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Curvature-induced cell rearrangements in biological tissues

On a curved surface, epithelial cells can adapt to geometric constraints by tilting and by exchanging their neighbors from apical to basal sides, known as an apicobasal T1 (AB-T1) transition. The relationship between cell tilt, AB-T1 transitions, and tissue curvature still lacks a unified understanding. Here, we propose a general framework for cell packing in curved environments and explain the formation of AB-T1 transitions under different conditions. We find that steep curvature gradients can lead to cell tilting and induce AB-T1 transitions. Conversely, large curvature anisotropy can drive AB-T1 transitions by hydrostatic pressure. The two mechanisms compete to determine the impact of tissue geometry and mechanics on optimized cell rearrangements in 3D.

As the external surfaces and barriers of many organs, epithelial tissues have to mechanically adapt to their environment [START_REF] Guillot | Mechanics of epithelial tissue homeostasis and morphogenesis[END_REF][START_REF] Latorre | Active superelasticity in threedimensional epithelia of controlled shape[END_REF]. Extensive research into cell shape in 2D [START_REF] Aigouy | Cell flow reorients the axis of planar polarity in the wing epithelium of drosophila[END_REF][START_REF] Sagner | Establishment of global patterns of planar polarity during growth of the drosophila wing epithelium[END_REF][START_REF] Khalilgharibi | Stress relaxation in epithelial monolayers is controlled by the actomyosin cortex[END_REF][START_REF] Tetley | Tissue fluidity promotes epithelial wound healing[END_REF][START_REF] Gibson | The emergence of geometric order in proliferating metazoan epithelia[END_REF][START_REF] Farhadifar | The influence of cell mechanics, cell-cell interactions, and proliferation on epithelial packing[END_REF][START_REF] Staple | Mechanics and remodelling of cell packings in epithelia[END_REF][START_REF] Atia | Geometric constraints during epithelial jamming[END_REF] and 3D [START_REF] Du | Computational analysis of three-dimensional epithelial morphogenesis using vertex models[END_REF][START_REF] Krajnc | Theory of epithelial elasticity[END_REF][START_REF] Fletcher | Mechanocel-366 lular models of epithelial morphogenesis[END_REF][START_REF] Merkel | A geometrically con-370 trolled rigidity transition in a model for confluent 3d tis-371 sues[END_REF] has revealed insights into how cells pack and undergo rearrangement during epithelial tissue formation [START_REF] Gibson | The emergence of geometric order in proliferating metazoan epithelia[END_REF][START_REF] Farhadifar | The influence of cell mechanics, cell-cell interactions, and proliferation on epithelial packing[END_REF][START_REF] Staple | Mechanics and remodelling of cell packings in epithelia[END_REF][START_REF] Atia | Geometric constraints during epithelial jamming[END_REF][START_REF] Bertet | Myosin-dependent 373 junction remodelling controls planar cell intercalation 374 and axis elongation[END_REF]. Cellular dynamic processes, like division and apoptosis, can rearrange cell neighbors. T1-transitions -the exchange of neighbors without altering the cell number -is another ubiquitous mechanism of cell rearrangements [START_REF] Honda | Cell move-376 ments in a living mammalian tissue: Long-term observa-377 tion of individual cells in wounded corneal endothelia of 378 cats[END_REF][START_REF] Fletcher | Vertex models of epithelial morphogenesis[END_REF]. T1 transitions are important in mediating planar tissue dynamics. For example, oriented T1 transitions can lead to tissue elongation or flow [START_REF] Bertet | Myosin-dependent 373 junction remodelling controls planar cell intercalation 374 and axis elongation[END_REF][START_REF] Honda | Two different 383 mechanisms of planar cell intercalation leading to tissue 384 elongation[END_REF][START_REF] Sato | Left-right asymmetric cell inter-387 calation drives directional collective cell movement in ep-388 ithelial morphogenesis[END_REF][START_REF] Hiraiwa | Wave propaga-391 tion of junctional remodeling in collective cell movement 392 of epithelial tissue: Numerical simulation study[END_REF], and the energetic barriers for T1 transitions to occur can dictate tissue fluidity/solidity [START_REF] Staple | Mechanics and remodelling of cell packings in epithelia[END_REF][START_REF] Bi | A 395 density-independent rigidity transition in biological tis-396 sues[END_REF][START_REF] Bi | 398 Motility-driven glass and jamming transitions in biolog-399 ical tissues[END_REF][START_REF] Krajnc | Fluidiza-401 tion of epithelial sheets by active cell rearrangements[END_REF].

