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1 Introduction

The use of complex computer models for the simulation and analysis of natural systems
from physics, engineering and other fields is by now routine. These models usually depend
on many input variables. Thus, it is crucial to understand which input parameter or which
set of input parameters have an influence on the output. This is the aim of sensitivity
analysis which has become an essential tool for system modeling and policy support (see,
e.g., [39]). Global sensitivity analysis methods considers the input vector as random and
propose a measure of the influence of each subset of its components on the output of
interest. We refer to the seminal book by Saltelli [40] for an overview on global sensitivity
analysis or to [10] for a synthesis of recent trends in the field. Among the different measures
of global sensitivity analysis, variance-based measures are probably the most commonly
used. The definition of the so-called Sobol’ indices, introduced in [34] and later revisited
in the framework of sensitivity analysis in [41] (see also [42]), is based on the Hoeffding
decomposition of the variance [26]. More precisely, for Y = f(Xy,...,X,) where the
inputs X; are assumed to be mutually independent, the Sobol” index with respect to X
is defined by

ox _ Var(BY|X]) _ EE[Y]X]] - E[Y]

Var(Y) Var(Y)

where X is a subvector of (X7, ..., X,), for instance X = (X3,...,X,) with1 <d <por
X = X, (first-order index) with 1 < ¢ < p. Fori=1,...,p, it is also possible to measure
the total influence of X;, by itself or in interaction with other inputs, with the total Sobol’
index defined by 1 — S with X_; = (X1,..., X;—1, Xi41,..., Xp) fori=1,...,p.

In general, computing explicitly the theoretical value of S¥ is hopeless; therefore one of
the main tasks is to provide estimators of SX that have some nice convergence proper-
ties (consistency, explicit rate of convergence, asymptotic efficiency...). Many different
estimation procedures were developped in the last decades to estimate S or E[E[Y|X]?]
only (since one easily estimates E[Y] and Var(Y’) by the empirical mean and the empiri-
cal variance respectively). Some are based on Monte Carlo, quasi Monte Carlo or nested
Monte Carlo designs of experiments (see, e.g., [28, [33] 23]). Others are based on spectral
approaches. Among this last class of procedures, let us cite without exhaustivity Fourier
Amplitude Sensitivity Test (FAST) [8], Random Balance Design (RBD) [46], Effective
Algorithm for computing global Sensitivity Indices (EASI) [36] and polynomial chaos ex-
pansions [45] (see also [10, Chapter 4] for a more complete review). In the sequel, we
focus on two classes of methods that have emerged since they provide nice theoretical
convergence guarantees.

The first class is based on the so-called Pick Freeze (PF) design of experiments, the theo-
retical properties of which (consistency, central limit theorem, concentration inequalities
and Berry-Esseen bounds) have been studied in [I8|, 27]. Besides having very nice conver-
gence properties, this method is very general since the only assumption needed to prove
a central limit theorem is that E[Y*] < oo. However, it requires the evaluation of the
model on a PF design thus it cannot be computed by recycling former evaluations of
the model. Also, the required sample size increases linearly with the number of indices
that one wants to estimate. For instance, to estimate at rate y/n a single Sobol’ index,
one needs a design of experiment of size 2n. Additionally, this size grows to (p + 1)n to
estimate the full set of first-order Sobol” indices (still at the rate \/n). By evaluating PF



estimates on replicated designs, this cost has been reduced to 2n to estimate the full set of
first-order and second-order indices [47, 20]. However the cost for estimating total Sobol’
indices with this approach remains linear in the input space dimension.

The second class of methods is based on nearest neighbors and has been studied by
several authors. See e.g. [16, 29, 30 14, 24] [15]. For instance, in [15], the authors built
an estimator of E[E[Y|X]?] based on two independent n-samples. The first one allows
to estimate the regression function E[Y|X = x| using the first nearest neighbor of x
among the first sample and the second one is used as a plug-in estimator. They proved
a central limit theorem for their estimator. Nevertheless the recentering factor is not the
unknown quantity of interest E[E[Y|X]?] but the expected value of their estimator. In
addition, the bias is negligible if and only if the dimension d < 3. In [6], the author
introduced a new coefficient of correlation based on ranks for d = 1. It was proven that
this coefficient converges to a limit that appears to be the Cramér-von Mises index with
respect to X; (for ¢ = 1,...,p) introduced in [I9] as the size n of the sample goes to
infinity. Note that the coefficient introduced in [6] admits a representation in terms of
nearest neighbor (on the right) (see [17, Section3]). A central limit theorem was proved in
[6] under the assumption that Y and X; are independent. This theorem can be exploited
for statistical tests of independence. The central limit theorem was extended in [31] (see
also references therein) to the framework where Y is not a measurable function of Xj.
The definition of the Chatterjee’s coefficient was then extended in [2] including the case
d > 2 with nearly optimal bounds on the rate of convergence. Chatterjee’s approach was
then adapted for building estimators of first-order Sobol’ indices in [I7], with a central
limit theorem in the framework d = 1 and X; not necessarily independent from Y. Broto
et al. [4] also considered a nearest neighbor approach to estimate Sobol’ indices of any
order. The estimators they introduced are consistent but no rate of convergence was
provided. Although very powerfull it is clear thanks to the bias study in [I5] that it is
not possible to obtain a central limit theorem for estimating Sobol” indices of order larger
than d = 3 using this approach. In particular, if d > 5, one can not estimate total order
Sobol” indices with this kind of approaches at rate y/n. It is important to note that all
the procedures based on nearest neighbors require additional regularity assumptions on
the model to control the bias. Close to nearest neighbor approaches are kernel methods.
A natural estimator is the Nadaraya-Watson plug-in estimator or its generalization with
local polynomial kernel smoothing. Based on works on the estimation of conditional
covariance matrix [49] [32], kernel estimates of first-order Sobol’” indices have been studied
in [IT), 9, 37, [43], 25]. In particular, the authors in [9] proved the asymptotic efficiency of
their estimator of first-order Sobol’ indices for d = 1. The analysis of such estimators also
require regularity assumptions on the model.

Hence, in the one hand, the Pick Freeze procedure allows to estimate any Sobol’ index at
rate y/n with a minimal assumption on the model but requires a very specific design of
experiment, the size of which growing linearly with the number of indices that one wants
to estimate (except the procedure based on replicated designs to estimate first-order and
second-order indices, as already mentioned). In the other hand, the nearest neighbor
approach requires a single n-sample but needs some regularity assumptions on the model
and for which the y/n parametric rate of convergence is possible only for indices up to
order 3.

