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e-HYPERCYCLIC OPERATORS THAT ARE NOT /-HYPERCYCLIC
FOR 6 <¢

FREDERIC BAYART

ABSTRACT. For every fixed € € (0, 1), we construct an operator on the separable Hilbert
space which is d-hypercyclic for all § € (g,1) and which is not §-hypercyclic for all
0 € (0,¢).

1. INTRODUCTION

Let X be a separable infinite dimensional Banach space. During the last decades the
properties of the orbits of operators acting on X have been widely studied. In particular,
the notion of hypercyclic operators, namely operators with a dense orbit, has drawn the
attention of many mathematicians (see for instance [3]). It seems natural in this context to
investigate operators having orbits with a property slightly weaker than denseness. Does
this imply that the operator admits a dense orbit? For instance, N. Feldman has shown
in [4] that if there is an orbit of T' € £(X) which meets every ball of radius d > 0, then T
is hypercyclic.

The following definition concerning operators admitting an orbit which intersects every
cone of aperture ¢ has been introduced in [1].

Definition 1.1. Let ¢ € (0,1). A vector z € X is called an e-hypercyclic vector for
T € L£(X) provided for every non-zero vector y € X, there exists an integer n € N such
that |77z —y|| < €l|y||. The operator T is called e-hypercyclic if it admits an e-hypercyclic
vector.

In [1], the authors have shown that for every ¢ € (0, 1), there exists an e-hypercyclic
operator on ¢!(N) which is not hypercyclic. This was refined in [2] and [5] where similar
examples are given on /2(N) and on more general spaces. Moreover it is pointed out in [5,
Remark 4.7] that the e-hypercyclic operator which is considered in that paper is not even
d-hypercyclic for some § € (0,¢).

This leaves open the following natural question: let X be a Banach space,let 0 < § < ¢ < 1.
Can we distinguish the class of §-hypercyclic operators and that of e-hypercyclic operators
acting on X7 We give a positive answer for a large class of Banach spaces. To state our
result we recall some terminology. Let (en)n>0 be a basis of X (namely every z € X
writes uniquely > ., znen) and let C' > 1. We say that (e, )n>0 is C-unconditional if
for any N > 0, for any finite sequences of scalars (an)n=o,..N and (by)p=o,. ~ such that
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|bn| < |ay| for all n =0,..., N, then

N N
§ bnen 5 anen

Let us fix now X and Y two Banach spaces and suppose that (f,,) is a 1-unconditional
basis of Y. We denote by €@y X the vector space

+0o0o
Dx — {un) XT3 ol fo € y}
Y

n=0

<C

and we endow it by

()|l =

+oo
n=0

It is standard that @y X is a Banach space.
Our main theorem now reads.

Y

Theorem 1.2. Let X be an infinite dimensional separable Banach space with a 1-uncon-
ditional basis, let Y be an infinite dimensional separable Banach space with a normalized
1-unconditional basis such that the associated backward shift operator is continuous. For
all e € (0,1), there exists an operator on Z = @ X which is not 6-hypercyclic for all
0 € (0,¢) and which is §-hypercyclic for all § € (e, 1).

Observe that if X is either ¢o(N) or P(N), p € [1,400), then X is isometric to @ X
by using the canonical basis of X. Therefore, it satisfies the assumptions of the previous
theorem. Recall also that if T is e-hypercyclic for all € € (0,1), then it is hypercyclic (see
[1, Theorem 1.3]).

We will need a way to prove that an operator is e-hypercyclic. We state here a variant of
the e-hypercyclicity criterion given in [5, Theorem 1.2]. Its proof is completely similar.

Theorem 1.3. Let X be an infinite dimensional separable Banach space, let T € L(X)
and let € € (0,1). Assume that there exist a dense subset D of X, a sequence (u(k)) dense
in X such that that, for all k > 0, u(k) = u(l) for infinitely many integers l, a sequence
(v(k)) of vectors in X and an increasing sequence of positive integers (ny) such that

o limg o || 7™ x| =0 for all x € D;

o limy o ||v(k)|| = 0;

o forall k>0, |[T™v(k) —u(k)|| < ellu(k)||.
Then T is §-hypercyclic for all § > €.

