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Abstract

We study Janossy densities of a randomly thinned Airy kernel determinantal point process.
We prove that they can be expressed in terms of solutions to the Stark and cylindrical Korteweg—
de Vries equations; these solutions are Darboux tranformations of the simpler ones related to the
gap probability of the same thinned Airy point process. Moreover, we prove that the associated
wave functions satisfy a variation of Amir—-Corwin—Quastel’s integro-differential Painlevé IT equa-
tion. Finally, we derive tail asymptotics for the relevant solutions to the cylindrical Korteweg—
de Vries equation and show that they decompose asymptotically into a superposition of simpler
solutions.

AMS SuBJECT CLASSIFICATION (2020): 35Q53, 60G55, 41A60
KEYwoORDS: cKdV, Darboux transformations, Janossy densities, Riemann—Hilbert problems

1 Introduction

The cylindrical Korteweg—de Vries equation admits a family of solutions which are expressed in
terms of Fredholm determinants involving the Airy kernel operator [41, 42, 14]. These solutions
have an interesting probabilistic interpretation, as they are gap probabilities for random thinnings
of the Airy point process [14], and they are therefore connected to important problems in integrable
probability, such as the extreme value statistics of finite temperature free fermions [31, 37, 38, 35],
the distribution of the narrow wedge solution of the Kardar-Parisi—Zhang equation [36, 43, 2|, the
edge eigenvalue statistics in the complex elliptic Ginibre Ensemble at weak non-Hermiticity [9], and
multiplicative statistics of Hermitian random matrices [21].

In this work, we show that Darboux transformations of such solutions also enjoy a probabilistic
interpretation: they are Janossy densities of random thinnings of the Airy point process. We in-
vestigate the integrable structure of these solutions, and show how they are connected to the Stark
equation and to an integro-differential Painlevé II equation. In this way, we reveal a remarkable
connection between the Airy point process and scattering theory for solutions of the cylindrical
Korteweg—de Vries equation. Moreover, we show that their tail asymptotics can be described as a
superposition of simpler solutions. This soliton-like behavior finds its origin in the fact that certain
conditional ensembles related to the Airy point process decorrelate asymptotically.

To set the ground and give motivation for this work, we start by recalling results about the
Fredholm determinant
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where 0 : R — [0, 1] is a function satisfying Assumption A below, s € R, and

PR,y An) o= det (KA, M) 1<iin (1.2)
with KA the Airy kernel
. too , Ai( M)A () — Ai'(V)Ai(p
KM\, ) :—/0 Ai(A + n)Ai(p +n)dn = ) (HA)_M (AKX ), (1.3)

Ai and Ai’ being the Airy function and its derivative, respectively. We will consider functions o
satisfying the following properties.

Assumption A. The function o : R — [0,1] is smooth and there exists k > 0 such that o(\) =
O(|)\|_%_“) as A\ — —oo.

Remark 1.1. For j,(s) to be well defined, we need the trace condition [p o(A\)KA (X, A)dA < oco.
The decay in Assumption A is slightly stronger than this requirement. This will allow us to control
the s — +o00 behavior of certain objects, see in particular Section 3.3.

As we shall prove in Lemma 2.1, it follows from Assumption A that 0 < j,(s) <1 for all s € R.
Moreover, as proved in [1, 7, 8, 14], introducing

Vo (s) := 02 log j,(s), (1.4)

one has
do(X)

vg(s):—/Rgoa()\;s)za’()\)d/\, o'(\) = T (1.5)

where ¢, ();s) solves the Stark equation (02 + 2v,(s) —s) p(X;s) = Ap(A;s)'. More precisely,
©o(A; 8) is the unique solution to the Stark boundary value problem

(92 + 205(5) — 8)@o(Ni 8) = Apa(N; 8), ©o(A;s) ~ Ai(A+5), s — +o0. (1.6)

(See Proposition 3.10 for the proof of the boundary values under our current assumptions on o). In
particular, it follows by combining (1.5) and (1.6) that ¢, solves the integro-differential Painlevé 11
equation of Amir, Corwin, and Quastel [1]

2 .S) = S ) 20'/ .S). .
300 (N:5) (A+ +2 [ ol (u)@)%(& ) (L7

It is worth observing that the relation (1.5) is the analogue, for potentials with linear background,
of the classical Trace Formula obtained by Deift and Trubowitz |20, Equation (1)g, page 183] in
scattering theory for the Schrédinger equation for potentials with zero background.

A one-parameter family of isospectral deformations of (1.6) can be constructed as follows. Let
T > 0 and introduce

where

for a shifted and dilated Airy kernel

K&p(\ p) = T3 KMT 5(A+ X), T3 (u+ X)). (1.10)

'The Stark equation is nothing else than the Schrodinger equation (92 + 2u(s)) ¢(A;s) = Ap(); s), for a potential
u(s) = vy (s) — s/2 with linear background —s/2.
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It is readily checked that J,(X,T) = jg(XT_%), where o(\) := o(T'3\), implying that
Vo (X,T) i= 0% log J,(X,T) = T 3v5(XT"3) (1.11)
satisfies

Vo (X,T) = —T—%/@,(A;X, T)%5" (A)dA (1.12)
R

in terms of the function p,(\; X,T) = T_%gpg()\T_%;XT_%). The latter is also equivalently
characterized as the unique solution to the boundary value problem

{wg(A;X,T) =G, (X, T), (113

Po(M X, T) ~ T™ 2 AT 5(A+ X)), X — 4o,

where .Z := T 0% +2T V,(X,T)—X. Moreover, it is proved in [14, Theorem 1.3] that V = V,(X,T)
solves the cylindrical Korteweg—de Vries (cKdV) equation
IV 4+ — OV 4 VOV + —V = 0 (1.14)
TR Xt T ‘

More preciselyi the Vari?bles x € R,t > 0 of loc. cit. are related to X € R,T > 0 of this paper
as = —XT72,t="T 2, such that the KdV equation for u = u(z,t)

1
8tu+68§u+2u8xu =0 (1.15)
[14, equation (1.7)] is equivalent to the cKdV equation (1.14) for the function
1
V(X,T):=T 'u(z = —XT 2,t =T 2) +§XT_1. (1.16)

In the language of integrable PDEs, this implies that the Fredholm determinant J,(X,T) is a tau
function of the cKdV equation. In particular, J = J,(X,T') solves the bilinear form of the cKdV
equation

1 1 1 1
OxJ OrJ = J Ox0rJ — (0%J)% + §8XJ8§(J T Jo%J — o7 7 OxJ = 0. (1.17)

The direct and inverse scattering transform for the cKdV equation has been established in [44, 45,
28, 29] for smooth and decaying initial data.

Example 1.2. The simplest situation occurs when o = 0. Then,
(X, T)=1,  Vo(X,T)=0,  ¢o(\X,T)=Ai(T 3(A+ X)). (1.18)

Example 1.3. The funcltion 0 = 1 1) does not satisfy Assumption A, bul it is nevertheless an
instructive degenerate situation. (The present setting could be extended to include such case, cf.
Remark 1.8 and Section 3.8.) The integro-differential Painlevé I equation reduces to the Painlevé
II equation, and (1.5) is the celebrated Tracy—Widom formula. The cKdV tau function and solution
are given by

1 2 1
Tty (X, T) = Fow(XT75), Vi (X, T) = =T S yun(XT5)?, (1.19)

where Fpw is the Tracy—Widom distribution [48] and ymwm is the Hastings—McLeod solution to
Painlevé 11 [25]. The asymptotics of the Hastings—McLeod solution imply that (see Figure 1)

lxp-1 XT™3 = —o00
2 ) b

1.20
—T EAI(XT 3), XT3 — 4oc. (1.20)

V1(0’+OQ>(X, T) ~ {



Figure 1: The solution Vi, , (X,T) as a function of X for some values of T'.

Remark 1.4. The KdV and cKdV equations, (1.15) and (1.14), respectively, are completely equiva-
lent from an algebraic point of view, since the transformation (1.16) defines a one-to-one correspon-
dence of solutions. On the other hand, this correspondence drastically changes the analytic properties
of solutions; e.g., if V' is bounded then u is not, and vice versa. In view of the analytic properties of
the solutions under consideration, we find it more natural to work with the cKdV equation; moreover,
the relevant Riemann—Hilbert problem in our analysis formally matches with the one for the inverse
scattering theory of the cKdV of Its and Sukhanov [28, 29], cf. Section 3.5.

To explain the probabilistic meaning of these cKdV solutions, let the shifted and dilated Airy
point process be the determinantal point process [47| on the real line induced by the correlation
kernel K QTT given in (1.10). Equivalently, it is the probability distribution (parametrically depending
on X € R, T > 0) on the space of locally finite configurations of points on the real line characterized
by its m-point correlation functions pé&T;m defined in (1.9). More explicitly, this means that for all

disjoint Borel sets Bi,..., By C R and for all integers kq,..., k¢ > 1 summing up to Z§:1

the expected number of m-tuples of points in a random configuration of which k; lie in By, ks in
BQ, ceey 18

k:j:m,

1 / A
- P Oy Am) A - A, (1.21)
kil k! B]f1><~-~><Blk£ X, T (

Then, the relation to the cKdV tau functions J,(X,T) is expressed by the identity

J,(X, T)=E [H(1 — o(Aj))] (1.22)

J=1

where the expectation on the right involves the particles Ay > Ao > -+ of the shifted and dilated
Airy process. (It is well-known that the Airy process has almost surely infinitely many particles
and a largest particle, see Remark 2.2.) The identity (1.22) follows from the general theory of
determinantal point processes, cf. [5, eq. (11.2.4)].

The o-thinned shifted and dilated Airy point process is obtained from the shifted and dilated Airy
point process by removing each particle in a configuration independently with (position-dependent)
probability 1 — o, thus retaining it with probability o. This point process is also determinantal, with
a correlation kernel given by /o (A\) K, (\, u)\/o(p), cf. [34, eq (2.5)]; it follows that J,(X,T) is
the gap probability of the o-thinned proéess, i.e., the probability that a random point configuration
in this process is empty. Moreover, if o : R — [0, 1] decays sufficiently fast at —oo (for instance, if
it satisfies Assumption A) the o-thinned shifted and dilated Airy point process has almost surely a
finite number of particles (Remark 2.2). In such a case, we can define the global Jdnossy density of
order m > 0, denoted J,(X,T|v1,...,vn). These quantities are characterized by the property that

for all disjoint Borel subsets Bi,...,B; C R such that I_Iglej = R and all integers ki,...,ky > 1

4

summing up to Ej:l k; = m, the probability that a configuration in the o-thinned shifted and



dilated Airy point process contains exactly m particles, of which ki lie in By, ko in B, ..., is

1 m
M/Bflx..‘xBlké JU(X7T‘I/17...,Vm)]l;[lU(Vj)dI/j. (1.23)

It is known [47, eq. (1.38)] that Janossy densities can be expressed as

o n

_1)» _

Jo (X, Tty ... V) = Z( n,) / PR Tanem s A v, vm) [[ o () d. (1.24)
n=0 '~ JR" i=1

For brevity, we will collect the distinct real numbers v; into a vector v := (v1,...,v,) and denote

Jo(X,T|v) == J,(X,T|v1,...,vm). To be consistent with the notation previously introduced, we

have J,(X,T) = J,(X,T|0).

As in the case m = 0, it is interesting to study the situation when T is kept constant first.
This is sufficient to disclose the relation to Stark boundary value problems and to a generalized
integro-differential Painlevé 11 equation. In such case, T can be set to 1 without loss of generality
because

Jo(X,Tly) =T 5% J5(XT73,1|T 3v),  &(A) = o(T3\). (1.25)

Accordingly, we will formulate our results in which 7T is constant more concisely in terms of
Jo(slv) == Js(s, 1|v), s € R. (1.26)

Our first result on the integrable structure of the Janossy densities is their expression in terms solely
of the eigenfunctions of the Stark operator.

Theorem 1. Let o satisfy Assumption A and let ¢, (); s) be the unique solution to the Stark boundary
value problem (1.6). For all s € R and all v = (v1,...,vp) with v; # v; for all i # j, we have

Jo(slv) = det (LS (vi, v5)); s Jo (5[0), (1.27)
where
oo 0')\;385 AVIZR-] _as O')\;S AVIZR]
Lg()\,u)_/ o (s ) () dr = £ (A5 8)0spo (1 A)_Mso (As8)eo(p ), (1.98)
and

Jo(s10) :exp(— /S+OO(T—5) </R gog()\;r)Qa’()\)d)\>dr). (1.29)

The proof is given in Section 3.4.

Remark 1.5. The kernel LI(-,-) induces a determinantal point process (depending parametrically
on s € R) which is obtained via a conditioning of the shifted Airy point process, in the following
sense: assign independently to each point X\ in a random configuration mark 1 with probability o(\)
and mark 0 otherwise, then condition the resulting marked shifted Airy point process on the event
that no points have mark 1. The conditional point process obtained in this manner is determinantal,
and has correlation kernel LI(-,-), see Section 2.2 and [17] and [10, 11, 12, 21] for details. The
factorization (1.27) receives an interesting probabilistic interpretation: it is the product of an m-
point correlation function in this conditional determinantal point process and of the gap probability
of the o-thinned shifted Airy point process.

