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Introduction

Towers and bell towers spread worldwide are historical symbols of social value whose safeguarding requires a comprehensive approach encompassing the definition of programmes and initiatives on behalf of national and local authorities, long-term monitoring campaigns and effective numerical modelling and prediction tools.

Long-term vibration monitoring is an efficient, scarcely invasive technique to investigate the dynamic behaviour and check the health status of historic structures. Data recorded by sensor networks are processed using suitable numerical procedures to determine the structure's dynamic properties, such as frequencies, damping ratios and mode shapes. This approach, known as Operational Modal Analysis (OMA) [START_REF] Brincker | Introduction to operational modal analysis[END_REF], allows tracking of the dynamic properties and makes damage detection possible. Monitoring the variation of frequencies over time, assessing environmental effects and analysing changes and anomalies are essential ingredients of damage detection. This operation can be accomplished via regression and output-only methods [START_REF] Gentile | Ambient vibration testing of historic masonry towers for structural identification and damage assessment[END_REF], [START_REF] Saisi | Post-earthquake continuous dynamic monitoring of the Gabbia Tower in Mantua, Italy[END_REF], P r e p r i n t v e r s i o n [START_REF] Gentile | One-year dynamic monitoring of a historic tower: damage detection under changing environment[END_REF], [START_REF] Ubertini | Vibration-based structural health monitoring of a historic bell tower using output-only measurements and multivariate statistical analysis[END_REF], [START_REF] Azzara | The influence of environmental parameters on the dynamic behaviour of the San Frediano bell tower in Lucca[END_REF]) and deep learning techniques [START_REF] Carrara | Deep learning for structural health monitoring: An application to heritage structures[END_REF].

The interaction between ambient vibration tests and numerical modelling constitutes a fruitful approach to structural health monitoring. Using the experimental modal properties of a structure makes it possible to calibrate its finite element (FE) model by adopting model updating procedures [START_REF] Ferrari | Model updating of a historic concrete bridge by sensitivity-and global optimization-based Latin Hypercube Sampling[END_REF], [START_REF] Girardi | A finite element model updating method based on global optimization[END_REF], [START_REF] Rainieri | Development of the Digital Twin of a Historical Structure for SHM Purposes[END_REF]). The FE model suitably calibrated can be used to compare the experimental and numerical behaviours of the structure subjected to accelerations recorded during a seismic event or to predict its dynamic response to any time-dependent loads.

Several papers on the structural behaviour of masonry towers are available, addressing different issues.

Recent contributions focus on the static and dynamic behaviour of masonry towers, from experimental and numerical points of view. A review of the principal methods adopted for analysing slender structures subjected to seismic actions and an extensive collection of references are provided in (Masciotta and Lourenco, 2022). The soil-structure interaction is considered in [START_REF] Romero Sánchez | Analysis of the Historical Settlements of the Giralda[END_REF] to model the settlements of the Giralda tower in Sevilla (Spain). The results of a two-month dynamic monitoring survey carried out after a seismic event on a historic masonry tower in France are presented in [START_REF] Combey | Postseismic Survey of a Historic Masonry Tower and Monitoring of Its Dynamic Behavior in the Aftermath of Le Teil Earthquake (Ardèche, France)[END_REF], where the dependence of modal properties on environmental conditions is also investigated. In [START_REF] Monchetti | Bayesian-based model updating using natural frequency data for historic masonry towers[END_REF], the authors propose a Bayesian model updating method for confined masonry towers, and in [START_REF] Ponsi | Bayesian and deterministic surrogate-assisted approaches for model updating of historical masonry towers[END_REF], a comparison between Bayesian-based and deterministic approaches to the calibration of masonry towers is presented. In [START_REF] Mehrotra | An Integrated Modelling Approach for the Seismic Collapse Assessment of Masonry Towers[END_REF], the earthquake-induced collapse of masonry towers is investigated via an integrated strategy relying on FE analyses and rocking dynamics implemented in an open-source platform.