The remaining part of the paper is devoted to the proof of Theorem 1.2.

2. PROOFs

2.1. A geometric lemma in dimension 2. The construction ultimately relies on the
following fact regarding normed spaces of dimension 2. It deals with the distance of some
fix vector to lines depending on a parameter.
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Lemma 2.1. Let F be a normed space of dimension 2, let (u,v) be a normalized basis of
F, let (u*,v*) be the dual basis and assume that |[u*|| = ||[v*|| = 1. For all e € (0,1), there
exists w € [g,e(1 — €)71] such that

min [[(y — )u + ywo|| = €.
yeC

Proof. When w = ¢,

min [|(y — Du + ywo| < [wo <e.
yeC

When w = ¢(1 — )7}, for all y € C,
1(y = Du+ ywo| = max(|y — 1], [y|w).

Now, if |y| > 1/(1 +w), |y|lw > w/(1 +w) > € and if |y| < 1/(1 4+ w),
y-1>1- o =c
1+w
Therefore, minyec |[(y — 1)u + ywv|| > . The result follows by continuity of w

mingec || (y — Lu + ywol|. O

Remark 2.2. If |jau+ bv|| = (|af? + |b|P)Y/P for some p € (1,+00), then it is easy to prove
that the value of w is given by

w
—— -1 — ¢
(1+wrT)%
and that the minimum is attained at
1
Yy=—"""5-
1+ wer-1
When p =1, w =¢ and y = 1. Whenp:oo,w:ﬁandy:ﬁzl—g.This

corresponds to the extremal cases of Lemma 2.1.

2.2. The construction of a sequence of operators on X. As the previous construc-
tions of e-hypercyclic operators which are not d-hypercyclic, our operator will be an op-
erator weighted shift. The next part of the proof consists in defining his weights. We
denote by (e,) (resp. (fn)) the l-unconditional basis of X (resp. Y') which appears in

the statement of Theorem 1.2. We may assume that (e, ) is normalized which implies (by

*
n

The strategy is the following. At each step k£ we will define weights A, 41, -, A

)Mk
such that the products A,,, 11+ Aj, 7 = mp+1,...,my41 leave ey invariant, send ej, onto

1-unconditionality) that (e}) is normalized too.

the line defined by Lemma 2.1 and e; onto a multiple of ¢; for [ # k. Therefore, provided
ey (u) is small, Ay, 41+ Aj(u) can be close to eg, but not too close.
We proceed with the details. We set

A and K = (1 + \) + max(1+¢e(1 —¢)71,2/e).

B 3
e(1—e)
We exhibit two sequences of integers (my)r>1 and (r;)r>1 and a sequence of operators
(Aj)j>1 on X such that, for all & > 1,

(i) Apeg =eg for alln =myg +1,... ,myy1;

(ii) A, is invertible, ||A,|| < k for all n = my +1,... ,mp4q;
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(iii) Appg1---A =Id.

We initialize the construction by setting m; = 0. We assume that the construction has
been done until step k — 1 to do it at step & > 1. We thus have to define myi1, 7
and (Aj)j=my+1,..,mys,- We set Fi = span(eg,ex) and Gy = span(e; : [ # 0,k) so that
X = F, ® G}, Let wy, € [e,e(1 —¢)7 Y] be given by Lemma 2.1 for F' = F}, and let y;, € C
minimizing y — ||(y — 1)eo + ywieg||. Since (e,) is a 1-unconditional basis of X, we deduce
from the definition of wy and y; that

Mp+1

(1) min _ [|(y — 1)eo + ywrer + wl| = [[(yx — Deo + yrwrer|| = &
yeC, weGy

Let r, > 0 be a very large integer (more precise conditions on 7, will be given later) and
let us set myy1 =mg +ry +k+1. For j=1,...,r, +k+ 1, we define A,,, ; by

o Am,+j(eo) = eo.
[ ]