In the present paper, we develop a new approach mentioned in [9, Remark 1]. It consists
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in extending the very interesting point of view introduced in [22, 21] to estimate general
nonlinear integral functionals of a density on the real line, by using empirically a kernel
estimator erasing the diagonal terms. Relaxing the positiveness assumption on the kernel
and choosing a kernel of order large enough, we are able to prove a central limit theorem
for estimating Sobol” indices of any order (the bias is killed thanks to this signed kernel).

The paper is organized as follows. In Section 2 we introduce the setting and fix notation.
Section [3] is devoted to the statement of our main results. First we introduce our kernel
estimatorin terms of a degenerate U-statistics. Then we state a central limit theorem. A
comparison study on the efficiency is provided in Section[d] Section 5] proposes an heuristic
inspired from [12] for bandwidth selection. Our methodology is extended in Section [g]
to the case where the distribution of the input is unknown. Section [7] presents several
numerical illustrations of our estimation procedure. Most of the proofs are postponed to
Appendices and [A.2] Furthermore, Appendix presents the practical construction
of a kernel of fixed order.

2 Setting

2.1 Model and purpose

The quantity of interest (Qol) Y is obtained from the numerical code and is regarded as
a function g of the vector of the random inputs (V;)i=1.._,

Y =9(W,...,V,),

where the function ¢ is defined on a compact subset of R? and is real-valued. Classically,
the V;’s are assumed to be independent random variables and a sensitivity analysis is
performed using the Hoeffding decomposition [I], 48] leading to the standard Sobol’ indices
[41].

Let u C {1,...,p}. In the sequel, X stands for a group of inputs: X = (V});cy and
W = (V;)igu so that

Y = g(X, W) (1)

(with a little abuse of notation). When u is reduced to a singleton, X is simply one of the
inputs V;, i = 1,...,p and S¥ is the first order Sobol’ index with respect to this input.
In the sequel, the cardinality of u is denoted by d: |u| = d with 1 < d < p and for the
sake of simplicity, we assume that u = {1,...,d} without loss of generality.

Assume that Y € L?(R). We aim at estimating the Sobol’ index of the output Y with

respect to the d-dimensional vector X; namely

o Var(E[Y|X)) _ E[E[Y|X]) — E[Y]
Var(Y) Var(Y)

(2)

Here, d is the order of the Sobol” index while p is the total number of inputs. When u is
reduced to a singleton, X is simply one of the inputs V;, i =1,...,p: X =V, and S¥ is
the first order Sobol” index with respect to this input V.



To estimate E[Y]| and Var(Y') from the n-sample (X;,Y});=1,. ., of the pair (X,Y), we
will naturally use the classical empirical mean and variance respectively Thus we focus
on the estimation of E[E[Y|X]?] in (2). In the sequel, we build a modified kernel-based
procedure for the estimation of S* on a n-sample (X;,Y;);=1, . of the pair (X,Y). A
natural estimator inspired from the nearest neighbor estlmator as considered in [4] and

the kernel-based plug-in estimator in [22] would be

<721>_ 3 }G;/j([(hn](”fgl)(;)xj) +Khn]£)ij')(;))(j')>

.....

1<j<j'<n

for a bandwidth h,, > 0 and a kernel K, . Nevertheless, as pointed in [3], boundary issues
appear when the input domain is compact. To bypass this issue, we consider the following
kernel-based estimator

—1
Tn hy, = <n> Z }/J}/;' (Khn © AX](XJ’ — X]) n Khn 0] ij/<Xj — X]/>>
2 : Fx(X5) Fe (X))

for a bandwidth h,, > 0, a mirror-type transformation A,, and a kernel K} _ as defined in
the next section.

(3)

1<j<j'<n

2.2 Notation and assumptions

In this section, we give the general assumptions made in the paper.

(A1) The support of (Vl, ..., V,) is of the form [By,Cy] X --- X [B,, C,] where B; < C;
for all 1 <7 < p. We denote by D the support of X.

(A2) The distribution of the random vector (V,Y) € RP x R is absolutely continuous
with respect to the Lebesgue measure. The marginal probability density function
of (X,Y), V, X, and W are denoted by fxy, fv, fx, and fi respectively.

The next definition is borrowed from [3], Section 2.2] and allows to circumvent the bound-
ary issues.

(D1) For z € D, we define

R4 — R
A, { 4
w=(ug,...,uq) — (o1(x1)us,...,o04(xq)uq) (4)
with oy(s) := 1 — 21 . (s) € {—1,1}. Observe that A = {A,,z € D} is
i2 ivci

a finite subset of GLg(R), A = {A;,..., A.}, with cardinal x = 2¢. Moreover, it
satisfies

(i) for any £ =1,...,k, |det(Ay)| = 1;

(ii) Mirror condition: for any x € D, there exists A, € A such that A, = A,
and x + A;1([0,1/2]¢) C D.



For any integer d, let us introduce the multi-index notation. For any 5 = (5,...,08q4) €
Ri, we define the integer part of 3 by

18] = (LB, Ba)) =y € N*.
In addition, we introduce

W=7+ +7, MN=mnl...l and v° =",

v
for any v € R

Let o > 0. We define C*(D) as the set of functions ¢: D — R that have derivatives up
to order |« and which partial derivative of order |a] is a — |«|-Holder. Namely, there
exists Cy, > 0 such that, for any z and 2’ € D, one has

0%¢ 0%¢

503(®) = 55(@)] < Gyl — 2/ (5)
for any 8 € N? such that |3| = |a| and where (9° - /02”) stands for the partial derivative
of order 3. Here, ||| stands for the supremum norm.

(A3) Let K: RY — R be a kernel with support included in D such that || K|, < +oo and
Jp K (u)du = 1. We assume that K is of order |« which means that [ v’ K (u)du =
0 for any 3 € N such that 0 < || < |«]. Finally, we define K,(z) = K(z/h)/h?
for any x € D.

(A4) The sequence (hy,)nen of bandwidths is positive and such that h,, — 0 as n goes to
0.

In this article, we write C' for a deterministic and finite constant which value is allowed
to change between occurrences.

