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We investigate the impact of mechanical strain, stacking order, and external electric fields on the magnetic
interactions of a two-dimensional (2D) van der Waals heterostructure in which a 2D ferromagnetic metallic
Fe3GeTe2 monolayer is deposited on germanene. Three distinct computational approaches based on ab initio
methods are used, (i) the Green’s function method, (ii) the generalized Bloch theorem, and (iii) the supercell
approach, and a careful comparison is given. First, the shell-resolved exchange constants are calculated for the
three Fe atoms within the unit cell of the freestanding Fe3GeTe2 monolayer. We find that the results obtained
with approaches (i) and (ii) are in good qualitative agreement and also in good qualitative agreement with pre-
viously reported values. An electric field of E = ±0.5 V/Å applied perpendicular to the Fe3GeTe2/germanene
heterostructure leads to significant changes in the exchange constants. We show that the Dzyaloshinskii-Moriya
interaction (DMI) in Fe3GeTe2/germanene is mainly dominated by the nearest neighbors, resulting in a good
quantitative agreement between approaches (i) and (ii). Furthermore, we demonstrate that the DMI is highly
tunable by strain, stacking, and electric field, leading to a large DMI comparable to that of ferromagnetic/heavy
metal interfaces, which have been recognized as prototypical multilayer systems to host isolated skyrmions. The
geometrical change and hybridization effect explain the origin of the high tunability of the DMI at the interface.
The electric-field-driven DMI obtained by approach (iii) is in qualitative agreement with the more accurate ab
initio method used in approach (ii). However, the field effect on the DMI is overestimated by approach (iii) by
about 50%. This discrepancy is attributed to the different implementations of the electric field and basis sets used
in the ab initio methods applied in approaches (ii) and (iii). The magnetocrystalline anisotropy energy (MAE)
can also be drastically changed by the application of compressive or tensile strain in the Fe3GeTe2/germanene
heterostructure. The application of an electric field, in contrast, leads only to relatively small changes in the MAE
for electric fields of up to 1 V/Å.

DOI: 10.1103/PhysRevB.107.104428

I. INTRODUCTION

Magnetic skyrmions [1]—topologically protected chiral
spin structures with particlelike properties—have attracted
tremendous attention due to their potential application in
next-generation spintronics devices such as racetrack mem-
ories [2], logic gates [3], artificial synapses for neuromorphic
computing [4], and qubits for quantum computing [5]. The
formation of magnetic skyrmions is due to the competition
between the Heisenberg exchange and Dzyaloshinskii-Moriya
interaction (DMI) [6–9] together with the magnetocrystalline
anisotropy energy (MAE). In particular, the DMI plays an
essential role in stabilizing skyrmions since it favors canted
spin configurations with a unique rotational sense. The DMI
results from spin-orbit coupling and is only nonzero for sys-
tems with broken inversion symmetry. Magnetic skyrmion
lattices were discovered in experiments on bulk chiral mag-
nets [10,11] and in epitaxial ultrathin films [12]. Isolated
magnetic skyrmions were observed in ultrathin transition-
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metal films at low temperatures [13–15] and at room
temperature in magnetic multilayers [16–19], in ferrimagnets
[20], and in synthetic antiferromagnets [21].

Recently, long-range magnetism was reported in two-
dimensional (2D) materials [22–24]. This provides a promis-
ing alternative avenue for exploring topological spin struc-
tures in atomically thin layers. Several recent experiments
reported the observation of skyrmions in 2D van der Waals
(vdW) heterostructures, such as at an Fe3GeTe2/WTe2 in-
terface [25], in an Fe3GeTe2/Co/Pd multilayer [26], and at
a Cr2Ge2Te6/Fe3GeTe2 interface [27]. Moreover, magnetic
domain walls [28] and nonreciprocal magnons [29] were re-
ported in the Fe3GeTe2 surface. The origin of skyrmions in
these systems was attributed to the interfacial DMI. A com-
prehensive material survey has been done by ab initio calcula-
tions to explore the DMI in 2D magnets. The family of mono-
layer Janus vdW magnets has been predicted to possess large
enough DMI to allow stable skyrmions [30–35]. Néel-type
magnetic skyrmions were also observed in Fe3GeTe2 crystals
and were attributed to the DMI due to oxidized interfaces
[36]. In addition, it has been proposed that skyrmions can
be stabilized in 2D vdW multiferroic heterostructures [37],
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in moiré structures of vdW 2D magnets [38], and even in
centrosymmetric materials [39] induced by exchange frus-
tration. For most 2D magnets, the DMI is absent due to
inversion symmetry. It is possible to break the inversion sym-
metry by designing various 2D vdW heterostructures and
applying an electric field, or strain [40,41]. This indicates the
possibility of tuning DMI via external stimuli in 2D vdW
heterostructures.

From the theoretical point of view, the calculation of the
DMI at the ab initio level is, in principle, relatively straight-
forward, nevertheless, complications can arise in practice.
Several approaches have been introduced based on differ-
ent first-principles methods and used by numerous groups to
calculate the DMI for various material classes [9,30,42–53]:
unfortunately, mostly without a sufficient cross-check be-
tween them. This invites a detailed benchmark study to
validate different approaches; however, so far this has only
been performed for the ultrathin-film system of a Co mono-
layer on Pt(111) [54]. Such comparative studies are crucial to
understanding the origin of skyrmion stability, particularly for
the newly discovered 2D magnets.

Here, using ab initio calculations, we compare system-
atically three current state-of-the-art approaches to extract
magnetic interaction parameters in heterostructures based on
Fe3GeTe2 (FGT), namely, (i) by the Green’s function method
[55], (ii) by using the generalized Bloch theorem (gBT)
[43,54,56,57], or (iii) by using the supercell approach [49].
First we study the shell-resolved exchange interaction be-
tween the Fe atoms of the different layers in a freestanding
FGT monolayer. We find that approaches (i) and (ii) are in
good qualitative agreement. We then focus on the structural
and magnetic properties of the 2D vdW heterostructure of
an FGT monolayer deposited on germanene under strain,
stacking, and an electric field. We find that a small com-
pressive strain γ of about 3% can significantly enhance the
DMI in FGT heterostructures by more than 400% compared
with the value without strain. The variation of the DMI is
mainly due to the geometrical change of the FGT monolayer.
Such a large DMI is comparable to that in state-of-the-
art ferromagnetic/heavy metal (FM/HM) heterostructures,
which have been demonstrated as prototypical multilayer sys-
tems to host individual skyrmions even at room temperature.
Furthermore, the DMI can be substantially modified via dif-
ferent stacking geometry due to the hybridization effect at the
interface.

