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Abstract

This paper deals with the modeling and the numerical simulation of computational cluster net-
works (grid) dynamics and is more precisely focused on the management of the computational
load offered by transferring jobs from one cluster to another. In order to tackle the complex-
ity arising from dealing with the sheer number of processes existing in the system, we develop
a comprehensive model of the global population of jobs using the kinetic theory. It takes into
account the main characteristics of the clusters, their interactions and allows for a thorough de-
scription of the jobs. We then study the resulting system of macroscopic conservation laws and
illustrate numerically its ability to capture some interesting behaviors of the grid. This model
allows for real-time insight of the performance of a given policy for load management in the
grid.

Keywords: Fluid models, Kinetic models, Computational Grid, Numerical simulation, Cluster
network
2000 MSC: 35Q068, 35Q94, 68M10, 68M20, 35F50

1. Introduction

According to [1], the electric consumption of the information technology raised to 270 TWh
in 2012 which is roughly equivalent to 1.4% of the worldwide electrical consumption while
the complete Information and Communication Technology sector (excluding manufacturing) ac-
counts for 4.7% of it. Moreover, the data center power needs increased annually by 5% between
2006 and 2012 (see also [2]). For the year 2030, the data centers alone may use between 3%
(best case) and 13% (worst scenario) of the global electricity production [3]. We are interested
here in the management of clusters running in several data centers and in the improvement of
their energetic consumption while maintaining a certain quality of service. There are currently
many ways to limit their energetic impact [4]. One way consists in enhancing the use of the clus-
ters particularly thanks to a cooperation between different clusters. There exist different policies:
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some are based on an a priori study of the state of the cluster network before launching any
job on it [5]; others are based on a dynamic management of the clusters via the displacement of
services or jobs between computers or clusters. These movements are facilitated by the use of
virtual machines in which the jobs are encapsulated [6]. However, the evaluation of the quality
of these policies is particularly difficult through the use of direct methods [7]. Indeed, the com-
plexity increases greatly as we are reaching exa-scale systems and other methods are required in
order to not treat individually each of the millions or billions of processes [8]. We propose here
an evaluation method based on a macroscopic point of view where the value of interest is the
local density of jobs rather than the individual jobs themselves.

These macroscopic representations are already widely used in other application domains
where the sheer number of individuals makes it difficult to run a complete simulation (e.g.
dynamics of animal swarms, crowd dynamics, etc.). Dealing with these representations in-
volve a rather large panel of mathematical methodology which are the subject of several pa-
pers [9, 10, 11]. A comprehensive survey of these methods can for example be found in [12].
In the field of computer networks, this kind of approach was first referenced as fluid methods
and is based on a set of coupled Ordinary Differential Equations (ODE) [13, 14, 15], each one
describing the load on a given network node based on only two parameters (the input and the
output rate). An extension of this kind of models, using Partial Differential Equations (PDE) has
also been introduced for a group of processes with heterogeneous parameters, such as Mice and
Elephant processes in TCP/IP protocol [16]. However, these models are provided thanks to con-
servation considerations and are phenomenological. Thus, their generalization or the inclusion
of more parameters require a complete rethinking of the model.

In this article, we propose a set of conservation laws describing the evolution of local density
of jobs on a network derived from a proper kinetic model of the cluster dynamics. The idea is
to use the microscopic / mesoscopic / macroscopic formalism rather than an ad hoc model of the
cluster load. Taking as a basis the individual based model of the jobs and of their movements
between the clusters, we define a density distribution function for the jobs, the main part of
the work being devoted to the derivation of the corresponding kinetic equation (or system of
equations) solved by this distribution function. We are then finally able to obtain a macroscopic
model that describes the evolution of the cluster network. The foundations of this model have
been laid in [17] and developed in the thesis of De Cecco [18]. One main difference with the fluid
models derived in the context of crowds or swarms of animals where the amount of interactions
with the other participants (be it collisions or repulsion forces) lead to a global dynamics of the
swarms, is that in the context of computer networks, the dynamics of one element is uniquely
decided by the environment. The interactions between these elements occur through their own
impact on the environment so that no collision operator has to be considered.

We will detail in Section 2 a microscopic description of the clusters and the jobs running on
them and highlight the asymptotics allowing us to derive the fluid model in Section 3. In Section
4 we mathematically justify the models we have obtained and finally, we present in Section 5
some numerical illustrations on simple cases to highlight the potential benefits of different job
management policies.

2. A comprehensive cluster description

2.1. Cluster
We consider in this study a network of several data centers which will be modeled as a
network of C clusters (denoted by C;, j € {1,...,C}). This network is assumed to be managed
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for each cluster by a centralized middle-ware which decides whether a given job running on
a cluster will still be executed on site or will be sent on another cluster in order to improve
a cost (computational time, energetic, financial,...or any combination of them). To evaluate
the possible gain arising from moving a job from one cluster to another, each cluster C; will
be characterized by a small number of parameters such as its performance index v; € R* (its
computational speed), its energetic power Z;(t,q) € R*, depending on the time ¢ and the load
of the cluster ¢ (it could depend on more parameters such as the number of processors used),
its working cost C;(t) € R*, (rental cost for example, possibly depending on the number of
processors/cores used by a job), its total number of processors 7r; € N*, its maximal number of
simultaneous jobs T'; € N*.

In our case, we assume each clusters to be homogeneous and to be defined only by its number
of processors. Moreover, the transfer time between each interconnected cluster of the network
will be defined thanks to a matrix of transfer time 7 = (Tj)jke1,..cy € Mc(R*) where 7 is
the time needed to transfer a job from the cluster C; onto the cluster Cy. Given that there is no
transfer between a cluster and itself and that all connections are bidirectional, we assume that for
each j, 7;; = 0 and that 7 is symmetric.