3 Central limit theorem

Recall the definition of our estimator given in (3)):

e 0]y e ) 65
e 2 2 fx(X;) fx(Xj)

The goal is to derive a central limit theorem for 7}, ,,. Since T, is a U-statistics, our
analysis is based on the Hoeffding decomposition of U-statistics [26]. More precisely, for
all 7,7/ =1,...,n, we introduce the symmetric function given by

()G - (o= )

o (5) ==[x((5). (2))]-=ln((2) - (32)
() ) =) G2) - =lm(()- (D] - =[m((2)-(G2)
~2[n((57). (32))

1<j<j'<n




(see [35], page 137]) leading to the Hoeffding decomposition
Tn,hn — E[Tn,hn] = QUT(LI) <7T1R) + U7(12) <7T2R)

with
1 n X;
o) = S (1)
2 n X X
U (mR wR(( J)(f))
( 2 ) n(n_ 1) 1<J;j/< ( 2 ) }/} }/Jl
Then following [22] we write
1 n
Tty — E[Ton,] = 522%91()() [E[Y|X]7])
=1
2 n
+2UM(mR) — =3 (Y;91(X;) — EE[Y|X])]) + UP (mR),  (6)
n]:l ——
Sa
St

where ¢, (z) = E[Y|X = z]. Finally, we define g(z) = E[Y? X = x].

Theorem 3.1. Suppose that Assumptions Ay to Ay hold and E[Y?] < co. Let a > 0.
I.1. Assume that g; € LY(D), g1fx € C*(D), and

B
/D (51 (I)ia (ag;;fx)

(m)‘ dr < o0
for any B such that 1 < || < |«]. Then we have

E(T,..] - EE[Y|X]

<ChS. (7)
1.2. Assume in addition that g; € C*(D), g2/ fx € LY(D)NL*(D) and g»fx € L*(D), and

8 B’
[ty |20 ) 20T

for any B and 3" such that 1 < |5],]0'] < |a|. Then we have

dr < 0o

1 & 2c
E{(Tmhn _E[T, ] - njzlzj) SOM + s (8)
where, for 7 =1,...,n,
Z; = 2(Y;01(X;) — E[E[Y|X]?]). (9)

n—o0

I1. Assuming in addition that E[Y] < oo, a > d/2, h, — 0,nhj — oo, andnh}® —
0, we get

Vi(Tun, — E[EY X)) 2 N (0, 47%) (10)

with 7% = Var (Y g1(X)).



The proof of Theorem is postponed to Appendix [A.T]
Remark 3.2.

1. The assumptions of Theorem are fulfilled as soon as g and fx € C*(D) and fx
is bounded from below by a strictly positive constant.

2. The C*(D) regularity assumption can be relaxed to piecewise regularity, as soon as
the number of pieces m is finite. The cardinality of A is then increased to k = (2m).

3. We still assume that g and fx € C*(D) but one may relax the condition of bound-
edness from below on fy. Since the inputs V;’s are independent, fx = [Tt fv,, it
amounts to control the local behavior of each marginal fy; at any point vy € D such
that fy,(vg) = 0. We indeed assume that for any such vy, fy;(v) = (v — v9)"hy; (v)
with hy,(v9) # 0 and 0 < r < 1/2. For instance, one may take all the V;’s Beta-
distributed:

bi—

i 1 —w

1
11
Bty ) )

)
fvi(v) =
)
with parameters a; and b; € (1,3/2) for 1 < i < p and B(a;, b;) the normalizing
constant equal to the beta function.

4. An example of convenient bandwidths (h,),>0 is given by h, = n~7 with 1/(2a) <
v <1/d.

Using the delta method in [48, Theorem 3.1], we are now able to get the asymptotic
behavior of the estimation of S¥X.

Corollary 3.3. Under all the assumptions of Theorem[3.1] (II included), one has

2
Tnh - (% n:l Y;
o n—J X D 2
1 ) 5 —S° | —= N(0,0%), (12)
1y y2_ ( n Y4>
n j=1-"J

n j=1

vn

where the limit variance o has an explicit expression given in (34)).

Using one more time the delta method in [48, Theorem 3.1], we deduce the asymptotic
behavior of the vector containing the p first-order Sobol” indices. Let us denote St the
first-order Sobol index associated to X = V; and its estimator S° given by:

(i)
~. n,hn n j=1

St = 5
Lz v7 - (AL Y)

Corollary 3.4. Under all the assumptions of Theorem[3.1] (II included), one has

\/ﬁ<(§1,...,§p)T—(Sl,...,Sp)T) 2L N(0,5), (13)

n—o0

where the limit variance X has an explicit expression given in .

8



Remark 3.5. The proof a Corollary does not rely on the fact that we are dealing with
order one indices, hence if uq, ..., u, are distinct subsets of {1, ..., p} we also have under
the same assumptions that

\/ﬁ<(§u1’ N .’SUT)T _ (Sm’ N .’SUT)T> ﬁ‘/\/’(o’zr% (14)

where the limit variance 3, has an explicit expression similar to (35)).

4 Efficiency

In this section, we compare several estimators proposed in the literature to estimate
E[E[Y|X]?] (or even S¥) in terms of limiting variances obtained in the central limit
theorem.

Estimating E[E[Y | X]?]

Using a unique n-sample, one may compare the kernel estimator introduced in this paper
and the procedure involving the estimators T, defined in [9, page 11]. Such estimators
are particularly tricky to compute and not easily tractable in practice. More precisely,
the initial n-sample is split into two samples of sizes ny = [n/logn| and ny = n—ny ~ n.
The first sample is dedicated to the estimation of the joint density of (X,Y’) while the
second one is used to compute a Monte-Carlo estimation of the integral involved in the
quantity of interest.

In the following, we give the limiting variance o2 associated to the sequence (7},),. By [9,
Theorems 3.4 and 3.5], this sequence is asymptotically efficient to estimate E[E[Y|X]?];
so that the variance o2 is the minimal variance expected for an estimator of E[E[Y|X]?]
based on the previous design of experiment (a unique n-sample (X;, Y;);—1, ., of the input-
output pair (X,Y")). We refer the reader to [9, [17].

Proposition 4.1 (Theorems 3.4 and 3.5 in [9]). The minimal variance o3 is given by

o7 = Var(g1(X)(2Y — g1(X))) = 47% — 3Var(g7 (X))

with 72 = Var(Y g (X)).

One may also compare our results to the estimation procedure proposed in [I5]. Here
again the initial 2n-sample is split into two samples of sizes n. The first sample allows to
estimate the regression function E[Y|X = z] using the first nearest neighbor of z among
the points of the first sample while the second sample is used as a plug-in estimator.
They proved a central limit theorem. Nevertheless, in their result the recentering factor
is not the unknown quantity of interest E[E[Y|X]?] as required but the expectation of the
estimator. In addition, the bias is negligible if and only if the dimension d < 3 so that
one can not expect a central limit theorem for the difference between the estimator and
the quantity of interest E[E[Y|X]?] as soon as d > 4. In the following proposition, we
give the limiting variance obtained with this estimation procedure. The factor 2 takes
into account that we have considered two samples of size n.



