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A MINIMAL MASS BLOW-UP SOLUTION ON
A NONLINEAR QUANTUM STAR GRAPH

FRANCOIS GENOUD, STEFAN LE COZ, AND JULIEN ROYER

ABSTRACT. We construct a finite-time blow-up solution to the mass-critical focusing nonlinear
Schrodinger equation on a metric star graph with an arbitrary number of edges. We show that all
solutions are global if their mass is smaller than an explicit constant, called “minimal mass”. We
then construct a solution with minimal mass and arbitrary energy, which blows up in finite time at
the vertex of the star graph. The blow-up profile and blow-up speed are explicitly characterized.
The main novelty of the paper is the construction of the blow-up profile in time-dependent domains
of singularly perturbed Laplacians.
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1. INTRODUCTION

1.1. Setting and main result. We consider a metric star graph G with N edges of infinite length,
as illustrated in Figure 1.

0

FIGURE 1. A star graph with 5 edges.

Let v € R. We consider on G the focusing nonlinear Schrodinger equation
iy + Uge — YOU + |ultu =0, (1.1)
where u,, denotes the Laplacian of u on each edge, ¢ is the Dirac mass at the vertex and v € R.
The main conserved quantities associated with this nonlinear evolution equation are the energy
1 ¥ 1
E(u) := 5lltelzag) + 5 [wO) = Sllullze), (1.2)

where 4(0) is the common value of each component of u at 0, and the mass
1

The exact description of G, the precise interpretation of (1.1), and the definition of the usual
function spaces on G will be given in Section 2.1.

Our main objective in this paper is to construct a finite-time blow-up solution of (1.1). Let
Q : R — R be defined by

Q(z) = 37 sech%(Zx). (1.4)
The function Q is the positive even ground state of the focusing mass-critical nonlinear Schrédinger
equation on the line. It is well known that the mass of Q, given by

1 7T\/§
Mq := - 2de = —
Q 5 /RQ dx 1
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gives the threshold between global existence and finite time blow-up for the associated Cauchy
problem. It turns out that Mq also determines the mass threshold for global existence of solutions
of (1.1) on the graph. Indeed, we shall prove in Section 3.2 that, if the initial condition wg satisfies

M (ug) < min {§,1} Maq,

then the corresponding solution of (1.1) is global.

A function on G is called radial if all its components on the edges of the graph are equal (see
Section 2.1). Let @ be the radial function on G consisting of a half-copy of Q on each edge. If we
restrict ourselves to radial solutions, then the threshold for global existence of solutions of (1.1)
becomes

M(Q) = ¥ M. (1.5)

In the attractive case v < 0, we construct a radial minimal mass blow-up solution, that is, a
solution of (1.1) with mass (1.5) which blows up in finite time at the vertex. More precisely, our
main result is the following theorem.

Theorem 1.1. Suppose v < 0. Let E* € R. There exist ty < 0 and a radial solution u €
C([to,0), HY(G)) of (1.1) such that

and which blows up att =10 as

C
1z ()l z26) , ~ M—J/g (1.6)

—0~

for an explicit constant C., > 0.

To the best of our knowledge, the present work is the first construction of a finite time blow-up
solution for a nonlinear Schrodinger equation on a quantum graph.

1.2. Mass-critical NLS on the line. We recall some well-known facts for the classical mass-
critical nonlinear Schrodinger equation on the line

iy + Uy + |ul*u = 0, (1.7)

where u : R; X R, — C. The Cauchy problem for (1.7) is well-posed in the energy space H'(R),
we have conservation of energy, mass (and momentum) and the blow-up alternative holds. Of
particular interest is the standing wave solution e*Q(x), where the profile Q : R — R (already
defined in (1.4)) is the unique even positive solution in H'(R) of the differential equation

Q"+ Q-Q°=0. (1.8)

We already mentioned that the mass of Q gives the threshold between global existence and blow-
up. Precisely, any solution of (1.7) with mass smaller that Mq is global, whereas there exists a
minimal mass blow-up solution, i.e. a solution of (1.7) with mass Mq which blows up in finite
time. It turns out that such a solution can be found as an explicit pseudo-conformal transform of
the standing wave. Indeed, let

X lzl”
St,z) = —Q(— |e "Tet. 1.9
(t:2) = —=0(f5) (1.9)
Then S is a solution of (1.7) and we have

t 2 — 2 t 2 ~
1SN 2@ = 1Qll2®)y,  10:5() || L2w) o

C
i (1.10)
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In particular, S blows up at ¢ = 0 with the so-called pseudo-conformal speed |t|~!. Furthermore,
up to the symmetries of the equation, S is the unique minimal mass blow-up solution (see [48]).
On the graph G with v = 0, the function constructed by considering a half-copy of S(t) on
each edge is a solution of (1.1), which blows up at time 7" = 0 at the central vertex with pseudo-
conformal speed (1.10). When v < 0, one cannot construct a simple solution based on S(t), but
the proof of Theorem 1.1 (see, in particular, Proposition 2.3) suggests that radial minimal mass
blow-up solutions should also be governed by the profile Q in this case. In the repulsive case v > 0,
there are no radial minimal mass solutions blowing up in finite time at the vertex; see Section 3.2.

1.3. Minimal mass blow-up solutions. There exists an important literature about the con-
struction of minimal mass blow-up solutions in various settings. For the classical pure power
mass-critical nonlinear Schrodinger equation on R?, a minimal mass blow-up solution is explicitly
obtained as a pseudo-conformal transform of a standing wave, in any dimension, similarly to (1.9)
for d = 1. In the seminal paper [48], Merle showed that it is the unique minimal mass blow-
up solution up to the symmetries of the equation. Existence and uniqueness of a minimal mass
blow-up solution for NLS equations which do not possess the pseudo-conformal symmetry is more
involved. The study was initiated by Merle himself in [49], where he established a sufficient con-
dition for the existence of a minimal mass blow-up solution in the case of a Schrédinger equation
with inhomogeneous mass-critical nonlinearity k(z)|u|iu. Further contributions (see e.g. Banica,
Carles, Duyckaerts [16], Bourgain and Wang [21], Krieger and Schlag [35]) treated the problem
perturbatively from the homogeneous case, and required a flatness assumption on k. A nonper-
turbative approach was called for in order to remove the flatness assumption. The breakthrough
came from the work of Raphaél and Szeftel [51], in which existence and uniqueness of a minimal
mass blow-up solution for the inhomogeneous mass-critical nonlinearity was established. The ap-
proach of [51] is very robust and was applied for instance by Krieger, Lenzmann and Raphaél [34]
to the critical half-wave equation, or by Martel and Pilod [39] to the Benjamin-Ono equation.
The construction of the profile of the minimal mass blow-up solution was later refined by Le Coz,
Martel, Raphaél [37] in the context of the nonlinear Schrodinger equation with a double power
nonlinearity, where a minimal mass solution exhibiting a new blow-up speed was constructed. The
approach of [37,51] was successfully implemented by Matsui [40-47] for various Schrodinger equa-
tions (e.g. with singular potentials or with a Hartree nonlinearity). Several improvements to the
work [37] have been made by Matsui, in particular the observation that the blow-up profile is more
naturally constructed in the virial space instead of H'. Recently, the paper [37] was transposed
by Tang and Xu [53] to the nonlinear Schrédinger equation on the line with a Dirac mass at the
origin.

1.4. Star graphs. On the other hand, there is also a wide literature on nonlinear quantum graphs
which cannot be shortly summarized. For an introduction to nonlinear Schrodinger equations on
quantum graphs and their physical motivations, one may refer to the survey of Noja [50]. For
star graphs in particular, one may refer to the recent monograph of Angulo Pava and Cavalcante
de Melo [11]. In this introduction, we will only present the results close to our work, along
with a very partial sample of the rest of the literature. Many of the works devoted to nonlinear
quantum graphs focus on existence and variational characterizations of standing waves. Among
the earliest studies, one finds the works by Fukuizumi in collaboration with (separately) Jeanjean,
Le Coz, Ohta and Ozawa [23,24,36], which are devoted to the case of a line with a Dirac mass
at the origin (equivalent to a 2-star graph). The first author of the present paper, together with
Malomed and Weisshaupl [25], studied orbital stability of standing waves for the 2-star graph with
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a cubic-quintic nonlinearity. The variational characterization of standing waves on star graphs
was considered by Adami, Cacciapuoti, Finco and Noja [2-6]. Further developments for the study
of standing waves on generic quantum graphs started with Adami, Serra and Tilli [7-9], where
a topological obstruction for the existence of ground states on quantum graphs was discovered.
Elements such as well-posedness of the Cauchy problem, Strichartz estimates and conservation
laws on star graphs can be found in the work of Adami, Cacciapuoti, Finco and Noja [1] (along
with the analysis of the collision of a fast solitary wave with the vertex, which is the main object of
the paper). The 2-star graph with non-zero boundary conditions has been investigated by Ianni, Le
Coz and Royer [30]. The case of a loop (which is equivalent to a segment with periodic boundary
conditions) was studied by Gustafson, Le Coz and Tsai [29]. Absence of scattering of global
solutions towards standing waves was established by Aoki, Inui, Mizutani [14], while scattering on
the 2-star graph was obtained by Banica and Visciglia [17]. Exponential stability in the presence
of damping on one branch was obtained by Ammari, Bchatnia and Mehenaoui [10]. Existence of
ground states on star graphs with finite and infinite egdes was studied by Li, Li and Shi [38]. On
balanced star graphs (i.e. star graphs with adjusted coefficients on the edges, see [52]), Kairzhan,
Pelinovsky and Goodman [32] proved the nonlinear instability (by drift) of spectrally stable shifted
states. Standing waves of the nonlinear Schrodinger equation with logarithmic nonlinearity was
considered by Goloshchapova [26] (see also the earlier work of Ardila [15] for well-posedness and
existence results). Instability of non-ground state standing waves on star graphs was obtained
by Kairzhan [31] in the repulsive and attractive cases. Instability by blow-up of standing waves
on star graphs for mass-supercritical nonlinearities was proved by Goloshchapova and Ohta [28].
Stability and instability results were obtained by Angulo Pava and Goloshchapova [12,13] using the
extension theory of symmetric operators for star graphs with § or ¢’ interaction at the vertex. Star
graphs with 0/ conditions were considered by Goloshchapova in [27]. Recently, Besse, Duboscq
and Le Coz [19,20] developed a Python Library [18] for the numerical simulation of Schrédinger
equations on quantum graphs. A numerical approach for the calculation of ground states is studied
in [19], while the implementation of the library and further experiments are presented in [20].