For a cell monolayer under 3D geometric constraint, cells can undergo apical-basal T1 (AB-T1) transitions (Fig. 1A,top). Different from the planar and dynamic T1-transitions described above, AB-T1 transitions are a static exchange of neighbors from the apical to basal layers of the cell. Such a 3D cellular arrangement, termed as a scutoid in the context of epithelial tissues [START_REF] Gómez-Gálvez | Scutoids are a geometrical solution to 407 three-dimensional packing of epithelia[END_REF][START_REF] Blanchard | A 3d cell shape that enables tube formation[END_REF][START_REF] Gómez-Gálvez | The complex threedimensional organization of epithelial tissues[END_REF] (Fig. 1A), has been observed in foams [START_REF] Matzke | The three-dimensional shape of epidermal cells of the apical meristem of anacharis densa (elodea)[END_REF][START_REF] Mughal | Demonstration and interpretation of 'scutoid' cells formed in a quasi-2d soap froth[END_REF] and biological systems with curved surfaces [START_REF] Rupprecht | Geometric constraints alter cell arrangements within curved epithelial tissues[END_REF][START_REF] Sanchez-Corrales | Radially patterned cell behaviours during tube budding from an epithelium[END_REF][START_REF] Nelson | Epithelial packing: even the best of friends must part[END_REF][START_REF] Perez-Vale | Orchestrating morphogenesis: building the body plan by cell shape changes and movements[END_REF][START_REF] Pérez-González | Mechanical compartmentalization of the intestinal organoid enables crypt folding and collective cell migration[END_REF].

Tissue curvature is proposed to be pivotal in inducing AB-T1 transitions.

In the ellipsoidal early Drosophila embryo, AB-T1 transitions appear most frequently around 20-50µm from the embryo head, a region with low curvature anisotropy but large tilt of cell lateral membranes [START_REF] Rupprecht | Geometric constraints alter cell arrangements within curved epithelial tissues[END_REF] (Fig. 1A). During salivary gland formation in the Drosophila embryo, AB-T1 transitions occur at maximal curvature anisotropy [START_REF] Gómez-Gálvez | Scutoids are a geometrical solution to 407 three-dimensional packing of epithelia[END_REF]. Models have been proposed for cell packing in these specific cases [START_REF] Gómez-Gálvez | Scutoids are a geometrical solution to 407 three-dimensional packing of epithelia[END_REF][START_REF] Rupprecht | Geometric constraints alter cell arrangements within curved epithelial tissues[END_REF],

but there is currently no consensus on how curvature induces AB-T1 transitions.

lateral tilt  () scutoids() 1). (D) Force balance of a curved layer under axisymmetric loads: (left) at the meridional cut (red dashed ring) and (right) along the normal direction of the element surface dA(ϕ, θ). (E) A meridional cross section view of a two-layered prolate ellipse. The black tilted line is the tilted lateral membrane, with the basal end at s and the apical end at s , with the tilt angle φ and apical-basal distance e at s. The orange curves are the accumulated cell number from the head to s at the basal side; the skyblue curve is the accumulated cell number from the head to s at the apical side.

which can be decomposed into a normal part σ N (positive pointing outward) and a tangential part along the meridian σ T (positive pointing to the head) and hence the in-plane shear σ θϕ ≈ 0. The meridional stress σ ϕϕ at any local cut (red ring in Fig. 1D) is balanced in the polar direction by the accumulated force over the revolved surface as:

σ ϕϕ 2πrδsinϕ = ˆs(ϕ) 0 σ N cosϕ + σ T sinϕ 2πrds, ( 1 
)
where δ is the thickness of cell membrane, r is the distance to the polar axis from the local surface dA (Fig. 1D) and ds is the meridional arc length; See Supplemental Material (Supp. Mat.) at []) for the derivations of force balance. The circumferential stress σ θθ is derived from force balance along the normal direction of the surface:

C ϕϕ σ ϕϕ + C θθ σ θθ = σ N δ , (2) 
where C ϕϕ and C θθ are the principal curvatures along the meridional and circumferential direction, respectively.