Proposition 4.2 (Theorem 2.1 in [I5]). Under the assumptions of Theorem 2.1 in [15]

and for d < 3, the limiting variance o2 is given by

2 2 22 1 2 4
7 = 2(E[000?] ~ E[0:00%" + 5 (E[a()01(X ] - E[ga(x)"]) ).
When d = 1, one may use the estimation procedure based on ranks introduced in [6] and
studied in [I7].

Proposition 4.3 (Proof of Theorem 4.1 in [17]). Under the assumptions of Theorem 4.1

in [17], the limiting variance 0%, is given by

of = E[Var(YYﬂXﬂ + ]E[COU(YY’, YY”|X>} —E[(Y +Y")g.(X,W)X]?
+E[(Y + Y)Y +Y)ge (X, W)ga(X, W)(X A X)),

where Y = g(Vi,Va,..., V) = g(X, W) (see (1)), Y' = g(X, W), Y = g(X, W"),
Y = g(X,W), and Y' = g(X,W') with X and X iid, W, W, W', and W" i.i.d.
also independent of X and X. Note that YY' and Y (respectively Y') are Pick-Freeze
versions of Y (resp. 37) Here g, stands for the first derivative of g with respect to the
first coordinate.

Estimating S¥

The sequence of estimators T, being efficient to estimate E[E[Y|X]?], we get naturally
an asymptotically efficient sequence of estimators of S*. The proof of the following
proposition relies on a result on efficiency in product space [48, Theorem 25.50] and
another result on efficiency and delta method [48, Theorem 25.47]. The details can be
found in [17].

Proposition 4.4. Consider the sequence of estimators T, introduced in [9, page 11].
Assume that the joint distribution P of (X,Y) is absolutely continuous with respect to
the product probability Px ® Py, namely P(dz,dy) = fxy(z,y)Px(dx)Py(dy). Then the

sequence (Ry)y,
R 2
)

2
1y y2_ (1yn v
0 2j=1 Y (n j=1Yz>

R, =

2

is asymptotically efficient in estimating S*. In addition, its (minimal) variance o2, is

1
2 b's X2
o= Var( 2E[Y](1 — SM)Y + S*Y* + E[Y|X ]EYX—2Y>.
P = Tty V(2B - S¥)Y 4 SYY? 4 EY|X(EIY]X] - 2V)
The delta method can also be applied to compute the asymptotic variance for the esti-
mation of S¥ with the other estimation procedures, namely the procedure in [I5] and the

one in [17], with the empirical mean and empirical variance to estimate respectively E[Y]
and Var(Y).

10



5 Bandwidth selection

Recall that X = (V;)1<i<a» W = (Vi)at1<i<p as done in Section [2so that Y = g(X, W) as
in . In the following, we propose a bandwidth selection procedure inspired from [12]
to estimate E[E[Y|X]?] = E[g:(X)?] with ¢1(z) = E[Y|X = ] by

Tn,hn -

2 3 Y;Yy (Khn 0 Ax,(Xy = Xj) | Kni 0 Ax, (X — Xj'))
- 1) 2 fx(X;) fx(Xj)

n(n 1<j<j'<n

using the sample ((VM, oo Vi), Y})K ~ where X; = (V; j)1<i<d-
IIJKN

Based on the whole sample ((VL]-, R A Y]> , we first build a kernel estimator of
1<j<n
the function g defined as: !
g0n, o) = S [T R (Ve ) (15)
ViyoonyUp) = = ; AVij—wvi),
g\u1 P nfv(vl’“"vp) = ‘7‘:1 ho, J

where as usual, K,(-) = K(-)/h, where K is a kernel defined on R and where the band-
widths hg; for ¢ = 1,...,d are chosen using a classical rule of thumb. The kernel K
is different from K and can be chosen arbitrarily. In the following, we will consider a
Gaussian kernel. This kernel estimator g will serve as a test function which is expected to
be close to g, on which the bandwidths of our estimator will be calibrated with a simple
procedure. First, we can get an analytical expression of the Sobol’ index of g, which will
be our target. Then, g will be used to generate virtual samples that can be plugged in
our estimator. Finally, we will optimize the bandwidths in order to reach the target.

In the sequel the variables (vi,...,v,) will be replaced by random variables (V4,...,V})
and we define X := (\71, ceey Vd), hence we will have to deal with two sources of randomness
one coming from our original sample ((Vi,...,V,,),Yj)1<j<n and the other one from
(171, ceey \71)) We denote by E for the conditionnal expectation knowing the first source of
randomness ( the sequence ((V1,...,V,;), Y;)1<j<n is considered as fixed and we integrate
with respect to the distribution of (V4,...,V})).

Then we define an approximation g; of g; based on g as:

Finally, the virtual sample from g is given by ((Vi,...,Vp ), ij =9(Vij, - . Voi))i<i<n
and is used to build our estimator

Tn,h -

2 Z z?]/(KhnOAX](X]/—XJ) + KhnOAXJ/<Xj_X]’>>
n(n —1) 1<j<j'<n 2 fX(Xj) fX<Xj’)

The optimal bandwidth A* is then given by :

h* = argminh|fn,h - E[?l()?)QH- (16)

11



Computation of E[g;(X)?] First, one has
~ = 1 d P
B (X% = X ¥Yy(TT 8y ) ( 1T B (17)
N7 <i<i<n i=1 i=d+1

where, for 1 < j,7" < n,

_ _ _ 1
Bijj = 5, Ky, (Vij —v) K, ,(Vij —v) o)

~ Ci
Bij = Ky, (Vij —v)dv ford+1<i<p.
5 :

i

dv for 1 <1 <d,

The details of the calculus leading to are postponed to Appendix .

Second, the point is to choose a kernel K so that E[gl(f )?] has an explicit expression.
Note that if we assume that the kernel K is Gaussian and that the inputs are uniformly
distributed on [0, 1], this is the case: for 1 < j,j' < n, B; j and B; j,j' writes

b (Y| | e
i = ’ =) |® i 1)—o y 0)| forl1<i<d,
E e Gvew | LT PEIU R SO

g’i,j: zg7h01(1) (b‘/zgah07,(0) fOI'd—I—1<Z<p
with ¢ the probability density function of the standard normal distribution and ®,, ,

the cumulative distribution function of a normal distribution with mean g and standard
deviation o.