Amk+1(ek) eo + wiek

Amk+2(€k) = = AkarT‘k (ek‘) = 2€k
Amk+7"k+1(ek’) = = Amk+rk+k*1(€k) = Ck
Amk—‘r’f'k—l-k(ek) 2'rkl—1 ek

Amprrprkti(er) = _wikeo + %kek‘
o for [ #0,k,
Amk—i-j(el) = Ael? j:l,...,?“k-l-k,

Amjvrp+kr1(er) = 7”1% €l-

The invertibility of each A,, comes from the invertibility of its restriction to Fj and to Gy.
Furthermore we prove ||A,|| < k. For n =my +1,...,mg41, for a,b € C and w € Gy,

| An(aeq + beg + w)|| < |a| + [b] max(1 + wy, 2,2/wk) + Al|w||
< kl|laeg + bey, + w||
where we have taken into account that wy, € [e,e(1 —¢)71].

To go further with the properties of (A4;) we need to compute Ay, 41 Amy4jer for
j=1,...,r.+k+1. We find

€0 + wrek j=1
2 leg + 2 e, j=2,...,1
Amk-f—l "'Amk+j€k = 2T’“_160+2T’“_1wk6k j=r+ 1,...,Tk+k‘* 1
eo + wgek j=rp+k
(3 j =Tk + k + 1.
We then deduce the following formula, which will be equally important:
—wflke() + jlkek j=1
—wflkeo-}-ﬁek J=2,...,7%
A;liﬂ---A;iHek: —w—lkeo%—ﬁek j=rg+1,.. . rp+k—-1
—wflkeo-}-iek j=rp+k
(A ] =7+ k+1.
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2.3. The operator. We now glue together these maps. We formally define T on Z =

@Dy X by

T(’I,L(],ul, ce ) = (Alul, AQ'LLQ, ce )
Let K; be the norm of the backward shift operator associated to (f,). Then for u =
(ug,uq,...),

+o0
ITul = | S | Antnllx fos
n=1 Y
+o00
< 11 | S 1Al lnllx £
n=1 Y
< Kil|ull

which implies that T is well defined and maps boundedly Z into itself.

2.4. T is not é-hypercyclic for any 6 € (0,¢). By contradiction, assume that T is
0-hypercyclic for some 6 € (0,¢) and let u = (ug, uq,...) be a d-hypercyclic vector for T
Observe that ||u,|| — 0 so that u, o := ef(un) — 0. Therefore it is possible to fix K > 0
such that

|K — uple > 6K for any n > 0.
We set v = (Kep,0,...). Let n > 1 be such that ||v — T"™ul|| < J||v|| and let £ > 1 be such
that n € [my + 1, mp41]. Let us write u, = up0eg + wy, with ef(wy,) = 0. Then by using
(i) and (iii),
o —=T"ul| = [[Keo — A1+ An(un)||
> HK@() - Amk—i—l T An(un,Oeo + wn)”
> [[(K = uno)eo = Amy 11+ An(wn)]-

If n = myg41, then Ay 11 -+ - Ay (wy) = wy, and
v —=T"ul| > [K — unp| > €| K —uno| > 6]

If n # my4q, then Ay, 11+ Ay (wy) = Tnep + Tpwiey + w), for some w), € Gy, and some
x, € C. Therefore

lv —T"u|| > H ((K — Up) — :cn)eo + mnwkekH
> e|K —upo| > o||v|

where we have used (1). In both cases, we find a contradiction.

2.5. T is d-hypercyclic for all § € (¢,1). Let § € (¢,1) and let us prove that T is 0-
hypercyclic by applying Theorem 1.3. Let (u(k)) be a dense sequence in Z such that each
u(k) may be written u(k) = (uo(k),...,ur—1(k),0,...) with uj(k) € span(eq,...,ex_1)
and |luj(k)|| < k. Moreover for any k > 1, we assume that there exist infinitely many
integers ¢ with u(k) = u(f).