This paper is focused on analysing the effects of different vibration sources (anthropic activities, wind, earthquakes) on the dynamic behaviour of an ancient masonry tower in an urban setting. The path from acquiring experimental data to numerical simulation is described in detail. We make use of original numerical procedures for FE modelling and model updating. In particular, the low tensile strength that characterizes masonry materials is taken into account via the constitutive equation of masonry-like materials, implemented in the NOSA-ITACA code (www.nosaitaca.it), a FE software developed at ISTI-CNR and devoted to the structural analysis of ancient masonry constructions. The paper is organized as follows.

In Section 2 we describe the experiments carried out on the Guinigi Tower, a medieval masonry structure in the historic centre of Lucca, whose ambient vibrations were continuously monitored from June 2021 to October 2022 [START_REF] Azzara | From Structural Health Monitoring to Finite Element Modelling of Heritage Structures: The Medieval Towers of Lucca[END_REF]. Experimental data are then used in Section 3 to calibrate FE models of the tower via model updating techniques. Finally, FE linear and nonlinear dynamic analyses are performed by assigning to the tower's model the signal of the Viareggio P r e p r i n t v e r s i o n earthquake recorded at the base of the structure in February 2022. Experimental and numerical results are then compared.

The main goals of the paper are to show the effectiveness of the ambient vibration tests as a valuable source of information on the structural properties of the tower and highlight the capabilities of experiment-based FE modelling. The experimental results are useful not only for measuring the structure's dynamic behaviour over time and under earthquakes and exceptional loadings but also for building a realistic FE model via model updating and validating the numerical response via a direct comparison between numerical simulation and recorded signals.

Dynamic Monitoring of the Guinigi Tower

The results of a long-term dynamic monitoring campaign conducted on the Guinigi Tower in Lucca are presented in this Section. The Guinigi Tower is a medieval structure located in the restricted vehicular traffic area of the historic centre (Figure 1) and managed by the Municipality of Lucca. The tower, one of the most famous buildings in Lucca, is about 44 m high and dates to the XIV century. It is regularly open to the public and accessible via a metallic staircase from the level of 23 m to the roof terrace, at the height of about 43 m. From the ground floor to the level of 23 m, the tower is incorporated into the surrounding Guinigi Palace (Figure 2) and is entirely free from 23 m to 40 m, without inner diaphragms. The terrace is accessed from a massive masonry vault at 40 m, and the thickness of the tower's walls is about 1 m, constant along the height.

The tower was monitored from June 2021 to October 2022 using seismic stations produced by SARA Electronic Instruments. Four triaxial velocimeters (three SS45s with eigenfrequency 4.5 Hz and one SS20, with eigenfrequency 2 Hz), each coupled with a 24-bit digitizer (SL06), were installed on the tower according to the sensors' layout shown in Figure 3. One station was placed on the underground floor (SS20 2045), one at 17.9 m (SS45 2542), and the remaining two stations at 39.88 m (SS45 2896 and SS45 2898, Figure 4 (a)). The sampling frequency was 100 Hz. Two thermo-hygrometers with a sampling time of 60 s completed the monitoring system. A Virtual Private Network allows sending the data recorded from the instruments to a server hosted at ISTI-CNR for storage and processing (Figure 4 (b)).

Before installing the permanent monitoring system, three preliminary tests, each lasting about 40 minutes, were conducted in January 2021, adopting three different sensor layouts to assess the tower's natural frequencies and mode shapes reported in Table 1.