Example 1.6. [t is instructive to consider again the case o = 0, in which case po(A;s) = Ai(A+3s),
and so (1.28) reduces to the shifted Airy kernel LO(\, j; s) = KA (A +s, u+5), cf. (1.3). In this sense
we can regard @, as a generalization of the Airy function, and LI as a generalization of the shifted
Airy kernel; it is interesting to check that several properties of the Airy function and the shifted Airy
kernel are preserved by this generalization. See for instance Proposition 3.10 and Corollary 3.11.



Example 1.7. The choice 0 = 1(g o) 15 again not admissible in view of Assumptions A, but with
v, (5) = ¢(0;5)% = —yum(s)?, the degenerate case of (1.5), the Stark boundary value problem (1.6)

still makes sense, and the kernel Li(°’+°°)()\,,u) 1s defined. Moreover, this kernel has appeared in the
soft-to-hard edge transition in random matriz theory [18, Theorem 1.3]. In terms of the notations
used in [18, Theorem 1.3], we have

1
901@,%0) ()\7 S) = _EfO(_Av 5)7
046101 (315) = == (a0(=Xi3) + o) fol =),
and

L (X p) = K™ (20, —pis ). (1.30)

Then we can identify the Stark boundary problem (1.6) with [18, Equations (1.12)-(1.15)]. Further-

more, Ls"* is the kernel of the determinantal point process obtained by conditioning the shifted

Airy point process on absence of particles on (0,00). Recall also that ji, . (s|0) = ji, .. (s) =
Frw(s) is the Tracy-Widom distribution in this case.

Next we give a second expression for the Janossy densities which is more directly parallel to
equations (1.5), (1.6), and (1.7) for the case m = 0. This expression involves eigenfunctions of the
Stark operator with a modified potential.

Theorem II. Let o satisfy Assumption A. For all s € R and all v = (v1,...,vp) with v; # v; for
all i # j, we have

02 log jo (slv) = /%(As ( +Z 1__0% )dA (1.31)

where @, (\; s|v) solves the Stark equation
(92 + 205 (s]1) — 8) o (A; slv) = Ao (A s|v) (1.32)

with potential
vo(s[r) = 8 1og ji (s|v). (1.33)

Moreover, o, (\; s|lv) can be expressed in terms of v, (\; s|0) and Osps(A; s|0) as

©o(A;s0)  LI(A\v1) - LI\ )
Po(vi,sl0)  Li(v,va) - LI(1,vm)
det . . . .
o\Fm, @ Lg ms Lg msy¥Ym
(X sl) = o (Vm, 5|0) LS (Vm, v1) (Vm, Vm) 7 (134)
LS, vn) -0 LE(v1,vm)
det S
Lg(ym»yl) L(ST(Vman)
so that, in particular, s (X, s|lv) has zeros at A =wv1,...,vp,.

The proof is given in Section 3.4. In the case m = 0, the eigenfunctions ¢, (A; s|0) of this theorem
reduce to what we denoted just ¢, (\;s) up to this point; for the sake of clarity, we will from now
on use the notation ¢, (A; s|0). Similarly said for the notation v, (s) = v,(s|0).

In other words, Theorem II states that the Stark equation with potential 92 log j, (s|v) is obtained
by Darbouz transformations (in the original spirit of Darboux [19]) of the Stark equation with
potential 92 log j,(s]0).



Moreover, by the asymptotics p,(; s|0) ~ Ai(A + s) = @o(X; s]0) as s — +0o0, one obtains that
the appropriate boundary condition for the solution to the Stark equation (1.32) is ¢, (A;s|lv) ~
wo()\; s|v) as s — +o00. The function @o(A;s|v) is explicit in terms of the Ai and Ai’ functions,
by (1.34) and L? = KAl

It follows by combining (1.31), (1.32), and (1.33), that ¢, (A; s|v) satisfies a deformation of the
integro-differential Painlevé 11 equation:

00 (s sl) = <A+s+2/% s 5l) ( i2 (1= ol )du)%u s, (135)

=1

A general framework for studying integro-differential equations related to a class of Fredholm deter-
minants was developed in [32].

Remark 1.8. Theorems I and II hold true more generally for oll o satisfying the decay condition
of Assumption A even if they are only piecewise smooth with a finite number of jump singularities.
In this case, one has to add to o'(\)d\ a discrete measure supported at the singularities of o. The
extension to this case can be done following [1/], as we will discuss in Section 3.8.

Remark 1.9. Jdnossy densities in general carry important information about a point process, but
the global Janossy densities of a determinantal point process are only defined if the associated kernel
defines a trace class operator. This is not the case for the Airy kernel operator. To remedy this, one
commonly considers Janossy densities of determinantal point processes restricted to bounded sets B
[6]. It is less customary to consider Jdanossy densities of thinned determinantal point processes, as
we do, but this has the advantage that, for a suitable class of thinning functions o, global Jdnossy
densities exist. In the degenerate case o = 1, we recover the Jdanossy density of the determinantal
point process restricted to the set B.

The description of Janossy densities of determinantal point processes on R, restricted to bounded
intervals B, in terms of solutions to certain differential equations has been recently developed in [40].
The author there proved that for determinantal point processes defined through kernels satisfying the
Tracy-Widom criteria []9], the Tracy—Widom method allows to express not only the gap probability
(as proved in [}9]) but also the Jdnossy densities of the process restricted to a bounded interval
B, in terms of solutions to a system of differential equations in the endpoints of B. For kernels
also enjoying the integrable structure of Its—Izergin—Korepin—Slavnov [27] (e.g., Airy, Bessel, sine
kernels), the gap probability can be characterized by a Riemann—Hilbert (RH) problem. This provides
an alternative approach to study underlying integrable differential equations, and a powerful tool to
tackle their asymptotics. In this work, we extend the RH approach to study Jdanossy densities of the
thinned shifted Airy point process. We are confident that our method can also be applied to other
determinantal point processes with integrable structure, like the ones associated to Bessel and sine
kernels.

To construct a family of solutions to the cKdV equation in terms of the Janossy densities, we
restore the full dependence on X, T and we introduce

Vo(X,T|y) := 0% log J,(X,T|lv), X e€R, T>0. (1.36)

Theorem III. For all o satisfying Assumption A and all v = (v1,...,vp) with v; # vj for all i # j,
the function V.=V (X, T|v) solves the cKdV equation,

1
aTv+—aXv+vaXV+—Tvzo, for all X e R, T > 0. (1.37)

The proof is in Section 3.7, see Corollary 3.13.

Example 1.10. When o = 0 we have jo(s|0) = 1 and LI\, u) = KA\ + s, + s), such that,
according to (1.27),

Jo(slv) = pm (V1 45, v + 9) (1.38)
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Figure 2: First line: 1-soliton cKdV solution Vo(X, T'|v) with v = (—2) as a function of X for various
values of T'. Second line: 2-soliton cKdV solution Vo (X, T'|v) with v = (0,3) as a function of X for
various values of 7T'.

is the m-point correlation function in the shifted Airy ensemble (1.2). The corresponding cKdV tau
function is .
Jo(X,T|v) = det(Ky'p(vi,v))) "

ij=1’

(1.39)

The associated cKdV solution Vo(X, T|v) = 0% log det (K)‘%TT(UZ‘, Vj))zrz.zl is a special case of soliton-
type solution [39], cf. Figure 2, exhibiting right tail decay, and left tail rapid oscillations with decaying
amplitude. It is straightforward to verify, using the asymptotics for the Airy function and its deriva-

tive, that for any Ty > 0,

m 1
WX, Tly) ~ ———, as XT73 — +oo, uniformly for T > Tj. 1.40
Indeed,
KA L 2p-b(xs0)d 273 (X4w)? 1
xr(v,w) ~ e 3 e 3 as XT3 — +oo, T > Ty, (1.41)

8 X

and this allows to prove by induction on m that

: ]. 4m -1 3
Ai m —=TT2X2
det(nyT(Vi, Vj>)i,j:1 ~ We 3 . (142)
Since these asymptotics are moreover valid uniformly for compler X with |arg X| < § and 6 > 0
small, we can differentiate the logarithm of this expression twice which yields (1.40).
Similarly, after straightforward computations involving the asymjlototic behavior of the Airy func-
tion and its derivative, we obtain for the left tail if m =1, as XT3 — —oo, T > T,

Jo(X,T|v) = %\/ |XT_ v (1 - \QT(|X| - V)_% cos [3%(|X| - I/)g:| +0 (X_3T)> ,  (1.43)

Vo(X, Tl) = ——— co {34 (;X—y)3}+0(|X|—3T—%). (1.44)

TIX| cos Nix

Remark 1.11. The function o and the parameters v can be understood as scattering data for the
cKdV solution under consideration. In analogy with [23, 2/], we could interpret o as a function
describing a gas of solitons.

Our final result concerns the asymptotic behavior of the Janossy densities and associated cKdV
solutions when T" — 400, uniformly in X € R. To this end, we formulate some stronger conditions
on the function o, cf. [14, 15].

Assumption B. The function F = ﬁ extends to an entire function. Moreover:



o [ >0 and (log F)" > 0 on the real line;

o F(\) =1+ c e (1 +0(1)) as A » —o00, F(A) = e (1 4+ O(e™)) as A — +oo, for
some c4,cy, e > 0;

e F(\) = O(e“+ReA) g5 Re A — +oo.

In particular, the second assumption implies the strong decay o(\) = ¢_e~°~ 1A (1+0(1)) as A — —oo
and o(A) =1— C#e_wﬂ\(l +0(e™)) as A — +oo (for the same constants cy,c, e > 0).
+

The reader may want to keep in mind the prototype example of an admissible function o given

by o(A) = H%’ such that F(\) =1 + e

Theorem IV. Let v = (v1i,...,vy) with v; # v; for all i # j.
(i) Let o satisfy Assumption A. For any Ty > 0, there exists ¢ > 0 such that

. 1 dm g 31
Jo(X, Tly) = det (KR\r(vi,v)); ', (1 +0(e™ 3)) ~ (8rX)Tme BT (145)
_1 m
Vo (X, Tv) = Vo(X, T|v) + O(e™XT ) ~ - ——, 1.46
a( L) 0( L) ( ) \/ﬁ ( )
uniformly in T > Ty as XT™5 — +o0.
(ii) Let o satisfy Assumption B. For any Ty > 0, we have
LX) ~ 225 x T\@)ﬁé (1.47)
g 9 = T gl o 9 j:1 1 o O'(Vj), .
Vo (X, T|v) = Vo(X,T|0)
b o) - 25 s ) o0,
COS XT)— Vj X, T\Vj s .
X|T = 3T Ts 7 !
uniformly for T > Ty as ﬁZIXI — —o0, where Ax 1, Bx (V) converge to 0 as #Z’IX\ — —00.

Moreover, in the same limit,

o3 4 8 2, 1, 3,1
1ogJa<X,T|@>—pT( La-ois ot Zevle) vo(ixir),
T

+
VXTI = p (1= VT=€) +0 (IX]74T7)
where p = ¢ /7 and & = X/ (pT).

Observe the specific structure of the v;-dependence of the cKdV solution V,(X,T|v) and the
Janossy density J,(X,T|v). For XT3 — +o00, the leading order behaviors of V,(X,T|v) and
Jo(X,T|v) depend on the number of points m but not explicitly on the positions vy, ..., vy. On
the other hand, for ﬁm — —00, the effect of v is more prominent. For J,(X,T|v), it results in
a product of factors depending on v;, while for V,(X,T|v), the presence of v1,...,vp, results in a
superposition of rapidly oscillating terms depending on v;.

It is remarkable that both in the left and right tail asymptotics of V, (X, T|v), we recognize (up
to a sub-leading phase shift in the oscillatory terms) a superposition of m 1-soliton solutions whose
tail asymptotics are described in Example 1.10, in addition to the leading order and v-independent
contribution coming from V, (X, T|0).

For —KTlog? | X| <X <M T%, the vj-dependence is more involved and less explicit, as we will
explain in Section 4.4.



S intermediate regimes ;
superposition of . ; vanishing:
V,(X,T|0) and oscillatory terms “«_ f Vo(X, Ty) ~ —A=

Figure 3: Phase diagram showing the different tail asymptotics for V,(X,T|v), uniform in the
indicated regions for fixed M, K > 0.

Methodology and outline

In Section 2, we will gather several properties and identities for the Janossy densities on which
we will rely later, and we will give a probabilistic interpretation to the kernel L?. Two different
factorizations of the Jénossy densities will be of particular importance.

In Section 3, we will characterize the Janossy densities and other relevant quantities in terms of a
2 x 2 matrix-valued Riemann—Hilbert (RH) problem, by relying on the Its—Izergin—Korepin—Slavnov
method [27]. This RH characterization shows strong similarities with the one from [4] and we give
a detailed comparison with the general methods of op. cit. in Section 3.6. Moreover, we establish
a connection between the RH problem, the Stark boundary value problem (1.6), and the cKdV
equation (1.14). This will enable us to prove Theorem I, Theorem II, and Theorem III.