Algorithm 1 Bandwidth selection

Enter the total number n of calls to the computer code

Choose the kernel K

Choose the bandwidths (hg;)1<i<p using a classical rule of thumb

Simulate a n-sample ((Vlj, s Vi) Yi)icj<n of input/output

Compute the values of (B”] J1<i<di<j.j'<n and (5”)d+1<2<p,1<3<n

Compute the value of ]E[g1 (X)?] given in ([I7)

Compute the n sample (Y; = §(Vij, ..., Vpi))i<j<n Where § is defined in (T5)
Solve the optimization problem given in

return the optimal value h*

6 Extension to an unknown density fy

In this section, we assume that the probability density function fx is unknown and our
aim is to propose a generalization of 7}, 5, with a plug-in estimator fx:

Tn,h = L Z Y}Y}/<KhoA§j(Xj/ _X]) + KhOA/)\(j/(Xj —Xj/>>'
- 1) 2 fx(X;) Fx(X;0)

1<j<j'<n

12



Corollary 6.1. Assume that the assumptions of Theorem[3.1] are satisfied. Furthermore,
assume that

o~

E[(fﬂX}i&ﬁdxﬂﬂ —o(™). (18)

Then we get
Vi (Tun, — BEIY X)) -2 N(0,47%) (19)

where 72 has been defined in Theorem [3.1]

The proof of Corollary [6.1] has been postponed in Appendix [A.2]

Parametric estimation of fxy Here we assume that the unknown probability density
function fx belongs to a parametric family F:

F={fy, 0 €0 CR"}

where fy is a probability density function supported by D for any # € ©. We denote by
Oy the true parameter: fx = fy,. Let 6 be a consistent estimator of 6y and estimate fx

by f§
This setting is natural. Indeed, in several industrial applications, the input variables are
assumed to follow a certain distribution, the parameters of which are given by expert

judgment. For instance, in [38], the authors model the fuel mass My, needed to link two
fixed countries with a commercial aircraft by the Bréguet formula:

Mfuel = (Mempty + Mpload) (6 SF‘C;:%'RQ 07 ]-) (20>

where the cruise speed V' and the lift-to-drag ratio F' are assumed to be uniformly dis-
tributed and beta-distributed respectively with unknown parameters. See [38] for the
description of the model with more details. Another example is given by the Gaussian
Plume Model (GPM) that concerns a point source emitting contaminant into a uni-
directional wind in an infinite domain. Such a model is also applied, for instance, to
volcanic eruptions, pollen and insect dispersals (see, e.g., [0, [44]). More precisely, the
contaminant concentration at location (z,y,0) (ground floor) involves several parameters
and writes as:

Q  —uw?+H?
4Kz .

C(x7y70> = 271_]/'(376

(21)
Based on reality constraints and guided by the expert knowledge, the stochastic parame-

ters ), K, and u of the model are assumed to be independent with uniform distribution
on [0, Mg], [0, Mk], and [0, M, respectively.

Examples 6.2.
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1. Uniform distribution. For sake of clarity, we only detail the framework of first-
order Sobol’ indices, that is X =V, for i € {1,...,p}, and we assume that X is
uniformly distributed on [0, 6] where 6 is unknown. We estimate 6 by

o~

0 = max(Xy,...,X,).

It is a well known fact that n(0 — 5) converges in distribution towards an exponential
distribution of parameter 1/60. Then one has

A N 2 -1 _ p-1\2
E{(fx(XJA) fx(XJ)) } :EK@ —0 > } 1 —E[(f—6)% = 2 :
fx(X;) o1 02 (n+1)(n+2)
So that Condition is fulfilled since nh, — oo (d = 1). Note that these com-

putations can be easily generalized to the estimation of Sobol’ indices of any order
with uniformly distributed inputs.

2. Beta distribution with parameters a and b in (1,3/2) unknown. Once again,
we only detail the framework of first-order Sobol’ index estimation. Assume thus
that X = V;, for some i € {1,...,p} and assume that X is beta- distribution
with a first unknown parameter a and a second known parameter b both in (1,3/2).
Let & = bX,,/(1 — Xp,) be the moment estimator of a, built from a m-sample
(X1,..., X)) of X, independent from the original n-sample. Here, X,, stands for
the empirical mean of the m-sample. Since the model is not evaluated on this new
sample, even for costly numerical models, the estimation cost is still the one of n

model evaluations.

Now let
Foe) = {hd)iﬁEUﬁﬂ

n otherwise,
where n = (2 fy \/x(1 — z)dz)~!
Firstly, on the event {a ¢ [1,3/2]}, one may check that || fopll., < 27 so that
Jas(X5) = Jan(X5) | _ | fan(X)) — 77’ <1
Jan(X;) Ul

Furthermore, let us denote by A the log Laplace transform of X and A* its Fenchel-
Legendre transform:

AN =logE[eM] and A*(s) = sgp{)\s — AN}

See e.g. [13] for details on these functions and their properties. Now, for all § > 0,
it yields, for m large enough,
— 1 3/2

P(a ¢ [1,3/2]) = B(X < 7o) +BX > g7p)

:P(Xm_E[X] <L aib>+p(xm—E[X] > 3/?;/ib_aib>

S QGXp{_mmin{ ( Tat b) A*(s/gz/i b aib>} N 5} (22)
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since E[X] = a/(a+b) and using Cramér’s theorem [13, Theorem 2.2.3] as A < oo.
Secondly, on the event {a € [1,3/2]}, we have & > 0, 2a —a > 0, and 3a —a > 0

and we get
fan(X5) = fas(X5)N\?.] _ Bla,b)* . B(a, b) A
E[( f&,b(Xj) > a:| —WB(?)CL—ZCL,Z))—QB(a7b>zB(2a—a,b)+1.

Observe that the previous expression is a function of X,, that vanishes at E[X]).
Moreover {a € [1,3/2]} = {X,, € [1/(1 +b),3/(3+2b)]} as @ = bX,,,/(1 — X,,).
Thus, the function being infinitely differentiable, by applying the mean value, in-
equality we obtain

E{(fa,b()icj;b(_ )(szijb(Xj>>21ae[1/2,3/2}} - E{EKfayb()iiz b(_)é%b(Xj))Q &] IL@6[1/2,3/21}
= E|:<(P(Xm) - w(E[X])> 1%, ci1/12m) 3/ (3120)
< CE[[X, — E[X]|
< CE[(X, — E[X))?)"?

- V) 23

Finally, in view of and , Condition is then fulfilled as soon as m~? =
o(h,n1).

