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A PARADIGM FOR WELL-BALANCED SCHEMES FOR TRAVELING WAVES
EMERGING IN PARABOLIC BIOLOGICAL MODELS

METE DEMIRCIGIL AND BENOÎT FABRÈGES

Abstract. We propose a methodology for designing well-balanced numerical schemes to investigate traveling
waves in parabolic models from mathematical biology. We combine well-balanced techniques for parabolic
models known in the literature with the so-called LeVeque-Yee formula as a dynamic estimate for the spreading
speed. This latter formula is used to consider the evolution problem in a moving frame at each time step,
where the equations admit stationary solutions, for which well-balanced techniques are suitable. Then, the
solution is shifted back to the stationary frame in a well-balanced manner. We illustrate this methodology
on parabolic reaction-diffusion equations, such as the Fisher/Kolmogorov-Petrovsky-Piskunov Equation, and a
class of equations with a cubic reaction term that exhibit a transition from pulled to pushed waves. We show
that the numerical schemes capture in a consistent way simultaneously the wave speed and, to an extent, the
so-called Bramson delay.

1. Introduction

Many biological systems may give rise to spatial spreading phenomena, such as for instance the invasion of
rodents [30] or the collective displacement of a population of Escherichia coli cells in a micro-channel [1]. Math-
ematical modelling of this phenomena has contributed to a better understanding of these spreading phenomena
and gives also rise to a quantitative framework, which may for instance account for the spreading speed. On
the mathematical side, we may cite as models, that have attracted much attention, reaction-diffusion equations
(e.g. [11, 23, 3, 20, 10]) and parabolic models of chemotaxis (e.g. [22, 29]). The biological question of the
spreading of a population translates then into the mathematical question of the existence of a traveling wave,
i.e. solutions that are stationary in a moving frame of reference.

The mathematical investigation of traveling waves for biological models naturally raises the question of the
numerical investigation of these traveling wave solutions. Numerically, this question is difficult, as it requires an
accurate scheme over large domains in order to capture precisely the behavior of the solution over large time.
Moreover, the numerical scheme should meet the following specifications: (i) find the accurate spreading speed;
(ii) find the accurate traveling wave profile. In fact, these two questions are related, since mathematically the
wave speed is intimately connected to the wave profile: wave profiles tend to decrease exponentially at their
leading edge and their exponential decay parameter can be tied to the wave speed through a dispersion relation.
Hence, we wish to find numerical schemes that capture at the same time accurately a wave speed, as well as an
exponential decay, which requires great precision even at very low orders of magnitude, because of the nature
of exponential decays.

In this article, we will use so-called well-balanced (WB) schemes in order to investigate these questions. The
notion of WB schemes has been introduced by [19] and consists roughly speaking in numerical schemes that
preserve the steady state of the continuous model, i.e. the steady state of the numerical scheme matches the
discretization of the steady state of the continuous model. Because of this property, these schemes compute
faithfully the stationary profiles. Many different approaches to such schemes exist and we refer the reader for
instance to [13] for a general discussion on these techniques. However in their essence, WB schemes accurately
balance the flux terms and the source terms. WB schemes have been investigated for parabolic equations
[15, 17]. In these works, the strategy consists in interpolating the function in each cell with L -splines (see [16]
for an overview on the concept of L - splines), which correspond to the stationary solutions of the problem.
The interpolation is then continous inside each cell, but at the nodes of the grid it may have C1-discontinuities.
The time integration then is computed by using the C1 defect at each node. Of note, most referenced models
are one-dimensional models, but in recent years the leap to higher dimensions has attracted interest [8, 14, 5].

