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HOMOTOPY THEORY OF MOORE FLOWS (III)
PHILIPPE GAUCHER

ABSTRACT. The previous paper of this series shows that the gq-model categories of G-
multipointed d-spaces and of G-flows are Quillen equivalent. In this paper, the same
result is established by replacing the reparametrization category G by the reparametriza-
tion category M. Unlike the case of G, the execution paths of a cellular M-multipointed
d-space can have stop intervals. The technical tool to overcome this obstacle is the no-
tion of globular naturalization. It is the globular analogue of Raussen’s naturalization of
a directed path in the geometric realization of a precubical set. The notion of globular
naturalization working both for G and M, the proof of the Quillen equivalence we obtain
is valid for the two reparametrization categories. Together with the results of the first
paper of this series, we then deduce that G-multipointed d-spaces and M-multipointed
d-spaces have Quillen equivalent g-model structures. Finally, we prove that the satu-
ration hypothesis can be added without any modification in the main theorems of the

paper.
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Presentation of the paper. This work is a sequel of [22, 23] establishing a zigzag of
Quillen equivalences between the g-model structures of multipointed d-spaces [20] and of
flows [16] thanks to the notion of Moore flow. This paper was not initially planned to
be presented as a third part of this series. The reason is that, unexpectedly, all proofs of
this paper work for the second paper [23] of this series as well thanks to the discovery of
a globular analogue of Raussen’s notion of naturalization of a directed path (see below).


http://arxiv.org/abs/2303.16174v5

Multipointed d-spaces and flows are two multipointed geometric models of concurrency.
This research belongs to a branch of mathematics sometimes called directed algebraic
topology (DAT) or directed homotopy theory [11]. Note that the latter terminology is
also sometimes used for other mathematical research like rewriting system or directed
HoTT. DAT studies the homotopical properties of geometric models of concurrency from
various points of view. The general idea is that two directed paths which are homotopy
equivalent in an appropriate directed sense represent two non-distinguishable possible
execution paths of the corresponding concurrent system. The typical example is the
one of a full n-cube [0,1]™: each continuous path from the initial state (0,0,...,0) to
the final state (1,1,...,1) of the full n-cube which is nondecreasing with respect to
each axis of coordinates represents the concurrent execution of n actions. Each axis of
coordinates represents one action: 0 means that it is not started and 1 that it is finished.
Nondecreasingness models time irreversibility. In the case of [0, 1]", all directed paths
are homotopy equivalent in a directed sense. More general concurrent systems can be
modeled by pasting together cubes of various dimensions. The combinatorial notion of
precubical set is adapted for such a purpose [11, 31].

The main problem posed by DAT is that the directed segment is not always contractible
in a directed sense otherwise the causal information could be lost by the associated weak
equivalences. For example, contracting the directed segment going from A to B in the
branching C' <~ A — B removes the nondeterministic branching and therefore changes
the causal structure. However, the full n-cube [0, 1]" is the same object in DAT as the
full n-cube [0, 2]™, which means that the directed segment can be dilated. Moreover, it is
possible in C' < A — B — D to contract the directed segment going from A to B without
changing the causal structure. The non-conventional behavior of the directed segment is
the reason why many model category structures introduced in DAT fail to preserve the
causal structure. This does not necessarily mean that they are not interesting, just that
they probably need to be modified.

Any geometric model of concurrency encoding directed paths one way or another,
including the non-multipointed or continuous ones of Grandis’ d-spaces [32] or Krishnan’s
streams [39], gives rise to a family of spaces P, 5 of nonconstant directed paths (the 1
meaning here of length 1; they are also called ezecution paths in the sequel) from « to
B closed under composition and nondecreasing reparametrization. The points a and
belong to some set of states chosen in the underlying topological space for continuous
models or they run over the set of states for a multipointed model. Choosing this set
of states in a continuous model such that, together with the family of spaces Polh 5, the
information contained in the causal structure is preserved, is related to the research
about component categories [12, 30, 46, 50]. The latter aims at reducing the size of the
fundamental category, and in particular the size of the state space in the case of continuous
models without losing the causal information. However, in practice, the geometric model
realizes a precubical set. In this case, a natural (but not necessarily optimal) choice is
the set of vertices of the precubical set.

The composition of continuous paths being associative only up to homotopy, we want
to use Moore directed paths. Thus from each space of nonconstant directed paths Poa 5y We
consider the family of reparametrized nonconstant directed paths {P(f 5| € >0} where (is

the length. Note that all P}, ; are homeomorphic to P, ; for fixed a, 5. Then we consider
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the family of Moore compositions Pﬁfﬁ X Pé{{ — Pﬁ}j 2 for all real numbers ¢4, ¢, > 0 and
all a, 5,7 belonging to the chosen set of states. It is possible to pack together all these
Moore composition maps in an enriched semicategorical device which is called a Moore
flow [22, Section 6]. The enrichment is necessary to take into account the topology of the
space of reparametrization maps. Indeed, the reparametrization must be continuous with
respect both to the directed path and to the choice of the reparametrization map. One
then obtains a strictly associative composition law without having to consider directed
paths up to nondecreasing reparametrization (these equivalence classes of directed paths
are usually called traces according to [10, 43]).

It is well established that the computer-scientific properties of a concurrent system de-
pend only on the homotopy types of the spaces P(i 5 [11]. Thanks to their semicategorical
nature, Moore flows enable us to prove by pure model categorical arguments (i.e. without
explicit calculation) that the space of nonconstant directed paths between two vertices
in the geometric realization of a precubical set is m-cofibrant [29, Corollary 6.8]. This
fact is originally proved in [51, Theorem 6.1 and Theorem 7.6] by constructing an explicit
homotopy equivalence with the classifying space of a small category obtained from the
precubical set, namely the small category of Ziemianski cube chains associated with the
precubical set. As noticed in [22] by one of the anonymous referees, the notion of Moore
flow is also an abstraction of the Moore path (semi)category of a topological space, which
suggests possible connections with some models of type theory involving Moore paths
[41, 42].

The purpose of this paper is threefold. Firstly, the second paper [23] of this series
is technically limited to deal with reparametrization by nondecreasing homeomorphisms
between nontrivial segments of the real line, instead of with reparametrization by non-
decreasing surjective maps like in Grandis’ notion of d-space introduced in [32]. It is an
unnatural restriction which is imposed by the fact that several crucial theorems belong-
ing to the technical core of [23] are either false or their proof is not valid anymore after
changing the allowed reparametrizations (cf. Table 1). The first purpose of this paper is
to fix this issue. Secondly, this paper provides a uniform treatment of the two choices of
reparametrization setting above by introducing a globular analogue of Raussen’s notion of
natural directed path. 1t is already known that the cubical version of this notion is central
for analyzing the homotopy type of the space of directed paths between two vertices of a
precubical set (e.g. [51, Theorem 6.1 and Theorem 7.6]). This paper demonstrates that
the notion of natural directed path is important both for the globular and for the cubical
approaches of directed homotopy for concurrency. In fact, we even speculate that this
notion is the key for reaching a (still conjectural) unified axiomatic setting which would
contain both the globular and cubical approaches of directed homotopy for concurrency.
Finally, we want to believe that this work is a contribution in the direction of finding
better model categories adapted to directed homotopy for concurrency. The ultimate
goal is to find a convenient model category on a category closer to the one of Grandis’
d-spaces: we would like to remove the multipointed setting somehow. Some speculations
about this problem are available in [8]. The multipointed setting is a technical restriction
introduced in [20] to prevent weak equivalences from contracting the directed segment in
the direction of time, because this may destroy the causal structure (as explained above)

and therefore this erases the relevant information. There are many speculations about
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what is a good notion of weak equivalence for a non-multipointed (i.e. continuous) model
[47]. In particular such a notion should be invariant by refinement of observation. There
are already techniques to deal with the invariance by refinement of observation in multi-
pointed models, in the cubical setting in [7] and in the globular setting in [18, 19], which
remain to be unified.

The reparametrizations of execution paths allowed in [23] are therefore the precomposi-
tions by the maps of the reparametrization category G in the sense of Proposition 1 which
are the nondecreasing homeomorphisms between nontrivial segments of the real line. The
technical advantage of this setting is that all execution paths of a cellular multipointed
d-space are reqular in the sense of [10, Definition 1.1], namely without stop intervals,
i.e. without nontrivial intervals on which the path is constant (cf. Definition 10). We
want to replace the reparametrization category G by the reparametrization category M
in the sense of Proposition 2 whose maps consist of the nondecreasing surjective maps
between nontrivial segments of the real line. The technical obstacle to overcome is that
the execution paths of a cellular multipointed d-space can now contain stop intervals. By
[43, Proposition 2.2|, every nonconstant Moore path in a Hausdorff space has a regular
reparametrization. Moreover, by [10, Proposition 3.8|, the regular reparametrizations of
a given nonconstant Moore path in a Hausdorff space are unique up to a map of G. In [44,
Definition 2.14], Raussen introduces a cubical notion of naturalization of a directed path.
Intuitively, it means that any nonconstant directed path ~ in the geometric realization of
a precubical set has a regular reparametrization called the naturalization nat™(y) which
is morally more natural than the other ones. It is the unique reparametrization which
makes the directed path a Moore composition of isometries for some Lawvere metric
structure on the geometric realization of a precubical set. This idea is generalized to the
setting of symmetric transverse sets in [28] and to the setting of presheaf categories on a
thick category of cubes in [27]. By Proposition 19, there is then a unique factorization
v = nat”(y)n where n € M. The technical innovation of this paper is the introduction of
a globular version of Raussen’s idea of naturalization of a directed path in Proposition 6
and Definition 11. It turns out that every execution path v of a cellular multipointed
d-space has also a regular reparametrization nat®'(y) which is morally more natural than
the other ones. Again by Proposition 19, and since the underlying space of a cellular mul-
tipointed d-space is Hausdorff, there is then a unique factorization v = nat®(y)n where
n € M. It is the key point to adapt the technical core of [23].

Raussen’s naturalization and the globular naturalization have in common the following
property: the naturalization of a Moore composition is the Moore composition of the
naturalizations. On the other hand, Raussen’s naturalization and the globular natural-
ization do not behave in the same way with respect to continuous deformations. This
point is explained in Corollary 4 and in the remark following it. Two directed paths in
the geometric realization of a precubical set which are dihomotopy equivalent relatively
to the extremities have naturalizations of the same length. On the contrary, the best that
can be said in the globular case is that, on such a compact continuous path of directed
paths, the natural length is bounded (actually, it takes finitely many values).

The main results of this paper can be stated as follows. The inclusion functor G C M
induces a forgetful functor

MdTop — GdTop
4



from M-multipointed d-spaces to G-multipointed d-spaces and a forgetful functor

MFlow — GFlow

from M-flows to G-flows. Write PdTop®?* for the category of saturated P-multipointed
d-spaces (the saturation hypothesis is a very important notion of DAT which is introduced
in Section 8 in the setting of P-multipointed d-spaces).

Theorem. (Proposition 26, Theorem 14, Theorem 17, Theorem 19 and Corollary 10)
There is the commutative diagram of right Quillen equivalences between the five g-model

structures
MdTopsat 145’ MdTop ——— GdTop = GdTopsat
10 14 14
MFlow ——— MFlow % GFlow.

Moreover, the unit maps and the counit maps of the three vertical right adjoints induce
isomorphisms on g-cofibrant objects.

Note that Proposition 26 should have been put in [22] as an application of the results
of the latter paper: it is an omission. As byproducts of this paper, we also prove the
following two results:

Theorem. (Theorem 11) Let P be either G or M. The compact-open topology on the
set of execution paths of a locally finite cellular P-multipointed d-space is A-generated.
Therefore in this case, the space of execution paths is metrizable with the distance of the
uniform convergence.

Theorem. (Theorem 16) Let P be either G or M. Let X be a q-cofibrant P-multipointed
d-space. Let o, 3 € X°. Then the quotient map

to;
IP’O(%X — Po g X
is a homotopy equivalence from an m-cofibrant space to a g-cofibrant space.

Theorem 11 was not in [23], even for the case P = G. Theorem 16 was proved in [17]
for the case P = G, but the proof does not seem to be generalizable to the case P = M
(see the long comment before the statement of the theorem).

In addition to generalizing the results of [23] and to finding proofs which are indepen-
dent of the choice of the reparametrization category G or M (except for Theorem 10: the
statement is independent of the choice of G or M, but not the proof), this work raises the
question of finding a better definition of a reparametrization category than Definition 1.
We suspect that there is a model category containing the reparametrization categories
such that G and M are cofibrant replacements of the terminal category. A cofibrant
replacement P of the terminal category in this hypothetical model category should give
rise to a notion of P-multipointed d-space.

Outline of the paper. Section 2 is a reminder about P-flows for a reparametrization

category P which is either G or M in this paper. Section 3 adapts some results and
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constructions for G-multipointed d-spaces proved in [23] to the case of P-multipointed d-
spaces. Section 4 is the adaptation of [23, Section 5] to the case of cellular P-multipointed
d-spaces. The main results are the notion of globular naturalization of an execution path
of a cellular P-multipointed d-space (Proposition 6 and Definition 11). We then obtain,
thanks to the notion of carrier of an execution path, Theorem 7 which is a replacement
for [23, Theorem 5.20] and Theorem 9 which is a replacement for [23, Theorem 5.19].
Section 5 is the adaptation of [23, Section 6]. A generalization of [23, Theorem 6.11] is
proved in Theorem 10. Section 6 is a digression which uses Theorem 8 and Theorem 10
to prove that the space of execution paths in the locally finite case is metrizable with
the distance of the uniform convergence in Theorem 11. Section 7 establishes the main
theorems of the paper, namely Theorem 14 and Theorem 17. Section 8 proves that the
saturation hypothesis (it is meaningless for the case P = G by Proposition 28), which is a
very important notion in DAT, can be safely added to the definition of an M-multipointed
d-space without changing the mathematical properties.

Erratum. As explained in the corrected version of [22], the tenseur product of P-spaces
is not symmetric if P is G or M. Therefore, the word symmetric must be removed
everywhere from [23]. Besides, the terminology of biclosed semimonoidal structure should
be used instead of the terminology of closed semimonoidal structure to describe the tensor
product of P-spaces.