Nonparametric estimation of fx Here the unkonwn density function fy satisfies the
assumptions of Theorem and is moreover bounded from below by a constant n > 0.
Then we estimate fx(z) by fx(2)V ¥ with fx(z) = L 3", K; 0 Ay(X; —m) the adaptive
mirror-type estimator introduced in [3] built from a m-sample ()? 1y ,ffm) independent
from the initial n-sample (X3,...,X,,). Then

(f(XjZ_ Fx(X;) v 2)2 o (F(X;) = fx(X;) v 1)?
fx(X;) Vv 2 - i

s ;{(f(Xj) - g)Qﬂfx(ijz ) - J?X(Xj)mf)f(ij;}
4

< S { (Wl = 1) Uy + U00) = P05,

2

where the last inequality holds true as fx is continuous and thus bounded on its bounded
support. Thus

E (f(Xj)—fX(XjW’;)?} <i2

[XEATE e (1l = 2) Bl )+ B - P

In addition, we have

lfo(Xng - ILfx(XJ')-S-J?x(Xj)—fX(Xng - ﬂfX(Xj)—gﬁx(Xj)—fx(Xj) S 13<fX(Xj)—fX(Xj)

15



yielding, using Markov’s inequality,

E[L7, ) < E[P(£x(X) = Fx(X)) > 21X, Ko )|
< SB[ (£e00) - F6)) 1% o
< SB[ (xle) - Fe() fx(o)ds]

< Sl B[ (xl0) = Fre(o)P]

In the same, way we get
E[(F(X) — Fe(X)2) < Il | [ (fc(w) = Fi(@)d].

From [3, Theorem 4] and as fx € C* (D), it comes

]E[/D(fx(x) . fX@))QdI} < O

Thus, choosing the sample size m such that

—2a hd
m2a+d = 0 ,
n

the central limit theorem stated in Corollary holds true.

7 Numerical applications

A  Proof of the results

In the following, h, and L, are simply denoted by h and L respectively. In addition,
recall that, we write C' for a deterministic and finite constant which value is allowed to
change between occurrences.

A.1 Proof of Theorem
Proof of (7). First, since Y € L?(R), one has

T T2 //172 <Kh 2l ) T 200 Lol = mz))fX(xl)fX(%)gl($1)g1(x2)dx1dx2

Ix (1) Fyx(x2)
_ //D Ko Ay, ( 3312 1 )fx(xl)fx(xz)gl(xl)gl(;pQ)da;ldxz
_/ / 2)g1(x + hA; (w) fx (x4 hA, () dudx

where the last display is obtained after the variable change (x,u) = (xl, Ag (g —1x1)/ h),
using the fact that |det(A4,)| = 1 and where D x D, is the integration domain after the

16



variable change. Now observe that, for A small enough, D C D, by assumption and since
K(u) = 0 for all u ¢ D, the integration domain of the last integral is reduced to D?. In
addition, since [p K(u)du =1 and g (z) = E[Y|X = z],

E[E[Y|X]] = Elg(0)] = [ g1(@)*fx(@)da = [[ g1(@) Fx(@)K (u)drdu
leading to
E[T,..] - E[E [Y!XH
— [, K@) (o + 1A @) fclo + hAT @) = 910 (o) ). (24)

The term in can be handled with a Taylor expansion of ¢; fx (see, e.g., [7, Theorem
5.4]). The assumptions we use are (mainly) g; fx € C*(D) and, for any 1 < 8 < |«],

J&]
/ a(x 0”(91fx)
D

1(z) 5 dr < 0.

Then we get a bound in O(h*). More precisely, by a multivariate Taylor expansion, since
g1fx is C*(D), we get:

g1(x + uh) fx(x + uh) — g1 () fx ()

RliBl 98
= Z ﬁ'uﬁ(ag;fjjx)(:c) + hlo Z Rs(x + uh)uﬁ (25)
1<Bl<|e) P |Bl=e]

with

Rg(x + uh) = L@J (1 t)LaJ_laﬁ(agxlgx)(x + tuh) dt.

Then, one has

E(Ts] — E[E[Y]X]
&l B(g1 Fx

+ plod 1 K (u)Rg(z 4+ hA  (u))dudz
E e preon

1 B
g S 2 o) [ R [ -0 SO o ) drdude
1Bl=La] ™

using the fact that (A;!(u))? is polynomial in (uy, ..., uq) of degree B and K is of order
|a] and that

for any ( such that 1 < |f] < |« J Now, since K is of order [« and

B B
/DUBK(u)a(a‘q:gX)(x)du = a(a%“ﬂfx)(x) /DuﬂK(u)du =0

85(91fx)

gl(a:) 5 dr < o0

17



B[T,,1] ~ E[E[Y] X LJM”|§%J;,ng ) (A @) K ()
si0ia) P!
/01(1 yled 1<8 gg)‘)( +thAT (u) — 0 g;gX)( )) dtdudz
Then using the fact that g, fx € C*(D) and , one gets
B 8
'GSZZX)@f+thA;1@0>—-afﬁ;?”<wﬂfzcaux<hﬂA;1uona-MJ (26)

for all u and x € D, for all t € [0, 1], for all h € (0,00), and for any 3 € N¢ such that
8] = laJ. Then,

[E(Ts] — EEY X < Cppelalhe [ |or(a)|da
g P R Gl [ - e
= [ln@ldex (5 ) (f Il 1ido)
< Ch”

since [p |g1(x)| dz < 0o and
AT (w))® = Jul® = Jur | Jual® < (20 = (2 = [l O

Proof of . Recall that, by @, one has

1 n
Ton —E[T1] = - > Zij+ 5145,

j=1
where Z; = Y;g:(X,) — E[E[Y|X]?] has been introduced in Theorem |3.1
j j j

(1) We consider the second moment of S;. Since the pairs (Xj,Y;) are i.i.d. distributed

18



as (X,Y) and the variables Z; = 2(Y;¢1(X;) — E[E[Y|X]?]) are centered, one has

n

> (Vi01(X;) ~ EIEIYX]?)) |

=1

!
nE[S?) = 4nE[(U7§1)(7r1R) -

= 4nVar (U (m ) - — 3" (¥ign (X,) ~ EEIY X))

]

—4nvar( > [ ) J)lmgmxj)E[E[YX]QD])
ey

) Y1 (X ) by orthogonality of Hoeffding’s decomposition

:4Var(2f:(X) /D(KhoAX)(u—X)(gle)(u)du+};/D(KhoAu)(X—u)gl(u)du—Ygl(X)>
<E{Y2(fxé )/(KhoAX)(u—X)(glfx)(u)dqu/D(KhoAu)(X—u)gl(u)du—le(X)>2]
<2 (0o An)(u = D)an ) o — g1(0)x(0) L

