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Abstract

In the context of large samples, a small number of individuals might spoil basic statistical
indicators like the mean. It is difficult to detect automatically these atypical individuals, and an
alternative strategy is using robust approaches. This paper focuses on estimating the geometric
median of a random variable, which is a robust indicator of central tendency. In order to deal with
large samples of data arriving sequentially, online stochastic Newton algorithms for estimating
the geometric median are introduced and we give their rates of convergence. Since estimates
of the median and those of the Hessian matrix can be recursively updated, we also determine
confidences intervals of the median in any designated direction and perform online statistical
tests.

Keywords: Geometric median; stochastic Newton algorithm; online estimation, stochastic optimiza-
tion

1 Introduction

Large samples of observations are now commonplace due to advancements in measurement
technology and improved computer storage capabilities. In such a large sample context, even a
small number of individuals might spoil basic statistical indicators like the mean. Detecting au-
tomatically these atypical individuals is difficult, and adopting robust approaches is an appealing
alternative. It is well known that the median is a robust indicator of central tendency, and here we
concentrate on the geometric median of a random variable in RP. The geometric median, also called
spatial median or multivariate L; median, is firstly introduced in [9] and [13]. It is defined as the min-
imizer of L, distances to observations of a random variable. It has nice robustness properties such
as a breakdown point at 0.5 [16, [14].

Recently, the geometric median attached more attention in the field of machine learning. For
example, in [17], authors proposed a L; median filter as a tool of their mesh denoising method,
which helps their model to preserve geometric features; an optimization algorithm of section line
extraction was established based on geometric median [20], the author considered the geometric
median because it has the characteristics of noise immunity; an image filtering algorithm [7] has



been proposed based on a spatial median filter, which shows better performances than mean filters,
since the median is more robust than the mean when noisy pixels are present in the image.

In this paper, we focus on the estimation of the geometric median. An iterative algorithm called
Weiszfeld’s algorithm has been developed [19) 12, [18], and the method has been improved in [1].
The algorithm is simple and fast, but the procedure is not adapted in the case where data are
acquired sequentially from files too large to be loaded into memory. To overcome this, and since the
geometric median is defined as the minimizer of a convex function, an averaged stochastic gradient
algorithm for estimating the geometric median has been proposed in [6]. However, as a first-order
algorithm, in practice it can be very sensitive to the Hessian structure of the function to minimize
2 3].

In order to overcome this, we propose here new stochastic Newton type algorithms for estimating
the geometric median. One difficulty encountered by stochastic Newton algorithms is the update
of the inverse of the Hessian estimates. Our recursive estimation of the inverse of the Hessian is
based on the Sherman-Morrison formula [8], which avoids an expensive inverse matrix calculation.
In order to overcome possible initialization problems, we also propose a weighted averaged version
[3]. Thanks to the asymptotic efficiency of the algorithms, and since one can recursively estimate
the covariance matrix, we introduce online confidence intervals of the geometric median in a chosen
direction and to perform online statistical hypothesis tests.

The paper is organized as follows: we describe the general framework and explain the method
for estimating recursively the inverse of the Hessian in Section[2] In Section[3|we present stochastic
Newton algorithms and we state their rates of convergence. A simulation study for comparing the
performances of different algorithms is also given. Section [4|is devoted to establishing recursive
confidence intervals and performing online statistical tests for the geometric median. The proofs are
gathered in Section

2 Framework

2.1 General framework

The geometric median m of a random variable X taking values in R? is the minimizer of the
convex function G : R? — R defined for all h € RP by [13]

G(h) = E[g(X;h)] = E[[|[X — hf| = | X]]].

Note that this definition does not assume the uniqueness of the median or the existence of the first
order moment of || X'||. From now on we suppose that following assumptions are fulfilled.

e Assumption 1. The random variable X is not concentrated around single points : there exists
Cg > 0 such that for all h € R?,
1
E [] < Cs
X — |

e Assumption 2. The random variable X is not concentrated on a straight line : for all h € RP,
there exists b’ € R? such that (h, h') # 0 and

Var [(X, )] > 0.
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Note that in Assumption 1, the order is usually obtained to be 2 in the literature [6], and we increase

the order to 6 for technical reasons, i.e. it is used to obtain the convergence rate of the Hessian’s

estimates that will be presented later. According to [14], Assumption 2 ensures that the function

G is strictly convex, so that the median m is uniquely defined. As shown in [6], the function G is
differentiable everywhere, and one can check that the gradient is defined for all h € RP by:

X-—h

VG = -8 |

Moreover, the function G is twice differentiable everywhere and its Hessian is given by [15]

e =g (- S )

According to [6], V2G(h) is positive definite under Assumptions 1 and 2. This is of particular interest
to stochastic Newton type algorithms for estimating the geometric median, in which the information
given by the Hessian matrix of the function G will be taken into account.

