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Abstract

Consider an integral equation A w — Tu = f, where T is an
integral operator, defined on C[0,1], with a kernel having an alge-
braic or a logarithmic singularity. Let m,, denote an interpolatory
projection onto a space of piecewise polynomials of degree < r — 1
with respect to a graded partition of [0, 1] consisting of m subinter-
vals. In the product integration method, an approximate solution is
obtained by solving A w%pm — TAmum = f. As in order to achieve
a desired accuracy, one may have to choose m large, we find approx-
imations of um, using a discrete modified projection method and its
iterative version. We define a two-grid iteration scheme based on this
method and show that it needs less number of iterates than the two-
grid iteration scheme associated with the discrete collocation method.
Numerical results are given which validate the theoretical results.

Keywords: Algebraic singularity, Logarithmic singularity, Collocation
method, Interpolatory projection, Graded mesh, Piecewise polynomial
approximation, Product integration, Weakly singular integral operator.
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1 Introduction

Consider the integral operator

1
(Tu)(s) = / galls —t]) u(t) dt, 0<s<1,
0
with
ga(s) =571, 0<a<1 and gi(s) = log(s).

The former corresponds to the so called algebraic singularity and the latter,
a = 1 following the convention in [1], to the logarithm singularity. Then T is a
compact operator from C0,1] to C[0, 1]. We are interested in an approximate
solution of the following integral equation:

Au—Tu=f, (1)

where ) is not an eigenvalue of T' and f € C[0, 1].

One of the important methods for finding an approximate solution of
weakly singular equations is the Product Integration method. Let » > 1 and
let X, denote the space of piecewise polynomial functions of degree < r — 1
with respect to a partition of [0,1] with m subintervals. Choose r distinct
points in each of the subinterval of the partition and let m,, : C([0,1]) = X,
be the map which interpolates at these mr points. In the product integration
method, (1) is approximated by

AUy, — T U, = f. (2)

The solution u,, of the above equation is obtained by solving a linear system
of equations of size mr. In order to achieve a desired accuracy, it may be
necessary to choose m large. We would like to find an approximation of u,, by
solving a system of a relatively small size. For this purpose, we approximate
T, by some discrete operators defined on a coarser grid.

In the collocation method, (1) is approximated by A u$ — m,Tm,ul =
T f-

Vainikko and Uba [2] obtain the error bounds in the collocation method.
Hakk and Pedas [3] prove that if the interpolation points are chosen appropri-
ately, then the collocation solution exhibits superconvergence at the interpo-
lation points. A two-grid method based on the collocation method is analysed
in Hakk and Pedas [4]. Kaneko et al [5] consider approximate solution of
weakly singular Hammerstein integral equations by the collocation methods.
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In [6], Graham chooses approximate space consisting of spline functions and
investigates the Galerkin and the iterated Galerkin methods. Cao and Xu [7]
choose approximating space consisting of piecewise polynomials and of mildly
singular functions which reflect the singularities of the exact solution. The
Galerkin method is then considered with an orthogonal projection onto this
approximating space. A disadvantage of this approach is that it is problem
specific.

In order to reduce the size of the linear system to solve, Hakk and Pedas
analyse a two-grid method based on the collocation method in [4].

The aim of this paper is to investigate the performance of the discrete ver-
sion of the modified projection method of Kulkarni [8] for approximate solution
of (2). In the case of the algebraic singularity, 0 < a < 1, for an appropriate
choice of the coarse grid (value of the grading parameter ¢), we prove that
the convergence rate of the discrete modified projection solution is better than
those of the discrete collocation and the discrete iterated collocation.

There are not many computational results available for an approximate
solution of (1) in research literature and we try to fill this gap. We report some
computational results for the weakly singular integral equations with both the
algebraic as well as logarithmic singularities. As we considered a graded mesh,
a careful computation of the weights in the product integration method was
necessary. We followed the approach developed by Atkinson and Shampine
in [9]. For the algebraic singularity, numerical results confirm the superiority
of the discrete modified projection method over the collocation ones. In the
case of the logarithmic singularity, & = 1, numerical results show that the
discrete iterated modified projection solution converges faster than the other
three approaches.

Then, we define 2 two-grid iteration schemes associated with the discrete
modified projection method and compare their performance with the two-grid
iteration schemes associated with the collocation method. We show that the
iterates in the two-grid iteration scheme associated with the discrete modi-
fied projection method converge faster than the corresponding iterates in the
discrete collocation method.

The paper is arranged as follows. In Section 2 we describe the product inte-
gration method, quote a result about the smoothness of the exact solution and
state the results about the order of convergence of the approximate solution u,,
in the product integration method. In Section 3 the discrete collocation, the
discrete iterated collocation, the discrete modified projection and the discrete
iterated modified projection methods are defined. Then, we obtain orders of
convergence of approximate solutions in various discrete methods. Numerical
results related to these discrete methods for the integral operator with both
an algebraic singularity and a logarithmic singularity are given in Section 4.
Section 5 is devoted to two-grid methods followed by its numerical illustration
in Section 6.
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2 Product Integration

In this section we recall the product integration method and state some
convergence results which are available in the research literature.

The exact solution of (1) has a singular behavior at the two end points

of the interval [0,1]. Hence a graded mesh is needed to define a piecewise
polynomial approximation.
The concept of a graded mesh was developed by Rice [10]. In [1] Schneider
considers a graded mesh and obtains the orders of convergence for ||u— tm, ||oo-
He shows that an appropriate choice of interpolation points, such as the Gauss
points, improves the order of convergence. Atkinson and Shampine [9] discuss
the details of the computation of weights in the product integration method
and give computational results.