AB-T1 transitions:

The stresses in apical or basal layers can induce cell shape changes and cell intercalations. Here, we assume that prior to any applied external load, cells are relaxed to isotropic shapes without any deviatoric strain. AB-T1 transitions will take place most frequently when the apical and basal sides of a cell have oppositely directed deviatoric stresses [START_REF] Duclut | Nonlinear rheology of cellular networks[END_REF] under external loading. In the absence of shear components σ ϕθ , we can define a measure for AB-T1 transitions, γ, as propor-116 tional to the difference of the deviatoric strain between 117 the apical and basal sides: system, the cells are observed to tilt (Fig. 1A). The pro-143 file of external load σ T , σ N is affected by tilt of lateral 144 membranes. We next investigated cell tilting within our 145 model and explain its role in inducing AB-T1 transitions.

118 γ = σ a ϕϕ -σ a θθ µ a - σ b ϕϕ -σ b θθ µ b , (3) 
146

The tilted lateral membrane leans to the head by a 147 small angle φ away from the normal direction (illustrated 148 in Fig. 1E) as

149 tanφ(s) ∼ ∆s e(s) ∼ N a (s) -N b (s) 2πr a (s)e(s)ρ a (s) , (4) 
where ∆s is the distance between the apical projection 

φ(s) = φ * (s)(1 -k), ( 5 
)
169
where k 1 is the ratio of tension strength between the 170 lateral and apical/basal layers; φ * is the tilt in the limit 171 of zero lateral tension, depending on the curvature as:

tanφ * (s) ∼ N b (s)(N total -N b (s) H(s 1 ) -H(s 2 ) πr a (s)ρ b (s)N total , (6) 
where H(s 1 ) and H(s 2 ) are the mean curvature weighted tilted lateral membranes:

σ a T = T sinφ, σ a N = T cosφ, σ b T = -T sinφ, σ b N = -T cosφ.
The magnitude of σ θθ and σ ϕϕ grows from the head to ences across the cell along the apical-basal axis (Fig. 3D).
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The tissue height follows Eq. 7. The apical and basal geometries [START_REF] Gómez-Gálvez | Scutoids are a geometrical solution to 407 three-dimensional packing of epithelia[END_REF][START_REF] Rupprecht | Geometric constraints alter cell arrangements within curved epithelial tissues[END_REF].
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The lateral membranes play an essential role in balanc-
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ing stress across the cell, thereby regulating cell shape.
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In particular, lateral membranes with low contractility Though we have focused on a prolate geometry with simple external loads, our formalism can be generalized to a diverse range of tissue geometries observed in vivo.

We expect tilt to occur at the steepest curvature gradient, even for non-axisymmetric and non-closed surface geometries; e.g. the brain and gut. We can also explore the role of in-plane shear and bending within this theoretical framework. Internal cell strain, which is likely significant during cellular process such as cell division [START_REF] Gomez | and 454 D. Iber, 3d cell neighbour dynamics in growing pseudos-455 tratified epithelia[END_REF],

can also be considered as a source of external loading.

Finally, transient and reversible AB-T1 transitions have been observed [START_REF] Martin | Apical constriction: 457 themes and variations on a cellular mechanism driving 458 morphogenesis[END_REF][START_REF] Sun | Basolateral protrusion and apical 461 contraction cooperatively drive drosophila germ-band ex-462 tension[END_REF]; the dynamic aspect of AB-T1 transitions may be relevant to the mechanism of T1 tran-sitions [START_REF] Krajnc | Fluidiza-401 tion of epithelial sheets by active cell rearrangements[END_REF][START_REF] Duclut | Nonlinear rheology of cellular networks[END_REF] and their contributions to processes like
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 1 FIG. 1. The effect of curvature on cell packing and cellular forces. (A) Top: Scutoid geometry in epithelial tissues; point Q is the additional point shared by two columnar cells. The AB-T1 transition occurs at the edges highlighted in thick brown, leading to the exchange of neighbor pair from 1-4 (apical) to 2-3 (basal). Bottom: Tilt angle of lateral membrane (yellow) and percentage of scutoids (pink) peak near the head of a wild type Drosophila embryo, adapted from [29] under a Creative Commons License. (B) Two-layered model for curved epithelia on an axisymmetric object and the coordinates for a any local surface dA; (C) Graphical representation of the stress tensor decomposition, Eq. (1). (D) Force balance of a curved layer under axisymmetric loads: (left) at the meridional cut (red dashed ring) and (right) along the normal direction of the element surface dA(ϕ, θ). (E) A meridional cross section view of a two-layered prolate ellipse. The black tilted line is the tilted lateral membrane, with the basal end at s and the apical end at s , with the tilt angle φ and apical-basal distance e at s. The orange curves are the accumulated cell number from the head to s at the basal side; the skyblue curve is the accumulated cell number from the head to s at the apical side.
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 302 FIG. 2. The lateral tilt angle in the zero-lateral-tension limit, Eq. 6, as a function of the distance to the head along the polar direction d = z/a (Fig. 1E) (A) under varying inverse aspect ratio b/a at ε/a = 0.05, β = 0; (B) under varying thickness modulation β at ε/a = 0.01, b/a = 0.4. Experimental data is shown for the cell tilt angle in the early Drosophila embryo (b/a ∼ 0.4, β ∼ 0.5), with s.d., by grey dots (data from [29]).

