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Hybrid Persistency of Excitation in Adaptive Estimation
for Hybrid Systems

A. Saoud M. Maghenem

Abstract— We propose a framework of stability analysis
for a class of linear non-autonomous hybrid systems, with
solutions evolving in continuous time governed by an or-
dinary differential equation and undergoing instantaneous
changes governed by a difference equation. Furthermore,
the jumps may also be triggered by exogeneous hybrid sig-
nals. The proposed framework builds upon a generalization
of notions of persistency of excitation (PE) and uniform
observability (UO), which we redefine to fit the realm of
hybrid systems. Most remarkably we propose for the first
time in the literature a definition of hybrid persistency of ex-
citation. Then, we establish conditions, under which, hybrid
PE implies hybrid UO and, in turn, uniform exponential sta-
bility (UES) and input-to-state stability (ISS). Our proofs rely
on an original statement for hybrid systems, expressed in
terms of £, bounds on the solutions. We also demonstrate
the utility of our results on generic adaptive estimation
problems. The first one concerns the so-called gradient
systems, reminiscent of the popular gradient-descent algo-
rithm. The second one pertains to the design of adaptive
observers/identifiers for a class of hybrid systems that are
nonlinear in the input and in the output, and linear in the
unknown parameters. In both cases, we illustrate through
meaningful examples that the proposed hybrid framework
succeeds in scenarii where the classical purely continuous-
or discrete-time counterparts fail.

[. INTRODUCTION

Persistency of excitation [1], roughly speaking, is the prop-
erty of a function of time that consists in the function’s energy
never vanishing. Mathematically, the PE property may be
expressed in various forms, depending, e.g., on whether its
scalar argument is considered as a real or integer variable,
that is, on whether the function is evolving in continuous
or discrete time. Over five decades, several definitions of PE
have been proposed, in various contexts, to guarantee different
stability properties. For linear time-varying systems, some PE
properties guarantee uniform (in the initial time) exponential
stability [2] or uniform global asymptotic stability [3]. With
careful handling, which involves replacing some instance of
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the state in the system’s equations with the system’s solutions
[4], PE-based statements tailored for linear systems may also
apply to nonlinear systems [5]. In this case, a solution-
dependent PE notion is necessary and sufficient to ensure
uniform asymptotic stability. For particular classes of nonlin-
ear non-autonomous systems forms of solution-independent
PE conditions have been proposed, tailored for functions that
depend both on time and the state [6], [7], [8]. A non-solution-
dependent relaxed PE condition tailored for nonlinear systems
is provided in [9], where it is also showed to be necessary
for uniform global asymptotic stability of generic nonlinear
non-autonomous systems.

The classes of systems where the PE property is used
include, but are not restricted to, those appearing in prob-
lems of identification [10], adaptive control [11], [12], model
identification [13], learning-based identification [14], and state
estimation [15], [16]. For instance, the so-called gradient
systems, which appear in the context of gradient-descent
estimation algorithms are among the linear time-varying sys-
tems where PE is necessary and sufficient for UES of the
origin. Moreover, convergence rate estimates [17], [5] and
strict Lyapunov functions for gradient systems are available
in the literature [18]. Other forms of sufficient conditions that
involve relaxing the PE property for gradient systems, e.g., by
admitting the excitation to last only over a finite window of
time, have also been investigated for continuous-time systems
[19] as well as for data-driven models [20], [21]. Relaxed
forms of PE are considered for gradient systems in [22], but
these cannot ensure uniform convergence of the estimation
errors towards the origin.

One of the landmark results in the study of PE is that
it is equivalent to uniform observability (UO) [23] for pas-
sive systems satisfying structural properties reminiscent of
the Kalman-Yacubovich-Popov Lemma [2]. The first results
on stability of the so-called model-reference-adaptive control
schemes rely on such a fact [12], [24]. For nonlinear time-
varying systems, there is an equivalence between PE and
zero-state detectability [6]. The PE property is also broadly
present in the context of adaptive observer/identifier design,
both for linear and nonlinear systems [25], [26], [16], [27],
[28]. Roughly speaking, the parameter estimation strategy
relies on injecting external signals into the system, to excite
all the modes and render the system observable, uniformly in
the initial conditions.

As it is well established nowadays, the coexistence of
continuous- and discrete-time phenomena (what we call hybrid
phenomena) is unavoidable in some scenarios of control
systems. This is the case under the presence of impacts



provoking instantaneous changes in the state, as in manu-
facturing systems [29], cyber-physical systems [30] or when
combining continuous and discrete state variables, or in the
presence of shocks and reflection-propagation [31]. It is also
the case under constrained sensing and actuation, as in power
[32] and network control systems [33]. In the aforementioned
situations the solutions have a continuous evolution, governed
by a continuous-time system, provided that they stay in a set
called the flow set. Furthermore, they experience instantaneous
changes, governed by a discrete-time system, once they reach
a subset called the jump set. The control of these systems may
require the estimation of some parameters that can affect the
continuous- or the discrete-time dynamics, but they can also
affect the flow and the jump sets. Hence, there is a need to
extend the PE-based framework to the realm of the general
class of hybrid systems.

In this paper, which is the outgrowth of [34], we study
PE in the realm of hybrid systems, using the framework of
[35]. This framework covers impulsive systems, which are a
type of non-autonomous systems that experience jumps under
the influence of a piece-wise continuous signal, and not only
depending on whether the state trajectory is in the flow or
the jump set at a given instant. Our main contribution is the
formulation of a property of PE tailored for a class of hybrid
systems. The property we define captures, with particular
efficacy, the richness of time-varying piece-wise-continuous
signals; richness that cannot be captured otherwise by classical
definitions of PE, defined purely in continuous or discrete
time. For instance, we show that a hybrid version of the
classical gradient-descent identification algorithm successfully
estimates the unknown parameters of a hybrid input-output
plant in cases where purely continuous- or purely discrete-
time algorithms fail. More importantly, we establish that HPE
implies a hybrid form of UO for the considered class of linear
time-varying hybrid systems. In turn, we establish UES and
ISS under HPE. These statements are presented in Section I'V.
In that light, we stress that other definitions of observability
for hybrid systems have been proposed in the literature,
e.g., [36], [37], but these are restricted to switched systems.
Finally, we address the problem of adaptive observer/identifier
design for a class of uncertain hybrid systems, which are
affine in the unmeasured states and linear in the unknown
parameters. Based on well-known designs of adaptive ob-
servers/identifiers in continuous- and discrete-time [25], [26],
[16], [27], [28], we show that a properly constructed hybrid
observer/identifier achieves uniform exponential convergence
of the observation and estimation errors. Different from [38],
where only the identification problem is solved by assuming
either CPE or DPE, our result holds under the relaxed HPE.
Finally, we illustrate through a simple but meaningful example
of an impact mechanical system, how the proposed hybrid
observer/identifier may supersede its purely continuous- or
discrete-time counterparts.

In the next section, for completeness, we recall some
definitions and notations that pertain to the hybrid-systems
framework of [35].

Il. PRELIMINARIES ON HYBRID SYSTEMS

After [35], a hybrid dynamical system # is the combina-
tion of a constrained differential equation and a constrained
difference equation given by

|z =F(x) zeC
H'{aﬁ—G(w) z€eD, M
where x € X < R™= denotes the state variable, X the
state space, C' € X and D < X denote the flow and jump
sets, respectively, and F' : C — R™= and G : D — R™=
correspond to the flow and jump maps. Solutions to (1) consist
in functions with hybrid time domain defined as follows.

Definition 1 (hybrid signal and hybrid arc): A hybrid sig-
nal ¢ is a function defined on a hybrid time domain denoted
dom ¢ < Ry x Zso. The hybrid signal ¢ is parameterized
by ordinary time ¢ € Ry and a discrete counter j € Zx.
Its domain of definition is denoted dom ¢ and is such that,
for each (T, J) € dom ¢, dom¢ n ([0, T] x {0,1,...,J}) =
o ([tj,tj41] x {j}) for a sequence {tj}jiol such that
tjy1 =15, to =0, and t; .1 = T. Moreover, if for each j € N,
the function ¢ — ¢(¢, ) is locally absolutely continuous on
the interval I7 := {t: (t,j) € dom ¢}, then the hybrid signal
¢ is said to be a hybrid arc. o

Definition 2 (Solution to H): A hybrid arc ¢ : dom¢ —
R™e is a solution to H if ¢(0,0) € cl(C) v D;

(S2) for all j € Zs such that Ij; = {t: (t,j) € dom ¢} has
nonempty interior,
for all ¢ € int(1?

o(t.j) € C 0
o(t,7) = F(¢p(t,5)) for almost all ¢ € Ié;

(S3) for all (¢,7) € dom ¢ such that (¢,7 + 1) € dom ¢,
o(t,j)eD, ot j+1) =G ])) 5

A solution ¢ to H is said to be maximal if there is no
solution ¢ to H such that ¢(t,j) = (¢, j) for all (¢,5) €
dom ¢ and dom ¢ is a proper subset of dom ). It is said to be
nontrivial if dom ¢ contains at least two points. It is said to
be continuous if it is nontrivial and never jumps. It is said to
be eventually discrete if 7" := sup, dom ¢ < o0 and dom ¢ N
({T} x Zsp) contains at least two points. It is said to be
eventually continuous if J := sup,; dom ¢ < c0 and dom ¢ N
(Rso x {J}) contains at least two points. System H is said to
be forward complete if the domain of each maximal solution
is unbounded.