Let ¢ > 1, m € N and m be even. Consider the following graded partition

of [0,1] :
1 /206 —1)\* .om
= () 1<i< Dy,
Y 2( m ) st
m .
Yi = 1= Ymyoi, §+1S2§m+1. (3)
Then
max (i1 — i) < . (4)
1<i<m " Y= m

Let » > 1 and let X,,, denote the space of piecewise polynomial functions
of degree < r — 1 with respect to the above partition. Choose

0< <pe<---<pr <1 (5)
The mr collocation points are chosen as s; j = y; + 1 (Yi+1 — ¥i), i =1,...,m,
i=1...,r
An interpolatory map 7, : C[0,1] — X, is defined by

(Tmu)(sij) =u(siy), i=1,...,m, j=1,...,m

If iy = 0 and p, = 1, then X,,, C C[0,1] and the m(r — 1) + 1 collocation
points are given by

Sij = yi+:uj(yi+l *L%’): i=1....m, j=1...,r— ]«,Sm,r = Ym+1-

Then m,, converges to the identity operator pointwise on C]0,1]. As in
Atkinson et al [11], 7, can be extended to L>(]0,1]) and

sup ||| < Cr. (6)
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Let {m;; : t=1,...,m, j=1,...,r} be a basis for X,, such that

75,5 (8k,e) = 0i k0.0

Then m
7Tmu = Z ZU 517_] Ni,5 (t) te [O’ ”'
=1 j5=1

It follows that

m 7T

Tﬂmu ZZU Si,j / Ya ‘ t|)77’byj(t)dt
i=1 j=1 0
-3 S ot o
=1 j=1

The exact equation (1) is approximated by A w,, — Tmmu, = f (equation (2)).
Note that the operators {T'm,,} are collectively compact and converge
pointwise to T on C|0, 1]. Hence for m large enough, (A — T'm,,) is invertible,

lAT = Tmm) | < G (8)
and (2) has a unique solution. Note that

U— Uy = N =T) f =N = Trm,) "t f
= N —Tmp) YT = Trp) M =T)7 ' f
= (M —Tmp) ' T(I — 7).

Hence
[ = tm|loo < Co|T(I =7 )tt]| oo 9)
We quote a result about the smoothness of the solution u of (1) from Atkinson

[12].
The Hélder spaces are defined as follows. For 0 < a < 1,

c®0,1] = {g €Cl0, 1] dalg) = sup w ) Oo} "

and

t) —g(7)
C@Uml—{ € C0,1] : ot <
0.4 =qoec oeimer [t—rlog B/(t—7)] ~

for some B > 1.
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Theorem 1 (Atkinson [12]) Let k > 0 be an integer, and let 0 < a < 1. Assume that
Fec® 1], feck0,1) and t' (1 — )" f D) € 0ON0,1], i = 1,...,k Then

1. The solution u of (1) satisfies u € C(©)[0,1], u € C*(0,1) and
wi(t) = t'(1 — ) (t) e CON0,1], i=1,... k.

Further u;(0) = u;(1) =0, i=1,... k.
2. For0<a<1, [u(t)] <¢to, 0<

t
W) < e (1L-t)*7%, 5 <
With o = 1, for any € € (0, 1),

|u(z)(t)| < ¢ tl—e—i7
WD) < e (1-1)' 7,

Throughout this paper we assume that f € C(%®)[0,1](C7(0,1) and for
i=1,...,7, t'(1 =) fO(t) e CON]o,1].

In [10], Rice has proved the following estimate: If 0 < a < 1 and ¢ > 1, then
!

[u = Tmuloe = O (m™"). (11)
It then follows from (9) that

[t = umlloc = O (m™"). (12)
If a =1 and g > r, then

[ = U loo = O (m™") . (13)

The above results can be improved by a suitable choice of collocation points.
1 r

We describe them below. Let M = / H(uj — t)dt. Note that if p;, j =
0 ;-

1,...,r, are the Gauss points, then M = 0. In [1] Schneider has proved the

following error estimates.

1
LetM:OandO<a<1.Ifq2%,then
a

IT(I = 7Tm)ulloo = O (m™""%). (14)
It then follows from (9) that

[u = tm oo = O (m™77%). (15)
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2
Let M =0 and o = 1. Ifq>%,then

|T(I = m)ullos = O (m™""" log(m)) . (16)
It follows that
[u = tumlloo = O (m™""" log(m)) . (17)

In the next Section, some discrete operators which approximate T, are
defined and then two-grid methods associated with these discrete operators
are described.

3 Projection based Discrete Methods

In the case of an integral operator

(Tu)(s) = /01 E(s,t)u(t)dt, 0<s<1,

where the kernel k(-,-) is either smooth or is of the type of Green’s function,
the discrete versions of various projection methods are defined by replacing
the integral in the definition of T by a convergent quadrature formula.

The discrete version of the iterated collocation method for an Urysohn
integral equation with a smooth kernel is considered in Atkinson-Flores [13],
whereas the discrete versions of the modified projection and the iterated
modified projection methods are investigated in Kulkarni-Rakshit [14].

In the present case, we replace T by

Trm(u)(s) = Z Z wi,j(s)u(si;)-

Choose n € N such that n is even and m = np, p € N. Let ¢ > 1 and
consider the following coarse partition of [0,1] :

1 /206 —1)\* n
i= ;o 1<i< <41,
v 2( n) =gt

2= 1—2piooi, g+1<i§n+1. (18)

Let » > 1 and X, denote the space of piecewise polynomial functions of degree
< r — 1 with respect to the above partition. The nr collocation points are
chosen as t; ; = x; + pj(zip1 — ), i =1,...,n, j=1,...,r, where p;’s are
from (5).
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Let 7, : C[0,1] — X,, be defined as

(mpu)(tiy) =ultiy), t=1,...,n, j=1,...,m (19)
Note that
1 /20ip)\? 1 /206+1-1)\7
Yip+1 = ) m = s\ T = Tit1-

Discrete Collocation Method

We define TS = m, T, and approximate (2) by
A ug - ﬂnTmenug =m,f.
Note that m,ul = uS. Hence
A = T)ul =7, f. (20)
Furthermore 7,, converges to the Identity operator on C10, 1], {Tm,, : m >
1} is collectively compact and is pointwise convergent on C0, 1]. Hence ||(7), —
T7,,|| — 0asn — oco. It follows that {7, Tm,, : n > 1,m > 1} is collectively
compact. For n large enough, (A — 7, T'7,,) is invertible,
|(M = 7, Trn) 7| < Cs (21)
and (20) has a unique solution. Apply 7, to (2) to obtain
AT Uy, — T T T U, = Ty f
Thus,
A =T, = Tp f + A — 7). (22)
From (20) and (22) we obtain
Uy — uS = AN\ = 1, T7) "I = 70 )t

Hence using the estimates (6) and (21), we obtain

IAICs|(I = 7 )t | oo
IAICs[I(I = mn)ulloo + [AC3(1 + Ch)lJt — tim[loo- (23)