2.2. Jobs

We consider that N jobs, denoted by J;, i € {1,..., N} are executed on the network and that
there is no deadline constraint. In the current model, interactive applications or services are not
included. Each one is described by its size s; € R} (the memory size occupied by the job on a
cluster), the remaining load of computations required to complete the job g;(¢) € R}, its position
Pi(t) € {Cy,..,C¢} in the network, i.e. the cluster on which the job is executed at time ¢, the
minimum number of processors required to perform the job p; € N*, the age of the job a;(¢) € R*
and its waiting time 6;(f) € R. We introduce this time to take into account the transfer time of
a job. When the job is moved from a cluster to another, the resources on the arrival cluster are
reserved for the incoming job and will thus not be available for new jobs. We assume that the job
is transferred immediately but that it arrives on the new cluster with the waiting time 6; equal to
the transfer time needed to transfer its data through the network.

In this study we do not use the parameters s; and p; and g;. The transfer time between clusters
are given and do not depend on the memory size of the job.

The decision to move a job from a cluster to another at a time ¢ depends on a cost function.
It can for example be the remaining execution time for a job actually located on the cluster C; if
moved to the cluster Cy,

it .
(qu(0), Pi(t) = C.Cy) = qv—(k) £ YO € (1,

sum of the transfer time from C; to Cy and the required time to execute the job on the cluster Cy,
the associated energetic consumption,
4i®)

K“(qi(1), Cy) = f Y Zit.g)dt, Yk e (1,...C),
0

the working cost of the material. ..
The functional to minimize will be a weighted combination of the remaining execution time
and of the energy consumption:

K(qi(), Ci) = ¢, t”(qi(®), C}, Ci) + ce K**(qi(1), Cr),
3
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with the weights ¢, and ¢, € R* such that ¢, + ¢, = 1.

A job is transferred to a cluster Cy- (arbitrarily chosen if there is not uniqueness) if it min-
imizes its cost function. This cluster may eventually be the one on which the job is currently
executed (P;(#) = Cy+). A decision function Dec is associated to the cost function such that

1 if Pi(t) # C» and P = Cy+,

Dec(t, q;(1), Pi(1), P) = { 0 else.

The middle-ware acts like a black box that sends the result 1 if the current job has to be moved
from a cluster to another one and 0 otherwise. We introduce 7, the time taken to compute the
decision function for a job. It is supposed to be identical for all jobs. We assume that the middle-
ware tests a job after another continuously in an infinite loop. We give a number «; € {1, .., N}
to each job that determines the order in which each job will be tested so that the time needed to
test the job J; is @;7,,. We moreover assume that if the remaining load of a job is small enough,
it will never be moved so the function Dec will be equal to zero for such a job.
We then obtain the following equations for each job:

4i(t) = =vp,0) 1050 lg o, &

i.e. the remaining workload g; of the job decreases linearly until it finishes (g; = 0) if it is not
being transferred from a cluster to another (6; = 0);

C
6(1) = ~1gps0 + Y T Dec(t, gi(1), Cj, Co) Sgn0 2)

k=1

k#j
i.e. the transfer time 6; decreases linearly during the transfer until the execution begins (6; = 0)
or it jumps from 0 to 7 j if the job is transferred from C; to Cy.

Remark 1. We remark that 0; (related to the transfer) and q; (related to the execution) do not
evolve simultaneously. We also allow 6;(t) to be negative. It will never happen in practice but this
technical assumption will facilitate the derivation of the kinetic model in the following. Finally,
let us note that a job waiting on a cluster is not tested until its waiting time is 0 which is relevant
since the job is currently transferred.

3. Toward a fluid model

3.1. Defining a distribution function

To obtain the global behavior of the jobs on the network without studying them individually,
we introduce the distribution function of jobs f, valued in R®, whose each component f/ is the
local density of jobs at load g and waiting time 6 on the cluster C;:

f(t.P.q.0) = (fj(t’ 4.9) 6P=Cf)je{l,..,C}

with
1
f(.q.0) = — Z Og=q(t) O0=6,(1)
J =l

Pﬂn:Cf

4
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and N; the number of jobs on the cluster C;. Then fq 0 f7dqdé = N;/T; is the filling rate of the

cluster C;.
We now study the evolution of f/ between the times ¢ and ¢ + §¢ (with 6¢ > 0) in the distribu-

c
tional sense. Let ® = (¢;)1<j<c € (D(Rj)q ® D(R)g) be a test function associated to the whole
network:

< 4 I T A
OP.q.0)= ) ¢(@.0) 1pc;  then  (f0).¢/)= = > ¢ @0).6:0)
j=1 J =

J Pi(n=C;

Along the evolution between ¢ and ¢ + 6¢, either a job is moved from one cluster to another (case
B) or it stays in place (case A).

(Fit+00 - fir),¢/) =A+B

L] %y - )
T, Z * Z (67 (it + 60,612 + 61) ~ ¢/ (4i(0). 6:(1)))

P,-(rmr):P,-(r):C/- Pi(t+60)#P;(1)

By distinguishing whether the job is waiting or executing between ¢ and ¢+4¢ (or partially waiting
then executing, executing and finished or waiting, executing and finished) we obtain

A= —v; 6t (f(1), 0y ¢’ 1gs51 1g<0) [jobs in execution state]
=0t {(f7(®), Op ¢’ 1450 Los51) [jobs in waiting state]
—(0 (1), Oy ¢/ Locoes: Ly, 05v,51+0)) [jobs which waited during 6. ..
—v; (6t = 0) fi(r), By ¢7(q,0) Lo<gesr Lgov;6+0)) and were executed during 67 — 6]
(1), ¢ 1y<y,50 Lo<o) [ jobs ended during 6t . . .
=@, ¢/ Ly<v 51-0) Lo<o<er) or waited during 6 before ending]
+0(67%).