2.2 Some recalls on the averaged stochastic gradient algorithm

An averaged stochastic gradient algorithm has been proposed in [6] for estimating the geometric

median. Given X1, Xo,..., X, X;,41,-..,, i.i.d copies of X, the stochastic gradient algorithm is
given by
(SG)
sG Xnt1—m
m7(’L+1) — m%SG) + Yn n+ ZZSG) ’ (1)
Xn+1 — Mn

where ~,, is a sequence of descent steps. Its averaged version consists of averaging all the esti-
mated past values, which is defined recursively by

_ _ 1 sG)
= e (20 )

with méSG) bounded and my = méSG). Thus, the estimation can be easily updated. This algorithm

has been deeply studied: its asymptotic efficiency is given in [6], while the L? rates are derived
in [10]. Moreover, the non-asymptotic behavior of this algorithm has also been studied in [4] by
giving non-asymptotic confidence balls based on the derivation of improved L? rates of convergence.
However, it’'s a first-order algorithm and thus can be very sensitive to the structure of Hessian of the
function we try to minimize [3], which means here that the random variable X is fairly concentrated
towards a straight line for instance.

2.3 How to estimate the inverse of the Hessian

We will then focus on Newton type methods, which is more adapted to deal with ill-conditioned
problems. A major difficulty encountered by stochastic Newton algorithm is that we must be able
to update the inverse of the Hessian estimate with a cost, in terms of computation time, as low as
possible. We explain now how to estimate the inverse of the Hessian V2G(m) in a recursive way



when m is known. The idea is to obtain an estimate of the form %2221 akqﬁkqbf to apply Riccati’s
formula [8]. We have

1
V(X h) = <Ip -

(X —h)(X — h)T>
| X — Al

IX = n|®
XX\ (X)X =)
Note that (Ip X h ) I, X we then have
V2g(X,h) = || X = h|| (VZg(X, h))*. (3)
In addition, according to Taylor’s theorem,

1
Vg(X,h+aZ) - Vg(X,h) = / V2g(X,h + taZ)dtaZ,
0

where Z ~ N(0, I,) and o > 0. Therefore, an estimate of V2G(m) is given by

A 1 || Xk — m|| T
H, = E .D,. + Hy |, 4
n—+1 (kl ai K=k 0 “)

where o, = , Hy = I,, and &y, is defined by

1

kln (k+1)
1

Py := Vg(Xy,m + arpZy) — Vg( X, m) = / V29(Xk, m + tag Zy)dtay Z,
0

where (Z},), are standard independent Gaussian vectors for any £ > 1. Indeed, one can check
that E [”Xk*m”@kcb{ — V2G(m). In addition, with the help of Riccati's formula [8], H, !, =

e —
X

(n+1)"'H! can be easily updated as

_ _ X 1—m X, 1—m _ -1 _ _

Hn—il = Hn T H n+2 H <1 + H n+2 ” ¢5+1Hn 1¢n+1> Hn 1¢n+1¢£+1Hn 1‘
anJrl an+1

Thus, knowing m, we are able to estimate recursively the inverse of the Hessian with complexity

O (p?) (instead of O (p?)) for each iteration.

3 Stochastic Newton methods

In this section we introduce two stochastic Newton methods for estimating the median m : a
stochastic Newton algorithm and its weighted averaged version. We also give theoretical guarantees
on their convergence. We recall that (X, ),,>1 is a sequence of independent random vectors, of same
distribution as vector X and (Z,,),>1 is a sequence of independent standard Gaussian vectors.



3.1 Stochastic Newton algorithm
3.1.1 Definition of the algorithm

We now introduce stochastic Newton estimates, defined recursively for all n > 0 by

1 ]?{’_1 Xnt+1 — My
n+17" [ Xne1 —ma|’

Mp1 = My +

()

where my is bounded Let (ﬁn)n>1 be the strictly positive sequence of real numbers defined for any
n > 1by6n = WIth0<ﬁ< 5 and cg > 0. The matrle is given for any n > 0 by

where H,, is the recursive estimate of the Hessian VQG(m) defined by

- | Xk — mk il
H, = H
n—i—l (Z a? Okdr + Ho

k

with for any k& > 1, ¢ = Vg(Xp, mp_1 + axZy) — Vg(Xp, me_1), ap = m and Hy is
symmetric positive. We add the term ZzzlﬁkaZkT in order to control the eigenvalues of the
Hessian estimate (see Section|5)), which is necessary to obtain the convergence of the algorithm [3].
Thanks to Riccati’s formula [8] , H,,! = (n + 1)~ 1F;1 can be updated in two steps, leading to