We want to find a sequence of vectors (v(k)) in Z and a sequence of integers (ny) such
that [|v(k)|| — 0 and ||T™v(k) — u(k)|| < elju(k)| for all & > 1. We will define v(k) =



6 FREDERIC BAYART

0,...,0,u9(k),...,vk—1(k),0,...) where vg(k) is at the (my, + ri)-th position. Let k > 1,
let j €{0,...,k— 1} and let us write

k—1
wi(k) = 3 uja(k)es.
s=0
Let [ be the unique integer such that m; < j < my;1. We will search v;(k) under the form

S (k) o
Uj(k') = W)\ les + xreg + YE

s=1

s#l

where z and y will be chosen so that
[Ajr1 - Amptri+ (05(R)) — ui (R) || < elju; (k)|

and |lv;(k)|| < k~2. Upon this has been done, we can easily apply Theorem 1.3 to deduce
that T is d-hypercyclic for § > €. Indeed, T has a dense generalized kernel and, for all
kE>1,

k—1
(B = | D 0 ()| frmg 445
7=0
k—1 1
<3 ol < 7
7=0

Moreover

Tk (y(k)) = (A1 Apy s, (V0(K)), -+, Ag - Aptre+h—1(vp—1(k)),0,...).

Therefore,

k-1
lu(k) = T™ % (k)| = || 1 Aja1 - Ay (05(k)) = u; (k)] f;
§=0

k-1
< el D (B 5
§=0
< efu(k)]-
So let us compute Ajqq - Apytrti (v5(K)) =1 2 (k).

zj(k) = A7t AT AL Ay (0 (R))

= A7 A At Amgerri (0 (R))

k—1
; 1 Z )\j*mluj,s(k:)es + N ey + 2" Lyeq 4+ 27 Lywrer

s=1
SsF#lL
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The easiest case is when j = my. In that case,

k—1
zj(k) = 2" Lyen + Z ujs(k)es + NEHi e, 4+ 27 Lywrer.

s=1
sF#l
We simply choose z = XTlﬂujl(k:) and y = 5%1u;0(k) so that by (1)

12 (k) = uj(R) || = |ujo(F)] - I(yr — 1)eo + yrwrex |
< elujo(k)] < elfu; (K]

whereas

k—1
Ly ol Nus ()] _
luy(hy) < 32T+ BRI <k

provided 7y, is sufficiently large.

Let us now turn to j > my. In that case, there exists 0 <t; < j —m; such that

k—1 ;
et _
Zj(k) = Zuj'7s(k)65 + wl2tj xe; + (2% 1y _
s=1

s;él

Nkti g 9Te—1,,
) 2

wy )\j*ml

If we set to simplify the notations

)‘j = M- wi = 2ti

, )\Tk-f—j , 21%—1

o= mx vy o= Y
a = ujo(k) b = (k)

then
zj(k) —uj(k) = (Njy' — iz’ —a)eg + (2 — b)e; + y'wyey.
We are now ready to choose ' and ¢/, namely x and y. We indeed set

Q+Mjb

¥ =band y = y

so that

zj(k) —u;(k) = <a Jt\jjb> WkEk-

Therefore, by 1-unconditionality of (ex), since ¢; < j —my, A > 2 and wg < (1 —¢)7 !

)

L+ py

12 (k) = u; (k)] <

w[lu; (k)

IN

(5+3) rtusti

sa =gl < el @)l

IN
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by our choice of A. Finally observe that

k—1 ) ;
Jlu;(R) | w2t AT 3
Ios 9l 305 + S sl + G ¢ S
s#l
k—1
1 w2me 3amel s
S k ( — )\rk + )\Tk + 27‘;671 > S k

provided 7 has been chosen large enough.

2.6. Concluding remarks and questions. Observe that in Theorem 1.2, we assume a
priori that (f,) is normalized which was not the case for (e,). Indeed, if we normalize
(fn), this could destroy the continuity of the associated backward shift operator.
Following [5], we can slightly enlarge the scale of spaces where it is possible to produce
such an example. Indeed, observe that, by adjusting (mg) and () during the construction
(we may ask that ry is bigger than any prescribed value), it is possible to ensure that T
satisfies the e-hypercyclicity criterion with the sequence (ny) chosen as a subsequence of a
prescribed sequence (py). Arguing like in [5, Theorem 4.10], we get therefore the following
corollary.