Prerequisites and notations. We refer to [2] for locally presentable categories, to [48]
for combinatorial model categories. We refer to [35, 37] for more general model categories.
We refer to [38] and to [4, Chapter 6] for enriched categories. All enriched categories are
topologically enriched categories: the word topologically is therefore omitted. A gold mine
of examples and counterexamples in general topology can be found in [49]. A cellular
object of a combinatorial model category is an object X such that the canonical map
@ — X is a transfinite composition of pushouts of generating cofibrations.

The results of this paper rely heavily on the results of [23]. A self-contained paper would
not help the reader much. The choice made for this work is to emphasize the differences
between G and M instead of the similarities. Table 1 summarizes these differences. The
left column is a list of theorems of [23]. The middle column gives the status of the
statement for P = M. The right column gives the replacement in this paper: it consists
of a statement which is modified if necessary and a new proof. In this paper, even if [23,
Theorem 5.19] is still valid for P = M, it is replaced by Theorem 9 which is a much
powerful statement both for the proof of Theorem 13 and to understand the difference
between the globular naturalization and the cubical naturalization.

The category Top denotes the category of A-generated spaces or of A-Hausdorff A-
generated spaces (cf. [24, Section 2 and Appendix B]). The inclusion functor from the full
subcategory of A-generated spaces to the category of general topological spaces together
with the continuous maps has a right adjoint called the A-kelleyfication functor. The
latter functor does not change the underlying set: it only adds open subsets. The category
Top is locally presentable (see [13, Corollary 3.7] for the non A-Hausdorff case and [24,
Proposition B.18] for the A-Hausdorff case), and cartesian closed by a theorem of Dugger-
Vogt recalled in [20, Proposition 2.5]. The internal hom TOP(X,Y) is given by taking

the A-kelleyfication of the compact-open topology on the set Top(X,Y). The category
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H Status for M ‘ Replacement

[23, Theorem 3.9] true Theorem 2
[23, Proposition 2.12] true Proposition 12
[23, Theorem 5.7] true Theorem 5
[23, Theorem 5.9] false (1) Theorem 6
[23, Theorem 5.20] false (2) Theorem 7

[23, Proposition 5.17] false (3) Theorem 8
[23, Theorem 5.18] true Corollary 2
[23, Theorem 5.19] true Corollary 3
[23, Proposition 6.3] true Proposition 23
[23, Theorem 6.11] true Theorem 10
[23, Theorem 7.2 and Theorem 7.3] true Theorem 13

TABLE 1. Main differences between G and M: (1) see the comment after
Theorem 6, (2) see the comment after Theorem 7, (3) see Proposition 21

Top is equipped with its g-model structure denoted by Top,. The h-model structure
of Top provided by [3, Corollary 5.23] is mentioned before Theorem 16. The m-model
structure of Top in the sense of [6] is briefly used in the proof of Theorem 16. A compact
space is a quasicompact Hausdorff space (French convention). All A-generated spaces are
sequential.

The proofs of this paper rely on the facts that the A-generated spaces are colimits
of the segment [0, 1] and that all involved topological spaces are sequential. Some in-
termediate steps even use sequential spaces which are not necessarily A-generated: in
Theorem 13, we need to construct a finite covering of [0, 1] by closed subsets equipped
with the relative topology. However, using the same techniques as in [23, Appendix C],
the main theorems of this paper (the Quillen equivalences and Theorem 15) can be ex-
tended to other convenient categories of topological spaces for doing algebraic topology
like k-spaces.

K°P denotes the opposite category of KC; Obj(K) is the class of objects of K; K is the
category of functors and natural transformations from a small category I to K; & is the
initial object, 1 is the final object, Idx is the identity of X; (X, Y") is the set of maps in
a set-enriched, i.e. locally small, category IC; K(X,Y') is the space of maps in an enriched
category K. The underlying set of maps may be denoted by ICo(X,Y) if it is necessary
to specify that we are considering the underlying set. Table 2 is a general overview for
some other notations used in this paper.

All Moore paths in this paper are nonconstant: see Definition 5.

Acknowledgments. [ would like to thank the anonymous referee for many helpful com-
ments, which have improved the presentation of the paper. I would also like to thank the
editors for their help in the final preparation of this document.

2. MOORE FLOW

Notation 1. The notations ¢, ¢ ¢;, L,... mean a strictly positive real number unless
specified something else. [¢, ¢'] denotes a segment: unless specified, it is always understood

that ¢ < 0.
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Space of all execution paths of The space PP X
length 1 of a P-multipointed d-space X

And only from a to 3 The space [pfo%_ X T

«,
(the superscript top means that the
execution paths are continuous paths)

Space of all execution paths of The space P*X
| length € of a P-multipointed d-space X |
And only from « to The space IP’f; 5X

(the superscript top is replaced
by the length)

P-space of all execution paths The P-space PX
o otaplowX ]
And only from « to 3 The P-space P, 3 X

(the reparametrization category
is determined by X)

Space of all execution paths The space PX
__________ ofaflowX |\ _________________________]
And only from « to The space P, g X

(the reparametrization category
is here the terminal category)
Topological globe of a space Z The P-multipointed d-space GlobP(Z )
(the use of the superscript P is necessary
to specify the reparametrization category,
the information being not in Z)
Globe of a P-space Z The P-flow Glob(Z)
(the reparametrization category
is determined by Z which is a P-space)
Globe of a space Z The flow Glob(Z)
(the reparametrization category
is here the terminal category)
TABLE 2. Overview of some notations used in this paper: see also Remark 2

Definition 1. [22, Definition 4.3] A reparametrization category (P, ®) is a small enriched
semimonoidal category satisfying the following additional properties:

(1) The semimonoidal structure is strict, i.e. the associator is the identity.

(2) All spaces of maps P(¢, (') for all objects ¢ and ¢’ of P are contractible.

(3) Forallmaps ¢ : £ — ¢ of P, for all ¢, ¢, € Obj(P) such that ¢} @0, = ', there exist
two maps ¢ : {1 — ¢} and ¢ : {5 — 0} of P such that ¢ = ¢1R¢s : (1Rl — (1R,
(which implies that ¢, ® {5 = ).

The terminal category is a symmetric reparametrization category. It is not known
whether there exist symmetric reparametrization categories not equivalent to the terminal
category. Here are the two examples of reparametrization category used in this paper.

Proposition 1. [22, Proposition 4.9] There exists a reparametrization category, denoted

by G, such that the semigroup of objects is the open interval |0, 4o00| equipped with the
8



addition and such that for every 1,0y > 0, G({1,05) is the set of nondecreasing home-
omorphisms from [0, (1] to [0, 4] equipped with the A-kelleyfication of the relative topol-
ogy induced by the set inclusion G({1,02) C TOP([0,¢4],[0,¢3]) and such that for every
Uy, 0o, 05 > 0, the composition map G(l1,0s) x G(la,l3) — G(l1,03) is induced by the
composition of continuous maps.

Proposition 2. [22, Proposition 4.11] There exists a reparametrization category, denoted
by M, such that the semigroup of objects is the open interval ]0,+o00| equipped with
the addition and such that for every €1,y > 0, M({y,03) is the set of nondecreasing
surjective maps from [0,01] to [0,0s] equipped with the A-kelleyfication of the relative
topology induced by the set inclusion M({1,0y) C TOP([0, ¢4],[0,ls]) and such that for
every {q, o, U3 > 0, the composition map M(ly,ly) x M(la, l3) — M(Lq,03) is induced by
the composition of continuous maps.

Notation 2. A reparametrization category P which is either G or M is fixed for the rest
of the paper.

Proposition 3. The topology of P({1,{s) is the compact-open topology. In particular, it
is metrizable. A sequence (¢n)n>0 of P(l1,Lls) converges to ¢ € P(ly,{s) if and only if it
converges pointwise.

Proof. 1t is mutatis mutandis the same argument as the one given for P = G in [23,
Proposition 2.5]. O

Notation 3. Let ¢; € P(¢;,¢;) for n > 1 and 1 < i < n. Then the map
PO QY b — >
denotes the nondecreasing surjective map defined by

1 (t) if0<t
P2t — £1) + 104 if &1 <

P R...Q0p,)(t) =< "
(4 @) it — Xjcily) + 5l i Xl <t <X

<
t <

Uy + 4y

Proposition 4. Let ¢ € P((,0'). Let n > 1. Consider ¢y,..., 0, > 0 with n > 1 such
that ¢ + ---+ (!, = U'. Then there exists a decomposition of ¢ of the form

such that ¢; € P(4;, ;) for 1 < i < n. Moreover, if P = G, then this decomposition is
unique.

Proof. The case n = 1 is trivial. The case n = 2 comes from the fact G and M are
reparametrization categories. We deduce the existence of the decomposition by induction
on n > 2. The uniqueness when P = G is [23, Proposition 3.2]. O

Notation 4. The enriched category of enriched presheaves from P to Top is denoted by

[P°?, Top|. The underlying set-enriched category of enriched maps of enriched presheaves
9



is denoted by [P, Topls. The objects of [P?, Top], are called the P-spaces. Let
FPU = P(—, () x U € [P, Topl,

where U is a topological space and where ¢ > 0.

Proposition 5. [21, Proposition 5.8 and Proposition 5.5] The category [P°?, Toply is a
full reflective and coreflective subcategory of Toppgp. For every P-space F': P°? — Top,
every £ > 0 and every topological space X, we have the natural bijection of sets

(PP, Toplo(F} ™ X, F) = Top(X, F({)).

Theorem 1. ([21, Proposition 5.1] and [22, Theorem 5.14]) The category [P°?, Toply is
locally presentable. Let D and E be two P-spaces. Let
(1,02

D®E:/ "Bt + ) x D) x E(ly).

The pair ([P, Toplo, ®) has the structure of a biclosed semimonoidal category.

Definition 2. [22, Definition 6.2] A P-flow, also called a Moore flow if there is no
ambiguity on the choice of P, is a small semicategory enriched over the biclosed semi-
monoidal category ([P, Top|o, ®) of Theorem 1. The corresponding category is denoted
by PFlow.

A P-flow X consists of a set of states X, for each pair («, 3) of states a P-space P, s X
of [P°?, Top], and for each triple («, 3,7) of states an associative composition law

* : ]P)aﬁX (%9 ]PB,«/X — ]Pom/X-
A map of P-flows f from X to Y consists of a set map
X0 = y?

(often denoted by f as well if there is no possible confusion) together for each pair of
states (o, 5) of X with a natural transformation

Pf:PapX — PrayrpY

compatible with the composition law. The topological space P, 3X(¢) is denoted by
]P’f;ﬁX and is called the space of execution paths of length ¢.

Definition 3. Let X be a P-flow. The P-space of execution paths PX of X is by definition
the P-space
PX = 11 P, sX.

(a,3)EX0x X0
It yields a well-defined functor P : PFlow — [P Topls. The image of ¢ is denoted by
P. We therefore have the equality

PX= ] P.X

(,B)eXOx X0

The category PFlow is locally presentable by [22, Theorem 6.11].
10



Notation 5. Let D : P? — Top be a P-space. We denote by Glob(D) the Moore flow
defined as follows:

Glob(D)° = {0, 1}

Py 0Glob(D) = Py 1Glob(D) = P, (Glob(D) = @

Py1Glob(D) = D.

There is no composition law. This construction yields a functor

Glob : [P?, Top]y — PFlow.

Remark 1. The notation Glob(D) is not ambiguous since D is always a P-space with P
being G or M and Glob(D) is then necessarily either a G-flow or an M-flow respectively.

By [21, Theorem 6.2], the category of P-spaces [P, Top|y can be endowed with the
projective model structure associated with the model structure Top,. It is called the
projective g-model structure. It is combinatorial. The fibrations are the objectwise -
fibrations. The weak equivalences are the objectwise weak homotopy equivalences. All
P-spaces are fibrant for this model structure. By [22, Theorem 8.8, Theorem 8.9 and
Theorem 8.16], the category of P-flows can be endowed with a combinatorial model
structure characterized as follows: 1) a map of P-flows f: X — Y is a weak equivalence
if and only if f° : X° — Y? is a bijection and Pf : PagX — Py rsY is a weak
equivalence of the projective g-model structure of P-flows; 2) a map of P-flows f : X — Y
is a fibration if and only if Pf : Po s X — Ppa) r()Y is a fibration of the projective q-model
structure of P-flows, i.e. an objectwise g-fibration of topological spaces. All P-flows are
g-fibrant.

3. MULTIPOINTED D-SPACE

Definition 4. Let ; and 75 be two continuous maps from [0, 1] to some topological space
such that (1) = 72(0). The composite defined by

71(2t) i
w2t —1) i

is called the normalized composition. The normalized composition being not associative,

(718 72)(t) = {

a notation like v; *p - - - %5 ¥, Will mean, by convention, that xy is applied from the left
to the right.

Definition 5. Let U be a topological space. A (Moore) path of U consists in this paper
of a nonconstant continuous map « : [0,¢] — U with ¢ > 0. The real number ¢ is called
the length of .

Let v, : [0,61] — U and s : [0, f5] — U be two Moore paths of a topological space U
such that v1(¢1) = 72(0). The Moore composition v1 * v2 : [0, €1 + €3] — U is the Moore
path defined by

71 (%) for t € [0, ¢4]
(71 *72)(t) =
’)/Q(t—fl) for t € [£1,£1+£Q].

The Moore composition of Moore paths is strictly associative.
11



Notation 6. Let ¢ > 0. Let u, : [0,¢] — [0,1] be the homeomorphism defined by
pe(t) = t/¢.

Definition 6. A P-multipointed d-space X or just multipointed d-space X if there is no
ambiguity on the choice of P is a triple (| X|, X° PP X) where

e The pair (| X, X?) is a multipointed space. The space |X]| is called the underlying space
of X and the set X the set of states of X.
e The set PP X is a set of continuous maps from [0, 1] to |X| called the ezecution paths,
satisfying the following axioms:
— For any execution path «, one has v(0),v(1) € X°.
— Let « be an execution path of X. Then any composite v¢ with ¢ € P(1,1) is an
execution path of X.
— Let 7 and 7, be two composable execution paths of X; then the normalized
composition v, *x ¥2 is an execution path of X.

A map f: X — Y of P-multipointed d-spaces is a map of multipointed spaces from
(|X1, X% to (]Y|,Y?) such that for any execution path v of X, the map PP f : v+ f.y
is an execution path of Y.

Notation 7. The category of P-multipointed d-spaces is denoted by PdTop.