-1
- 1 X1 — mal| HXn+1 mal 7 -1 T -1
Hn+1/2 = Hn - na%—i_l = 1+ O(n+1 d)n+1H ¢n+1 Hn ¢n+1¢n+1Hn )
1 - N -1 1
H, 4= n+1/2 51@ (1 + ﬁk; n+1/2 n+1> Hn+1/2Zn+lz Hn+1/2

Therefore, this algorithm allows us to update the estimation of the Hessian matrix and the estimation
of the geometric median in a recursive way.

3.1.2 Convergence results

The following theorem gives the almost sure rates of convergence as well as the asymptotic effi-
ciency of the stochastic Newton estimates. Note that its asymptotic efficiency allows us to construct
confidence intervals and carry out tests (discussed in Section [4).

Theorem 1 Assume that Assumptions 1 and 2 hold, then the stochastic Newton estimate m,, de-
fined by (5) converges almost surely towards m and

1
|my, —m|> =0 <r;n) a.s.

Furthermore, the Hessian estimates defined in (6) satisfy for all 6 > 0

Hﬁn - HH2 =0 (max{(lnnn)l%, ngﬁ}> a.s.

5



Finally,
Vi (my —m) —5— N (0, HT'SH™Y

n—-+00

where ¥ = E [Vg(X,m)Vg(X,m)T].

The proof is given in Section [5| Observe that the price to pay in order to control the eigenvalues
of the estimates of the Hessian is a loss in term of rate of convergence of the estimates. More
precisely, it makes appear a term which converges at a rate n~2” instead of n~!.

3.2 Weighted Averaged Stochastic Newton Algorithm
3.2.1 Definition of the algorithm

In order to improve in practice the behavior of the estimates in case of bad initializations, we now
introduce a Weighted Averaged Stochastic Newton algorithm (WASN) [3] defined recursively for all
n > 0 by:

Cy 51 Xpy1 — My
n+1+d)" " [ Xnpr — 1|

(7)

mn+1 = mn + (
Mp+1,7 = (1 - Tn+1)mn,7 + Tn+1mn+17 (8)

where ¢, > 0, ¢/, > 0and vy € (%, 1). The weighted averaging sequence (7,),>1 is chosen of
the following way : 7, = % for any n > 0 and w > 0. Notice that the case where
w = 0 corresponds to the averaged stochastic Newton algorithm (ASN). The recursive estimate of

the Hessian is defined by :

-~ 1 | Xk — my—1r | T 1 - .
Hnr = — Hy|+—— Zh 27
n,T n+1 <; Oéi ¢k,7’¢]§,7 + Hpy | + ] ; Br. 2, k (9)

where for any k > 1, ¢, = Vg(Xi, mi—1,+ + arZi) — Vg(Xg, my—_1,). In order to control the
eigenvalue of ﬁm, ([S’n)nzl should be the sequence of real numbers defined by 3, = nf—ﬁﬁ with
0<pB<y— % and cg > 0. Following the same procedure as for the stochastic Newton algorithm,
we can always update H, | = (n + 1)_1F;1T with Riccati’s formula [8].

3.2.2 Convergence results

The following theorem shows that under identical assumptions, the WASN estimates are still
asymptotically efficient.

Theorem 2 Suppose Assumptions 1 and 2 hold, then the Weighted Averaged Stochastic Newton
estimates m,, and m,,, T converge almost surely towards m. In addition,

1 1
77t — m|)? = O (nn> as. and  |ma,—m|>=0 <n”> a.s.
n” n



Furthermore, the Hessian estimate defined by (9) satisfies for all § > 0
- 2 1 1+6
[t = ] =0 (mox { 2, S s
n n

Vi (M. —m) —5— N (0, H'SH™Y,

n—-+o0o

Finally,

where ¥ = E [Vg(X,m)Vg(X,m)T].
The proof is given in Section

3.3 Comparison of the methods

We perform a numerical experiment in order to compare the performances of the Stochastic
Newton algorithm (SN), the Averaged Stochastic Newton algorithm (ASN), the Weighted Averaged
stochastic Newton Algorithm (WASN) and the averaged stochastic gradient descent (ASGD) pro-
posed in [6]. For WASN, we choose 7,, = % In this experiment, we generate samples of
Gaussian random vector X ~ A(0,, ¥) with p = 10, and we consider two structures of covariance
matrix 3 defined by