We are interested in sufficient conditions for UES of a
closed set A — X for a hybrid system H := (C,F,D,G).
This property is defined in terms of the distance of ¢ to the
set A, ie., |¢|4 := inf |¢ — 2|, where | - | denotes Euclidean
norm, as follows—cf. [35].

Definition 3 (UES): Let the closed subsets (A, D) c X x
X. The set A is said to be UES for H on D if there exist
and A > 0 such that, for each solution ¢ to H starting from
x, € D at (0,0), we have

6L, 5)| 4 < Klzo|ae 2T V(¢ j) e domep.  (2)

If D = X, we say that the set A is UES for H. o



Il1. INTEGRAL CHARACTERIZATION OF UES

Our first statement is an original characterization of UES
for hybrid systems, in terms of uniform £,-integrability con-
ditions. It is reminiscent of [8, Lemma 2] for continuous-time
systems and in [39] for discrete-time systems. However, as
the solutions of hybrid systems may flow and jump, we first
introduce certain notations related to integration over a hybrid
time domain.

Hybrid Integral: Consider a function with hybrid domain ¢ :
dom ¢ — R”X” and let K € R.ou {+o0} and (¢, j) € dom ¢.
We use E ;x © dom¢ to denote the shortest hybrid time
domain, startlng from (¢, j), of length larger or equal than K
and contained in dom ¢. Note that if K is finite, then there
exists a unique (sx, mg) € dom ¢, such that

K<(sg—t)+(mg—j) <K+1, 3)

and a unique non-decreasing sequence

{tj7tj+17 ...7th,th+1} with tj ;=1 and T +1 = SK,
such that
E;b] K- [t tj+1] X {.7} Uy [tMKvthJrl] X {mK}

Thus, the hybrid integral of ¢ over the domain Ef’ I
defined as

tir1 my—1
, o(s,i)d Z o(s,i)ds + Z(JSZH,)
Et_]K i=j

In particular, for K = +00, we have so, + Mgy = +00.

Akin to the case where signals evolve purely in continuous
or discrete time—cf. [40], given a function ¢, with hybrid
domain starting at (t,, j,) € dom ¢, we define the hybrid L,-
norm, with p € [1,00), as

\MAPF=[L# ﬂ¢®ﬂﬂiﬂ&i4 “)

to,Jo,0

D=

and the hybrid L., norm,

P 1% | RN (R Lo > P B ©)

In the case that A = {0} we simply write |¢|, and |¢|o.

Then, the following statement generalizes [5, Lemma 3] to
the realm of hybrid systems.

Theorem 1 (Hybrid-integral characterization of UES):
Consider the hybrid system H := (C, F, D,G), as defined in
(1), and let (A,D) < X x X be closed subsets. Assume that
there exist ¢ and p > 0 such that, for each ¢, solution to H
starting from x, € D, we have

max {|6] 100 18], } < el 1 (©6)
Then, the set A is UES on D and (2) holds with A : pcp
and k := cexp(1/p). o

Proof : We first remark that the solutions ¢ start at (0,0),
so the L£-norms in (6) are to be considered on E{i 0.00- NOW,
following the proof lines of [5, Lemma 3], we note that
condition (6) implies that, for all (¢, j) € Eg,o,oc’

sup { |6(s,1)[% : (s,9) € BY; , } <

| Jots s

t,5,0

Plot, ) (D
and

< Plot, i ®)
Next, we define the hybrid arc v : dom ¢ — R given by
t,j) = )P d(s,i
oted) = [ lots (s ),

t,5,90

and we distinguish the two following cases: for all ¢ such that
the solution flows, that is, if € int(I}}) with I} := {t: (¢, j) €
dom ¢}, we have

itt.d) = 5 | [ 1665 as| - Loty

the last inequality follows from (8). If the solution jumps, that
is, for all (¢,7) € dom ¢ such that (¢, j + 1) € dom ¢, we have

_|¢(ta])|_z,)4 S

U<t7j + 1) - U<t7]) = _|¢(t7j)|€)4 < T’U(tmj);

again, the last inequality follows from (8). As a result, using
the comparison principle for hybrid systems—Lemma 1 in the
Appendix, while replacing a therein by -, we conclude that

v(t, ) <

Now, we consider a parameter K > 0 and note that, for each

(taj) € E(q)ﬁ,O,oo’
v(t, §) :f¢ , i) [5yd(s, 1) >fEij‘K]¢(s,i)|id(s,i)

mig mg—1
ZJ d5+ Z
1
77
sK—t-i-mK

= cP J sup {’(;S(T, k)‘i (1, k) € Eij’K}

e v(0,0). 9)

Z-‘rl’

t1+1

sup ‘A' T, k) € Ef’_’ij}ds]

|A Tk)eEij}

K
> cj|¢($K,mK)|iy

where the last inequality comes from (3). Then, we define
K := ¢P and we use (7) and (9) to conclude that, for each

(t, ]) € Eg,o,oo’

J

(s, i)}y < v(t, ) < =7 0(0,0) < Pe T [3(0, 0)[.
The last inequality implies that, for each (s,i) €
dom ¢>\E8570,K,
|6(s,7)| , < cerme” 7 |p(0,0)] ,
On the other hand, for each (s,7) € EO 0.K>
|6(s,7)] , < €[6(0,0)] , < ce? ™57 |$(0,0)] .
The statement follows. [ ]



IV. UES AND ISS FOR TIME-VARYING HYBRID SYSTEMS

Consider the non-autonomous hybrid system of the form

2 ¢ = F'(¢t,)) teiny(T))
| ¢ = GG tE) (67), (8 + 1) € dom A,

with state ( € R™, F/, G' : X — R™¢, X = R™¢ x
dom A, and such that A is a hybrid signal whose domain
is domA and Iy := {t : (t,j) € dom A}. A may be an
exogenous hybrid signal or may also depend on the system’s
hybrid trajectories—see Section V for examples. Then, the
solutions to (10) are hybrid arcs whose domain is a subset of
dom A. That is, the solutions of (10) jump whenever A jumps.

To study the behavior of the solutions to (10), we recast
it in the form of (1), by including the hybrid time as a bi-
dimensional state variable. That is, defining = := [T p ¢]T,
system (10) can be rewritten as

(10)

3 F'(¢,p,q)
pl| = 1 xeC
q 0
H: - - - (11)
&t G'(&,p,q)
pt| = P zeD,
s | g+1

where the flow and jump sets are, respectively, defined as
C:=Xand D :={zxe X : (p,g+1) € domA}. Then, a
solution ¢ to (10), starting from the initial condition (, € R™¢
at (to, jo) € dom A, must coincide with a solution ¢ to (11),
starting from the initial condition (&,,%,, j,) at (0,0). In this
case, we have p(t,j) = t +t, and q(t,j) = j + j, for all
(t,7) € dom ¢. We use this fact in what follows of the paper
to analyze time-varying hybrid systems in the form of (10).
Remark 1: If the set {(£,p,q) € X : £ = 0} is UES for H,
as per Definition 3, then the origin {¢ = 0} is UES for H’,
that is, every solution (, starting at (¢,, j,) from (,, satisfies

C(t, 5)] < K|Gole 2T te=I) (¢, j) e dom(,  (12)

with k and X independent of (¢,, j,). o

A. Problem formulation and standing hypotheses

In the sequel, we focus on perturbed non-autonomous hybrid
systems of the form—cf. Eq. (10),

¢ =—A(t,j)¢ +v(t )
R e =[In, — B(t,§) ¢ + v(t,])
(t,7),(t,j+1)edomA,

where A and B (are assumed to) have the same hybrid time
domain, that is, A and B : dom A — R™<¢>*™¢_ Furthermore,
v : domA — R™< is an external hybrid perturbation. The
index , in H, is to distinguish the system in (13) from the
unperturbed dynamics resulting from setting v = 0.