Proposition 6 is already known for P = G by [20, Theorem 3.5] when Top is the
category of A-generated spaces. We recall some details and we give some references to
make the argument of Proposition 29 understandable for a reader not familiar with the
logical characterization of locally presentable categories.

Proposition 6. The category PdTop is locally presentable.

Proof. We use the terminology of [2, Chapter 5]. Let 7 be a small relational universal
strict Horn theory axiomatizing Top (without equality by [13, Theorem 3.6] when Top
is the category of A-generated spaces, and with equality by [24, Proposition B.18] when
Top is the category of A-Hausdorff A-generated spaces). Let {R; | j € J} be the set
of relational symbols of 7. We add now to 7 the axioms encoding the structure of P-
multipointed d-space on a topological space. We need a 1-ary relational symbol S whose
interpretation is the set of states and a [0, 1]-ary relational symbol R whose interpretation
is the set of execution paths. The axioms look like as follows (the first axiom appears
in the proof of [20, Theorem 3.5] and the other axioms are already in the proof of [13,
Theorem 4.2]):

(1) (Vo)R(z) = (S(xo) A S(x1))

(2) (Vz,y,2) ((A0<t<1/2 Tot = Zt) A (/\1/2<t<1 Yat-1 = Z%th) A R(x) A R(y)) = R(z)
(3) (Vz)R(z) = R(z.t) where t € P(1,1)

(4) (Vz)R(x) = Rj(z.a) where j € J and T satisfies R; for a sequence a of [0, 1].

The first three statements encode the structure of P-multipointed d-space whereas the

Yz
Yz

fourth one encodes the continuity of execution paths: for example, if the isomorphism
Top = Mod(7) between Top and the models of 7 takes the segment [0, 1] to the set [0, 1]
such that R, (1/3,0.2,1/7) holds for some jy € J, then (Va)R(x) = Rj,(x1/3, T0.2, T1/x)

is an axiom. By [2, Theorem 5.30], the proof is complete. O
12



The subset of execution paths from a to 3 is the set of v € PP X such that v(0) = «
and (1) = §; it is denoted by PZZ%X: « is called the initial state and (B the final state
of such a v. The set PZZ%X is equipped with the A-kelleyfication of the relative topology
induced by the inclusion PQ%X C TOP([0,1],]X]). It induces a functor

PP : PdTop — Top.

Unless specified, the set PZZ%X is always equipped with this topology.
Notation 8. The mapping P? f will be often denoted by f if there is no ambiguity.

The following examples play an important role in the sequel.

(1) Any set E will be identified with the P-multipointed d-space (E, E, &).
(2) The topological globe of Z, which is denoted by Glob”(Z), is the P-multipointed
d-space defined as follows
e the underlying topological space is the quotient space
{0,1} U (Z x [0,1])
(2,0) = (/,0) =0,(2,1) = (¢/,1) =1
e the set of states is {0, 1} (0 is called the initial state and 1 the final state of the
globe)

e the set of execution paths is the set of continuous maps
{5Z¢ ‘ (b € 7)(1,1),2 € Z}
with d,(t) = (2,t). It is equal to the underlying set of the space P(1,1) x Z.
In particular, Glob” (@) is the P-multipointed d-space {0,1} = ({0, 1},{0,1}, @).
(3) The directed segment is the P-multipointed d-space I ¥ = Glob” ({0}).

Remark 2. (see also Table 2) The terminology P-multipointed d-space is chosen because
it is a variant of the notion of Grandis’ d-space. The adjective P-multipointed contains the
information about the allowed reparametrizations and the constraints on the extremities
for the execution paths. The set of execution paths of length 1 is denoted by PP X for a
P-multipointed d-space X, and not PP X, because it is always a set of continuous paths
equipped with the A-kelleyfication of the relative topology, and never a P-space: it is
the meaning of the superscript top. On the contrary, for P-flows (see Definition 2) of for
flows (see Definition 17), the execution paths are not continuous paths in a topological
space. Notations like PX or P, 3 X are used for the P-space of execution paths when
X is a P-flow for a reparametrization category P. The notation GlobP(Z ) for a given
topological space Z is used to specify that GlobP(Z ) is a P-multipointed d-space. The
G-multipointed d-space Globg(Z ) is not equal to the M-multipointed d-space GlobM(Z )
indeed because Glob¥(Z) and Glob™(Z) do not contain the same execution paths. In
particular, all execution paths of Globg(Z ) are regular.

Proposition 7. Let X be a P-multipointed d-space. Let (a, ) € X°x XY, The following
data assemble into a P-space denoted by P, 5 X :
o Pl pX = {ym |y €PHX}
o Forg: 0! >0 €P and € Pﬁ,ﬁX, Pfé’ﬂX(y) = Y.
13



Proof. Let v € P4 ,X. Then, by definition of P! ;X there exists a (unique) 7 € Py%X
such that v = Ju,. We obtain v¢ = F(uedpuy " )pue. Since pepu,' € P(1,1), we have
F(peppy') € PZZ%X and therefore y¢ € PgﬂX. O

Notation 9. Let X be a P-multipointed d-space. Let (a, 3) € X° x X°. Let
P,sX = ligIP’;ﬂX.
The topological space P, 3. X = liﬂ]P’;vﬁX is the quotient of the topological space
¢
[ PasX
>0

by the equivalence relation generated by the identifications v ~ 7 < v¢ = ~¢' with
vePL X, v €PL X, ¢ € P(U",0) and ¢ € P({",1').

Definition 7. ([10, Definition 1.2]) The above equivalence relation ~ is called the
reparametrization equivalence. The two Moore paths v and ~" above are said reparametri-
zation equivalent.

Proposition 8. For every u,v € P(1,£), there exist ¢, ¢, € P(1,1) such that up, = ve,.

Proof. Let u,v € P(1,¢). Then pyu and pev belong to P(1,1). By [10, Proposition 2.19],
when P = M, there exist ¢,, ¢, € P(1,1) such that pud, = pewe,. When P = G,
the same statement holds with ¢, = Id; and ¢, = v~*u. In both cases, it implies that
Up, = vy, e being invertible. O

Proposition 9. Denote by P' the full subcategory of PP generated by 1. Let X be a

P-multipointed d-space. Let (a, 8) € XOx X°. The inclusion j : P* C P is final. Conse-

quently, the topological space P, s X is also the quotient of P2 X by the reparametrization
B a,B

equivalence.

Proof. Consider the comma category (jl¢) for a fixed ¢ > 0. It is nonempty because
P(1,¢) is nonempty. Let u,v € P(1,¢). Using Proposition 8, write u¢p, = ve, for some
Ou, P € P(1,1). The equality u¢p, = v¢, means that there is the commutative diagram
of P

1 ef 1%
¢ ¢ ¢

In other terms, the comma category (j|¢) is connected. This implies that the inclusion
functor P! C P is final in the sense of [40, Section IX.3]. The proof is complete thanks
to [40, Theorem I1X.3.1]. O

Definition 8. Let X be a P-multipointed d-space. The space IP";MX is called the space
of execution paths of length ¢ from « to 5. Let
PX= ] P.sX
(,B)EX0x X0
A map of multipointed d-spaces f : X — Y induces for each ¢ > 0 a continuous map
P'f : PYX — PY by composition by f (in fact by |f]). The space P! X is also denoted

by PP X
14



Proposition 10. Let X be a P-multipointed d-space. Let 1 and o be two execution
paths of X with v1(1) = 72(0). Let €1,0, > 0. Then (yifie, * Yopbe, iz, e, S an ezecution
path of X.

Proof. 1t is mutatis mutandis the proof of [23, Proposition 4.10] after observing that
G(1,1) Cc P(1,1). O

Proposition 11. Let X be a multipointed d-space. Let {1,0s > 0. Let (o, 3,7) € X° x
X% x XY The Moore composition of continuous maps yields a continuous maps

Po,X x P2 X = PiTeX.
Proof. Tt is a consequence of Proposition 10. O

A possible reference for the notions of topological functor and final structure is [1,
Section 21].

Theorem 2. The mapping Q : X — (| X[, X°) induces a functor from PdTop to the
category MTop of multipointed spaces which is topological and fibre-small. The §2-final
structure is the set of finite Moore compositions of the form (fiy1)* -« * (foyn) such that
v €EPYX; forall 1 <i < n with Y, 6; = 1.

Note that Theorem 2 holds both by working with A-generated spaces and with A-
Hausdorff A-generated spaces.

Proof. The first statement is proved for P = G in [25, Proposition 6.5] using a description
of the (2-initial structure which works for P = M as well. The proof of the last statement
is similar to the proof of [23, Theorem 3.9]. O

Proposition 12. (/23, Proposition 2.12] for G and M) Let Z be a topological space of
Top. Then there is the homeomorphism

PP Glob” (Z) = P(1,1) x Z.

Because of the possible presence of stop intervals (see Definition 10) in the case P = M,
the proof of Proposition 12 slightly differs from the proof of [23, Proposition 2.12]. The
latter, which uses an evaluation at 0.5 to prove the continuity of 7, is valid only for the
case P = G. Indeed, in the case of P = M, for a given v € Pi¥Glob”(Z), v(0.5) can be
equal to the initial or the final state of Glob” (Z).

Proof. The set map ¥ : P(1,1) x Z — Py7Glob” (Z) defined by (¢, z) = 6,¢ is con-
tinuous because the mapping (¢, ¢, z) — (z, ¢(t)) from [0,1] x P(1,1) x Z to |Glob” (Z)|
is continuous. It is a bijection since, by definition of GlobP(Z ), the underlying set of
IP’B?{’GlobP(Z) is equal to the underlying set of the space P(1,1) x Z. Consider the
composite set map
m: PYYGlob”(Z) — P(L,1) x Z — Z

which takes d.¢ to pro(¥1(d.¢)) = z (pr, is the projection on the second factor). Suppose
that 7 is not continuous. All involved topological spaces being sequential, there exist
Zoo € Z, an open neighborhood V of z in Z, and a sequence (6, ¢»)n>0 which converges
to the execution path 0, ¢ such that z, € Z\V for all n > 0. Choose t, € [0,1]

such that ¢ (ty) €]0,1[. The convergence for the compact-open topology implies the
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pointwise convergence. Thus the sequence (0, ¢n(to))nso of |Glob”(Z)| converges to
... 00o(to). This implies that there exists N > 0 such that for all n > N, (z,, ¢,(to)) €
|Glob”(Z)|\{0,1}. By considering the image by the continuous projection (the left-hand
term being equipped with the relative topology)

|Glob” (Z)\{0,1} — Z

which is well-defined precisely because 0 and 1 are removed, we obtain that the sequence
(2n)n>Nn converges to z., and therefore that zo, € Z\V, the latter set being closed in Z:
contradiction. This means that 7 is continuous. The continuous map Z — {0} induces
a continuous map

PyYGlob” (Z) — Pyt Glob” ({0}) = P(1, 1)
{ v =P,
where p : |Glob”(Z)| — [0,1] is the projection map. Therefore the set map
UL PERYGlob” (Z) — P(1,1) x Z
{ v+ (py, (7))

is continuous and ¥ is a homeomorphism. O

Corollary 1. Let Z be a topological space of Top. Then there is the homeomorphism
Py, Glob”(Z) = Z.

Proof. There are the homeomorphisms

lim <73(1,1) X Z) = <lig73(1,1)> A

P p1
the left-hand homeomorphism since Top is cartesian closed and the right-hand homeo-
morphism by Proposition 8. The proof is complete thanks to Proposition 12 and Propo-
sition 9. U

Theorem 3. Let X be a P-multipointed d-space. The following data assemble into a
P-flow denoted by MP (X):

o The set of states X° of X

e Foralla,f € X° P, ;M7 (X) = P35 X.

o For all o, 3,7 € X° and all real numbers ¢,¢' > 0, the composition map is given
by the map * : Pp s X @ Pj X — P; X

The mapping above induces a functor M” : PdTop — PFlow which is a right adjoint.

Proof. 1t is possible to construct a left adjoint by following step by step the method of
[23, Appendix B]: the fact that all maps of G are invertible does not play any role at
all. U

Notation 10. The left adjoint of M” : PdTop — PFlow is denoted by
M/ : PFlow — PdTop.
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Proposition 13. Let X be a P-multipointed d-space. Let Z be a topological space. Then
there is a bijection of sets

PdTop(Glob”(Z2),X)= [[  Top(ZP5X)
(a,3)EX0x X0
which is natural with respect to Z and X .
Proof. 1t is mutatis mutandis the proof of [23, Proposition 4.13]. O
Proposition 14. For all compact topological spaces Z, there are the natural isomorphisms
MP (Glob”(Z)) = Glob(FP”(Z)) and MJ (Glob(FP(Z))) = Glob” (Z).
Proof. By definition of M” and by Proposition 12, the only nonempty path P-space of

MP(Glob”(Z)) is Py MP(Glob”(Z)) = P(—,1) x Z: we obtain the first isomorphism.
For any P-multipointed d-space X, there is the sequence of natural bijections

PdTop (M7 (Glob(FT™ (2))), X ) 2 PFlow (Glob(F}" (2)), M X )
[T [P Toplo(FT" (2),PasX)
(0, B)EXOx X0

~ JI Top(ZP,;X)

(a,3)EXOx X0

>~ PdTop(Glob” (Z), X),

I

the first bijection by adjunction, the second bijection by [22, Proposition 6.10], the third
bijection by Proposition 5 and the last bijection by Proposition 13. The proof of the
second isomorphism is then complete thanks to the Yoneda lemma. O

4. GLOBULAR NATURALIZATION AND CARRIER

Notation 11. Let n > 1. Denote by D" = {b € R", |b| < 1} the n-dimensional disk, and
by S"~! = {b € R", |b| = 1} the (n — 1)-dimensional sphere. By convention, let D° = {0}
and S7! = &.

Every set S can be viewed as a “discrete” P-multipointed d-space (5,5, @). The ¢-
model structure of P-multipointed d-spaces is the unique combinatorial model structure
such that

{Glob” (8" 1) C Glob”(D™) | n >0} U{C: & — {0}, R: {0,1} — {0}}

is the set of generating cofibrations, the maps between globes being induced by the closed
inclusions S*~! € D", and such that

{Glob”(D") c Glob”(D"*1) | n > 0}

is the set of generating trivial cofibrations, the maps between globes being induced by the
closed inclusions (x1,...,x,) — (21,...,2,,0). The weak equivalences are the maps of
multipointed d-spaces f : X — Y inducing a bijection f°: X° = Y and a weak homotopy
equivalence PP f : P?X — PY and the fibrations are the maps of multipointed d-
spaces f : X — Y inducing a g-fibration PP f : P*?X — P'PY of topological spaces.
A construction of this model structure is given in [25, Theorem 6.16] for P = G. The
argument works in the same way for P = M because it relies on the use of the Quillen path

object argument in [25, Theorem 6.14] applied to the right adjoint from P-multipointed
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d-spaces to topological graphs which forgets the composition and the reparametrization
of execution paths.