  151 of s and the apical end of the tilted lateral membrane s ; 152 e(s) is the distance between the apical and basal layer; 153 ρ a,b (s) is the cell density; r a,b (s) is the distance from 154 s to the polar axis; N a,b (s) = ´s 0 ρ a,b dA a,b are the ac-155 cumulated number of cells from the head apex to the 156 coordinate s on the apical and basal sides, respectively. 157 Although Fig. 1E is illustrated for an prolate ellipsoid, 158 Eq. 4 works for any arbitrary axisymmetric shape. 159 160 The distribution of ρ a,b (s) and e(s) are interdependent, 161 as a consequence of minimizing the system free energy 162 including the contributions from cell lateral membranes 163 (See Supp. Mat. G). If the lateral membrane tensions 164 are weak compared with the apical and basal cell layers, 165 the apico-to-basal density ratio ρ a (s)/ρ b (s) converges to 166 a space-independent constant (Supp. Mat. D). In this 167 limit, the tilt angle 168
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  by cell numbers in a range of 0 < s 1 < s and s < s 2 < s 0 , 175 respectively (s 0 is the half meridian). For a convex ob-176 ject, a large gradient of H(s) corresponds to a large mag-177 nitude of φ * at s, with the corresponding tilt direction to-178 wards the region of higher positive curvature (See Supp. 179 Mat. D for the derivations). 180 Conversely, if lateral membranes are extremely rigid, 181 the lateral membrane tends to stand perpendicular to the 182 surfaces, and ρ a (s)/ρ b (s) equals inverse apico-to-basal 183 area ratio dA b (s)/dA a (s), hence the tilt vanishes (Supp. 184 Mat. F). To further simply the model, we show that the 185 effect of any cell density inhomogeneity on cell tilt is 186 negligible if cell density changes along the surface more 187 slowly than the curvature does (See Supp. Mat. E for 188 the analysis). We henceforth set a homogeneous density 189 ρ a,b (s) = ρ a,b 0 . 190 Ellipsoid case: We now apply this formalism to a 191 prolate ellipsoidal geometry as shown in Fig. 1E. It has 192 a major half axis a and minor half axis b (see Supp.
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 14 FIG. 3. AB-T1 transition rate γ calculated for a prolate ellipsoid with b/a = 0.4. (A) A schematic illustration of the system under tensile lateral stress T with a constant tissue height ε = 0.05a for panel B and C; (B) In plane, apical and basal stress components normalized by T a/δ as a function of the distance to the head. Left: T perpendicular to the layer (hydrostatic); right: T along tilted lateral membranes. The cyan and magenta curves stand for a sphere (a = b). The tensile stresses have a positive sign (apical,blue) and contractile stress has a negative sign (basal, yellow). (C) The correspondent AB-T1 rate γ for the prolate ellipsoid. (D) A schematic tissue setting under the external loads with pressures and inhomogeneous tissue height (Eq. 7). (E) Profile of the AB-T1 measure, γ, with varying apical pressure difference ∆Π a and with basal pressure difference ∆Π b = 0. Left: the tissue height modulation rate β = 0; right: β = 0.4. Black dots indicate the peak, where the absolute AB-T1 measure |γ| reaches the maximum. (F) The phase diagram for the peakiness of γ, which is calculated as sign(γ peak ) × ||γ peak | -|γ trunk ||. Left: β = 0; right: ∆Π b = 0. The size of the scattered square is ∝ (1 -d peak ) 2 , so positions closer to the head (d = 0) are represented by larger squares. The grey contours separate the trunk (d peak > 0.5) and the head (d peak < 0.5) regions.