Remark 2: This class of systems is important as it covers a
number of interesting cases that appear in adaptive estimation.
For instance, when v = 0 and A(t,j) and B(t,j) are both
symmetric and positive semidefinite, system (13) generalizes
the so called gradient system, studied both in continuous and
discrete time in the context of identification [2], [17] and

t € int(I%)
(13)

multi-agent systems [41], [18]. The functions A and B may
come from expressing outputs and inputs along solutions;
namely, for a system Z = A,(y,u)z, we let A(t,j) :=
A, (y(t,7),u(t,j)). This artifice is commonly used to analyze
some nonlinear observers [15], [16]. See also Section V. e
In what follows, we investigate sufficient conditions for the
origin {¢ = 0} to be UES for #|, (that is, (13) with v = 0)
and for the system 7, to be ISS with respect to v # 0. For
hybrid systems, ISS means that there exist a class Ko, function
« and a class KL function 3 such that, for each solution ¢ to
H!,, starting from (, € R™<, at (¢,,J,) € dom A, we have

|<(taj)‘.4 < /6(|CO|Aat +J—t _jo)
+a (sup {|V(s,z)| :(s,1) € dom¢\E£j’w})

for all (t,j) € By , .

We solve these problems under two standing hypotheses
reminiscent of others that are common in the context of
continuous- or discrete-time systems. The first one essentially
guarantees boundedness of the solutions and uniform global
stability of the origin {¢ = 0} for H{,. Roughly, for Hj, we
require the existence of a Lyapunov function with negative
semidefinite derivative along flows and non-increasing over
jumps. The second Assumption imposes uniform boundedness
of the matrices A and B.

Assumption 1 (Lyapunov (Non-Strict) Inequalities):
There exists a symmetric matrix P : dom A — R™<¢*"«¢
and constants p;, po > 0 such that p; < |Ple < po.
Furthermore, there exist symmetric positive semi-definite
matrices Q., Qq : dom P — R™<*™<¢ such that, for all
t € int(I%),

and, for all (¢, ) € dom A such that (¢,5 + 1) € dom A,
[ = B(t5))" P(t,j + DlIme = B(t,5)] = P(t,5)
< 7Qd(t7])

Assumption 2 (Uniform Boundedness): There exist A, B>
0 such that |B|, < B and |A], < A.

15)

In addition to Assumptions 1 and 2, we investigate the role
of HUO and HPE.

B. UES and ISS under HUO

Consider the linear system 7, ie., (13) with v = 0.
We introduce the hybrid transition matrix M : dom A x
dom A — R™<*™¢ gsuch that, for each ((¢,7), (t0,70)) €
dom A x dom A, the solution ¢ starting from (, at (¢, j,)
satisfies

C(tv ]) = M((t7])7 (t07.j0))<0'

The hybrid transition matrix M is the solution to the system
M((t,9); (tos Jo)) = =A(t; IM((, 1), (tor Jo)) € T

(17a)

M((tvj + 1)7 (t07j0)) = [Img - B(th])] M((tvj)v (tm.jo))
(t,§), (t,5+1) € dom A (17b)

(16)



M((t07j0)7(t07j0)) = ImC' (17C)

Then, we introduce the following property.

Definition 4 (HUO): The pair (A, B) satisfying Assump-
tion 1 is HUO if there exist K, y > 0 such that, for each
(to,jo) € dom A,

M ((5,5), (tos o)) " (5, )M ((5,5), (to, Jo)) d(s, J)

A
Etoejo,K

Z /’[’Imga (18)

where ¢ : dom® — R™<*™¢  with dom® = dom Q. =
dom @y, is given by

N ) Qc(t, )
(t,5) = {Qd(ﬁé)

if te %nt([f;‘) (19)
otherwise.
[m]
Remark 3: Following up on Remark 2, we note that partic-
ular instances of HUO pairs pertain to multi-variable systems,
where Q.(t,7) and Qq(t,j) result from designing a hybrid
input. Thus, the required HUO property may be induced (by
design). .
Theorem 2 (HUO implies UES and ISS): If for the hybrid
system H,, defined by (13) with v = 0, Assumptions 1 and 2
hold, and the pair (A, B) is HUO, then the origin {{ = 0} is
UES, and H/, is ISS with respect to v. o
Proof : The stability of the origin {¢ = 0} for H{, may
be analyzed using the framework described in Section II, by
rewriting the system as one that is time-invariant, of the form
(11), with flow and jump maps

Fy(x):=[-€"Ap,g)" +v" 1 0] (20a)
Gy(x) = [T [Ime = Bp,@)]" +v" p q+1]7, (20b)
state x := (£, p,q) € X := R™¢ x dom A, and flow and jump
sets defined by C' := X and D := {&x € X : (p,g+ 1) €

dom A}, respectively. In particular, after Remark 1, the UES
bound (12) holds for Hj, if the set

A={reX:£=0} (1)

is UES (as per Definition 3) for H, defined by (11), (20), C,
and D as defined above. Thus, to prove the first item we use
Theorem 1 and this equivalent time-invariant representation
of H(. That is, we explicitly compute ¢ > 0 such that, along
each solution ¢ to (11)-(20), with v = 0 and starting from
Zo = (&, toy Jo), at (0,0), it holds that

i {[6 0l } < elooly @)

where A is defined in (21).
To that end, we introduce the Lyapunov function candidate

V(z) =& P(p, ), (23)

where P is introduced in Assumption 1. Furthermore, after
the latter, we have

(VV(2), Fo(x)) < —€TQe(p, 0)é,

for each x € C, while

V(Gol@)) = V(@) < 3¢ Qulpra)é

for each « € D. Therefore, after (19), along the maximal
solution ¢, we have

for all ¢ € int(I%,), while

V(¢(t’j + 1))_V(¢(ta.7))
< —&(t,5) " @(p(t, 4), q(t, ))&, 5)

for all (¢, ) € dom ¢ such that (¢, j+ 1) € dom ¢. Thus, using
the fact that (). and ()4 are positive definite from Assumption
1, it follows that

V((t. j)) < V((0,0))
which implies that, for each (¢,5) € Eg{Om, we have
. . 2
pilE(t, )| < V(e(t,5)) < V(6(0,0)) < p2féo| ™
Finally, since [¢| = |¢| > e conclude that
2 P 2
[¢la00 < 51000

This establishes the first bound in (22).

Y(t,5) € B g s

’ 2

Next, we compute the second bound. To that end, we follow
the proof steps of [26, Proposition 1]. Let the HUO property
generate K > 0 and, for each (¢,j) € dom ¢, a unique pair
(sk, mg) € dom ¢ satisfying (3). We have

V(d)(tv.])) _V(¢(5K7 mK)) = JE¢£(S7 i)Tq)(Sv Z)g(sv Z)d(sa 7’)

t, 5, K

The hybrid arc £(s, ), with (s,i) € EijK, starting at (¢, )
coincides with ((s,?) starting at (¢ + t,,j + Jjo). Therefore,
the relation

C(s+to,i+jo) =
M((s+toyi+]o)s (tto, j+70))C((E+to, T+ o))
which holds under (16), implies that

&(s,1) = M((s,1), (t,4))E(, 7),
where M((s,1), (t, 7)) 1= M((s +1to,i+ jo), (t + 10, J + Jo))-
As a result, we obtain

V(§(t.)) ~ V(65 mi)) >
)T [ M), (0.)T R, DM ().

x &(t,5) = plett, ).

Next, we use the fact that
N2 D1 2
£t D) = =|€(sk,mx)|,
D2
to obtain

V(e(t,§) — V(d(sk,mi)) = u;’—;\s(m mi)[.

Now, integrating on both sides over Egi 0,00+ and using the fact
that

(s, )? = |o(s, )% V(s,i) € B 0,



we obtain
. p1,u 2 .
| veewsnde = 9(s,1)",d(s, )
B x P2 JEF,
pip NCE
SPEL oty
P2 JEf, «
which, in turn, implies that
N2 . D2 . .
o(s,4)|,d(s,1) < — V(g(s,i))d(s,i
me( o< 22 | )d(s, )
2 )
o el
EO 0,K

(K+1)[w+p1]}¢oo|A.

This completes the proof of UES.

Next, to prove ISS of ! with respect to v, we introduce
the function W : X — R given by

W (x) := £TP(p, )¢,

where

P(p,q) = LA [M((5,4), (p, ) M((s,9), (p,q)) " | d(s,1),

p,q,0
and we prove the following claim.
Claim 1: Under UES of the set A for H/, the fact that

M((p,q), (p,q)) = Im.—see (17c), and A being bounded,
we conclude that there exist py; = p,,, > 0 such that

Pmlme <P(p,q) <palm,  V(p,q) edom A (24)

Proof : The upper bound in (24) is a straightforward
consequence of UES of the set A for 7{{, and the definition
of the hybrid transition matrix M.