The space of execution paths of the cellular P-multipointed d-spaces of the g-model
structure are of particular interest. It is the purpose of this section to study them. Let
A be an ordinal. We work with a colimit-preserving functor

X : A\ — PdTop

such that

e The P-multipointed d-space Xj is a set, in other terms X, = (X°, X°, @) for some
set X0,

e For all v < A, there is a pushout diagram of P-multipointed d-spaces

Glob” (8™~ — - X,

|

Glob”(D™) —*— X,
with n, > 0.
Notation 12. Let X, = ligyd X, be the transfinite composition.

Definition 9. A cellular P-multipointed d-space is a P-multipointed d-space of the form
X\

For all v < A, there is the equality X9 = X°. Denote by
¢, = |Glob” (D™)[\|Glob” (8™ 1)

the v-th cell of X. It is called a globular cell. Like in the usual setting of CW-complexes,
g, induces a homeomorphism from ¢, to g,(c,) equipped with the relative topology which
will be therefore denoted in the same way. It also means that g,(c,) equipped with the
relative topology is A-generated. The closure of ¢, in |X,| is denoted by

& = g,(/Glob”(D™)]).
It is a compact closed subset of | X,|. The boundary of ¢, in | X,| is denoted by
dc, = go(|Glob” (8™ 1)]).

The state 9,(0) € X° (g,(1) € X° resp.) is called the initial (final resp.) state of c,.
Note that they are not necessarily distinct. The integer n, + 1 is called the dimension of
the globular cell ¢,. It is denoted by dim ¢,. The states of X are also called the globular
cells of dimension 0.

As already noticed in [23, Proposition 5.2], the underlying space |X,| is a cellular
topological space. Proposition 15 is required to be able to use [10, 43] for the Moore
paths in | X,].

Proposition 15. The topological space | X,| is Hausdorff. Let K be a compact subspace
of | Xx|. Then K intersects finitely many c, .

Proof. The space X, is normal, being discrete. Adding one cell preserves normality by

[14, Proposition 1.1.2 (ii)]. Assume that v < X is a limit ordinal and that each X, for
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i < v is normal. We prove that X, is normal by an argument similar to the one of [14,
Proposition A.5.1 (iv)]. Each X, for p < X is A-Hausdorff by [24, Proposition B.16],
and therefore has closed points. Hence |X,| is Hausdorff. The last assertion is [23,
Proposition 5.5] whose proof mimicks [33, Proposition A.1]. O

Proposition 16. [23, Proposition 5.2] The space |X,| is a cellular space. It contains
XY as a discrete closed subspace. For every 0 < v; < 1p < A, the continuous map
| X0, | = | Xo,| is a g-cofibration of spaces, and in particular a closed Ty-inclusion.

Proposition 17. /23, Proposition 5.3] For all 0 < v; < 1o < A, there is the equality
PlrX, =P’X, NTOP([0,1],|X,,]).
Theorem 4. The composite functor
PR PdTop L Top
is colimit-preserving. In particular the continuous bijection
lig(IP’tOP.X) — por liﬂX
is a homeomorphism. Moreover the topology of IP’tOpling is the final topology.

Proof. Tt is mutatis mutandis the proof of [23, Theorem 5.6] which relies on Proposition 17.

U
Theorem 5. The composite functor

PRI PdTop M7, PFlow
is colimit-preserving. In particular the natural map
lim M”(X,) — M” X,

s an isomorphism.

Proof. The proof is mutatis mutandis the proof of [23, Theorem 5.7] whose proof relies
on Proposition 16 and Theorem 4. O

Notation 13. Let ¢, be a globular cell of X,. For all z € D™ and all ¢ € P(1,1), the
composite g,0,¢ is an execution path of X,. When there is no ambiguity on the globular
cell ¢, or no need to mention it, the execution path g,0,¢ of X, will be denoted by ¢§,¢
(which is strictly speaking an abuse of notations already made in [23] to avoid overloading
the notations).

Definition 10. [10, Definition 1.1] Let 7 : [0, L] — | X| be a Moore path. A stop interval
of v is an interval [a,b] C [0, L] with a < b such that the restriction v [ 44 is constant
and such that [a, b] is maximal for this property. The set of stop intervals of v is denoted
by A,. The path ~ is regular if A, = @ (no stop interval) '. The Moore composition of
two regular paths is regular.

The set A, contains only closed intervals since |X,| is Hausdorff, Note that in the
case P = G, all execution paths of X are regular by [23, Proposition 5.13]. In the case

Remember that by Definition 5, all Moore paths of this paper are nonconstant.
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P = M, an execution path of the form g,d,¢ with ¢ € M(1,1)\G(1,1) is not regular.
Proposition 18 and Proposition 19 play a key role in the sequel.

Proposition 18. Consider a globular cell ¢, of Xy. Let z € D™\S™~L. The ezecution
path g,90, is reqular.

Note that g,6. is not necessarily regular if z € S™ 1.

Proof. 1t is a consequence of the facts that g, induces a homeomorphism from ¢, to g,(c,)
and that ¢, is a regular execution path of Glob” (D™). O

Proposition 19. Let v : [0, L] — |X\| be a Moore path. Suppose that ~ is reqular and
that there exist ny,nmo € P({, L) such that yn, = yny. Then ny = ;.

Proof. Note that n;,m, € P(¢, L) C M({, L). From yn; = 1y, we obtain yu; ' prmipy, ' =
yup oy . The Moore path yu;* @ [0,1] — | Xy is regular, u;' being a homeomor-
phism. Using [10, Lemma 3.9], we deduce that puzmipu,* = purnep, ' and therefore that
T = 12 O

Theorem 6. Let v be an execution path of X,. It can be decomposed as a Moore compo-
sition

Y = (9o 0z Prpae,) * - -+ * (G, 0z, Puatie,,)
withn > 1, v; < X and z; € D™\S™ 1 and ¢; € P(1,1) for all i € {1,...,n} and
li+---+ 1, =1. Consider a second decomposition

¥ = (Gu;0x Prpte;) * - -+ % (Gur O Brfier ).

Thenn =n', v; =v] and z; = 2} for all 1 <i < n and

(P1110,) ® ... @ (Pnpre,) = (Ppe) © ... @ (P pe,) € P(1,7m).

Proof. By Theorem 2, every execution path v from « to 8 of X, is of the form a Moore
composition v = (g, 0., &1 fte, )%+ - (G, 0., Pupie, ) Withn > 1, 1 < X and z; € D™ \S™ 1
and ¢; € P(1,1) for all i € {1,...,n} and ¢, +---+ ¢, = 1. Consider a second decom-
position v = (gy1 0z Pypuey) * - -+ % (Gur, 02 @i ). Then v is the Moore composition of a
Moore path going from g,,(0) to g,,(1) in the globular cell ¢,, followed by a Moore path
going from g,,(0) to g,,(1) in the globular cell ¢,, etc... until a Moore path going from
G, (0) to g, (1) in the globular cell ¢,,. And 7 is also the Moore composition of a Moore
path going from g,/(0) to g,/(1) in the globular cell ¢,, followed by a Moore path going
from g,7(0) to g,;(1) in the globular cell c,; etc... until a Moore path going from g/,,;(())
to g7, (1) in the globular cell ¢,/ . From the set bijection
X, = XU ] e,
v<A

we deduce that n = n/, v; = v/ and z; = 2} for 1 < ¢ < n. By [23, Proposition 3.4], we
also have

(@) s @) (0am) @ . )
= (@0 5 7,0 (Ghag) 9. G ).
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Since (Gy, 0z, )%+ *(90,,02,,) = (G021 )%+ - (7,7, 0.1 ) is aregular Moore path, being a Moore

n/

composition of regular Moore paths by Proposition 18, we deduce by Proposition 19 the
equality
(P1110,) @ - .. @ (Dnpie,) = (B1h1ey) @ .. @ (P, )-
4

Theorem 6 is a modification of [23, Theorem 5.9] which is valid both for G and M. Let

U = (¢11r,) @ .. @ (Dnpie,) = (Pr110,) @ .. @ (P, pa). P =G, then £y +---+4; = U (i)
for 1 < i < n. This implies that ¢; = ¢, for 1 < i < n, and by Proposition 4, we deduce
that ¢; = ¢} for 1 < i < n, which implies [23, Theorem 5.9].

Definition 11. With the notations of Theorem 6, the regular Moore path

nat® (7) = (G0, ) * + - (G,0-,)

is called the (globular) naturalization of v. The sequence of globular cells
Carrier(y) = [Cyyy - -+, Cu]

is called the carrier of 4. The integer n is called the length of the carrier. It is also called
the natural length of ~.

The globular naturalization of the Moore composition of two execution paths is the
Moore composition of the globular naturalizations.

Proposition 20. Let v be an execution path of X, of natural length n. Then the reqular
Moore path nat®(v) is an execution path of X, of length n.

Proof. Tt is a consequence of Proposition 11. O

Definition 12. An execution path v of X is minimal ? if v = §,6,¢ for some v < A,

some z € D™\S™ ! and some ¢ € P(1,1).

Theorem 7. Let 0 < v < A. Then every execution path of X, 1 can be written as a

finite Moore composition

(fryame,) * - == (faynbe,)

with n > 1 such that

(1) > ¢ =1.

(2) i = g, and v; is an execution path of X, or f; = g, and v; = 0,,¢; with z; €
D™ \S™~! and some ¢; € P(1,1).

(8) for all1 < i < n, either f;y; or fiy17vie1 (or both) is (are) of the form g,0,¢ for some
z € D"\S™~! and some ¢ € P(1,1): intuitively, there is no possible simplification
using the Moore composition inside X, .

If there is another finite Moore composition

(Fivime) = - (foynme,)
with n' > 1 satisfying the same properties, then n = n', for all i € {1,...,n} one has
fi = fl, ri = nat®(v;) = nat®(v)) and finally
(G10,) ® - .. @ (Dupie,) = (S1he;) ® ... @ (S 1iey)

21t is not exactly the definition chosen in [23]. This one makes sense only for cellular P-multipointed
d-spaces.
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with ~v; = ri¢; and v, = r;¢, for alli € {1,...,n}.

Proof. The existence of the finite Moore composition is a consequence of Theorem 2. Let
ie{l,...,n}. If fi = f, then f; is one-to-one by Proposition 16. Thus, the execution
path fnat8!(y;) is regular. Besides, f nat®!(y;) is in this case the regular naturalization of
frvi- It fi =9, and ~; = 0,,¢;, then f;0,, is regular by Proposition 18. And by definition
of the globular naturalization, f;0., = nat®!(f;d.,). Therefore we obtain

(frmat® (30)) % - % (fonat® (7)) = (f{nat(11) # - % (£, nat™(7,)) € P"X,.

By definition of the Moore composition, it implies that nat®'(v;) = nat8!'(y}) for all i €
{1,...,n}. The last equality is a consequence of Proposition 19. U

Theorem 7 is a replacement for [23, Theorem 5.20] which is valid both for G and M. Let
U= (¢100,) ®. .. @ (dnpie,) = (D)) @ .. @ (Spier,). P =G, then b+ +L; = T7(d)
for 1 < i < n. This implies that ¢; = ¢, for 1 < ¢ < n, and by Proposition 4, we deduce
that ¢; = ¢ for 1 < ¢ < n, which implies [23, Theorem 5.20].

Definition 13. Let ¢, be a globular cell of the cellular P-multipointed d-space X, with
v < Aand dim(c,) > 1. Let 0 < h < 1. Let

] = {1 | () € [G10b? (D7) |
It is called an achronal slice of the globular cell ¢, .

[23, Proposition 5.17] claims that, for any globular cell ¢, of any cellular G-multipointed
d-space X, with dim(c,) > 1, there exists b €]0, 1] such that for all h €]0,b], one has
G,[h] N X% = @. This implies that there exists h €]0, 1] such that ¢,[h] N X° = @&. In
plain English, this means that there is an achronal slice of the globular cell ¢, which does
not intersect X°. It is the key fact to prove [23, Theorem 5.18], and then to deduce [23,
Theorem 5.19]. Proposition 21 proves that [23, Proposition 5.17] is false for P = M.

Proposition 21. There exists a cellular M-multipointed d-space Xy and a globular cell
¢, with v < X\ and dim(c,) > 1 such that for all h €]0,1[, ¢, [h] N X° # @.

Proof. Consider the continuous map ¥ : [—1, 1] x [0, 1] — [0, 1] defined by

0 if 0 <t <2
V() 4t —2 -2 if HE L <3
1 if 32 <1 <1

The continuous map

fo(@y),t) = ((z,y), Uz, 1))
from S' x [0,1] to |Glob™(S')| induces a continuous map from |Glob™(S")]| to itself
since f((z,9),0) = ((z,v),¥Y(z,0)) = 0 and f((z,y),1) = ((x,y), ¥(x,1)) = 1 for all
(z,y) € S' by definition of W. An execution path of the form d,, ¢ with ¢ € M(1,1)
is taken by this continuous map to the continuous path d(, )V (z, ¢(t)). The latter is an
execution path of |Glob™(S!)| since ¥(z, —) € M(1,1) for all z € [-1,1]. Consequently,

we obtain a map of M-multipointed d-spaces f : Glob™(S') — Glob™(S'). Consider the
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M-multipointed d-space X defined by the pushout diagram of M-multipointed d-spaces
Glob™(8') —L— Glob™M(SY)

L

-
GlobM(D?) — L X

where the left vertical map is induced by the inclusion S* € D?. The M-multipointed

space X is cellular, Glob™(S!) being cellular. Let h €]0, 1[. Consider the achronal slice

FIb = {f(z,h) | (z,h) € |Glob™(D?)|}.
One has

~

f((ov 1)7 h) = f((07 1)7 h) = ((07 1)7 \D(Oa h))>

the first equality because the square above is commutative and the second equality by

~

definition of f. This implies that f((0,1),h) = 0 when h < 1/2 by definition of V.
Similarly, there are the equalities

~

f((_170)7 h) = f((—l,O), h) = ((_170)7 \I/(_la h))

This implies that f((—1,0),h) =1 when h > 1/2 by definition of V.
We deduce that for all h €]0,1[, f[h] N X° # &. O

In this paper, we prove Theorem 8 instead. It enables us to deduce both [23, Theo-
rem 5.18] and [23, Theorem 5.19] in a different way for the two reparametrization cate-

gories G and M.