Velocities recorded on the tower were processed via the Covariance-driven Stochastic Subspace Identification method (SSI/Cov), an OMA technique in the time domain implemented in the MACEC P r e p r i n t v e r s i o n P r e p r i n t v e r s i o n A detailed analysis of the velocities recorded on the tower and the experimental frequencies calculated via the SSI/Cov algorithm was presented in [START_REF] Azzara | From Structural Health Monitoring to Finite Element Modelling of Heritage Structures: The Medieval Towers of Lucca[END_REF], where the dependence of frequencies on temperature and humidity, as well as the effect of the visitors on the tower's dynamic behaviour, were investigated. Here we limit ourselves to recalling the main results of such analysis. Table 1 reports the first five frequencies and their corresponding damping ratios calculated in the preliminary test in January 2021. The first four frequencies correspond to flexural mode shapes, and the fifth relates to a torsional mode shape.

P r e p r i n t v e r s i o n

The main frequencies of the towers exhibit a variation in the order of 5-6% from August 2021 to April 2022. Frequencies and temperature are scarcely correlated. The presence of tourists strongly influences the dynamics of the building and does not allow evaluation of the effects of the environmental parameters on the tower's modal properties [START_REF] Azzara | From Structural Health Monitoring to Finite Element Modelling of Heritage Structures: The Medieval Towers of Lucca[END_REF]. The average velocities measured on the tower, which is located in a restricted traffic area, are very P r e p r i n t v e r s i o n low, on the order of 0.3 x10 -3 m/s. However, considerable variations in the velocity levels were observed during the study period, with peaks of up to 5 mm/s, corresponding to the windiest days, the hours with high numbers of visitors, and the seismic events. The tower's velocities and the number of tickets sold from 2 to 6 July 2021 (opening local time from 9:00 to 19:00) are plotted in Figure 5 vs time. P r e p r i n t v e r s i o n 

P r e p r i n t v e r s i o n

Figure 8. Distribution of the seismic events reported in Figure 7 and location of the Guinigi Tower.

The Viareggio earthquake (magnitude 3.7), located 20 km from Lucca, induced the maximum acceleration on the top of the tower. The maximum acceleration recorded in the x direction at Level 5 (see Figure 3) is just over 8 mg, while for the earthquake of maximum magnitude, M 4.2, located just over 100 km from the tower, and for one of the strongest events of the Impruneta sequence (M 3.7 at about 60 km from Lucca) the maximum acceleration does not exceed 2 mg. Figure 12 shows the spectrograms of the signals recorded by SS45 2896 from 1 to 7 February 2022 (UTC) in the x (upper) and y (lower) directions. As in Figure 6, every day from 7:00 to 17:00 (UTC), there is an evident increase in the signal's power spectral energy due to the people visiting the tower.

In addition, the occurrence of the Viareggio earthquake is visible in the spectrogram, which exhibits an energy peak of about -100 dB/Hz on 6 February at 1:36. It is worth noting that the energy increase due to the visiting people is comparable to that induced by the Viareggio earthquake. P r e p r i n t v e r s i o n 

FE model updating and dynamic analysis

The availability of the experimental frequencies makes it possible to calibrate a FE model of the Guinigi Tower via model updating procedures. The goal is to estimate some unknown parameters (Young's moduli and mass densities of the materials constituting the structure) and thus develop a reliable model to conduct FE analyses and simulate the tower's structural response.

The model updating of the numerical model was conducted via the global optimization algorithm [START_REF] Girardi | A finite element model updating method based on global optimization[END_REF]) implemented in the FE code NOSA-ITACA developed by ISTI-CNR for the analysis and calibration of masonry structures (www.nosaitaca.it/software).

The algorithm minimizes the distance (x) between the first q structure's natural frequencies f k exp evaluated experimentally and their numerical counterparts f k num(x) (for k from 1 to q) evaluated by modal analysis, depending nonlinearly on the vector x of the p model's unknown parameters (with p  q). The algorithm is based on a recursive procedure for constructing local parametric reduced-order models; the minimization problem is solved via a trust-region scheme. Given a feasible set into which P r e p r i n t v e r s i o n the parameters vector x is allowed to range, the procedure provides a set of local minimum points, including the global one. Generally, experimental frequencies may not be accurate, since they are derived by manipulating measured data that may be contaminated by noise. Thus, when minimizing objective function (x), one must ensure that the optimal parameters are well-defined and robust to perturbations in the data f k exp. To this purpose, for x* a local minimum point of function (x), we recall the quantities i and i (for i from 1 to p) introduced in [START_REF] Girardi | A finite element model updating method based on global optimization[END_REF], which involve the Jacobian of the numerical frequencies f k num(x*) and measure how trustworthy the single parameter xi* is. We have i  i and the following situations can occur.