To prove the lower bound, we consider the following
complementary cases:

1) If (p,q) € dom A and (p,q + 1) € dom A, we conclude
that

P(p,q) =
2) If ([p,p + 1],

D e
P(p.q) > jpT

p+1 1 )
>J e(~24(s=p)) dslpm, —J 672AstImC.
P 0

I +P(p,q+1) = Iy

dom A, we conclude that

(1, 0))M((5,9), (p, ) '] ds.

To obtain the second inequality, we used (17a) and
boundedness of the matrix A.

3) If ([p,p+ A]l,q) € dom A and (p + A\, ¢ + 1) € dom A,
for some A € (0, 1). In this case, we have

P(p,q) = M((p + X, q). (p.0)) M((p + X, q), (p,q) "

> 672A)\Im< > 72AIm

Furthermore, using (17a) and (17b) along maximal trajec-
tories, we conclude that

P(p,q) = —Im. — A(p,q) "P(p,q) — P(p, ) A(p, q)

for all ¢ € int(I%,), while
P(p,q) = Im, + B(p,q)"P(p,q + 1)B(p,q)
for all (p, q) € dom A such that (p, g+ 1) € dom A. Therefore,
(VW (@), Fo(a)y = —[¢[2,  VaeC
W(Go(z)) = W(z) = —[¢[*,  VazeD,
where F, and G, are defined in (20). In turn,
(VW (), F,(2)) = =[¢]* + 26 P(p, q)v
1 1
< —§|5|2 +dpuv]? < —7MW(=T) + dpu|v)?,

for all x € C, where the first inequality follow from Young’s
inequality, and

W(Gy(2)) = W(z) = —[¢* + W(Gy(2)) = W(Go(z)),

for all x € D. On the other hand, after Assumption 2, there
exists by, such that |I,,, — B(p,q)| < V), for all (p,q) €
dom A, one gets using Young’s inequality that

W(Gy(2)) = W(Go(x)) = 20" P(p,q + 1)[Im; — B(p,q)]€
+ v P(p,q+ 1)v
1
< 2, L2
el + 5léP,
where ¢ := pys + p%, 0. In turn,
1
W(G,(x)) — W(z) = ——W(x) + c|v|*.
2pnr
So, along the system’s trajectories, we have
W (g(t, 1)) < _TW(¢( 7)) + dpalv(t, 5)1%,
Py
forall t e int(Ig;), and
W(g(t,j+1)) — W(tb(t 7))
< *7W + clv(t, ),
ooy (O(85)) + elp(t, 5)]

for all (¢,7) € dom ¢ such that (¢, + 1) € dom ¢. Finally, we
introduce

U= sup{|y(s,i)\ (s,1) € dom ¢\ t]:;o}

and the comparison perturbed hybrid system

w [/ (w, ) |
p| = 1 zeCy,
q 0
Hay : S z - -
wt g (w, D)
pt| = p x € Dy,
qt | | g+ 1
with
! = 1 —2
f(w,p) :=— —w+4dpy D w € Cy
2pnr
1
g (w,v) : [1— —]w—&-cyQ w € Dy,
2ppm

where C, := Ryg x dom ¢ and D,, := {(w,p,q) € Rxg %



dom¢ : (p,q+1) € dom ¢}. Thus, we conclude using Lemma
1 that the solutions ¢,, to H,, and ¢ to H in (11) obtained
from (13) satisfy W(¢(¢, 7)) < ¢w(t,4) for all (¢,7) € dom ¢,
solving for H,,, it follows that there exist a, b > 0 such that

W(@(t,4)) < W($(0,0)e ) + bo,
and ISS of #!, follows. [ |

C. UES and ISS Under HPE

The following is a relaxed PE property, which captures the
richness of signals that may fail to be PE if considered as
functions of purely continuous or purely discrete time.

Definition 5 (HPE): The pair (A, B) of hybrid arcs A, B :
dom A — R™¢*™M¢ e, with dom A = dom B, is said to be
HPE if there exist K and g > 0 such that

f Bap(s,)d(s,i) > plm,  W(torjo) € dom A, (25)
EA

to,jo, K

where ® 45 : dom A — R™¢*™< is given by

) A(t,j) if teint(l?
Dan(t,j) = { BEt,;; otherwise? &
a

As for purely continuous-time systems, an important prop-
erty of HPE is that it implies HUO. Theorem 3, below,
generalizes to the realm of hybrid systems, the well-known
fact that PE implies UO—see [23], [12]. Yet, Theorem 3 is
not a direct extension since its proof approach is original. For
instance, it differs from that used in [42] for continuous-time
systems by being direct and not relying on many intermediate
results.

Assumption 3 (Structural Properties): For each (t,
dom A, A(t.j) = A(t,§)7 > 0. B(t,j) = B(t,j)"
and [B(t, )] < 1

) €
= 0,
Theorem 3 (HPE implies HUO): Consider the hybrid sys-
tem H{, under Assumptions 2 and 3, and let the pair (A4, B)
be HPE. Then, the pair (A4, B) is HUO. o
Proof : Under Assumption 3, it follows that Assumption
1 holds with P = I,,, Q.(t,5) = A(t,5), and Qqu(t,j) =
B(t, 7). Therefore, to verify the HUO property, it suffices to
find p, > 0 such that, for each (¢,,J,) € dom A, we have

j To(s,7)d(s,j) >

EA
to,jo, K

trolm,, (26)

where we defined

To(s,) 1= M ((5,5), (to,Jo)) " ®an(s,5)M ((5,5), (to, jo))

to compact the notation, K comes from the HPE of (A4, B).
Then, to establish (26), we show that, for each (, € R™<¢,

G, Tl s

to,jo, K

= N0|CO|2'

To that end, first we note that

ch o(5,)d(5, ) G = j C(5,9) @ an(s,5)C(5, )5, 5)

toJoK toJoK

and we proceed to find p, > 0 such that

V = EA C( ])Tq)AB(SaJ)C(Sv])d(&]) = M0|Co|2~ (27)
So, to prove (27), we express V as
V= V() + Y, Veli), (28)
J=Jjo J=Jjo
where
t_7‘+1
Vi) = | C(s,5) T Als, §)¢(s, 5)ds, (29)
tj
Va(i) = C(tir1,5) ' Bt 9)C(t11,4),  (30)

and we compute suitable lower bounds for these functions.
In regards to Vp, we show that, for each p > 0 and for each

je {j07"'7mK}9
p tjr1 L2
N> ta
VF(]) 1+P , A($7.7) C ds
= p(A2 +24)(2(5 — Jo) + 1)(tj1 — ) (tj41 — 1, + 12;)
To better see this, we note that
t
C(tvj) = CO - A(‘SVJ)C(st)dS
t.]
. j—1 (32)
— Z f A(s,i)((s,i)ds — Z B(tit1,1)C(tiv1,19).
i=Jjo i=Jjo

Hence, we obtain

J‘t.7’+1
t.

J

Vr(j) =

Als, )C0+ASJ%_[AUJ (u, j)du

A Y [ awmc ma

K=jo V1
+Als, ) Y B(tk+1,k)((tk+1,k)) ds.
k=jo
Next, using the fact that |a — b|* > ¥-[a]*> — p|b]* for all
p > 0, we obtain
tit1 ) s
Veli) = = [ 4G [ A i
J J
J=1 tpy
FAs Y f Alu, K)C(u, B)du
k=j, Ytk
1 Jfl 2
+As.f)F D) B(tkﬂ,k)g“(tmhk:)) ds

k=jo

tj+1
|
14+ p J.

J

1 2
A(s,7)2Co| ds.

Furthermore, using the boundedness of A according to
N N
Assumption 2 and the fact that | > a;|> < N 3 |a;|?, we
i=1 i=1
obtain



Veli) > —pA(( =)+ 1) x [ [ |t ity

j—1
+ 2
k=jo
j—1
+ 0 |B(ter1, k)C(ther, )|
k=jo
p
+ [
1+p

2

f M A k) (oK)

2] ds

ds.

tj+1

1 2
A(S,j)§<o

Next, using the triangular and Cauchy-Schwartz inequalities,
we obtain

Vie(j) = —pAQ(j — jo) + 1)

<| [<s = A, 7)) du

Jj—1 tr41 5
3 =) [ AP du
k=jo b
=1
+ ) B(tk+17k><<tk+1,k>|2]ds
k=jo
) tj+1 L2
—_— A(s,7)2(,| ds.
1,0, (s,7)2 s
Then, using the fact that
0<(s—t;) | [A(u,)C(u, ) du
tj

ti+1
< (t41 — w)f A, )¢ (s ) s
tj

we obtain

VF(j) = =pA2(j = jo) + 1)(tj4+1 —

J tht1
<3
k=jo Lk

-1

+ 2 IB(trs1, k)G (thg, F)|

k=jo
ti+1

+1)

2]

and using A = A3 A% and B = B%B%, we conclude that
Vr(j) = — pA(A +2)(2(j —jo) + D)(tj41 —t5)

t )(t]+1 t‘o

|A(s, k)C(s, k)| ds

p

2d
8’
L+pJ

A(s,5)% ¢

th41 2
1> | Ak R ] as
k=jo
L 2
+ Z ‘B tk+11k)§<(tk+l7k)’
k Jo
p tj1 A N
+m (5,5)2¢o| ds.