Notation 14. Let (o, 8) € X° x X°. Denote by (IPZZ%X)\)CO the set IP’?’%X,\ equipped
with the compact-open topology.

Theorem 8. (replacement for [23, Proposition 5.17]) Let (o, ) € X° x X", Let (vn)n>0
be a sequence of (IP’?%X,\)CO which converges to vo. Then the set {Carrier(vy,) | n > 0} is
finite.

Proof. Consider the one-point compactification N = N U {oo} of the discrete space of
integers N. Note that N is not A-generated, its A-kelleyfication being discrete. The
converging sequence (7, )n>o0 gives rise to a continuous map

¥ : N — (PY% X))o C TOP,([0,1],]X,])

where TOP ([0, 1], | X,|) is the set of continuous maps from [0, 1] to | X, | equipped with
the compact-open topology. Since [0, 1] is locally compact, it is exponential in the category
of general topological spaces by [4, Proposition 7.1.5]. We obtain a continuous map

0N Xgen [0,1] — | X,

where X, is the binary product in the category of general topological spaces. Since
N X e [0, 1] is compact by Tychonoff, the subset ¥)(N X ye,, [0, 1]) is compact and closed in
| X[, the latter being Hausdorff by Proposition 15. The subset (N X gen [0, 1]) therefore
intersects finitely many globular cells {c,, | j € J} by Proposition 15. Suppose that
the set {Carrier(y,) | » > 0} is infinite. This implies that the sequence of lengths of

Carrier(y,) for n > 0 is not bounded, the set J being finite. By extracting a subsequence,
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one can suppose that the sequence of lengths is strictly increasing. Each infinite sequence
of {c,, | 7 € J} has a constant infinite subsequence since J is finite. Therefore by a
Cantor diagonalization argument, one can suppose that there exists a sequence (c,;, Jn>0
of {c,, | j € J} such that for all n > 0, there is the equality

Carrier(y,) = [cuyy;- - - c,,jin]

for some strictly increasing sequence of integers (i,)n,>o. This means that the exe-
cution path =, is the composition of an execution path whose image is included in
190,,(0), g0, (1)} Uy, from g, (0) to g, (1) followed by an execution path whose image
is included in {g,, (0) U g, (1)} Uc,, from g, (1) = g,, (0) to g,, (1) etc... until an
execution path whose image is included in {g,;~ (0) U gy, (1)} Uc,, . The sequence of
execution paths (v,),>0 converges pointwise to v, because it converges for the compact-
open topology by hypothesis. The subset ¢, being closed in |X,| for all v < A, the
sequence of globular cells Carrier(v,) consists of a concatenation of sequences S, for
n > 0 where either S, = [cl,jn] or S,, is a nonempty finite sequence of globular cells
intersecting dc,, . This implies that the sequence of globular cells Carrier(vs) is infinite:
contradiction. O

Corollary 2. (23, Theorem 5.18] for G and M) Let vy be an execution path of X . Let
vy < A. There exists an open neighborhood Q of Vs in PP X, such that for all execution
paths v € Q, the number of copies of ¢, in the carrier of v does not exceed the length of
the carrier of Voo-

Proof. Let §2,, be the set of execution paths v such that the number of copies of ¢,, in
the carrier of v does not exceed the length of the carrier of v,. Suppose that 7. is
not in the interior of §2,,. Since PP X, is sequential, being A-generated, there exists a
sequence (7,)n>o of the complement of €, converging to 7. By Theorem 8, the set
{Carrier(,) | n > 0} is finite. Thus by extracting a subsequence, one can suppose that
the sequence of carriers (Carrier(7,)),>0 is constant, write

Carrier(vn) = [Cuys - - -5 Cuy]

for all n > 0. The integer N is strictly greater than the length of Carrier(v,,) since
[Cuys -+ Cuy] contains strictly more copies of ¢, than the length of Carrier(vs) by defi-
nition of €,,. The sequence (7,)n>0 converges also pointwise to 7. Thus, Carrier(vs)
consists of a concatenation of sequences S, for 1 < n < N where either S,, = [c,,] or
S, is a nonempty finite sequence of globular cells intersecting Oc,, . This implies that
the length of Carrier(vy,) is strictly greater than itself: contradiction. We deduce that
Yoo 18 in the interior of €2,,,. Hence the existence of the open neighborhood. ]

Corollary 2 proves the existence of an open neighborhood 2 in the A-kelleyfication of
the compact-open topology. The latter topology contains more open subsets than the
compact-open topology. The proof of [23, Theorem 5.18] implies that © can even be
taken in the compact-open topology when P = G by using the formula of [23, page 197].
Because of Proposition 21, the formula of [23, page 197] does not necessarily provide
anymore an open of the compact-open topology for the case P = M. We do not know

whether the formula of [23, page 197] could provide in some cases an open subset of the
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A-kelleyfication of the compact-open topology, which could supply an alternative proof
of Corollary 2.

Corollary 3. (/23, Theorem 5.19] for G and M) Let (vx)k>0 be a sequence of execution
paths of X, which converges in P*PX,. Let ¢,, be a globular cell of Xy. Let iy be the

number of times that c,, appears in Carrier(yg). Then the sequence of integers (ix)k>o S
bounded.

Proof. The sequence (vx)k>o converges in (PPX,)., as well because of the continuous
map PP X, — (P*?X)).,. Thus the set {Carrier(y,) | n > 0} is finite by Theorem 8 and,
therefore, the sequence of integers (ix)r>o is bounded. O

Theorem 9 is a much better statement that will be the replacement in this paper of
23, Theorem 5.19].

Theorem 9. Let (o, 3) € X° x X%, Let v :[0,1] — IP’Z)’%X)\ be a continuous map. Then
the set {Carrier(v(u)) | u € [0,1]} is finite.

Proof. Suppose that the set {Carrier(¢(u)) | w € [0,1]} is infinite. Then there exists a
sequence (,)n>0 of [0,1] such that

Vm,n > 0,m # n = Carrier(¢(t,,)) # Carrier(¢(t,)).

In particular, this means that ¢,, = ¢, implies m = n for all m,n > 0. By extracting
a subsequence, one can suppose that the sequence (t,),>¢ converges to some ¢, € [0, 1].
And the above condition ensures that the set of carriers {Carrier(¢(¢,)) | n > 0} is still
infinite. Since ¢ is continuous, the sequence of execution paths (¢ (t,)),>0 converges to
(tso) In IP’Z%X , and therefore in (IP’Z%X A)eo because of the continuous map IP’ZP X, =
(IPZZ%X A)eo- That contradicts Theorem 8. O

Theorem 9 enables us to understand the difference between Raussen’s naturalization
of [44, Definition 2.14] and the globular naturalization of Definition 11.

Corollary 4. Let (o, 8) € X x X°. Let ¢ : [0,1] — Pz%XA be a continuous map. Then
the set of natural lengths of 1¥(u) for u running over [0, 1] is bounded.

Proof. 1t is due to the fact that the set {Carrier(¢)(u)) | u € [0,1]} is finite by Theorem 9.
U

The natural lengths of ¢(u) for « running over [0, 1] have no reason to be constant.
Consider a pushout of P-multipointed d-spaces

Glob”(8%) —— TP+ TP

R

Clob”(D!) ——— X

where ?P * ?P means that the final state of the left copy of the directed segment is
identified with the initial state of the right copy of the directed segment (see Notation 15)
and where the top horizontal map (it is not unique) takes the initial (final resp.) state

of Glob”(8%) to the initial (final resp.) state of TP+ TP Then the natural length of
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an execution path of X going from the initial to the final state is 2 on the boundary of
Glob”(D') and 1 inside Glob” (D%).

Corollary 4 shows the difference of behavior between the natural length in the globular
setting and the length of the naturalization of a directed path between two vertices in
the geometric realization of a precubical set. Indeed, the latter is constant by continuous
deformation preserving the extremities [44, Section 2.2.1] [45, Proposition 2.2]. See also
29, Proposition 4.5].

5. CHAIN OF GLOBES

Notation 15. Let Z;,...,Z, be p nonempty topological spaces with p > 1. Consider
the P-multipointed d-space

X = Clob”(Zy) * - - -+ Glob” (Z,)

with p > 1 where the * means that the final state of a globe is identified with the initial
state of the next one by reading from the left to the right. Let {ap,a1,...,,} be the
set of states such that the canonical map Glob”(Z;) — X takes the initial state 0 of
Glob”(Z;) to a;_; and the final state 1 of Glob” (Z;) to .

Notation 16. Each carrier ¢ = [c,,,...,¢,,] gives rise to a map of P-multipointed d-
spaces from a chain of globes to X,

e - Glob”(D™1) 5+ Glob” (D"r) — X,

by “concatenating” the attaching maps of the globular cells ¢,,,...,c,,. Let a;_1 (o
resp.) be the initial state (the final state resp.) of Glob”(D™i) for 1 < i < n in
Glob” (D™1) % - - - Glob” (D™ ). Tt induces a continuous map

PPg, : Xo = Pi?, (Glob”(D™1) x - -+ Glob” (D)) — PP X,

L «Q,0n

As a consequence of the associativity of the semimonoidal structure on P-spaces and
of [22, Proposition 5.16], we have

Proposition 22. Let Uy,...,U, be p topological spaces with p > 1. Let ¢y,...,¢, > 0.
There is the natural isomorphism of P-spaces

F°U, @ ... ®FZ"PUP o FZ‘:’;___HP(Ul X ... x U,).

Proposition 23. (/23, Proposition 6.3] for G and M) Let Zy,...,Z, be p topological
spaces of Top with p > 1. Consider the P-multipointed d-space X = GlobP(Zl) K ek
Clob”(Z,) with p > 1. There is a homeomorphism

PP X 2 P(1,p) X Zy X ... X Z.

«Q0,0p

The case p = 1 is treated in Proposition 12. The proof of Proposition 23 is a modified
version of the proof of [23, Proposition 6.3], the latter working only for the case P = G.
Like in the proof of Proposition 12, the verification of the continuity in one direction is
different from the proof of [23, Proposition 6.3] because of the possible presence, in the
case P = M, of stop intervals.

Proof. The Moore composition of paths induced a map of P-spaces

Py, Glob”(Z) ® ... ® Py ,Glob”(Z,) — Pr, . X

@Q,0p °
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By Proposition 12, there is the isomorphism of P-spaces
P, Glob”(Z) = F{”Z
for all topological spaces Z. We obtain a map of P-spaces

Fr*'z .. @F" 2, — P X

@Q,0p °
By Proposition 22, and since IP)(IXO,%X = Py?, X by definition of the functor P}, , X, we
obtain a continuous map

{\I!: P(L,p) X Zy X ... X Zy — PP X

g,
(@, 215 2p) = (0,01) * -+ % (02, )

where ¢; € P({;,1) with >, ¢; =1 and ¢ = ¢; ® ... ® ¢, being a decomposition given by

the third axiom of reparametrization category. The map W is bijective by Theorem 6. The

continuous maps Z; — {0} for 1 < ¢ < p induce by functoriality a map of P-multipointed

d-spaces X — I P x---% I (ptimes) and then a continuous map

{k: P, X — PLP (77’*---*?73):73(1,17)

(Buao) - (5;,7%) = (Go@1) * -k (Goy) = 1@ ... ® ¢y

Consider the set map

«Q0,0p

(521¢1) O (5Zp¢p) — (21, RN Zp).
Let i € {1,...,p}. Suppose that the composite set map priE . Pler 5 Z.is not

«@Q,0p

{E; PP X — Zy X ... X 2,

continuous where pr; is the projection on the i-th factor. All involved topological spaces
being sequential, there exist z* € Z;, an open neighborhood V of z* in Z;, and a
sequence ((0.p@7)* -+ -* (0zn0y ) )0 Which converges to (0.00¢5°) * - - - (0.0 ¢5°) such that
2zt € Z;\V for alln > 0. Let ¢" = ¢7 ® ... ®@ ¢, for n > 0 and ¢™ = ¢ ®@ ... ® ¢:°.
Choose ty € [0, 1] such that ¢>(to) €]i — 1,4[. The sequence

((pat) =% (600 ) (t0))
converges to

((5zf°¢cl>o) keemk (6z§°¢zo))(t0) = (6zi’° Koeeeok 5z§°)(¢oo(t0))'

By continuity of the map & : PP, X — P(1,p), the sequence (¢"(t))n>0 of [0, p] con-
verges to ¢ (ty) €]i — 1,¢[. This implies that there exists N > 0 such that for all n > N,
®"(ty) €]i — 1,i[. We obtain that the sequence ((z7,¢"(to) — i + 1)),>n converges to
(22, ¢ (ty) —i+1) in |Glob” (Z;)|\{0, 1}. By considering the well-defined projection (the
left-hand term being equipped with the relative topology)

|Glob” (Z;)|\{0,1} — Z;,

n

we obtain that the sequence (z]

™)n>n converges to z7°, and therefore that z° € Z;\V, the

latter set being closed in Z;: contradiction.
This means that the composite set map pr, k is continuous for all i € {1,...,p}, and
therefore, by the universal property of the product, that the set map k : P?_ X —

«Q,0p

27



Z1 X ... % Zy is continuous. This implies that the set map

U= (k,k): (6.,01) %% (02,0p) = (D1 ® ... @ bp, 21, .., %)

is continuous and that ¥ is a homeomorphism. O

Corollary 5. Let Zy,...,Z, be p topological spaces of Top with p > 1. Consider the
P-multipointed d-space X = Glob” (Z,) * - -+ x Glob” (Z,) with p > 1. There is a homeo-
morphism

Poga, X E Z1 X ... X Z.