Upon applying an electric field, the strength of the DMI
varies almost linearly and can even change sign when a
strong electric field (E > 1 V/Å) is applied. The exchange
constants are also considerably modified due to an electric
field while the effect on the magnetocrystalline anisotropy
energy (MAE) is small. However, the MAE is dramatically
reduced to 25% of its original value at a compressive strain
of γ = −3%. In connection with the exchange frustration in
FGT/germanene, these large changes in the DMI and MAE
open the possibility of zero-field magnetic skyrmions [58].
For the DMI in FGT/Ge, the three theoretical approaches
are in good qualitative agreement, and we also discuss the
quantitative comparison in detail.

The paper is organized as follows. In Sec. II, we describe
the three theoretical approaches used to obtain the relevant

spin-spin interaction parameters by mapping the ab initio
density functional theory (DFT) calculations onto an extended
Heisenberg model. In Sec. III, we examine the Heisenberg ex-
change for freestanding FGT followed by the DMI and MAE
for FGT heterostructures. Different theoretical approaches are
carefully benchmarked. We further investigate the effects of
biaxial strain, stacking configuration, and an electric field on
the magnetic interactions in FGT heterostructures. Finally, we
summarize our main conclusions in Sec. IV.

II. METHODS AND COMPUTATIONAL DETAILS

In order to describe the magnetic properties of FGT het-
erostructures, we use the extended Heisenberg model for the
spins of Fe atoms in the hexagonal structure:

H = −
∑

i j

Ji j (mi · m j ) −
∑

i j

Di j · (mi×m j )

−
∑

i

Ki
(
mz

i

)2
, (1)

where mi and m j are normalized magnetic moments at posi-
tions Ri and Ri, respectively. The three magnetic interaction
terms correspond to the Heisenberg isotropic exchange, the
DMI, and the MAE, respectively, and they are characterized
by the parameters Ji j , Di j , and Ki in the related terms. Note
that by using Eq. (1) it is assumed that the magnetic moments
are constant.

During the past decade, in order to obtain the param-
eters very accurately in Eq. (1), several approaches have
been developed based on density functional theory (DFT),
which is frequently named the ab initio atomistic spin model.
In this paper, we apply three different approaches for the
calculation of magnetic interactions in FGT vdW heterostruc-
tures: (i) the Green’s function method [55,59] (also known
as the Liechtenstein formula) employing infinitesimal rota-
tions; (ii) the generalized Bloch theorem (gBT) [56], which
allows one to calculate the total energy of spin spirals of any
wave vector q in magnetic nanostructures [57]; and (iii) the
supercell approach [49], which is straightforward but com-
putationally heavy due to the comparison of total energies in
a supercell geometry. We performed DFT calculations using
two community ab initio codes which differ in their choice
of basis set: The QUANTUMATK (QATK) package [60] uses
an expansion of electronic states in a linear combination
of atomic orbitals (LCAO), while the FLEUR code [61] is
based on the full-potential linearized augmented plane wave
(FLAPW) formalism. The former is computationally very
efficient, while the latter ranks amongst the most accurate
implementations of DFT. In the following, we denote the
three different approaches as LCAO-Green, FLAPW-gBT,
and LCAO-supercell for simplicity. Apart from the methods
presented above, there are also other approaches widely used
in the community for calculations of spin-spin interactions,
e.g., the four-state method [62] and the machine learning
approach [63].

A. The Green’s function method: LCAO-Green

For the variation of total energy due to the spin interactions
in Eq. (1), we obtain the following variation with respect to mi
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and m j :

δEi j = − 2Ji j (δmi · δm j ) − 2δmiJani
i j δm j

− 2Di j · (δmi×δm j ), (2)

where the first term represents the isotropic exchange (i.e.,
Heisenberg exchange) and the second term is the the sym-
metric anisotropic exchange, where Jani

i j is a 3×3 symmetric
tensor. The last term corresponds to the DMI.

The Green’s function method treats the local rigid spin
rotation as a perturbation. Using the force theorem, the total
energy variation due to the two-spin interaction between sites
i and j is

δEi j = − 2

π

∫ EF

−∞
dE Im Tr[δHiiGi jδH j jG ji], (3)

where Hii = δei · σ and Gi j = G0
i jI + Gi j · σ are the real-

space Hamiltonian and the Green’s function.1 Here, ei = mi

is a unit orientation vector (normalized to 1).
Then, in Eq. (3), if we take the trace in both orbital (L) and

spin space (σ), we end up with the following expression:

TrL,σ[δHiiGi jδH j jG ji]

= −2

⎡
⎣G0

i jG
0
ji −

∑
μ∈(x,y,z)

Gμ
i jG

μ
ji

⎤
⎦δeiδe j

− 2
∑

μ,ν∈(x,y,z)

δeμ
i

(
Gμ

ii G
ν
ji + Gμ

i jG
ν
ji

)
δeν

j

− 2Di j · (δei×δe j ). (4)

To simplify for the notation of Eq. (4), we define a cen-
tral quantity for the Green’s function method, namely, the A
matrix, which has a 4×4 size as follows:

Aμν
i j = − 1

4π

∫ EF

−∞
dE TrL

[
Gμ

i jG
ν
ji

]
, (5)

where indices μ and ν run over 0, x, y, or z.
Finally, comparing Eq. (4) with Eq. (2), the Heisenberg

exchange and the DMI can be expressed by using only the
A matrix as follows:

Ji j = 2 Im
(
A00

i j − Axx
i j − Ayy

i j − Azz
i j

)�ii� j j

4
, (6)

Jani
i j = 2 Im

(
Aμν

i j + Aνμ
i j

)�ii� j j

4
, (7)

Dμ
i j = 2Re

(
A0μ

i j − Aμ0
i j

)�ii� j j

4
, (8)

1Throughout this paper, vectors are denoted with bold characters,
while matrices are represented by bold plus single underline (e.g.,
Gi j). Moreover, L represents the orbital index, while σ = (σx, σy, σz )
is the spin index.

where �ii = (H↑
ii − H↓

ii ) is the on-site difference between the
spin-up and spin-down parts of the Hamiltonian matrix.

If we neglect spin-orbit coupling (SOC), the DMI van-
ishes, Gx = Gy = 0, G0 = 1/2(G↑ + G↓), Gz = 1/2(G↑ −
G↓), and we arrive at the original Liechtenstein-Katsnelson-
Antropov-Gubanov (LKAG) formula [55] which was pro-
posed in 1987,

Ji j = − 1

4π

∫ EF

−∞
dE Im Tr[�iiG

↑
i j� j jG

↓
ji], (9)

where Gi j becomes Hermitian.
Note that the derivations above are general for orthogonal

and nonorthogonal basis sets. Please refer to Ref. [64] for a
detailed demonstration within the nonorthogonal basis set.