Hence, (31) follows. Next, we show that, for each p > 0 and

for each j € {j,,..., mx}, the following inequality holds:

Va(i) = =220 — jo) + 1)(A(tj41 —t

2
AP

2 ~
i) F2)V

2
; (33)

For this, we first note that 2V (j

‘2
Then, using (32), we obtain

‘B (tjv1, )41, )

) 1 1
Valj) = 2]B<tj+1,g>z<o
N trt1
(tjy1,5)2 Zf Au, k) (u, k)du
k=jo
. j—1 2
+ B(tj1,4)7 Y] Bltrsr, k)¢(trr, k)
k=jo

Now, using the fact that |a — b|? >
p > 0, we obtain

1_,_p|a|2 — p|b)? for all

. J tht+1
Vel = 4| 3 [ ARG b
k=j, Ytk

-1

+ B2 (tj1,5) ) Bltrer, k)C(tera, k)
k=jo

p/Q‘ UL
L |\B(t; ,7)2C,
T (j+1 ]) G

2

<N Z |a;|?, the boundedness of B by

1, and the Cauchy Schwartz 1nequa11ty, we obtain

Vo(i) > 5206 = jo) + 1)

N
Next, using | Z a;|? <

tk+1
lz J (tha1 — t) |A(u, k)C(u, k)| du
k=jo

+ Z ‘BQ j+17

k=Jjo

tk+1ak)‘ ] ‘*‘7‘3 j+1:7 )IC :

Finally, using the boundedness of A, according to Assump-
tion 2, we obtain

Va(i) > = (20 = o) + D(Alty1 —1;,) +2)
J trt1
x [Z f A(u,k)%g(u,k:)rdu
k=jo. b
1 2
+ Z 3 ’B (tjt1, )fC(th,j)’ ]
k=jo
=7 . )
+7‘B ti+1,0)2Co

Hence, (33) follows. Now, comb~1n1ng (31) and (33), we obtain
the following upper bound on V' for each p > 0:

mg—1 2

v 2 B
1+pj; (]+1J)C




2

20 & (B N1
+ T pJZ f A(s,5)2,| ds
Py MK A 2
20 3 20 o)+ DAl —15,) +2)
— pA(A VZ (G = do) + D(tj41 — t))(tj1 — b5, +1).
J=Jo
Hence,
~ 20|¢, 12 -
Vs 2l [ s id(o,i) — plonsc — go + 1V
Lt+p Jpa o
A o
X E(SK_tjo)+2)+A(A+1)(3K_tjo)(3K_tjo+1)

Finally, using the HPE of the pair (A, B), we conclude that

. 2
Ve T Gl = (e +2)?

x [/21(1( + 1)+ 1+ AA+2)(K + 1) (K + 2)] V. (34)

Thus, (27) follows by choosing
/(K +2)?

SE+D)+1+AA+2)(K+1)(K+2) g

The importance of Theorem 3 relies on the following
statement, whose proof is direct and, yet, it generalizes similar
results available for continuous- or discrete-time systems.

Theorem 4 (UES + ISS under HPE): Consider the hybrid
system Hj, defined by (13) with v = 0, under Assumptions
2 and 3, and let the pair (A, B) be HPE. Then, the origin
{C = 0} is UES for H(, and H,, is ISS with respect to u. O

Proof : After Theorem 3, the HUO property holds. Under
Assumption 3, it follows that Assumption 1 holds with P =
Ims? QC(taj) = A(tvj)» and Qd(t’j) = B(t’j)' Thus, the
statement follows from a direct application of Theorem 2. W

pi=

V. ADAPTIVE ESTIMATION UNDER HPE

A. The Hybrid gradient-descent algorithm

To put our contributions in perspective, we first consider a
classical identification problem, based on the linear regression
model

y=1"0,
where ¥ : domy — R™¢ is the regressor, § € R™? is a
constant vector of unknown parameters, and y : domy — R
is the output. Usually, the domains of y and ¢ are considered
to be subsets of the real numbers or the natural numbers. Then,
an estimate of 0, denoted 6, may be carried out dynamically,
in function of the tracking error e := § — y, where ¢ := ¢T0
A well-known identification law is based on the minimization
of the cost J(e) := (1/2)e? and defined by the gradient of the
latter.

In the continuous-time setting, i.e., if the regressor’s domain
is dom = [0, +00), the gradient-based update law for 0 is

given by 6= —yV,J(e), where V;J denotes the gradient of

(35)

J = (1/2)(1)T6 — 4 T0)? with respect to 0. Hence,

6 =~ ([0 — y()],

N—seeA[43]. In this case, the dynamics of the estimation error
0 := 0 — 0 is given by

0 = —p(t)() T

and it is well-known (see, e.g., [11]) that, if v is bounded, the
following condition of continuous-time PE (CPE) is necessary
and sufficient for UES of the origin for (37).
(CPE) There exist T'> 0 and p > 0 such that

t4+T

U(s)y(s) ds >

t

N>0 (36)

(37

pln,  VE=0.  (38)

0
Moreover, a lower bound on the convergence rate is provided
in [17], [2], and [5], and a strict Lyapunov function is
constructed in [18].

In the discrete-time setting, i.e., if the regressor’s domain is
dom v = Zx, the gradient algorithm is given by

O(t+1) = 0(t) — o (t)VyJ(e),
B and

where o : Z>o — [0,1] is given by o(t) := W
~ > 0 is the adaptation rate [10]. Therefore, the dynamics of
the estimation error is given by

0t = <Im9 . ’W(t)l/J(t)T ) 0.
L+9[y())?
In the latter case, the discrete-time PE condition reads—cf.
[44], [1]:
(DPE) There exist N > 0 and y > 0 such that

N
3 9()6(5)T = il
s=0

Remark 4: Note that some of the existing approaches to an-
alyze (37) translate naturally to the analysis of (40) under DPE;
see, e.g., [10]. Other relaxed forms of PE are also available,
but these do not lead to uniform forms of convergence—see
e.g., [45], [22], [19]. .

Even though PE as defined above, in continuous or discrete
time, is necessary for UES, in some simple cases it may be
over-restrictive. For instance, when the data (1, y) of the linear
regression model (35) is hybrid; namely, when it is allowed to
exhibit both continuous- and discrete-time evolution, to have

y(t,j) =¥t 5)T0  (t,j) € dom. (42)

In this case, the classical gradient-descent algorithms recalled
above are ineffective. This is because the continuous-time
update law (36) exploits the data only on the time intervals
on which they evolve continuously, while the discrete-time
gradient algorithm (39) exploits the data only at discrete
time instants. If, in contrast to this, the regressor is hybrid,
we design a hybrid gradient-descent algorithm in a way that
whenever the data (v, y) jump, i.e., undergo an instantaneous
change, @ is updated via (39); whenever the data (1, v) flow,
i.e., evolve continuously, 0 is updated via (36). More precisely,

(HG1) when ¢ flows, that is, for all ¢ € int(I7,), with I}, :=

(39)

(40)

(41)



{t: (t,7) € dom}, 6 is updated by

0 = =y (t, 5)[(t,5) 0t 5) = y(t,5)].
(HG2) Alternatively, when 1 jumps, that is, for all (¢,j) €

dom ) such that (t,j + 1) € dom, the estimate 6 is
updated using

VOt () Ot 5) — y(t )]
L+ l(t, 5)P? '

Then, the dynamics of the parameter estimation error 9: =0-6
is governed by the hybrid system H{, (13), with ¢ := 6, v = 0,

A(t’]) = ’Yw(taj)w(ta])—ra
(g
L+ lp(t, 4)1*

which satisfy the structural properties in Assumption 3. Fur-
thermore, it is assumed that, by design, there exists 1) > 0
such that |1/, < v holds and the pair (A, B) is HPE.

In the following example, we illustrate a scenario, where
the regressor v in (42) is a hybrid signal.