Yet, in the aformentioned studies, most often the schemes were designed to describe a stationary state, not
a traveling wave. Whilst in some cases the propagation speed can be computed explicitly and thus be used
in the implementation of the scheme, in most cases the propagation speed is not known a priori. This adds
to the difficulty of designing a WB scheme for traveling waves. For instance in the work [6], the authors have
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2 M. DEMIRCIGIL AND B. FRABRÈGES

proposed a numerical scheme, which is well-balanced for a wave with speed σ = 0, and have used it in order
to capture traveling waves with nonzero speed. Hence, the proposed scheme is stricto sensu not WB for the
observed traveling wave.

In the present article, in order to overcome this difficulty, we implement a strategy, which measures dynam-
ically the spreading speed. We use an estimate of this spreading speed, which has been proposed in [24] and
has recently been refered to as LeVeque-Yee formula [25]. This formula is based on the following observation:
suppose that u(t, x) = u(x−σt) is a traveling wave profile, which admits at ±∞ fixed limit values u(±∞), then
u satisfies:

∂tu+ σ∂xu = 0.

Integrating over R and rearranging the terms, we obtain the following identity:

(1) σ = −
∫
R ∂tudx

u(+∞)− u(∞)

The LeVeque-Yee formula is then merely a discretized version of Identity (1):

(2) σ̂nLY =
∆x

tn − tn−1

∑
i

(
un−1
i − uni

)
unI − un0

,

where u is computed on a Cartesian grid (tn)n∈N × (i∆x)i=0,...,I . For solutions that are not traveling waves,
the right hand-side of Identity (1) remains well defined and can be interpreted as an estimate of their spreading
speed.

The contribution of this article consists in combining the LeVeque-Yee formula as a dynamic speed estimate
with the methodology of WB schemes for parabolic equations. The schemes presented in this article share the
following common structure:

(1) Estimate at each time step the spreading speed σ̂n via the LeVeque-Yee Formula (2).
(2) Consider over the time step the problem in the frame of reference moving at speed σ̂n and use a WB

scheme to integrate numerically the solution over the time step.
(3) Given the solution integrated in time in the moving frame, shift back the solution to the stationary

frame. To do so in a WB manner, interpolate in each cell the stationary solution, with the boundary
conditions prescribed by the values obtained at the preceding step. Finally, in order to obtain the
values on the grid of the stationary frame, use the value of the obtained stationary solution at the
corresponding position.

In order to illustrate this methodology, we apply it to reaction-diffusion equations of the type:

(3) ∂tu− ∂xxu = f(u).

Many theoretical results are known about these types of equations, which will be used as a base of comparison
for our numerical results. First, we study the case f(u) = u(1 − u) of the Fisher/Kolmogorov-Petrovsky-
Piskunov (F/KPP) equation [11, 23], which has been a prototype of traveling wave phenomena in parabolic
equations. Then, we consider a cubic reaction function of the form f(u) = u(1 − u)(1 + au) for a parameter
a > 0 introduced in [20]. This class is relevant, because it exhibits a transition from pulled to pushed waves (see
Subsection 1.2), which illustrates the behaviors of our numerical scheme on these regimes. Finally, we stress
that this methodology is not restricted to reaction-diffusion equations and can be applied to parabolic equations
with an advection term, such as for instance models of bacterial chemotaxis (e.g. [22, 29]).

1.1. Fisher/Kolmogorov-Petrovsky-Piskunov Equation. The Fisher/Kolmogorov-Petrovsky-Piskunov (F/KPP)
equation

(4) ∂tu− ∂xxu = u(1− u),

introduced independently in [11] and [23], is a prototype of reaction-diffusion equations. It describes a population
u(t, x) of individuals undergoing unbiased motion, modeled through a diffusion operator, as well as competition
among the population (e.g. for ressources) through a logistic growth term u(1 − u): the higher the density u
becomes, the lower the growth rate 1− u becomes, with a saturation when the population reaches the maximal
density u = 1. It admits two steady states u = 0 and u = 1: the first one is unstable, whilst the second is stable.