Our Green’s function calculations were performed using
QATK [60] in two steps: (i) We performed LCAO-DFT calcu-
lations with SOC in order to construct the tight-binding-like
Hamiltonian matrix Hi j and the overlap matrix Si j . (ii) The
magnetic exchange parameters were evaluated as described
above by Eqs. (3)–(9). For LCAO-DFT calculations on FGT
monolayers and on FGT/Ge heterostructures, the energy cut-
off for the density grid sampling was set to 150 hartrees, and a
28×28 k-point mesh was adopted for the Brillouin zone (BZ)
integration. For magnetic exchange calculations, we used a
much denser k-point mesh of 48×48, 60 circle contour points,
and 13th-nearest neighbors in order to obtain accurate numer-
ical integration. Using these parameters, we extracted Ji j and
Di j parameters with an accuracy of 0.01 meV. Note that this
approach, i.e., infinitesimal spin rotations, fits well to mag-
netic skyrmions, in which we often have large noncollinear
spin structures.

B. The generalized Bloch theorem: FLAPW-gBT

The second approach employs the FLAPW method as
implemented in the FLEUR code [61] and is based on the
generalized Bloch theorem (gBT) [56,57]. It allows one to
consider spin spirals of any wave vector q for systems without
SOC. We first self-consistently compute within the scalar-
relativistic approximation the energy dispersion, ESS(q), of
homogeneous flat spin spirals [57] which are characterized
by a wave vector q and an angle φ = q · R between adjacent
magnetic moments separated by lattice vector R.

As a second step, the DMI is computed within first-order
perturbation theory on the self-consistent spin spiral state
[43,46,54]. The energy variation δεk,ν (q) of these states due
to the SOC Hamiltonian can be written as

δεk,ν (q) = 〈	k,ν (q)| HSOC |	k,ν (q)〉 , (10)

where |	k,ν (q)〉 are the self-consistent solutions in the scalar-
relativistic approximation, k is the Bloch vector, and ν is
the band index. By integration over the Brillouin zone and
summation over all occupied bands ν, this gives the total
energy contribution for spin spirals due to SOC denoted as
EDMI(q).

We map the energy dispersion in the scalar-relativistic
approximation, ESS(q), and the energy contribution to spin
spirals due to DMI, EDMI(q), to the atomistic spin model,
Eq. (1), in order to extract the exchange constants, Ji j , and the
magnitudes of Di j , respectively. One of the key advantages of
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FIG. 1. (a) Sketch of the studied 2D magnetic vdW het-
erostructure of an Fe3GeTe2 monolayer (ML) on germanene. Three
nonequivalent Fe atoms are indicated as red spheres: Fe1 (bottom,
interface atom), Fe2 (middle atom), and Fe3 (top atom). Te and Ge
atoms are given by gray and green spheres, respectively. (b) The
electric field is created by a charged sheet located at 5.3 Å above
the FGT. The direction of electric field lines for E < 0 is shown.

the gBT approach is that even incommensurate spin spirals
and those with a large q can be treated very efficiently in the
chemical unit cell, i.e., without the need for large supercells.

We used a cutoff parameter for the FLAPW basis func-
tions of kmax = 4.0 a.u.−1, and we included basis functions
including spherical harmonics up to lmax = 8. The muffin tin
radii used for Fe, Ge, and Te are 2.10, 2.10, and 2.63 a.u.,
respectively. Moreover, we treated 3s, 3p, and 4d states by
local orbitals for Fe and Te, respectively. To extract the Ji j

and Di j parameters, we converge the total energy of flat spin
spiral states (without SOC and with one-shot SOC) using a
33×33 k-point mesh. For conical spin spiral calculations, we
increased the k-point mesh up to 49×49 since the energy
dispersion amplitude is much smaller than for the flat ones.
We model the effect of a uniform electric field by placing a
charged sheet in the vacuum region of FGT/Ge (see Fig. 1),
i.e., using the same methodology and sign convention of the
electric field as in Ref. [65]. We maintain the charge neutrality
of the whole system by adding or removing the same amount
of opposite charge to or from the interface. Finally, we com-
puted the MAE using the force theorem using a denser k mesh
of 64×64.

C. The supercell approach: LCAO-supercell

In this approach, the DMI within the nearest-neighbor
approximation for a specific system is calculated from the
energy difference between a clockwise (CW) and a coun-
terclockwise (CCW) 90◦ spin spiral calculated within a
supercell. d‖ can be obtained by the following formula [49]:

d‖ = (ECCW − ECW)/8
√

3. (11)

The corresponding micromagnetic DMI coefficient D is given
by

D = 3
√

2d‖
NFMa2

, (12)

where a and NFM are the lattice constant and number of ferro-
magnetic layers, respectively.

Note that by varying the supercell size one can go be-
yond the nearest-neighbor DMI approximation. However, the
computational effort is much larger than using the spin spiral
approach sketched above.

We used the QATK code [60] and a 4×1 supercell where
first-neighbor spins rotated as 90◦. A 7×28 k-point mesh
was adopted for the BZ integration. We included the effect
of SOC self-consistently. Although the supercell approach is
straightforward and SOC can be treated self-consistently, it is
limited to only very large wave vectors.

III. RESULTS AND DISCUSSION

Throughout this paper, we use the following conventions.
We use a minus sign in the Heisenberg exchange terms [cf.
Eq. (1)], meaning that Ji j > 0 (Ji j < 0) favors ferromagnetic
(antiferromagnetic) alignment between moments mi and m j .
For the DMI constants, a positive (negative) sign denotes a
preferred CW (CCW) rotational sense. In addition, without
specification, we give in this paper the in-plane component of
the DMI since the out-of-plane component has been shown
to be negligible forming skyrmions in 2D magnets [30,66].
All effective quantities, such as the Heisenberg exchange, the
DMI, and the MAE, are measured in meV/unit cell. Note that
there are three Fe atoms per unit cell of FGT (Fig. 1).

A. Geometric properties

We consider FGT heterostructures in which an FGT mono-
layer is deposited on germanene (denoted as FGT/Ge in the
following). As shown in Fig. 1(a), FGT adopts the space
group (194) P63/mmc and can be seen from the perspective
of the atomistic spin model as a stack of three Fe hexagonal
layers in hcp stacking. In the following, the top, center, and
bottom (interface) atoms are denoted as Fe3, Fe2, and Fe1,
respectively.

The motivation behind the use of germanene as a nonmag-
netic layer is as follows. We recently demonstrated that the
buckled structure of germanene could enhance the structural
asymmetry of FGT under strain [58]. More importantly, such
an efficient strain-driven DMI control is general for FGT
heterostructures with buckled substrates (e.g., silicene and an-
timonene). On the other hand, in experiments, FGT/graphene
[67], and FGT/hBN [68] have been synthesized. Since ger-
manene is very similar to graphene in many aspects, the
FGT/Ge interface is expected to be feasible.