Example 1 (Regressor gathering real-time and old data):
Consider the continuous-time input-output model

yi(t) = ¢ (t)70

where 11 : Ryg — R™ is the input and y; : Ryg — R is
the output. The pair (1, y1) defines the real-time input-output
data. On the other hand, we assume that we have a memory
containing a pair of old input-output data, which we denote
by (12, y2). The old data needs to be treated at specific times
defining the sequence {t1,%2,....,t;} < Rso with ¢; < tj44.
As a result, the old input-output data satisfy

yg(tj) = wg(tj)TQ Vj € {172, ceny J}

The incorporation of old data can be done periodically, it
can also be triggered by an external supervisory algorithm. As
a result, we introduce the hybrid time domain

é(tv.] + 1) = é(t7]) -

B(t,j) ==

t=0, (45)

(46)

domp :=[0,¢1] x {0} U [t1,t2] x {1} U ... U [ts, +00) x {J}.

Furthermore, we introduce the pair of hybrid input-output data,
gathering both old and real-time data, given by

; Pi(t) if teint(I])
t,j):= b
o) {¢2(tj+1) otherwise,
and )
: t if ¢ € int(Z;
yt.g) = 00 (1)
y2(tj41)  otherwise.

The pair of hybrid input-output data is related to the parameter
# according to (42).

The hybrid gradient algorithm in this context allows to
continuously explore real-time data on the open intervals
int(;,), j € {1,2,...,J}, and to discretely exploit old data
over the sequence of times {¢;}7 ;. o

Remark 5: When the hybrid arc v is eventually continuous
(respectively, eventually discrete or Zeno), HPE of the pair
(A, B) reduces to CPE of 1t (respectively, DPE). Further-
more, when the regressor v is scalar (i.e, mg = 1), HPE of the

pair (A, B) implies that either CPE or DPE holds. However,

in the general case that mg > 1, it is possible that HPE hold,

but none of the conditions CPE and DPE be satisfied. .
For illustration, let us consider the linear relationship in

(42), where the regressor function v is given by

G(t) : {[Sin(t) 0T Vte (2jm,2(j + 1)), j € Zsg

(47)

[0.5 1]7 otherwise,

SO, over successive continuous intervals of time,

[s.in(t)2 0

wou” = [0 | vee @in 2+ vm), ez,

while at discrete instants,

sow” = |52 ] veetonan.,

The function W/}T defined in (47) does not satisfy neither CPE
nor DPE. However, the corresponding maps A and B (with
~ = 1), defined on dom A = dom B = U;OZO[ij, 2(5+ )],
are given by

o [sin()® 0 o foa111 0.2222
Alt,j) = [ é) o]’B(t’J):[o.mzz 0.4444]'

The pair (A, B) is HPE, with K = 27 + 1 and p = 0.21.
HPE is less conservative than its counterparts CPE and DPE
as it captures the fact that the richness of a signal may be
enhanced by an appropriate mingling of exciting flows and
jumps, which, otherwise, are insufficient to guarantee that
neither (38) nor (41) hold. The latter being necessary, 6 + 0
in either case, but 6 — 0 under the hybrid gradient-descent
algorithm—see Fig. 1 below. The previous observations are

1§ 6 i
—

o

-

T 4r ]
g continuous gradient descent

E discrete gradient descent

g 2+ ——— hybrid gradient descent 4
=

n

m 0 L L L " L L

0 10 20 30 40 50 60 70 80

Time [s]

Fig. 1. Evolution of the norm of the parameter error 8 using continuous,
discrete, and hybrid gradient algorithms

captured in the following statement that follows as a direct
corollary of Theorem 4 and yet, covers the gradient-based
algorithms for purely continuous- or discrete-time systems,
and stems as a corollary of Theorem 4.

Corollary 1: Consider the hybrid system Hj,, defined by
(12) with A and B as in (43) and (44), respectively. Let v = 0
and assume that the pair (A4, B) is HPE and, there exists 1) > 0
such that ||, < 1. Then, the origin {# = 0} is UES and the
system’s trajectories satisfy (12) with computable parameters

k(¢, u, K) and \(¢, u, K). 5



B. Hybrid adaptive Observer/Identifier design

We address now a classical problem of adaptive ob-
server/identifier design, recast in the realm of hybrid systems.
We show how well-known designs may be applied using
excitation signals that flow and jump. For clarity, we start
by revisiting an existing design-method for continuous- and
discrete-time systems.

1) Rationale: Consider the problem of estimating the state
x € R™= and a vector of unknown constant parameters 6 €
R™¢ of a nonlinear system driven by an input v € R™*, based
on the measurement of an output y := Hzx, y € R™v. That
is, to produce estimates (z, é) such that the estimation errors
(e,0) := (x — &,0 — ) converge to zero asymptotically.

If the output y is measured continuously in time, indexed
by the variable ¢, the plant may be modeled by

jj = Ac(y7 u)x + \IIC(y7 u)97 (48)

whereas, if the output measurements are made at discrete
instants, indexed by j, we shall use the model

T = Au(y,w)x + Va(y,u)d. (49)

This choice of models is motivated by the abundant lit-
erature on estimator design for systems that are affine in
the unmeasured variable x and linear in 6. The problem is
completely solved for continuous- as well as for discrete-time
systems. However, available designs may fail if the system’s
dynamics is hybrid. Say, if it is governed by (48) when x
belongs to a flow set C' < R™=» x Ry x N, and by (49), when
z is in a jump set D < R™» x Ry x N. More precisely, a
more general model of the plant is the hybrid system

rzeC
z e D.

Y- T = Ac(yvu)x + \ch(yvu)g
Pt = Aaly, w)e + o(y,u)

Addressing the observer/identifier design problem for hybrid
systems is not purely motivated by intellectual curiosity (or
challenge). We describe next a realistic scenario in which the
problem arises naturally.

Remark 6: We stress that after obvious modifications, the
developments that follow remain valid if the functions A., Ag4,
U, and ¥, as well as the sets C' and D depend on the (hybrid)
time. That is, ¥ p can have the general form

(50)

T = Ac(t,j7y,u)x + \IJC(t7j7y7u)6

E . t:1, j:(] (x7t7])ec
P +_ . .
T Af(@%?h“)?f Ve(t, jry, u)f (w.t,7) € D.
tt =1, jT=5+1

[ ]
Example 2: Consider the continuous-time plant (48) and,
for simplicity, let the entire state be measurable, that is, let
y = x. Furthermore, let ¢ — (y1(t),u;1(t)) be a pair of real-
time input-output data defined in continuous time. Hence, by
letting ¢t — Ay(t) := Ac(y1(t),u1(t)) and t — By(t) :=
W.(y1(t), u1(t)), we conclude that the real-time state variable
x1 is governed by

jl’l = Al(t).’tl + Bl(t)9 t=0. (51)

Now, suppose that the past experiences have generated other

pairs of input-output data. Let ¢t — (y2(t),u2(t)) be one
such pairs, also defined in continuous time. We assume that
we were able to save the input-output data corresponding to
a specific sequence of times in the past {r,7a,...,77} <
R<o. More specifically, we are able to save the sequence
{(y2(7y), uQ(Tj))}szl, and a sequence of pairs

{A2(5), B2(j)} =y © R™XMe s RMXme,
so that the old state vector xo satisfies
22(7j+1) = A2(j)w2(75) + B2(4)0,

To compute the pair j — (Aa(j), B2(j)), we let Ay :=
A.(y2,u2) and By := W.(ya,us). Furthermore, by letting
My be the transition matrix corresponding to the system
z = As(t)x, we conclude that

Vie{1,2,...,J}. (52)

Tj+1
2a(7j41) = Ma(7j41,75)xa(7))+ | Ma(Tj11,5)Ba(s)dsb.
Hence, we obtain, for each j € {1,2,...,J}, As(j) :=
Mz(Tj+1,Tj) and Bg(]) = S:j+M2(Tj+1,S)BQ(S)d8. As a
result, the old state zo is governed by the discrete system

fE; =A2(j)$2+B2(j)0 36{172aa<]} (53)

Now, as in Example 1, we assume that the old data (ys2,us)
needs to be treated at specific times defining the sequence
{t1,t2,....,t;} < Rso with t; < t;41. The latter takes us to
introduce the hybrid domain

E :=10,t1] x {0} U [t1,t2] x {1} U ... U [ts, +0) x {J}.