1.5. Main novelty of our construction. Our proof of Theorem 1.1 follows the strategy laid
down in [37,51] with some improvements obtained by Matsui [40-47]. In particular, we shall work
directly in the virial space, which provides a natural setting and allows us to avoid the localization
procedure of the virial-energy functional used in [37]. We have also reformulated the blow-up profile
expansion borrowed from [37], thereby making it more tractable for the proof. In the particular
case of the 2-star graph, we recover the result stated in [53] for the mass-critical NLS on the line
with an attractive Dirac mass. In fact, as explained in more details below, some of the arguments
exposed in [53] are not completely rigorous, thus the present work also provides the first exact
treatment of the problem on the line.

One of the main features of this article is a rigorous treatment of the Dirac distribution ¢ (also
called “Dirac mass” here). The formal differential operator d,, — vé appearing in (1.1) will be
given a precise definition in Section 2.1 as a Laplace operator perturbed by a boundary condition
at the vertex of the graph. As will be seen in Section 2, we will thus need to adapt the method
from [37,51] in order to construct an approximate blow-up solution which remains inside the domain
of this operator at all times. In rescaled variables suitable to our construction, the domain itself
depends on time, thus all coefficients appearing in the construction of the approximate blow-up
profile (see (2.13)) also depend on time. Aside from the technical difficulties arising from this, it
is a noteworthy realization of our work that the method from [37,51] is robust enough to tackle
equations for which the domain of the linear operator plays a crucial role in the analysis.
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Regarding equations like (1.1), the distribution ¢ is often referred to as “delta potential” in the
literature. We find this terminology unfortunate. Indeed, it is too often the case that ¢ is treated as
if it were a classical point-wise defined potential, with the misleading notation §(z) which doesn’t
really make any sense, since 0 acts on functions and does not have point values. Of course, it is
well known that no function can represent the distribution 6.

In fact, while the statement of the main result of [53] certainly holds true (and we recover the
same result in the case of the 2-star graph), it becomes apparent upon careful examination that
the proof provided in [53] lacks the necessary precision to fully substantiate this result. This is
mainly due to formal manipulations handling ¢ as a function, not a distribution.

For instance, the common confusion between the distribution ¢ and a point-wise defined potential
is reinforced by the notation g(u) = pdu, introduced by the authors at the bottom of page 1732.
There is indeed a crucial difference between f(u) = |u|*u, which takes a function u and returns a
power of this function, therefore also a function (precisely, f : H'(R) — H'(R)) and g(u) = udu,
which takes a function but returns a distribution (precisely, g : H'(R) — D'(R)). Therefore,
f(u)(x) makes sense while g(u)(z) is meaningless. The two terms are, however, treated most of
the time on the same level in [53].

An example of the confusion generated by this inexact notation appears in the definition of
in equation (2.16) of [53]. Indeed, the authors have defined G(u) = $ud|ul* on page 1732 (hence

G(u) € H™Y(R)) but write G(Q) = 1Q(0)? in (2.16) (as though G(Q) € R). Another example is
the estimate of the remainder ¥ defined in [53, (2.7)] and its supposed point-wise derivative 0,V .
Indeed, W contains ¢ terms (appearing in the Fjik) As such, U does not have point-values, let
alone a point-wise derivative. Yet another example occurs in [53, (2.26)]. As already mentioned,
Uy contains & terms. In addition, E contains the term fR G(Py) dy, which can be interpreted as
11| P, (0)[2. Hence E' contains a & corresponding to this term. The term (iE'(\, B,), U e~ /%)
in [53, (2.26)] will therefore contain a term of the type (9, §), which is not a meaningful expression.

1.6. Organization of the paper and notation. The rest of the paper is organized as follows.
Section 2 provides a detailed outline of the construction of our blow-up solution. The proof of
Theorem 1.1 is given there, assuming a number of propositions. Section 3 presents the Cauchy
theory for (1.1) in the spaces relevant for our analysis. We give in Section 4 some detailed properties
of linearized operators. In Sections 5 to 7, the propositions used in the proof of Theorem 1.1 are
proved. Appendix A, devoted to the model dynamical system, closes the paper.

We shall write f < g or g 2 f to mean that there is a universal constant C' > 0 (i.e. which does
not depend on the dynamical variables) such that f < Cg. We will write f ~ g as ¢ — 0~ (or
s — +o0) if f/g — 1ast — 0~ (or s = +00). When no confusion is possible, we may simply
write L?, H!, etc. instead of L?(G), H'(G), etc. The inner product on L?(G) will be denoted by
(+,-)p2 or simply (+,-). The duality product between H'(G) and H'(G)* will be denoted by (-, -).

2. OUTLINE OF THE PROOF

In this section we introduce the required functional setting and we prove Theorem 1.1 using a
number of auxiliary results, which are proved in the following sections.

2.1. Functional setting on the star graph. Let G be a metric star graph with N edges, i.e. a
vertex 0 to which are connected N edges ey, ..., ey of infinite length. We thus identify each edge e
with the interval I, = R, := [0, 00), the left endpoint 0 corresponding to the vertex. A schematic
representation of a star graph is given in Figure 1.
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A function u : G — C is a collection of functions w; : I,, — C, j =1,..., N. It will be called
radial if all its components u; : Ry — C are identical. In this case, we will identify u with any one
of its components. Hence, © € G will be identified with x € R, and we will simply interpret u as
a complex-valued function of z € R,.

Lebesgue and Sobolev spaces on G are defined by

N N
"G =L, 1) - PH ),
j=1 Jj=1
with norms

‘UHLP(g) Z HUJHLP(]R+)7 |UHHS Z ||uJHHS (Ry)

We equip G with the Laplace operator with Dirac condltlon at the vertex, i.e. the selfadjoint
operator Hg defined by

Hg : D(Hg) C L*(G) — L*(9),
(ul, ce ,UN) — (—&mul, R —&muN),

where the domain D(Hp) is denoted and defined by

Dg = D(Hg) := {u € H*G) :Vj k=1,...,N, u(0) := u;(0) = u(0), Zug(O) = Bu(O)} :

(2.1)
We use here a general parameter [ in order to cover the case § =« in the original equation (1.1),
as well as § = v\ in the rescaled variables (see (7.5)).

We observe that the domain contains a continuity condition at 0 and a jump condition for the
derivatives. For § = 0 we recover the classical Kirchhoff-Neumann conditions. For g # 0 and
N = 2, we recover the case of the line with a Dirac mass at 0.

The quadratic form associated with Hg is

qs(u) = (Hgu,u) ZHU 122z, + Blu(0),

defined on the domain
HL(G) = D(qp) :={ue H(G):Vj,k=1,...,N, u(0) := u;(0) = u(0)} .

Observe that the domain of the quadratic form retains the continuity at the vertex, but the jump
condition on the derivatives is now transposed to the expression of the quadratic form instead of
the domain.

In this paper, we will mostly work in the subspace H}

14(G) C HL(G) of radial functions, defined
by

Hl

rad

:{UEH1<Q)IVj,k:1,...,N, Uj:Uk}.
We also define
L24(G) = {ue L*G) : Vjk=1,...,N,uj = u}.

With the convention of identifying the function v on G with any of its components, we have

||U||%2(g) = N”“H%%o,oo)a Yu € L2,4(G).
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Note that the operator Hg can also be extended to an operator Hg from H},(G) to its dual
H},(G)*. More precisely, we may write

Hﬁ = Oz + B(s
where, for every u € HL(G),

N 00
(—Ugg, V) 1= Re/ U, Uy do = ReZ/ Opu;0yv;dx, Vv € HLH(G),
g j=1 0

(ou,v) :== Re (u(O)m), Yo € H(G).

This allows us to split the operator Hg into two parts, —0,, and 6, whenever needed. We
emphasize that whenever —8,, and 36 are treated separately, they are always taken in the H' —
(H')* sense (the operator Hs as an L? — L? operator with domain cannot be split).

Using the operator H., defined above, equation (1.1) can now be precisely interpreted as

iuy — Hou + |ul*u = 0, (2.2)
for an unknown function u: R x G — C.
2.2. Cauchy problem. We start by stating here the main results concerning the Cauchy problem
for (2.2). The well-posedness in the space H}(G) can be obtained by a classical line of arguments.

For our purposes, we will need the solution to live in the domain of H, as well as in weighted
spaces. For k € N we set

SMG) = {u € HYG) : [lullss < oo}, ulde = > (la®ullZ2 + 05ul7:) . (2.3)
0<a,B<k

The well-posedness results are summarized in the following proposition.

Proposition 2.1. Let ug € Hi(G) be an initial data for the problem (2.2). Let to € R. Then
there exists a unique maximal solution

u € C ((Tmin, Tmax)a H})(g)) N Cl ((Tmin? TmaX)? H})(g)*)

(with Tyin < to < Tmax) such that u(tg) = ug. The blow-up alternative holds and there is continuous
dependence with respect to the initial data. The energy E and the mass M, defined in (1.2)
and (1.3), are conserved along the time evolution. Moreover, the following properties hold.

(1) If ug is radial, then so is u(t) for any t € (—Tmin, Tmax)-
(ii) If uo € D, then u verifies

u € C ((Tmins Tmax)s D) N C* ((Toins Tna) s L*(G)) -
(iii) If up € HH(G) N 2X(G), then u verifies
u € C ((Twin: Tiax), Hp(G) N EH(G)) N C* ((Tonins Tinax), Hp(G)") -
(iv) If ug € D, NX2%(G), then u verifies
u € C ((Tains Timax), Dy N E*(G)) N C ((Tiain: Timax)> L*(G)) -

We will also need a dependency property with respect to the initial data slightly different from
the usual one.
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Lemma 2.2. Let (un)nen+ and ug in HH(G) such that u,o — ug in L*(G). Let (u,) and u be
the solutions of (2.2) such that u,(ty) = uno and u(ty) = uo. Let J be a compact interval of R
such that (u,) and u are defined on J. We assume that sup,cy- ||tn|| poo(sm1(g)) < 00. Then, as
n — oo, we have

||un — u||Loo(J7L2(g)) — 0.