We have used the QATK code with plane-wave basis sets for
the atomic relaxation. We employed the generalized gradient
approximation (GGA), obtaining a relaxed lattice constant of
4.00 Å for the Fe3GeTe2 monolayer, which is in good agree-
ment with experimental data ranging between about 3.991 and
4.03 Å [69,70]. Then, germanene is matched at the interface
with FGT with a lattice mismatch smaller than 1%. The struc-
tures were fully relaxed until the energy and the forces on
each atom were less than 10−8 Ry and 10−4 Ry/bohr, respec-
tively. We also took into account van der Waals interactions
using semiempirical dispersion corrections as formulated by
Grimme et al. [71]. We used the local density approxima-
tion (LDA) for the magnetic calculations with LCAO basis
sets. We did not take into account the Hubbard U correction
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FIG. 2. Calculated Heisenberg exchange constants as a func-
tion of distance Ri j between sites i and j for a freestanding FGT
monolayer obtained within the LCAO-Green approach. (a) and
(b) Intralayer exchange interactions for Fe3-Fe3 (Fe1-Fe1) and
Fe2-Fe2 spin pairs, respectively. (c) and (d) Interlayer exchange
interactions for Fe3-Fe2 (Fe2-Fe1) and Fe3-Fe1 spin pairs, re-
spectively. Note that Ji j > 0 and Ji j < 0 correspond to favored
ferromagnetic and antiferromagnetic alignment. The distances are
given in Ångströms.

since the LDA yields a magnetic moment of 1.76 μB/Fe that
compares well with experiments, as previously pointed out in
Refs. [24,72]. It has been shown recently by Ghosh et al. that
using DFT+U leads to a less favorable description of the mag-
netic properties for the FGT family [73]. The lowest-energy
stacking configuration is the one where the Te atom is right
above the center of the hexagonal ring of germanene with an
optimized vdW gap of about 2.86 Å [see Fig. 1(b)], which
agrees well with previous results [74].

B. Freestanding FGT monolayer: Heisenberg exchange

Let us first consider the Heisenberg pairwise exchange
in the freestanding FGT monolayer (Fig. 2). Here, due
to the lack of broken inversion symmetry, Fe3 and Fe1
are equivalent. Therefore we end up with four different
spin pairs, {Fe3-Fe3 (equivalently Fe1-Fe1), Fe2-Fe2} and
{Fe2-Fe1 (equivalently Fe3-Fe2), Fe3-Fe1}, sorted by intra-
and interlayer exchange interactions. We show in Fig. 2
the Heisenberg exchange constants Ji j with respect to dis-
tance Ri j computed by the Green’s function method. All
Ji j decrease quickly with distance, some showing an oscil-
latory character. The intralayer interactions [Figs. 2(a) and
2(b)] favor antiferromagnetic (AFM) coupling with moderate
strength of the nearest-neighbor exchange constants J1

Fe3-Fe3 =
−5.43 meV and J1

Fe2-Fe2 = −2.26 meV, while the interlayer
exchange [Figs. 2(c) and 2(d)] favors much stronger fer-
romagnetic (FM) coupling with J1

Fe3-Fe1 = 73.16 meV and
J1

Fe2-Fe1 = 18.08 meV. In particular, the competition between
FM and AFM pairs yields geometric frustration in a triangular

FIG. 3. Energy dispersions of spin spirals without SOC for
freestanding FGT using the FLAPW-gBT approach. (a) Sketches
of the 2D hexagonal Brillouin zone and of the FM state (
 point), the
row-wise AFM state (M point), the 90◦ spin spiral (at 
M/2), and the
Néel state with 120◦ between adjacent spins (K point). (b) and (c) In-
tralayer spin spirals for Fe3-Fe3 and Fe2-Fe2 spin pairs, respectively.
(d) and (e) Interlayer spin spirals for Fe3-Fe1 and Fe3-Fe2 spin pairs,
respectively. All energies are given relative to the energy of the FM
state, EFM. Black points are from FLAPW-gBT calculations, and the
dispersion curve is obtained by fitting the FLAPW-gBT data to the
Heisenberg model (up to seventh-nearest neighbors). Insets show
the spin spiral configurations in the three Fe layers of FGT used to
determine the given Fe-Fe interactions. Note that to determine the
Fe2-Fe2 exchange, we used conical spin spirals in the Fe2 layer [see
inset of (c)] and rescaled the energy dispersion (see text for details).

sublattice, which can help to stabilize noncollinear spin struc-
tures [75–78]. Clearly, the most significant exchange coupling
originates from the interaction between Fe3 and Fe1 atoms,
which are on top of each other (cf. Fig. 1). It drops quickly
to a small negative value, i.e., AFM coupling, at the second-
nearest distance and goes up again to a small positive value
at the third-nearest distance [Fig. 2(d)]. Similar results have
been reported for FGT bulk [79].

In order to quantitatively compare the results presented
above with different DFT approaches, we have calculated
the exchange constants also by the FLAPW-gBT method.
In Fig. 3, we present the energy dispersions Ess(q) of ho-
mogeneous spin spirals (per unit cell) for a freestanding
FGT monolayer. The energy dispersions are calculated in
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the scalar-relativistic approximation, i.e., neglecting SOC,
along the high-symmetry directions 
M and 
KM of the
two-dimensional (2D) hexagonal Brillouin zone (BZ). The
high-symmetry points represent special states: The 
 point
corresponds to the FM state, the M point corresponds to the
row-wise AFM state, the 
M/2 point corresponds to the 90◦
spin spiral, and the K point corresponds to the Néel state with
120◦ between adjacent spins [Fig. 3(a)].

We focus first on intralayer exchange interactions. To ex-
tract only the Fe3-Fe3 exchange parameter, we rotate only Fe3
spins by fixing the Fe2 and Fe1 layers to the FM state [inset
of Fig. 3(b)]. The lowest energy for spin spirals in the Fe3
layer is at the M point [Fig. 3(b)], indicating an AFM Fe3-Fe3
coupling in good agreement with corresponding LCAO-Green
calculations [cf. Fig. 2(a)]. The FM state (
 point) is about 83
meV/Fe atom higher in energy.

In the case of the Fe2-Fe2 pair, the direct calculation of
flat spin spiral curves propagating only in the Fe2 layer is
technically unfeasible due to the complete quenching of the
magnetic moment on the Fe2 atom due to symmetry (for de-
tails, see Appendix B). This shows that the magnetic moment
of Fe2 is only induced by the magnetic moments of Fe1 and
Fe3 in the ferromagnetic state. Therefore we used conical
spin spirals with a small cone angle of θ = 10◦, i.e., close
to the FM state, and transformed the obtained energy dis-
persion back to a flat spin spiral: Eflat(q) = Econed(q)/ sin2 θ .
As shown in Fig. 3(c), the energy dispersion Eflat(q) for the
Fe2 layer becomes qualitatively different compared with the
Fe3 layer: The ground state is found to be at the K point
(Néel state). The energy difference between the FM state and
the Néel state is much smaller than in the case of Fe3-Fe3,
resulting in a weaker AFM Fe2-Fe2 coupling (see Table III in
Appendix A).