=y oo <
<

Bearing in mind that w,, 7, = 7, and Tw,,, 7, = T'7p, ug is also the solution
of (A — 1, T, )ul = m,f, so it is the collocation approximation at the coarse
grid.
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Discrete Iterated Collocation Method

We define T;f = T, = Tm, and approximate (2) by
Aud — Trus = f. (24)

Indeed, we recover the product integration on the coarse grid.
Then v — v = (M — Tm,) " T (I — 7w, )u. Hence

lu = up oo < Col|T(I = mn)ull o
and from (9)

et — wlloo + flu = oo
Co(IT(I = mm) oo + [ T(1 — 7 )ttl|oo)- (25)

[tm — “s”oo <
<

Discrete Modified Projection Method

To build this method, and contrary to the preceding ones, two grids are needed
(a coarse and a fine).
We define T,]LW =m, Ty + Trpmm, — 7p T, m,. Then
Trm —TM = (I —1,) T (I — 1) = (I — 700)T (T — 700).
We approximate (2) by
AuM My M — (26)

Since ||T7m,, — TM| < 2Cy||(I — m,)T|| — 0 as n — oo, for n large enough,
M — TM is invertible and

|(AL =T~ < Cu. (27)
‘We have
U —uM = (N = Tmp) tf — (N = TM)Lf
= M -T") YT, — TMYN —Tr,,) " f
= M = TM)Y™MT = 7,)T (T, — 0 )t
Note that

(I = 7) T (7 = T )tim [|oe < 2C1 (1 = 7)) T ||t — uf| o +
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(I = 7p)T (I = mm )l oo + [[(I = 7n)T(I = 7 )tt] oo -
Hence

l|twm — unMHoo < 2C1C4||[(I = mn) T ||t — ulloo +
Colll(T — 1) T(T = il + 1T = 7o) T(T = ) cl28)

Discrete Iterated Modified Projection Method

We define
aM = = (Trpud + f). (29)
It can be proved that

lum — @3 oo < Cs(IT = ma) T llup” — wmlloo +
1T = mn)T(I = ) ullo)- (30)

We skip the details.

Error Estimates

We consider an integral operator with an algebraic singularity and obtain
orders of convergence for the discrete collocation solution, the discrete iterated
collocation solution and the discrete modified projection solution.

1
Proposition 1 Let (Tu)(s) :/ ﬁ
0 [s—t

w(t) dt, 0<a<l. Ifue L™0,1],
then Tu € C(%)[0,1] and

’ 2—«
(Tu)(s)-(Tu)(s) < 2 a"' 1 llw|co- (31)

do(Tu) = sup
Ot( ) 0<s,s’<1 |5 - 5/|a

(/)

22—u+1 , o
——ulloo| [s" —s[™.

Proof Note that

1 1
s — ¢ s — ¢

IN

|(Tu)(s) — (Tu)(s")|

N

«

dt> [ oo
27G+1

2 .
It follows that do(Tu) < ————||ul|co, which completes the proof. O
a
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1
Theorem 2 Let (Tu)(s) = / % u(t) dt, 0 < a < 1, and m, be the
0

s — 1|
interpolatory projection defined by (19). Then
I = ma)TI = O (n™) . (32)

Proof Let g € CO[0,1]. Then |g(t) — g(s)| < da(g)|t — s|*, s,t € [0,1]. We define
a piecewise constant function gg as follows. Let
Ti +Tip1

ti ==

. golz1) = g(t1), go(t) = g(ts), t € (x4, 2441, i=1,...,n.

Then 7,(go) = go. From (4) we recall that max (z;41 — ;) < 4 Hence for t €
1<i<n n
[z, Tit1],
l9(t) = (mng) ()] = (I = mn)(g — 90)(t)]
(L+ [lmnlDlg(t) — g(ts)l
(

<
< (1+C1)q%da(g)n™ .

Hence if g € C(O’O‘)[O, 1], then
lg = mnglloe < (14 C1)q"dalg)n™ .

27a+1

Let u € L]0, 1]. Then from (31), do(Tu) < 2 lu]loo- It follows that

(03

022741 _
——|luffeen™".
«

1T = 70)Tulloo < (1+ C1)g®da(Tu)n™ < (14 Cr)g
The required estimate follows by taking the supremum over the set {u € L°°[0,1] :
lulloc <1} O

Theorem 3 If ¢ > r for0<a<1andq>r fora =1, then

@
lum = oo = O(n™"),  Jlum — uz]loo = O(n™"). (33)
1
If0<a<l1 anqumin{i,ﬂ}, then
o 2a

lum = un oo = O (n777%) . (34)

1 7
1
IfM:/ ||(Mj—t)dt:0, 0<a<10mdq2ﬂ7 then
0 ;5 2c

[um — i loo = O(n™""%). (35)
IfM=0,,a=1and q > %, then

[um — ui loo = O(n™ """ log(n)). (36)
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Proof Recall from (23) that
lm = ug lloo < NC3[I(I = mn)ulloo + AIC3(1 + C1)lu = tm||oo-
Since m > n, from (11) and (12) we obtain ||um — UEHOO =0(n"").
Recall from (25) that
lum —unlloo < Co(IT(T = mm)ullos + | T(T = 7n)ulloc) (37)
< Co|| T = mm)ulloe + [I(1 = 7m0 )uf|oo)- (38)

Hence from (11), |[um — uy |loo = O(n™7).
We recall from (28) the following error estimate in the discrete modified
projection solution:

Jum — 6 floo < 201Call(T = m) Tl — wll +
Calll(T = ) T( = Tl + (T = ) T(L = T Yulloc]
Using (11), (12), (14) and (32), we conclude that if 0 < @ < 1 and ¢ >

mln{r LT+1} , then
« 2c0

Jm = o = O (n777).

1
IfM=0,0<a<landgqg> %, then from (14) and (37),

[um — i loo = O(n™""%).

2
IfM =0, a=1andq> %, then from (16) and (37),
lum = w oo = O( """ log(n)).

This completes the proof. |

We now deduce an error elstimates from Theorem 3 in the case of an
algebraic singularity with o = 3 and u(t) = Vt+ /1 —t as exact solution.

Corollary 1 Let o = % and u(t) = Vit + V1 —L.