Section 4 will be devoted to the asymptotic analysis of the RH problem from Section 3. We
will distinguish several regions in the (X, 7)-plane wich will require a different type of asymptotic
analysis, and which lead to the results presented in Theorem IV. In this section, we also use previous
asymptotic results |14, 15] for the case m = 0 in which Janossy densities reduce to gap probabilities.

2 Preliminaries on Janossy densities

In this section, we study in more detail the Janossy densities j,(s|v) introduced in (1.26). The
results could be easily translated into parallel results for J,(X,T|v) by (1.25) and the observation
that o satisfies Assumption A if o does, but we will omit the details for the sake of brevity.

2.1 Operator preliminaries

For a given g € L™(R), let M, be the multiplication operator on L?(R) defined by M, f = gf for
all f € L*(R), and let K21 be the operator acting on L?(R) through the shifted Airy kernel,

(KN = /]R KX mf(mdu, KFO )= KY\+s,p+5),  feL’R),  (21)
with KA1 defined in (1.3). Tt is worth recalling that K2 is an orthogonal projector which can be
represented as AsM1(0,+oo>As where A, is the unitary involution of L?(R) defined by

+0o0 9
(Asf)(A) = AlA+p+8) f(w)dp,  f e LY(R), (2.2)

— 00

where the integral in the right-hand side is taken as an L?-limit of fjﬁo as A — +oo.
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Lemma 2.1. Let o satisfy Assumption A. The operator K := MﬁK?iM\/; is trace class on L*(R)
and

Jo(sl0) = det (1-K2). (2.3

Moreover, 0 < j,(s|0) <1 for all s € R.

We denote the Fredholm determinant of a trace class perturbation of the identity by Lc%%g).
Proof. We have K = HH! where H := M /aAsL(0,4+00)- 1t follows by the asymptotic properties of
the Airy function at +oo that H is Hilbert—Schmidt provided o satisfies Assumption A. Therefore,
K¢ is the composition of two Hilbert—Schmidt operators, hence it is trace class on L?(R). Then, (2.3)
follows by the classical formula for Fredholm determinants of operators with an integral kernel. Next,
since K2 is an orthogonal projector and 0 < o < 1, we have (K2)? < K7 because

(K7)? = M KN MMM 5 <M (KY)PM 5=M K8M 5 =KJ, (2.4)

such that 0 < K7 <1 and so 0 < j,(s|@) < 1. It remains to show that j,(s|0) # 0, or, equivalently,
that 1 is not an eigenvalue of KJ. For, assume f € L?(R) is such that KIf = f. Setting g :=
KM (/o f), we have \/og = f and so, since K21 is an orthogonal projector,

lglle = IK& (Vo fllz < Vo fll2 = loglle. (2.5)

Therefore, since 0 < o < 1, we have (0 — 1)g = 0 almost everywhere on R. Since 0 — 0 at +oo
(cf. Assumption A), g has to vanish on some open set of R. On the other hand, g is the restriction
to the real line of an entire function, as it follows from the fact that Azh is entire for all h with
support bounded below by standard properties of the Airy function. Therefore, g is identically zero,
so is f, and 1 is not an eigenvalue of K7. O

Remark 2.2. M\/g/C?iM\/g acts on L?(R) through the kernel \/o(N)o(u) KM (X + s, u+ s), which
is a correlation kernel for the o-thinned shifted Airy point process. It follows from Lemma 2.1 and
from the general theory of determinantal point processes [47, Theorem /] that the o-thinned shifted
and dilated Airy point process has almost surely a finite number of particles. On the other hand,
since KM is not trace class, the Airy point process has almost surely an infinite number of particles;
it is however trace class once restricted to half-lines (t,+00) so that the Airy point process has almost
surely a largest particle.

2.2 Conditional ensembles

According to Lemma 2.1, the operator 1 — K¢ is invertible, and, therefore, so is 1 — MUICSAi. Thus,
it makes sense to introduce

L7 = KN1 = MK = KN+ KMM (1 - K) 7'M K0 (2.6)

As we shall review below following the Its-Izergin-Korepin-Slavnov method [27], £7 is an integral
kernel operator, whose kernel we denote by L7(-,-). It has been proved by the first two authors
of this paper [17], building on [10, 11, 12|, that this kernel induces a determinantal point process
defined as follows. Consider the shifted Airy process and construct a o-marked point process by
assigning to each point A in a random configuration, independently, a mark 1 with probability o(A)
or a mark 0 with probability 1 — o(A). Conditioning the marked point process on the event that
there are no points with mark 1, it is shown in op. cit. that the resulting conditional ensemble is
determinantal, with correlation kernel with respect to the deformed reference measure (1 — a()\))d)\
given precisely by LI (-, ).

Let us introduce the following notation. Given vectors u = (ug,...,uy) € R™ and w =
(wi,...,w,) €R", introduce the m x n matrix KM (u, w) € R™ ™ with entries
(KM w), ;= KM, wy),  1<i<m, 1<j<n. (27

11



Lemma 2.3. For any vector v = (v1,...,vp), with v; # v; for all i # j, K M(y,v) is positive-
definite.

Proof. According to (1.3) and to (2.7), we can rewrite K2 (v, v) as a Gram matrix

+oo

(Kﬁl(272))i7]’ = 0 Ai(Vi+77+3)Ai(Vj +n+s)dn= <Ai(1/i +')7Ai(1/j + .)>L2(s,+oo)' (2.8)
Hence, it suffices to show that the m vectors Ai(y; + -) € L?(s,+o0), for 1 < i < m, are linearly
independent when the points vq,...,v,, are distinct. In order to obtain a contradiction, let us
assume that the linear span of these m vectors is k-dimensional with k& < m and, without loss of
generality, that Ai(y; 4+ ) for i = 1,...,k form a basis. Then, there exists c1,...,c; € C such that
Ai(vp, +t) = Zle ¢;iAi(v; +t) identically in t. Subtract (¢ + v4,) times this relation from the second
derivative of this relation in t to get, using the Airy equation, 0 = Z;C:l(lji — Um)CiAi(v; +t). Hence
¢; = 0 for all 1 < i < k because v, # v; for all i # m, and so Ai(v,, +t) = 0 identically in ¢, a

contradiction. O

According to Lemma 2.3, for distinct points v4,...,v, € R, collected into a vector v :=
(1,...,Vm), we can introduce the integral kernel operator Hy acting on L?(R) through the ker-
nel

. det K;Al (()\a Z)’ (/‘Lv Z))
B det K‘?l(ﬂv Z)

where the second equality stems from the well-known formula

Al B - .
det (%) =det(D)det (A— BD™'C),  if detD #0, (2.10)

for the determinant of a block matrix with lower-right corner invertible. It follows from the results
in [46] that Hg(A, u) is the kernel of the reduced Palm measure of the shifted Airy process at

= KN p) — KNG KA (v, ) KA (v, ), (2.9)

(distinct) points vy, ..., U, which can be interpreted as the shifted Airy point process conditioned
on configurations containing points at vy, ...,y and then removing the points vy, ..., v, from the
configuration.

2.3 Factorizations of Janossy densities

We can factorize the Janossy densities j,(s|v) in two different ways: the first one utilizes the Palm
kernels Hy, the second one involves the kernels LZ of the conditional ensembles. It is convenient to

introduce notations similar to (2.7) for these kernels, namely, given vectors u = (uq,...,uy) € R™
and w = (wy,...,w,) € R", we introduce matrices LI (u,w) € R™™ and Hg(u,w) € R™*" with
entries

(L3 (w,w)); ; = L3 (ui, wy),  (HE(u,w)),

= HAuwy),  1<i<m, 1<j<n  (211)

’j
Proposition 2.4. For all o satisfying Assumption A and allv = (v1,...,vy) with v; # vj fori # j,
we have the identities

. _ Al o v

Jolsle) = det (KX () det (1-MsHEM ), (2.12)
. _ o _ Ai — o :

Jolslu) = det (L7 (1)) det (1= MGKEM z) = det (L (v,2)) Jo(sl0). (2.13)

Proof. We start by rewriting (1.24):

ool = S S [ den (55 (0v), ) [T oA,

n!
n>0 i=1

= det (KM (v i — (H:(x,A>>f[la<Ai>dAZ-, (2.14)
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where we denote A = (A1,..., ), (A, v) = (A1,..., An, V1, .., Vp), and we manipulate the determi-
nant of block matrices using (2.10) and Lemma 2. 3 as

det (KSAI((A, v), (A, det ( KAI Kﬁlgi’z) )
Al

KAI KAI )

(Kﬁl ) det (KM A) — KN v) KM (v, ) T KM (v, )
(

det (A
K2(v,v)) det (HA(, ). (2.15)

det

Hence, (2.12) is established. Next, let us introduce the operator N := M\/E(K?i — Hs)M /5 such
that
det (1 =M _HEM =) = det (1 —K2) det (1+(1—K2)IN). 2.16
det (1= M HEM ) = det S>L2?R)< F-K9)TW) (210
From (2.9) we know that the kernel of N is N(\, u) = +/o ) KN\ v KM (v, v) P KX (v, ),
such that the kernel of (I — KZ)™'N is

LI ) (KN (v, 0) T KN, 1) /o (w) (2.17)

where L7(-,-) is the kernel of (1 — K7)~*M \/;,IC?i. By the general formula for the Fredholm deter-
minant of a finite-rank perturbation of the identity, cf. 22, Theorem 3.2|, we obtain (I,,, denotes the
m X m identity matrix)

et (14 (1 — K7 )TN = det <Im + KMy, p) ™ / KM (v, \)Vo(\L] (Aw)dA)
R

_ det(KM () + Jp Ki(z, ANVo(NLI(A\v)dX)  det(LI(v,v))

det (KAi(v,v)) det(KAl(Z, V()) )
2.18

where we use the second identity in (2.6). Finally, (2.13) follows from (2.12). O

Remark 2.5. Both factorizations (2.12) and (2.13) have a natural probabilistic interpretation as
products of an m-point correlation function with a gap probability. In the first factorization, we have
the m-point correlation function in the shifted and rescaled Airy point process, multiplied with the gap
probability in the o-thinning of the Palm measure al points vi, ..., vy associated to the shifted and
rescaled Airy point process. In the second factorization, we have the m-point correlation function in
the conditional ensemble associated to the shifted and rescaled Airy point process introduced above,
multiplied with the gap probability in the o-thinning of the thinned shifted and rescaled Airy point
process. In the first factorization, the correlation function is simpler, but the gap probability is on
the other hand simpler in the second factorization.

Using the above result, it is now easy to show that Janossy densities are strictly positive for all
distinct v1, ..., Un.

Proposition 2.6. For all o satisfying Assumption A and allv = (v1, ..., vm) with v; # vj fori # j,
we have det L (v,v) > 0 and j(s|lv) > 0.

Proof. The operator N := M \f(/C —HHM /7 is nonnegative-definite. Indeed, for all ¢ € L?(R),
(No,¢) = b (KX (v,v)) " h >0, (2.19)

where h = [ v/o(A)p(A) K2 (v, A)dA. Hence, we have proved that
=M gHM 7 2>1-K7. (2.20)

Since 1 — K7 is (strictly) positive-definite by Lemma 2.1, the operator 1 — M\/gﬂg./\/l\/g is also
positive-definite, hence invertible. Therefore, j,(s|v) > 0 by Lemma 2.3 and the first factorization
of Janossy densities (2.12), and therefore det(Lg(v,v)) > 0 by the second one (2.13). O
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3 RH characterization of Janossy densities

The aim of the section is to give RH characterizations of Janossy densities, in order to prove Theo-
rems I, IT, and III.

3.1 RH problems

The operator M2 is integrable in the sense of Its-Izergin-Korepin-Slavnov (IIKS) [27], namely
it is a kernel operator whose kernel can be expressed as

f(\; s)h(p; s) L —iAV (A +s) L [(—1Ai(p+s)
e f(\;s) = U(A)( A\t 5) > h(u; s) = ( Ai’(uu—m) > (3.1)

Therefore, according to op. cit., the resolvent operator (1 — M,K2)~1 — 1 can be characterized in
terms of the following RH problem (see proof of Proposition 3.1 below).

RH problem for Y,
(a) Yy(;8): C\ R — C?*2 is analytic for all s € R.
(b) The boundary values of Y,(-;s) are continuous on R and are related by
Yoi(Nis) =Y, _(N\is)(I —2mif(A;s)h' (N;s)),  A€eR, (3.2)

where the subscript + (respectively, —) indicates the boundary value from above (respectively,
below) the real axis.

(c) As A — oo, we have

Yo (As) = I+ % (ﬁ‘; ((Ss)) iﬁfz)) O, (3.3)

for some a,($), By(s), and 14 (s).

The following result has been proven in [14]. For the reader’s convenience, we offer a direct proof
based on the I[TKS method.