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  the trunk in different manners, depending on whether T 224 is perpendicular to the shells (hydrostatic) or T along 225 the tilted lateral membranes. The resultant AB-T1 transition rate, calculated through Eq. 3, flips its sign with or 227 without the tilt (Fig. 3C). However, this qualitative dif-228 ference will vanish when the surface approaches a sphere 229 (a/b = 1) (Fig. 3B; cyan and magenta lines), leading 230 to no AB-T1 transition at all locations (Fig. 3C; black 231 line). 2 Next, we discuss results with pressure differ-232
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  membranes are subject to pressure from: the outside 235 P out ; from the internal cavity (e.g. yolk or luminal pres-236 sure) P in ; and inside the tissue P T . The pressure dif-237 ferences at the apical and basal surfaces are given by 238 ∆Π a = P T -P out and ∆Π b = P in -P T respectively, 239 with positive ∆Π pointing towards the outside. Before 240 applying external load, we assume cells have relaxed to 241 their preferred cell shape with no internal strain. The 242 external normal and tangential loads on the apical and 243 basal side are σ (a) N = ∆Π + T cosφ, σ (a) T = ∆Π + T sinφ, 244 σ (b) N = ∆Π + T cosφ and σ (b) T = ∆Π -T sinφ.
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  The system dominated by pressure (∆Π/T → ∞) cor-246 responds to a hydrostatic limit, Fig.3B(left). In this 247 limit, the profiles of stresses and the consequent spatial 248 distribution of AB-T1 transition frequency do not qual-249 itatively depend on the pressure differences or the cell 250 height profile (See Supp. Mat. C for the derivations). In 251 contrast, strikingly, when the pressure difference is com-252 parable with lateral stress (∆Π ∼ T ), γ is sensitive to 253 the two pressure differences and β, Fig. 3E. ∆Π can be 254 negative (pointing inwards), thus the normal component 255 of lateral tension T can be partly balanced by this pres-256 sure and σ T /σ N becomes much larger as if the cells tilt 257 more significantly. When ∆Π a /T shifts sign from nega-258 tive to positive, at the trunk (d = 1) γ becomes negative, 259 altering the orientation of AB-T1 transitions. 260 To capture the key features of the distribution of γ, 261 we define the peak of γ as where γ peak is the maximal 262 value of |γ| (Fig. 3E) and its value at peak (referred here 263 as the peakiness) as sign(γ peak ) × ||γ peak | -|γ trunk ||. Ac-264 cordingly, we can construct a phase diagram of AB-T1 265 transitions, using the position of the peak and peakiness 266 as the order parameters, Fig. 3F. We show the diagram 267 in the ∆Π a -∆Π b space for β = 0 (left) and in the space 268 of β-∆Π a /T with ∆Π b = 0 (right). The peak in the ten-269 dency of AB-T1 transition switches from trunk to head 270 beyond a critical line β(∆Π) (Fig. 3F). From these phase 271 diagrams, we can estimate mechanical properties (e.g. 272 pressure, lateral tension, or possible external loads) from 273 the geometric cell profiles (e.g. cell tilt, cell height and 274 AB-T1 locations/orientations). 275 Conclusions: We have proposed a model for the on-276 set of cellular tilt within a curved monolayer. We find 277 that the interplay between the lateral cell-cell tension 278 and the cellular tilt leads to a shift in the location at 279 which we expect the number of neighbor rearrangements 280 to be maximal. Our formalism provides predictions for 281 the location of AB-T1 transitions in several geometries 282 that are echoed by experimental observations in various 283
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  lead to cell tilting, which cooperates with pressure and 288 tissue thickness to result in a rich phase diagram for the 289 tendency of AB-T1 transitions to occur. If the lateral 290 membranes are sufficiently stiff, then the tilt of lateral 291 membranes is suppressed and AB-T1 transitions occur 292 at regions with large curvature anisotropy, following the 293 model prediction in the hydrostatic limit.
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