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We demonstrate a photonic RF integrator based on an integrated soliton crystal micro-comb source. By multicasting and progressively delaying the input RF signal using a transversal structure, the input RF signal is integrated discretely. Up to 81 wavelengths are provided by the microcomb source, which enable a large time-bandwidth product of 81. Our approach also features a high degree of reconfigurability, by simply adjusting the value of dispersion (i.e., the length of dispersive fibre), the integration time window and resolution can be reconfigured to accommodate a diverse range of applications. We employed 13 km of standard single-mode fibre to achieve a large integration time window of ~6.8 ns, a time resolution as fast as ~84 ps, with a broad bandwidth of 11.9 GHz. In addition, we perform signal integration of a diverse range of input RF signals including Gaussian pulses with varying time widths, dual pulses with varying time intervals and a square waveform. The experimental results show good agreement with theory. These results verify our microcomb-based integrator as a competitive approach for RF signal integration with high performance and potentially lower cost and footprint.

I. INTRODUCTION

Temporal integration is a basic function that has a wide range of applications in signal processing systems. In contrast to electrical integrators that are subject to the electronic bandwidth bottleneck, photonic techniques offer distinct advantages such as a broad bandwidth, strong immunity to electromagnetic interference, and low loss [START_REF] Capmany | Microwave Photonics combines two worlds[END_REF][START_REF] Yao | Microwave Photonics[END_REF][START_REF] Williamson | RF Photonics[END_REF], thus holding great promise to overcome the limitations of their electrical counterparts.

Extensive effort has been made to achieve photonic integrators (see Table 1), such as those based on gratings [START_REF] Park | All-optical temporal integration of ultrafast pulse waveforms[END_REF][START_REF] Slavík | Photonic temporal integrator for all-optical computing[END_REF][START_REF] Asghari | New design for photonic temporal integration with combined high processing speed and long operation time window[END_REF], and micro-ring resonators (MRRs) [START_REF] Ferrera | On-chip CMOS-compatible all-optical integrator[END_REF][START_REF] Liu | A Photonic Temporal Integrator With an Ultra-Long Integration Time Window Based on an InP-InGaAsP Integrated Ring Resonator[END_REF][START_REF] Ferrera | All-optical 1st and 2nd order integration on a chip[END_REF]. These approaches achieve optical signal integration with a time feature as fast as 8 ps [START_REF] Ferrera | On-chip CMOS-compatible all-optical integrator[END_REF] and a large time-bandwidth product with high-Q resonant structures.

However, these approaches still face limitations for RF signal processing, as they are not reconfigurable in terms of temporal resolution and the length of the integration window, thus lacking the flexibility of processing RF signals with different bandwidths and varying target integration time windows. In addition, those approaches are specifically designed to process optical signals, thus they cannot directly process RF signals until being further equipped with electrical to optical interfaces.

Other approaches to photonic integrators based on transversal structures offer high reconfigurability and accuracy owing to the parallel scheme where each path can be controlled independently [START_REF] Park | Ultrafast photonic intensity integrator[END_REF][START_REF] Malacarne | Single-shot photonic time-intensity integration based on a time-spectrum convolution system[END_REF][START_REF] Zhang | Microwave photonic integrator based on a multichannel fiber Bragg grating[END_REF]. By tailoring the progressive delay step, RF signal integration with a reconfigurable operation bandwidth was achieved [START_REF] Park | Ultrafast photonic intensity integrator[END_REF][START_REF] Malacarne | Single-shot photonic time-intensity integration based on a time-spectrum convolution system[END_REF][START_REF] Zhang | Microwave photonic integrator based on a multichannel fiber Bragg grating[END_REF]. Yet these integrators still face limitations arising from the limited number of channels. To establish multiple wavelength channels, discrete laser arrays or electro-optical comb sources are generally employed, which suffer from a trade-off between the number of wavelengths and system complexity and ultimately lead to limited channel numbers, and in turn, time-bandwidth products.