1. Let X,, be the space of piecewise linear polynomials, that is, r = 2, and let
ul =0, ,ug—l ThenM;éO Ifq—4 then ||t — uS|| = O(n™2), ||Jum —
”_ ( ) Hum_ nH_O( w20 )
2. Let X, be the space of piecewise constant polynomials, that is, r = 1, and
1
let uy = 7 Then M = 0. If ¢ > 2, then ||ty —uS || = O(n™Y), ||upm —u|| =

O(n=19). If ¢ > 2.5, then |Jup — us|| = O(n=1%).

3. Let X, be the space of piecewise linear polynomials, that is, r = 2, and let
w1, p2 be the Gauss 2 points. Then M = 0. If ¢ > 4, then |Jupm — uS|| =
O(n=2). If ¢ > 3.5, then ||ty —uS]| = O(n™2), |um — uM| = O(n=%°).

We also deduce error estimates for logarithmic singularity (o = 1) with the
exact solution chosen to be u(t) = ¢ log(t)+(1—t) log(1—t), from Theorem 3.
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Corollary 2 Let a =1 and u(t) =t log(t) + (1 —t) log(1l — ).

1.

Let X,, be the space of piecewise linear polynomials, that is, r = 2, and let

p1 =0, po =1. Then M #0. If ¢ > 2, then ||up — uS | = O(n™2), ||um —

up | = 0(n?).

Let X,, be the space of piecewise constant polynomials, that is, r = 1, and let
1

p =g Then M = 0. If ¢ > 1.5, then ||tum —uS|| = O(n™Y), |t —ul|| =

O(n™? log(n)).

Let X, be the space of piecewise linear polynomials, that is, r = 2, and let
/,&1,/,&2 be the Gauss 2 points. Then M = 0. If ¢ > 2, then |uy, — uS| =
O(n™2), |[um —uy || = O(n~? log(n)).

4 Numerical Experiments for Projection based

Discrete Methods

Recall that X, is the space of piecewise polynomials with respect to the
partition (3) and {n;; : i =1,...,m, j = 1,...,r} is a basis for X,, such
that n; j(sk,¢) = 0i,10;,¢. Then

T

(mu)( Z Zu(si,j)m,j (t), telo,1]

i=1 j=1

and

m T

Tru(s) = 33 u(si ) / galls — eyt = 33 ey (Suse).

i=1 j=1 i=1 j=1

Consider the case of the piecewise constant polynomials which interpolate at

the mid-points. In this case, r =1 and s;; =

Note that 7; 1(t) = {

_ Yt Y

]-7 lf te [yiayi+1>7
0, otherwise.

Hence

m Yit1
Trnu(s) = ZU(SM)/ o(|s —t])dt = sz u(si1)
i=1

7

In the case of the continuous piecewise linear polynomials which interpolate at
the partition points, the dimension of X, is m + 1. The interpolation points
are y;, t =1,...,m+ 1. We have

(mmu)(t) = Z u(yi)ni(t), te[0,1],
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t—yi—1

se i te [Yi—1,9il,
where the basis functions are 7;(t) = 1/1/:171:;7 if t€ [y, Yit1ls
0 otherwise.

It follows that

Tru(s) = (2 [ anls = e~ 0t ) o) +
> <y_1 [ alls =t —ynyar +
1

Yi-1 Jy;

y /yi+1 ga(ls = t)(yiy1 — t)‘”) ulyi) +

y1+1 B
1 Ym+1
( [ aalls = e = i) )
Ym+1 — Ym m
m—+1
> wils)u(y:)
=1

In the case of the piecewise linear polynomials which interpolate at Gauss 2
points, the dimension of X, is 2m. The interpolation points are given by

VitVirr L g —yi o Wity 1 yin — v
2 3 2 7 2 V32

Si,1 =

The basis functions are

Si2—t . t—sq, .
0 1(t) — 31\2337;,1’ if te [yu yi-‘!—l]? ni Z(t) — sivg—sil’l’ if t¢€ [yh yi-‘rl])
’ 0  otherwise, ’ 0  otherwise.

It follows that

Trpnu(s) =

( /yy’“ (Is = t))(siz2 — t)dt) u(si1) +

1 Yit+1
(ot [ s = e su)at) s
84,2 = Si,1 Jy,

[wi,1(s)u(si,1) + wia(s)u(siz2)]-

MSEMSEMS

1

K3

Thus, in the above three cases, the computation of the weights w; ;(s) reduces
b

b
to the integrals of the form / Jda(|s — t])dt or / da(|s — t|) ¢ dt. These

a
integrals can be evaluated analytically. However, since we are using a graded
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mesh, there is a loss of significance. Hence we follow the approach of Atkinson
and Shampine [9] and evaluate them numerically with a sufficient accuracy.

Example 1: Algebraic Singularity

Let

b _ 1
T(u)(s) = /0 \/ﬁ u(t) dt, thatis, «a= 3

We solve the integral equation
10w —T(u) = f,

where the right hand side f is so chosen that u(t) = vVt ++v1—t, t € [0,1].
This solution satisfies the properties listed in Theorem 1.

We choose n = 4 and m = 256 (higher values lead to similar results). In the
following, we illustrate and confirm the bounds described in Corollary 1. The
error and the computed orders of convergence achieved with (i) continuous
piecewise linear interpolation at the partition points, (ii) piecewise constant
interpolation at the mid-points and (iii) piecewise linear interpolation at Gauss
2 points, are reported. The notation is u$ for collocation solution, u? for
iterated collocation, u for modified projection, and @/ for iterated modified
projection. The integer ¢ is the parameter for the graded mesh and its value
has impact on the convergence rate.

Table 1: Errors and computed orders of convergence: continuous piecewise
linear interpolation at the partition points (Algebraic Singularity).

llum — uSlloe  order |lum —u3llec  order |um —uM|leo order |jum — @M |0  order

3.18 x 10702 0.52 8.84x107%  1.19 3.98 x 10704 1.11 1.19 x 1079 1.64
2.11 x 10704 1.95  6.77 x 1079 1.98 1.27 x 1079° 2.04 4.61 x 10797 2.79
5.33 x 10704 1.58 8.07x107% 2,03 1.04 x 1006 2.06 1.38 x 10796 2.31
7.17 x 10704 1.84 1.29x 1079 201 1.70 x 1079 2.34 2.30 x 10796 2.50

=W N =R

Table 1 shows that for continuous piecewise linear interpolation at the
partition points the error in the discrete iterated modified projection method
is less than that in the discrete iterated collocation method, as well as less
than the two non-iterated versions.