(i) Zi; = 0.5
(i) ¥ is diagonal with 31 ; = 1000 and X; ; = 1 for i # 1.
To evaluate the performances of algorithms, we compute the following mean squared error:
MSE() = E [|m - ||

where m is an estimate of the median. We estimate this error through Monte-Carlo experiments with
N = 400 samples, for each sample we generate n = 15000 copies of X. In order to see the impact
of the initialization of 77, we consider four different initializations : my = rU with U ~ N/, (0, I,,) and
r=1,5,10or 15.

r=15

Mean squared error
s
5

1 10 100 1000 10000 1 10 100 1000 10000
Sample size

WASN === ASN === SN ASGD

Figure 1: Evolution of the mean squared error with respect to the sample size for structure (i).



Considering the structure (i), the performances of four algorithms are identical for a good initial-
ization. However, when initialization get worse, we can see that second order methods converge
faster than ASGD.

e+03-

e+02- e

e+01- \
—~
e+00- = —

e-01-

e+03- =
e+02- \

+01 -

Mean squared error
[
e
5
=
e
&

[ Y
o o

+00 =

e-01-
1 10 100 1000 10000 1 10 100 1000 10000
Sample size

WASN ASN == SN ASGD

Figure 2: Evolution of the mean squared error with respect to the sample size for structure (ii).

When considering the structure (i), we observe that the Newton type algorithms perform much
better than ASGD. Even with a good initialization, the convergence of ASGD is clearly slower than
WASN, ASN and SN. Thus ASGD is more sensitive to the structure of the Hessian. Note that for
bad initializations, WASN estimators seem to achieve converge faster, and that this phenomenon
can be accentuated in the case of even worse conditioned problems, i.e. for even worse Hessian
structures [3].

4 Confidence intervals and tests

In this section, we shall propose confidende intervals and statistical tests for the median. These
results are obtained from Theorems [1] and [2, and therefore require recursive estimates of the co-
variance matrix X defined by

2 =E [Vg(X,m)Vg(X,m)"]

supposed here positive. In the sequel of the section, m,, will denote any asymptotically efficient
estimate of the geometric median. For example, m,, can be the ASGD estimate defined by (2), or
the SN estimate defined by (5), or the WASN estimate defined by (8).

4.1 Estimating the covariance

A natural recursive estimate of X is given by

(X), — X — 1)t
5 - Z k— Mg—1) (Xg — my—1) L),
n+1 | Xk — mg—a | [[Xe — mp—1]]




where Xg is symmetric positive. As well as for H,,, the Riccati’s formula ([8]) allows us to recursively
update matrix W, !, = (n + )T

~ ~ _]‘ ~ ~
v (Fot) o Fo) ) (Fo) (R
’ [Fora] " %o [Zo]| %o

where Xnﬂ := X,+1 — my,. This property will be of particular intcaiest to build online tests (see
section . The following theorem gives the rate of convergence of %,,.

Theorem 3 Let m,, be an estimate defined by (2), (B) or (8). Suppose Assumptions 1 and 2 hold,
then for any § > 0,
. 1 1446
IS0 — S|P =0 (“”7{3) a.s.

The proof is given in section

4.2 Confidence intervals and statistical hypothesis tests

Let us recall that under Assumptions 1 and 2

Vi (i, —m) —=— N (0, H'SH™Y).

n—-4o0o

Thus, we have for any xy € RP\{0}

vn (a]

St — 2 m) —=— N (0,1),
VoS, 15,8,

n—-+oo

where

5 _ 1 i”Xk_mk—nggT_i_S
" n41 — o Kk o
with Sy symmetric positive, (Zj), standard independent Gaussian vectors, and 51{ defined by $k =
Vg( Xk, mp—1+arZ) —Vg( Xk, mk—1). As §,:1 and X3,, can be recursively calculated (see Section
for the update of ?;1), we can then compute an online confidence interval of z'm, which
means that we can determine the confidence interval of the median in any designated direction.
Moreover, since m,, is asymptotically efficient, one has

~ sk m— 1ok, ~ L

where

— 1 - 1 X — 1) (X — me—1)T\ =
Jz g Z _ <Ip—( K — Mg 1)(~k 727% 1) )+H0
n+ 1\ [ Xk — mi-a| | Xk — mg—1]]



with T, symmetric positive. Thus H,, can be computed in a recursive way. Recall that ¥, ! can also
be recursively updated with (10), so that we can perform an online statistical hypothesis test with
significance level a € (0,1) : Hy : "m = myes” versus Hy : "m # myes,”. We calculate the test
statistic Z,, by

Zn=mn (mn - mtest)T F;;i;lﬁ; (mn - mtest) )

and we reject the null hypothesis if Z,, > (1_np, where (1_., is the quantile of order 1 — « of the
chi-squared distribution with p degrees of freedom.