To calculate the interlayer exchange interaction, i.e., be-
tween Fe3 and Fe2 atoms, we rotate the spins of the Fe3 and
Fe2 layers simultaneously by fixing the Fe1 atom to the FM
state [Fig. 3(d)]. Then, we remove the intralayer contribution
by calculating E (q) = EFe3-Fe2(q) − EFe3-Fe3(q) − EFe2-Fe2(q)
(not shown). The FM state at the 
 point turns out to be the
state of lowest energy, and the dispersion E (q) rises quickly
for spin spirals with increasing q, resulting in a strong FM
coupling which is consistent with the LCAO-Green result [see
Fig. 2(c)].

In contrast, the energy dispersion of spin spirals propa-
gating only in the Fe1 and Fe3 layers looks very different
[Fig. 3(e)]. The energy minimum is located at the M point,
and two maxima are observed in the 
M and 
K directions,
indicating an AFM coupling. At first glance, this seems like
a qualitative difference between this result and the result
of a strong ferromagnetic Fe3-Fe1 coupling observed in the
LCAO-Green calculation [Fig. 2(d)]. However, this is due to
the fact that the Fe3 and Fe1 atoms are on top of each other
and are not distinguishable by spin spirals which propagate
in plane with respect to the Fe layers. As a result, if we
fit the spin spiral curve in Fig. 3(d), we obtain the shell-
resolved exchange constants between the Fe3 and Fe1 atoms,
i.e., J2, J3, J4, etc., except for the nearest-neighbor term,
J1, which arises from direct Fe3-Fe1 coupling. To include
J1 explicitly, we have performed an additional calculation
with an AFM coupling between the Fe3 and Fe1 atoms.

TABLE I. Comparison of the calculated Heisenberg exchange
constants (in meV) for freestanding FGT using the LCAO-Green, the
FLAPW-gBT, and the VASP-ML approach (see Ref. [80]). The NN
intralayer (Fe3-Fe3 and Fe2-Fe2) and interlayer exchange (Fe3-Fe1
and Fe3-Fe2) constants are presented. The spin moments are the
averaged magnetic moments, which are given in μB.

Fe3-Fe3 Fe2-Fe2 Fe3-Fe1 Fe3-Fe2 Ms/Fe

LCAO-Green −5.43 −2.26 73.16 18.08 1.79
FLAPW-gBT −10.21 −2.02 83.47 16.50 1.76
VASP-ML [80] −13.4 −5.1 74.1 39.4 1.66

After that, by comparing the total energies between FM and
AFM states, we can obtain J1 by counting the number of
nearest-neighbor atoms, EFe3-Fe1

AFM − EFe3-Fe1
FM = 2J1 + 12(J2 +

J3 + J4 + J6 + J7) + 24J5. The obtained value for the nearest-
neighbor Fe3-Fe1 coupling is J1 = 83.47 meV, showing a
strong FM coupling as expected. All values for the calculated
magnetic interactions up to the seventh-nearest neighbors are
given in Appendix A.

Our main results on the exchange constants obtained by
the two computational approaches are summarized in Table I.
For comparison, the results from a machine learning approach
(denoted as VASP-ML, where VASP is the Vienna ab initio
simulation package) calculated by Xu et al. [80] are also
included. For simplicity, we compare for all Fe-Fe pairs only
the nearest-neighbor (NN) exchange constant. LCAO-Green,
FLAPW-gBT, and VASP-ML data are in excellent qualita-
tive agreement. Quantitatively, LCAO-Green yields exchange
parameters very close to the corresponding FLAPW-gBT cal-
culation. In particular, the Fe2-Fe2 pairs agree surprisingly
well (−2.26 as compared with −2.02 meV), which indicates
that the conical spin spirals used in FLAPW-gBT are very
close to the Green’s function method (FM state).

However, between the exchange constants given here and
those given by Xu et al. [80] there is a non-negligible discrep-
ancy. In particular, the values for Fe2-Fe2 and Fe3-Fe2 pairs
are about 50% higher than those in our FLAPW-gBT results.
Reasons for this quantitative discrepancy may be the different
lattice constants and different relaxations of atomic positions.
Moreover, such a discrepancy might be related to the rather
large higher-order exchange interactions (HOIs) which have
been obtained for the monolayer of FGT in Ref. [80]. Note
that the energy dispersions of spin spirals include implicitly
contributions from HOIs which are effectively mapped to
our calculated exchange constants as discussed in detail in
Ref. [81]. Finally, we note that DFT+U [82] significantly un-
derestimates the exchange parameters for the FGT monolayer
compared with our DFT level calculations.

C. FGT/Ge: Dzyaloshinskii-Moriya interaction

We now turn our discussion to the DMI, which plays a
central role in the emergence of noncollinear spin structures
such as magnetic skyrmions. The DMI originates from SOC,
and it only exists in materials lacking inversion symmetry.
According to Moriya’s symmetry rules [6], since the FGT
has a (001) mirror plane, Di j for each pair of NN Fe atoms
is perpendicular to their bonds [83]. Therefore Di j can be
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expressed as

Di j = d‖ (ûi j×ẑ) + d⊥ẑ (13)

with ûi j being the unit vector between sites i and j and ẑ
indicating normal to the plane.

The in-plane component of the DMI constant in the NN
approximation, d‖, can be directly obtained from the supercell
approach [49] [see Eq. (11)]. The perpendicular component,
d⊥, does not play a significant role in 2D magnets, as reported
in Refs. [30,66], and is thus neglected. In the following, with-
out specification, our calculated DMI refers to the in-plane
DMI component, and d‖ > 0 (d‖ < 0) denotes a CCW (CW)
rotational sense.

For freestanding FGT, the DMI involving either Fe1 or Fe3
has opposite signs (i.e., chirality) because of the (001) mirror
plane. Upon incorporating germanene in FGT, the inversion
symmetry breaking at the FGT/Ge interface gives rise to an
emergent DMI. Since the DMI is a key ingredient for the
formation of skyrmions, methods for efficiently controlling
and manipulating the DMI are essential for designing novel
functional spintronics devices. We will show in the following
three ways for tuning the DMI in FGT/Ge.

1. Strain

Strain engineering is one of the most commonly used
methods to tune the properties of 2D layers. We study the
strain-dependent DMI in FGT/Ge. The in-plane biaxial strain
is defined as

γ = (a − a0)/a0, (14)

where a and a0 are the strained and unstrained lattice constants
of the FGT, respectively. For tensile strain (γ > 0), the in-
plane lattice tends to increase, while for compressive strain
(γ < 0) the in-plane lattice exhibits a decreasing trend.