+2 [ (] (o A = wgi(w)du — 91(2)) ga(a) fx (@)
— 2Ty + T) (27)

using (a + b)? < 2(a® + b?).

e We proceed following the same lines as in the proof of : using the variable change
(x,u) = (z1, Ay, (x2 — 1) /h), the fact that [ K(u)du = 1, and the Taylor expansion of
g1fx in (25). Then the fist term can be rewritten as

T = / (/D K( )gl(l’ + hA;l(u))fX(x 4 hAgl(u))du _ gl(JZ)fx(l’))Q?Q(x) I

= [ R+ DA ) o+ A7 () = ) ) 25

A / x <u>>ﬁf<<u>du) P )

1<|8l< o] 6 ,
+ hlal W%J / K(u)Rs(z + hAT (u ))du) gj((é))dx
<f(.z, w0 M%ﬂu) ale) fae
+ 2p2lel / (w ) / (A1) K () R+ hA= (0) )t ) in((;))dx. (28)
Since K is a kernel of order a and (A;'(u))? is a polynomial in (uy, ..., uq) of degree f3,

Jp(A (w))P K (u)du = 0 for any 3 such that |3| < a and the first term of the previous
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inequality equals to

e (L s (4w sy

A
1<[BLIB' <[] pr e

X/Daﬁ(gle)(x)aﬁl(gle)< )gz(iv)d

0P 027 " () (29)

vanishes as soon as

5ﬂ(91fx)aﬂl(91fx)

9 2 dr < oo

/ g2()
D fx(2)
for any  and §’ such that 1 < |f], \ Bl < |a]. Let us turn to the remaining term in ([28)).
Using the definition of Rg(z 4+ hA;'(u)), we upper bound T} /(2h%)) by

/ <|ﬁ| o B! / )/01(1 _t)\_aj_laﬂ(ag;gx)(x+thA;I(u))dtdu>2?;((z))dx
AR /D<A;1<u>> K [ (1 - ot

8 5 2 o (x
X <6 (57;5){) (x — tuh) — 991/x) g;gx)(x)>dtdu) ]‘i]j(((x)) dx.

It suffices to proceed as previously in (29) rewriting (35 25) as Y55 232. As for the
first term on the right hand side of the previous inequality, we apply to get

<o ([ Ji’jf(?)dx)x(m ¥ 5 (1A @paz @l )

X (/01(1 - t)LaJ—lta—WJdt)
— Oh2a</p md1> X <|5| JB') (/ |2 |du>
< Oh* (30)

since g2/ fx € L}(D) .

e Let us turn to T5. We proceed as for 77 but performing a Taylor expansion of g; rather
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)ga (4 AL (0) — g2 (1)) du) go(a) fx X (2)da
18] 8
( ey A;<u>>ﬂf<<u>du)%§<m

1<|BI< ] 6

FA S (AT @) K )Ry (4 hAT () ) gafa) ()

18l=Lc]

<2f( ¥ n ([ Axl(u))ﬁK(u)du> %igﬂl (x))2g2(:1:) fx(x)de

isiete 81
+op2lel / (

The first integral vanishes as soon as

AT @)K ) R+ hAZ () (o) ()

1Bl=a)

3%1 65/91

/DQQ(:E)fX(x) 928 O dr < 0o
for any § and /' such that 1 < |3|, || < |«]. As for the second, one has
! g1 2
Ty < 2h2Le ( N (u) [ (1 —t) 1 (2 th AL (u ))dtdu) g2(z) fx(x)dx
/ 181=[a Bl / /0 Ou?

~ el [ (wuﬁ! LA @) m ) [ (1= pie

« (Pt 091 0) )t () s ()

(x — tuh) —

It suffices to proceed as previously in to get
T, < Ch*. (31)

since [p g2(7) fx(x)dz = E[go(X)] = E[Y?] < oo by assumption on Y.
Finally,

2 2«
11 = .
nE[S?] < Ch (32)
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(2) As for the second moment of Sy, since 7y is a projection, we have

OAI1 To — I1 20Am2$1—$2
E[S3] < n(n _1 //1)2(Kh ) + B ( 5 ))fX(551)fX(952)92(331)92(502)611'161372

fx(z1)? fx(z2)

= n(nQ—l)/ ) Kf% o A171<«T2 - Il);igii;gQ(xl)g2(x2)d$1d$2

< n(n2/il) sup /D/m K} o Ay(xy — x1);ﬁgf;gz(m)gg(xz)dwldm?
<1y 2 Ko Ao ) P e
A, D<K5 o A * 2 (0)on(u) Fx )y

< n(n2) lg2/x |l _Sup ‘Ki o AZH

2K
= m g2/l

using Young’s convolution inequality again with r = ¢ = 2 and p = 1. Since g»/fx and
gafx € L3(D), it yields

¢
n(n —1)hd’

We conclude to using and . O

Proof of . It is straightforward using , , and the standard central limit theorem
for the random variables Z;. O

E[S;] < (33)

A.2 Proof of the remaining results

Proof of Corollary[3.3 To prove the global CLT, we first prove a CLT for the following
linear combination

_ b & - v
Soni=al,p, +bY,+cY2, =al,,+—>Y; . > j2
n ‘ <
]:1 j=1

for any a, b, and ¢ € R from which we deduce that (T n,h,Yn,YQn> is asymptotically

Gaussian. Second, it suffices to conclude applying the delta method to the later vector
Tn 7Yn7)/2n> = ( n,h> Y, Y2>
( g h n; Z n JZ1 J

with
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e We proceed as in the proof of Theorem [3.I} we control the bias and the variance terms
as in and respectively. Then we conclude to the central limit theorem as in the

proof of .
Let us first study the bias term. Let m := aE[E[Y|X]?] + bE[Y] + cE[Y?]. Then,
E[Sn4] — m = E[Sy] — (dE[E[Y\X]?] +OE[Y] + CE[W])
= a(E[T, 4] — E[E[Y[X]]) + b(E[Y,] — E[Y]) + ¢(E[Y2,] — E[Y?])
= a(E[T, ] — E[E[Y]X]?])
and, by in Theorem , we conclude that

‘]E[Smh] - m‘ < aChe.