2.3. Change of variables. The approach we adopt is based on a change of variables transforming
a finite time blow-up solution into a solution that is global in positive time. We seek a radial
solution u of (2.2) in the form

1 ’ 2
u(t,z) = w(s,y)e YOV <0z eg, (2.4)
A(s)
where the new variables s and y satisfy
ds 1 x
== =, 2.5
a A2 VTG (25)

We will construct w global and bounded in H}(G), together with modulation parameters A(s), b(s)
and 6(s) such that A(s) > 0,
A(s) =0T, b(s) = 0", O(s) =00, s— +00.

This type of ansatz is common in blow-up analysis (see the references given in introduction for
similar constructions). The exact definition of the rescaled time s will appear in Section 7. By
straightforward calculations, u solves (2.2) if and only if w solves

2
iw, — Hpyw — w + Jw|*w + (1 — 0)w + (bs e 2b£>yzw - i(b + %)Aw =0, (2.6)

A
where the scaling operator A is defined for each component w; of w by
1 d .
Aw;(y;) = 5’%‘(3/1) + yw;(y;) = ﬁ(ﬁwi()‘%‘)) o J=1....N. (2.7)

2.4. Blow-up profile. To prove Theorem 1.1, we seek w in the form

w(s,y) = P(s,y) + h(s,y),

for a suitable approximate solution profile P. The result will then follow from (2.4) and (2.5) by
proving that A(s) ~ s72 and h(s) — 0 in a well-chosen norm, as s — +oc.
The blow-up profile P is constructed as an approximate solution of the auxiliary equation
2

iP,— Hy,P — P+ f(P)+ ayZP — 0,

with
f(z) =|z|*2, zeC.
For k € N*, we define .
@H:{(j,k)ENxN*:%+k<n}. (2.8)

For v € N we denote by C¢,, the set of radial functions u on G which are of class C* on each
edge and such that ||lu||cy_ < oo for some p > 0, where

ey, = sup supe’Uul™(y)[.
TP o<msw yeg

[l
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FIGURE 2. The function Q3 on a 3-star graph for § = —5/2

We denote by C°  the intersection of the C¥_ for v € N. Note that C22 is stable under multipli-

exp exp exp
cation by a polynomial.

Let § € (=N, N). The equation
HpQp + Qs — |Qs!'Qp = 0, (2.9)

has a unique radial non-trivial solution in D(Hgz). Note that uniqueness holds only for radial
solutions and there exist non-radial solutions to (2.9), see e.g. [3]. It is given on each edge by

31 1o (B
Jeon =) 5= 5 tanh <N> . (2.10)

We provide a representation of the function () in Figure 2 (picture made with the Grafidi library,
see [18-20]). Notice for future reference that

Qs(y) =Qly —13) =

N ! N !
95Qp(y) = —Q(NQ—_BQ)Q (y —75) = —mQﬁ(y)- (2.11)
We define the constant Q(0)2
=9, QU 2.12
Sl o] (2.12)

which will play a central role in the analysis. Note that «, > 0 for v < 0.
The following proposition will be proved in Section 5.

Proposition 2.3 (Approximate blow-up profile). Let k € N*. There exist families (P;z) and
(o k3) which depend on (j,k, ) € O, x (=N, N) and satisfy the following properties.
(i) For (j, k) € ©x, B € (—N,N) and { € N, we have P € Dg and 05P; 15 € CZ,.
(ii) For (j, k) € ©, and f € (=N, N), we have a3 € R. Moreover, o3 =0 if j is odd.
(iii) In particular, coi19 = .
(iv) Given an interval J of R, b € C*(J,R) and X € C*(J,R%) such that yA(s) € (=N, N) for
all s € J, if we set

P=Py=Qun+ Y (ibNPia, (2.13)
(4,k)EO,
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a=ab\) = > (@) Najn (2.14)
(J,k)€OK
and )
U, = U, (b,\) = iP, — HoP — P+ f(P) + ayZP, (2.15)

then for any v € N there exist p > 0 and C' > 0 such that, for any s € J, there holds
U.(s) e C¥  and

exp

As
[k, < OO (|5 41| #0422 = ] ) + €024 A (216)
(v) Defining
P(b,\,0) = \"Y2P, e (2.17)

we have, for any s € J,

d - 1
_Ep‘<_
$EP) < 55 (

(vi) There exist (¢j1)jkeco,. C R such that, for any s € J,

As
7+b’ + [bs + b — a(b, \)]| +(b2+)\)”). (2.18)

~ 2 K
[B(P(b,),0)) = Co€(b, )] S % (2.19)
where
1 Ak
Co=gliQlig,  EGN=Emld N+ 3 N (2.20)
(3,k)€OK

j even, j/2+k>2
and Eno is the Hamiltonian of the model dynamical system, defined in (2.23).
2.5. Modulation parameters. A choice of modulation parameters 6(s),b(s), A(s) can be made
so that the remainder h satisfies orthogonality conditions which are useful to construct our solution.

This is ensured by the following proposition, which will be proved in Section 6. Notice that the
function p € L?*(G) which appears in the last condition will be defined in Lemma 4.1 below.

Proposition 2.4 (Modulation parameters). Let I be an interval of R and consider a solution
u € CYI,L*(G)) of (2.2). There exists 0 < ¢ < N/|y| with the following property. If, for allt € I,
there exist 6 € R and X € (0,¢) such that

u(t,z) — %er <§> o)

then there exist 6 € C*(I,R), b € CYI,R) and X\ € CY(I,(0,N/|y])) such that the function
h € CYI,L*(G)) defined by

1 i0(8)—i b x x
w:0) = s (R (55) 4 (05

satisfies for allt € I the orthogonality conditions
(h(t), iAPyy \0) p2(g) = (R(), ¥ Pupyae)) 1oy = (R(t),7p) o) = 0.

Remark 2.5. To keep a light notation in this section, we use the same letters b, A\, 0, h to denote
the modulation parameters and rest as functions of ¢ or s. We will later be more specific, see (7.4).

<e, (2.21)
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As we shall see in Section 7.2, the modulation parameters b(s) and A(s) are governed, at first
order as s — 00, by the model dynamical system

As

by + b — oA =0, S b=0, (2.22)

where « is defined in (2.12). The system (2.22) is Hamiltonian, with conserved energy

b 2a,
mo(b,N) = — — —. 2.2
Emolb, ) = 33— (223)
An exact solution with energy &, = 0 is given by
2 2

bmo(S) = =, Amo(s) = : 2.24
()= 2 Duols) = = (2.24)

Proposition 2.3 shows that, at leading order, the energy of the rescaled profile P is governed by
the Hamiltonian energy (2.23). However, the correction appearing as a power expansion in (2.20)
does not vanish as s — 0o. One has £(b, \) = Emo(b, \) + o + 0(1), where ¢ is a constant (see
Remark 2.8). Nevertheless, the relation between E(P) and &£y, suggests that, up to a shift of ey and
a rescaling by Cp, the energy of our solution of (2.2) should be controlled by the model Hamiltonian
energy Eno. More precisely, a natural approach to proving Theorem 1.1 would be: given E* € R,
define &} by E* = Co(&Er, + o) and choose final data for the modulation parameters (b, A) at
a large time s = s1 as (b(s1),A(s1)), where (b, A) is a solution of (2.22) with energy Eno = &L,
Unfortunately, as can be seen by backward integration from s = s; using the modulation estimates
(7.15), the difference E,0(b, A) — Emo (b, A) grows like log(s) as s — co. As a consequence, the energy
of our solution of (2.2) cannot be controlled by &,,, alone. Instead, the full expansion £(b, \) must
be used and the choice of final data for (b, A) is more involved. The following proposition will be
proved in Appendix A.

For a fixed parameter Ay > 0 such that £*\g + 2a, > 0, let

Ao d,u
FO) = . Ae (0, A 2.25
W= | e A€ (0] (2.25)

Proposition 2.6. Let £ € R. There exist sg = 1 and ¢y > 0 such that, for any s, > so we can
find by, Ay > 0 satisfying

1/2
* ‘ )‘1/
’ )\mo(sl)l/2

2.6. Proof of the main theorem. We now define the final data which will give rise to an
approximate solution of our problem by backward in time integration of (2.2). Let E* € R. Define

& =C,lE". (2.26)

b c
-7'—(/\1):317 5(517/\1):5 : - ‘ -

1
i< |
= S1 bmo(sl)

\ - .
S1

Consider t; < 0 and sufficiently close to 0. Define the associated rescaled final time s; (see (7.2))
by

4 \1/3
(13, 2.27
51 (3043) ta] ( )

Let (b1, A1) be given by Proposition 2.6 and u; be the radial solution of (2.2) such that

blz2

1 T\ —i
ul(tl,x) = \/_)\—th)\l <)\—>€ 4>‘% . (2.28)
1 1




BLOW-UP SOLUTIONS ON NONLINEAR QUANTUM STAR GRAPHS 13

Let I C R be the maximal interval such that ¢; € I, u; exists on I and satisfies (2.21). Observe
that, for ¢; close enough to 0, the parameters by, \; given by Proposition 2.6 are small, so that
By, 5, is close to Q. By Proposition 2.1, we have u; € C°(I, D, NY*(G))NC* (I, L*(G)). Let 6, b, A
and h be given by Proposition 2.4. Note that h also belongs to C°(I, D, N 3%(G)) N CY (I, L*(G)).
The asymptotics as t — 0~ of the functions #, b, A and h follow from the next proposition, which
will be proved in Section 7.