4.3 Simulations

We now evaluate performances of the different algorithms by studying the empirical levels under
H,. To this aim, we generate samples of size n = 3000 of a Gaussian random vector X ~ A (0,, %)
with p = 10, where we consider two structures of the covariance matrix 3 defined in Section
We compute the empirical levels through experiments with v = 1000 samples. We consider two
different initializations : mo = rU with U ~ N}, (0, I,) and r = 1 or 5.

Structure of X | mg | Algorithm | Empirical level (%)
WASN 6.1
ASN 5.2
U'I—sx 58
@) ASGD 6.3
WASN 5.9
ASN 10.7
U I—sN 54
ASGD 23.0
WASN 18.9
U ASN 16.8
SN 443
ASGD 56.8
i WASN 19.1
ASN 22.0
U SN 50.4
ASGD 97.2

Table 1: Empirical levels achieved by different algorithms under Hy

The performance of WASN is noticeable, it gives lower empirical level and closer to the 5%
theoretical level even if mg is not well initialized. Same as what we observed in previous experiments,
the algorithm ASN is sensitive to the initializations. We can also observe that the empirical level
achieved by ASGD is the highest in every considered case. In general, proposed second-order
methods achieve better results than ASGD, and the improvements are more significant in the case
where we consider the structure (fi).

In addition, as the statistic test has a chi-squared limit distribution under the null hypothesis,
we are now interested in the closeness between the simulated distribution of the test statistic and

10



the theoretical distribution. For this purpose, we plot the estimated probability densities obtained
from different algorithms and the chi-square probability density. We can see that with second-order
estimates, the estimated distributions are closer to the theoretical distribution, especially with WASN
estimates.

0.100-

0075~ \
2
2 0.050-
(7}
°
0.025-
0.000-
0 10 20 30
r=5, structure (i)
0.100-
0.075-
2
2 0.050-
(0]
o
0.025- \
0.000- = =
0 10 20 30 0 10 20 30
r=1, structure (i) r=5, structure (i)
WASN ASN E SN ASGD E Chi-Squared probability density

Figure 3: Simulated distributions of the test statistic and the theoretical distribution under Hy

5 Proofs

In the following, ||-|| indicates the Euclidean norm for vectors or the spectral norm for matrices.

5.1 Proof of Theoremsdland[2

Remark that the proofs of Theorems [1] and [2] are very close. We therefore give the proof of
Theorem(i]and just highlight differences with the help of remarks. Our objective is to apply Theorem
3.3 (or Theorem 4.3) in [3]. To do so, we are going to verify that the hypotheses given in [3], termed
(A1b), (A1c), (A2a), (A2b), (A2c), (H1), (H2a) and (H2b) are satisfied.

5.1.1 \Verification of conditions on the function to minimize

First we are going to verify the hypotheses that the function should be met.

Verification of (A1a). Assumption 1 ensures that the median m is the unique solution (see [14]
and [6]) of the equation

VG(h) =0,
so that Hypothesis (A1a) is satisfied.
Verification of (A1b). Recall that Vg(X, h) = —ﬁ, so that for all A € R?,
Vg(X,R)[| <1,

Hypothesis (A1b) is then satisfied.

11



Verification of (A1c). We have for all h € R?

— _ p\T
S(h) = E [Vg(X, h)Vg(X,h)T] :E[(X h)(X — h) )}

I1X — AJJ*

The function X is continuous on R?, thus Hypothesis (A1c) is satisfied.

Verification of (A2a). Forall h € R?,

1
X — ]l

(X —h)(X - m)T)
I1X — Al

) <
E|l— | <OP,
| X — Al 0

p

w26 <k |

| ==l

and Assumption 1 ensures that

so that Hypothesis (A2a) is satisfied.

Verification of (A2b). Under Assumption 1 and Assumption 2, for all i € R? the Hessian VG (h)
is positive definite (see Section 2.2 in [6]), thus Hypothesis (A2b) is satisfied.