Proposition 3.1. The RH problem for Y, has o unique solution for all s € R and we have
Os IOgjcr(SW)) = —ay(s), (3.4)
where oy, is given in (3.3).

Proof. The upshot of ITKS theory |27] is that the RH problem for Y, is uniquely solvable if and only
if 1 — MglC?i is invertible. The latter condition holds true by Lemma 2.1. Moreover, in this case,
the resolvent operator (1 — MyK2)~! — 1 is also an integral operator with kernel

£T (N 9)Y, (A 9)Yy T (s s)h(ps; )

P (3.5)
Therefore, using Jacobi variational formula and the identity
DKM, ) = —Ai(X + s)Ai(p + s), (3.6)
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which follows directly from (1.3), we compute 2 log j,(s/0) as
—tr ((1 = MK I M,0,KC)
(1 = MM = 1) M 0,K80) — tr (M0,K5Y)

= —tr
/ / ETO Y A5 5)Yo (s SIS 9) a9 A+ )+ / o () Ai(u + 5)%d

A—p R
) A s)ET (N s)YT _ . .

= [y [ PODEN Ry )i+ )+ [ (it + 5P

R R K R
D [ G0 =¥ (), (sl )0 A+ )+ [ oAiGu+ 5P

R R

. _ 0
= [ 6.0 st o) () e (37)
where we use the expressions of f,h given in (3.1), and in the equality (%) we use the identity
hiv:s)YET(\: )Y (\:
YUT(M) —J— / ()‘7 S) (/\7 S) o ()‘7 S) d), (38)
R A—p

which follows from the RH problem satisfied by Y, and the Sokhotski-Plemelj formula. Finally,
(3.7) can be simplified by a residue computation:

JACI RN ER ( ) du=1i (zi [0 ) =¥ 3))dﬂ) y
=i (os ¥, >) — —as(s), (39)
using (3.3). | O

Next we consider the following RH problem which depends on s € R and on a finite number of
distinct points vq,..., v, 1 # v; for i # j, as usual collected into the vector v := (v1,...,vy).
When m = 0, condition (c) below is empty.

RH problem for ¥,
(a) Uy(-;sly) : C\ R — C?*2 is analytic for all s € R and all v.

(b) The boundary values of ¥, (+; s|v) are continuous on R\ {v1,...,vn} and are related by
Wy (s sl) = W (A sl) ((1) ! ‘f“)> L ONER A# v v, (3.10)
(¢) Foralli=1,...,m, as A — y; from either side of the real axis we have
U, (A slv)(A— )77 = O(1). (3.11)

(d) As A — oo, we have

i) = 1 (ao(slv)  iro(s|y) 2y ydos e (—3AE-sA% )
U, (N slv) = <I+)\<ipa(5]1/) _qa(s|y)>+0(x )))\ Gel )50y (3.12)

for any 6 € (0, %5). Here we take the principal branches of A% and /\%, analytic in C\ (—o0, 0]
and positive for A > 0, and

I, larg \| < m — 0,

1 0 1 /1 —i
= ) Gi=—1| . ; Cs = 1
73 <O —1> \/§<—1 1> 0 ( ) (1)>, T—0 < argh <.
:F
(3.13)
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Remark 3.2. We shall explain in detail in Section 3.5 the relation of this RH problem with the one
in [29] related to the inverse scattering for the cKdV equation.

Remark 3.3. The solution to this RH problem is unique by a standard argument in RH problems
based on Liouville and Morera theorems. Moreover, as we will show, the solution exists and can be
constructed in terms of the solution to the RH problem for Y, (by an Airy dressing) and of a suitable
matriz-valued rational function (by a Schlesinger transformation [/]).

We first recall the case m = 0, which has already been considered in [14]. To this end we
introduce the Airy model RH problem in the following form.

RH problem for ®4i
(a) @Al is analytic in C\ R.

(b) The boundary values of ®*! are continuous on R and are related by

() = A(N) (é D . AeER. (3.14)

(¢) As A — oo, ®M has the asymptotic behavior

. 7i 3
() = (I +A7! (8 408> + (9()\_2)> PRIl RELiToN (3.15)

for any 0 < 6 < m/2 where G, Cs are given in (3.13) and the branches of AT95 and A2 are as
in (3.12).

The (unique) solution can be expressed in terms of the Airy function as

A'(\) —eF Ai(e 3"\
F(A)  —es All{e™s A) i TmA > 0,
1Ai(\) —ie7s Ai(e™3 )
(
(

—@(

PA(N) = o (3.16)

N (Ai’ A) e s Ail(eN)
— 7

. . 2ix .., 2im , fImA <O0.
A) des Ai(es \)

Proposition 3.4. When m = 0, the RH problem for W, has a unique solution for all s € R which
can written as

is? .
wsll) = (5T ) lusadn (3.17)
where ®M(N) := ®M(\ + 5). Moreover,
2
po(s]0) = as(s) + (3.18)
and the kernel LI(\, 1) of the operator L7 := KM (1 — M,KA)™ can be written as
W (15 510) 0o (s 5|0)
LI(\ 1) = ( )21 (3.19)

2mi(A — p)

Proof. As explained in Remark 3.3, uniqueness of the solution follows from standard arguments, so
it suffices to verify that (3.17) solves the RH problem. Condition (a) is easily checked, while for
condition (b) we use the identity

I—2mif(\s)h' (A;s) = @01 (N) (é L _1”(”> o (N7 (3.20)
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which follows directly from the identities

v = a0 (). hos = - e (), (3.21)

and from condition (b) in the RH problem for ®!. Finally, combining conditions (c) in the RH
problems for Y and ®*, we obtain that as A — oo we have

3
‘7305 (3.22)

Vs = (17 (103068 8D) o) (14 giniges to

and expanding for \ large and s fixed we verify condition (d) in the RH problem for ¥, along with
the claimed relation (3.18). Finally, (3.19) follows directly from the expression (3.5) for the kernel

of (1 — M KM)~1 —1 = M,L7, along with the identities (3.17) and (3.21) O
Proposition 3.5. The RH problem for U, has a unique solution for all s € R and all v =
(1, ..o Um) with v; # vj for i # j, which can be expressed as
U, (A;sly) = M(X; s|lv)¥q(X;s]0), (3.23)
where M is a rational function of X, with poles at X = vy, ..., vy only, given by
m o -1
M(Nsly) =T - Q;Z (L(A_))wm (0 o) v 0sslt) 32

where we use the notation (2.11).

Proof. By the conditions in the RH problem for ¥, it is straightforward to verify that M (\; s|v) :=
U, (X;8|v)W,(A;8/0) 7t is a rational matrix with simple poles at v1, ..., vy, only and M(\;s|ly) — 1
as A — oo. Hence we write

M\, =17 . 2
sly) =1+ Z A - Vj (3.25)
Condition (c) in the RH problem for ¥, then translates to the condition
M(X;slv)Ue(X;s|0) (A —v;)77% =0(1), as A —vj, j=1,...,m, (3.26)

and we claim that this condition uniquely determines the coefficients M;(s|v). Indeed, the expansion
at A — v; of the left-hand side of (3.26) gives

( » Mstole) 5 MBI (- w)) (%(uj;sm)w;(uj;sr@><x—vj>+o<<x—uj>2>)<A—vj>-03
1<Z;<Jm
(3.27)

where U/ (X; s|lv) := 0\Us(A; s|v). Vanishing of singular terms in this Laurent series yields

el wisit) () = (). G2

((I+ 1; J‘ji(;SZ?)qu(yj;s\@) +Mj(s\u)\11’g(uj;s@)> <é> = (8) . (3.29)
P

Equation (3.28) implies existence of a column vector a; = a;(s|v) € C?, for every j = 1,...,m, such
that

M;(slv) = a;(0, 1) ¥, " (v; 5/0). (3.30)
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Plugging (3.30) into (3.29) using (3.19) we get

(0, 1)t (vis s|0) U (v 5]0) ((1)>

1
W, (vj;5(0) <0> + > a —

7 =27ri(L§’(z,z))jﬂ.
—1 / 1 O
a0, 50w 05500 () = () (3.31)

= 27T1(Lf3(z,z))j,j

and so, cf. Proposition 2.6,

1 = o 0 1 _ . 1
U, (vj;s|0) (0> + 2%12ai(Ls (2’5))3',1‘ = <0> = aj= -5~ 2 (L (v, v)™") . Wo(vi;s]0) <0> )
(3.32)
and by (3.30), we finally get (3.24). O
3.2 Stark equation
It is convenient to introduce the following variant of ¥, namely
O, (\; s|v) = (3 Mf'”) e T30, (\; s|v)e” 199 (3.33)

The RH conditions on ¥, imply that ©, is the unique solution to the following RH problem.

RH problem for O,
(a) O,(:;s|v): C\ R — C?*2 is analytic for all s € R and all finite v C R.

(b) The boundary values of ©,(+; s|v) are continuous on R\ v and are related by

Ot (Vs sl1) = B, (A: ) ((1) i ‘1"“))) O ONER A#u e (330)
(¢) Foralli=1,...,m, as A — y; from either side of the real axis we have
Os(N; sl)( N —1v;)7 7% = O(1). (3.35)

(d) As A — oo, we have

O, (\; s|v) = ((1) ﬁ’) <I+ A1 <Z :;) +O(/\‘2)> Ai”3we<§AESA%>U3Cg (3.36)

for any 0 € (0, §); here p = ps(s|v), ¢ = ¢o(s|v), and r = r,(s|v) are the same as in (3.12), Cs
is in (3.13), and the branches of AT9% and Az are taken as in (3.12).

The formula (3.19) is equivalent to

(05 s 510) 105 (A s10),
2(A — ) .

LI ) = (3.37)
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Proposition 3.6. For any A € C\R and for any v = (v1,...,vy) with v; # v; fori # j, O5(X;s|v)
is differentiable in s, and

0,0, (\: s|v) = <(1) At 2031’“(5'”)) 0, (\: sly), (3.39)

where py(s|v) appears in (3.12).

Proof. The differentiability of ©, in s, and the fact (3.36) continues to hold after differentiating
formally in s, can be proved using standard techniques from RH theory, and we refer the reader to
[14, Section 3] for details. The matrix function A(X;s|v) := 950, (\; s|)Os(A; s|v) 71 is entire in A;
indeed it has no jump across the real axis and no singularities at v because of the RH conditions
(b) and (c) for ©,. Moreover, condition (d) in the RH problem for O, implies that

) (0 A+pP+2q+0sp 1 * * g
A()\,8|1/)—<1 0 + A P2+ 0 +O0O(\79), A — 00, (3.39)

where p = ps(s|lv) and ¢ = q,(s|v) are as in (3.36) and x denote expressions which are not relevant
to us now. Since A(\;s|v) is entire, Liouville’s theorem implies that A(\;s|v) coincides with the
linear and constant terms in the Laurent series (3.39) and that higher order terms vanish. This
yields

Po(511)2 + 205 (5]1) = Dupo(5]1), (3.40)

and the proof is complete. O

From equation (3.38) it follows that

oot = v (0 i ) o)

where either f = ¢, (\; s|lv) or f = xs(A; s|v) solves
(ag — 2(8sp0(8|1/))> f=2Af. (3.42)
Proposition 3.7. We have

OsLI (N, 1) = —po (X; 8[0) 0o (15 5(0) (3.43)

Proof. We use (3.37) to compute

. o
Os LI (A, ) = tr O, <90(A’ $|0)E1204(1; 5/0) )

27 (A — )
_ oy A sl0) = A(ps 510)) O (A; 510)E1200 (u; [0) !
N 21(A — )
. . -1
—tr Elgeg()\, S|®)E12@J(M, S‘@) : (3.44)
2T
where we used the cyclic property of the trace and Proposition 3.6 and we denoted
(01 _ (0 XN+ 205p,(s|0)

Finally, it suffices to insert (3.41) into (3.44). O

We can finally characterize the Janossy densities in terms of the RH problem for W,.
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Proposition 3.8. For all s € R and all finite sets v = (v1,...,vy) with v; # v; for all i # j, we

have
52

0s IOng(S‘Z) = Z - pg(S‘Z) (346)

where py(s|v) appears in (3.12).

Proof. Using Proposition 3.5 we get
ipo(slv) — ipe(sl0) = (Mao(s[v)),, (3.47)
where M(X; s|v) = I + A"1ML (s|v) + O(A\72) as A — oo. Using (3.24) we compute

ML (s|v) = 21121:1 (LI(v,v) .,Z\IIJ(VZ';S\@) <8 é) Ut (v;;8(0) (3.48)
and so, using (3.33) and (3.41), we obtain
(M (5lv)),, =i i (L) ™) 00 (Vi3 10) 0o (15 510) (3.49)
ij=1
On the other hand, by (3.43) we have
O logdet LI (v, v) = i (LE(V’V)_l)j,iW == Em: (LI (v,) "), 0 (vis 10) 00 (v53 5(0)
ij=1 ij=1

(3.50)
and the proof now follows from (3.47) because log j,(s|v) = logdet LI (v, v) + log j»(s]0) by (2.13)

and because 2

S10 o (510) = 5~ po(sl0) (351)

by (3.4) and (3.18). O
3.3 Asymptotics as s — +00
The jump matrix of condition (b) in the RH problem for ¥ can be rewritten, thanks to (3.21), as

I—2mif(\;s)h' (\;s) =T+ X(N) (8 ”(OA)) DAL (3.52)

We now show that this jump matrix is close to the identity in the appropriate norms in order to
apply the standard small-norm RH theory [26]. To this end, we introduce the following notation for
a measurable matrix-valued function X : R — C™*™:

1/p
()P
1<i<m, 1<j<n { (/]R [0 du) }  Pelleo)
1 Xl := (3.53)
max {esssup |X”(,u)\} , p = 0.