Proposition 2.7 (Uniform estimates in the ¢ variable). Let k € N* (see (2.8)). There exists
ty € (—00,0) such that, for any t; € (t,0), the solution uy of (2.2) with final data (2.28) is
defined and satisfies the hypotheses of Proposition 2.4 on |to,t1]. Furthermore, its decomposition
given by Proposition 2.4 satisfies, for allt € [to,t1],

b(t) — Cult|3| STt [A@E) = Cultl 3| < [eP2, (2.29)

A=l Al A2
IO lz2o) S 7, Iy Ollze) S T, lyh)lze S (2.30)
|E(P(b,\,0)(1)) — E*| < |15, (2.31)

where Cy = 2(%)1/3, Cy = a%(%)wg. All these estimates are independent of t;.

The phase modulation parameter 6 can be shown to satisfy 0(t) ~ Cy|t|~5 for some Cy > 0, but
it plays no specific role in the proof of Theorem 1.1.

Remark 2.8. In Section 7, Proposition 2.7 will be deduced from its counterpart in the s variable,
Proposition 7.1, which says in particular that b(s) ~ bmo(s) and A(s) ~ Amo(s) as s — oo.
Therefore, the terms corresponding to (j,k) = (0,2) and (j,k) = (2,1) in the expansion (2.20)
behave asymptotically as
b2 2
€o,2 + EMX ~ Ep2 +E21

~ Ep2 + 204E21, S5 — 00.

mo
Hence,
5((), )\) ~ gmo(b, )\) + €0,2 + 204*82’1, S — OQ.
Thanks to Remark 7.2, the first two estimates in Proposition 2.7 can be improved to

[b(t) = Coltl5| S 1772, @) = Caltl5| S 177
by replacing the energy £* in (2.25) with £ = £* — (g2 + 20,62,1).
We are now in position to prove our main result.

Proof of Theorem 1.1, assuming Propositions 2.3, 2.4, 2.6 and 2.7. For a given E* € R, let £* be
defined by (2.26). Choose an increasing sequence of times (t,) C (to,0) such that ¢, — 0 as
n — oo and corresponding rescaled times s, — oo defined through (2.27). For each n € N*| let
b, and A, as given by Proposition 2.6 and u,(t,) defined by (2.28), with the change of notation
t1 = tn, S1 = Sp, by = by, A\ — A,. For each n € N*| the corresponding solution u, of (2.2)
satisfies Proposition 2.7 on [to, t,], with all the estimates independent of n. We will show that (u,,)
converges to a solution u of (2.2) with the desired properties.

Let x € C*°([0,00), [0, 1]) be equal to 0 on [0,1] and equal to 1 on [2,00). For R > 0 we define
the radial function xyg on G by x(x/R) on each edge. Let € > 0. From the formula (2.28) defining
U (t,) we deduce that there exists R > 0 such that

/‘Un(tn)‘sz dz <e.
g
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Since u verifies (2.2), we have

d
g g

Using the decomposition of the solution given by Proposition 2.4, the estimates of Proposition 2.7
for the corresponding variables b, A,,, h, and the exponential decay of B, »,, direct calculations
show that

d 2 < 1 — s 2 < |t|§(ﬁ_3)
in g’un| xrdz| < N0 (e @ + [lyhn, ()||L2 (y=R/ ) T 1hn ()||H1(|y|2R/)\n(t))> ST R
Thus, integrating over [to, t,], we find a constant C' > 0 such that (choosing R larger if necessary)

(k—3)+1

2 |to]5 2
n\t0 X n\in X
/|u (to)|"xrdz < C +/|u (tn)|"xrdx < 2¢
g R g

After extracting a subsequence if necessary, we obtain that the sequence (u,(to)) has a limit ug in
L*(G) (since the sequence is bounded H'(G)). We denote by u the maximal solution of (2.2) with
initial condition u(ty) = wuo.

Let 7 € (o,0) and assume by contradiction that u is not defined on [to, 7]. Let n € N* such that
t, > 7. Let C' > 0 be such that |[u,(t)|[m1g) < C for all n € N* and t € [ty, 7]. By the blow-up
alternative, there exists 71 in [to, 7] such that u is defined on [to, 1] and |[u(7)|| g1 g = 2C. For
all t € [to, 71] the sequence (u,(t)) goes to u(t) in L*(G) (see Lemma 2.2) and has a weak limit
in H'(G). Thus, (un(t)) goes weakly to u(t) in H'(G). In particular, ||u(t)|mig < C for all
t € [to, 71]. This gives a contradiction and proves that u is defined on [ty, 7]. Since 7 is arbitrary,
this implies that u is well defined on [tg, 0).

Since u,(t) — u(t) in L*(G) for all ¢ € [to,0), Proposition 2.4 can be applied to u, yielding mod-
ulation parameters and remainder by (t), Aso(t), 00 (t), hoo, defined on [tg,0). Then, by standard
arguments, for all ¢ € [tg,0), there holds

On(t) = O0o(t), bn(t) = boo(t),  An(t) = Aao(?),

and, weakly in X(G),
ho(t) = heo(t), mn — o0.
By Proposition 2.7, we deduce that, as ¢t — 07,
beo(t) ~ Chlt]3,  Aso(t) ~ ChJt]5,
L33 r=1
oo 2@y S 1T 105hoc()llzze) S 1T Iyhoo(lz2@) < 1T

Using y = 2/Aw, the decomposition of u given by Proposition 2.4 and the formula for P, _ 5 in
Proposition 2.3, it follows by direct calculations that

lu()|72) = /g 1Py roo () + hoo(E, )P dy — [QIl72g), ¢ — 07,

2

dy.

1) ) = A () [ [<i6] (P00 + hclt.1) + 8, (oo 0) + el )
As t — 07, this implies

Iz ()l Z2(g) ~ Ao (8) 2 QullZ2ig) ~ CNQulI L2t (2.32)
This proves (1.6) and, since ||u|]%2(g) is constant, that M(u) = M(Q).
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To complete the proof, we now show that E(u) = E*. By (2.19) and (2.31), there exists a
function € : [tg,0) — R’ with lim,_,o- £(t) = 0 and such that, for all n € N*,

1€ (bn (1), An(t)) — CG'E*| < e(t), t € [to,0).
Letting n — oo yields

1€ (bso(t), Ao (1)) — CG'E*| < e(t), ¢ € [to,0).
Hence, using again (2.19), we conclude that

E(Pboo(t),)\oo(t)) — FE*, t—0".
It then follows from the above information about b.., Aoc and h., that
E(u(t)) — E*, t—0".

By conservation of the energy, we deduce that E(u(t)) = E* for all ¢ € [to,0). O

3. CAUCHY PROBLEM

3.1. Local well-posedness. Since the operator H, is selfadjoint, it generates a strongly con-
tinuous group e~ . As we are working in a one-dimensional setting, the nonlinearity |u|*u is
Lipschitz continuous from bounded sets of H}(G) to L4(G), 2 < ¢ < oo, and well-posedness of the
Cauchy problem for (1.1) in the energy space H},(G) may be obtained following a classical line of
arguments (see e.g. [11]). For any ¢y € R and any initial data uy € H},(G), there exists a unique
maximal solution

1 € C ((Tin, Tnax): HH(G)) N C" ((Tanin, Tonax)» HH(G)*)

such that u(tg) = wy. The energy E and the mass M, defined in (1.2) and (1.3), are preserved
along the time evolution, i.e. for any t € (Tiin, Tmax), We have

E(u(t)) = E(u), M (u(t)) = M(uo).
The blow-up alternative holds, i.e. either Ty, = +00 (resp. Ty, = —00) or

li " .
t—Timax (112;1). T |w(®)]| 1 gy = 00

There is continuous dependence with respect to the initial data, i.e. for any (ug,) C H'(G) such
that ug, — uo in H'(G) the associated solutions (u,) of (1.1) are defined on [T, T*] and verify
u, — uwin C((T., T*), H(G)) for any T, T* such that T, < T < T* < Tiax-

If in addition ug € D(H,), then u verifies

u € C ((Tin, Trax): D(Hy)) N C* ((Tinins Trnax) L*(G)) -
Finally, if the initial data uy belongs to the virial space X' (G), then the solution u verifies (see [28])
u < C ((Tmina Tmax>7 El(g))

and the virial identity is satisfied:

s lzu(t)|lZ2g) = 8E(u(t)) + dylu(t, 0)[*.
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3.2. Global existence. We now prove some global existence results for the nonlinear Schrodinger
equation (1.1). As in the classical R? case, they are obtained using Gagliardo-Nirenberg type
inequalities.

Lemma 3.1 (Gagliardo-Nirenberg inequalities on star graphs). The following inequalities hold:

Bmax{l, 2}
lullzo@) < —am—— lualizg llullzz@g),  u € Hp(G), (3.1)
Q7 g
12
lullzo@) < sz lualliz@ lullzeg), v € Hea(G). (3.2)
N2[|Q|72w)

Proof. The inequality (3.1) is well-known to hold on the line R, i.e. in case N = 2, and the extension
to a general star graph is carried out as follows. The case N = 1 can be deduced from the case
N = 2 by extending a function defined on R, evenly to R. This yields, on the half-line R, ,

12
HuH%ﬁ(RJr HQH HUOEH%Q(R+)’|UH4L2(R+)> ue H' (Ry).
L2(R)

Let w € H!,(G) and denote by u : Ry — R the function representing u on any branch of the
graph. We have

12 12
[ullGogy = Nlullfow,) < Nmﬂ%ﬂiwm)||U||i2(R+) = mu%niag)’wm%g)

which establishes (3.2). Consider now the H}(G) setting and assume N > 2. Since functions in
H},(G) are continuous at the vertex, and the star graph with N > 2 contains at least two half-
lines (which can be thought of as a full line), the constant in the Gagliardo-Nirenberg inequality
in H5(G) can be at best the same as the one on H'(R) (this can be seen rigorously from a
symmetric rearrangement on the graph, see [8, Theorem 3.2]). Consider the sequence of functions

(u™) C H}(G) defined by

ui(z1) = Q(z1 —n), uj(z;) = Qx; +n), j#1L
The sequence is built with a bump on one half-line and tails on the others, the bump going away
from the vertex. As n — oo, the sequence optimizes the Gagliardo-Nirenberg inequality in H}(G)

with a constant which is the same as the one on H'(R) (it also illustrates the fact that an optimizer
does not exist). Hence (3.1). O

Proposition 3.2 (Global well-posedness). Let v € R, ug be an initial data, ty an initial time and
u be the corresponding solution of (1.1) such that u(to, ) = uo.
Ifug € Hp(G) satisfies |[uo||72(g) < min {1,£} 1QlIZ2 gy then u is global in H'(G). Furthermore,

if v > 0, then for any solution with HUOH%2(Q) =min {1, 5} HQH%Q(R), |u(t,0)| remains bounded.
Ifug € H}4(G) satisfies [luoll3ag) < F1IQl72m), then u is global in HL4(G). Furthermore, if
v > 0, then for any solution with ”U0HL2(g NHQHL2 ) |u(t,0)| remains bounded.