Proof. There are the homeomorphisms

lim [ P(1,p) x Z ><...><Z>%<li Pl,p)xZ X oo X Ly 271 X .. X Dy,
g (PU1p) % 21 x 2,) = By P(LD) ) x5 2,2 210k,

the left-hand homeomorphism since Top is cartesian closed and the right-hand homeo-
morphism by Proposition 8. The proof is complete thanks to Proposition 23 and Propo-
sition 9. U

Lemma 1. [23, Lemma 6.10] Let Uy, ..., U, be p first-countable A-Hausdorff A-gene-
rated spaces with p > 1. Let (ul,),>0 be a sequence of U; for 1 < i < p which converges to
u’, € U;. Then the sequence ((u), ..., ub)) >0 converges to (ul,, ... ,ub)) € Uy x ... x U,
for the product calculated in Top.

Notation 17. Let ¢ be the carrier of some execution path of X,. Using the identification
provided by the homeomorphism of Proposition 23, we can use the notation

(PPG.) (¢, 2", .o 2") = (G 0ut K -+ % Gy Oan )b

Lemma 2 is implicitly used in [23, Theorem 6.11 and Theorem 7.3] and in [26, Theo-
rem 7.7].

Lemma 2. Let X be a sequential topological space. Let xo, € X. Let (z)n>0 be a
sequence such that x s a limit point of all subsequences. Then the sequence (T,)n>0
converges t0 Tog.

Proof. Otherwise, consider an open neighborhood V' of =, such that for all n > N,
x, ¢ V for some N > 0. This means that ., € X\V, the subset X\V being sequentially
closed in X: contradiction. U

Theorem 10. Let ¢ be the carrier of some execution path of Xj.

(1) Consider a sequence (Yi)k>o in the image of PPg. which converges pointwise to Yoo
in PP X. Let
Ve = (Pt0p§£)<¢kv zliv R Z,?)
with ¢p € P(1,n) and zi € D™ for 1 < i < n and k > 0. Then there exist
boo € P(1,n) and 2z, € D™ for 1 <i < n such that

Yoo = (P Ge) (Po0; 20 - - - Z0)

and such that (¢uo, 2L, ..., 2%) is a limit point of the sequence ((¢x, 2}, .-, 27))k>0-

(2) The image of PPq,. is closed in PP X,.
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Proof. The case P = G is treated in [23, Theorem 6.11]. Let us suppose that P = M.
The proof is similar but simpler because it is not necessary to verify anymore that some
limit execution paths are regular.

(1) By a Cantor diagonalization argument, we can suppose that the sequence (2})x>0
converges to 2’ € D™ for each 1 < i < n and that the sequence (¢ (7))r>0 converges to
a real number denoted by ¢o.(r) € [0, n] for all rational numbers r € [0,1]N Q. Since the
sequence of execution paths (7x)r>0 converges pointwise to 7., we obtain

Vo) = (G021, % -+ * G0z, ) (P (1))

for all r € [0,1] N Q. For r; <1y € [0,1] N Q, ¢r(r1) < ¢p(re) for all k£ > 0. Therefore by
passing to the limit, we obtain ¢ (r1) < ¢oo(r2). Note that ¢oo(0) = 0 and ¢ (1) = n
since 0,1 € Q. For t €]0, 1], let us extend the definition of ¢, as follows:

Poo(t) = sup{¢oo(r) [ r €]0,1] N Q}.
By continuity, we deduce that

Yoo () = (Gor 021, * -+ * G0z, ) (Do (1))

for all t € [0,1]. It is easy to see that the set map ¢, : [0,1] — [0, n] is nondecreasing
and that it preserves extremities. By definition of the Moore composition, there exist
0=ty <t; <---<t,=1such that for all 1 <i < n,

VL€ [timt, i) Yoolt) = Gy (s Golt) — i + 1),

This implies that the restriction of ¢, to [t;_1,t;] is surjective. We deduce that the
nondecreasing set map ¢ : [0, 1] — [0, n| is surjective, and therefore that ¢, € M(1,n).
Let t € [0,1]\Q. The sequence (¢x(t))r>o0 has at least one limit point ¢. There exists
a subsequence of (¢g(t))r>0 which converges to ¢. We obtain: Vr € [0,t] N Q,Vr €
(6, 1] NQ, ¢oo(r) < £ < doo(r’). Since ¢, € M(1,n) and by density of Q, we deduce that
{ = ¢oo(t) necessarily. Using Lemma 2, we deduce that the sequence (¢)r>o converges
pointwise to ¢. Using Proposition 3, we deduce that (¢x)r>o converges uniformly to ¢o..
We deduce that (¢uo, 2L,,...,2%) is a limit point of the sequence ((dx, 24, - - -, 21) x>0 In
M(1,n) x D™ x ... x D™ by Proposition 3 and Lemma 1.

(2) Let (PPg.(T',))n>0 be a sequence of (P*Pg,.)(X.) which converges in P*?X,. The
limit v, € P X of the sequence of execution paths (P*Pg.(T,)),>0 is also a pointwise
limit. We can suppose by extracting a subsequence that the sequence (I',),>o of X,
converges in X.. Thus, by continuity of P'”g,, we obtain v, = (P"!g.)(I'«) for some
I'w € X.. We deduce that P?g.(X,) is sequentially closed in PP X,. Since PP X, is
sequential, being a A-generated space, the proof is complete. O

As a corollary of Theorem 10, we obtain:

Corollary 6. Suppose that Xy is a finite cellular P-multipointed d-space, i.e. X° is finite
and X is a finite ordinal. If X, has no loops, then the topology of PP X is the topology
of the pointwise convergence which is therefore A-generated.

Proof. Tt is mutatis mutandis the proof of [23, Corollary 6.12]. O
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6. LOCALLY FINITE CELLULAR MULTIPOINTED D-SPACE

We want to give an application of Theorem 8 and Theorem 10 before addressing the
main subject of this paper. The reading of this section is not necessary to understand
Section 7. A cellular P-multipointed d-space X is fixed.

Definition 14. The cellular P-multipointed d-space space X is locally finite if for all
v < A, theset {t/ < \|é&yNe, # @} is finite and each state meets a finite number of ¢,.
In other terms, the underlying topological space | X, |, which is cellular by Proposition 16,
is locally finite.

Lemma 3 is a consequence of [5, Proposition 3.4] and [5, Proposition 3.10]. It can be
easily proved without using diffeological spaces.

Lemma 3. (well-known) Every A-generated space is locally path-connected.

Proof. Let U be an open subset of a A-generated space X. Then U equipped with the
relative topology is A-generated by [24, Proposition 2.4]. Therefore U equipped with the
relative topology is homeomorphic to the disjoint sum of its path-connected components
by [20, Proposition 2.8]. Thus X is locally path-connected. O

Definition 15. A topological space X is weakly locally path-connected if for every x €
X and every neighborhood W of x, there exists a path-connected neighborhood (not
necessarily open) W’ of z such that W' C W.

Lemma 4. (well-known) Every weakly locally path-connected space is locally path-connec-
ted.

Proof. Let W be a neighborhood of x € X. Then there exists a path-connected neighbor-
hood W’ of x such that W’ C W. This means that W’ is included in the path-connected
component C' of x in W. Therefore z is in the interior of C'. Thus C is open and X is
locally path-connected. U

Proposition 24. Let A be an ordinal. Let Z : X — Top be a colimit-preserving functor
such that Zy is cellular for the g-model structure of Top. If the cellular space Zy is locally
finite, then the topological space Zy is metrizable.

Sketch of proof. The technique used in [14] to reorganize and regroup the cells in a CW-
complex using the notion of star of a subset [14, Example 2] works in the same way for
cellular topological spaces, even when A is not countable. Assume first that Z, is path-
connected. By [14, Proposition 1.5.12], the ordinal A is countable, Z, being locally finite.
Using [14, Proposition 1.5.13], the cells are reorganized so that A = Xy and so that each
Z, for n finite is a finite cellular topological space (i.e. built using finitely many cells).

Moreover, for all n > 0, the space Z,, is contained in the interior Z, ., of Z,,.; for the
topology of Z, and there is the equality

U A U Ly = Zy.

n>0 n>0

Using [14, Theorem 1.5.16], we deduce that Z, is metrizable and that it can be embedded

in the Hilbert cube equipped with the ¢? metric. This means that the metric of 7y is
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bounded, namely by the constant m/+/6 which does not depend on Z,. In the general
case, the A-generated space Z) is homeomorphic to the disjoint sum of its path-connected
components by [20, Proposition 2.8]. Thus, the metric on each path-connected component
being bounded by 7/+/6, the disjoint sum is metrizable. O

In fact, we could prove the equivalence for cellular topological spaces of the condi-
tions locally finite, metrizable, locally compact and first-countable as it is done in [14,
Proposition 1.5.10 and Proposition 1.5.17] for CW-complexes.

Corollary 7. Assume Xy locally finite. Let (o, 3) € X°x X°. Then the topological space

( Z%X,\)CO is metrizable, and therefore sequential and first-countable.

Proof. By Proposition 24, the topological space | X, | is metrizable, X being locally finite
by hypothesis. The space (IPZZ%X ) co 18 therefore metrizable by [33, Proposition A.13]. O

Proposition 25. Assume X locally finite. Let (o, B) € X% x X°. The space (PZZ” X)) eo
is locally path-connected.

Proof. By Lemma 4, it suffices to prove that (PQ%X ) eo 18 weakly locally path-connected.

Consider an execution path 7., of PZZ%X A- Let  be an open subset of (PZZ%X ) eo CONtain-
ing 7. Then 2 is an open subset of IP’ZP X, since the A-kelleyfication adds open subsets.
Let T be the set of all carriers of all execution paths of Pz%X »- Consequently, for each
carrier ¢ € T and for each I' € (P*?g.) (7o), there exists an open neighborhood Qr of
I" such that (P*"g,)(Qr) C 2. By Lemma 3, we can suppose that Qr is path-connected.
Consider
v-U U ®rgen.
€T Te(Ptorge)—* (vo0)

Then U is path-connected and U C €). Suppose that v, is not in the interior of U in
( ZZ%X A)eo- Lhe space ( ZZ%X A)eo being sequential by Corollary 7, there exists a sequence
(Vn)n>0 of execution paths not belonging to U converging to 7., in (IP’Z)’%X A)eo- Since the
set {Carrier(~y,) | n > 0} is finite by Theorem 8, we can always suppose that the sequence
of carriers (Carrier(y,))n>o is constant and e.g. equal to some ¢ € T by extracting a
subsequence. Therefore we can write 7, = (P'Pg,)(T",) with T, € X, (see Notation 16).
The sequence of execution paths (7, ),>0 converges pointwise to Y. Thus, by Theorem 10,
we can suppose that the sequence (I',),>o converges to ', € X, after extracting a
subsequence again. By continuity, we obtain the equality 7o = (P"”g.)(I'sx). There
exists N > 0 such that for alln > N, T',, € Qr_, i.e. v, = (P*?g.)(T,) € U for all n > N.
Contradiction. Thus 74, is in the interior of U. O

Theorem 11. Assume X, locally finite. Let (o, ) € X° x X°. The topological space
(IP’ZZ%X N eo €quipped with the compact-open topology is A-generated. The topological space
N e

(,8)EXO% X0
is metrizable with the distance of the uniform convergence. The underlying topology is
the compact-open topology.

Proof. By Corollary 7, the topological space (Pz%X Aeo i first-countable. The space

( ZZ%X,\)CO is locally path-connected by Proposition 25. Using [5, Proposition 3.11], we
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MP(g)

M” (Glob” (8"1)) = Gloh(D) —2= MP(A)

J iy

MP (Glob” (D)) = Glob(E) — 21X

— X

FIGURE 1. Definition of X

deduce that (IP’ZZ%X A)eo 18 A-generated. The set of all execution paths equipped with the
compact-open topology (PP X),)., satisfies
(]P)pr)\)co = H (]P)ZZ%XA)CO
(a,3)EX0x X0

because XY is a discrete subspace of | X,|. Hence (PP X)), is A-generated and metrizable

by the distance of the uniform convergence. O

7. MULTIPOINTED D-SPACE AND MOORE FLOW
Consider a pushout diagram of P-multipointed d-spaces

Glob” (8" 1) —L— A

| L

Glob”(D") —L— X

with n > 0 and A cellular. Note that A° = X% Let D = F7”S"! and £ = F""D".
Consider the P-flow X defined by the pushout diagram of Figure 1 where the two equal-
ities
M” (Glob” (S"71)) = Gloh(D)
M” (Glob”(D™)) = Glob(E)
come from Proposition 14 and where the map ¢ is induced by the universal property of
the pushout.
The P-space of execution paths of the Moore flow X can be calculated by introducing
a diagram of P-spaces Df over a Reedy category P9(?):9() (A%) whose definition is recalled
now. It was introduced for the first time in [24, Section 3].
Let S be a nonempty set. Let P“¥(S) * be the small category defined by generators
and relations as follows:

e u,v € S (uand v may be equal).
e The objects are the tuples of the form

m = ((U07 €1, Ul), (Uh €2, Uz), <y (unfla €n, Un))

3The use of the letter P here has nothing to do with the reparametrization category P. It is a bit
unfortunate but I prefer not to change the notation.
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with n > 1, ug,...,u, €S, €1,...,¢6, € {0,1} and
Vi such that 1 < i< n,e; =1= (u—1,u;) = (u,v).

e There is an arrow

Cn1 t (mv (x707y>7 (y,O,Z),ﬂ) — (mv (SL’,O,Z),Q)

for every tuple m = ((uq, €1,u1), (U1, €2,u2), ..., (Up_1, €n, Uy)) with n > 1 and
every tuple n = ((ug, €}, u}), (u), €5,ub), ..., (ul,_q, € ul,)) with n’ > 1. It is

called a composition map.
e There is an arrow

[nJrl : (mv (uv 07 U>7ﬂ) - (mv (uv 17 U>7ﬂ)

for every tuple m = ((uq, €1,u1), (U1, €2,u2), ..., (Up_1, €y, Uy)) with n > 1 and
every tuple n = ((ug, €}, u}), (v}, €5,ub), ..., (ul,_q, € ul,)) with n’ > 1. It is

called an inclusion map.

e There are the relations (group A) ¢;.c; = ¢;_1.¢; if ¢ < j (which means since ¢; and
c¢; may correspond to several maps that if ¢; and ¢; are composable, then there
exist ¢;_; and ¢; composable satisfying the equality).

e There are the relations (group B) I;.I; = I;.1; if i # j. By definition of these
maps, I; is never composable with itself.

e There are the relations (group C)

il = e
I.c; if j<i—1.

By definition of these maps, ¢; and I; are never composable as well as ¢; and ;1.