1<i<m, 1<j<n peR

Lemma 3.9. Let o satisfy Assumption A. Then, with the same k > 0 as in Assumption A, we have
INYAUNCAWIYY
o2 (0 7) @8

Proof. The entries in ®2(\ (

=0(s"), ass— +o0, p=1,2,00. (3.54)

p

are (possibly, up to a sign) o(A\)B(X + s) where

B(}) is one of the functions Ai(\)?, (/\ ) or Ai’"(\)2. By Assumption A, there are A, Cy > 0

such that A < —A implies o(\) < Cy|A |7%7“ Assuming s > 2A, we have, using standard asymptotic
properties of Ai and Ai':

\/
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o for A\ > —s/2, 0(N) < 1and |[BA+s)| < Crexp(—A —s) for some Cy > 0,

o for A< —s/2,0()) < C1|)\|7%7’€ and [B(A+s)| < Cg‘)\‘% for some C3 > 0.

Therefore, as s — 400 we get:

—s/2 +oo
lo(N)BA+s)|1 < / C1C3 A7 tdX + Coe™7%dN\ = O(s™"), (3.55)
—00 —s/2
—s/2 +oo
o +9)||5 < 1C3 TerT + - =0(s "), 3.56
NB(A 2 C103)2| A 7257 2d\ C2e7=%d\ = O(s~ 2!
—00 —s/2
—Kk—1
o + 5)||c < max 1Cs | = ,Coe™ =0(s "), 3.5
N)B(A olte: ; Coe™*/2 % = O(s7#1 7
and the lemma is proved. O

Proposition 3.10. If o satisfies Assumption A, we have

0o(N\;sl0) = AiA+5)(1+0(s727%)), s — 400, (3.58)
forall A e R.
Proof. Rewriting condition (b) in the RH problem for Y as
Vo (s) =Yoo () =000 (7)) @) e, Aer (50)
standard RH theory implies that we can write
1 i 0 o(p)) gaig,\—1_du
Ns) =T+ — [ (Yo_(u;s)—I)dM PA —
Vo) = oo [ (o) = o) (70 ) a2 2
1 Ai 0 o(p)) gai, \—1_dp
P’ ® —_ .
tam Lot (5 79 e (3.60)

Moreover, by Lemma 3.9 and standard small-norm RH theory [?], Y_(-;s) — I is in L? (entry-wise)
for all s € R and satisfies

Yo —(58) — Il =0(s"), s — +o00. (3.61)
By (3.17), (3.33), and (3.41) we have v2mwp,(X;s|0) = i(YU()\;s)@fi()\))m, such that multiply-
ing (3.60) by ®2i(\) and extracting the (2,1)-entry we obtain
1 .
olsll) = A0+ 5) 4~ [ (00050 = D220 () o KE O wan

i 1 i
o / ©0.0820) (§) oEN O dn (3.6

o () omsicon| o (o) omien
2
_l’_

Ai(A + s) Ai(A + s)

Hence, for some C > 0,

Po(Assl0)

‘Ai(A+S) L. (3.63)

1} <c| o 11,

Therefore, denoting A either Ai or Ai’, we need to estimate the LP(R,du)-norm (for p = 1,2) of

KM\, )

a(p) == A(p + S)U(M)m (3.64)

as s — +o00, for fixed \. We can assume s is sufficiently large such that s > 2|A| and Ai(A +s) <
|AT (A + s)].
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e When < —s5/2, we have |A(u + )| = O(|u|3), o(u) = O(|p|~27%), and

KN p) | _ [AT(A+ )| (JAi(p+ s)| + A (p+s)) o 11
AiA+5)| = AN+ s) =/ = Os72{ul®) (3.65)
hence )
a(p) = O(|ul~'7"s™2). (3.66)
e When p > —s/2, we have |A(u+ s)| = O(e™#7%), o(u) = O(1), and
KM p) AN+ oo s
¥ ewe g/s Ao A < [ Ay = 0. (360

Hence ||a|| p1(r) = O(sféf’ﬁ) and ||al| 2Ry = O(s717%), so that resuming from (3.63) we get

‘M - 1’ =O(s"27%), (3.68)
and the proof is complete. O
Corollary 3.11. We have
+o00
ZO = [ ohiriOen i) (369
Proof. Follows directly by integrating (3.43) from s to 400 thanks to (3.58). O

3.4 Proofs of Theorems I and II

Proof of Theorem 1. The first relation (1.27) is nothing else than (2.13).

The first equality in (1.28) is (3.69) while the second one is a rewriting of (3.37) using (3.41).

That ¢, solves the Stark boundary value problem (1.6) with potential v, (s|0) := 92 log j,(s|0)
follows from (3.42), (3.51), and (3.58).

Finally, in order to prove (1.29), we first consider the following chain of equalities, where we use
(3.51) and the asymptotics as s — +o00 of Section 3.3:

+oo +oo +oo
log js(s|0) = —/ Oy log j, (r|0)dr = / (r — 5)021og jo(r|0)dr = / (r — s)vy(r|0)dr.

In the first step we use lim,, o0 jo (1) = lim, o0 det f2(ry (1 — KF) = 1 because KF converges to
the zero operator in trace-norm when s — +o0o. Indeed, K7 is a non-negative trace-class operator
with (jointly) continuous integral kernel so that its trace-norm is

. —s/2 . +oo .
/J(A)K;*I(A,A)cu :/ c(VKXM(,N) d>\+/ c(WKXM(N) = 0(s™) (3.70)
R —00 S —5/2 ————
O(N=1=%) Ty

as s — +00; here we use that as s — +o0o we have o(\) = O()\_%_“) and KM () = O(|/\\%) for
A< —s/2, and o(A) = O(1) and K2(A\ ) = O(exp(—\ — s)) for A > —s/2 (cf. Assumption A).
The identity [ ¢?(A;s|0)do(\) = —v,(s]|0), proved in [14, Proposition 4.1], completes the proof.
This identity also follows by setting v = () in the more general identity (3.77) below, which will be
shown in the proof of Theorem IT by an adaptation of the argument in loc. cit. (and not relying on
the case v = 0)). O
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Proof of Theorem I1. Let us introduce

m

2 sly) = O, (N slEA) ™, €)== [[A - w)- (3.71)
i=1

As it follows from conditions (b) and (c¢) in the RH problem for ©,, Z(\; s|v) is a sectionally analytic
matrix-valued function of A satisfying a jump condition across the real axis of the form

(1 2
= (s sly) = 2 (\; sly) <(1) il ”(Al))f(W) ) . AeR (3.72)
It follows that C'(A;slv) = (O\E(X;s|v))E(N;s|lv)~! is also a sectionally analytic matrix-valued

function of A satisfying a jump condition across the real axis of the form

0 iEAL)?*((1 = o(N)20xlogE(ANr) — o’ (N)) =(xsly)L,
0 0

(3.73)
for all A € R. In the right-hand side of this equation we omit the choice of boundary values for =
as the expression is independent from this choice, as it can be shown by (3.72). It therefore follows

from a contour deformation argument that

Oy (sl) — C_ (s sl) = S sly) (

/ E(A;srw(gifwvf((l—o@%bgw'w—ff’w)zu;surlc“: lim 4 sl (374)
R 1

0 211 R—too Jop
where cp is the clock-wise oriented circle |[\| = R. By the identity
C = (DE)E™! = (0n0,)0; " — (9x10g£)0,030; (3.75)

and the asymptotic relation (3.36) we obtain that, as A — oo uniformly in the complex plane, we
have

(Cxisl)),y =1+ A7 (g - Spg(s\g)> L O\, (3.76)

Here we also use (3.40). Taking the (2,1)-entry of (3.74), we obtain, also using Proposition 3.8,
= [ o sl)? (1 - 9020108 EN) ~ 0'(N) A = i (s1) ~ 5 = ~OFlogn(sl). (377
R

Taking into account that {(Av) = [[%, (A — v4), the identity (3.77) we just proved is (1.31).
Next, the Stark equation (1.32) follows from (3.42) and Proposition 3.8.
Finally, extracting the (2, 1)-entry in (3.23), using (3.24) and (3.41),

i (Lg(ﬂvﬂ)_l)ji

po(Nisly) = (1= Y 0o (v sl0)Dspo (33 510) | o (X;5[0)
ij=1 J

(L2 ()Y,
+ Z(A_,,.j’%(w;slwm(vj;s\@) D500 (X: 5|0)
J

ij=1
= eo(Nisl0) = Y (L)), 00 (vis sIO) LI(A, i)
ij=1
eo(Aisl0)  LI(Av1) -0 LI(A,vm)
1 det 900(7/175‘@) Lg(ylvyl) Lg(yl,um) 378
T detLo(w,v) : ; : ' (3.78)
@U(Vmasw)) Lg(vaVl) LZ(Vme)

where in the second step we use (1.28) and in the third a standard manipulation of the determinant
of a block matrix. Therefore (1.34) holds true and the proof is complete. O
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3.5 Comparison with inverse scattering for the Stark operator

We now comment on the connection between our probabilistic construction based on the o-thinned
(shifted) Airy process and the classical inverse scattering problem for the Stark operator, as described
in [29], see also [44, 45]. The latter can be formulated through the following RH problem, cf. |29,
Definition 2.3].

RH problem for M
(a) M(&): C\R — C?*2 is analytic for all £ € R.
(b) The boundary values of M (-;£) are continuous on R and are related by

M (u;6) = (S(OM) _Sf“)> M_(4;€),  peR (3.79)

(¢) As pu — oo, we have

—wo(§ —p) —wy(§ —p)
wi(§—p)  wi(€—p)

wa(€ — ) w’2<f—u>> o
wo(§ —p) wo(€—p)) ’
(3.80)

) , Imp >0,
M(p;€) = Moo (1:6) (I +0(1)),  Moo(&; 1) :=

where

i

wo(k) == 2ivVTAi(k), wi(k) :=2y/mes Ai(e3 k), wa(k) = 2y/me 5 Ai(e™ 3 k). (3.81)

In (3.79), s(u) = a(,u)(a(u))_l (for p € R), and a(p) is part of the scattering data for the Stark
operator. In particular, cf. |29, Theorem 2.2|, a(u) is analytic and nonzero in the half-plane Im p < 0

and a(p) =1+ o(m\*%) as p — oo within Im g < 0. Then, the matrix

MT(=);s) ( B (O_A) “(_g)_l > Im A > 0,

1 /0 —i
He e V2 <1 0> ’ MT(=X;s) o= ( (1 )—1 , Im\ <0, .
0 a(—M\)

essentially solves the RH problem for U, for o(\) = 1 — |a(—\)| 72 and m = 0, with the caveat that
it only satisfies a slightly weaker normalization at A = oo in which the sub-leading term is just o(1)
rather than O(A™1).

Indeed, the expression in the right-hand side of (3.82) is analytic for A € C\ R by the above
mentioned properties of a, and a direct computation suffices to ascertain that

0 1
: 1 —i , ImA >0,

DM+ 5) = 7 <(1) ol> M (=) s) x (-1 0) o (3.83)

1, Im A\ <0,

such that the normalization at oo of the two RH problems match (up to the order of the sub-
leading contribution, as we already mentioned). Moreover, a direct computation shows that the
jump condition of the RH problem for ¥, is satisfied by the right-hand side of (3.82).

There is however an essential difference between our assumptions on o, and the assumptions
in [29]. Whereas we consider functions o converging to 0 at —oo, but not necessarily converging
to 0 at +oo, cf. Assumption A, it is required in [29, Theorem 2.2(c)] that o(\) = 1 — |a(=\)|72 = 0
as A — £oo. Hence, the class of functions o that we consider, is not included in the class of scattering
data considered by classical inverse scattering theory for the Stark operator.
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3.6 Connection with the theory of Schlesinger transformations [30, 3, 4].