Interestingly, for velocity σ Equation (4) admits nonnegative traveling wave solutions of the form:

(5) uσ(−∞) = 1, uσ(+∞) = 0 and uσ(t, x) = uσ(x− σt)
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if and only if σ ≥ σ∗ = σF/KPP := 2 (see [11, 23, 3]). These solutions are in fact invariant by translation and
we will fix a specific solution by the convention that uσ(0) = 1

2 . Hence the equation describes a linear spatial
invasion of the state u = 0 by the state u = 1. Furthermore for a wide variety of initial data u0, one can show
that in a certain sense, which we will specify, u the solution of Equation (4) converges to the traveling wave
with minimal velocity σ∗ = σF/KPP . Take for example an initial datum u0, which satisfies:

(6) lim inf
x→−∞

u0(x) > 0 and lim sup
x→+∞

∂xu
0(x)

u0(x)
≤ −1.

Then, define the position of the level set xc(t) for c ∈ (0, 1):

(7) xc(t) = sup{x|u(t, x) = c}

Through a probabilistic interpretation of Equation (4) (see [21, 26] for a proof based on PDE argument), first
Bramson [4], and later Uchiyama [32] for inital conditions satisyfing (6), proved that there exists a constant x∞
depending on the initial datum and c, such that:

(8) xc(t) = 2t− 3

2
ln(t) + x∞ + o(1) and lim

t→+∞
u(t, x+ xc(t)) = uσ∗(x).

The logarithmic delay in the asymptotic expansion of xc(t) has ever since been referred to as the Bramson delay.
The result is in a sense very surprising, because it shows convergence to the traveling wave with speed σF/KPP
but in the frame shifted by a logarithmic correction term. As it has been observed in [21], this logarithmic
correction term is due to subtle interactions between the diffusion and the reaction term, when u ∼ 0. Hence,
from a numerical point of view, capturing the Bramson delay is likely a very delicate task, since it requires an
accurate computation of the profile of u at very low orders of magnitude. As far as we know, we are not aware
of any work on a numerical scheme for Equation (4), which addresses the question of the Bramson delay.

1.2. Reaction-Diffusion Equations with a Transition from Pulled to Pushed Waves. In [20], the
authors have introduced the reaction-diffusion equations with a cubic term:

(9) ∂tu− ∂xxu = u(1− u)(1 + au).

For this model, the minimal wave speed solutions can be computed explicitly and it can be shown the following
formula for the wave speed:

σ∗ =

{
2 if a ≤ 2√

a
2 +

√
2
a if a > 2

.

The dichotomy given by this formula extends into a dichotomy on the qualitative behavior of the waves, which
is referred to as pulled or pushed regime [31]. For a ≤ 2, the wave is in the pulled regime: qualitatively the
spreading is driven by the dynamics at the very leading edge of the front, where u ∼ 0. For a > 2, the wave is
in the pushed regime: qualitatively, the spreading is subject to a contribution from the whole population.

These regimes are also reflected in the asymptotic expansion of the level sets xc(t). For a > 2, as a consequence
of the exponential convergence to the traveling wave proven in [28], we have:

(10) xc(t) = σ∗t+ x∞ + o
(
e−ωt

)
,

for a constant ω > 0. For a < 2, the level sets are again corrected by the logarithmic Bramson delay [21]:

(11) xc(t) = 2t− 3

2
ln(t) + x∞ + o(1).

The critical case a = 2 has recently been investigated in [12, 7] and following the terminology introduced in [2]
is referred to as the pushmi-pullyu regime. The level sets are corrected by a logarighmic delay with a constant
− 1

2 :

(12) xc(t) = 2t− 1

2
ln(t) + x∞ + o(1).
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1.3. Outline of the paper. In this article, we combine the LeVeque-Yee formula with the methodology of
WB schemes for parabolic equations in order to design numerical schemes that are WB for traveling waves.
In Section 2, we present our methodology for WB numerical schemes applied to reaction-diffusion equations.
In Section 3, we numerically assess the WB schemes by applying them to the F/KPP Equation (4) and then
to the cubic case (9). The scheme is compared to an operator splitting approach. We show that our scheme
captures accurately the propagation speed and we compare the asymptotic spreading with the logarithmic
Bramson correction (8,11,12) to the asymptotic expansion in the pulled case. As a result we will show that the
presented methodology works particularily well in the pulled case, but does not outperform standard schemes
in the pushed case.