“)
To describe simply the term B and avoid any redundancy with the terms presented in A we
assume that ¢t is small enough so that a job can not be displaced and executed during the same
time interval. This leads to
6t < min Tj.
ik jEk

This implies that we only have to look either at the jobs arriving at the cluster C; (case B) or
leaving it (case B,) during the time interval 6¢t. We also impose that

Ty <0t Vi€{l,..,N},
so that the job has been tested between ¢ and ¢ + 0¢ by the middle-ware. We obtain

Nj

1 .
B=B+By= — ¢’ (qi(t + 6t), 6,(t + 61))
T; Z
Pi(1+81)=C j#P;(1)=Cy,

N;

- > damew|,

Pi(0)=C j#P(1+51)=Cy,
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where Cy is the cluster from which the job is either arriving or leaving. The term B; is the density
of jobs arriving on the cluster C; at time f + @;7,, from the clusters C; with k # j. They arrive
with a waiting time equals to 7y;:

C N,
1 .
By = Z T Z o (qi(t) — Ve ATy, Tij — (OF = CYiTpr)) 1o,1<0
i ! ke,

Pi(t+60=C; ;Tpr<ot
lqi(t)>w6tlDeC(rm,-r,,,,q,-(z)—vka,-r,,,,k, =1
C Ny
T, 1 . j i
= Z T Z [¢ (qi(t), Tkj) — Vi QT Oy @ (qi(t),rkj)
k=1 J k i=1
k#j @;Tpr<ét

=6t = iTp) 8p ¢ (a1, 745)| To,0=0
2
Lyovier 1DeC(z+a,‘r,,,,q,(t)—vka/,"r,,,,k, p=1 o@r).

The term B, describes the jobs leaving the cluster C;:

C N;
1 .
By = - ; FJ Z ¢’ (qi(®), 0:(1) Lg,)<0 Lgov60 )

k#j a;Tpr<ot
1 . .
Dec(t+aityrqi(t)-viaity,jh)=1

To take the limit as 6r — 0 we first need to scale the characteristic times of the problem with
ot so that the behavior of the jobs is correctly taken into account. Since we are looking at the
transfer of jobs between clusters, many jobs have to be tested during the time interval ¢ to obtain
a pertinent model. This implies that the time to test a job 7, is much smaller than 61, 7, < ot.
However, if all the jobs are tested during the time interval ¢¢, it corresponds to the case of a
middle-ware taking instantaneous decisions. In our model the time to test all the jobs 7" = N 7,
should remain constant in the limit 6 — 0. We then assume in the following that

T, =0 <6t < T =O(1). (©6)

Remark 2. This scaling implies that the number of jobs on the network fulfills N = 0(1 / 6t2).
Note however that the number C of clusters is constant. The number of jobs tested on the network
during 6t is defined by

ot 1

Ns; = — :()(—)>> 1.

Tor ot
Moreover, under the assumption that the distribution of the tested jobs is uniform on [1, N] (it
depends neither on the cluster number nor on its state), the number of jobs tested on the cluster
C; during the time interval 6t is

Nj ot 1
—Nsgy=N;—==0[=|>1.
N T (5t)

Finally, aside from this choice of asymptotic, we impose that the filling rate of each cluster
remains bounded (and consequently not null):

. N;
f fldgdo = ?j =0(1).
9.9 6 J



Lemma 1. Formal limit as 6r — 0
The kinetic equation governing the evolution of the distribution function in each cluster C;,
j=11,..,C}, for all time t > 0 is given in (D'(R})), ® (D' (R))y by:

4 4 . 1 &
Ouf(1) = Locov 0, /(1) = Losoa /(1) = == ) f/(0) Tyzo Dec(j k)

k=1
k#j

)

C

1 T ;
+ = Z Fk (f(t) Dec(k, j) , 1p<o), Op=ry;-
k=1 J

k#j

151 Proof. We assume that fzé o f7 weak-#. Taking the limit of % we obtain, using a first order
—+00

6t—0
12 development :

(?tA o, Vi (F1(D), 849" 1450 Lg<0) — (f7, 009’ 1450 Lgs0) -
5t—0

Since @; T, < 6t then o7, ) 0 and the term B; reduces to
11—

T, 1 &

. .

Bi=) — — Z ¢’ (Qi(l), Tkj) Lo,in<o Lgp>veor
i=1

T; Ty
k#j @;Tprot
2
1Dec(l+a,‘r,,,,q,(t)—vka/,'rp,.,k,j)zl + 0(51‘ ).
153 The main difficulty in the formal limit of B lies in determining on a given cluster the number of
1.« jobs moved since the Dec function depends on the characteristics of each job on the cluster. We
155 then get around this problem thanks to the following assumption:

w6 Assumption 1. Let us assume that Dec™'{1} is an open set.

157 This assumption is valid as soon as the cost function is continuous and represents the gain
158 obtained through the minimization process. Then g — Dec(t, g, k, j) is piece-wisely constant.
1o Let Iy = Dec™ (1, -, J, k)({1}). It also implies that Dec only depends on the jobs characteristics
. . . . . ot )
10 and not the jobs themselves. Since the number of tested jobs during 6t is equal to = we obtain

161 the following weak- limit:

11 |
ol —Fi
orT; Z Oq=aitv o=ar) =2 = F- (8)
Lrir’;ygér 5t—0
Pi()=C;
e If suppg/ C Ljx ® R, then:
1 c 1
— =N . ‘
6[32 1\3;;00 ; 7- (f (t)9 ¢ 19§0 1q>()> 1D€C(t,q,j,k):1 . (9)
k)
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Since the variable ¢ and 6 do not vary simultaneously we let

#/(q,0) = (¢, © 4}) (¢.0) € (DR})), ® (DR)), , ¥j=1{1,...C}. (10)
and denote by (., . )¢ the dual product on Ry. Then if supp ¢, C I,

1 1T |1 &
k J
= E (1) 1, 1,
ot ! ot — Tj Ty 2 ¢q (%( )) 0:()<0 Lgi(H)>viot
k#j @;Tpr<6t

1Dec(l+mTp,,q[(t)—vkm‘rp,,k,j)=l )(bé (Tkj) + O((St)

c
T 1 . .
oo Z 7. ;(fk(l) 120 IDecgu et » 94 © loso) 0 (Tkj)

ai=0 KL
ST
1 o
o 207, T O L0 I iy Tasodo 8 @ 8710

ot—0 k=1
k#j

We now let Dec(j, k) = 1pec(r,q,jk)=1, and we get:

c
1 LS T, s , ;
5 By Ag;;m T ; 7 ((f“(0) Dec(k, ), 1o<0 14500 Op=r,;5 ¢”) (11)
k#j
and
1 1S
- __ i), & ;
5% T 20,8 us0 14p0) Dec(j. ). (12)
k#j
which gives the kinetic equation (7). L]

Since the evolution on ¢ and @ are not simultaneous we split the distribution function f/ as

Fi(t,4,0) = p5™(1, @) So=0 + P (1,4, 0) Lo + p5" (1,4, 0) Lpco (13)
where the functions p* (for the working jobs), p;m” (for the waiting jobs) and p‘j’“rb are defined
by:

pjxe(t’ Q) = fj(t’ q, 9) 19=05 p;}/tllt(l" q, 9) = fj(t’ q, 9) 19>O, (14)

P5"(t,q,0) = f1(t, 4,6) 1g<o.