It is also worth to make a comparison of our setting with the general theory of Schlesinger transfor-
mations. For a general RH problem depending on parameters, one can define the Malgrange-Bertola
differential on the space of parameters [3]. The general definition, applied to the RH problem for
L(A;s) := U, (X — s;8|0), specializes to the following one-form in s:

_ dl_(A;s) dJdr(A;s) 4 dA
Q= w(s)d = | tr |[TZH( 7 LI 8) | o= 3.84
s(o)s, wie)i= [ [P0 TEIIE [ 22 s
1 1—-0(A—2y9) . : .
where Jr(A;s) = 0 1 . Using the form of Jr and the jump condition I'y (A\;s) =

I'_(A;8)Jr(A;s), the integrand can be rewritten as

r [r:l(A;S>W (0 A% ‘”)] = gir (r:l(x;s)dgr—w ST S)W)

dA 0 0 d\2 d\2
(3.85)
and hence a residue computation gives
1 PN & MO T A B .
w(s) = D) )\r:ego tr <F (Avs)T - _pa($|®) = 0s IOgJU('S“D)' (3.86)

The logarithmic potential j, of €2 is then termed tau function of the RH problem [3]. Note that a tau
function in this sense is defined only up to a multiplicative (integration) constant. Accordingly, we
can say that the Fredholm determinant j,(s|@) is the tau function associated with the RH problem
for T'(\; s).

Pole insertion in a RH problem (Schlesinger transformation) and its effect on €2 have been studied
in depth in [4] (expanding on [30, 3]) for RH problems with identity normalization at infinity and
insertion of poles off the jump contour. The general results of op. cit. formally match with our
setting. Namely, in our setting we consider the RH problem for I'(\; s|v) := ¥(X — s; s|v) which is
obtained from the one for I' by inserting poles at v; + s such that I'(\; s|v) = (A —v; —5)7730(1) for
i=1,...,m. The characteristic matriz of [4, Definition 2.2|, such that the logarithmic differential
of its determinant expresses the variation between the Malgrange—Bertola differential after pole
insertion |4, Theorem 2.2 part (3)], would reduce in the present setting to

(TN )T (13 8)) 5

d\ = =271 L9 (v, v;), i=1,...,m. 3.87
NS5 w5 Wy prp—_ ML wivi) 4 m. (3.87)

Hence, the above-mentioned [4, Theorem 2.2 part (3)] predicts that the tau function associated
with the RH problem for I'(}; s|v) is (within an absolute multiplicative constant) j,(s|0)) times the
determinant of LI(v,v), i.e. j,(s|v) by (2.12), as we showed in Proposition 3.8.

3.7 Isospectral deformation and cKdV: proof of Theorem III

As explained in Section 1, the connection with the cKdV equation is made by studying the shifted
and dilated Airy kernel

KR\ p) = T3 KN (T—%M +X),T73(u+ X>>, (3.88)

where X € R, T > 0 are parameters. The corresponding Janossy density J,(X,T|v), defined
in (1.24), is recovered from j,(s|lv) by (1.25). In view of Proposition 3.8, we have

X2
, = o — T Sps(XT™5;T 5).  (3.89)

1 1
Ox log JU(X7T|Z) =T"3 0, 10gj5(5|T_§Z) s XT3} = AT

Throughout this section we use the notation g(\) = U(T%A), as in (1.25). Tt is straightforward to
verify by the RH problem for ¥, that the matrix

T, (AN X, Tlw) = T12%05(ANT~3; XT~3|T 3p) (3.90)
is the (unique) solution to the following RH problem.
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RH problem for \/I\/J
(a) \T!U(-;X,T]g) : C\ R — C2*2 is analytic for all X € R, T > 0, and all v.

(b) The boundary values of U,(-; X, T|v) are continuous on R\ {v1,...,vn} and are related by

Ers X T =TT (5 1TTV) aerAZw o
(c) Foralli=1,...,m, as A — y; from either side of the real axis we have
Vo (N X, TI)(A — )% = O(1). (3.92)

(d) As A — oo, we have

1 <Z]\U<X7T|V) ire (X, T|v) —Tié(%/\%-i-)o\%)a?,c(s

~ ) . 1 _9 10_3
\IJJ()\,X,T|V)—<I+ (% Tl0) qu(XjTM)JFO(A ))m Ge
(3.93)

A
for any § € (0, §). Here we take principal branches of the roots of A as explained after (3.12),
and G, Cjs are as in (3.13). Moreover, the coefficients in the sub-leading term are related to
the ones in (3.12) by
v), (X, Tl) = T2rs(XT 5T 50),

G (X, T|v) = T3qs(XT5|T"
3 V). (3.94)

Po(X, T|v) = Tops(XT ™

It is convenient to reformulate (3.89) using (3.94), as
X? 1
Ox log Jo(X,T|v) = T T 2p,(X,T|v). (3.95)

Introduce now, cf. (3.33) and (3.41),

~

O (N X, Tlv) = TTE7 05 (AT ~5; XT 3|7~ 1p)

_ ((1) pff(leT‘”)> eFT, () X, Ty)e T

1 1
T20x3s (N X, Tlv) T320x%e(\: X, T|v)
— o ;s P4 3.96

”( Bo(X X, Tv) R (X X, T) (3.96)

where we define, cf. (3.41),

Pe(X X, Tly) = T 20z(AT"3; XT3|T 50), Xa(X X, Tly) =T 2xz(AT~5; XT73|T 5v).
(3.97)

Proposition 3.12. Let V, (X, T|v) := 0% log J,(X, T|v) and f be in the linear span of p»(\; X, T|v)
and Xo(N; X, T|v). We have the “Laz pair”

ZLf=Mf, A f=0rf, (3.98)
where

1 1 1 1 :
L =T +2TV,(X,Tlv) - X, o := —gaf;‘g = Vo (X, T|)0x = 50x Vo (X, Tlv) + §T*1 — ET*%.
(3.99)
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Proof. Although the first equation .Zf = Af follows directly from (3.42) by using (3.97), it is
convenient to deduce it again; doing so will provide us with additional information useful in the
derivation of the second equation.

We start by noting that the matrix function A(X\; X, T'|v) = (8)(@(,()\; X, T\g))(:)g()\;X,Tw)_l
has no jump across the real axis because the jump condition for (:)g across the real axis does not
depend on X as if follows from (3.96) along with condition (b) in the RH problem for ¥,. Once
more, we refer the reader to [14, Section 3| for the rigorous justification of the differentiability of the
RH solution.

Moreover, it is readily checked, cf. (3.36), that as A — oo we have

Oy (A slv) = <1 ﬁ"(X’T‘”)> <I+ 1 <qu(X’TV) —?U(X7T!V)>

0 1 A\P(X,Tlv) —¢o(X,Tv)
1 1
1 * * 23y ) yosa NTE L) o E (20507 o
+ 3 <ﬁU(X’TV> *>+O()\ )))\ 5 Cs  (3.100)

for any 6 € (0,5). The notations are as in (3.36) but now we also need to explicitly record the
(2, 1)-entry of the second sub-leading term in the asymptotic series, denoted 7.
Next, from (3.100), we deduce that A has an expansion for large A of the form

At <0 A+ D2+ 23, + T§6Xﬁ0>
1 0

1 * *
+)\‘1T‘2<1 e e e 1, A>+O(>\_2).
T20xPs — P2 — 205 T + T + Do + 3Dede — 3720x (P2 + 2q5)

(3.101)
Liouville theorem guarantees then that A is a polynomial in A. Consequently, the higher-order
Laurent coefficient in this expansion must vanish; we do not need the information coming from the
first row (and we have accordingly omitted these terms), while from the second row at order A~ we

obtain

- . 1. L~ 1 ~
By + 200 = T20xBo, o +To + Py + 300y = 5 TOxPo- (3.102)
Summarizing, also thanks to (3.95), we have
SN
A7t ((1) A+2T028ng> _ -1 ((1) )\—2137+X)_ (3.103)

Comparing with (3.96) we obtain £ f = Af whenever f is in the linear span of @y, Xo-

Next, the matrix function B(A; X, T|v) := (070, (\; X, T|g))(:)g()\; X, T|v)~! has no jump across
the real axis because the jump condition for (:)C, across the real axis does not depend on T, and so
B is entire in A. It then follows from an application of Liouville theorem that B is a polynomial in
A. In particular, from (3.100), the (2, 1)-entry of B is expressed as

5 .. 3X i3
3T2By1 = —A+ <p§ + 25, — 2) = XA+ T20xp, — GX = ATV, - X, (3.104)

and, similarly, the (2,2)-entry of B as

1
T
We have used (3.102) and (3.95) to simplify these expressions. Comparing with (3.96), we must have

3 o~ P 1 ~ 1, 3
3I2Byo = — (ng + Ty + Po + Spo—qg) = —§T8§(pg = §T28XVU — (3.105)

Njw

ATV, + X 20xVy =T~
Orf == O T

for f equal to either @, or X,, and hence for any f in their linear span. By the relation £ f = \f
obtained above we can rewrite the last relation by using Adxf = Ox(Zf) which finally yields
orf=49f. O

I (3.106)
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Corollary 3.13. The function V,(X,T|v) := 0% log Jo (X, T|v) satisfies the cKdV equation (1.14).
Proof. This is a classical argument [33]. From the compatibility condition of (3.98) we obtain
(OrZ + £, o)) f =0. (3.107)

A direct computation gives that 09 + £, &7] is the operator of multiplication with the function
1 .
Vo (X, T|v) + 2T0rVy (X, T|v) + 2TV, (X, T|v)0x Vo (X, Tv) + 6T8§(VU(X, T|v). (3.108)

The equation (3.107) must be true for any f in the linear span of @, Y. Since det O, =1 identically
in all variables A, X, T, the functions @, and X, never vanish simultaneously, hence (3.108) must
vanish identically. O

This proves Theorem III.

3.8 Generalization to discontinuous o’s

In this section we briefly explain how to extend the results to a broader class of functions o, including
in particular o = 1(g 1o0)-

Assumption C. The function o : R — [0, 1] is such that o = 00—1—2521 Wilie; +o0) for some (finite)
integer f > 0, some wy,...,wy > 0 and some &1,...,&§; € R, and a smooth function oy such that
oo(N) = O(|/\\_%_“) as A\ — —oo for some k > 0.

These are the assumptions made in [14], to which we refer for more details, and they include the
setting of [16] which corresponds to the case o9 = 0. Under these more general assumptions, the
RH problems for Y, and ¥, have to be complemented with the condition that Y, and ¥, have, at
worst, logarithmic singularities at &;.

Theorem I holds true verbatim except for (1.29), which is to be replaced by

+o00 S
Jo(s0) = exp —/ (r —s) /Rgoa()\;r@)206()\)d)\+ZAjcpa(gj;r\Q))2 (3.109)

J=1

where A := w; —wj—; for 2 < j < f and Ay := wy. This follows directly from [14, equations (1.8)
and (1.26)].
Moreover, Theorem II holds true verbatim except for (1.31), which is to be replaced by

m g f
2105 o (510) = [ palNisl? (—aam 3 W)ou —S Ajealgisl)? (3.110)
R i=1 ! Jj=1

and Theorem IIT holds true verbatim. These two generalizations are obtained by studying the local
behavior of W, near the logarithmic singularities at the points ;, as is done in the end of the proof
of [14, Proposition 4.1], cf. equations (4.5) and (4.6) there.

4 Asymptotics

4.1 Outline

The goal of this section is to prove Theorem IV.
The proof of part (i) of Theorem IV will rely on elementary operator estimates, starting from
the analogue of the factorization (2.12) in the cKdV variables,

_ Al _ 914
Jo (X, Tlw) = det (Kt (v.v) det. (1= MsH% M 5 ) (4.1)
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where ﬁ?&T is the integral operator with kernel, similarly to (2.9),

SV det Kg‘?iT(()‘vz)a (M7Z)) i i i — i
H)?,T()"M) = deé Kﬁ}iT(E,Z) = %,T()\HU’) - K;A(,T()‘,H)K;A(,T(Zyﬂ) IKQ,T(%M)' (4.2)

Consequently, by (1.11), we also have
_ 2 _ v
Vo X, Tl) = Ve (X, Tlw) + 8% log det. (1M 575 1M g5 (43)

We will prove in Section 4.2 that the second factor in (4.1) is close to 1 and that the second term in
(4.3) is close to 0, and this will result in part (i) of Theorem IV.

For part (ii) of Theorem IV, we will instead use the analogue of (2.13) in the cKdV variables
X,T. Using (1.25), (1.27), and (1.28), we obtain the identity

Jo(X,Tlw) = det(E r (i), Jo(X.TI0) (4.4)
where R o 1 1
Sr(Aw) i=T75L7 (17X T ), (45)

with g(A) = O’(T%A) as in (1.25), which can be rewritten by (1.28) and (3.96)-(3.97) as

To i @0’()\; X? T’(Z))aX(ﬁa(N; X7 T’(Z)) — @U(/’L; X7 T‘@)(?X@U()\; X? T’(Z))
oA p) =T2 3
—
(8o (s X, 710) 716, (X X, 70))
2 (A — )
It also follows that
Vo(X,T|v) = Vo (X, T|0) + 0% log det(fg(yT(l/i, Vj))?szl. (4.7)

The asymptotic behavior of the second factor in (4.4) and of the first term in (4.7) has been
established in [14, 15|, and can be summarized as follows in the cases where X T72 — —co.