(i) i  i << 1: parameter xi cannot be reliably determined, as no information on it is encoded in the optimization problem.

(ii) 0 << i  i: parameter xi can be reliably determined from the data, even if it is subject to noise.

(iii) i<<1, but i>>0: there is some information on parameter xi encoded in the problem, but the result will not be free of noise.

Moreover, quantities i -1 and i -1 estimate the minimum and maximum percentage error in assessing the parameter's optimal value xi* under the hypothesis of a 1% error in identifying the experimental frequencies.

The information provided by the quantities i and i helps the user to assess the parameters' reliability avoiding preliminary sensitivity analyses [START_REF] Noacco | Matlab/R workflows to assess critical choices in Global Sensitivity Analysis using the SAFE toolbox[END_REF]. Such analyses are usually performed before calibrating the numerical model to choose the number of updating parameters and to exclude some uncertain parameters from the model updating process. The computational cost of sensitivity analysis is very high (of the order of hundreds of modal analyses runs) with respect to the cost of the minimization procedure implemented in NOSA-ITACA, which provides the global minimum point and an assessment of its reliability in few iterations [START_REF] Girardi | A finite element model updating method based on global optimization[END_REF].

A FE model of the complex constituted by the tower and the palace was created with NOSA-ITACA.

The mesh of the structure, assumed to be perfectly clamped at the base, is shown in Figure 13 and consists of 23161 iso-parametric thick shell and beam elements (element no. 10 and no. 9 of the NOSA-ITACA library) with 22665 nodes, for a total of 135990 degrees of freedom. The model updating of the structure is carried out by considering the first five experimental frequencies determined in the preliminary tests conducted in January 2021 and reported in Table 1. We start by considering a first FE model (named M 5-5 ) in which the unknown parameters are the Young's modulus E of the palace, Young's moduli E1 and E2 and mass densities ρ1 and ρ2 of the portions of the tower outside the palace and contained in it, respectively. The elastic moduli E1 and E2 are allowed to vary within the interval [1.0, 6.0] GPa, while E ranges in [0.5, 6.0] GPa. The mass densities ρ1 and ρ2 vary in the interval [1200,2000] kg/m 3 , and the Poisson's ratio of all materials is 0.2. Table 2 summarizes the structure's numerical frequencies (f 1 num, f 2 num, f 3 num, f 4 num, f 5 num) corresponding to the optimal value of the parameter vector x = (E, E1, ρ1, E2, ρ2) and their relative error |Δf k | with respect to the experimental counterparts. The maximum value of the relative error for the first frequency is 0.81%.

P r e p r i n t v e r s i o n

Table 2 also reports the optimal values of the parameters recovered by the NOSA-ITACA code. It shows, for the optimal value xi*, the quantities i and i and the percentage error interval [i -1 , i -1 ].

The table shows that, in the worst-case scenario, at most, the Young's modulus E of the palace will be affected by a 2.14% error and the Young's moduli of the tower by 10.60%. The mass density ρ1 will be affected by a 2.10% error; the mass density ρ2 of the material constituting the portion of the tower contained in the palace exhibits a very high percentage error (175.44%), likely because ρ2 has a low P r e p r i n t v e r s i o n influence on the frequencies and cannot be reliably estimated by the model updating process. To highlight the effectiveness of the minimization procedure implemented in NOSA-ITACA, and because of the high degree of uncertainty that affects the calculation of ρ2 in model M 5-5 , we considered a second model of the structure (named M 5-4 ) obtained from M 5-5 removing ρ2 (set equal to the mass density of the palace, 1800 kg/m 3 ) from the unknown parameters. Table 3 summarizes the results of the minimization process for model M 5-4 .