2. A WB Scheme for Reaction-Diffusion Equations

In order to solve numerically reaction-diffusion equations (3) in a WB manner, we propose a numerical
scheme based on [15] with the difference that we also investigate an implicit Euler method for time integration
instead of the standard explicit Euler method. In fact, as it has been pointed out in [15], for the explicit Euler
method, one requires essentially a parabolic CFL condition in order to guarantee stability. For the implicit Euler
method, through numerical investigation, we observe that a hyperbolic CFL condition is sufficient. Moreover,
resolving the time integration implicitly comes computationally at not too high of a cost, because of the special
tridiagonal structure of the problem.

We consider a Cartesian grid (tn)× (xi), with xi = i∆x, for i ∈ Z for a given ∆x. The time points (tn) are
set dynamically because of the lack of an a priori bound to satisfy a CFL condition. We set ∆tn = tn+1 − tn.
We introduce the parallel grid with points zi = i∆z, ∆z = ∆x, C̄i+ 1

2
= (zi, zi+1) and consider uni ≈ u(tn, xi).

The procedure of the numerical scheme can be summarized as follows:

(1) We use LeVeque-Yee Formula (2) on the profile u in order to obtain an estimate σ̂n of the propagation
speed.

(2) Given σ̂n, on the time interval (tn, tn+1) we consider u in the moving frame (t, z) = (t, x− σ̂n(t− tn))
and denote it by ū, which leads to Equation:

(13) ∂tū− σ̂n∂zū− ∂zzū = f(ū).

In order to deal with the nonlinear term in the right hand-side of Equation (3), we freeze the non-linear
contribution to the term on each mesh (tn, tn+1) × C̄i+ 1

2
by considering that f(ū) ≈ ūF̄ni+ 1

2
, where

ūn
i+ 1

2

=
uni +uni+1

2 , F̄ni+ 1
2

= F (ūn
i+ 1

2

) and F (u) = f(u)
u . As noted in the Introduction, the dynamics

of the F/KPP Equation (4) or Equation (9) with a ≤ 2 is predominantly set by the dynamics at
the leading edge of the profile, where u ∼ 0. There, the linearization of Equation (3) approximates
extremely well the nonlinear Equation. Hence it is reasonnable to expect that this way of handling
numerically the nonlinearity will not influence much the dynamics of the propagation. Thanks to the
freezing of the nonlinearity, we obtain a linear problem for which we can apply the methodology of
L -spline interpolation, as proposed in [15], leading to the values ūn+1

i , which approximate ū(tn+1, zi).
(3) It remains to shift back to the stationary frame (t, x). The values ūn+1

i are used to extrapolate a value
for u(tn+1, xi), i.e. ū(tn+1, zi + σ̂n∆tn). To do so we consider the solution û of the following stationary
problem in each cell C̄i+ 1

2
:

(14)
− σ̂

n∂zû− ∂zzû = ûF̂ni+ 1
2
, for z ∈ C̄i+ 1

2

û(zi) = ūn+1
i and û(zi+1) = ūn+1

i+1 ,

with ûn+1
i+ 1

2

=
ūn+1
i +ūn+1

i+1

2 and F̂n+1
i+ 1

2

= F
(
ûn+1
i+ 1

2

)
. Finally, we set:

un+1
i = û(zi + σ̂n∆tn).

In order to avoid taking values from cells which would not be direct neighbors, we enforce the following CFL
condition:

(15) σ̂n∆tn ≤ ∆x.
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2.1. LeVeque-Yee Formula for F/KPP Equation. We apply the LeVeque-Yee formula to the profile u in
order to obtain an estimate for the propagation speed:

(16) σ̂n =
∆x

∆tn−1

∑
i

(
un−1
i − uni

)
unI − un0

.