Theorem 4.1. Let o satisfy Assumption B. For any Ty > 0 there exists K > 0 such that

log Jo (X, T|0) = p°T2 (—145 (1-0f+ 2 - 2+ ;&) ro(xpir i), s
Vo(X,T10) = p (1-V1=€) +0 (IX|73772), (4.9)

where p:= ¢ /7% and & :== X/(pT), uniformly for X < —KT3 ant T > Tp.

This result is contained in [15, Theorem 1.3].
Therefore, in order to prove part (ii) of Theorem IV we only need to study, in Section 4.3, the

additional contributions to (4.4) and (4.7) coming from det (E%T(W, Vj));?j:l.

4.2 Right tail: XT3 — oo

We start with a Fredholm determinant estimate for the operator M \/gﬁ%TM /& hot only valid for
large positive X, but also for complex large X with arg X sufficiently small.

Lemma 4.2. Let o satisfy Assumption A and let v = (v1,...,vm) with v; # v; for all i # j. For
any Ty > 0 there exist M, c,0 > 0 such that

~ e 1
et (1= MysHE M 5) = 1+ 0(e™XT7), (4.10)

uniformly for | X| > MT%, larg X| < 9, and T > Tp.
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Proof. Using the integral representation for the Airy kernel in (1.3), (1.10), and the asymptotic
behavior for the Airy function, it is straightforward to verify that

. _1 _1
0] = 0 (Pt Rere0 e, ), (a1)

uniformly for |X| > MTé, larg X| < §, and T' > Ty, where Ry = max{R,0}, for any ¢ > 0, and
uniformly for A\, u € R. Hence, by (4.2),

‘ﬁiT()"M)‘ -0 ()\M|‘lle_CTéRe(A+X)+e_CT§Re(#+X)+) 7 (412)

uniformly for the same values of X, T, A, . We can now use the triangular inequality in the Fredholm
series

v = 1" v n a
Lgu(aﬂg) (1 - M\/;H;CTMJE) —1=) ( n!) /n det (H% 7\ )1,y [Tody;,  (413)
n=1 j=1

in order to obtain

det (1 - M\/Eﬁ%(TM\/E> — 1‘

L2(R)
>~ 4 . n oA recn s
< Zn!/ndet(O(l))i,j=1 [Te 2" Reat0r A 12 0(0)dN
n=1

Jj=1
1
oo n%efncT_B‘ReX T3 Re 1 n o0 n% .
o\ ([erimnaiipionm) | =0 2t

where Hadamard’s inequality guarantees that det(O(1))!._, = O(n2), and in the last step we set

ij=1
1 1 .

¢ = el PReX [ el SReQHX)1 )25 (N)dA. Finally, 300 | 1€ is a power series in ¢ with

o0 n% n

n=1 n!

infinite radius of convergence, hence > = O(§) when £ — 0; since

1
€] < 0T FReX / Ao (M), (4.14)
R

1
and since the integral on the right-hand side is finite by Assumption A, we have £ = O(e~¢T" 7ReX)

and the proof is complete. O

Taking logarithms on both sides in (4.1), we obtain

log J, (X, T|v) = logdet (K37 (v,v)) + log et (1 — M HY M ﬁ> , (4.15)
and it follows from Lemma 4.2 (for real X) that
1
_ 77AQ _ —cXT™3
et (1 M HE 7 M ﬁ) 1+ 0(e ) (4.16)

as X,T — oo uniformly for X > MT3 and T > Ty. This implies (1.45).
Taking the second logarithmic X-derivative in (1.45), we obtain

_ 2 B A
Vo(X.Tl) = Vo(X, Tl) + 0% log det (1 MﬁHXIMﬁ). (4.17)

Since the estimate from Lemma 4.2 holds uniformly for | X| > MTs3, |arg X| < 9§, and T > Tp, we
can use Cauchy’s integral formula for the second derivative to obtain

1
2 _ A — (XT3
0% log det. (1 M sHY 7 M ﬁ) O(e ), (4.18)

and thus we prove (1.46), so the proof of part (i) of Theorem IV is concluded.
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4.3 Left tail: X/T — —c0

In this section we use the results of [15]; the latter rely on Assumption B, which we assume throughout
this section. We recall the transformation 2 = —XT~3 and t = T2 between the ¢cKdV variables
of the present paper and the KdV variables of [15]. For the ease of notations, we will denote
O()) := O, (X; X, T|0) throughout this section for the function defined in (3.96). Let us now assume
that, for an arbitrary 7y > 0 and for a sufficiently large K > 0, we have X < —KT and T > Ty. In
this regime (in fact, in the larger regime X < —KT%), the relevant asymptotics have been studied
in [15] via a RH analysis involving a series of transformations which we can condense in the relation

~ _ (1 DY s xkes (1 —i|X|2T 3¢
1 0 3 1 -
_ \303 | X277 2 (9+(w)—g0)o3 4,103
X (w—a)s?*G <:|:e—|X§T_%¢i(w) 1) e e 473, (4.19)

for w sufficiently close to 0. Here, cf. [15, equations (4.15), (4.17)], with principal branches for the
roots,

" s o) — (10— o) T:  [* J(X]s) 1  ds
otw) = [ g5 g (w) = —( )(1+2W|X|l/ LD ),
T2 log(1 — o(|X|a))

T2 log(1 — a(|X|w)

o = 019 ) = 2(gtw) - go) + T2 )
2|X]z X2

Moreover, G is given in (3.13) and p = p,(X,T|(0). The value of a = a(X,T) is implicitly defined

by the endpoint condition, namely ¢/ (w) — ¢’ (w) = O((w — a)%) as w — a with w < a, cf. [15,

equation (4.3)]. For X < —KT and T > T), a is bounded away from zero and infinity, and by [15,
Lemma 4.5],

(4.20)

Rw) =T+ O0(X|"2T2),  9,R(w)=O0(X|"2T2), (4.21)

uniformly in w, T' > Ty, X < —KT. Finally, the value of g; is given explicitly in [15, equation
(4.16)] but it is not needed for our current purposes.

As explained in Section 4.1, in order to describe the behavior of J,(X,T|v), Vo(X,T|v) in this
regime we will use equations (4.4) and (4.7). Thus what is fundamental to understand is the behavior
of Z&T(Vi, vj). The following two lemmas will show how the kernel behaves on and off the diagonal.

We are interested in values of © at v = | X |w, hence we assume throughout this section that w
is real and small. Therefore, (4.19) implies

3 1

oy 1 —l- X127 2 (g4 (w)—go) 0

@:I:(|X’w): p ’X‘ 0’30( ) [§] . U (422)
0 1 :Fie|X‘2T 2(gx(w)—g0)  o—|X[2T7 2 (g (w)—go)

where we also use the identity ¢+ = g+ — g+ [15, equation below (4.17)]. From [15, Proposition 4.7
and equation (1.32)] we have

P+ X2T 29, = O(|X|7'T2), (4.23)
such that the previous relation implies
3 1
~ —17p3 |X1277 2 (94 (w)—go)
O+(1Xw) = (1 . T2)> Xpom | ° oy .
0 1 FielX12T7 2 (g (w)=g0)  o=IX|2T" 2 (92 (w)—g0)
(4.24)

Finally, we study the last factor, involving g, go. By (4.20) and the Sokhotski-Plemelj formula, we
have

1 1
X_7T7 a / X 1 T X X
g;<w>=¢i\/m<1+”“p.v./ o'(1X1s) as |, THX| o) )

o wl-o(X[5)Va—ss—w  2va—wl-o(X[w)
(4.25)
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where p.v. [ is the principal value integral. It follows that

. T: o'(|X|w)
Redele) = T T=a(IXTu) 420

and so )
Re (9+(¢) — g90) = / Reg! (s)ds —go = — ‘T e log(1 — o (| X|w)). (4.27)

Finally, let us set w = |X| 'y, for a fixed v and sufficiently large |X|. It follows from the last
estimates and (4.24) that

6.0 = (§ O xptoq) (429)

because from (4.27) we have

1

e|X\%T7%(gi(V|X\7I)*gO) - - (429)
1—o(v)

which is bounded away from 0 and oo, uniformly in the regime under consideration. In particular,

by (3.96),
Bo(v; X, TI0) = O(IX|"7),  T2dx@,(v; X, T|0) = O(IX]|%). (4.30)

From (4.6) and (4.30), we immediately obtain boundedness of the kernel LX r(v1,v2) for vy # v
Namely, we have proved the following lemma.

Lemma 4.3. Let Ty > 0,11 # vo € R be fized. There exists K > 0 such that
L% p(v1, 1) = O(1) (4.31)
uniformly for X < —KT and T > Tj.
On the other hand, we now show that on the diagonal, the kernel E%T(V, V) grows.

Lemma 4.4. Let Ty > 0,v € R be fized. We have

1
X[z 1 X

T , as )
xT3 1— O'(V) T log” | X|

L r(v,v) ~ — —00, (4.32)

uniformly for T > Ty. In particular, E}’T(V, V)t = O(\X|_%T%).
Proof. We combine (4.6) (in the confluent limit u, A — v) with (4.19) to get

B%r(v) = 5 (03 (10,6, (),,

Oy |:R()V(|)( \X| 03G ( x4 (i ) eX(9+(|)go)03:| }2 1
1 o X9+ (1x7)~90) 1 g
- Qm{ (_ex(g (1%7)—90) x(g+(‘x‘) o |G —a) PR (%)
03 X(g+(|x‘ )—g0) 0
81/ |:R()(|)(_ G g (\X\) QO e_X(ng(WV‘)_gO) :| }2 . (433)
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where we denote y := \X]%T_% and in the last step we use the relation ¢, = g4 — g—, cf. [15,
equation below (4.17)]. As we proved in (4.29), XX 790) i3 hounded away from 0, co and so the
triangular matrices appearing in (4.33) are O(1). Therefore, when the derivative in v acts in (4.33) it
produces terms of order O(|X|~!) when it acts on the first two factors, see also (4.21), and another
term when it acts on the triangular matrix, which provides the leading asymptotic contribution,
yielding

To X =) +t9-(rx7)— v v —
L% r(vv) = 2W1|X|ex(g+<><"+g (B020) (o (1) — g/ (1) + O(X| ). (4.34)

By the construction of g, cf. [15, Section 4.2], we have (recall that F' = 1/(1 — o))
X(9+(w) + g—(w) — 2g0) = (log F) (| X |w), (4.35)
hence we can rewrite the last expression as

1
g | X2
X,T(Va V) = L1
2miT?2

FW)(g (%) — (%)) + 01X, (4.36)

Next, we use (4.25), a change of integration variable, and an integration by parts in order to get

1
T2 alX| 1 ds
/ / . /!
g_(w) — g. (w) = 2iva — w<1 + p.V./ (log F')'(s) )
- 27| X |2 —0 Va—s|X["Ts—[X[w

Va—w+y/a—s|X|!
Va—w—/a—s|X|1

Now, it is useful to recall the following asymptotic properties for a = a(X,T") from [15, Proposi-
tion 4.1]:

—Qi(m—i— r: /a|X(logF)”(s)log

27| X2 /oo

ds>. (4.37)

2

v/ 1 -1
_WIFv=1) L o(X| 4T (4.38)
y y:gm/T

uniformly in —X/T < K, T > Ty (for any K, Ty > 0). Hence,

1

1
2c. T2 T2
a=1-"2 1 0(X7'T), L Ja- o =1 S 0(XT'T), (439)
| X|2 | X| | X|2

as X/T — —oo, T > Tp. Let us now show that the second term in (4.37) is sub-dominant. To start
with, notice that, in the same limit, and uniformly for s € (—o0, a|X|),

Va—v| X7+ /a—s|X] 1 4a| X | _1
lo =log—— + O(1) + O (log(s| X . 4.40
e T e | = B Ly O 0 (osXI )
It follows that
1 1
~ Xz T2
2 w) = X2 po {1 _ 5 L0 (|X|—%T% log|X|>} as XT 'log™2|X| — —oo. (4.41)
’ w12 7| X |2
To achieve this bound, we used
al X| +o0
/ (log F)"(s)ds = / (log F)"(s)ds + o(1) = c4 + o(1) = O(1) (4.42)
(note that, by Assumption B, fj;o(log F)'(s)ds = BE] (log F)'(s) — Er_n (log F)'(s) = c4) and
alX‘ " 4 +oe " 4
/ (log F)"(s) log 5 V‘ds = / (log F)"(s) log 5 V‘ds +o(1) = 0O(1), (4.43)
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which, in turn, follow by the Lebesgue dominated convergence theorem, and a similar bound for
fa|X|(log F)"(s)log|s|ds. Thus we obtain

Fo X2 1is=1
%r(v) = S F) [14 0 (THX| F log |X1) |,
1 A

and the thesis follows. O

Remark 4.5. It is straightforward to adapt the above proof in order to obtain asymptotics in the
full region X/T — —o0, slightly larger than the region ﬁﬂ)ﬂ — —o00. Note however that the error
term will then no longer be small, and the asymptotic expression contains several terms, see (4.42)
and (4.43). For the sake of simplicity, we present the results only as #ﬂ){\ — —00.