Remark 3. As the evolution in 6 stops as soon as 6 < 0, p*'? is taken into account for the
sake of generality and more importantly so that the definition domain in 0 is an open set. This

formulation is coherent with the solutions obtained for transport equations with discontinuous
coefficients [19].

Lemma 2. Characterization of the solutions of the kinetic equation
We assume that f/(t = 0,q,0) fulfills the decomposition (13) with pj.”(t =0,q) € WH2(RY),
p}”“”(t =0,q,0) € WH(R* x R%) and pi“rb(t = 0,q,0) € Wh(R* x R*). Then the solutions
in (D'(Rj))q Q (D'(R))y of (7) for t > O fulfill the decomposition (13), with py”i’(t, q,0) €
LR, W (R% x R*)) and pgarb(t, q,0) € L(R*, Who(R% x R*)).

8
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Proof. We show that no singularity in 6 arises along the time evolution of p;.m” and pﬁ”rb. We test
the kinetic equation (7) with a test function ¢/ such that supp ¢’ c (R%) , ® (R2), and get

@), ¢') = @ (), ¢) (15)
with
! 1 c b
g0 = A 00 - [ Y g - 9.0)
P; q P q+Vvj 0 T ;p f q+Vvj (16)
ke
Dec(s,q +v;(t—s), jk)ds.
By testing (7) with a test function ¢/ such that supp ¢’ c (R%) 2 © (R})g, we get
@0, ¢) = @0, ¢) a7
with
o Ty
wait _ wait - -k
&(Mﬂ—@(MﬂM+LT2n
oy (18)
F4(5,4,60 + 1 = 9)Dec(s, g, k, )dO Spus-s=ry, ds
6<0 '
Since the initial data are regular enough, p$*, p}v"” and pi“rb are regular for ¢ > 0. O

Let us note that if pff“rb(O, -,-) = 01in (16) (which is the case in our model), then p‘jf”rb(t, =0
for all + > 0 and if the solution exists, it writes

F(6,4,0) = p§(1,q) So=0 + " (t,4,6) 10 - (19)
with the functions p‘]?” and p;.”'“” defined by
p;xe(t’ CI) = <f](t, q, 9) s 19§0> and p;})ait(t, q, 9) = f](t, q, 0) 19>O .

3.2. Asymptotics for conservation laws
We study here the fluid system fulfilled by pjxe and p;.””” for all j € {1,..,C}. We use the
tensor test functions ¢/ € (D’(Ri‘))q ® (D'(R))y such that

¢'(q,0) = $““(q,6) Lo<o + ¢"“"(q, ) 140 (20)

Testing (7)) with ¢/,we get in the distribution sense Vj € {1, .., C}

D (1,q) — V0P (1. q) = St ). on
0P} (t,q,0) — Dgp'}"(1,4,0) = S¥ (1,4, 0),
with
exe wait + 1 exe .
§§(.9) = (0 = 0%) = = 3 p5(1.9) Dec(j.k). (22)
k)
and | T
wait _ k .
SHg.0 = = ) T, A (0.0) Dectke ) Gomry. (23)

k)

9
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3.3. Model extension

Let us note that we could use more parameters to characterize the jobs but they were not
used in this model. These parameters could be s; € R the size of a job, p; € N* the number of
processors required for the job J;, a; € R the age of the job.

These parameters evolve following

at) =1, si(n)=0, pi(t) =0. 24)
By denoting x = (a, p, s) we then get the following kinetic equation in the distribution sense
{ D5 = V0P + BupTt, q.3) = S (L, 4. x),

| | | . (25)
(O = D" + Dup'} )1, 4,6..3) = S (1,6, ).

where S ‘;)‘e and S ;.V“” are defined as in (22)-(23).
To get the fluid equations on the momentum of the distribution functions p
let:

exe

¢ and p;.m” , wWe

n;xe/wait — fp(;xe/wait dx, (26)
N
&jn;xe/wait — fap;xe/wuil’ for a = {a’ », S}, (27)
X
with njxe/ " the job density, (n;a;)*"/*“" the mean age of the jobs, (1;5,)**/**" the mean size

of the jobs, (n;p;)***/*" the mean number of needed processors for the jobs, whether they are
executed or waiting.

4. Mathematical study of the model (21)-(22)-(23)

4.1. Links between mesoscopic and macroscopic models

To prove the existence of the fluid system we use a theorem from Jabin [20] that we adapt to
our case.

We let the initial data:

FO,)=fo, p§0,) = pS5 and pi(0, -, ) = pi". (28)
Lemma 3. pj.xe and p}”‘”", with the initial data given in (28), are solutions of the fluid system (21)
in O'(R%), and (Z)’(Rfr))q ® (D'(R)), respectively if and only if f/ written in the form (19) is
solution of the kinetic equation (7) with an initial data fulfilling the closure assumption (19).