From Corollary 1, if ¢ = 4, then the expected orders of convergence are
2 for the collocation and the iterated collocation solutions, whereas 2.5 for
the two modified projection solutions. These estimates are confirmed by the
numerical computations.

For the piecewise constant interpolation at the mid-points, Table 2, the
error in the discrete iterated collocation method is less than the error in the
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Table 2: Errors and computed orders of convergence: piecewise constant
interpolation at the mid-points (Algebraic Singularity).

llum — uSlloe  order |lum —u3llec  order |lum —uM|leo order |jum —@M|oo  order

4.14 x 10792 0.84 7.29x107% 1.5 5.55 x 10704 1.17 9.82 x 10706 1.52
1.17 x 10702 1.21 923 x 1079 1.68 6.97 x 10795 1.37 2.38 x 10796 1.38
6.84 x 10793 127  1.20x 1079  1.60 9.52 x 10795 1.33 4.15 x 10796 1.26
7.79 x 10793 1.28  1.66 x 1079%  1.63 1.30 x 10704 1.36 6.07 x 1096 1.34

W N R

discrete collocation method. As expected the errors in discrete iterated collo-
cation method and the discrete modified projection method are similar. The
error in the discrete iterated modified projection method is the least.

From Corollary 1, if ¢ > 2.5, then the expected orders of convergence for the
collocation solution is 1, whereas for the iterated collocation and the modified
projection solutions it is 1.5.

Table 3: Errors and computed orders of convergence: Piecewise linear
interpolation at Gauss 2 points (Algebraic Singularity).

lum — uSHm order ||um — u;slHoo order ||lum — ufyﬂoo order |jum — TL%HOO order

1.99 x 10702 1.01 318 x107%  1.27 2.51 x 10704 1.24 3.60 x 10796 1.47
8.75x 1079  1.33  3.05x107%  1.78  2.06 x 10795 1.97  3.49 x 10797 2.36
2.74x 1079 1.69 257x107%  1.86 1.75 x 10795 2.49 7.66 x 10797 2.76
1.14 x 10793 2.17  3.99x 1079 2,10 3.51 x 10795 2.34 1.57 x 10796 2.56

=W N -

Observe that for piecewise linear interpolation at Gauss 2 points (Table
3), again, the error in the discrete iterated collocation method is less than the
error in the discrete collocation method. As expected the errors in discrete
iterated collocation method and the discrete modified projection method are
similar. The error in the discrete iterated modified projection method is the
least and there is an improvement in the order of convergence.

The orders of convergence estimated by Corollary 1 are also verified: for
q > 3.5 the expected orders of convergence for the collocation solution is 2,
whereas for the modified projection solution it is 2.5.

Example 2: Logarithmic Singularity

1
Let T(u)(s) = / log |s — t| u(t) dt. We solve the integral equation
0

U‘*T(u):fa

where the right hand side f is so chosen that u(t) = tlog(t) + (1 — ¢) log(1 —
t), t € [0,1]. This solution satisfies the properties listed in Theorem 1.
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In Table 4 we observe that the discrete modified projection method
improves over the discrete iterated collocation method. The discrete iterated
modified projection method is still the best.

From Corollary 2, if ¢ > 2, then the expected orders of convergence in the
discrete collocation method and the discrete iterated collocation method are 2,
which are inline with the numerical computations for ¢ = 4. Numerical results
indicate that the order of convergence for the discrete modified projection
methods is 3, as well as for iterated modified projection.

Table 4: Errors and computed orders of convergence: continuous piecewise
linear interpolation at the partition points (Logarithmic Singularity).

llum —ul|loc  order |lum —uslloo  order |lum —uM|lw order |jum —@M|loo  order

3.01 x 10702 0.45  1.49 x 10793 1.40 3.12 x 10704 1.54 1.47 x 10795 2.37
543 x 1079 0.97  9.67x 1079  2.08  1.66 x 10796 2.96  6.81 x 10797 3.08
8.11 x 10704 1.58  1.33x107% 2,09 5.85 x 10706 2.92 2.10 x 10796 3.12
4.26 x 10704 1.84 224x107% 2,09 1.39 x 10795 2.88 4.88 x 10706 3.13

=W N -

For piecewise constant interpolation at the mid-points, Table 5, it can be
seen that the error in the discrete iterated collocation method is less than the
error in the discrete collocation method. Whatever the value ¢ of the graded
mesh can be, the error in the discrete iterated modified projection method is
always the smallest.

From Corollary 2, if ¢ > 1.5, then the expected order of convergence for the
collocation solution is 1, whereas ||, — u||c = O (n~?log(n)) . Numerical
results indicate that the order of convergence in the discrete modified projec-
tion method is 2 and in the discrete iterated modified projection method it is
2.5 (even higher).

Table 5: Errors and computed orders of convergence: piecewise constant
interpolation at the mid-points (Logarithmic Singularity).

llum — uSlloe  order |lum —u3lleo  order |lum —uM|leo order |jum — @M |0  order

3.13 x 10702 1.07  6.35x1079%  1.73 3.15 x 10704 1.85 5.71 x 10796 2.69
117 x 10792 124 1.74x1079 206  9.07 x 1079 2.09 2.68 x 10796 2.53
1.39 x 10702 1.24 291 x107% 2,06 1.65 x 10704 2.11 6.58 x 10706 2.70
1.69 x 10702 1.25  4.66 x 10794 2,06 2.73 x 10795 2.13 1.35 x 10795 2.98

=W N =R

Considering now piecewise linear interpolation at Gauss 2 points, Table 6,
from Corollary 2, if ¢ > 2, then the expected order of convergence for the
collocation solution is 2, whereas |[um — uj || = O (n”*log(n)) .