As for the variance, the Hoeffding decomposition given in @ becomes

D

Sy — n <aZ +b(Y; —E[Y]) + (Y} — E[Y2])) +a(S; + S,)

1
n

S Z;+a(Si + Ss),

Jj=1

where Z; has been defined in @D, Sy and Sy in @ Then we deduce from and
of Appendix [A.T}

1 noo\2 2 ]-
(-2 2)] a0 )] oo )

1
n

Thus it remains to use a CLT for % ) Zj. By Theorem m II(b), one gets merely
directly

Vi (Sun = m) =2 N(0, Var (20Y g1 (X) + bY + c¥?))

from which we conclude that (T Y, Yn> is asymptotically Gaussian; namely

Ton

\/_ z ﬁ N3 (07 F) )
Y2,
-
where M = (E[E[Y|X]2],E[Y],E[Y2]> and
472 2Cov(Yg1(X),Y) 2Cov(Ygi(X),Y?)
r 2Cov(Y g1 (X),Y) Var(Y) Cov(Y,Y?)
2Cov(Y g1 (X),Y?) Cov(Y,Y?) Var(Y?)

e Now, as announced previously, we apply the delta method to <T ks Y s Y2n> and

2
r—y
q)(xuy7z>zz_7y2
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to get
2

1gn y2_ (1sn v
5 2j=1 Y <n j=1Y)

where 0% = (TT'(¢ with ¢ = V®(M). By assumption Var(Y) # 0, ® is differentiable at M
and we will see in the sequel that ¢TT¢ # 0, so that the application of the delta method
is justified. By differentiation, we get that, for any x, y, and z so that z # y*:

2 2 \T
Y z—x T —y
Vo = —9
(x7y7 Z) (Z yQ? y(/z y2)27 (Z y2)2>

\/ﬁ( Q—SX> —2 . N(0,0?)

n—o0

so that

) o E[Y? -EE[Y|X]]  §¥ \7
t=Vo(M)= <Var(Y)’ —2E[Y] Var(Y')? ’_Var(Y)>
1

_ Var(y)(l,QE[Y](SX _1), —sX)T.

2

Hence the asymptotic variance o° can be computed

o2 =0TTY
1 2
=TT (4 (Var(Yg1 (X)) = 2Cov(Y g1 (X), Y)E[Y] + E[Y] Var(Y))
+48% <QCOV(Y91 (X),Y)E[Y] — Cov(Y¢1(X),Y?) — 2E[Y]*Var(Y) + E[Y]Cov(Y, Y2)>
+ (8Y)? <4E[Y]2Var(Y) — 4E[Y]Cov(Y,Y?) + Var(YQ)) > (34)
The proof of Corollary [3.3] is now complete. O

Proof of Corollary[3.. For any i =1,...,p, define T, ; as the estimator of E[E[Y|V;]?].
We proceed as for the proof of Corollary to get a vectorial central limit theorem for

___\T T
(Tmh,l, s Tohps Y, Y2n> . Let M = (Sl, ..., SPE[Y], IE[YQ]) . Then, using the delta
method with

xl_yQ :Ep_y2>T

CID(xl,...,:ch,y,z):(Z_y2,..., —y

we get the result with
Y = Jo (M) T Jp(M) (35)
with Jg (M) the Jacobian of ® at point M and I' the covariance matrix of

T
<YIE[YH/1],...,YIE[YH/p],Y, Y2) : O
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Proof of (L7). Let X = (Vi,...Vy) and = = (z1,...24). First of all, we compute

31(z) =E[g(Vi,...,V})|X = q]

1 X~ Y; P

:Z]E|: 7 HKhOz i, %)X:x]
=1 fv(vb"va)zl
1 & d f(/ ‘/z_ ) P K V; ‘7;

==Y Y10 hos (Vig — 1) 1] & ho.s ( J )]
s B A N fi (Vi)
1 1 " d P C;

- ZYJHKhOi(Vi,j v;) ]___[ Ky, ,(Vij —v)dv
nfz(@) = g it

s S T R - 1T A
an(m Jj=1 hoz Yia = i=d+1 "

recalling that the support of V; is [B;, C;], and since the inputs are independent. Then

Koo, Vs V) 11 Fus) |

Bl (%) - B[

an i=d+1

1 1 o

- SEl—— ¥ WY HKhO Vi = V) Rig, (Vig = V) I Bishi|
n f)A('(X) 1<j<y'<n i=d+1
1 - 1 & —

2 (T Al [ g LBV = )R (Vi = ()
N7 1<i<i'<n i=d+1 fX<x
1 P 1 -

= = (I Aubr) [, g T (Vi = 0 o, (Vi =)
N 1<i<i'<n i=d+1 fX(x

recalling that D = [By,C1] X - -+ X [Bqg, Cy). O

Proof of Corollary[0.1]. First, note that
2/ vy,
n(n —1) 1<]Z]:/<n 2
Fx(X5) = Fx (X)) Fx (X)) = fx(X))
— KpoAx , (X; — X .
T IR Nr T,

The first term in the right-hand side of the previous display is handled using Theorem
.Thus it remains to prove that /nE[|T,, — To.l] = 0. To do so, let us study the

ollowing expectation:

V(T — EBEY|XP]) = Va(Tn — E[E[Y] X)) +

X (Kh o AXj<Xj’ — X])

E[ ‘ KhOAXj/(Xj—Xj/> fX(Xj)_fX(Xj) ]2
I Ix(X;) fx(X;)
< EKYijf KpoAx, (X; — Xj/)>2]EKfX(XjA) - fX(Xj)ﬂ '
fx(X5) fx (X5)
One deduces from that the first in the right-hand side of the previous display is
O(1/h*) and the proof is concluded using (18). O
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A.3 Construction of a kernel of order k£ in dimension d

In view of the assumptions in Section [2] on the kernel K that is required to be of order
|a], we give in this section a procedure to construct kernels of a given order.

Let fy; be a probability density function on R and let g, ..., ¥ be the associated
orthonormal polynomials: for any m = 0,...,k, 1, is a polynomial of order m and

[ nl@) @) folw)dz = b

for any m and m’ = 0,...,k. For any monomial 2, we define \ = (A}",...,\}")
as the coefficients of its decomposition in the fy-orthonormal basis (1, ..., 1) that is
™ =k Ampi(x). Now let ¢ € RF+1 solving the following linear system:

k
Z)\zncizémo form=0,... k.
=0

We define K (x) = (Zf:o wi(x)cl) fo(z). Then, for any m = 0,..., k, one has
k k
/RxmKl(:c)d:U = /Rg APi(2) Y o (2) fo(x)da

/=0

k
=2 ATCi’Awi(x)¢i/($)fo(x)dx

1,4'=0

Thus K is of order k as required and [p K;(u)du = 1 (case m = 0). To obtain a kernel
of order £ in dimension d, we proceed by tensorization defining;:

K(xy,...,zq) = Ki(z1) ... Ki(xq).

The tensorization allows to transfer the properties of K7 to K.
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