The dynamics of both old and real-time data is governed by
a hybrid system in the form of X p. To see this, we consider
the augmented state vector (z,t,5) € R*™= x F, where z :=
(z1,x3). Furthermore, we introduce the hybrid arcs defined

on E by (¢, ) i= [310“)] Tt ) = [Bf(j)] ,
A.(t,7) := blkdiag{ A, (t), 0},
Ad<t’j) = b]kdlag{ImJLyA?(])}

Thus, the plant with the available (old and real-time) data can
be accurately modelled as in (50) with the right-hand sides
and the flow and jump sets therein being dependent on the
hybrid time (¢,j)—cf. Remark 6. That is, we introduce the
time-varying hybrid system

5 T = {_lc(t,j)a: + \?C(t,j)H te int(I%)
Polat = Ag(t,j)e + Ta(t, )0 (t,5), (t,5+1) € E.

The scenario described above suggests that an efficient adap-
tive observer/identifier should be able to explore real-time data
(y1,u1) to estimate 6 over each interval [}, Moreover, it
should exploit old data (y2,uz) at the specific times {; }3]:1,
The latter sequence of times can be periodic or dictated an
external supervisory algorithm. o

In what follows of this section, we construct a dynamics
hybrid observer/identifier and establish asymptotic stability of
the origin, in the space of the estimation errors. The proposed
observer/identifier design for ¥p builds upon the designs in
[16] for continuous- and in [28] for discrete-time systems, (48)



and (49)—we revisit them below. As in [26], we use a PE
condition along the trajectories, to guarantee the convergence
of the estimation errors. However, in contrast to these and
other similar works, the design takes into account the fact
that the system’s solution is hybrid, which flows and jumps.
As we show on a concrete example, the richness induced by
the hybrid behavior is fundamental to achieve the estimation
goals, when other algorithms fail.

2) The continuous-time estimator: The following develop-
ment is inspired by [16]. Consider the continuous-time esti-
mator

2= Ay, u)i + Ko(y,u)(y — §) + Ce(y, )0 + v, (54)

where U,.(y, u)é is meant to compensate for the effect of the
uncertainty in (48), the term K, (y,u)(y — §) is common in
Luenberger and Kalman-filter based observers, and v, is a term
to be designed. It is assumed that an observer gain K.(y,u)
is known such that the origin for the the dynamical system

7.] = An(yvu)na An = [Ac(yvu) - Kc(yau)H] (55)

is exponentially stable, uniformly in some admissible pairs
(u,y). Indeed, the state-estimation error dynamics, resulting
from subtracting (54) from (48) is given by

e=A,(y,u)e — ¥c(y, u)d — v.. (56)

Hence, it is left to design v, and 6 = 6 such that the second
and third terms on the right-hand side of (56) vanish. For 0
we seek an implementable classic adaptation law of gradient
type, so we pose

b= ety — 7). 7e >0, 57)

with ¢ to be determined. To render this adaptation law of
the “gradient” form 6 = —v.[-]0, we let e := 1 — T'f or,
equivalently,

n:=e+10, (58)

where I' is to be defined so that 7 satisfies both (58) and (55).
That is, the latter becomes a target equation for n in (58).
Now, differentiating on both sides of (58), we obtain

0= A —[AT + ¥, —T10 +y.TvHe —v.,  (59)

in which we temporarily dropped all the arguments to avoid
a cumbersome notation. We see that we recover (55) if we
set v, := I'yHe, which may be implemented as v. :=
YI'Y(y — ), and T' := A,I' + U.. It is left to define ¢
in (57). To that end, we note that the latter is equivalent
to 6 = f’qu/JHFé + 7.4 Hn, in which, n is guaranteed to
converge to zero exponentially. So, we set ¢ := I'TH' to
obtain the perturbed gradient-descent system

é = —%Wﬂé + %T/JHU-

It is intuitively clear that if 17" is PE, along the system’s
trajectories, the parameters 0 — 0. Since also n — 0, we
obtain that e — 0. This is the rationale that leads to the design
of the adaptive observer/identifier for the bilinear system (48),

(60)

in continuous time, given by

T =Ad+ K. (y—17) + U+ D0y —17), (6la)
0=7(y—19), v:=TTHT, (61b)
I'=[A.— K. H|T + 0., (61c)

—cf. [16], [26].

3) The discrete-time estimator: In discrete time, a similar
reasoning leads to the hybrid estimator given by

' A

it = Agi | Ky + 5y —g) + a0, (62
By aZ [ T T o (y—9) d (62a)
A B 7 > 0, 62b)
T+ = [Ayg — K H]T + 0, (62¢)

where K is designed so that n* = [Ay — K4H|n is UES.

Next, we use the designs above, tailored separately for
systems (48) and (49), to construct a properly defined hybrid
estimator for the plant, seen as a time-varying hybrid system.
To that end, we start by underlining some technical aspects
that were left out in Example 2 for the sake of clarity.

4) The hybrid estimator: Consider the autonomous hybrid
plant ¥ p. Given an initial condition x, € C'U D, and an input
signal u : domu — R™ belonging to a subset of admissible
hybrid arcs denoted by U, we denote by A\ := (x,,u) the
vector of variables that parameterize the system’s solutions.
That is, we denote by ¢>‘ the solution, which, without loss of
generality, starts at (t,,j,) € domu. The solution ¢* flows
and jumps depending on the flow and jump sets C and D.
Furthermore, we assume that domu = dom ¢’\. There is no
loss of generality in this hypothesis because the domain of
u can be adjusted by creating virtual jumps, so that the pair
(u, ) forms a solution pair to ¥ p.

In turn, the hybrid system produces an output trajectory
(t,5) — y*(t,4), given by y*(t,5) := H@ (t,j), which is
also parameterized by A. In addition, we let the set I3 :=
{t: (t,j) € dom¢*} and, for any function (y,u) — M (y,u)
such that M e {A., K., ¥, Aq, K4, Vg, Ay, B}, we define
MAt,j) := M(y ¢, 7),u(t,j)). Thus, after egs. (61) and
(62), we introduce the proposed hybrid observer/identifier:

B= A+ KXy —9) + U0+ 4Ty —§),  (63a)
0 =~y IIH (y —9), (63b)
I.=A)T.+0), Ty=0  Vteint(), (63c)
F+w5\ .
it = Adi + [KA + Wd] — )+ TN, (64a)
d T T [ 2 (y—9)+ 930, (
X
it =+ — ), (64b)
1+ VdW’\P( )
. otherwise, (64c¢)

It =T, T)=[-B)Tq+7,
where A%‘ = AQ — Kg\H, B;7\ = Ag‘ — KQ‘H, and

Te(t,j)THT if teint(l})
La(t,7)THT otherwise.

YAt j) = {



Note that 3)* is parameterized by the vector )\, which
includes A but also includes the initial conditions (I'c,, T'40)
for (I's,Tg); namely, A := (A, T'co, T'go).

Remark 7: Note that in assuming that all hybrid arcs have
the same hybrid domain dom ¢ it is required to know when
the system’s trajectories ¢* jump. This is an implicit standing
assumption that is needed for a coherent definition of the
resulting time-varying hybrid system. However, it is little
conservative in that it is not tantamount to assuming the
knowledge of unmeasured variables. °

The following is our main statement of this section.

Proposition 1: Consider the hybrid plant ¥ p in (50), gov-
erned by (48) when = € C' and governed by (49) when = € D.
Assume that A4, V., ¥y, A., and A4 are continuous, let gb)‘ be
a parameterized solution, such that the corresponding input-
output pair (u,y”) is uniformly bounded (in A and in the
hybrid domain) and let

At VM T
ES\ t, i = ’de (tvj)’t_/} (taj)
0 = i )P

Then, the origin {(e,#) = (0,0)} is globally exponentially
stable, uniformly in X if

(i) for each ), the pair (Af‘],B;?\) satisfies Assumption 1;

and it is HUO uniformly in A;

(1) the pair z/)’\wAT, ¥* ) is HPE, uniformly in . o

Remark 8: In (i) and (ii) we require HUO and HPE to hold
uniformly in A and ), respectively. This means that inequalities
(18) and (25) hold with (K, 1) independent of (A, \). o

Proof : The proof follows by invoking Theorems 2 and 4.
To show this, we start by writing the error dynamics in the
form (13). Using ¢ := =z — , 0 = 0 — 0, the previously
introduced notation, Egs. (48), (49), (61), and (62), we obtain
the estimation error dynamics

¢ = ANt j)e — ZN(t, )8 — 7 Le(t, )N, ))Hy  (660)

0= — e (600N T0+ v (L) HY  (66b)
0= ANt j)n (66¢)

forall te I i, where to abbreviate we also introduced
E2(tg) 1= | W2 (65) = 9eLelt, )0 () HT (8, 5) |
and

et = [Ln, — B)(t,j)]e — E3(t,5)0 — T (£, 5)A (¢, 5)n

(65)

(67a)
ot = [fme - Ex(t»j)]é + ANt ), (67b)
n* = [LInm, = By(t,7)]n (67¢)

for all (¢, ) € dom ¢* such that (¢,5 + 1) € dom ¢, where
Za(tg) = [Va(t.J) = T§ (£ )32 (1. J)]
Ai(t )= 'dek(tjj)H )
L+ yalA (¢, 4) 1

The equations (66¢)-(67c) constitute a time-varying system of
the form (13) with ¢ = 7 and v 0. Global exponential
stability, uniform in the initial time and in A, follows after

Item (i) of the Proposition, invoking Theorem 2.