While the performance of the discrete iterated collocation method and the
discrete modified projection method is similar, the discrete iterated modified
projection method remains the best, both in terms of the error and the order
of convergence.
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Table 6: Errors and computed orders of convergence: piecewise linear
interpolation at Gauss 2 points (Logarithmic Singularity).

llum — uSlloe  order |lum —u3llec  order |lum —uM|leo order |jum —@M|oo  order

6.59 x 10703 1.39 9.20x 1079  2.00 5.90 x 10795 2.06 1.84 x 10796 2.87
6.24 x 10704 2.17 116 x 1079  3.03 1.20 x 1079 3.06 1.02 x 10796 3.48
1.04 x 10793 2.27 3.76 x 1079 2,90 3.75 x 10795 2.92 3.67 x 10796 3.45
1.83 x 107093 2.24  849x1079 278 8.30 x 10795 2.80 9.33 x 10796 3.36

W N R

Overall, the discrete iterated modified method is clearly superior to the
others, and the discrete modified method can also provide good performance.
All theoretical bounds deduced are illustrated by the numerical results.

5 Two Grid Methods

In order to reduce the size of the linear systems to be solved, two-grid methods
are proposed for approximating the solution of

M —Trp)tum = f. (39)

These methods were considered in Kulkarni [15] for the multivariable Fred-
holm integral equations with smooth kernels. In [15], T was replaced by a
Nystrom approximation, whereas in this paper it is replaced by T'm,,. Previ-
ously, Hakk and Pedas [4], have proposed a two-grid method for collocation
and analyzed the convergence order, but without numerical experiments. The
aim of this section is also to fill this gap.

Method 1

Let u;‘i) be an approximate solution of (39) and T, be an approximation of
T7,m. The iteration is defined as

r®) = f— (AT = Trp)ul®) = (AT = Ty (g — ul®).

uFD = O T —T) "W E=0,1,2,... (40)
Then

Uy — 1, FFD = (I — (A = T,)) YA — T7n)) (i — ulF))

= (AT =T) " (T7m — T) (um — ull)).
Let
T = sup |(M — Ty,) (T — Tp) |-
m>n

Then

[l — ugrlf_‘—l)”oo < Tl tm — ugrlf)”OO'
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Remark 1 Let Ty, = T,? = mnTm, and consider the iteration scheme
rB) = (AT = T (um — u').
us,l»fﬂ) = ugf) + NI —Tpn)" TFnT(k) k=0,1,2,....

‘We show below that ugf) is a constant sequence.

Let u(o) = 0. Then (0 = =f= 7rnr(0) =7nf.
The term z,(l ) = =\I-Ty)" TI'nT(O) is obtained by solving

(0) ().

0
A 21(1 ) _ TnTTnzy = T

Thus, 27(1 ) € Xn.
As a consequence, Uy,

(1) _ (0)
(€]

Tt = Tnf — A Ty,
= ﬂ'n?"( )~ A z(o) + ’lTnTﬂ'nZy(LO)
= 0.
Hence z,(L ) = =AI—-Tn)" Yr() =0 and
(2) (1) (0)

Uy, = Uy’ = Zp, -

€ Xn. Now since mm7n = 7n,

(1) (1)

+ T Tt Ty,

Thus there is no improvement by iteration.

Remark 2 If we choose T, = Tév'[ = mnT7m + Trmmn — T Tmmn, then
Trim —Tn =T —7mn)Trm(I —mn) = (I — mn)T (Tm — Tn).
Using (6) and (27) we deduce that
™ < =T ||SW)meH+HWnWH( — )Tl

mn

201C4||(I — mn)T |-

A

It follows that

= O(|(I = mn)T1)).

19

(41)

Since T is a compact operator and m, converges to the Identity operator I pointwise,
it follows that ||(I — m)T'|| — 0 as n — oco. Hence for n large enough 7, < 1 and

k+1 H

k
et — < Tl lum — ||

Method 2

Let um) be an approximate solution

AN —Trp)um = f.

Let T}, be an approximation of T'm,,. The iteration scheme is defined as

r®) = f— (AT = Trp)a® = (AT — T (g — a)

m

(42)
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1
At = @l + < [r(k) oy Tn)—lT?rmrﬂ L k=0,1,... (43)

In this case

1

Uy — 0, =, — ) — 3 [T+ I—-T,) "Trp] r®
1

= —J(\ - ) (T — Tr) T (g, — ).

Let 1
Fo=— sup |[(A —T,) (T, — Trp) Tl

|/\‘ m>n
Then

Hum - ﬂé“””oo < Tt — agr]:)”oo (44)

Remark 3 If we choose T, = TT? = 7T, then
Trm —Tn = (I —mp)Tom +mnT(tm — I) + mnT(I — 7).
Thus,
2
(T7m — Tn)Trml|| < (I = mn)TINT (| l7emll” + (1 = wm) T T[[[[70n |70 |
(L = 7n) TN T [l 70 [ 70m |

3(C)?|ITNII = mn)T .

IN + IA

It follows that
Tn = O(||(I = mn)T). (45)

Remark 4 If we choose Ty, = TTJLM = mnT7m + Trmmn — wnTTmmn, then
(T — T) Tronl| < (I = 70)T (L = )Tl | +
(I = )T = 70n) T ||| |
< 201||(I = ma) T
Hence
7o = O (I = 7)) (46)

A comparison of (41), (45) and (46) shows that while the iterates obtained
in the two-grid method 2 with the discrete collocation approximation and
the iterates obtained in the two-grid method 1 with the discrete modified
projection approximation converge at the same rate, the iterates obtained in
the two-grid method 2 with the discrete modified projection approximation
converge faster than these two iterates. These results are validated in Section
5.3 for specific examples of weakly singular integral equations with an algebraic
or a logarithmic singularity.

The two-grid method 2 with T,, = T.¢ is considered in Hakk and Pedas [4].
However, there are no computational results.
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6 Numerical Experiments for Two Grid
Methods

We now give numerical results for the two grid methods. The results show
that the two-grid method 2 based on the discrete modified projection method
needs about half the number of iterations to achieve the desired accuracy as
compared to the two-grid method 2 based on the discrete collocation method
and the two-grid method 1 based on the discrete modified projection method.
Thus, the results given in (41), (42), (44), (45) and (46) are validated.

Algebraic Singularity

We consider the integral equation 10 u dt = f, where

J =)
— —u
o VI]s—1
the right hand side f is so chosen that the exact solution is u(t) = vt +
V1—t, t €l0,1]. We choose m = 256, n = 4.