The calculated microscopic d‖ and micromagnetic D of the
DMI for FGT/Ge are shown in Fig. 4. The DMI is evaluated
quantitatively by calculating the self-consistent total energy
of cycloidal 90◦ spin spirals with opposite rotational sense,
namely, using the supercell approach (i.e., LCAO-supercell).
Both compressive and tensile strains are considered ranging
from −3 to 6.25%. Note that FGT has been demonstrated to
be stable under such strain via DFT phonon spectrum calcu-
lations [84]. We emphasize that the value of a0 = 4.0 Å used
in this paper was evaluated by the GGA and is slightly larger
than the lattice constant calculated by the LDA, a0 = 3.91 Å.
If we use the latter as a reference, the largest compressive
strain used in this paper becomes less than −1%. At equi-
librium (γ = 0%), we find a moderate DMI of about d‖ =
−0.25 meV, favoring a CW spin rotation. Its corresponding
micromagnetic DMI coefficient is about |D| = 0.36 mJ/m2.
This value is comparable to that of the two FGT heterostruc-
tures: FGT/In2Se3 [85] (∼0.28 mJ/m2) and FGT/Cr2Ge2Te6

[27] (∼0.31 mJ/m2), which were demonstrated recently as
promising vdW heterostructures to stabilize skyrmions.

Even more interestingly, we find a significant increase in
the DMI when a small compressive strain is applied (Fig. 4).
The extracted |D| is about 1.5 mJ/m2 at γ = −3%, which
is comparable to the value previously estimated in FM/HM
thin-film systems [12,18,47,49]. Such a large DMI indicates
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FIG. 4. (a) Microscopic and (b) micromagnetic DMI coefficients
in a monolayer FGT on germanene as a function of biaxial strain, γ ,
obtained by the LCAO-supercell (solid black circles) and FLAPW-
gBT (solid red squares) approaches. The inset in (a) shows sketches
of the hexagonal Fe layers, the DMI vectors, and the sign convention.

that the FGT/Ge heterostructure can be a promising interface
for stable isolated skyrmions [58]. A more detailed analysis
shows that the enhancement of the DMI in FGT/Ge is mainly
mediated by the geometrical change due to the buckled struc-
ture of germanene (see Sec. III C).

The results presented above are reproduced by FLAPW-
gBT if we calculate the effective DMI from spin spiral
calculations including SOC (red squares in Fig. 4). Here, the
effective DMI constant is obtained from fits in the region
of low |q| around the FM state (
 point) where the energy
contribution due to SOC varies linearly with |q|. Interest-
ingly, the DMI predicted by the LCAO-supercell method is
in excellent quantitative agreement with the one calculated
by FLAPW-gBT, showing that the reported results are robust
against different approaches used. This indicates a possibility
of strain control of magnetic skyrmions in these systems. In
contrast, a tensile strain (γ > 0) has almost no effect on the
DMI (Fig. 4).

To gain further insight into the local decomposition of
the DMI, we show in Fig. 5 the calculated DMI using the
LCAO-Green approach for six possible Fe pairs in FGT/Ge
as a function of distance with and without strain. Evidently,
the external compressive strain (γ = −3%) has a significant
effect on the DMI of the FGT monolayer, particularly for
pairs connected to the interface Fe1 atom. When the strain
is applied, a strong enhancement of the DMI favoring a CW
(i.e., positive sign) rotational sense is clearly observed for
Fe1-Fe1 and Fe2-Fe1 pairs [Figs. 5(c) and 5(f)], indicating
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FIG. 5. The DMI parameters Di j between different pairs of Fe
atoms as a function of distance for FGT/Ge at γ = 0% (black)
and γ = −3% (red), calculated by LCAO-Green. (a)–(c) Intralayer
and (d)–(f) interlayer DMI constants are presented. The positive and
negative signs denote CCW and CW chirality, respectively.

a strong modification of electronic and magnetic properties at
the interface. This is also reflected by the projected density of
states in FGT/Ge (see Fig. 11 in Appendix C).

Quantitatively, the nearest-neighbor DMI changes from
0.88 (0.72) to 2.46 (2.84) meV for the Fe1-Fe1 (Fe2-Fe1) pair.
A similar behavior is also observed for the second-nearest-
neighbor DMI in Fe3-Fe1 [Fig. 5(d)]. The DMI changes from
0.1 to −0.80 meV, accompanying a sign change. On the other
hand, Fe3-Fe3 and Fe3-Fe2 interactions [Figs. 5(a) and 5(e)]
are much less affected by the strain. Moreover, due to symme-
try, the DMI in Fe2-Fe2 [Fig. 5(b)] and the nearest-neighbor
Fe3-Fe1 (on top of each other) are almost quenched. These
results are also in agreement with those obtained by the TB2J

code [86] which uses a similar methodology.

2. Stacking

To study the effect of stacking order on the DMI of the
FGT/Ge heterostructure, three fully optimized representa-
tive stacking geometries are considered here (see sketches in
Fig. 6): (i) stacking 1 (the most favorable stacking geometry),
in which the Te atom is right above the center of the hexagonal
ring of germanene, (ii) stacking 2, in which the Ge atom of
FGT is located above the center of the hexagonal ring of
germanene, and (iii) stacking 3, in which the Fe1 and Fe3
atoms of FGT are placed directly above the center of the
hexagonal ring of germanene.

Figure 6(a) shows the variation of the DMI strength d‖ with
respect to strain for these three stacking geometries. We ob-
serve a similar behavior for stackings 1 and 2 for the range of
γ between about −2 and 6%, namely, a clear enhancement of
DMI at compressive strain (γ < 0) and a nearly constant value
for a tensile strain (γ > 0). Interestingly, when γ < −2%, the
DMI increases for stacking 1, while it decreases for stacking
2.

To understand the origin of the variation of the DMI, we
plot in Figs. 6(b) and 6(c) the geometrical change by strain. As
a negative strain is applied, �z1 − �z2 increases rapidly for
both stacking 1 and stacking 2, where �z1 and �z2 denote the
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FIG. 6. (a) Stacking-dependent DMI constant in the NN ap-
proximation, d‖, in FGT/Ge heterostructures obtained by LCAO-
supercell. The three types of stacking considered are displayed on
the right (see text for details). (b) Strain dependence of �z1 − �z2

calculated from the Fe1-Fe2 vertical distance, �z1, and the Fe2-Fe3
vertical distance, �z2. (c) Strain dependence of the van der Waals
gap �zgap (see sketch of stacking 1).

vertical distances between Fe1-Fe2 and Fe2-Fe3. This leads to
an increase in the degree of structural asymmetry, resulting in
an enhancement of the DMI. On the other hand, the vdW gap
induced by hybridization is decreased by strain and is more
pronounced for stacking 2 than for stacking 1. As analyzed
in detail in Ref. [58], the hybridization effect for FGT/Ge
decreases the DMI. This explains why the DMI for stacking 2
is smaller than that for stacking 1 for γ < −2%.

For stacking 3, we observe the most pronounced geomet-
rical changes, and the variation of �z1 − �z2 and of �zgap

is almost two times and three times larger than for stacking
1, respectively. As a result, even at γ = 0% the DMI for
stacking 3 is about −0.63 meV, which is 2.5 times higher than
the corresponding DMI in stacking 1. However, only a slight
increase of the DMI up to about −0.78 meV is observed with
compressive strain. Herein, the increase in d‖ is mainly due
to the interplay between the increase in �z1 − �z2 and the
decrease in �zgap, which have an opposite effect on the DMI.
By applying a tensile strain to the system, the DMI decreases
nearly linearly for stacking 3.