Table 3. Model M 5-4 : experimental and numerical frequencies, optimal values of the parameters calculated by NOSA-ITACA and their percentage error intervals.

f k exp [Hz] f k num [Hz] |Δf k | [%]
P r e p r i n t v e r s i o n [5.19, 18.25] The numerical frequencies calculated for the optimal values of the parameters coincide for both models. For the sake of comparison, the following table reports the optimal values of the parameters for models M 5-5 and M 5-4 . The table shows that the optimal values of the unknown parameters for models M 5-5 and M 5-4 are very close, and their relative differences are at most 5%. This comparison confirms the robustness of the proposed model updating procedure to the parameters 'choice and its capability to highlight unreliable results.

The proposed calibrated model is an acceptable trade-off between the relative errors on the frequencies and the reliability of the parameters. It can be used to conduct dynamic analyses by assigning the signals of seismic events recorded at the tower's base to the model and comparing experimental and numerical velocities.

The nonlinear analyses are conducted adopting the constitutive equation of masonry-like materials P r e p r i n t v e r s i o n (Del [START_REF] Piero | Constitutive equation and compatibility of the external loads for linear elastic masonrylike materials[END_REF] implemented in NOSA-ITACA, which models masonry as an isotropic nonlinear elastic material with zero tensile strength and infinite compressive strength. Assumptions underlying the model are that the infinitesimal strain tensor E is the sum of an elastic part E e and a fracture part E f and that the stress tensor T depends linearly and isotropically on the elastic part. The fracture strain is positive semidefinite and orthogonal to T, which turns out to be a nonlinear function of the infinitesimal strain, T=𝐓 ̂(𝐄). The explicit expression of 𝐓 ̂(𝐄) can be found in [START_REF] Lucchesi | Masonry Constructions: Mechanical Models and Numerical Applications[END_REF], together with its derivative 𝐷 𝐄 𝐓 ̂(𝐄) with respect to E. The nonlinear dynamic problem is solved by integrating the system of ordinary differential equations obtained by discretising the structure into finite elements. The presence of damping in the equations of motion is modelled by the damping matrix, which depends on the elastic stiffness and mass matrices according to the Rayleigh assumption [START_REF] Clough | Dynamics of structures[END_REF]. The NOSA-ITACA code adopts the Newmark method for solving the system of differential equations and the Newton-Raphson scheme for solving the nonlinear algebraic system obtained at each time step. The tangent stiffness matrix is calculated using the explicit expression of 𝐷 𝐄 𝐓 ̂(𝐄).

The analysis of the complex palace-tower was conducted using the accelerogram recorded at the tower's base (SS20 2045) on 6 February 2022, corresponding to the 1:36 a.m. (UTC) Viareggio seismic event. After the dead loads were assigned, the seismic signal was applied to the model, whose numerical response to the dynamic excitation was compared to that recorded on the tower. This analysis provided a check of the numerical method implemented in NOSA-ITACA. The damping matrix has been calculated using the experimental damping ratios for the first two mode shapes estimated after the tests conducted in January 2021 (Table 1). The duration of the quaking was 60 s, and the time step for numerical integration was set at 0.01 s. The results of a linear dynamic analysis conducted by modelling the masonry as a linear elastic material are also reported for comparison.