The leftmost (resp. rightmost) value un0 (resp. unI ) will in practice (possibly after a short transitory phase) be
very close to the steady state 1 (resp. the steady state 0). Moreover in order to satisfy CFL condition (15), we
set dynamically the time points of the grid, in order to avoid imposing a restriction on the speed estimate.

2.2. A WB Scheme in the Moving Frame. As explained above, we consider the evolution of f in the
moving frame (t, z) = (t, x− σ̂n∆tn), i.e. ū(t, z) = u(t, z + σ̂n(t− tn)), where ū solves Equation (13). In order
to approximate numerically this solution, we use the method of L -spline interpolation proposed in [15]. The
scheme is based either on the explicit integration in time rule:

(17) ūn+1
i = ūn − ∆tn

∆x

(
Lni+ 1

2
−Rni− 1

2

)
,

or on the implicit integration in time rule:

(18) ūn+1
i = ūn − ∆tn

∆x

(
Ln+1
i+ 1

2

−Rn+1
i− 1

2

)
,

where Rn+1
i− 1

2

, Ln+1
i+ 1

2

, Rn
i− 1

2

, Ln
i+ 1

2

correspond to numerical fluxes at the point z = zi of two interpolated functions

in C̄i− 1
2
and C̄i+ 1

2
. With the implicit time integration, the values Rn+1

i− 1
2

, Ln+1
i+ 1

2

are obtained by solving the linear
stationary problem:

(19)

(20)

{ − σ̂n∂zw − ∂zzw = wF̄ni+ 1
2
, for z ∈ C̄i+ 1

2

w(zi) = ūn+1
i and w(zi+1) = ūn+1

i+1 .

Given the solution w, we then set Rn+1
i+ 1

2

:= w′(z−i+1) and Ln+1
i+ 1

2

:= w′(z+
i ). One can view Ln+1

i+ 1
2

− Rn+1
i− 1

2

as a
measure of the defect of C1-smoothness at zi. The time integration (18) will therefore be stationary if ū solves
Equation (19) on the whole space, which in particular implies that it is C1 as a solution to a second-order elliptic
equation. Thus this procedure is well-balanced in the sense that the numerical scheme admits as stationary state
the discretization of the continuous stationary state. For the explicit case, one merely changes the boundary
conditions in (19) to w(zi) = ūni and w(zi+1) = ūni+1 and follows the same procedure.

Numerically, we have observed that the explicit time integration is stable under the parabolic CFL condition
that:

∆tn ≤ 1

2
∆x2

The coefficient 1
2 can be slightly higher, but for 0.6, we have observed instability. This empirical CFL condition

is in the same spirit as an explicit CFL condition in [15]. For the implicit time integration, we have observed
that under the hyperbolic CFL condition (15), the scheme remains stable.

Let us now describe the implicit (linear) relation between (Ln+1
i+ 1

2

, Rn+1
i+ 1

2

) and (ūn+1
i , ūn+1

i+1 ). The same approach

applies mutatis mutandis for the explicit case. We solve Problem (19) with respect to (ūn+1
i , ūn+1

i+1 ). On the cell
C̄i+ 1

2
, it is a simple second-order differential equation with constant coefficients. We compute the roots of its

characteristic polynomial:

(21) µ2 + σ̂nµ+ F̄ni+ 1
2

= 0

The discriminant is ∆n
i+ 1

2

= (σ̂n)
2 − 4F̄n

i+ 1
2

and three cases exist:

(1) Suppose ∆n
i+ 1

2

> 0, then set µn
i+ 1

2 ,±
=
−σ̂n±

√
∆n

i+ 1
2

2 . Then for z ∈ C̄i+ 1
2
, we have:

w(z) = a−e
µn
i+ 1

2
,−
z

+ a+e
µn
i+ 1

2
,+
z

Therefore by setting the following matrices:

(22) M =

(
e
µn
i+ 1

2
,−
zi

e
µn
i+ 1

2
,+
zi

e
µn
i+ 1

2
,−
zi+1

e
µn
i+ 1

2
,+
zi+1

)
and M̃ =

 µn
i+ 1

2 ,−
e
µn−
i+ 1

2

zi
µn
i+ 1

2 ,+
e
µn+

i+ 1
2

zi

µn
i+ 1

2 ,−
e
µn−
i+ 1

2

zi+1

µn
i+ 1

2 ,+
e
µn+

i+ 1
2

zi+1

 ,
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we obtain the following two systems:(
ūn+1
i

ūn+1
i+1

)
= M

(
a−

a+

)
and

(
Ln+1
i+ 1

2

Rn+1
i+ 1

2

)
= M̃

(
a−

a+

)
.

Hence, by setting Si+ 1
2

= M̃M−1, we obtain the following identity:

(23)

(
Ln+1
i+ 1

2

Rn+1
i+ 1

2

)
= Si+ 1

2

(
ūn+1
i

ūn+1
i+1

)
(2) Suppose ∆n

i+ 1
2

= 0, then we set µn
i+ 1

2

:= − σ̂n2 and the solution is of the shape:

w(z) = (az + b)e
µn
i+ 1

2
z
.

The definition of the matrix Si+ 1
2
follows mutatis mutandis as precedingly.

(3) In the case ∆n
i+ 1

2

< 0, the solution w is of the shape:

w(z) =

(
a cos

(√
−∆n

i+ 1
2

z

)
+ b sin

(√
−∆n

i+ 1
2

z

))
e−

σ̂nz
2 ,

and again the definition of the matrix Si+ 1
2
then follows mutatis mutandis as precedingly.

Relation (23) can be expressed explicitly, but we will not do so for the sake of concision. Then, combining
Relation (23) with the time integration (18) leads to a tridiagonal system, which can be inverted via Thomas’
algorithm.

2.3. A WB Shift to the Stationary Frame. In the next step, we need to compute the values un+1
i (in the

stationary frame) from the values ūn+1
i (in the moving frame (t, z) = (t, x − σ̂n(t − tn))). To do so, we solve

Equation (14), which we recall:  − σ̂
n∂zû− ∂zzû = ûF̂n+1

i+ 1
2

, for z ∈ C̄i+ 1
2

û(zi) = ūn+1
i and û(zi+1) = ūn+1

i+1 ,

where we recall that F̂n+1
i+ 1

2

= F
(
ûn+1
i+ 1

2

)
is an updated version of the nonlinearity with ûn+1

i+ 1
2

=
ūn+1
i +ūn+1

i+1

2 . Then,
we set:

(24) un+1
i = û(zi + σ̂n∆tn).

Enforcing the CFL condition (15) avoids taking values from cells which would not be direct neighbors. Equation
(14) can be solved in the same manner as previously. One takes Ni+ 1

2
= Mi+ 1

2
and for (φ1, φ2) the fundamental

system of solutions, that we have used above:

(25) Ñi+ 1
2

=
(
φ1(zi + σ̂n∆tn) φ2(zi + σ̂n∆tn)

)
This then leads to the following 1× 2 matrix:

Ti+ 1
2

:= Ñi+ 1
2
N−1
i+ 1

2

,

and:

(26) un+1
i = Ti+ 1

2

(
ūn+1
i

ūn+1
i+1

)
.

3. Numerical Assessements

We start by comparing the preceding WB scheme for F/KPP Equation (4) with two other numerical schemes,
which are described just below. A similar comparison is carried out for the Equation (9).

The code for the numerical schemes in this Section can be found in [9].