Proof. The proof follows by combining (3.1) with the conservation laws of (1.1). We have

Bluo) = Bu(t)) = 3 lua()aig) — 5 hu0)lg) + JNu(t,0)

1 4 HUO\|L2(9>>4 2 g 2
> —|1—max<1,— —_— Ug (T + —|u(t,0)|".
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If v > 0, it follows that ||u,(t)|/z2(g) remains bounded provided ||u0|]%2(g) < min {1, %} ||Q||%2(R)7
and global existence in H'(G) follows by the blow-up alternative. Moreover in this case, if
||u0||%2(g) =min {1, %} ||Q||%2(]R)7 we see that |u(t,0)|* must remain bounded.

If 7 < 0, the inequality [u(t, 0)f* < 2], (t) 20 [u(t) | ooy yields

4
[u(t, 0)1” < ellua()z2g) + ~lu(®)llz2()

for any € > 0, and it follows that

1 4 HUO||L2(g) 1 9 2’)/ 2
E > |1-max<{1,— (=228 Lt + 27 .
(u0> 2 [ ’ { NQ} (HQHL?(R) MG Hu ( )||L2(g) € HUOHLQ(Q)

If ||u0||%2(g) <min{1,5} ||Q||%2(R), we can choose € > 0 so that

a1, 21 (”“ﬂ|\m<g>)4— ke >0
N2 QI 2w ’
showing that ||u,(t)|12g) remains bounded. The second part of the Proposition follows from

similar arguments, using (3.2) instead of (3.1). This concludes the proof. O

3.3. Well-posedness in weighted spaces. We establish in this section the well-posedness of the
Cauchy problem in weighted spaces. Recall that the weighted spaces ¥* are defined in (2.3). The
following lemma will be useful in the sequel.

Lemma 3.3. Let k € N and o, B € N such that o + 3 < k. Then for any u € ¥¥, the following
holds:

lz*07ullz2(g) < llulls.

Proof. We prove the result by induction on k. The case k = 0 is trivial, since [Jullzo = 2[Jul?..
Now fix k£ € N and suppose the result is true for all j < k:

Vol, 8 €N, o + 8 <4, [l2¥0) ullzg) S llullss. (3.3)
Let o, 8 € N such that a + 8 < k + 1. To complete the proof, we will show that
207 ul 26y S lluflgws (3.4)

Firstly, if « + 8 < k, then (3.4) follows from (3.3) with j = k. So we suppose that o + =k + 1.
Next, we observe that the cases (o, 8) = (0,k+1) and (o, f) = (k+1,0) are trivial. So we suppose
1<a,8<k, a+p=k+1 for the remainder of the proof.

Naturally, we start by estimating ||20%u||2(g). We shall use the short hand notation 97u = ul®,
for 5 =1,...,k+ 1. Integrating by parts, we obtain

qu(k)H%z(g) = /xZU(k)a(k) dz
g
= —Q/xu(k)ﬂ(kl) dx—/xZu(kH)ﬁkl dx.
g g
By the induction hypothesis, we have

| /g a1 do| < lou D) 20 [u®2g) < Jullge < uliZ
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On the other hand, for any ¢; > 0,
‘/ (4122501 qz| < &2[|u k+1)||%2(g) +61_2||x2u(k_1)||%2(g)

It follows that
qu HLQ(g) 2|ul|%ess + 51|’u(k+1)”%2(g) 4 5;2”xzu(k71)”%2(g)7

for any 1 > 0. With the same arguments, we obtain

szu(k—l)uig(g) < A|ul|Ees + 5§qu(k)ui2(g) 4 5272’|3;3u(k72)“%2 o)
for any 9 > 0. Continuing this process, and using
[ VT2 < ullfeer, 2" ullfaig) < llullfus,
we find that, for any sequence of positive numbers &1, €9, ..., &g,
lzu® 126y < (2 + eD)llullfun + 1?2
22 V[ Fagy < Allulfn + e3llau 22 +822H$3 (H)H%Q
52 Fa gy < BlluflFen + e3fla?u® I)HLQ )+ s flatu®Y ||22(g

k=1,,(2)12

1229y < 2(k = Dlullfne + g [l2" (B)HL y+eiillat eIz g

(2 + )l + Rl u® 7 ).

I <
||xku(1)||%2(g) <

We will now deduce (3.4), for all 1 < o, 8 < k, a+ =k + 1, from this system of inequalities.
The main difficulty is that, for [ = 2,...,k — 1, line number [ involves terms appearing in lines
[ —1 and [ 4+ 1. This can be remedied by injecting inequality [ — 1 into line [. For instance, for
[ = 2, we obtain

2D gy < Aulldean + (@ + )l + 212D Faggy) + 2520 2ag
so that
(1 = ez )lle?u™ D 2eg) < dllullfun + 52 + D lulfn + 3% [la%u® |22
Hence,
22Dl < (1= er?) 7 (44 @+ ) fullen + 321052 e ).

provided 1 — e2¢72 > 0. Next, combining this inequality with line 3 and isolating the term

[2*u*=2) 125 g, we obtain

2% ) < (1— Bez®(1 = Ber®) ™) " (Bllullduen + =301 — o) (4 + 32 + 1) fulihens

+ 652 ||:L’4U(k_3) ||%2(g)> )

provided 1 — e2e5%(1 — £2¢72)7! > 0.
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Iterating this process, we find that, for each [ = 2,... k — 1, there exists a positive constant

Ci(e) = Ci(ey, €9, ..., &) such that

"D ) < Cile)lull e

+(1—cfe (1 -l —.. . (1—e3er) )7 )_16;2Hxl+1u(k4)]\%2@),
provided €1, €9, ...,€, can be chosen so that
1—ciei(1—cl 50— (1= ) ) >0 VI=2,... k. (3.5)

It is easy to verify that the following choice works:
er=1 g=2""Vvi=2 . L
The argument stops at the last step, when [ = k, where one merely obtains
e u 22y < Crle)llul[Zsn,

for a positive constant C(¢) = C'(e1, €2, ..., €x). This final estimate allows one to return iteratively
to all previous estimates and close them to obtain (3.4). U

We now show that weighted spaces are preserved by the flow of (1.1).

Lemma 3.4. Let k € N. Let ug € ¥*N D(H,), to € R and let u be the mazimal solution of (1.1)
with u(ty) = wuo. If 2*?uq € L*(G) then 2*/?u(t) € L*(G) for all t € (Tpin, Timax). Moreover
||$§U||L2(g) is locally bounded in (Tiin, Tiax)-

Proof. We prove the result by induction. Let £ > 1 and assume that the result is proved for k£ — 1.
Let I C (Tinin, Tmax) be a compact interval.

Let x € C*([0,00),[0,1]) be a cut-off function such that x(z) = 1 for € [0,1] and x(z) =0
for v > 2. For n € N* and = € G we set

Pn(z) = <X (%) $§> 1<<N
We have

0t/g¢n|u(t)| dsz/gqbnRe (a(t)ue(t)) do
iy / b T ((8) (L u(t) — [u()|*u(t))) de
g
_ 9 /g 6o I (a(8)D,pu(t)) da
_9 é ¢ Tm (a(t)0,u(t)) da.

By the Cauchy-Schwarz inequality we have on [

@5/ Gn|u(t)|? do
g
By the support properties of x, we have

1 T T _ _
X/ <_> ) l’k + % <_> .CEk 1 < 2HX/HL°° —ka 1'
n n

< 2(|¢ull L2(g)l|Otel| £2(g)-

|9 (2)] < =

n
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Therefore, by induction assumption, there exists C' > 0 such that

8t/g¢n\u(t)\2dx <C

~

Then for ¢ € I we have
[ 6ulu@P dz < st ulize) + O
g

By the monotone convergence theorem we finally get
[ a0 do < okl o)+ 1,
g

which proves the desired result. O
Applying Lemma 3.4 we get with Lemma 3.3 the following result in 2.

Proposition 3.5. Let ug € D(H,), to € R and let u be the mazimal solution of (1.1) with
u(ty) = ug. If ug € X2 then u € C ((Tiin, Tinax), 22)-

Proof. Applying Lemma 3.4 we get with Lemma 3.3 that u(t) € ¥?(G) for all ¢t € (Tiin, Tmax)- T
obtain continuity in 3?(G), it suffices to repeat the proof of Lemma 3.4 with u(t) — u(ty) instead
of u(t). O
3.4. Dependency on the initial data. We now give the proof of the modified continuous de-

pendency property presented in Lemma 2.2.

Proof of Lemma 2.2. Since u,, is solution of (1.1), it verifies the Duhamel formula. For any ¢ € J,
we have .
0 (0) = UlO)una +i [ Ut = 9)lun(s) “un(s)ds.
to
where by U(t) we denote the Schrodinger propagator on the graph, i.e. U(t) = efv. A similar
formula holds for u. Therefore,

un(t) = u(t) = U(t)(uno — uo) + Z/ U(t = 5)(Jun () 'un(s) — u(s)|"u(s))ds.

to

Since U is an isometry on L?(G), we have

|U (@) (un,0 — wo)lr2(6) = [[ttn,0 — uol|r2(g)-
In addition, for the nonlinear part, we have

‘ /t U(t — 5)(|tn ()| un(s) — u(s)| u(s))

to
where

/H’un un |u() U(S>HL2(Q)

< OM [ fun(9) = o)

M= llzow gy + SUB i 16y < o0

Therefore,

t
Jun(5) = 03} 29 < lmo — vl + OM [ fun(s) = s s
to

The desired conclusion follows for Gronwall’s argument. 0J
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4. LINEARIZED OPERATORS

In this section we record some useful properties of the linearized operators which will appear
in our analysis (see e.g. (7.20)). We shall work here with real-valued radial functions, hence
L2 ,(G) = L2 4(G,R) and H} (G) = H. (G, R) for the rest of this section.

rad

For 8 € (—N, N), let us define on L2 4(G) the following operators, with domain Ds N L2 4(G)
(see (2.1)):

Lig=Hs+1-5Q5 L_g=Hs+1-Q3
We denote by Ly 5 the corresponding bounded operators from H. ,(G) to HL (G)*, such that

<I—:t ,3¢ 1/]> = (L:t 5¢ ¢)L2 ) ¢ € DB? d} S Hrad(g)'
For instance for Ly 5 we have, for ¢, € H (G),

(Li 50, 0) = (&,4) 12 + B(0)(0) + (¢ — 5Q56,¢) .