Figure 14 shows the response at Level 0 (Figure 3) in the x and y directions vs time recorded by the instrument SS45 2542 (+17.9 m, red line), together with that calculated by NOSA-ITACA in the nonlinear (black) and linear (blue) cases. Figure 15 shows the velocities at Level 5 for the instrument SS45 2896 (+40 m). Figure 16 

P r e p r i n t v e r s i o n

For comparison, Table 5 reports the peak component particle velocities (PCPV) (PCPV denotes the maximum absolute value of the experimental or numerical velocities components) calculated in the nonlinear and linear case along with their experimental counterparts. As shown in Figures 14 and15 and highlighted by Table 5, the numerical analysis can estimate the peak velocity values reached by the structure at the monitored points. Except for the x component related to the SS 2896 sensor, the nonlinear dynamic analyses can better approximate the structural response than the simulations made with a linear elastic material. Furthermore, both nonlinear and linear analyses underestimate the velocity value in the x direction; this fact is probably due to the choice made in modelling the wooden floors that laterally restrain the tower. Instead of considering the actual beam grid, the floors were modelled by shell elements with equivalent thickness and mechanical properties; such modelling led to overestimating the flexural and axial stiffness and constituted a more rigid constraint for the tower. P r e p r i n t v e r s i o n P r e p r i n t v e r s i o n Figure 20 shows the velocities in the y direction recorded by the stations SS20 2045 (underground), SS45 2542 (+17.9 m) and SS45 2896 (+40 m) during the Viareggio earthquake.

The velocity spectra demonstrate that the first two modes dominate the tower's velocity responses, with minor contributions from the other modes. An initial upward travelling impulse is observed at t = 8.6 s (Figure 20). The first crest of the impulse is recorded on the top at t = 8.84 s, after 0.24 s, about 1/3 of the building's period T2=1/f2=0.746 s [START_REF] Cheng | Prediction of wave propagation in buildings using data from a single seismometer[END_REF].

P r e p r i n t v e r s i o n The paper describes the whole pathway from acquiring and analysing the experimental data to numerical simulation. The lessons learned during this process can be summarized as follows:

P r e p r i n t v e r s i o n

-Continuous long-term dynamic monitoring of ancient towers and monuments allows for collecting valuable information regarding the measurement of the vibration levels and sources, the trend in time of the dynamic properties of the structure, the assessment of the structural response to earthquakes and exceptional loadings.

-The model updating procedure implemented in NOSA-ITACA allows to obtain information on the materials' mechanical properties and provide information on the solution's reliability with low computational effort.

-Direct comparison between numerical simulation and experimental response provides interesting results. The dynamic analysis conducted with NOSA-ITACA shows a good agreement between numerical and experimental results and proves that the tower behaves nonlinearly for low-amplitude earthquakes. We point out that the effect of the Viareggio earthquake did not induce any visible damage on the tower, as also shown by comparing the tower's spectra before and after the seismic event.

The good agreement between numerical and experimental results represents a validation of the algorithms implemented in the NOSA-ITACA code for dynamic analysis. It shows that the constitutive equation of masonry-like materials can catch the tower's dynamic behaviour for low to moderate seismic events.

Figure 1 .

 1 Figure 1. Panoramic view of Lucca and the Guinigi Tower (courtesy of the Municipality of Lucca).

Figure 2 .

 2 Figure 2. The Guinigi Palace and its tower (courtesy of the Municipality of Lucca).

Figure 3 .

 3 Figure 3. Positions of the seismic stations placed on the Guinigi Tower for the long-term monitoring.

Figure 4 .

 4 Figure 4. (a) Seismic station installed on the tower at 40 m during the long-term monitoring. (b) The server hosted at ISTI-CNR.

Figure 6

 6 Figure6shows the spectrograms of the signals recorded by SS45 2896 from 13 September (Monday, Santa Croce feast) to 19 September (Sunday) 2021 in the x (upper) and y (lower) directions. The tower's first two main frequencies (corresponding to bending mode shapes) are clearly identifiable in the figure: f1 = 1.23 Hz in the x direction and f2 = 1.34 Hz in the y direction. Every day from 7:00 to 17:00 (UTC), there is an evident increase in the power spectral energy (characterized by a -200 dB/Hz peak) of the signal recorded on the tower. This increase is due to the people visiting the tower during the opening period from 9:00 to 19:00 (local time). An energy increase is also detectable in correspondence to the Santa Croce feast and the weekends. Interestingly, the effect of the visitors inside the tower is mainly visible on the two first frequencies, thus indicating an increase in the oscillation velocities of the top of the building. In contrast, the crowd moving in the historical center during the feast days affects the whole frequency spectrum of the structure.