Recently, a novel multi-wavelength source -integrated microcombs [START_REF] Kippenberg | Dissipative Kerr solitons in optical microresonators[END_REF][START_REF] Moss | New CMOS-compatible platforms based on silicon nitride and Hydex for nonlinear optics[END_REF][START_REF] Gaeta | Photonic-chip-based frequency combs[END_REF][START_REF] Pasquazi | Micro-combs: A novel generation of optical sources[END_REF][START_REF] Suh | Soliton microcomb range measurement[END_REF][START_REF] Liang | High spectral purity Kerr frequency comb radio frequency photonic oscillator[END_REF][START_REF] Spencer | An optical-frequency synthesizer using integrated photonics[END_REF] -has attracted significant interest in RF photonic systems [START_REF] Wu | RF Photonics: An Optical Microcombs' Perspective[END_REF][START_REF] Xu | Microcomb-based photonic RF signal processing[END_REF]. These arise from optical parametric oscillation in ultra-high-Q monolithic MRRs and offer many advantages over traditional multi-wavelength sources, including a much higher number of wavelengths and a greatly reduced footprint and complexity for the system. A wide range of RF applications have been demonstrated based on microcombs, such as RF true time delays [START_REF] Xu | Photonic microwave true time delays for phased array antennas using a 49 GHz FSR integrated optical micro-comb source[END_REF][START_REF] Xue | Microcomb-Based True-Time-Delay Network for Microwave Beamforming With Arbitrary Beam Pattern Control[END_REF], transversal signal processors [START_REF] Xu | Advanced RF and microwave functions based on an integrated optical frequency comb source[END_REF][START_REF] Xu | Advanced Adaptive Photonic RF Filters with 80 Taps Based on an Integrated Optical Micro-Comb Source[END_REF][START_REF] Xue | Programmable Single-Bandpass Photonic RF Filter Based on Kerr Comb from a Microring[END_REF][START_REF] Xu | Reconfigurable broadband microwave photonic intensity differentiator based on an integrated optical frequency comb source[END_REF][START_REF] Tan | Microwave and RF Photonic Fractional Hilbert Transformer Based on a 50 GHz Kerr Micro-Comb[END_REF][START_REF] Tan | RF and microwave fractional differentiator based on photonics[END_REF], frequency conversion [START_REF] Xu | Micro-comb based photonic local oscillator for broadband microwave frequency conversion[END_REF], phase-encoded signal generators [START_REF] Xu | Photonic RF phase-encoded signal generation with a microcomb source[END_REF], and channelizers [START_REF] Xu | High performance RF filters via bandwidth scaling with Kerr micro-combs[END_REF][START_REF] Xu | Broadband RF channelizer based on an integrated optical frequency Kerr comb source[END_REF].

In this paper, we demonstrate a highly reconfigurable photonic RF integrator using an integrated soliton crystal micro-comb source [START_REF] Cole | Soliton crystals in Kerr resonators[END_REF][START_REF] Wang | Robust soliton crystals in a thermally controlled microresonator[END_REF]. The input RF signal is multicast onto the flattened microcomb lines and progressively delayed via dispersion, and then summed upon detection to achieve temporal integration. The large number of wavelengths -up to 81 -offered by the microcomb enable a large integration time window of ~6.8 ns with a time resolution as fast as ~84 ps. A comb shaping system is developed to compensate for the nonuniform spectral output of the soliton crystal microcomb. We successfully tested the system with a range of different input signals.

The experimental results match with theory well, verifying the performance and feasibility of our approach towards the realization of large-time-window photonic RF integration with potentially lower cost and footprint.

II. EXPERIMENTAL RESULTS

Figure 1 illustrates the operation principle of the photonic RF integrator. The integration process can be achieved via a discrete time-spectrum convolution operation between the RF input signal f (t) and the flattened microcomb. With a delay step of Δt, the operation can be described as:
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where N is the total number of wavelength channels. After the replicas of f (t) are delayed progressively and summed together, the integration of f (t) can be achieved, with a time feature [START_REF] Park | Ultrafast photonic intensity integrator[END_REF] of Δt, an operation bandwidth of 1/Δt, and a total integration time window of T = N × Δt.

We note that the frequency-domain transmission response of an ideal non-discrete integrator is linear to 1/(jω), where j 2 = -1, ω is the angular frequency. The frequency transmission response of our discrete integrator is a low pass sinc filter [START_REF] Xu | Advanced RF and microwave functions based on an integrated optical frequency comb source[END_REF][START_REF] Xu | Advanced Adaptive Photonic RF Filters with 80 Taps Based on an Integrated Optical Micro-Comb Source[END_REF], and can be described as