1
Verification of (A2c). Under Assumption 1, the Hessian V2G(h) is 6C¢ -Lipschitz (see Lemma
[1), so that Hypothesis (A2c) is satisfied.
5.1.2 Controllability of eigenvalues of the Hessian estimator and consistency

Verification of (H1). We are going to verify if eigenvalues of the Hessian estimator are well con-

trolled. We recall that .
~ _ 1 - T
H,=H,+ il ;Bkzkzk )

with 3, = % where 0 < 3 < § and ¢ > 0.
Remark 5.1 For WASN the condition on 3 should be 3 < ~ — & instead of 8 < .

Thus we have

n+1 n+1

T Amm H 1 = -
k=1
In addition,

—1 n
Cp 1-8 ~ 7 ZT a.s. I
<1—ﬁn > ;Bk Wk S e

12



n

so that \ax (ﬁ_l) = O (n). For the largest eigenvalue of H,, we have

= | Xk — - 1]
|7, < nHZ L g2 + —— o
i
= ”X’“ il gg(x Vg(X z
—n+1z IV g( Xk, mi—1) — Vg (Xp, mi—1 + arZy) || + 7 1 Holl
_ 1 Z ||Xk — Mk i H Xg—my—1 Xp — (my—1 + aZy) H2 1 ol
n+1 [ Xk —mpe—a |l 1 Xk — (me—1 + arZy) ||
Since H Hg:ﬁH ”B AH ) < 2”B AH (see [9] page 25), we have
w7 ||Xk - mk 1] H o Zy, 2 1
H H
H ”H — 7’L—|—1Z ||Xk_ml~c—1” 1 || 0||

n

4HZkH 1
= + Ho|| .
n+1];||Xk—mk_1H w1 1l

Thanks to Assumption 1, by independence between Z;, and X and by Hélder’s inequality, we have

4| Zx?
E[ 1Zel* |5

1
:41@[ 7 Q]E[ Xi — Mg *1] < 4pC%.

so that

1 < 4 2Z)? 5

E|lr——————— | Fr_1| <4pC§.

n—i—l]; [HXk—mkﬂ]’ 1] = 5P
Moreover, with analogous calculs, one has

1

2
41| Z2 - 3
BT | = 168 120 B [ - miea )] < 1600+ 2CE,
HXk—mk—IH

With the help of law of large numbers for martingales, for all § > 0,
2
1o~ 42 Ak I ) +0
= 1Zell” g 12| | Fos :0<(nn) )a's'
n = {| Xy — my1 | 1 X% — myp—1]] n

n

42| 42|
—E Fr_
n+1 Z [ Xk — mp—1| [ Xk — mp—1]| | Fie—s

- 1 & 4z
H < ||—— El————— | Fi_
I < 2o e
1
— || H
+n+1\| ol
=0(1) a.s

13



Then,

< |7 + ilzﬁk— O(1) a.s.

The largest eigenvalue of ﬁgl and ﬁn can be controlled, according to Theorem 3.1 in [3], the
stochastic Newton estimator satisfies

a.s.
My ——— M.
n—-4o0o

Remark 5.2 For WASN, according to Theorem 4.1 in [3], the estimator m., converges almost surely
to m, which implies the almost sure convergence of my, -.

5.1.3 Convergence of the Hessian estimator and rate of convergence

Verification of (H2a). We verify now if the Hessian estimator converges towards V2G(m). We
define
X]ﬁt = X — (mk_l + tOszk),

1 I Xk:,tX]Z:t
Wit = 7o -2 .
Xl T X

7 ||Xk — mk 1] o[ )
Hn = n+1 Z wk,tdtakaaka ; Wy 1 dt + ?Ho

and

We then have

1
— n—li-lkzzl||Xk_mk_1’/0 wmdtzkzg/o wk7tdt+n_1|_1H0
Min
! Zn:yx I 1 dtZ, Zt 1 dt
7n+1k:1| k— Mk—1 /0 Wt — W0dtZy, k/o Wt
Mz n
n 1
?leXk—mk—ﬂ\ wk,oZkaT/O Wt — Wk odt
k=1

M3 n

n

! 1
ﬁ kzl ”Xk — M- 1” Wi OZka wk(] +?HO

Convergence of M3,,. We define

Vi = || Xk — mg—1]| wk:,OZk:ZkTwhO?

14



remark that one has

1 1
Mgy = > k= D EDk [ Feoa] + —— > Vi —E Vi | Fia].