By [24, Proposition 3.7], there exists a structure of Reedy category on P“*(S) with the
N-valued degree map defined by

d((uo, €1, u1), (U1, €2,u2), . - ., (Un—1, €n, Up)) = 1+ Z €;-

The maps raising the degree are the inclusion maps. The maps decreasing the degree are
the composition maps.
Let T be the P-space defined by the pushout diagram of [P, Top],

BMP (g)
D ———= Py 4yM” (A

Consider the diagram of spaces D7 : P9(0)9(1) (AO) —

[P°?, Top|y defined as follows:
Df((uo, €1, Ul)v (Ula €2, u2)7 ERRE (un—la €n, un)) Zy, o, U1 ® Zul up @ & ZUnfl’u”
with
Z — ]Puz'ﬂ,uz'MP(A) ife; =0
Him 1t T if € = 1
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In the case ¢; = 1, (u;_1,u;) = (g(0), g(1)) by definition of P99 (A%). The inclusion
maps []s are induced by the map Pf : Pyq) 41)M”(A) — T. The composition maps ¢}s
are induced by the compositions of paths of the Moore flow M” (A).

Theorem 12. [22, Theorem 9.7] We obtain a well-defined diagram of P-spaces
DI - P99 (A%) — [PP Top),.
There is the isomorphism of P-spaces ling ~PX.

By the universal property of the pushout, we obtain a canonical map of P-spaces

Py @Df — PM” X.

Definition 16. Let  be an element of some vertex of the diagram of spaces D/. We say
that z € D/ (n) is simplified if

d(n) = min {d(m) | Im € Obj(P**9M)(A%)) and Ty € D/ (m),y = z € lim D' }.

Theorem 13. Under the hypotheses and the notations of this section. The map of P-
spaces
Py : lim DF — PM” (X))

s an isomorphism.

Proof. The structure of the proof is the same as the one of the proofs of [23, Theorem 7.2
and Theorem 7.3]. At first it must be proved that the map Py is an objectwise bijection.
The role of [23, Theorem 5.20] is played by Theorem 7. Then it must be proved that
the map P is an objectwise homeomorphism. The roles of [23, Theorem 5.19] and [23,
Theorem 6.11] are played by Theorem 9 and Theorem 10 respectively.

The map ¢ of Figure 1 is obtained by the universal property of the pushout. Thus, it
is bijective on states. It then suffices to prove that the map

Pty : lim D/(1) — P'MP”(X) = P*PX

is a homeomorphism since G C P. By Theorem 7, every execution path of X can be
written as a finite Moore composition (fivyifug,) * -+« % (fuYntte,) with n > 1 such that
li+---+ /¢, =1 and such that f; = f and ~; is an execution path of A or f; = g and
v = 0,,¢; with z; € D"\S""! and some ¢; € P(1,1). Let fi=gif fi =g and f; = f if
fi = ffori e {1,... n}. This gives rise to the execution path Pfi (v, )% - - *Pfo (Vpte, )
of the Moore flow X. By the commutativity of the diagram of Figure 1, we obtain the
equality

(Frvipe) * - % (faYnbte,) = (P'e) <Pﬁ(%uel) ok Pﬁ(%%))-

This means that the map of Moore flows ¢ : X — MP”(X) induces a surjective continuous
map from P'X to P?X. In other terms, the map P! is a surjection.

Let n = (ug, €1, u1), (u1, €2,u2), .. ., (Un_1, €, Up)). By [22, Corollary 5.13], the topolog-
ical space (Zyguy @ Zuyuy @ - @ Zy, ) (1) is the quotient of

IT PQG A+ 4 0,) X Zugu (1) X oo X Z ()
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by the equivalence relation generated by the identifications

<¢ T1P1, . TpPp) ~ (01 @ ... @ Bp)d, T4, .., Ty )
for ¢ € P(1,6, + - l,), o; € P(l;,0}) and z; € Z,, | 4, (¢}) for 1 <7 < n. Assume that

(), 71, - ..,fyn) EPL b+ +Lln) X Zyguy (01) X ... X Zun_hun(én)

is a representative of z in D/(n) with z simplified. Then

Py(z) = ((fim) % (fan)) o

with f; = fif ¢, =0 and f; = g if ¢, = 1. Using Proposition 4, write ¢ = ¢; ® ... ® ¢,
with ¢; : ¢ — ¢; for 1 < i < n for some ¢, ..., ¢, such that ¢} +---+ ¢/, = 1. Then one
has

(@713 Yn) ~ (Id1, 1101, -+ o V)
in D’/ (n) and therefore
0 V(@) = (fimor) * .. (furndn)-
Recall that
d((ug, €1,u1), (U1, €2,u2), ..., (Up_1,€n,Up)) =N+ Z €.

As already explained in the proof of [23, Theorem 7.2] with a lot of details in the case
P = G, since z is simplified by hypothesis, it is impossible to have ¢; = ¢;,1 = 0 for some
1 < i < n. There is a composition map starting from n in P99 ( A%) otherwise, which
identifies z to some y € Df(m) in ling(l) with d(m) < d(n), and it is a contradiction.
As also already seen in the proof of [23, Theorem 7.2] in the case P = G, if ¢, = 1, then
v = g0, with z; € D"\S"™! and v¢; € P(¢;,1). Indeed, if z; € S, then there is
an inclusion map whose image contains x, which means also that z is identified to some
y € D/(m) in hﬂDf(l) with d(m) < d(n), which contradicts the fact that z is simplified.

This means that the finite Moore composition (fi71¢1) * ... (fnVn®n) is one of the
finite Moore compositions given by Theorem 7. Consider another simplified element z’
in D/ (n') such that Ply(x) = PY)(z’). Tt gives rise to another finite Moore composition
(fin1dy) * - .. (fl.ALén) as the ones given by Theorem 7. Using Theorem 7, we deduce
that n = n/ and that

(R) V1 <i < n,r; = nat?(y;) = (72) Vi = T, Ye = T,
and
(P) (me1) @ ... @ (Mon) = (M) @ ... ® ().

We then obtain in (Zy,u @ Zujuy @ ... ® Zy, ,u,)(1) the following sequence of identifi-
cations:
(¢a717a7n)~((n X .. ®7]n)¢,T1,...,T)
((771® ®nn)¢ Tla"'ur)
( ,7717' . '7771)7

the first and third identifications by (R) and [22, Corollary 5.13] and the equality by (P).
This means that x = 2/ in ligl?f (1) and, therefore, that the map P4 is one-to-one.

2
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At this point, it is proved that the map P : ling(l) — P X is a continuous
bijection with ling (1) equipped with the final topology. When we work with the
category of A-Hausdorff A-generated spaces, we deduce that hgl D’ (1) equipped with the
final topology is A-Hausdorff as well, the space PP X being A-Hausdorff. So whether we
work with A-Hausdorff or not A-generated spaces, the topology of liﬂDf (1) is always
the final topology.

By [23, Corollary 2.3], we must now prove that for all set maps ¢ : [0,1] — hﬂDf (1),
if the composite map (P*)¢ : [0, 1] — PPX is continuous, then the set map € : [0,1] —
liﬂDf (1) is continuous as well. By Theorem 9, the set of carriers

T = {Carrier((P'4)¢(uw)) | w € [0, 1]}

is finite. For each carrier ¢ € T, let

U.={u € [0,1] | Carrier({(u)) = c}.

Consider the closure (/]\g of U, in [0, 1]. We obtain a finite covering of [0, 1] by the closed
subsets ﬁg for ¢ running over 7. Each ﬁg is compact, metrizable and therefore sequential.
Note that (79 has no reason to be A-generated: it could be e.g. the Cantor set which is
not A-generated because it is not homeomorphic to the disjoint sum of its path-connected
components. Fix the carrier c.

The end of the proof is the third reduction and sequential continuity sections of the
proof of [23, Theorem 7.3] with the use of Theorem 10 instead of [23, Theorem 6.11]. The
argument is sketched for the ease of the reader. It suffices to prove that the restriction

¢: U — limD/(1)

is sequentially continuous to complete the proof. Let (u,),>0 be a sequence of (79 which
converges to us. Then the sequence of execution paths (P'¢(£(uy,)))ns0 converges to
Pl (€(us)), and therefore, it converges pointwise. All execution paths P(&(u,)) for
n >0 and P'9(§(uw)) belong to the image of PPg, (see Notation 16), this image being
closed in P*? X, by Theorem 10. Besides, each subsequence of (P'4(&(uy,)))n>0 has a
limit point by Theorem 10. This limit point is unique since

Py : lip D/ (1) — PP X

is a bijection. The proof is complete thanks to Lemma 2. O

Corollary 8. Suppose that A is a cellular P-multipointed d-space. Consider a pushout
diagram of P-multipointed d-spaces

A
|
Glob”(D") ——— X

Glob” (8" 1) ——
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with n > 0. Then there is the pushout diagram of Moore flows
MP (Glob” (8"1)) = Gloh(FFP”S"1) ——— MP(A)

| |

MP” (Glob” (D")) = Glob(FP”"D") ——— MP(X).
Corollary 9. (/23, Corollary 7.5] for G and M) Let X be a g-cofibrant P-multipointed
d-space. Then the P-flow M” (X)) is q-cofibrant.
Proof. As for [23, Corollary 7.5], it is a consequence of Theorem 5 and Corollary 8.  [J

Theorem 14. Consider the adjunction M - M” between P-multipointed d-spaces and
P-flows. Then the unit map and the counit map induce isomorphisms on q-cofibrant
objects. This adjunction is a Quillen equivalence between the g-model structures of P-
multipointed d-spaces and of P-flows.

Proof. From Corollary 8 and Theorem 5, we deduce that the unit map and the counit map
are isomorphisms on cellular objects, and then, on g-cofibrant objects since the retract
of an isomorphism is an isomorphism. From this fact and the fact that all objects are
g-fibrant, we deduce that the Quillen adjunction is a Quillen equivalence. See the proofs
of [23, Theorem 7.6, Corollary 7.9 and Theorem 8.1] for further details. O

Definition 17. The category of small topologically enriched semicategories is isomorphic
to the category of 1-flows (1 being the terminal category viewed as a reparametrization
category). This category is denoted by Flow and its objects are called flows (without
using the prefixes Moore or 1).

Notation 18. Let C be a small category. The constant diagram functor is denoted by
A¢ : C — Top.
By [22, Proposition 10.5], the constant diagonal functor induces a functor denoted by
M : Flow — PFlow

such that M(X)? = X° and such that P, sM(X) = Apor (P, 4 X) for all (o, 8) € X x X°.
By [22, Proposition 10.6], for any P-flow Y, the data

e The set of states is Y°

e Forall a,8€Y? let Y, 5 = liﬂPa,ﬁY

e For all o, 8,7 € Y, the composition law Y, 53 X Y5, — Yo,
assemble to a flow denoted by M, (Y). It yields a well-defined functor

M, : PFlow — Flow.
By [22, Theorem 10.9], the pair of functors (My, M) gives rise to a Quillen equivalence
M, 4 ML
Notation 19. Let cat = MM” : PdTop — Flow.

Notation 20. Let X be a P-multipointed d-space. Let a,3 € X°. The identity of
M,MP” (X)) gives rise to a map M”(X) — MM;M”(X), and by applying Pi‘é,ﬁ to a contin-
uous map [—|az Pz%X — P, geat(X).
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Theorem 15. ([23, Theorem 8.11] and [23, Theorem 8.14] for G and M) Let X be a
P-multipointed d-space. Then one has (cf. Notation 9)

cat(X)? = X and V(a, B) € X° x X° P, scat(X) = P, 3 X

and the canonical map [—|ap : IP’ZZ%X — P, pcat(X) is the quotient map which takes

an execution path of X from « to B to its equivalence class up to reparametrization by
P(1,1). The functor cat : PdTop — Flow takes g-cofibrant P-multipointed d-spaces to
q-cofibrant flows. Its total left derived functor in the sense of [9] induces an equivalence
of categories between the homotopy categories of the qg-model structures.

Proof. The equality P, gcat(X) = P, X comes from the definition of the colimit: see the
proof of [23, Theorem 8.11]. The rest of the proof is mutatis mutandis the proof of [23,
Theorem 8.14] by replacing G by P and by using Theorem 14. We recall the definition
of the functors for the convenience of the reader:
_yeof
(Lcat) : PdTop o PdTop —'— Flow

_yeof P
(Lecat) ™ : Flow —2— PFlow O PFlow s PdTop

where (—)®/ is a g-cofibrant replacement functor for the corresponding category. U

[17, Theorem IV.3.10 and Theorem IV.3.14] state in the language of this paper that,
for all cellular G-multipointed d-spaces X and all a, 8 € X°, the quotient map Pz%X —
P, X is a trivial h-fibration of Top. The language used in [17] is different because
G-multipointed d-spaces were introduced four years later in [20].

Consequently, the quotient map IP’ZZ%X — P, X is also a trivial h-fibration of Top
for all g-cofibrant G-multipointed d-spaces X and all a, 8 € X, the retract of a trivial
h-fibration being a trivial h-fibration. The proof relies on [17, Theorem II1.5.2] which is
fixed in [24, Theorem 6.8]. The latter states that the quotient map PZZ%X — P, 53X has
always a section when X is a cellular G-multipointed d-space.

It is not clear whether this section exists for all cellular M-multipointed d-spaces. This
means that the proof of [17] does not seem to be generalizable to the case P = M. The
best that can be said is that the quotient map PZZ%X — P, 3X has a section for the
so-called regular M-multipointed d-spaces (the proof will not be given here because it is
off-topic). A regular M-multipointed d-space is, by definition, a cellular M-multipointed
d-space X such that for all globular cells ¢, of X and all z € D™, the execution path
7,0, is regular. Remember that, in general, the execution paths g,d, are regular only
when z € D™\S™~! by Proposition 18. In plain English, a regular M-multipointed
d-space is a cellular M-multipointed d-space such that the attaching maps take regular
execution paths of the boundary of globular cells to regular execution paths.

Thanks to the results of this paper, we can still prove that this quotient map is a
homotopy equivalence for all cellular M-multipointed d-spaces as follows.