Figure 5 .

 5 Figure 5. Daily trend of velocities in the x direction recorded by the sensor SS 2542 (+17.90 m) and the number of presences inside the tower from 2 to 6 July 2021 (right); zoom of the first day (left).

Figure 6 .

 6 Figure 6. Spectrogram of the signal recorded by SS45 2896 in the x (up) and y (bottom) directions from 13 (Monday, Santa Croce feast) to 19 (Sunday) September 2021 (UTC time).

Figure 7 .

 7 Figure 7. List of the earthquakes recorded by the seismic stations from July 2021 to May 2022.

Figure 9

 9 Figure9reports the x, y and z velocities and accelerations recorded by stations SS20 2045 (green), SS45 2542 (red) and SS45 2896 (blue) during the Viareggio earthquake on 6 February 2022. The maximum ground acceleration and velocity recorded at the tower's base are 3.6•10 -2 m/s 2 and 1.8•10 -3 m/s, while the maximum values recorded at the top are 8.1•10 -2 m/s 2 and 6.3•10 -3 m/s. Strong amplification of the signal along the tower's height can be observed, particularly in the horizontal directions, along which the velocity at the top of the tower is more than 3.5 times that recorded at the base.

Figure 10

 10 Figure10shows the Standard Spectral Ratio (SSR), i.e., the ratio between the FFT of the signals recorded by station SS45 2896 located on the top of the tower (Level 5, +40 m) and the station at the base, before (blue), during (black) and after (red) the Viareggio earthquake for the x, y and z directions.The curves are normalized with respect to their maximum value. It is worth noting that the blue and red curves almost coincide, thus indicating a substantially unchanged behaviour of the tower before and after the event in terms of frequencies. The plots reported in Figure11refer to the signals recorded by station SS45 2542 (+ 17.90 m). The effect of the earthquake on the tower's frequencies is here less

Figure 10 .

 10 Figure 10. Normalized spectral ratio of the Viareggio earthquake (black line) and the signals recorded before (blue line) and after (red line) the earthquake versus the frequency [Hz], station SS45 2896 (+ 40 m).

Figure 12 .

 12 Figure 12. Spectrogram of the signal recorded by SS45 2896 in the x (up) and y (bottom) directions from 1 to 7 September 2022 (UTC). The Viareggio earthquake occurred on 6 February at 1:36 is highlighted in the black box.

Figure 13 .

 13 Figure 13. FE discretization of the Guinigi Palace.

  reports the FFT of the velocity [m/s/Hz] in the x and y directions vs frequency [Hz] recorded by SS45 2542 (red), calculated by modelling the masonry as a nonlinear elastic material (black) and calculated by modelling the masonry as a linear elastic material (blue).

Figure 17 ,

 17 Figure17, showing the same quantities as Figure16, refers to the sensor SS45 2896.

  P r e p r i n t v e r s i o n Nonlinear Linear Figure 16. Viareggio earthquake. Left: FFT of the velocity [m/s/Hz] in the x and y directions vs frequency [Hz] recorded by SS45 2542 (+ 17.9 m, red) and calculated by NOSA-ITACA modelling the masonry as a nonlinear elastic material (black). Right: FFT of the velocity [m/s/Hz] in the x and y directions vs frequency [Hz] recorded by SS45 2542 (red) and calculated by NOSA-ITACA modelling the masonry as a linear elastic material (blue). Nonlinear Linear Figure 17. Viareggio earthquake. Left: FFT of the velocity [m/s/Hz] in the x and y directions vs frequency [Hz] recorded by SS45 2896 (+40 m, red) and calculated by NOSA-ITACA modelling the masonry as a nonlinear elastic material (black). Right: FFT of the velocity [m/s/Hz] in the x and y directions vs frequency [Hz] recorded by SS45 2896 (red) and calculated by NOSA-ITACA modelling the masonry as a linear elastic material (blue).