Proof. Let us first assume that pj"e and p}““”, with their initial data, are solutions if the fluid
system (21) and that

17(0.4,0) = p5*(0. ) S90 + p"*"(0.¢.6) 1y - (29)

Since we have p"’f”rb(O, -,-) = 0 and (29), we apply Lemma 2 to characterize the solutions of the
kinetic equation and get for all 7 > O that the distribution function writes

F(t,4,0) = p§(1,q) So=0 + " (t,4,6) g0 - (30)

By writing the kinetic equation in the distribution sense with the test functions defined in (20),

replacing f/ by the closure assumption and testing this equation with ¢/ we get that P and p}“”"

are solutions of the fluid system (21). O
10
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4.2. Local theory
The fluid system (21) is nonlinear due to the decision function Dec. We introduce the natural
distribution spaces such that pjxe € B and p}?’“" € Bwait j € {1,..,C}, where the spaces are
defined by
B =1L= ([0, T, W'(R}),) N F, 31)
and ‘
B = 1= ([0, T], W' (R}), x W (R)y) N F (32)
where F is the set of function which admit a right-handed limit in the X-variable.
We introduce the vectors p°* and p"“" such that p°*¢ = (pgjxe) jell,..c) € (B**)¢ and p"*" =

. \C
(p}."“" )jetl,..c} € (BW“” ) . We moreover define the norm of p** such that

C
o llexe = Y T 105 Il - (33)

=1

Proposition 1. Study of a model problem
Leta € Rand p € B = L=([0, T], W'*(R)). We consider the problem

0p(t,x) — 0,0(t, x) = S(t) 810, VY (t,x) €[0,T] XR, 34)
p(0,x) = po(x), VxeR.
There exists then a solution p(t, x) € BN F, which is given by
| po(x+1) ,ifx<a-torifx>a,
p(t’x)_{po(x+t)+S(x+t—a) ,ifa-t<x<a, (3)

if S(x +t —a) is right limited.

Proof. We are dealing with a transport equation with negative speed. We find that p(#,x) =
po(é) + t S () O5=(x+n-a ds, which gives the result as soon as S (x + ¢ — a) admits a limit on the
right—hangl side. O
4.3. Global existence and uniqueness theorem

Theorem 1. Existence and uniqueness of fluid solutions

Let p‘;.fff € B** and p}”g"’ € B forall j € {1, ..,C). There exists then an unique solution p** and
P 10 (21) for all t € R* with the initial data p$*(0, q) = pS () and p"*"(0, ¢,6) = p"§"(g, 0).-.

Proof. We use a fixed point theorem. Let ¥ : (B*)C — (B¢*)C the application that maps p®*
to p*¢( where (p°*(D, p"4i") is solution of

{ 8,05V t,9) = v; 0,07V (1, 9) = $7V, ), 56
atp\}/alt(t, q’ 0) _ aep;t’alf(t’ Q9 0) — S;Vult(t’ q’ 9),
with
. : 1 & X
59Vt = pyg.6=00 == 3 g Dec(j.h).
k=1
L& T - (37)
wai k exe B
$(tg.0) = = Z 7, o (t,q) Dec(k, j) So—r,, ,
k=1 p

kj

11



and the initial condition

P00, 9) =05 @) = (055@) o, Ve ERS,

P(0.4.0) = p§"(q.0) = (0}5"2.0) - V(@.0) € RY X RY.
24 We define the sequence p**!*D = P(p¢*D) starting from p*© = P In the first part of the
s proof we compute explicitly P(p°*).
Thanks to Prop. 1 we obtain that
p;fg”(q,9+ Nif @<t —tor 01,
c

. . 1 T
p}”‘”’(l)(;, q,0) = p;tg”(q, 0+1)+ = Z Fjpixe(e + 1= Tj DLDecO+-.q.k.)=1 »
k=1

k#j
ikaj—tS 0 < Tkj»

if the second member of the second equation of (36) admits a limit on the right hand side in
0+t — 1y, i.e. if p{* has a limit on the right hand side in time. This is satisfied since p*** € B**.
Then we have

PN, 1), if <1y,

‘ c
wait +Y . 1 Tk .
p;" (14,07 o (g, 1) + = Z T P = Thjs DUpect—rqk =1 » 1L 1> Ty
k=1 J

k#j

Back to the first equation in (36) we get
exe(l) _ exe
p; (1.9 =Pl (@)

t

1« T,

" f T Z T pixe(s - Tkja q + vj(t - S)) lDec(s—‘rk,',q+v,'(t—s),k,j)=1 dS
0 T =y Tj

o (38)
+ f p%”(q +vi(t—s),5)ds
0

!
1 i
- f 7 Z,O;xe( )(s,q + Vit = ) Lpec(sgvia-s).jb=1 dS -
0

Kt j

We now look for conditions so that ¥ is a contraction. Let H§¥ € B, and ,u;xe(l) € B,
,u;.”"” € B"*" solutions of the fluid system (36) so that u***(Y = ¥(u°*¢). Then

3
5V, q) = V1, 9l = x(1,9) - f u(s.q) (05 (s, q) = Vs, q)) ds
0

!
< bt + [ 10601 15"5.0) - 5.l ds
0
with

A —
x(t,q) = fo 7 Z T (p,i“ - ﬂi’“e) (s = T1js g + vt = ) Lpec(s—riq+vi(-s)k. =1 dS 5
k#j
12
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and |
'/’(S, 61) = 7_.. Z 1Dec(s,q+v,(t—s),j,k)=1 .

k#j

Thanks to Gronwall inequality we get

105Vt g) = V(e 9l < (e, )l + fo (5. @)l (5. 9) exp( f W)l du) ds.

and then
1 T
1 1 k
o5 = 15Vl oy, ey < D 7 o = 1oy, o
C-144T,

[rven{P2).

By taking the derivative in g of (38) we get in the same way

exel €xe 1 exe exe T (C - 1)
T llp5™e® = sVl < DT log™ = g e (—1+exp(—))

c-1 e T
and finally
exe exe C exe exe T (C - 1)
)~ WO Mo < 0™ = e (—1 N eXp(T)) .
. T 3C-1
< L
T_C—l 111( 2C ) Tmax’

the application W is 1/2-Lipschitz. Since the time 7,,, only depends on the model we also have
existence of solutions on the time interval [T, 2T],...as long as T < T,,,, and then the existence
of an unique solution on R™. O

Theorem 2. Existence and uniqueness of the kinetic solution under closure assumption

Let p®¢ and p"* such that pj""’ € B and p‘}’“” € B satisfy (21) Yj € {1, .., C},with the initial
data pi*(0,q) = p;o(q) and p;.V“i’(O, q,6) = 0. Let us assume that f/(t = 0, g, 6) splits according
to the closure assumption (13). There exists then an unique solution to the kinetic equation that
splits according to the closure assumption for all t € R7.