3.1. Alternative Schemes.
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20 21 22 23 24 25 26

1
∆x

−4

−3

−2

−1

0

lo
g 1

0(
|σ
−

2|)

WB scheme

Implicit WB scheme

”0-Wave” WB scheme

”0-Wave” Implicit WB scheme

OS Scheme (Strang splitting)

Figure 1. Evolution of LeVeque-Yee velocity σ for the F/KPP equation at time t = 1500 for
different schemes with respect to the space discretization size ∆x.

3.1.1. OS Scheme with Crank-Nicolson Method. The first scheme is based on an operator splitting (Strang
splitting) of the heat operator and the reaction term:

un+1 = R∆t
2
e−∆t∂xxR∆t

2
un

For the reaction term, in general we may use an implicit Euler integration, but in the special case for the F/KPP
equation, we can get an exact inegration as follows:

R∆t
2
v =

e
∆t
2

e
∆t
2 − 1 + 1

v

.

The heat operator is integrated via the Crank-Nicolson method with vn+1 = e−∆t∂xxvn satisfying for all i:

vn+1
i − vni

∆t
=
vn+1
i−1 − 2vn+1

i + vn+1
i+1

2∆x2
+
vni−1 − 2vni + vni+1

2∆x2
.

3.1.2. WB Scheme for the "0-Wave". The second scheme is based on the same method as the WB scheme
mentioned before, but we impose that σ̂n = 0. This choice corresponds to the choice that has been investigated
in [15]. As mentioned in the Introduction, this approach is only WB for a stationary state, or equivalently a
traveling wave with speed 0. For the implementation of this scheme, one does not need to shift from the moving
to the stationary frame, as both coincide. Or, with the notations from above, we have:

Ti+ 1
2

=

(
1
0

)
.

3.2. The Asymptotic Propagation Speed. The F/KPP Equation (4) has an asymptotic progation speed σ
of 2. We compare the ability of different schemes to capture this asymptotic velocity: the WB scheme of Section
2 in its explicit and implicit version, the OS scheme of Section 3.1.1 and the WB scheme for the "0-Wave" of
Section 3.1.2 also in its explicit and implicit version.

In order to capture the asymptotic propagation speed, the F/KPP equation is solved over the time interval
[0, 1500]. Because the expected spreading speed is σ = 2, the domain considered should be at least twice bigger:
here, we take the domain [0, 3080]. This large domain avoids roughly speaking boundary effects. The initial
condition is the sigmoid function u0(x) = 1− 1

1+e−3(x−40) .
Figure 1 represents the velocity σ̂n obtained with the LeVeque-Yee formula at the final time t = 1500 for the

schemes considered here. With a coarse mesh, the asymptotic propagation speed obtained is far from 2 for some
schemes and the spatial domain had to be extended to [0, 6080] in order to avoid boundary effects for these
schemes. The same time step is chosen for all the considered schemes at each iteration. It is the one satisfying
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Figure 2. Fitting of the coefficient 3/2 of the Bramson delay with the implicit WB scheme
and the OS scheme for the F/KPP Equation.

all the CFL conditions which is the parabolic one, ∆n
t ≤ 1

2∆2
x, needed for the explicit WB schemes. As the

meshes become finer, all the numerical schemes seem to converge to the same result, which is extremely close
to the asymptotic propagation speed of 2. Yet, one can observe that the speed does not quite converge to 2.
Heuristically, this discrepancy may be a consequence of the Bramson delay. Indeed, differentiating formally the
asymptotic expansion (8) leads ẋc(t) = 2− 3

2t + o
(

1
t

)
. Then plugging in the value t = 1500 would explain the

observed discrepancy of the order 10−3. Moreover, it can be noted that the WB scheme, both in its explicit and
implicit version, captures extremely well even for very coarse meshes the asymptotic behavior that is captured
by the other schemes for much finer meshes.

