used the fact that limg_, 4 o % =lims 400 % = oo by
(64) and (65). O

Lemma 9.2. For the Airy function we have
A (2) = pn () Ai(2) + g (2) A (2),
where p, and q., are polynomials given by the recursions
(73) P+l = Doy + Tms Gmt1 =P+ e Po=1, qo=0.
The degree of their sum satisfies deg(pm + gm) = |m/2] and, for |z| < 1,

@)+ lgua(z)] < 7 ot ) 4= =,

Furthermore,
(74) AP0y =0, p=0,1,...
Proof. Using the form of Ai™ (z) given and using (62) we note that
AiY = g Ai ¢l AT () + pm AT + g AL = pl, Ai 4 ¢, AT (2) + pm Al + 2¢m Al

where we used the Airy differential equation Ai” = xAi. This gives the recursion (73). The statement
about the degree is easily checked for m = 0,1. Suppose it holds upto a general m > 2. Then

deg(pm+1 + Qm—i-l) = deg(p{m + q'in +Pm + me) = deg(pm + me)
= deg(Pl—1 + TGm-1 + TPm—1 + T, 1) = deg(@(Pm-1 + Gm-1))
= deg(pm—1+ gm-1) + 1.

That deg(p,m, + ¢m) = dn, follows by induction. Since the polynomials all have positive coefficients, it also
follows that d,, = max(deg(pm),deg(¢m)). For a polynomial p, let |p|o denote its largest coefficient in
magnitude. Then |2p|ec = |P|oo and |p'|oo < deg(p)|ploo. Consequently,
[Pmt1loo 4 |gmtiloe = [P + Zamloo + 1Pm + Gnloo < [P loo + 12@mloo + [Pmloo + g1 ]o
< deg(pm)[Pmloo + [@mloc + [Pmloc + deg(gm)|gm oo
< (max(deg(pm), deg(gm)) + 1)(|Pmloc + |@mloc) = (dim + 1)([Pm|oo + @mloc)-

Therefore, since |poloo + |90|oo = 1,

|pm|oo + |Q'm|oc < Hzn:_ol(dé + 1) < Hzn:éldz < (dm+1!)2'
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Finally, we have for a polynomial p of degree d, and |z| < 1,

1
1=z

lp(z)|

<T+z|+-+zf <
|Ploo

The last statement of the lemma is known for p = 0. Suppose it holds for p and use the Airy differential
equation Ai” = zAi. That gives Ai®"*2 = 2AiGP) 4 (3p — DAICP=Y+D  which shows the claim. O

Remark 9.1. The first few polynomials p,, and ¢,, in the theorem are given by

(1]
2]
(3]

(4]

[9]
(10]

[11]
(12]

Ai () = zAi(x),

Ai®(z) = Ai(x) + zAi' (z),

A (z) = 22Ai(z) + 2A1 (2),

Ai®) (2) = 4zAi(z) + 2?Ai (2),

AL (2) = (2 + 4)Ai(z) + 6zAi (2),
AiD (z) = 922Ai(z) + (2° + 10)A¥'(z),
Ai®(z) = (21 + 282)Ai(z) + 122° A1 (2).
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APPENDIX A. PROOF OF LEMMA 2.1

We show this for k = 1 so that F, = F. The case with general k follows from a simple rescaling. Let
¢ € S be a test function and (-, -) the duality pairing between S and &’. Then since fi); € L™ C &’
and, by dominated convergence,

(F(fi60), ) = (oo, F () = / F (@) (2) F(6) (2)da
> [ H@F @@ = (1.F7(6) = (F(1).0)

where we used the facts that F(¢) € S C L', |[¢;] < 1 for all t and fiy — f pointwise. This is true for
all ¢ € S and therefore F(fv;) — F(f) in ', proving the first statement.

That F((f * g)¢r) — F(f)F(g) follows from the first statement since f * g € L> when g € S and
F(f *g) = F(f)F(g). The last part of the second statement is true, since F(g)¢ € S and therefore the
first part gives

(F(fYe)F(9),0) = (F(fr), F(9)¢) = (F (), Flg)o) = (F(F)F(9), b)-

This shows the lemma.

APPENDIX B. PROOF OF THE NON-STATIONARY PHASE IDENTITIES

Below is a proof of identities used in the non-stationary phase lemma. The identities show how the
rewritten integral depends on the derivatives of the phase function. In order to do that we use the spaces
of functions defined in (35) and (36).