Proof. The assumptions on the distribution function allow us to apply Lemma 2 to characterize
the kinetic equations. For all time the solution f then splits according to the closure assumption.
Thanks to Theorem 1, we moreover have uniqueness of the solutions p;x"’ and p"%. Since the
distribution function admits a unique decomposition according to the closure assumption, defined
through its moments, we obtain the uniqueness of the kinetic equation and of its decomposition.

O
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5. Numerical results

5.1. Numerical method

We now numerically solve the system through the fluid model. We have on each cluster C:

{ 0005 (1,0) = v} 9, p5“(0, @) = S5 (1., 39)

a[p?}uil(t, q 9) ngwalr(t q, 0) — S;Vait(t, q, 0) ,

with the source terms S “*¢ and S wait defined by (22)-(23)

In order to s1mulate this system of conservation equations, a Finite Volume approach has
been used, along with a first order Explicit Euler method for time integration. We discretized the
respective phase spaces for these two equations. We then impose g € [0, gpqx] and 6 € [0, 6,451,
where ¢,,,. 1s obtained by taking the worst case scenario (maximal execution time and flow rate
on the grid) and 6,,,, = max;ke(l,..,c} Tjk-

The numerical domain for the workload is divided into N, intervals of uniform length Ag =
Gmax/Ng. The N, + 1 points of discretization are noted g;_i2 = (i — 1)Aq where i € {1, .., N, + 1}.
By definition, 0 = gq12 < g32 < ... < gng-12 < qN+1/2 = Gmax- Qi denotes the interval
[gi-1/2: Gix1/2, so that Uﬁql 0i = [0, gmax]-

We use the same approach for the 8 variable, introducing Ny cells of uniform length, noted

O, = [0,- 1725 9m+l/2] with 6, 12 = =(m—-1A0, forme {1,.,Ny+ 1}.

T will denote the time horizon and the interval [0, T'] is split within N, subintervals of length
At = T/N,. We will note t* = n X At, for n € {0, .., N;}.

Finally, with these notations, we define :

exe 1 qu/z exe
05 (t)=—f Pt q) dg
Jl Aq qi-1/2 /

and

’ 1 qi+1)2 172 it
o=z | ereandgan
i-1/2 hm-1/2

We are then able to define the fluxes of jobs with the “running” status on a cluster C;. The
equation (39) being a 1D-transport equation, a first-order upwind scheme is used. In this parti-
cular case, the velocity v; is known to be positive so that we have :

Fiinp(0) = =vj Pl (1)
Similarly, we use a first-order upwind scheme for the fluxes of “waiting” jobs :

wai wait
7:Jlm-f—l/Z(l‘) p]tm+1(t)'

which yields the following semi-discretized scheme :

d

d—pj”(t)+ L[ a0 - T p0] = S,
d ] ai; wai
SO0+ S [T p0 = TR 0] = S5,

14
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where §7(7) and § ;Vl“;; (t) are the source term values, assuming that Dec is constant on any
19i-1/2, qi+12[, given by :

C
i 1
S0 = =T H0 = = D PO Loeeug e
k=1

k#j

and
c

. 1 T,
S;fi“’;i(t) ey ; TJ P O 1pecrgikjy=1 96,=r,; -

k#j

To take into account the transport term and the source term we use a first order Lie splitting. We
first solve on a time step the sourceless transport equation:

d exe 1 exe exe
5P O+ [ Jir1 20— j,i—l/z(t)] =0,

@ . 4 0)
wait wait wait
PO+ o [Fhilap 0 = TS (0] = 0.

We then inject the solution of the previous system in the ordinary differential equation with only
the source term that we solve on a time step

d o d ai S wai
200 0 = S5O — P30 = S0, (41)

with S () and S ;Vl“;:l (f) defined by

c
- . 1
_ ~wait ~exe
S5 =30 - = Z P Iectran b=t » 42)
k)
and
1S 17
G wait — ~exe
S0 = T ; Fj P @ pectrgik.j=1 06,=7,; - (43)

k#j

In both cases we use a first order explicit Euler scheme whose CFL condition for the IL*-stability
is

A
At < min{ 9 a6, 7'} . (44)

maXje(1,..7y V)

The simulations in the following sections were performed using the numerical parameters
described in table 1, on a laptop equipped with an Intel® Core™ i5-2540M CPU @ 2.60GHz and
4 GB of RAM. The mesh sizes have been chosen so that their influence on the final results are
quite unnoticeable.

Parameter | guax | Gpax | Ny | No | T T
Value 50 | 20s | 100 | 100 | 1s | 100s

Table 1: Numerical simulation parameters
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In order to accurately capture the dynamics of all clusters, a complete save of the simulation
state is performed each 0.2 second of physical time simulated, yielding to a total of 500 save
points for each simulation. In these conditions, each simulation required roughly 89.9 s to go to
completion, the saves accounting for the vast majority of it (67.4 s). It has to be noted that such a
high amount of save is unnecessary if the only purpose is to evaluate a cluster policy efficiency,
allowing for faster than real-time simulations on a laptop.

5.2. A 3-cluster dynamics example

It is quite easy to find a 2-cluster configuration with an analytical solution in order to validate
the numerical solver [18]. We will here present a 3-cluster configuration, exhibiting a more
complex behavior. To this extent, we consider a cost function depending on both the remaining
execution time for a job #“* and the electrical consumption K, of the target cluster C;. These
two items read :

K(‘]iaCk) = a’ttexe(qis Cjack) + aeKE(qi’ Ck)? Wlth v]’ k S {15 ’C} :

4i

O exe i(t)
Ko = [z dr and #7qu0.C.Co = B0
0

Using a dimensionless parameter A € [0, 1], the coefficients @, and «, are respectively taken
as AJ~" and (1 — A)s~! so that K is dimensionless and that we can define a cluster policy by
changing the value of A. For example, taking 4 = 0 means that we are only interested in opti-
mizing the time of execution regardless of the energy needed. Conversely, 4 = 1 means that the
only objective is to execute the jobs using the less energy possible with no constraint on the time
needed to complete them.