4.1. Unperturbed linearized operators. In this subsection, we establish some results about
the unperturbed linearized operators Ly = L .

We denote by 0(A) and ces(A) the spectrum and essential spectrum, respectively, of a linear
operator A on L2 ,(G). The following spectral properties of the operators Ly are well-known
in the context of radial functions on the line (see e.g. [22,54] and references therein) and it is
straightforward to transpose them to L2 (G). We recall that A is the generator of dilations on G
(see the definition in (2.7)).

Lemma 4.1. The operators L. have the following properties.

(i) L+ are selfadjoint and bounded from below.
(1) Oess(Lx) = [1,00).
(iii) —8 is the only eigenvalue of L, with ker(Ly + 8I) = span(Q?).
(iv) 0 is the only eigenvalue of L_, with ker(L_) = span(Q).
(v) Setting p = L' (y*Q), we have the relations

L.Q=0, LiAQ=-2Q, L y’Q=-4AQ, Lip=yQ.

From these results on L., we deduce the following properties of L.

Proposition 4.2. The operators Ly have the following properties.

(i) Ly : HL ((G) — HL(G)* is bijective.

(ii) ker(L-) = span(Q) and ran(L_) = {¢ € H,4(G)" : ¢(Q) = 0}.
Proof. We have span(Q)) = ker(L_) C ker(L_), and if ¢ € ker(L_) we have ¢ € D(L_) and
L_¢ = 0. This proves that ker(L_) = span(Q).

Since L = (ldj1 (g — K)(=0; + 1) where K = Q*(=0; + 1)~' is a compact operator on
H! (G)*, its range is closed. Then ran(L_) = ker(L_)* (with L denoting here H'(G)* — H'(G)
orthogonality) and the second statement of the proposition follows.

The first statement about L, is proved similarly. 0

Next, we give some useful integral identities.

Lemma 4.3. Let QQ, AQ and p be as in Lemma 4.2. Then:

i) [ov’QAQdy = — [, y*Q*dy;
(i) [, @AQdy =0;
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(i) f; Qpdy = 5 [5v*Q*dy.

Proof. (i) For real parameters p > —1 and r > 1, we will show that

1 p+1
PQTAQdy = | £ — rQTd 4.1
/ng Qdy (2 T+1)Ly62 v, (4.1)
from which (i) follows. Now, to prove (4.1), we only need to show that
‘s + 1 ‘s
/y“Q yQudy =~ [ yrQriay. (4.2)
g r+1 g

Integrating by parts (no vertex terms arise since p + 1 > 0), we have

/y““Q’”Qy dy = — /[(M +1)Qy" +ry' T QTQ,IQ dy
g g

(1) /g PO dy — 1 /g Q" Q" dy,

which is equivalent to (4.2). This completes the proof of (4.1).
(ii) The second statement follows directly from (4.1) with ¢ = 0 and r = 1, but the following

argument is more instructive. Since the L? scaling Qx(y) = A2Q(\y) leaves the L? norm invariant,
we have that

d 0
0= 5||Q>\Hi2(g) /Q,\ 9 dy, VA>0.
The result follows by letting A = 1.
(iii) Using Lemma 4.1 and (i), we have the identities

1 1 1 1
/dey - ——/L+Adey - ——/AQL+pdy - ——/AQyQQdy - —/y%f ay.
g 2 Jg 2 Jg 2 Jg 2 Jg
The proof is complete. O

We now state well-known coercivity properties of the operators Ly, which we prove for the
reader’s convenience. We start with positivity properties.

Lemma 4.4. Denoting by L the orthogonality with respect to (-,+)r2, the operators Ly satisfy the
following positivity relations in H} (G):

<L—UaU>H1(g) S HY(G) 2 ||U||H1(g) on PLa (4.3)
<L+U7U>H1(Q) S HY(G) 2 HUHHl(g) on {QayQQ}L-
Proof. To prove (4.3), we first observe that Lemma 4.1 implies
(Lw,w) > |lw|%:, Yw € Q™. (4.5)

Let v € pt. Let w € Q* and ¢ € R such that v = w + tQ. Since (Q, p)r2 # 0 (see Lemma 4.3),
we necessarily have

and hence
(w7 p) %2
(Q,p)3:

[WliZe = lwllZ> + 2t(w, Q)r2 + QL2 = wllZ2 +

||p||2Lz||Q||i2>

2, < wl? <1+
Il <l (1+ 7257
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Setting

||p||%z||Q||%z)_1
Ci=(1+—"—F==" """+ >0,
! ( (Q7p)%2

it then follows by (4.5) that
(Lov,v) = (Low,w) > [[w]z> = Cullv]Z-. (4.6)

To deduce (4.3), we argue by contradiction. Suppose there exists a sequence {v,} in HL (G) N p*
such that ||v,||g: = 1 for all n and (L_v,,v,) — 0 as n — oo. Then (4.6) implies ||v,||z2 — 0, so
10yvn|lL2 — 1. Then

(Lot v = W0yl + ol = [ @710y
g
1
> [0yunl + a1~ Q) = 1.

This contradiction concludes the proof of (4.3).
The proof of (4.4) follows in the same way from

(Liv,v) 2 oll7> on {Q,57Q}
However, the proof of this inequality is much more involved than that of (4.6), see [54]. O

Lemma 4.5. There exist u_, py > 0 such that, for allv € HL (G),

(Lv,v)migyexmi(g) 2 M—“UHJ%P(Q) - M:I(Uap)%%g) (4.7)
and
(Lo, v)agyxag) = pllolln g — 13 [(v, Q)2g) + (0, 9°Q) g - (4.8)
There exists > 0 such that
(Lyv, v) mgy gy + (L-v, v) g1 gy < (g)
> pllolFg — 0 (0, Q)22 + (0,47Q) 2y + (0,0)T21g)] - (4.9)

Proof. We will prove (4.8). The proof of (4.7) is similar and will therefore be omitted. FEsti-
mate (4.9) is a direct consequence of (4.7) and (4.8). We will use the same shorthand notation for
inner / duality products and norms as in the proof of Lemma 4.4.

Any v € H! ;(G) can be written as

v=w+sQ+t2Q, we {Q,2Q},

with

_ ('Uv Q)LQHyZQ”%P - (Uv y2Q)L2(ny2Q)L2 +— ('Uv yQQ)LQHQH%ﬁ B (Ua Q)L2(Q>y2Q)L2
1QIZ:1v*Qll7: — (@, ¥*@)74 ’ QI Mv2RQN7. — (Q,9?Q)7.
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Then
[l = lwllEn + s* QU + Elly*Qllin +25t(Q.y* Q) + 25(w, Q) + 2t(w, y* Q)
< lwlip + s 1QNE + ly*Qllin + (5° + £)1(Q. y* Q)|
+2sllwll g QI + 2tlwller y* QU
< Jlwllfp + s 1QIE + Elly*QlIEn + (5* + ) [(Q. ¥* Q)|
+ 57+ lwlFn 1QNF + £ + wllzn ly*Qll
< (L 1QNE + Iy @Iz ) llwllzr + (1 + QU +[(Q,y° Q) 1) s*
+ (14 ly°Qln + 1@,y Q) )2,
Hence, there exist constants A, B, C' > 0 such that
lwlizn = Allollip = B(v, @)° = C(v,y°Q)*. (4.10)
Using similar calculations, (4.4) yields a constant K > 0 such that, for any € > 0,
(Liv,v)
= (Lyw,w) + 2(L:Q. Q) + Ly Qu Q) + 25t (L4 Q7 Q) + 25(w, L Q) + 2t(w, L, yQ)
> Kol - ((L:Q. Q)] + 1L Q.25 — (1(L+52Q. 52 + (L. Q, 5 Q) ) 2
= 2 sleljwllz2lLs Q2 — 25~ tlelful 2 L4 2 Q2
> Kl|lwl|3 — (|<|—+Q7Q>| + |<L+Qay2Q>|)82 - (|<L+92Q792Q>| + |<L+Q7Q2Q>|)t2
(25 L QU wlZ) — (728 + L Ql% )
> [K = (1L QIE: + 1Ly Q13:) |l
— (L Q@)+ L QP Q)5 — (72 + 1Ly Q)] + | (L Q. Q) )
Therefore, choosing € > 0 small enough, there exist constants K, K5, K3 > 0 such that
(Liv,v) > Kifwllfp — Ka(v, Q) — Ks(v,y°Q)*.
Combining this with (4.10) concludes the proof of (4.8). O

4.2. Linearized operators with vertex condition. We collect in the following proposition the
properties of Ly g which will be useful for our analysis.

Proposition 4.6. Let € (—N, N).

(1) Ly g is selfadjoint and bounded from below.

(i) Oess (L) = [1,00).
(i) Ly g has a unique negative eigenvalue Ny g and the rest of the spectrum is (strictly) positive.
(iv) 0 € o(L_p), ker(L_ ) = span(Qg) and the rest of the spectrum is (strictly) positive.

Proof. The operators L, 3 are symmetric and bounded perturbations of Hg, so they are selfadjoint
and bounded from below.