Using the two previous results, we can prove an important decorrelation property: since the
matrix LXT(g v) is dominated by its diagonal, the m-point correlation function det LXT(g, V)
decomposeé at leading order into a product of one-point correlation functions. Similarly, its second

logarithmic derivative decomposes at leading order into a sum of rapidly oscillating terms.

Proposition 4.6. Let Ty > 0, v € R™. We have

det E%yq(ﬂ,ﬂ) = ( +O ‘X‘ % %)) Hig(I(Vi,l/i) (4.44)
i=1
m 3 1
~ 1 4| X |2 2| Xz _
0% log det L% r(v,v) = X7 Zcos( J%T‘é 14+ Axr) — |T2| vi(1 + Bx T(m))) +0(x™h
i=1

(4.45)

— —oo, where Ax 1, Bx (V) converge to 0 as D, N — )

uniformly for T > Ty as Tlog? [X]

X
Tlog? | X|

Proof. For the ease of notation, let us denote L = (EU) for the m x m matrix with entries Eij =
L% r(vi,vj). By Lemma 4.3 and Lemma 4.4 we have

Lij = Lii(d;; + O(X|72T%)),  1<ij<m. (4.46)

Taking determinants we get (4.44). Moreover, (4.46) also implies

-~ 1 0ij _ .
(L1 = f(5ij + O(’X’%T%)) = fj +O0(X|7'T), 1<, <m. (4.47)

(In the second equality we use again Lemma 4.4.) By a direct computation, we have

O logdet L= > (X Lij)(L™ )i — > (OxLij)(L ™) ju@x L)L )i (4.48)
1,j=1 i,3,k,l=1

We have the relation Téaxfij = —;9;, where we denote @; := @, (4; X, T|0). This is the analogue,
for the full set of cKdV variables X, T, of the relation (3.43). As a consequence, T%E)%(Eij =
—(0x®i)p; — 9i(0x®;). Hence, by (4.30), we have

OxLij = O(X| 2T 2), %Ly =O(T™). (4.49)

Therefore, by Lemma 4.4, (4.47), and (4.49), we have the estimates

m N - m 82 E” B m . - B
> (O Li) (L= )ji‘ +O(X17Y, Y (OxLi)(L7)k(0x Lin) (L) = O(1X|72).
ig—1 =1 i ijkl=1

(4.50)
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In the last one we combined (4.47) and Lemma 4.4 to get (Eil)z‘j = O(\X\_%T%). Substituting
these estimates into (4.48), we obtain

~ 2 = 1 1 1
2 _ 1 ~1
O logder L = —— g 7 Pi0xBi+O(X ) = - Z = (B0:)ELEW) ™), +0(X]™),
(4.51)
where the elementary unit matrix Eqo is defined in (3.45), and where we used (3.96).
Using (4.19), we can write after straightforward computations
((:)(V)Elg(:)(l/)A) = vBw, (4.52)
where, writing x := |X\%T_% as before,
1
_ p(ey-1 (X 2p+ixg
O RGE). W =R (W) (159
and,

2x(9+ (1) ~90)
X0+ (1% e 10 1 o\ .. e
B=t (% -0%c (e—x¢+(§<|) 1) En (_e—x¢+(§2|) 1) G —a) 7. (454)

Using (4.21) and the asymptotic estimate (4.23), we obtain

. - O(x*
v=(0O(x1),1+0(x™), W= <1+(0X(x21)> , as X/T — —o0, (4.55)
and in particular as ﬁ"’m — —o0. By (4.20), we can simplify the expression for B and obtain
. ¢+ (1x7) .
_ v _NZE -1 X (v _ NG
B =—iF()(x —a)TG <_e—x¢+(V/X|) 1 > ¢ -
F(I/)( V )‘LS X+ (x7) 4 o X+ (x7) _o_ i+ (7 i o X+ (x7) (s )_Ls
= T~ T a) 4 v v v v ~ —a) 4.
2 X 9 _ i+ XD 4 17X+ (X7 _ X RD) _ X () X1
(4.56)

Since ¢+(ﬁ) is purely imaginary and B is bounded and bounded away from 0, we have

1 o(1) o)
B=3F{) ( RGOl exm(p”()) : (4.57)

Hence

((:)(V)Elgé(y)”)
We finally obtain

= VBW = —F(v) cos (Xym(ﬁ)\) +O(Y). (4.58)

1 & F(vy) ~1
% logdet I = WT; £ cos (o (1) +00x17)
L 3" cos (IX47Hg (1)) + 00X ) (4.59)
/|X|T P |X]
where we used Lemma 4.4. It remains to compute
o2 (il = [ MCTRICS (4.60)
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For this, we recall (4.37) and the estimates below that equation; in the same way as in the proof of
Lemma 4.4, we then obtain

4 >
0+ O) = 2, o (Z9)] = [0+ (0)] ~ =277, (4.61)
3 | X|
as ﬁm — —o00. The argument of the cosine is thus equal to
3
41X |2 24/|X
D Ax) - 2Rl Brron) (162)
with Ax 7 — 0, Bxr(v;) = 0 as ﬁQIX\ — —o0, and the result follows. O

Combining the above result with (4.4), and then substituting the asymptotics from Lemma 4.4,
we complete the proof of part (ii) of Theorem IV.

With some more effort, we could obtain asymptotics in the slightly bigger asymptotic region
where X/T — —o0, as already mentioned in Remark 4.5.

4.4 Intermediate regimes: — KT < X < MT3

We will now discuss the asymptotic behlavior as T' — oo of various relevant quantities in the interme-
diate regimes where —KT < X < MT's for sufficiently large constants K, M > 0. The asymptotics
for the Janossy density J,(X, T|v) and the cKdV solution V, (X, T|v) become, unfortunately, rather
involved and implicit. In order to understand the mechanisms behind these asymptotics, an inter-
esting and relevant object to consider, is the kernel E%,T(l/l, v9). Indeed, in view of the factorization
(4.4), determinants of this kernel describe the effect of the points vy, ..., v, on the Janossy densities
Jo (X, T|v), and the second logarithmic X-derivative of such determinants describe the effect of the
points vy, ..., vy, on the cKdV solutions V, (X, T|v). Recall that the kernel Lg(,T(I/l, v9) is expressed

in terms of the RH solution © through (4.6). We distinguish three further asymptotic regimes.

Left-intermediate regime: —KT < X < —K'T3 for any K, K’ > 0. The asymptotic analysis
of the RH problem for © has been carried through in [15] and is very similar to the one utilized
for the left tail. However, there is an important difference in that the decorrelation property from
Proposition 4.6 no longer holds. For that reason, even if we could obtain asymptotics for E‘;(,T(ul, V),

the explicit asymptotic behavior of the determinants det E%T (v,v) and their logarithmic derivatives
becomes cumbersome for m > 1.

Right-intermediate regime: —MTs3 <X< MT5 for any M > 0. In this case, it was proved
in [14, Theorem 1.15] that there exists a (sufficiently large) Ty > 0 such that for all M > 0 we have

log J, (X, T|0) = log Frw(XT"3) + O(T %), (4.63)
Vo (X, TI0) = =T Syam(XT75) + O(T ™), (4.64)

uniformly for |X| < M T35 and T > Ty, where ym\r is the Hastings—McLeod solution of the Painlevé
IT equation, and Fryw is the Tracy-Widom distribution (see also Example 1.3).

The asymptotic analysis of © has also been obtained in [14], and it implies that the leading
order asymptotics of Eg(T()\, p) are determined by the soft-to-hard edge transition kernel Li(o’w)
from Example 1.7, as we ,prove next.

Proposition 4.7. Let M > 0. As T — oo, we have uniformly for —MT5 <X < MT%, and
uniformly for vi,vs in compact subsets of the real line that

> 1.1 0 _1 _1 _2

L% p(v1,v2) =T73L (OQT%(T 3v1, T 3v2) + O(T73), (4.65)
5=

and this error estimate continues to hold upon differentiating an arbitrary number of times with

respect to vy and vo.
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Proof. The proof relies on the RH analysis performed in |14, Section 6]: the result is that, for every
fixed v € C, we have the factorization

ol
ol

6, (v; X, T|0) = (1 p") e T2 (VT 3) (VI35 XT~

1
1 a1 3 _im
0 1 W)) <0 ( ) )) e 4037
(4.66)
where Dy = Py (X, T|0), a has an explicit expression which is not needed for our purposes (cf. [14,

equation (6.10)]). The matrix S should be interpreted as an error term: it satisfies a small-norm
RH problem, which means that, provided |w| < 1, S(w) = I + O(Tfé) and 0,S(w) = O(T*%),
uniformly for —M Ts <X<M Ts (for any M > 0). In particular, for every fixed vy, € R and T
sufficiently large we also have

qjl(o,+oo)

ST~ 5) LS T~ 3) = T+ O(T 3 (1 — 1)) (4.67)
Combining this with (4.6) and (4.66), we get
(T3 XT~5(0))

1 1 1 1
(U1 o) (RT3 XT7510) S (1T ™5) LS T75) Wy,

5 = 2,1
X;T(Vl? V2) 27['1(V1 _ 1/2)
= T 5L O (T 5y, T 5 1)
s=XT"3
1 1 2 1 1
(\Ill(o,+oo) (VQTig ; XT3 |®)_10(T7§)‘1]1(0,+oo) (VlTig ; XT™s |®))2,1 (4 68)

271
where we also use the identity
1 _ _1
(10 2T 55500101, (T 510))

0 (1h, b — 1 L e
27TiT_§(V1 — 1/2)

which is a special case of (3.19). The last term is O(T_%) since it is a combination of the entries of

the first column of Vi 400) (V,L'T_%), 1 = 1,2, which are both entire. The above identities extend to
V1, V2 in compact subsets of the complex plane, hence we can apply Cauchy’s formula to differentiate,
without affecting the error term. O

A first, crucial, obstruction for obtaining explicit asymptotics for the Janossy densities J, (X, T'|v)
.. 1 S .. . .
lies in the fact that the kernel L (O;Tz , is itself a transcendental object, which we cannot evaluate
s= 3
explicitly. However, we can proceed in the hope of describing J, (X, T|v) asymptotically in terms of

the o-independent quantity Lo+ .. For m = 1, we immediately find by (4.4) that
s=XT"3

Jo(X, Tv) ~ T-5L' O (0,0)J,(X, T|0), (4.70)

1
s=XT"3

where the asymptotics for J,(X,T|0) are given by (4.63). For m > 1, we can estimate J,(X,T|v)
as follows.

Proposition 4.8. Let M >0, v = (v1,...,Um) € R™, and v; # v; fori # j. As T — oo, we have
uniformly for ~MTs3 <X < MT5 that

m2
Jo(X,Tlv) ~CnT™ 5[] (= v)* i, (X, TI0), (4.71)

1<j<k<m

for some constant Cy, > 0 possibly depending on m but not on o,v, X,T.
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Proof. Let us abbreviate L = Eg(T and L = Ll(o’;“’) .. By (4.4), we have
’ s=XT"3

JU(X7T|H) = det (L(Via Vj>)Z;:1 JU(X7T|®)? (472)

hence by (4.63), it remains to prove that

m2
det (L(vi, )y ~ Cn T 5 [ (e — )%, (4.73)

1<j<k<m

in the relevant limit. Since L(-,-) is entire in its variables, we have

L(vi,vj) = Y L i (4.74)

a,b>0
hence
L(V17V1) L(V17V2) L(V17Vm)
L(ve,v1) L(vz,v) -+ L(ve,vm)
L(vm,11) L(vp,va) - L(l/m, Vm)
1 n ‘;—17 -\ /LO90,0) LO9(0,0) LZ9(0,0) --- 11 -1
1wy %2? .| 1 z@Y0,0) LOY©0,00 LEY(0,0) --- viovz e U
— . 1% V. V2
={. . L<02>(0 0) Lt2(0,00 LG2(0,0) - | | 4 % T
‘ ‘ V2 . . . . .
1 vm 3¢
(4.75)
Then we use Proposition 4.7 to obtain
LE-Li=1(0,0) ~ T~ L (i1, - D(0,0), as T — oo, ]XT_%| < M. (4.76)

Expanding (4.75) by the Binet—Cauchy identity, we immediately see that the leading order as T' — oo
is given by

j—1 ) Jj—1
m v m i m v
det | -2 det (T— L= (g o) det | 2
ij=1 ((J - 1)!> ij=1 (0.0) =1\ (j —1)!

777.2 mol 1 (s : —1 2
— 7% T — det (L@*lﬂ*l)(o,o)) det ( ) (7T
k!z ,_] 1 7.7 1
k=1
In the latter, we recognize the Vandermonde determinant, and the result follows. O

Middle-intermediate regime: ~K'T3 <X < —MTs5 for some K',M > 0. Here, the asymp-
totic analysis of the RH problem for © has also been completed in [14], but the asymptotics are
implicit and described in terms of the solution of an integro-differential generalization of the fifth
Painlevé equation.
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