Radio frequency and microwave photonic integrator based on soliton crystal Kerr microcombs David J. Moss Figure 2 shows the experimental up of the photonic RF integrator using a microcomb source. The microcomb was generated by pumping a nonlinear high-Q MRR (Q factor > 1.5 million, free spectral range = ~0.4nm or ~48.9 GHz, as presented in our previous publications [START_REF] Xu | Advanced Adaptive Photonic RF Filters with 80 Taps Based on an Integrated Optical Micro-Comb Source[END_REF][START_REF] Xu | Micro-comb based photonic local oscillator for broadband microwave frequency conversion[END_REF]) with a continuous-wave (CW) laser. As the pump power and wavelength detuning were adjusted to provide sufficient parametric gain, soliton crystal microcombs were generated. The soliton crystal microcombs [START_REF] Xu | Microcomb-based photonic RF signal processing[END_REF], leading to tightly packed solitons circulating in the MRR, were generated in our experiments due to a mode crossing at ~1552 nm of the MRR. The distinctive palm-like comb spectra (Fig. 3) is a result of the spectral interference between the circulating solitons. The soliton crystal microcomb featured very low intensity noise to the extent that it has even been used as a photonic local oscillator [START_REF] Xu | Micro-comb based photonic local oscillator for broadband microwave frequency conversion[END_REF]. Thus, the noise of our microcomb source did not introduce any observable deterioration in the overall noise performance of the integrator.

We then flattened the microcomb spectral lines in the C band with two stages of WaveShapers (Finisar 4000S). The input RF signal was imprinted onto the comb lines via intensity modulation of the optical field achieved by an electro-optical modulator (EOM), thus generating replicas across all wavelength channels. The replicas were progressively delayed by a spool of standard single-mode fibre (~13km) and summed upon photodetection using a high-speed photodetector (Finisar, 40 GHz bandwidth).

The delay step between the adjacent wavelength channels Δt, or referred as the time feature of the integrator [START_REF] Park | Ultrafast photonic intensity integrator[END_REF], was measured to be ~ 84 ps, which was determined by the dispersion and length of the fibre and the spectral spacing between the comb lines. As such, the operation bandwidth of the integrator is given as 1/Δt =11.9 GHz. We note that the fastest time feature is determined by the delay step of the wavelength channels, and thus in theory can become arbitrarily small by reducing the amount of dispersion, although with a tradeoff that the integration window also decreases proportionally. We note here that, although theoretically only one Waveshaper is required to flatten the microcomb lines, we employed two Waveshapers in our setup to achieve better performance. The first Waveshaper flattened the microcomb to ensure uniform wavelength channel link gain and a higher signal-to-noise ratio, as well as to reduce the required loss control range for the second Waveshaper. Including two Waveshapers therefore resulted in a higher overall shaping resolution due to the inherent properties of the Waveshaper. The second WaveShaper was employed for accurate comb shaping assisted by feedback control. The error signal was generated by reading and comparing the comb lines' power with the desired channel weights, which are all equal for the integrator. The measured optical spectrum after comb shaping is shown in Fig. 4.

We selected 60 comb lines in the C-band for the integration, yielding a total integration time window (T=N×Δt) which reached up to 60 × 84 ps = 5.04 ns, as denoted by the yellow shaded region in Fig. 5. To verify the performance of our approach, we performed signal integration for different RF input signals. The red curves in Fig. 5(a-c) show the integration results for Gaussian pulses (blue curves) with a full width at half maximum (FWHM) varying from 0.20 ns to 0.94 ns, where the demonstrated integration window T (~5 ns) matched well with theory (5.04 ns). Fig. 5(d-e) shows the integration results of dual Gaussian pulses with different time intervals of 1.52 ns and 3.06 ns, respectively. The measured results (red curves) clearly illustrate the performance of our integrator by exhibiting three distinct intensity steps in the integration waveforms. The left step corresponds to the integration of the first pulse while the middle step indicates the integration of both the two initial pulses, and the right step shows the integration of only the second pulse since it is beyond the integration window of the first pulse. Moreover, the performance of the integrator is further demonstrated by an input signal with a rectangular input waveform with its width equal to the integration window (5 ns). The measured integrated waveform exhibits a triangular shape that matches well with ideal integration results (gray curve).

III. RESULT ANALYSIS AND OPTIMIZATION

As shown in Fig. 5, we note that there are residual discrepancies between the measured (red curves) and the ideal (grey curves). Considering that the optical power of the comb lines has been flattened well, we deduce that the errors were introduced by the non-ideal impulse response of the system, caused by the non-flat transmission response of the optical amplifier, the modulation and the photodetector across the wavelength channels. (d-e) dual Gaussian pulses with time intervals of 1.52 and 30.6 ns, and (f) a triangular waveform with a width of 5.00 ns. The blue curves denote the input signal, the red curves denote the measured integration results, the gray curves denote the ideal integration results, and the green curves denote the integration results calculated with the measured impulse response of the system.