3. Electric field

The FLAPW method in film geometry as implemented in
the FLEUR code is used to include the effect of an external
electric field as described in Ref. [87]. An out-of-plane electric
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FIG. 7. Energy dispersions of spin spirals propagating in all Fe
layers (see inset) of FGT/Ge in the scalar-relativistic approximation,
i.e., without SOC, calculated via the FLAPW method along two high-
symmetry directions (
KM and 
M) at electric fields of E = +0.5
V/Å (blue), E = 0.0 V/Å (black), and E = −0.5 V/Å (red). The
solid circles represent DFT total energies, and the solid curves are
fits to the Heisenberg model (see Table II for exchange constants).

field is defined by adding a charge plate in the vacuum and
adding the same amount of opposite charge to FGT/Ge (cf.
Fig. 1) to maintain charge neutrality [65,87,88]. We chose
electric field values of E = ±0.5 V/Å, which can be applied
in scanning tunneling microscopy experiments [89] and allow
to write and delete isolated magnetic skyrmions in ultrathin
transition-metal films as demonstrated experimentally [89]
and based on atomistic spin simulations with DFT parameters
[65,90]. Note that we use the same sign convention for the
electric field as in Refs. [65,90].

We show in Fig. 7 the energy dispersion Ess(q) of ho-
mogeneous flat spin spirals propagating in all Fe layers of
FGT/Ge in the scalar-relativistic approximation, i.e., without
SOC. Upon including a negative electric field with a strength
of E = −0.5 V/Å, the energy rises more slowly at the 
 point
(FM state) than for E = 0, and the energy difference with
respect to the AFM state (M point) and Néel state (K point)
decreases. For a positive electric field of E = +0.5 V/Å, we
observe the opposite effect, i.e., a faster rise and larger energy
differences at the high-symmetry points. This field effect is
similar to that observed for Fe monolayers on transition-metal
surfaces [65].

By fitting the energy dispersions with and without an ap-
plied electric field, we obtain the field effect on the exchange

FIG. 8. SOC-induced energy contribution EDMI(q) to the dis-
persion of flat cycloidal spin spirals propagating in all Fe layers
of FGT/Ge calculated via the FLAPW method along the high-
symmetry directions (
KM and 
M) at E = +0.5 V/Å (blue),
E = 0.0 V/Å (black), and E = −0.5 V/Å (red). The solid circles
represent DFT data, and the solid curves are fits to the DMI term
of the atomistic spin model. The inset shows the DMI constant in
the NN approximation for the FGT/Ge heterostructure as a function
of the perpendicular electric field, calculated by the LCAO-supercell
(black) approach, and the value of the NN DMI constant obtained
with the FLAPW-gBT (red) approach (for all values, see Table II).
Here, uc means unit cell.

constants (see Table II). Note that we treat three Fe atoms as
a whole in this spin model, i.e., without explicitly considering
the exchange interactions between different Fe pairs. In other
words, the definition of Ji is different from the one defined in
Sec. III B. Here, the exchange interactions between different
Fe pairs are included in an averaged way. We find a nearly
linear decrease in the nearest-neighbor exchange constant,
J1, by about 6% upon applying an electric field of 1 V/Å.
The exchange constants beyond nearest neighbors are also
significantly influenced by the electric field, which shows that
the exchange frustration increases for a positive electric field.
The effect of the electric field on the exchange interaction
can be explained based on its spin-dependent screening at the
surface as shown previously for ultrathin 3d transition-metal
films [65,88].

Figure 8 shows the SOC-induced DMI contributions to
the energy dispersion of cycloidal spin spirals in FGT/Ge,
EDMI(q), under an electric field. When an electric field is
applied, EDMI(q) displays the same trend as in zero field, i.e.,

TABLE II. Shell-resolved Heisenberg exchange constants Ji and DMI constants Di obtained by fitting the energy contribution to spin
spirals without and with SOC from DFT calculations using the FLAPW method as presented in Figs. 7 and 8 for three electric field values. A
positive (negative) sign of Di denotes a preference of CW (CCW) rotating cycloidal spin spirals. All values are given in meV/unit cell.

J1 J2 J3 J4 J5 J6 J7 J8 D1 D2 D3 D4 D5 D6 D7

+0.5 V/Å 23.73 0.16 −1.61 0.48 1.12 −0.28 0.00 −0.15 0.31 0.09 −0.01 −0.01 −0.01 0.00 0.00
0.0 V/Å 22.87 −0.21 −1.78 0.43 1.25 −0.31 0.00 −0.15 0.23 0.10 0.00 0.00 0.00 0.00 0.00

−0.5 V/Å 22.35 −0.62 −1.90 0.38 1.30 −0.37 0.06 −0.17 0.14 0.08 −0.01 −0.01 −0.01 0.00 0.00

104428-9



LI, HALDAR, DREVELOW, AND HEINZE PHYSICAL REVIEW B 107, 104428 (2023)

FIG. 9. (a) Strain- and (b) electric-field-dependent MAE in the
FGT/Ge heterostructure obtained by the LCAO-SCF (solid black
circles) and FLAPW-FT (solid red squares) approaches.

it favors cycloidal spirals with a CW rotational sense, but an
electric-field-induced modification in EDMI(q) is clearly seen.
The out-of-plane electric field breaks the inversion symmetry
and leads to a drastic change in the nearest-neighbor DMI
constant, D1, which increases and decreases by approximately
40% for E = +0.5 V/Å and E = −0.5 V/Å, respectively (see
Table II). Additionally, we find that D2 remains almost the
same while terms beyond D2 are negligible.

In general, when an electric field is applied from nega-
tive to positive, the DMI in FGT/Ge favors less and less a
CW rotational sense. This is also reproduced by the LCAO-
supercell approach (see inset of Fig. 8), in which we even
find a change of sign of the DMI constant at E < −0.37
V/Å. However, quantitatively, we note that LCAO-supercell
overestimates the DMI compared with FLAPW-gBT under
an electric field. We attribute this quantitative discrepancy
to the different implementations of the electric field and
basis sets used in the FLAPW-gBT and LCAO-supercell
methods.

Note that the electric field effect on the exchange in-
teraction is opposite to that on the DMI with respect to
the formation of noncollinear spin states. For E < 0, the
energy dispersion without SOC (Fig. 7) rises less quickly,
and the exchange frustration increases, which is favorable
for the emergence of spin structures such as skyrmions. How-
ever, the energy contribution due to DMI (Fig. 8) shows
a shallower energy minimum for E < 0, and the nearest-
neighbor DMI constant drops accordingly (cf. Table II). This
shows that both the effect on the exchange and the effect on
the DMI need to be taken into account in order to predict
electric-field-assisted formation of noncollinear spin struc-
tures in line with previous theoretical studies [65,90]. In
contrast, the electric field effect on the magnetocrystalline
anisotropy energy is small (see next section).