We choose to model the part of the electrical consumption Z(¢) due to the computers as a
linear function of the total load 7(¢) on the cluster :

Zy (1) = e ( f Pt q)dg + f Py (1,q.0) dg d9) = cp.7(1),
q 9.6

where ¢; € R is a coefficient accounting for the energetic efficiency of the cluster. This kind of
formula is in agreement with the estimates for energy consumption used in real computational
clusters [21].

In order to obtain a non-trivial dynamic, we are interested in a configuration for which a
cluster seems at first attractive performance-wise and becomes less and less interesting energetic-
wise as its workload rises, until the point where some of the jobs are moved towards another
cluster. To take this effect of over-consumption into account (due for example to the use of
cooling systems), we define a cost function with a significant rise of the slope for an occupation
ratet(t) above 50%.

Zi(1) = ¢ * 7(2) + ¢ * max(0, 7(r) — 0.5) (45)

The parameters at disposal to describe such a set-up are the performance indexes and ener-
getic consumption of the clusters but also the transfer rates between them. Let us begin with the
hierarchy of performances for the clusters. We fix the cluster Cy as the less interesting one setting
reference values vg = 1.0 and ¢y = 1.0. The two other clusters will both be more attractive than
Cy, the second cluster C; being the best choice energetic-wise and the third C, being the best
choice for the performance but also the most energy consuming (see table 2).

16



| Cluster | Capacity | Performance | Consumption |

0 1700 1.0 1.0
1 3000 2.0 1.0
2 600 10.0 11.0

Table 2: Grid configuration

Cluster | Rate (Nb.s™') | Waiting time (s) [ Duration (s) |

0 100 2.0 20.0
1 65 4.0 20.0
2 20 10.0 10.0

Table 3: Jobs submission scenario for each cluster

a8 3.2.1. A reference case with no transfer

319 In order to describe the test-case used in terms of workload scenario, we first perform a
a0 reference simulation where all transfers are forbidden. In our model, this is strictly equivalent
321 to choose a cost function only based on performance (1 = 0) and insanely high transfer times
a2 between clusters.

32 As for the initial condition, all clusters are considered completely empty with no job waiting.
s Att =0, jobs are submitted to each cluster. Submission rate (total number of jobs submitted per
as  second), duration of submission and associated waiting time varies with the cluster but remains
a2s constant over time. These parameters are listed in the table 3. All jobs submitted are assumed to
a7 have a constant distribution along the computational load variable (g).

328 The dynamics of p°* and p"“" for the the cluster O are respectively represented on figures 1
a0 and 2. We can easily distinguish four phases. At first, all jobs submitted are waiting and no one
a0 is in execution (f = 1s). Then in a second phase, the jobs submitted have partly entered execution
a1 state and as the job submission rate is big enough, p“* is growing over time. In a third step, the
w2 job submission ends and all jobs are leaving the waiting state, p°* reaching its maximum value.
as  In the last phase, all remaining jobs are being executed. We can observe that the behavior of p**¢
s« and p"®" are consistent with the exact solutions of equations 21.

RhoExe: distribution in cluster 0, temps 1.0 RhoExe: distribution in cluster 0, temps 9.99 RhoExe: distribution in cluster 0, temps 21.07 RhoExe: distribution in cluster 0, temps 43.2

»
0
5
g2
1 ﬁ
1
s
Viorkload

Figure 1: p*¢ distribution for cluster 0 at times ¢ = 15, 9.99s, 21.07s and 43.2s

ass As for the occupation rates, as expected, the results first show a rise of the occupation rate
s (as new jobs are submitted) and then a decrease due to the execution of the jobs on the cluster
a7 (see figure 3). All values for this test-case have been fixed in order to keep the occupation rate
ss  under 100%.
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RhoWait: distributior

RhoWait: distributior RhoWait: distribution in cluster 0, time 21.07 RhoWait: distribution in cluster 0, time 43.2

Figure 2: pw"i’ distribution for cluster O at times ¢ = 1s, 9.99s, 21.07s and 43.2s

Occupation in cluster 0 Occupation in cluster 1 Occupation in cluster 2

Occupation rate

60 40 60 40
Time (s) Time (s) Time (s)

Figure 3: Occupation rate over time for clusters 0 to 2

5.2.2. Application to protocol monitoring and performance assessment

In this section, we propose to illustrate the impact of the cluster policy on the performance of
the grid with respect to its energy consumption and time needed to execute all the jobs submit-
ted. To this extent, we have performed some numerical simulations with various values for the
parameter A. These cases will be labeled with the relative importance A of the energy in the cost
function K. For example, a simulation labelled ”80% energy” corresponds to 4 = 0.8.

We propose a total of 5 test-cases, with 4 € {0,0.01,0.2,0.8, 1}. The reference case with no
transfer will also be displayed. It has to be noted that the reference case differs from the test-case
with A = 0 since for the reference case, the transfer times had been changed in order to prevent
any transfer.

As for the transfer times used for these simulations, these are summarized in table 4. For
simplicity sake, these times are considered to be symmetric but this aspect is not mandatory.
These values have been chosen so that they have a non-negligible impact on the time needed to
execute a job with a high workload but also do not render the transfer cost prohibitive.

As represented on the figure 4, enabling the transfers between clusters does have an impact
on both the energy consumption and the time needed to complete all the jobs submitted. On
the left side is represented the energy consumption with respect to time for all the test-cases
performed. On the middle figure is indicated the number of jobs remaining in the system while

] [ Cluster 0 | Cluster 1 | Cluster 2

Cluster 0 0.0 3.0 8.0
Cluster 1 3.0 0.0 7.0
Cluster 2 8.0 7.0 0.0

Table 4: Transfer times (s) between clusters
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on the right side is represented the remaining computational load (since all the jobs do not have
the same computational load at submission). All these values are calculated for the whole grid.