The operator Hy + 1, with domain Dy, is selfadjoint and we have o(Hy + 1) = 0ess(Ho + 1) =
[1,400). On the other hand we have on L2 ,(G)

(Lo =) = (Ho+ 1= i) = (Lyy— i) — (Ho+1— i)
(L — i) (86 = 5QA)(Ho+ 1 — i)
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Since (Ho + 1 —4)~" is bounded from L2 4(G) to Dy, (86 — 5Q3%) is compact from Dy to H,4(G)*
and (L; g —i)~! is bounded from H.,(G)* to L2,,(G), we obtain that (L4 5 —i)™' — (Hp+1—14)""
is a compact operator on L2 ,(G). Then, by Weyl’s Theorem, 0ess(Ly 5) = Oess(L10) = [1,400).
We similarly have oess(L_ ) = [1, +00).

We check that 0 is never an eigenvalue of L 3. Differentiating (2.9), there holds —(Q})" + Q% —
5@%@% = 0 on each edge. Now let u € ker(Ly ). We have (v'Qj — Qju)’ = 0, so there exists

n € R such that
(@) -@
Qs (@3)*

Since an antiderivative of (@)~ grows faster than (Q})~", this implies that 7 = 0, so u is
proportional to Q5. However, we can show that @ is not in Ds. By (2.9), we have Q3(0) = Q5(0)—
Q3(0)°. Then, computing Qj gives Q3(2)* = Qs(x)* — 1/3Qs(x)° for all z € G. In particular,
combined with the jump condition NQ4(0) = £Qg(0) at 0, this gives Q(0)* = 3 (1 — */N?).
Hence, the jump ratio at 0 for Q} is given by

1" 2
Q5(0)  Q5(0) s N? N B P

Therefore, Qj; ¢ Dg. Thus, u = 0 and ker(L, 5) = {0} for all 3 € (=N, N). Since 0 is not in the

essential spectrum, it is in the resolvent set of L, g.

It is known and can easily be verified that L, , has a unique eigenvalue, equal to —8, with the
explicit eigenfunction @3 . Since L, 5 depends analytically on 3 (family of type B in the sense of
Kato [33]), we get by regularity of the spectrum and semi-boundedness from below that L. 5 has
a unique negative eigenvalue for all § € (=N, N).

For the last statement, we see from (2.9) that Q3 € ker(L_ ) for all f € (=N, N). As Q3 > 0,
0 is a simple eigenvalue, so ker(L_ ) = span(Qz). Moreover, it is the first eigenvalue of L_ 3, so
the rest of the spectrum is positive. 0

For y € G we set
BN
AsQp(y) = AQ(y — 75) + (TB + m) Q'(y —75)-
Lemma 4.7. We have AgQp € Dg and

Proof. We adapt to our setting the proof of the case 8 = 0. For |w| < &

a and y € G we set

Y w w_ 1 (B
Then QE € Dg and the function Ag@)s has been defined so that

AsQp = 3wQZ‘w:1-
The fact that Ag@Qs belongs to the domain Dg can be obtained either by direct calculations, or
by observing that @ is smooth in (8, w) away from w = 0, which allows one to differentiate with
respect to w the condition verified by Q% at the vertex, N9,Q%(0") = fQ%(0%).
Finally, we have
HyQ3 + Q5 — 1Q31'Q5 = 0. (411)
which gives the result after differentiation at w = 1. ([l
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Lemma 4.8. Let 3 € (—N,N). Letn€R, k€N and g€ Ct_. Letu € H!

exp* rad
Ly gu =g+ nd. (4.12)
Then u € C¥F2. Moreover, if n = 0 then u also belongs to Dg.

exp

(G) be a solution of

Proof. Assume that u is solution of (4.12). Since the quadratic form
u ||U/||%2(g) + Blu(0)]* + ||U||%2(g)

is coercive on H' ;(G), u is the unique function in H! ;(G) which satisfies on each edge

—fu=g, §=g-nQhu,
with © = —1 or u = —5, together with the vertex condition
—Nu'(0) + Bu(0) = .

Then u is explicitely given by

1 [ 1N — o
u(y) = T ey 5/ e Mgz dz + = Be_y/ e “g(z)dz.
0 0

N+p 2N + 13
From this expression and the fact that () is smooth and exponentially decaying on each edge, we
deduce all the conclusions of the lemma. O

Similarly to Section 4.1, it follows from Proposition 4.6 that L, g is invertible and L_ g is
invertible on Qé. We will denote by R_ 5 the unique bounded operator on L?*(G) which maps Qg
to 0 and any ¢ € Qé = ran(L_ 3) to the unique ¢ € Qé = ker(L_ 5)* such that L_ g1 = . In
particular, ran(R_ g) C Dg.

Lemma 4 9. Let v € N. Let f +— wug be a smooth map from (—N, N) to L2 4(G) such that
%ug € CY, foralll € N and B € (=N,N). Then the maps (8 — L;Bu[g and f — R_ gug
are smooth from (—N,N) to L? (G). Moreover, we have 6§(L;}Bu[g),8g(R_,/gu5) e Cr for all

exp
pe(—=N,N) and ¢ € N.

We introduce some notation for the proof. For § € (=N, N), we set Hy | = H} 4N Qg (the
orthogonal complement is still understood in the sense of L?(G)). We denote by Zg : Hj | — H},4
the natural embedding, and we set Lfﬁ =Z5L pZp: HAL — (Hé’l)*. The corresponding operator

given by the representation theorem is the restriction L 5 of L_ 5 to Q7, with domain Dz N Qj.
We set

R_s=Ts(Lt 5) ' T): (Hia)* — H,,

rad*
For u € L*(G) we have R_ su = R_ su.
Finally, let T3 be the orthogonal projection of L*(G) onto span(Qs), and Iy = 1 — .

Proof. We begin with R_ 3. Let 8 € (—N,N). There exist ny > 0 and C' > 0 such that for all
1 € [=10, o]
1B snllown < O, IR pnlleqrn, s,y < C. (4.13)

In (4.13), the first inequality follows from the strict positivity of the spectrum of Ll The second
inequality is a direct consequence of the first one (see the argument after (4.6) 111 the proof of



BLOW-UP SOLUTIONS ON NONLINEAR QUANTUM STAR GRAPHS 27

Lemma 4.4). Let u € L*(G) and n € [—ng,n0]. We have
(R- gy — R-p)u = (R_ gy — R_g)lgu
+ gy (R gy — R p)I5u (4.14)
+ 105, (R_ gy — R_ ) 5w
For the first two terms, we observe that
(R gy — B g)gu + Mgy (R iy — R g)TT5u (4.15)
= R_piyllsu — gy R sll5u
== R_ﬁ_;,_n(Hﬁ - HB—H})U’ — (Hﬂ-i-n — HB)R_’QU.
For the third term in the right-hand side of (4.14), we have
5, (R gsn — R_g)gu =g, (R_ sy — R_g)zu

= —1R_ g4n0R_ su.

(4.16)

Since the map 8 — Il is smooth, we first deduce with (4.13)-(4.16) that the map 8 — R_ 3 is
continuous. Then, after dividing these equalities by 7, we deduce that it is also differentiable with

93R_ 5 = —R_304115 — O5113R_5 — R_50R_ 5. (4.17)

By iteration, we prove that the map 5 +— R_ gug is smooth on (—N, N).
Since ran(Ilz) = span(Qg), then Ilz and all its derivatives with respect to 3 leave Cy,, invariant.
Moreover, by Lemma 4.8, the operators R_ 5 and R_ 30R_ s map Cg,, into itself. By iterating
(4.17), we deduce that all the derivatives of R_ 3 with respect to § leave CY,, invariant.
This concludes the proof for R_ g. For the usual resolvent L;lﬁ, we replace 1lg by 0 and we

recover basic properties for a resolvent. In this case, the derivatives are simply given by
Cir—1y _ -1 -1\¢
05(L7 ) = Lip(0L30)

and we get as before that they leave C¢ , invariant. U

5. CONSTRUCTION OF THE PROFILE

In this section, we prove Proposition 2.3. The terms P;; g and «; ;g will be constructed by
induction on (j, k) € ©, according to the following order. For (ji, k1), (j2, ko) € Z? we say that
(jl, ]{Zl) < (jQ, k'g) if either ki < ko or k1 = ko and .jl < jQ.

Let \g = % Given an interval J of R, b € C1(J,R), A € C*(J,(0,))) and a € C'(J,R), we
denote by O, (b, \,a) any family (ug(s))se—nn) C L*(G) satisfying the following property: for
any v € N there exist p > 0 and C' > 0 such that, for all s € J there holds wu,x)(s) € C¥, and

lunlley,.,

A
<O |b+ =2

+ \bs+b2—a|> + OB + \)". (5.1)

With this notation, the main estimate (2.16) of Proposition 2.3 reads
U, = Ou(b,\, ). (5.2)
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Lemma 5.1. Let (P p) and (o) be as in Proposition 2.3 (i) and (ii). Let P and « be defined
by (2.13) and (2.14). Let b € C'(J,R), A € C*(J,(0,\y)) and o € C*(J,R), and let U, be defined
by (2.15). Then we can write

V= Y (@) NWjpon + Oulb ), (5.3)
(4,k)€OK
for Vs, (4,k,B) € O, x (=N, N) as follows. Given (m,k) € N x N* with m+k < k, there exist
\Ij2m,k,,8 and \Il2m+]_7k-7ﬁ m LQ(Q)

(i) with all derivatives with respect to 8 in Cgg,
(ii) which depend explicitly on the Py g 5 and ajg g for (57, k') < (2m, k)

such that

2
Vomrs = —LigPom s+ a2m,k,ﬁyZQb’ + Yo k.8 (5.4)

Uomiiks = —L_ gPomiiks — (2m + k) Popgg + @2m+1,k,ﬂ- (5.5)

In particular we have

5 - N~
Vo6 =0, Wi15=—70Qp= 2(N2 — 32)

Proof. Up to a rest of size O, (b, A\, ), we can always replace the derivatives \; and by by (—Ab)
and (ib)? + a, respectively. For (j, k) € O, we have

Q5. (5.6)

i0s (1Y NPy jon) = =3 (i) T 0N Py gy o + (i) RN TN Py o + iy(i0) N X 05 P o

= — (i) N Py n — 4 (i0) TN Py oo — (ib) RN Py g n — (ib) A0 Py

+O, (b, A\, @)
= =+ R TN Py — D G0 (i) PN, oy — (i) A 5 P
(P,9)€OK
p éven
+0, (b, \, ).