First we prove that

We have

1 X — mp—1 > < Xg —my—1 )T 2
Wgo = ——— | I, — = Vg( Xy, mp_1),
50 = X ] < () (Ko (Kb mi)

so that by equation

1 X5 — my—1]| wit g = wio-

In addition, as the estimator of the median satisfies

we have by continuity
E [wno | Fr-1] = VzG(mn) % V2G(m).
n o

Therefore, as {Zy }. are standard independent Gaussian vectors, by law of large numbers, we have

n

1 :n+1ZE [ Xk — e 1Hwk0’]:k 1]
=1
B 1 a.s. 2
=T kZlE[wk;,o | Fre—1] — VZG(m).

Moreover, thanks to Assumption 1 and by independence,

E [Hyk||2 |]:k—1} <E [lle - ! |]:k;—1}

<E[|Z)" | Fi]E 2

—— | A
HXk_mk—l |k1]

1

<plp+2)C¢,

which results in, with the help of law of large numbers for martingales, that for all § > 0,

M3, —22 s VG (m).
n—-+oo

Zyk* Vi | Fr—1]

Thus,

15



Convergence of M, ,, : In order to get the rate of convergence of My, let us first introduce a

generalization of Lemma 5.1 in [4].
Lemma1 Forallh,h € R? and( < q < 3,

1 1
(B (1920 1) - V20X, )])F <6 [ ],

Inour case, forall ¢ € (0,1) and ¢ € (0, 3], and considering the filtration 7|, = o (X1, ..., X,—1,Z1, ...

we have q
E [lwgs — wiol|? | Fi] < 69CE af || Zi]|?.
We define 1
Wi, = || Xy, — my—1|| wk,OZng/ Wt — W,odt.
0
Then,
1 <& "
< — E Fr_ —E Fr_1].
Mo < ——] S E[IWell | Frea] + i IWell = E [[IWkll | Fr-1]
k=1 k=1
Remark that

r 1
E Wil | Feor] < E | 1X6 = mi_s | ol 12 H [ ke = o dt|fk_1]
L 0

r 1
<E || / ||wk,t—wk,oudt|fk_1}
L 0

r 1
—E (12 | B s~ wrolldt | 7] m@ ,
L 0
where Fiy = 0{X1, ..., Xk_1, Z1, ..., Zy}. Therefore, thanks to Lemmal[i] we have
1
E [[Well | Fio1] < 64 CSE [szu?’ |fk_1} .

Since o = 7T it comes E [|Wy|| | Fr—1] = O (35 ) Which leads to

1 i Inn
L SR 1R =0 <>
n-+1 P n

In addition, according to Lemma(i] and with the help of Hélder’s inequality,
2

B [P 17iea] < B 120" ([ fone = wnl ) |fk_1]
0

AL ( / ||wk,t—wk,oudt) \f,;] |fk_1]
0

r 1
<E |12l [ B [lons - weolP 177] dt 7]
L 0

<E|E

2
< 3607E [124° | Fia | G4

16
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Thus, with the help of law of large numbers for martingales,

2

1+6
My, =0 ((lnn)) a.s.

n

ZWk— [WVill | Fre—1]

Therefore, we obtain

Convergence of M ,. We define

1 1
Vi = || Xk — mpg—1]| Wkt — wkvodtZng/ w ¢dt.
0 0

Remark that

1
BOVAl | Fo] < B |16~ mical / wk,twk,odtH m_l}
0
! ||th\| +t04k | Z ||
||Z & /

||X dt/o ||wk7t—wk70||dt]}"k_1}

akuzku 1 ,
<E|E )22 / dt / ks — wiolldt| FL| | Fo
_ 01Xl ©) Jo

where | = o (X1, ..., Xp_1,Z1, ..., Zy,). Thus, according to Lemmaand Assumption 1, one has
with the help of Hblder’s inequality

w tdtH 124 \

<E

1
E([Vell | Fet] < E [szrﬂ | Dl = wnol 1] dt]
0

1
an 2
+E ak”Zk”5 / |~Fk dt [Hwkt—wkoﬂ ‘Fk:| dt) ‘}—‘kfl
0 ||th||
< 604Gy E [ 24]* | Fir| + 60}E [szu | Fi 1}
We have oy = 77, 80 that E [|[Vi ]| | Fr—1] = O (35 )» which leads to
1 - Inn
E ol— .
a1 B 7 =0 ()

Furthermore, we have by Hélder’s inequality

2 2
4 Yy || 2| !
1Z]|" | 1+ dt |wr,e — wrolldt ) | Fer | Fr1
0 Xkl 0

12 ]1° // 1 Xes 2H Wt/ wk,OH2dtdt,|}—k_1] =: (x)