The stopping criterium used for the iterative process was

(k)H

[ TV
[t |
for method 1, and
_ (k)
M < 10 x eps
[

for method 2, where eps /= 2.2 x 10716 is the machine precision.

Tables 7 to 9 present the errors for the three interpolation schemes. As pre-
dicted by (46) modified projection method 2 delivers the fastest convergence,
requiring half of the number of iterations as the others. Nevertheless, all the
three schemes allowed to reach the desired accuracy. The parameter ¢ control-
ling the graded mesh does not seem to influence the speed of convergence (just
for illustration, results with ¢ # 1 are shown together with the ones obtained
with the uniform grid ¢ = 1).

Logarithmic Singularity

1
We solve the integral equation u(s) — / log |s — t| u(t) dt = f(s), where

the right hand side f is so chosen that u(t) :075 log(t)+(1—t)log(1—t), t € [0, 1].
Again we choose m = 256, n = 4, and the stopping criterium is established
by the relative error

[

< 10 x eps
[t
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Table 7: Errors for continuous piecewise linear interpolation at the partition
points (Algebraic Singularity)

Collocation ~ Modified Proj.  Modified Proj. Collocation ~ Modified Proj.  Modified Proj.
method 2 method 1 method 2 method 2 method 1 method 2

it. g=1 qg=4
1 347x10792  7.16 x 10793 1.81 x 10793 1.50 x 10792 6.94 x 10793 2.26 x 10793
2 1.90x 1079 4.03 x 1094 6.24 x 10706 8.16 x 10794 4.90 x 1004 1.25 x 10795
3 1.11x107% 237 x1079 2.34 x 10798 5.55 x 10795 3.52 x 10~95 7.10 x 10798
4 6.74 x 10706 1.43 x 10796 9.09 x 10~ 11 3.87x 10796 255 x 10706 4.04 x 10~10
5 4.15x10797 873 x 10798 3.63 x 10~13 2.72 x 10797 1.85 x 10707 2.30 x 10712
6 2.58x1079 539 x 10799 3.11 x 10~15 1.92 x 10708 1.35 x 10708 1.47 x 10714
7 1.62x1079  3.36 x 10710 2.66 x 10715 1.36 x 10799 9.76 x 10~ 10 2.66 x 10~15
8 1.02x1079 210 x 10~ 2.44 x 10715 9.66 x 1011 7.08 x 10~ 11
9 648 x 10712 1.33 x 10712 6.86 x 1012 513 x 1012
10 4.13x 10713 844 x 10~ 4.89 x 10713 372 x 10713
11 2.74x 1071 644 x 10715 3.62x 1071 282 x 10714
12 3.33x 1071 244 x 10715 4.44 x 10715 4,00 x 10715
13 244 x 10718 2.66 x 10715 2.66 x 10~15

Table 8: Errors for piecewise constant interpolation at the mid-points
(Algebraic Singularity)

Collocation Modified Proj.  Modified Proj. Collocation Modified Proj.  Modified Proj.
method 2 method 1 method 2 method 2 method 1 method 2

it. g=1 q=3
1 7.40x10792  8.65x 10793 2.71 x 10793 5.74 x 10792 8.02 x 10793 2.91 x 10793
2 268x1079% 417 x 10~ 7.27 x 10796 2.88x 1079  535x 10704 1.46 x 10795
3 1.32x107%% 224 x1079 2.42 x 10708 1.94 x 10794 3.94 x 10-% 1.22 x 10797
4 7.19x 10706 1.26 x 10796 9.44 x 10~11 1.44 x 1079 3.47 x 10796 1.01 x 10799
5  4.10x107°7  7.33 x 10798 3.94 x 10~13 1.32 x 10796 3.21 x 10797 8.19 x 10~ 12
6 240x 10798 439 x 10799 3.11 x 10715 1.22 x 10797 2,94 x 10708 6.59 x 10~
7 1.47x10799 283 x10~10 2.22 x 10~1° 1.11 x 10798 2,66 x 10799 3.33 x 10715
8  9.46x 10~ 11 1.82 x 10~ 11 1.01 x 10799 2,40 x 10~ 10 2.66 x 10~1°
9  6.11x10712 1.18 x 1012 9.09 x 10~ 215 x 1011
10 3.96x 10713  7.75 x 10~ 14 8.19 x 10708 1.93 x 1012
11 264 x 107 6.44 x 10~1° 7.35 x 10713 1.72 x 1013
12 3.11x1071%  222x10°1° 6.59 x 10~14 1.55 x 1014
13 2.22x 1071 6.88 x 101 3.33 x 10715
14 3.11x 1071 289 x 10~15
15 2.66 x 10715 2.66 x 10~1%

for method 1, and
[t — ||
[ |
for method 2. To lighten the presentation, only piecewise linear interpolation
at Gauss 2 points on an uniform grid are considered. For the other alternatives,
the outputs are similar.

Figure 1 shows the relative error against the number of iterations to com-
pute the approximate solution for the three different iterative approaches
(Collocation - method 2, Modified Projection - methods 1 and 2) on a
semi-logarithmic plot.

< 10 x eps
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Table 9: Errors for piecewise linear interpolation at Gauss 2 points (Algebraic
Singularity)

Collocation ~ Modified Proj.  Modified Proj. Collocation ~ Modified Proj.  Modified Proj.
method 2 method 1 method 2 method 2 method 1 method 2
it. g=1 qg=4
1 4.98x10792 542 x 10793 1.55 x 10703 5.82x 10792 543 x 10793 1.55 x 10793
2 1.53x1079% 232 x10~% 4.71 x 10796 1.53 x 10793 2,32 x 10704 4.71 x 10796
3 6.86x 1079 1.41 x 1079 2.52 x 10798 6.87 x 10795 1.41 x 1079 2.52 x 10708
4 4.71 x 10796 1.04 x 10796 1.30 x 1010 4.70 x 10796 1.04 x 10796 1.30 x 1010
5 3.47x10797  7.54 x 10708 6.57 x 10~13 3.47x 10797  7.54 x 10708 6.56 x 10~13
6 2.53x10798 542 x 10799 5.33 x 10715 253 x 10798 541 x 10799 5.11 x 10~15
7 1.82x1079  3.86x 10710 2.89 x 10715 1.82 x 10799 3.86 x 10710 3.11 x 10~15
8 1.30x10710 275 x 10~ 2.66 x 10715 1.31x 10719 275 x 10~ 11
9  9.32x10712 1.95 x 1012 9.33 x 10~12 1.95 x 1012
10 6.66x 107 1.39 x 10713 6.55 x 10713 1.13x 10713
11 4.91 x 10~ 1.13 x 1014 4.80 x 10~14 1.13 x 1014
12 5.33x 10715 289 x10~15 5.33 x 10715 3.11 x 10715
13 2.89x 10715 266 x 10715 2.89 x 1071
14 2.66 x 10715 2.53 x 10715
10° ‘
————— Collocation
= = = Modified Projection 1
Modified Projection 2
10° 1
8
g
-10 “\\Q J
10 \\”\
\‘\Q
SN
S
*\\\
<
\\\
10—15 L 1 1 L
5 10 15 20

number of iterations

Fig. 1: Two grid convergence history for piecewise linear interpolation at
Gauss 2 points (Logarithmic Singularity).