Lemma B.1. Suppose D C R is a bounded open set and K C D is compact. Let a € W™1(D) and
¢ € C"TY(D). If ¢’ #0 on K and suppa C K, then there exist functions ug,, such that

n

i I N—n Ug n i
/ a(y)e'®W/edy = (ik) Z/ a(y) (;/( ()%’1)6 ko) dy, U € Up_o().
D =0 K y

i ()

Then, since suppu C K C D and |¢’'| > 0 on K integration by parts gives

1

(75) / a(y)e'?/dy = — [ La)(y)e™*@dy.
D ik Jp

Proof. Define the differential operator,

Since and u and ¢ are sufficiently regular, this can be repeated n times, giving

[ utwetsay =y [ Lrialetnay,
D D
We thus need to show that there exist u , such that

n

L'a) =Y a2y, € Unil(9).
=0 ¢
When n = 0 this simply says that ugo =1 € Uy(¢). Suppose the claim holds for n and consider
nt1 ) NS 0% _ N~ () ten
L [a]fL;a o 7Zdy (a ¢m+1

£=0

"

(1) Ut © U (o) e g”
= Za (b/n-‘rl +a ¢/n+1 B (n + l)a ¢/n+1 :
=0

For the first term we have
g € Un—0(¢) = Unt1—(041)(0)-
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For the third term

1/
uf,ng S un+1—€(¢)'
For the second term, consider one basis function w € W,(¢),

¢(@k+1)

M
w—H . a=p
k=0

for some M. Then
¢(ak+1+6i k) ¢// M ¢(ak+1)

/ P /
£=0 k=0 d) £=0 ¢ k=0 ¢

Hence, uy,, € Un+1-2(¢), as it is a linear combination of derivatives of functions in U,,—¢(¢). This shows

€ Up11(9).

that L""1[a] is of the correct form and the lemma is proved. O

APPENDIX C. BOUNDEDNESS OF Z

Here we consider the scaled remainder term in the Taylor expansion of exp(iz),
. 1 /.
(76) 2() = & (6% — (Lt iz + (2)*/2) = Z/ ¢i%(1 — 5)2ds.
0

We have the following lemma.

Lemma C.1. Let
oc(0) = Z (gmu(fo + 59)94) .
Then there is a constant C such that
l|o®[lws.®) < C,
forall0 <e <1.

Proof. We begin by estimating Z and its first three derivatives for z with non-negative imaginary part.
Then all derivatives of Z are bounded, since

¢2(z) ! /0 (1 — s5)*(is)Pds

dzP 2

<1/1 5921 — 5)%sPd <1
_2 _206 S) st as 2

Furthermore, from the first part of the definition (76) we get, for p =0,...,3 and |z| > 1,

<
= Jz[minGprD)

2t

P
= P e o e e

=0

It follows that there is a constant C such that
dPZ(z) C

77
(77) e | = 14|z’

p=20,...,3, Sz > 0.

Next, let

GE(0) = %mu(fo +0)0%,

so that 0%(0) = Z(G*(#)). Then, by Lemma 5.2 for 0 < p < 4,

dPGe (6 Edyled) elo]t?
< J 4-pti < 4p : <
— ‘ (Je§ :5 im$) (&0 + £0)]/6)] Cel) Z 1+ [0t =7 1+ 2]

and since Smy; > 0 by Lemma 5.2, we get from (77) and (31) that

p
|Z(p)(Ge ))|< ¢ c < //(1+|59|)

— < — 7’
IGO0 = 1 4 [ 7= 15 erlol




Therefore, if p=0,...,3 and j1 +---+j, =p’ < 4p,

33

dGe(0 di»GE(0 (1 NP (C'e)irttip|g|d—drtd=ga+ - +d=Jp
20 (G (g P OO ACEO)| _ OO 0l () ot
dfin d@ir 1+ er|0)4r (14 |e8])irt+ir
el e A (14 )6)) < CMep' /A
T 1qer|gf L+ (eM4gpte '
From these estimates we get, with p=p' =0,...,3,
0°(0)] = 12(G°(0))| < C,
d dG=(0)
el — (1) (e < 1/4
o0 = |20 eGP < can
> dGE(0)\° d2G=(0)
Rl — 7@ (e (1) (e < /2
‘dQQU(Q) Z(G (9))( 70 ) + Z'(Ge(9)) 102 < Ce'/”,
3 . dGe(0 8 o d2GE(0) dGE(0) o d3GE(O
0 (0)] = AU(E (9))< - )) +32(G2(9)) deg( da( +32M(G2(6)) 3 ) < Ce3/1,

This shows the lemma.

O
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