Corollary 2.3. Let Z be a separable Banach space. Assume that Z admits an infinite
dimensional complemented subspace @ X, where X is an infinite dimensional separable
Banach space with a 1-unconditional basis and Y is an infinite dimensional separable
Banach space with a normalized 1-unconditional basis such that the associated backward
shift operator is continuous. Then for all € € (0,1), there exists an operator on Z which
is mot d-hypercyclic for all § € (0,¢) and which is 6-hypercyclic for all § € (g,1).

Writing V = @, X and Z =V & W, the main step is to define T' = Ty & T5 where T3 is a
hypercyclic operator satisfying the hypercyclicity criterion and T} is the operator defined
above. In particular, if Z contains a complemented copy of ¢o(N) or of /P(N), p € [1,+00),
then it satisfies the assumptions of Corollary 2.3.

To conclude, we observe that we can give an additional property of our operator when it
is defined on ¢*.

Theorem 2.4. Assume that X =Y = ¢'. Then T is not e-hypercyclic.

Proof. By contradiction assume that u is an e-hypercyclic vector for T'. Let us introduce

M = max |uppl, v = (e9,0,...), [ = [f—%_,—i—oo) and for n € N,

In=In{aeR: [|[T"u —av| <cea}
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so that I = J,, 1. We first observe that if n = my, for some k, then I,, is empty. Indeed,
for these values of n, since A; - - - Apu, = Uy, we get
[T"u — av|| = [Jun — aeo|
Z |un,0 - CL‘
1—¢
2

>(218)a>ca=elol
> |3 2a ca = €l|v||.

Let N ={n e N: [, # g}. Forn € N, let a € I,. Since n # my, we know that
Ay Ap(uy) = (uno + zn)eo + zpeeg + wy, for some z, € C and some w, € ' with
e (wn) = €} (wy) = 0. Therefore

>a— a

ea > || T"u — av||
> |un,o + Tp — al + |zpe.
Arguing as above, we find Re(x,,) > 0 so that
ea > |Re(uno) + Re(xr,) — a| + Re(zp)e.

We thus find
ea > Re(upp) + Re(zy) — a + Re(xy,)e
{ ea > a— RNe(xy,) — Re(un o) + Re(xy,)e
which in turn yields
Re (un,0) Re(un,0)
1+e 1—¢ °
In particular, Re(u,0) must be positive and I, is contained in an interval of length
cRe(un,o) for some ¢ > 0. But since we are working on ¢, > |Re(un )| < +oo, which
contradicts that I = |J,, I, has infinite length. O

Re(x,) + < a < Re(zy) +

Corollary 2.5. Let ¢ € (0,1). There exists an operator T on ¢' which is §-hypercyclic
operator for all 0 € (e,1) and which is not e-hypercyclic.

This leads to the following natural question:

Question 2.6. Let ¢ € (0,1). Does there exist an operator which is d-hypercyclic if and
only if § € [e,1)?

REFERENCES

[1] C. Badea, S. Grivaux, and V. Miiller. Epsilon-hypercyclic operators. Erg. Th. Dyn. Systems, 30:159—
1606, 2010.

[2] F. Bayart. Epsilon-hypercyclic operators on a Hilbert space. Proc. Amer. Math. Soc., 138:4037-4043,
2010.

[3] F. Bayart and E. Matheron. Dynamics of linear operators, volume 179 of Cambridge Tracts in Math.
Cambridge University Press, 2009.

[4] N. S. Feldman. Perturbations of hypercyclic vectors. J. Math. Anal. Appl., 273:67-74, 2002.

[6] S. Tapia-Garcia. An epsilon-hypercyclicity criterion and its application on classical Banach spaces.
preprint. arXiv:2103.08075.



10 FREDERIC BAYART

LABORATOIRE DE MATHEMATIQUES BLAISE PascaL UMR 6620 CNRS, UNIVERSITE CLERMONT AU-
VERGNE, CAMPUS UNIVERSITAIRE CEZEAUX, 3 PLACE VASARELY, 63178 AUBIERE CEDEX, FRANCE.
Email address: frederic.bayart@uca.fr