The number of iterates in the two-grid method associated with the modified
projection method 2 is about half as compared with those in the collocation
method 2 and modified projection method 1. This is inline with the theoretical
results given in (41), (45), and (46).

We now consider a larger value for m to report on elapsed time. Figure 2
shows the required number of iterations and time in seconds for m = 1024 in
terms of increasing values of n. Overall, computation time is greatly reduced
for the 2-grid approach when compared with the time to compute the product
integration on the fine grid. Just for note, we mention that for m = 1024, 3.50
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Piecewise linear interpolation at Gauss 2 points (m = 1024)
50 T ; ; ; i i T T .

—%— #it for coll 2
45 + —— #it for mod proj 1 ®
—<— #it for mod proj 2 ! 13
40 F — -©— -time for coll 2 /
— —+— -time for mod proj 1 /
" 35 - — < — -time for mod proj 2 // 129
c
S —_
'}:g 30 /I 412 §
I ! o
5251 / §
e / 115 @
B w0l ® 1.5 GE)
g // =
Sisf / 11
/
10
10.5

%
0 B @ R~ =BT .

2 4 8 16 32 64 1

< &
2 5

8 256 512

Fig. 2: Two grid required number of iterations and time in seconds for
m = 1024 and several values of n (logarithmic scale), for piecewise linear inter-
polation at Gauss 2 points (Logarithmic Singularity).

seconds are required while only 0.03 seconds for the two-grid approach with
n = 4. That is, more than 100 times faster. The elapsed time increases for
increasing values of n but the number of iterations decreases. An increase of
22 in the coarse grid induces a reduction in the number of iterations in 27!.
The modified iteration method 2 consistently requires half of the iterations to
reach the desired accuracy when compared with the other two approaches, as
already reported.

It is worth to mention that Atkinson, in the nineties in [12], stated that “In
our experience these [two-grid methods] are the most efficient numerical meth-
ods for solving the linear systems obtained when solving integral equations of
the second kind”. All our results clearly highlight Atkinson’s statement.

7 Conclusion

In this paper we consider approximate solution of a weakly singular Fred-
holm integral equations. The kernel of the integral operator is of the form
|s—t|*71, 0 < a < 1 or of the form log(|s—t|), the case corresponding to v = 1.
The approximating space is chosen to be the space of piecewise polynomials
with respect to a graded partition of [0, 1] with grading parameter gq. We con-
sider a fine partition of [0, 1] with m subintervals and a coarse partition with n
subintervals. We choose r distinct points 0 < pg < pg < -+ < - < 1 and the
interpolation points are obtained by shifting these points to each subinterval

1 T
of the partition. The value M = / H(u]— — t)dt characterizes the grid type:
[
7j=1
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if M = 0, Gauss points are used. The interpolatory projection associated with
the fine partition is denoted by 7,,. In the Product Integration method, T is
replaced by T'm,, and the solution is denoted by .

Our aim is to obtain approximations of u,,. We prove the following results:

1. f0<a<1l, M #0andq> Z, then the discrete collocation and the iter-
@

ated discrete collocation solution converge to u,, at the same rate, whereas
in the discrete modified projection method, the order of convergence is

improved by .

1
2. f0<a<1,M=0and qg> ﬂ, then the iterated discrete colloca-

tion solution converge faster than tﬁe discrete collocation solution. Both the
discrete iterated collocation and the discrete modified projection solutions
converge to u,, at the same rate.

3. fa=1, M # 0, ¢ > r, then the collocation solution and the iterated
collocation solution converge at the same rate. Numerical results indicate
that in the discrete modified projection method, the order of convergence
is improved by 1.

2
4. fa=1, M =0, g > %, then the iterated discrete collocation solution

converges faster than the discrete collocation solution. Numerical results
indicate that the error in the discrete iterated modified projection method
is the least and there is an improvement in the order of convergence as
compared to the discrete iterated collocation solution.

5. In the case of Gauss points (M = 0), we expect that the discrete iterated
modified projection solution would converge faster than the discrete mod-
ified projection solution. However, we could not prove it theoretically. If
0 < a < 1, then the numerical results show that the error is the least in
the discrete iterated modified projection method. If o = 1, then numerical
results show, in addition, an improvement in the order of convergence of
the discrete iterated modified projection solution.

6. In the two-grid method 2 based on the discrete collocation method, we have
the following estimate:

= @8 Nloo < M = m0) Tl | — @5 oo

On the other hand, in the two-grid method 2 based on the discrete modified
projection method, we obtain

e — @3+ Pl < Ma(I(I = ) T1)? | — @ | oo-

Numerical results show that the number of iterations in the two-grid
method associated with the modified projection method 2 is half as com-
pared with those in the discrete collocation method 2. Both approaches
favor the computational efficiency by reducing dramatically the elapsed
time to reach a prescribed accuracy (near machine precision).
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The results in this paper can be extended to an integral operator of the
form

(Tu)(s) = /0 kE(s,t)ga(ls —t]) u(t) dt, 0<s<1,

where k(s,t) is a smooth function and
Ja(s) =s""", 0<a<1l and gi(s)=log(s).

In this case the formula (7) will be replaced by

m r 1
Tru(s) = ZZk(s,s,;‘j)u(s,;,’j)/o ga(|s —t))m; (t)dt
i=1 j=1

= D> wig(9)k(s, 505 ulsi;)-

i=1 j=1
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