To verify this, we measured the impulse response of the system with a Gaussian pulse input. Considering that the time resolution of the system (~ 84 ps) was much smaller than the duration of the input pulse, we separated the wavelength channels into multiple subsets (each with a much larger spacing between the adjacent comb lines and thus obtained a temporal resolution larger than the input pulse duration), and measured their impulse response sequentially. Figure 6(a) shows the measured impulse response of the system, which was not flat in magnitude even when the comb lines were perfectly flattened. We used the measured impulse response and the input RF signal in Fig. 5 to calculate the corresponding integral output, with the results matching the experimentally measured integration well -verifying our deductions that the experimental errors were induced by the non-ideal impulse responses of the system.

In order to reduce these errors, we developed a more accurate comb shaping approach, where the error signal of the feedback loop was generated directly by the measured impulse response, instead of the optical power of the comb lines. First, an RF Gaussian pulse was employed as the input of the integrator. Next, the replicas of the input pulse at all wavelength channels were measured to obtain the impulse response of the system, whose peak intensities were further extracted to obtain accurate RF-to-RF wavelength channel weights. Then, the extracted channel weights were subtracted from the desired channels weights to obtain an error signal. Finally, the error signal was used to program the loss of the Waveshaper. After 3 iterations of the comb shaping loop, flattened impulse response was obtained, as shown in Fig. 6(b), which is much closer to the ideal impulse response than Fig. 6(a).

We then performed integration with the same RF inputs as for previous measurements, the results of which are shown in Fig. 7. Note that during this measurement, 81 wavelength channels were enabled by the impulse response shaping process, so that the integration time window (T = N × Δt) increased to 81 × 84ps = 6.804 ns, resulting in an operation bandwidth of 1/84ps = 11.9 GHz and a time-bandwidth product of 6.804ns × 11.9GHz = ~81 (approximately equal to the number of channels N). The measured integrated results (red curves, Fig. 7) show significantly better agreement with theory, indicating the success of the impulse response shaping method, and the feasibility of our approach to photonic RF integration based on microcombs.

We note that the system can be further simplified in terms of the number of optical amplifiers and optical spectral shapers. By optimizing the microcomb's energy conversion efficiency along with the RF photonic link gain and minimizing the loss and the shaping resolution of the optical spectral shaper, only one optical amplifier (to offer sufficient parametric gain for microcomb generation) and one spectral shaper (to flatten the microcomb spectrum) would be needed. In addition, our integrator has the potential to be monolithically integrated with current nanofabrication techniques, as the most challenging component -the multi-wavelength source -has been demonstrated with the microcomb source fabricated on a CMOS compatible platform. Other components needed for microwave photonic integrators [START_REF] Ferrera | Ultra-Fast On-Chip All-Optical Integration[END_REF][START_REF] Ferrera | Ultra-Fast Integrated All-Optical Integrator[END_REF][START_REF] Ferrera | Ultra-fast All-Optical Integration on a Silicon Chip[END_REF][START_REF] Ferrera | All-optical 1 st and 2 nd order integration in a CMOS compatible chip[END_REF][START_REF] Ferrera | On-Chip 1 st and 2 nd -Order 400GHz All-Optical Integrator[END_REF][START_REF] Xu | Photonic RF and microwave integrator with soliton crystal microcombs[END_REF] and other microwave photonic signal processors based on micrcombs such as the electro-optical modulator, optical spectral shaper, dispersive media, tunable dispersion compensators and photodetector have all been realized in integrated (or compact) form [START_REF] Metcalf | Integrated line-by-line optical pulse shaper for high-fidelity and rapidly reconfigurable RF-filtering[END_REF][START_REF] Sahin | Large, scalable dispersion engineering using cladding-modulated Bragg gratings on a silicon chip[END_REF][START_REF] Wang | Integrated lithium niobate electro-optic modulators operating at CMOS-compatible voltages[END_REF][START_REF] Moss | Tunable dispersion and dispersion slope compensators for 10Gb/s using all-pass multicavity etalons[END_REF][START_REF] Lunardi | Tunable dispersion compensators based on multi-cavity all-pass etalons for 40Gb/s systems[END_REF][START_REF] Moss | Multichannel tunable dispersion compensation using all-pass multicavity etalons[END_REF][START_REF] Moss | Tunable dispersion compensation at 10 Gb/s and 40 Gb/s using multicavity all-pass etalons[END_REF][START_REF] Lunardi | An Etalon-Based Tunable Dispersion Compensator (TDC) Device for 40-Gbit/s Applications[END_REF][START_REF] Vg Ta'eed | Error free all optical wavelength conversion in highly nonlinear As-Se chalcogenide glass fiber[END_REF]. 