E [Vl | Fiea] <E

<2 || / ok = ol ] Foca| + 2038

17



and we therefore have, applying Hoélder’s inequality,

) <2 [1Z1" [ B [lune - weol?|177] ] Fos

1
3 2
+ QQkE HZkH / / < [HX 3 ./Tk]> (E [Hwk,t’ — wk70H3 ‘f-'@) 3 dtdt ’Fk—l

Then, thanks to Assumption 1 and Lemmal(f]
E [Vl | Fier] < 7203 C5°E [1Z01°] + 7201CeE [|124]°]

With the help of law of large numbers for martingales, one then has
2

n

ka— Vi | Fie—1]

and
Min=o0 (

Finally, we have

n—4o00o
Notice that
and
1 -
I 2 ——— 0
I > BrZi 7,
Therefore,

According to Theorem 3.2 in [3], the stochastic Newton estimator satisfies

Inn
|my, —m|? =0 < - > a.s.

Remark 5.3 For WASN, according to Theorem 4.2 in [3], we have

1 , 1
17t — m||2 = O (“”) a.s., which implies that |[my., —m|* = O (“") a.s.
ny ny
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5.1.4 Rate of convergence of the Hessian estimator and asymptotic efficiency

We now give the rate of convergence of fIn. We recall that

Wi = 1 I_<Xk_mk1 )(Xk_mkl >T
P Xk =l \P N X — gl \ I X — mue—a | ’

which means that

Fr1] = V2G(my_1).

E [w;w

Note that V2G(h) is 60§-Lipschitz, so that we have
1
E [me — V3G (m)|? |}"k_1] = [|V2G(ms_1) — V2G(m)||* < 6C3 [ms_s — m|?.

As the estimator satisfies |
|mn —m|> = O (nn) a.s.,
n

we have

|E [wro | Fr1] — V2G(m)H2 = (mkk) a.s.

Remark 5.4 For WASN, here we have ||m., . —m|* = O (%) a.s., so that
|E [w,o | Fr-1] — V2G(m)H2 =0 (k) a.s.

Therefore, as {Z; }. are standard independent Gaussian vectors, we have

2

=0 (lnn) a.s.
n

2 146

1+9
M3 — V2G’(m)H2 =0 <(lnn)) a.s.

Finally, the Hessian estimator satisfies for all § > 0

Hf]n - HH2 =0 (m&x{(hqnn)l—i_(s7 T;%}) a.s.

According to Theorem 3.3 in [3], the stochastic Newton estimator satisfies

1 n
— ;E (Vi | Fre1] — V2G(m)

We have proved that for all 6 > 0

1 n
~ Yk —E[Vk| Fi]
k=1

so that

Vi (my —m) ~N (0, H'SH™!),

where £ = E [Vg(X,m)Vg(X,m)T] .
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Remark 5.5 For WASN, we have first for all 6 > 0
_ 2 1 1+6
HHn’T_HH :O<max{(nn),c’8}> a.s.

ny n28

Then according to Theorem 4.3 in |3], we have
2 lnn
M, —m||” =0 —. ) as

which results in

(ln n)1+5 Ci

”ﬁnT _ HH2 =0 (max{ a— n25}> a.s. and /n(mu, —m)~N (O,H—le—l) )

5.2 Proof of Theorem 3

We define N N .
To = (Xk _Tk—l) (Xk_Wik—l) ’
[ Xk — M1l ([ Xk — 1]
then one has
- 1
zn—n+1;n+n+1zo nHZEmﬁl Zn— [T | Fia] + == 0.

Note that E [Ty | Fx—1] = 3(mk—1). In addition, we have

S(h) =E [Vg(X,h)Vg(X,h)"]
1
Thus, thanks to Hypothesis (A2¢), 3(h) is 6C -Lipschitz (see [11] section 6.2), which means

Lo
B [Tk | Fro1] — )1 = [|2(Mp—1) — B(m)||* < 6C§ [[ig—1 — m]>.
As the estimator m,, satisfies

. Inn
|7 —m|)* = O <n> a.s.,

we obtain |
nn
B Fal = 1P =0 (2" ) s
Moreover, it is obvious that
E[ITel | Fia] <1,
which leads to, with the help of law of large numbers for martingales,

2

Zn— [Te | Froei] :O(WTZ)IM>(J,.5.
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Finally we have

n 2 n 2 2
1 1 1
Y, —Y? < || — ~E Fi_ — SN2, -FE Fi_ )y
(051 < | g ST B Bl |y 3 BT 7 #am
1 1406
n
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