3.3. Capturing the Bramson Delay. We recall that the Bramson delay is the logarithmic correction that
appears in the expression of the position of a level set xc(t) for c ∈ (0, 1) given by Equation (8). In the
simulations, we track the position of the level set x0.5(t) by linearly interpolating the solution in the mesh
cell where the level set is. The coefficient 3

2 of the Bramson delay is approximated by fitting the model
mα,β,γ(t) = α log(t) + β + γ√

t
to x0.5(t) − 2t over the last half of the simulation. As the next term in the

asymptotic expansion (8) is − 3
√
π√
t

[27], the γ√
t
is added in order to improve the fitting of the model.

We try to capture this Bramson delay by refining the discretization of the spatial domain. Using schemes
that depend on a parabolic CFL condition results in a huge number of iterations in time which becomes rapidly
intractable in a reasonable amount of time. Moreover, the "0-Wave" implicit WB scheme does not capture the
asymptotic propagation speed as well as the implicit WB scheme. Thus, we only fit the Bramson delay for the
implicit WB scheme and the OS scheme (see Figure 2). The WB scheme and the OS scheme are of order 1 and
2 in time respectively. In order to compare these schemes, we also plot the fitting of the WB scheme using small
enough time step to mimic a second order in time scheme. In this case, the time step is ∆n

t = min(0.05, 1
2∆2

x).
Yet, this parabolic CFL condition again leads to computational costs that are too high, when ∆x is too small.
Thus we have computed the implicit WB scheme with parabolic CFL condition only for ∆x ≥ 2−6. For all
computed schemes, the shift obtained seems to converge to a value slightly different from 3/2. One possible
explanation for this discrepancy might be higher order terms in the expansion (8) (see for instance [18]). Here
again, the implicit WB scheme captures the Bramson delay even for coarse meshes. Moreover, for the implicit
WB scheme, there is no significant difference between a time step ∆n

t = O(∆x) and a time step ∆n
t = O(∆2

x).

3.4. Asymptotic Propagation Speed and Bramson Delay for the Cubic Case. For Equation (9), we
compare the solutions obtained with the WB and the OS schemes in these three different regimes

• pulled regime with a = 1,
• pushmi-pullyu transition regime with a = 2,
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Figure 3. Asymptotic propagation speed for the cubic case in a pulled regime (a = 1). For
the OS scheme, we observe at ∆x = 2−3 a change in sign of σ − 2.
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Figure 4. Asymptotic propagation speed for the cubic case in the pushmi-pullyu transition
regime (a = 2). For the OS scheme, we observe at ∆x = 2−4 a change in sign of σ − 2.

• pushed regime with a = 3.
Figures 3, 4, and 5, illustrate the convergence of the numerical asymptotic speed in the three regimes. In

all cases, the velocities are well captured by the schemes, but the implicit WB scheme with a parabolic CFL
performs especially better than the other ones. However, as already mentioned, the computational cost of the
parabolic CFL is too high to use it with fine meshes. In the pushed regime (a = 3), it can be noted that for all
schemes as the meshes get finer, the speed gets closer and closer to the predicted speed (Figure 5). This is likely
due to the exponential convergence in time given by asymptotic expansion (10), which states that the expansion
speed at t = 1500 of the continuous solution should be extremely close to the predicted speed, contrary to what
happens in the pulled case due to the Bramson delay. Moreover, both schemes under hyperbolic CFL condition
perform roughly equally well in the pushed case.
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Figure 5. Asymptotic propagation speed for the cubic case in a pushed regime (a = 3).
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Figure 6. Bramson delay for the cubic case in a pulled regime (a = 1).

Concerning the Bramson delay, the results for the pulled regime (see Figure 6) are very similar to the ones
for the F/KPP equation. In particular, the WB scheme approximates well the shift even for coarse meshes.
The Bramson delay of 1/2 in the pushmi-pullyu transition regime (see Figure 7) is captured by all schemes. Yet
again, the WB scheme recover the 1/2 shift even for coarse meshes, whilst the OS scheme catches up only for
finer meshes.
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