Total energy Total number of jobs remaining

3000

60000

— 0% Energy
— 1% Energy
— 20% Energy 2500

% 80% Energy
— 100% Energy

2000 — No transfer L, 40000

— 0% Energy
— 1% Energy
— 20% Energy

% 80% Energy
— 100% Energy
— No transfer

— 0% Energy
— 1% Energy
50000 — 20% Energy

* 80% Energy
— 100% Energy
— Notransfer

2500

9y ()

& 1500

1500 B 30000

En

1000 1000 20000

500 500 10000

0
Time (s)

0 60
Time (s) Time (s)

Figure 4: policies efficiency with respect with the energy consumption (left), number of jobs remaining (middle) and the
total workload remaining (right)

Without any surprise, enabling transfers allows for smaller computational times in any sce-
nario, even for the one focused only on energy consumption, since a lot of jobs are submitted
in Cluster O whereas the grid contains better clusters in every aspect. Conversely, focusing only
on the time aspect leads to a much higher energy consumption than the reference case, which is
easily explained by the fact that the fastest cluster has a very high energy consumption compared
to the two others.

On the middle and right figures, all curves seem to be well-ordered with respect to the im-
portance of execution time, except for two of them which correspond to the scenarios with 0%
and 1% energy. However, when zooming near the completion time for the two of them, it can be
seen that the case with 0% energy does manage to finish before the other, even if barely. This
can be explained by a transfer of jobs with high computational load to the fastest cluster delaying
the completion of some of them (due to the transfer time) but in the end allowing to gain some
seconds (or even milliseconds) to complete all of them. These curves also show that taking into
account the consumption, even for a very small amount, can save a lot of energy while having a
quite negligible impact on the computational time.

It has to be noted that the transfer decision is based only on the state of the grid at the time
of the transfer, without having any knowledge of what will be submitted in the future, and that in
our model no job can be transferred back so that it makes room for another one. Hence there is
no guarantee that, for a given scenario, lowering the focus on energy will lead to a better global
computational time. That makes the existence of a quick-time simulator even more attractive.

Dynamics split for every cluster. The results of energy consumption, occupation rate (normal-
ized) and number of jobs ended for every cluster are displayed on figure 5. Each line corresponds
to a different cluster while each column focus on one aspect (energy, occupation, jobs).

The results shown on figure 5 are in accordance with the global ones (figure 4) and what can
be expected from the grid dynamics. For example, the occupation rate shows that the Cluster 0
is not the preferred one regardless of the policy used (as soon as transfers are enabled), which
is in accordance with its characteristics. Both the occupation rate and the number of jobs ended
grow on the cluster 2 as the focus on the energy decreases. The effect of the occupation rate on
the consumption of the cluster (cooling system (45)) can be seen with energy-focused policies as
some waves appear on the occupation rate as well as on the number of jobs ended.
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Figure 5: Impact of the grid policies on the energy consumption (left column), occupation rate (middle column) and
number of jobs ended (right column) for cluster O (top line), cluster 1 (middle line) and cluster 2 (bottom line)

Transfers. The amounts of transfers performed between the clusters are all represented on figure
6.

As prescribed in our model, no transfer is allowed from one cluster to itself (flat lines on
the diagonal of figure 6). As expected, the number of transfers towards Cluster 2 rises when the
focus on energy decreases. It can be noted that some transfers exist from cluster 2 to cluster 1
when energy is the main focus. In these cases, even transfers from cluster 2 to cluster O exist,
suggesting that the occupation rate of the cluster 1 yields a rise of its consumption. Yet, this
amount remains negligible.

It can also be noted that the timing for the transfers from cluster 1 to cluster 2 are very differ-
ent for the scenarios 0%- and 1%- energy, the 0% case having a bigger transfer occurring later in
the simulation. This explains the crossing lines for both the number of jobs and computational
load remaining observed on figure 4.

6. Conclusion and prospects

Starting from a microscopic model based on the realistic behavior of jobs submitted in clus-
ters, and from a generic description of the job transfer policy between different clusters of the
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Figure 6: Impact of the grid policies on the number of transfers between clusters, following the structure of table 4

same computing grid, we proposed a derivation of a macroscopic model able to represent the
grids dynamics.

Existence and uniqueness of a global solution to the resulting fluid system can then be proven
under minimal assumptions of regularity of the decision function used for the transfer of jobs.
This guarantees that the model covers a wide range of decision functions used for the job trans-
fers, where the associated cost-functions can be seen as a ”black-box”. Hence, this kind of model
enables the evaluation of the impact of a transfer policy on the performance of the cluster.

Using a finite volume discretization of the fluid equations and a simple cost function mixing
both the aspects of computing time and energy consumption, we have illustrated a simple test
case exhibiting a non trivial dynamics. It shows that our model has a consistent behavior with
the one which can be expected from a computing grid. The ability of the numerical model to
provide real-time estimates of the performance of a given set of policies for one job submission
scenario, has also been highlighted.

This kind of model can easily be extended to a more complex set of parameters. For ex-
ample, on the cost function side, it would be quite straightforward to include the mean time of
execution for each job or the different kinds of fees paid for the use of the cluster. An interesting
generalization of the model would be to take into account, at the microscopic level, the memory
size of each job (as a new variable) which would impact its transfer time. This would add one
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more conservation equation (on the mean memory size of the jobs) in the system (21). Imple-
menting this aspect and using a known submission history would allow to simulate a real cluster
dynamics, like the Grid’5000 Cluster in France [22].

One important assumption in our model is the fact that N remains constant through time,
implying that all jobs are always tested, even the finished ones. If we allow the middle-ware
to only focus on the jobs in execution state, it would introduce a variable characteristic time
7 (), yielding to a more complex analysis. This aspect will be tackled in future studies. Finally,
another extension of our model may focus on the effect of exceptional (oversized or prioritized
for example) jobs on the cluster dynamics. Such jobs should be numerically treated with a
specific particular solver which would need to be coupled with our fluid model through source
terms and/or dynamic values for the clusters characteristics. Such an approach may allow to
tackle some practical problems such as cluster shutdowns.
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