Theorem 16. Let X be a g-cofibrant P-multipointed d-space. Let o, 3 € X°. Then the
quotient map
WhX — PogX

is a homotopy equivalence from an m-cofibrant space to a g-cofibrant space.
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Proof. By Corollary 9, the P-flow M”(X) is q-cofibrant. By [22, Theorem 9.11], we
deduce that the P-space P, sM” (X) is projective q-cofibrant. Using [21, Corollary 7.2],
we deduce that the P-space P, sM”(X) is injective m-cofibrant. This implies that the
topological space IP’ZZ%X = P}, ;M”(X) is m-cofibrant. By Theorem 15, the flow cat(X)
is g-cofibrant. Using [22, Theorem 9.11] again or [24, Theorem 5.7], we deduce that
the topological space P, scat(X) = P,3X is q-cofibrant. The P-flow M”(X) being
g-cofibrant, from the Quillen equivalence M, 4 M, we obtain the weak equivalence of
P-flows
M”(X) — MMM” (X).

By applying ]P’}L 5(—) to both sides, we deduce a weak homotopy equivalence of topological
spaces

Pf;j%X = IP’;,BMP(X) — P;BMM,MP(X) — p}xv sM(cat(X)) = Po s X

from an m-cofibrant space to a qg-cofibrant space, i.e. between two m-cofibrant spaces.
By [6, Corollary 3.4], we deduce that this map is a homotopy equivalence. 0

We do not know whether this quotient map is still, at least, a weak homotopy equiv-
alence for a general P-multipointed d-space. It is likely that the saturation hypothesis
introduced in Section 8 plays a role.

Proposition 26 should have been put in [22] as an application of the results of the latter
paper: it is an omission. It is used in Theorem 17. The inclusion functor i : G C M
induces an enriched functor

i* : [M*, Top] — [G*, Top]

from M-spaces to G-spaces. It is a right adjoint between the underlying categories, the
left adjoint being the enriched left Kan extension along ¢ given by the formula

Lan(D) = /EM(—,Z'(E)) x D(L).
Proposition 26. The functor i* : M, Top| — [G°, Top| induces a functor
1" : MFlow — GFlow
which is a right Quillen equivalence between the g-model structures of MFlow and GFlow.

Proof. By [22, Section 6], a P-flow consists of a set of states X, for each pair (a, 3) of
states a P-space P, s X of [P, Top], and for each triple («, 8, ) of states an associative
composition law  : P{ ;X x P2 X — P+ X which is natural with respect to (¢1, ¢3) in
an obvious way. From an M-flow D, we therefore obtain a G-flow i*(D) with D® = ¢*(D)"
and P, 3i* (D) = i*(P, sD). By the explicit calculation of limits in MFlow and in GFlow
made in [22, Theorem 6.8], and since limits are calculated objectwise in [M Top],
and [G°?, Toply by [21, Proposition 5.3|, the functor i* : MFlow — GFlow is limit-
preserving. By [22, Theorem 6.13], the P-space of execution paths functor P : PFlow —
[P°P, Toply of Definition 3 is a right adjoint for any reparametrization category P *.
Therefore it is accessible by [2, Theorem 1.66]. Since colimits are calculated objectwise in
[M°P Top], and [G°, Toply by [21, Proposition 5.3], the functor i* : MFlow — GFlow
is then accessible. Therefore it is a right adjoint by [2, Theorem 1.66]. The functor

4Note that this fact holds because we work with locally presentable categories: see [24, Theorem 5.10].
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1* : MFlow — GFlow preserves g-fibrations and trivial g-fibrations by definition of the
g-model structures. Consequently, it is a right Quillen adjoint. Thus the commutative
diagram of right adjoints

AMOP‘/ ‘/Agop

(M, Top] —— [G°, Top]
gives rise by [22, Proposition 10.7] to the commutative diagram of right Quillen adjoints

Flow =——— Flow

M\ ‘M
MFlow —© GFlow

where Flow is equipped with its gq-model structure. By [22, Theorem 10.9], the two
vertical right Quillen adjoints are right Quillen equivalences. The proof is complete
thanks to the two-out-of-three property. O

We conclude with the following comparison theorem:
Theorem 17. The inclusion functor i : G C M induces a functor
j : MdTop — GdTop.

There is the commutative square of right Quillen equivalences between the four g-model
structures .
MdTop —2— GdTop

MMl lMg

MFlow —~ GFlow

Proof. Tt is easy to see that the diagram is commutative: each functor is a forgetful
functor indeed. The forgetful functor 2 : PdTop — MTop from P-multipointed d-
spaces to multipointed spaces being topological by Theorem 2 for P equal to G or M, the
functor j : MdTop — GdTop is limit-preserving and finitely accessible: finitely because
a multipointed d-space is equipped with a set of execution paths and because the {2-final
structure is given by the finite Moore compositions by Theorem 2. By [2, Theorem 1.66],
the functor 7 : MdTop — GdTop is therefore a right adjoint. It takes (trivial resp.)
g-fibrations to (trivial resp.) g-fibrations by definition of them. Thus it is a right Quillen
adjoint. The two vertical functors are right Quillen equivalences by Theorem 14. The
bottom horizontal functor is a right Quillen equivalence by Proposition 26. The proof is
complete thanks to the two-out-of-three property. O

Notation 21. Write .Fév‘ : GdTop — MdTop for the left adjoint of the inclusion functor
J : MdTop C GdTop.

The unit of the adjunction
X — j(FF(X)
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preserves the underlying space and the set of states. It induces a map from the space
of execution paths of X to its closure under the reparametrization by all maps of M.
It is a weak homotopy equivalence when X is a g-cofibrant G-multipointed d-space by
Theorem 17: this assertion is also a consequence of Corollary 8 and Theorem 5 and of
the fact that
FH(Glob¥(Z)) = Glob™(Z)
for all topological spaces Z. The counit map
Fo'(i(Y) —Y

is an isomorphism for all M-multipointed d-spaces Y by definition of F2*. By Theo-
rem 17, we deduce that F2(j(Y)*’) is a g-cofibrant replacement of ¥ in MdTop where
j(Y)e°/ is a q-cofibrant replacement of j(Y) in GdTop. The latter fact can be proved
directly by obtaining a g-cofibrant replacement by the small object argument.

8. THE SATURATION HYPOTHESIS

This notion is very important in DAT. It appears in various forms in the literature:
see [10, Definition 4.3] [13, Remark 4.3] [36, Definition 2.9] [52, Definition 2.18]. In
[52], this notion leads to an isomorphism between two categories of continuous (i.e. non-
multipointed) geometric models of concurrency, namely the full subcategory of saturated
d-spaces of the category of Grandis’ d-spaces in the sense of [32] and the full subcategory
of good streams of the category of Krishnan’s streams in the sense of [39]. It is worth
nothing that all examples coming from concurrency theory are saturated.

The saturation hypothesis is a closure property. In the setting of this paper, the idea
is that a continuous path of the underlying space of a P-multipointed d-space such that
there exists a reparametrization which is an execution path should be an execution path
as well. This way, we avoid pathological behaviors like the one of the multipointed d-space
I, defined in the proof of Proposition 28. All G-multipointed d-spaces are automatically
saturated because all maps of G are invertible. The purpose of this section is to prove that
the saturation hypothesis can be added to the definition of an M-multipointed d-space
without changing the main results of this paper.

Notation 22. Let X be a P-multipointed d-space. Consider for all o, 3 € X° the set of
continuous paths

B% X = {7 € Top([0,1], |X]) | 36 € P(L,1),7¢ € P25},
Let
]P)topX _ H PZZPX.

(,B)€XOx X0

Proposition 27. Let X be a P-multipointed d-space. The triple X = (\X|,X0,Pt"p5{\)

with PP X = PP X s q P-multipointed d-space. The inclusion X C X yields a natural
map of multipointed d-spaces.

Proof. When P = G, one has X = X since all maps of G are invertible.
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Assume for the rest of the proof that P = M. Let (v1,7) € @ZZ%X X I@g)’;X Then
there exist @1, ¢o € M(1,1) such that vy,¢; € Pz%X and o9 € IP"E’;X. Write

(7101) *v (7292) = (Mdrpay) * (Yag2piz)

= (M *72) ((6151#%) ® (%M%))
= <(%u%) * (72#5)) (uél ® /i%1> ((‘blﬂ%) ® (¢2u%)>

= G ) (g 0uy) @ 7 ) ).

the first and last equalities by definition of the normalized composition, the two other
equalities by definition of the Moore composition of paths and by definition of ®. We
deduce that v; *x 72 € I@’ZZ{’/X )

Let v € I@’Z’,%X. Then there exists ¢ € M(1,1) such that v¢ € IP’Z%X . Let ¢ €
M(1,1). Then by [10, Proposition 2.19], there exist &;,& € M(1,1) such that ¥¢p&; =
&y geometrically, the two execution paths ¢ and ¢ of I ™ are reparametrization
equivalent. We obtain yy¢p&; = vpés. From v¢ € IP’ZZ%X , we deduce that yoé; € IP’ZZ%X
as well, and therefore that v € I@ZZ%X . The proof is complete. O

Definition 18. A P-multipointed d-space X is saturated if the natural map X — X is

sat

an isomorphism. The full subcategory of saturated d-spaces is denoted by PdTop

Proposition 28. All G-multipointed d-spaces are saturated. There exists an M-multi-
pointed d-space which is not saturated. An M-multipointed d-space is saturated if and
only if any continuous path which is reparametrization equivalent (see Definition 7 and
[10, Definition 1.2]) to an execution path is an execution path.

Proof. The first and last assertions are clear. Let ¢ € M(1,1)\G(1,1). Consider the
M-multipointed d-space I, defined by (|Iy|,13) = ([0,1],{0,1}) and P*”I; = Pyl =
{¢¢p| ¢ € P(1,1)}. Then the M-multipointed d-space I, is not saturated. O

sat

Proposition 29. The category MdTop®** is a reflective locally presentable full subcate-

gory of MdTop.

Proof. The left adjoint of the inclusion MdTop** € MdTop is given by the functor
X — X. The category MdTop®®* is axiomatized by the theory described in the proof of
Proposition 6 with the additional axioms (Vz)R(z.t) = R(z) with t € M(1,1) (see [13,
Remark 4.3]) where R is the [0, 1]-ary relational symbol encoding execution paths. By [2,
Theorem 5.30], the proof is complete. O

Proposition 30. A retract of a saturated M-multipointed d-space is saturated.

Proof. Let X be a retract of a saturated M-multipointed d-space Y. This means that the
identity of X factors as a composite r.i : X — Y — X (7.7 means the composition of r
and 7). Let v be a continuous path of | X| and ¢ € M(1,1) such that v.¢ is an execution
path of X. Then i.7.¢ is an execution path of Y, the continuous map ¢z : X — Y being

a map of M-multipointed d-spaces. Since Y is saturated by hypothesis, we deduce that
42



1.7y is an execution path of Y. Thus v = r.i.y is an execution path of X, the continuous
map 7 : Y — X being a map of M-multipointed d-spaces. O

Proposition 31. All ¢-cofibrant M-multipointed d-spaces are saturated.

Proof. First of all, observe that the M-multipointed d-space GlobM(Z ) is saturated for
all topological spaces Z. The functor X X from MdTop to MdTop®?* being a left
adjoint, we deduce that all cellular M-multipointed d-spaces are saturated. The proof is
complete thanks to Proposition 30. U

Theorem 18. The ¢-model structure of MdTop can be lifted (in the sense of [15, 3/])
along the right adjoint MdTop** C MdTop. It is a combinatorial model structure,
called the g-model structure of MdTop®®t, such that:

o A set of generating cofibrations is
{Glob™ (8" 1) € Glob™(D™) | n > 0} U {C: & — {0}, R: {0,1} — {0}},

the maps between globes being induced by the closed inclusions S*~* C D™,
e A set of generating trivial cofibrations is

{Glob™(D™) c Glob™(D"™) | n > 0},

the maps between globes being induced by the closed inclusions (x1,...,x,)
(T1,...,2,,0).

o The weak equivalences are the maps of saturated M-multipointed d-spaces f : X —
Y inducing a bijection f° : X° = Y° and a weak homotopy equivalence PP f :
Pior X — Plory,

e The fibrations are the maps of saturated M-multipointed d-spaces f : X — Y
inducing a q-fibration PP f : PP X — PPY of topological spaces.

This model structure is combinatorial and all its objects are fibrant.

Proof. The path object for M-multipointed d-spaces is described in [25, Corollary 6.7].
Let X be an M-multipointed d-space. The M-multipointed d-space Path(X) has the
underlying topological space TOP([0,1],]X]), the set of states X° identified with the
corresponding set of constant maps of TOP([0, 1], | X|), and

P!, Path(X) = TOP([0, 1], P!, X)

for all a, 8 € X° We deduce immediately that if X is saturated, then Path(X) is satu-
rated as well. Thus, the g-model structure of MdTop can be lifted along the right adjoint
MdTop*** C MdTop by using the Quillen Path Object argument: see [15, 34] and for
a presentation in this particular context [25, Theorem 2.1]. The characterizations of the
generating cofibrations and generating trivial cofibrations is a consequence of Proposi-
tion 31 and of a theorem due to Kan (e.g. see [35, Theorem 11.3.2]). O

Theorem 19. The right Quillen adjoint
MdTop*** ¢ MdTop

between the g-model structures is a right Quillen equivalence such that the unit and the

counit of the adjunction are isomorphisms on g-cofibrant objects.
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Proof. The g-cofibrant objects of the ¢q-model structures of MdTop®2* and MdTop are
the same. All objects are fibrant. Hence the proof is complete. O

Corollary 10. The composite functor
MdTop** ¢ MdTop M7 MFlow

from M-multipointed d-spaces to Moore flows is a right Quillen equivalence such that the
unit and the counit of the adjunction are isomorphisms on g-cofibrant objects.

Proof. Tt is a consequence of Theorem 14 and Theorem 19. U

Corollary 11. The mapping X — cat(X) induces a functor from PdTop*** to Flow. It
takes q-cofibrant saturated P-multipointed d-spaces to g-cofibrant flows. Its total left de-
rived functor in the sense of [9] induces an equivalence of categories between the homotopy
categories of the g-model structures.

Proof. Tt is a consequence of Theorem 15 and Theorem 19. U

The reason for introducing the saturation hypothesis is to rule out pathological behav-
iors which are meaningless from a computer scientific viewpoint. There is another reason
based on the following conjecture which was already stated for G in [20, Conjecture 6.6].

Conjecture 1. Take for Top the category of A-Hausdorff A-generated spaces. The
g-model structures of GdTop and MdTop®2* are left proper.

Indeed, we suspect that the saturation hypothesis and the A-Hausdorff condition are
necessary for left properness.
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