On the other hand, equations (66a)-(66b) together with
(67a)-(67b) form, in_turn, another system of the form (13),
with state ¢ := [eT §T]T and parameterized input

[—%Fc(t,A j)wf(t,ﬁHﬁ(t,j)] e int(K)
Ve (t, ) Hn(t, j)
[Fi(taj)N(tj)n(m’)}

AN, J)n(t, 7)
Since 71 converges uniformly and exponentially to zero and the
factors of 7(t, j) in (68) are uniformly bounded (both in the
initial time and in ), it is only left to show that the system
(66a)-(66b) together with (67a)-(67b) is ISS with respect to
V>, as in (68). After the proof of Theorem 2, ISS follows
if the origin is UES for the system with v* = 0, which is
governed by

(¢, §) = (68)

otherwise.

é= At j)e —ENt, )0 (69a)
6= — et (b )N (t.5)T0 (695)
for all ¢ € I, and
et = [Ln, — B)(t,j)]e — E)(t.5)0 (70a)
G [ 5, AEDPENT G o
L+ ~alpA (¢, 4)

for all (t,j) € dom ¢* such that (¢, 5+ 1) € dom ¢*. To show
this, we invoke again Theorem 2 under Items (i) and (ii) of
the proposition. This time, we regard the equations (66a)-(67a)
as a time-varying hybrid system of the form (13) with state
¢ = e and parameterized input v defined as

y;\(t,j) _ { —Eg‘(t,j)é(t,j) te int(]/{)

755‘ (t,5)0(t,7) otherwise.
Note that the input defined in (71) corresponds to uniformly
bounded functions in factor of the solution to (69b)-(70b),
while the origin {e = 0} is UES for the system

ée= Af‘,(t,j)e
et = [Imz - B;\(tvj)]e

(71)

t € int(I})
(t,4), (t,j + 1) € dom ¢*,

as already established since, by assumption, for this system
Af; and Bé‘ satisfy Assumptions 1-2 and the HUO property.
Furthermore, under the same conditions, (69)-(70) is ISS with
respect to v in (71). It is only left to establish UES of {§ = 0}
for (69b)-(70b), which has exactly the form of the gradient-
descent error dynamics studied in the previous section—see
(65). Therefore, UES for (69b)-(70b) follows provided that
the pair (w’\wAT, Z)‘> is HPE, uniformly in ), that is Item
(i1) of the proposition. [ ]

5) A numerical example: We illustrate the performance of
the hybrid observer/identifier designed above on the vertical
bouncing-ball system with actuated jumps given by

i =[za 0]

Yp . [ 0
x p—
0
~Tz2635%2 T U

reR5o xR

] x€{x; =0, 2 <0},



where x € R? includes the ball position and velocity, u € R
is the input, y = x; is the output, and 6§ € R is a constant
unknown parameter. The constant parameter ¢ in both the
flow and the jump dynamics is not physically motivated, but
it allows to illustrate the importance of HPE.

The dynamical model of the considered example is of

the type as in (48)-(49), with A, = 8 _(1) ik Ay =

-1 0 T

[0 ol # =11 0. Be =0.Bs =[0 1], ¥, =
. T

[0 —1] ,and ¥4 =[0 —5%5:] .

The objective is to jointly estimate the state xo and the
unknown parameter 6 using the measurement of y = 1 and
the knowledge of the system’s structure. We assume that we
can detect instantaneously when the solution of the system
jumps. Then, following Proposition 1, we design the observer
gains so as to satisfy Assumption 1. First, we find scalars
Qe, ag < 0, B, M > 0, matrices K., Kg € R™*™v_and a
positive definite symmetric matrix P € R™=*™= guch that

(A, — K.H)'P+ P(A. — K .H) < a.P (72a)
(Ag — KqH) P(Ag — K4H) < e P (72b)

act + aqgj < M — B(t + §) V(t,7) ER>¢ x Nxg. (72¢)

Indeed, under inequalities (72) Assumption 1 holds with Q4 =
(e* —1)I,,,. Then, using the Schur complement, condition
(72) boils down to solving the LMI

AlP+PA.—L.H-H'L] <0,

P (PA; — LgH)T -0

PA; — LgH P ’
which can be done using the toolbox YALMIP [46]. The
variables of the LMIs are P € R?*2 and L., Ly € R2, and the
observation gains are set to K. = P7'L, and K; = P~'L,.
Thus, we implemented the hybrid adaptive observer (63)-

(64) and performed several illustrative simulations, with and
without HPE. The results are showed in Figures 2-5.
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Fig. 2. Performance of the adaptive observer with u = 0, i.e., without
HPE. The estimation errors |0 fail to vanish

We show the evolution of the state estimation errors ¢;, the
filtered regressors I'. and I'y, and the parameter estimation
error § — 6. In all the figures, the solid blue lines represent the
flows and dashed red lines represent the jumps.

The adaptation gains are set to 7. = 0.4 and 74 = 0.8
and for the observation gains we use the toolbox YALMIP,
to find K, = [0.7215 1.1184]" and K4 = [-0.5 0.5]T,
which satisfy the conditions from Proposition 1. The initial
conditions were set to #(0,0) = [4 0.1]7, T.(0,0) =
[2 4]T, T4(0,0)=[4 3]T, and 6(0,0) = 8.

First, we set u = 0, so the system lacks excitation; the
results are shown in Figure 2. It is showed that the state
estimation errors converge (exponentially), but the parameter
estimate 6 does not converge to 6. This is due to the fact that

— ,T —
the pair (wAwA ,E)‘) is not HPE.
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Fig. 8. Performance of the continuous-time adaptive observer/identifier
from [16] with persistent input « = 20.
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Fig. 4. Performance of the discrete-time adaptive observer/identifier

from [28] with v = 20.



In two other runs of simulation, we set v = 20 and used
the purely continuous-time adaptive observer from [16]—see
the results in Figure 3, and the purely discrete-time adaptive
observer from [28]—the results are showed in Figure 4. In both
cases, neither the state-estimation nor the parameter-estimation
errors vanish.

Finally, in a fourth simulation we tested the hybrid adaptive
observer/identifier under the same conditions. In Figure 5, one
can appreciate that both the state- and parameter-estimation

— ,T —
errors vanish. Indeed, in this case, the pair (w’\w’\ 72/\> is
HPE with K =2 and p = 0.7.
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Fig. 5. Performance of the hybrid adaptive observer with u = 20.

VI. CONCLUSION AND FUTURE WORK

This paper generalized some stability and robustness proper-
ties of linear time-varying systems, encountered in estimation
theory, to the more general context of hybrid systems. By in-
troducing the class of linear (non-autonomous) hybrid systems
in H,,, we showed that a relaxed (hybrid) version of the well-
known PE condition is sufficient to guarantee UES as well as
ISS. The proposed hybrid framework applies to the estimation
problem when a linear input-output regression model is fed
with hybrid data. Furthermore, it allows the design and analy-
sis of adaptive observers/identifiers for a class of uncertain
hybrid systems capable of tracking both the state and the
unknown parameters. For future work, while we assumed the
jumps of the estimation algorithm to be synchronized with the
jumps of the hybrid regressor, this condition may be unrealistic
in practice, since the regressor’s jumps cannot always be
detected instantaneously. Hence, robustness of the proposed
approach with respect to delays in the jumps detection could
be analyzed along the lines of [47].

APPENDIX
A. Hybrid Comparison Lemma

We introduce the following comparison lemma for hybrid
systems, which is a particular case of [48, Lemma C.1].

Lemma 1: Consider a hybrid arc v : domv — Ry, and
assume the existence of a, b > 0 such that

« For all (¢,7) € domw such that (¢,5 + 1) ¢ domw,
0(t, ) < —av(t, ) + b.
o For all (¢, ) € domwv such that (¢,5 + 1) € dom v,
v(t,j+1)—v(t,j) < —av(t,j) +b.

Then, there exists ¢ > 0 such that v(t,5) < e~ ***7)y(0,0) +
cb for all (t, ) € domw. o
The proof follows the same steps as the proof of [48, Lemma
C.1] for the particular case where the hybrid arc «(t,j) = a
is constant, and for which, the map ~, : Ry x domw is
explicitly given by v, (r,t,7) = e~ ¢t+)y,
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