D. FGT/Ge: Magnetocrystalline anisotropy energy

We define the MAE as the difference in total energies
between a configuration in which the magnetization in the
ferromagnetic state is in plane (‖) and out of plane (⊥) with
respect to the FGT monolayer

MAE = E⊥ − E‖. (15)

In Fig. 9,we plot the MAE in the FGT/Ge heterostruc-
ture as a function of strain and electric field. We calculate
the MAE using two approaches: (i) The MAE is defined
as the energy difference between self-consistently converged
total energies including SOC, namely, LCAO-SCF (where
SCF refers to self-consistent field); and (ii) the MAE is
taken as the band energy difference [also known as the force
theorem (FT)] obtained after a one-step diagonalization of
the full Hamiltonian including SOC, starting from the well-
converged self-consistent scalar relativistic (without SOC)
density/potential, namely, FLAPW-FT.

We find that FGT/Ge has a strong perpendicular MAE of
more than 4.62 meV (about 1.5 meV/Fe). Interestingly, when
a mechanical strain is applied, the MAE can be significantly
reduced to 2.08 meV at γ = −3% and 1.44 meV at γ = 6.1%,
respectively. In general, the two DFT approaches yield a good
qualitative agreement concerning the change in the MAE with
strain. From the local decomposition of MAE evaluated by
the grand-canonical formulation [91,92], we find that Fe1 and
Fe3 favor out-of-plane anisotropy while the Fe2 layer favors
an in-plane direction of the moments. In contrast, we find that
an applied electric field has a much smaller effect on the MAE
of FGT/Ge [Fig. 9(b)].

IV. CONCLUSION

In summary, Fe3GeTe2/germanene has been investigated
as a representative 2D vdW magnetic heterostructure using
three current state-of-the-art approaches to map the ab initio
DFT calculations to an atomistic spin model: (i) the Green’s
function approach performing infinitesimal rotations, (ii) the
spin spiral method employing the generalized Bloch theorem
for various q vectors, and (iii) the supercell approach based
on the chirality-dependent total energy difference. We obtain
good qualitative agreement for the Heisenberg exchange and
Dzyaloshinskii-Moriya interaction in FGT/Ge using these
three different approaches. We obtain almost quantitative
agreement for the DMI between approaches (ii) and (iii),
indicating that the nearest-neighbor approximation is valid in
the FGT/Ge heterostructure. Furthermore, we have studied
the electronic and magnetic ground states of the FGT/Ge
heterostructure under biaxial mechanical strain, stacking, and

TABLE III. Shell-resolved Heisenberg exchange constants, Ji, for ith neighbors for the different Fe-Fe pairs in FGT fitted from the spin
spiral DFT calculations via the FLAPW method presented in Fig. 3. All values are given in meV.

J1 J2 J3 J4 J5 J6 J7

Fe3-Fe3 (Fe1-Fe1) −10.21 −0.30 1.28 0.19 −0.28 0.03 0.04
Fe2-Fe2 −2.02 0.50 −0.53 −0.20 −0.01 0.03 −0.38
Fe3-Fe2 (Fe2-Fe1) 16.50 5.42 −1.23 −0.82 1.01 1.11 0.50
Fe3-Fe1 83.47 −6.40 4.13 6.86 −1.08 1.09 1.25
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FIG. 10. Magnetic moments of the Fe1 (Fe3) and Fe2 atoms in a
freestanding FGT monolayer as a function of the q vector for (a) flat
(θ = π/2) and (b) conical (with a small cone angle of θ = π/20)
spin spirals calculated via the FLAPW method.

a perpendicular electric field. We have shown that the strength
of the DMI can be significantly modified via strain and stack-
ing order, tracing its origin to the geometrical change and
hybridization effect. In particular, when a small compressive
strain is applied, the DMI is strongly enhanced while the
MAE, in contrast, is significantly decreased, which allows
the possibility of nanoscale skyrmions at a low magnetic field
[58]. On the other hand, an electric field changes the DMI and
the exchange constants almost linearly. If we apply a large
enough electric field, we also expect a change in the sign
of the DMI, i.e., a reversed rotational sense of the favored
noncollinear spin structures. The electric field effect on the
magnetocrystalline anisotropy is small for the FGT/Ge het-
erostructure.
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APPENDIX A: FITTED HEISENBERG EXCHANGE
PARAMETERS FOR FREESTANDING FGT

In Table III, we present the fitted parameters up to the
seventh-nearest neighbors for freestanding FGT obtained via
FLAPW-gBT. Note that in the main text we only benchmarked
the NN exchange parameter.

APPENDIX B: QUENCHING OF THE MAGNETIC
MOMENT

Spin spirals can be characterized by their reciprocal spin
spiral vector q, which determines the propagation direction
of the spiral. For a rotation axis along the z direction, their
magnetization is defined as

mi =
⎛
⎝cos(q · Ri ) sin θ

sin(q · Ri ) sin θ

cos θ

⎞
⎠, (B1)

where Ri is the position of site i and θ is the cone angle. For
the special value θ = π/2, we obtain flat spin spirals.

We show in Fig. 10 the variation of magnetic moments
along q vectors for flat [Fig. 10(a)] and conical [Fig. 10(b)]
spin spirals for Fe2-Fe2 spin spirals in a freestanding FGT
monolayer, where we rotate only the spins of the Fe2 atoms by
fixing the other two layers to the FM state. For flat spin spirals
[Fig. 10(a)], only the Fe3 and Fe1 layers possess a magnetic
moment, while the moments of the Fe2 atom vanish due to
symmetry. On the other, for conical spin spirals [Fig. 10(b)],
we obtain the expected magnetic moments (close to the FM
state) for all three atoms.

APPENDIX C: THE PARTIAL DENSITY OF STATES IN
FGT/Ge WITHOUT AND WITH STRAIN

To further show that the mechanism of strong enhancement
of the DMI originates mainly from the Fe1-atom-related pairs
(see Fig. 5), the partial density of states (PDOS) of Fe atoms
in FGT/Ge under strains of γ = −3 and 0% is analyzed in
Fig. 11. The largest difference between the two cases origi-
nates from the Fe1 atom, which is located at the interface.

FIG. 12. Total DOS of FGT/Ge obtained via (a) the FLEUR code
and (b) QATK at electric fields of E = +0.5 V/Å (blue), E = 0.0 V/Å
(black), and E = −0.5 V/Å (red).
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APPENDIX D: COMPARISON OF FLEUR AND QATK

We plot in Fig. 12 the total density of states (DOS) for
FGT/Ge calculated by the FLEUR code [Fig. 12(a)] and by
the QATK code [Fig. 12(b)] at different electric fields. We note

that the effect of the electric field on the PDOS is much more
pronounced in QATK than in FLEUR, leading to the quantita-
tive difference in the variation of the DMI with electric field
observed in the inset of Fig. 8.
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