Figure 18 .

 18 Figure 18. Viareggio earthquake. Displacement [m] in the x and y directions vs time [s] recorded by SS45 2542 (+17.9 m, red) and calculated by NOSA-ITACA in the nonlinear case (black).

Figure 19 .

 19 Figure 19. Viareggio earthquake. Displacement [m] in the x and y directions vs time [s] recorded by SS45 2896 (+40 m, red) and calculated by NOSA-ITACA in the nonlinear case (black).

Figure 20 .

 20 Figure 20. Numerical (black) and experimental (red) velocities [m/s] recorded on the tower in the y direction vs time [s] during the Viareggio earthquake.

  

  

  

  

  

Table 1 .

 1 Experimental frequencies and damping ratios calculated in the preliminary test, January 2021.

		Frequency	Damping ratio
		[Hz]	[%]
	Mode 1 (Bending x)	1.23	1.12
	Mode 2 (Bending y) 1.34	1.30
	Mode 3 (Bending x)	2.62	7.02
	Mode 4 (Bending y) 3.30	8.66
	Mode 5 (Torsional)	4.15	3.65

Table 2 .

 2 Model M 5-5 : experimental and numerical frequencies, optimal values of the parameters calculated by NOSA-ITACA and their percentage error intervals.

		f k exp [Hz]	f k num [Hz]	|Δf k | [%]
	Mode 1	1.23	1.22		0.81
	Mode 2	1.34	1.35		0.75
	Mode 3	2.62	2.62		0.00
	Mode 4	3.30	3.30		0.00
	Mode 5	4.15	4.16		0.24
		Optimal parameters and percentage error intervals
		xi*	i	i	[i -1 , i -1 ]
	E palace [GPa] 0.935	0.4808	0.4673	[2.08, 2.14]
	E1 tower [GPa] 1.273	0.2770	0.2160	[3.61, 4.63]
	ρ1 tower	1700	0.5988	0.4762	[1.67, 2.10]
	[kg/m 3 ]				
	E2 tower [GPa] 3.445	0.1953	0.09434	[5.12, 10.60]
	ρ2 tower	2000	0.5	0.0057	[20.00, 175.44]
	[kg/m 3 ]				

Table 4 .

 4 Comparison between models M 5-5 and M 5-4 .

		Model M 5-5	Model M 5-4	Relative error [%]
	E palace [GPa]	0.935	0.935	0.0
	E1 tower [GPa]	1.273	1.241	2.5
	ρ1 tower [kg/m 3 ] 1700	1660.1	2.3
	E2 tower [GPa]	3.445	3.271	5.0
	ρ2 tower [kg/m 3 ] 2000	(1800)	-

Table 5 .

 5 Comparison between experimental and numerical PCPV

	Station	PCPV	Experimental	Nonlinear numerical	Linear numerical
		direction	PCPV [mm/s]	analysis		analysis	
				PCPV	Relative	PCPV	Relative
				[mm/s]	error [%]	[mm/s]	error [%]
	SS45 2542	x	4.24	3.40	19.81	3.33	21.46
	SS45 2542	y	2.67	2.01	24.72	1.84	31.09
	SS45 2896	x	5.79	4.95	14.50	5.55	4.15
	SS45 2896	y	6.01	6.26	-4.16	7.93	-31.95
	Figures 18 and 19 show the experimental displacements recorded by the stations SS45 2542 and SS45
	2896 (red) during the Viareggio earthquake plotted along with the numerical displacements calculated
	by NOSA-ITACA in the nonlinear case (black). Experimental displacements have been obtained by
	integrating the velocities after applying a 0.1 Hz high-pass filter.		
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