IV. CONCLUSIONS

We demonstrate a photonic RF integrator using an integrated soliton crystal micro-comb source. Through broadcast and delay processes employing 81 wavelength channels generated by the microcomb source, discrete temporal integration of RF signals is achieved with a large time-bandwidth product of 81. An impulse response shaping approach was developed to compensate for the non-flat optical transmission response of the system to guarantee uniform channel weights for the integrator. A large integration time window of 6.8 ns is demonstrated, together with a time feature as fast as 84 ps and a broad bandwidth of 11.9 GHz. A range of different input signals were successfully integrated. In addition, although we did not do so in this initial work, our device has the potential to be reconfigured in terms of the integration time window and resolution. This can be readily achieved by adjusting the value of the accumulated dispersion (i.e., the length of dispersive fibre). For example, with the length of fibre varying from 130 m to 130 km, the progressive delay, or the time resolution, varies from 0.84 ps to 840 ps, together with the integration time window varying from 680 ps to 68 ns. These results verify that our RF integrator is a competitive approach towards integrating high-speed photonic RF signals with high performance, flexibility, and potentially reduced cost and footprint. 
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 1 Figure 1. Schematic diagram of the photonic RF integration.
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 2 Figure 2. Experimental setup of the photonic RF integrator based on a micro-comb source. EDFA: erbium-doped fibre amplifier. PC: polarization controller. MRR: micro-ring resonator. WS: WaveShaper. EOM: Mach-Zehnder modulator. SMF: single mode fibre. PD: photodetector. AWG: RF arbitrary waveform generator. The input RF signal was generated by the AWG (Keysight M8195A). The output RF signal was measured by the oscilloscope (Keysight DSOZ504A).
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 3 Figure 3. Optical spectra of the generated soliton crystal microcomb with spans of (a) 100 nm and (b) 30 nm.
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 4 Figure 4. Optical spectrum of the shaped microcomb.
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 6 Figure 6. Measured impulse response of the integrator (a) after comb optical power shaping and (b) after impulse response shaping using a Gaussian RF input pulse.
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 5 Figure 5. Experimental results of the microcomb-based RF integrator after comb optical power shaping for input (a-c) Gaussian pulses with FWHM of 0.20, 0.38 and 0.94 ns,(d-e) dual Gaussian pulses with time intervals of 1.52 and 30.6 ns, and (f) a triangular waveform with a width of 5.00 ns. The blue curves denote the input signal, the red curves denote the measured integration results, the gray curves denote the ideal integration results, and the green curves denote the integration results calculated with the measured impulse response of the system.
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 7 Figure 7. Experimental results of the microcomb-based RF integrator after impulse response shaping for input (a-c) Gaussian pulses with FWHM of 0.20, 0.38 and 0.94 ns,(d-e) dual Gaussian pulses with time intervals of 1.52 and 3.06 ns, and (f) a triangular waveform with a width of 5.00 ns. The blue curves denote the input signal, the red curves denote the measured integration results.
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 1 Comparison of photonic RF integrators

	Method	Reconfigurability Time window Time resolution	Bandwidth	Time-bandwidth product
	Fiber Bragg grating [4]	×	N.A.	6ps	N.A.	N.A.
	Active fiber Bragg grating [5]	×	~5 ns	50 ps	20 GHz	100
	Apodized uniform period fiber Bragg grating [6]	×	60 ps	2.5 ps	400 GHz	24
	Passive high-Q MRR [7]	×	800 ps	8 ps	200 GHz	100
	InP-InGaAsP MRR [8]	×	6.33 ns	< 54 ps	>15 GHz	>117
	Passive MRR [9]	×	12.5 ps	1.9 ps	400 GHz	6.6
	Incoherent light source [10]	√	200 ps	7 ps	>18 GHz	28.5
	Multi-wavelength fiber laser [11]	√	1.24 ns	~27 ps	36.8 GHz	~45.9
	Incoherent light source and fiber Bragg grating [12]	√	7 ns	344 ps	2.9 GHz	20.3
	Microcomb (this work)	√	6.8 ns	84 ps	11.9 GHz	81