Notice that some terms in the sum satisfy (5.1) and could be put in the rest. On the other hand,
there exists a family (®,5) with ®;, 5 € L*(G) which depends only on Qs and the Pjj s, such
that

PP = Q5+ Y () N® 0 + Ok(b, N, ). (5.7)
(4,k)€OK

In particular, ®g; 5 = 5@%130,175. More generally, we have
O = (342(—1))Q5Pixs + Pjkp,

for some @5 € L*(G) whose derivatives with respect to 3 are in Cexp and which only depends
on the _Pj/ﬁ/ﬂ with (j/, ]{?l) < (j, ]{3) In particular, &)0’1”3 = i)lylﬂ =0.
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We set ©2 = 0, U{(0,0)} and Pyp,n = Q4n. We also set Pjg,n = 0 for j € N*. Then we
have (5.3) where, for (j,k,5) € O, x (=N, N),

Uing=—(—1+k)Piiws+ > (G +1—D)ePir1-pr—gs — 198Pi-14-1,

(p,9) €O
p even

2
: - y
+ HPjjs — P+ (3+2(=1))Q5Pixs + Pjns + > U016 Draa -
(P1,01)E€Ox,(p2,q2)€OY

p1+p2=J,q1+q2=k
p1 even

It can be checked that this is indeed of the form (5.4)-(5.5), and that (5.6) holds when m = 0. O

We now show that (P; ) and (ajxs) can be defined so that (2.16) holds. We construct P s
and ;3 by induction, so that the whole sum in (5.3) vanishes, which implies (5.2). To this aim,
we shall use the expressions (5.4)-(5.5) and the properties of the operators Ly g. In particular, we
will obtain the explicit formula for «g ¢, as stated in part (iii).

Proof of (iii) and (2.16). Let (m,k) € N x N* with m + k < k. Assume that we have defined
aj g (if 7' is even) and Py 5 for all (5, k') € ©,, with (j', k") < (2m, k).

By (5.4) and Proposition 4.6, for any choice of a3 € R there exists Py, 13 € Dg such that
om,kg = 0. Moreover 94 Pom i3 € C, for all £ € N by Lemma 4.9.

We choose ag, 5 so that (see (5.5) and Proposition 4.6 again)

(2m + k) Popis — Womi1ks € Ran(L_ 5) = span(Qp)*. (5.8)
By Lemma 4.7 and the selfadjointness of L, g, this condition reads
2m + k

5 (Lt s Pom k3, NgQp) + <\ij2m+1,k),/37 Qﬁ) =0,

which gives

4 2 ~ -
= — U v A .
om k.3 (205 5505) (2m iy < 2m+1,k,,3,Q5> + < 2m. k.65 ,BQ,B))

We can then choose Payi14s € DgNspan(Qp)*t such that Wa,,41 55 = 0. And %Pgm“ﬁ,g € Cp
for all £ € N by Lemma 4.9. We have thus constructed (P 3) and (o x3) so that (2.16) holds.
We finally check (iii). For m =0 and k = 1, (5.6) yields

e ANY(Q5Qs)
OLP TN = 52) (12Qs, MsQp)

Hence, by Lemma 4.3,

Qo,1,0 = _M VLO)Q -
S N lvQIE e

as expected. O]

=2

Proof of (2.18) and (2.19)-(2.20). We start by proving (2.18). Recall that the energy E is defined
as

1 y 1
E(u):§/g|uw|2dx+§|u(0)|2—6/g|u|6dx, ue HY(G).
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Letting

u(x) = A2\ tz), A >0,
we have that v € D(H,) < v € D(H.,,) and the change of variables y = A\™'z yields

E(u) = AQ[ /|vy |2dy+ —-/|u |6dy] B,

(5.9)

Note that E is Fréchet differentiable with respect to its second variable at any v € D.), with

derivative

DPE(/\,U) =—H, v — f(v).

We now consider
p=e w*PeDG{)
Then

~ . 2 .
P = Afl/Zez(GfbyT)P _ )\71/26@929

and we deduce from (5.9) (with v = ¢®p) that

Hence,

ds A3 A2

A2 A 2

C(P(s) = (= 223) B0 p) + 35 [DAEO DA + (D,EOp). )]

5[ 22 B0 + 22O + (D,E0p). )]

(5.10)

(5.11)

(5.12)

To compute the last term, we shall use the equation satisfied by p, which we derive from (2.15),

using (5.10):

Ag s
ips = — 7,\p+p—f(p)—|—i—Ap—Z(T+b>Ap+(bs—|—b2—a

A

- A A NN
:DPE<>‘7P>+p+Z—Ap—Z<T+b>Ap+(bs-|—b —a)lp+ e w,

A
Since (DpE()\, D), iDpE()\,p

(DyE(X, p),ps) =

> =

(D,E(X, p), Ap)

_ (é +5) (DB p), Ap) — (DB p), (b, + 12 — ) )

N\
(DEMp) w*m)

Hence,

_ (ﬁ + b) (D,E(\, p), Ap) — (DPE(A,p), i(bs + 0> — Oé)yzp>

— <D,,E()\, D), ie*ib% \If,{> ] .

2
Yy —zby
Lpre®iu,
aPre

)= (DPE()\,p),z'p) = 0, it follows that

CB(Ps)) = 15| 1~ 2B0.p) + () + (D,E(\ ), Ap))

(5.13)
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To conclude the proof of (2.18), we will show that
- A -
—2E(\,p) + [p(0)* + (D,E(\, p), Ap) = 0. (5.14)

Estimate (2.18) is then a direct consequence of (2.16). Using again (5.10), the left-hand side
of (5.14) reads

= [Py =R + 5 [l ay+ RO = (T 8p) ~ Re [ pl'otpay. (519

An integration by parts shows that

o 1
Re/pyyypy dy = _5/ |py|2 dy,
g g

1 1 YA _
-p+ ypy) = —/ Ipy > dy + —=|p(0)|* — Re/pyyypy dy
9 2 Jg 9 G

so that
(H’Y)\pa Ap) = (HW)\pa
YA
= [ mpay+ o) (5.16)

Another integration by parts yields

1
Re/|p|4py19_ydy— ——/Iplﬁdy
G 6.Jg

and it follows that
_ 1 1
Re/ p|*pAp dy = —/ Ip\ﬁdy+Re/ p*pyp, dy = —/ Ip|® dy. (5.17)
g 2 Jg g 3 Jg

(5.16) and (5.17) show that all terms in (5.15) cancel out, which completes the proof of (2.18).
We next prove (2.19)-(2.20). First, by (5.11) and (5.12),
NE(P) = E(\ e ™ P)

1 y? , _ A 1
=5 | (PEIPE 4R+ etityr, ) ay + PO~ 5 [ 1Py

9
/IP |2dy+—/y |P|? y——Im/yPde+—|P ——/IP|6dy

We shall now plug in
P =Q+ \Z,

where, according to (2.13),

Z= > ()N Py
(4,k)EO,
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We find that
~ X y2
E(\ e " TP) = /\a Q7A|2dy+)\/8 QunRe (Z )dy+—/\Z > dy
b
—/y Q2\dy + A/yQQwRe(Z)+§A2/y2!Z\2dy
g

_ b _
— iAlm/ Y ZyQW,\ + 8yQ7,\Z) dy — —/\2 Im/yZyZ dy
g

7A3

£ D07 + QA Re (2(0) + 2120~ & [ 1@+ Az

Since (). satisfies
H’y)\Q'y)\ + Q'y)\ - Q?y/\ = Oa (518>

it is a critical point of the functional

Aw =5 [P+ Lok +3 [Py [ pwra. ve )

Letting Q% (y) = 12Q o\ (py), 1> 0, we deduce that

d

— = 0.
du‘uzl

QL) = H(Qon) 22
YA YA dﬂ p=1

An explicit computation of the left-hand side of this identity yields
/ 10,Q|* dy + —QA,A /Q dy = 0. (5.19)

On the other hand, by (5.18),

/ 0,0 Re (Z,) dy +72Q@x(0) Re (Z(0)) = (Hn@on. 2)
( ka_l'Qq/)\vZ
Q, Z /Q dy. (5.20)

Using (5.19) and (5.20), the energy becomes
I —ibl A ) U 22
E(Aae 4 P) :IQWA(()) +§ gy Q'y)\dy_/\<Q’y)\JZ)

1 _
—g/g(mﬂzm_ by~ 6Q3, Re (12)) dy

b _ b _
_ 5)\Im/y(Zwa,\ +0,Q22) dy — 5)\2 Im/ yZ,Z dy
g g

YA?
—|Z(0)]%.

A2 b? - b?
—i-?/]Zy]Qdy—i-Z/\/yzQMRe (2) dy+§)\2/y2|2|2dy+ 5
g g g
(5.21)
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The first line of the above right-hand side is of order A ~ b2, while the next lines are of higher
orders. In the rest of this proof we write Pol, (b, A) for any function of b and A of the form

> msb N (k) CR.

(4,k)€EOx
j even, j/2+k>2

In particular (2.19) reads
. 1
E(P(b,\,0)) = Co&mo(b, \) + E(Polﬁ(b, A) + O((* +N)")). (5.22)
Using (2.10) and the definition of a, (see (2.12)), Taylor expansions about yA = 0 yield

?%(0)2 = 220(0)? + Pol, (b.X) + O((82 + A)")

4 (5.23)
= —a,CoA + Pol,.(b, \) + O((b* + \)").
and ) ,
b 2.2 b / 2.2 2
— dy = — dy + Pol,;(b, A) + O((b" + \)*
A @) dy = 3 ng(y) y (b; A) + O(( )") (5.24)
= b*Cg + Pol. (b, \) + O((b* + \)").
On the other hand, since Ly p = y>Q (see Lemma 4.1), we deduce from (5.4) that
Qo,1,0 Qi
Foo = L PP
Hence, by Lemma 4.3 and Lemma 4.9,
a, Joy*Qy)* dy
(Q,Po,m) = Z(Q,p) = O g 3
This gives
M@y Popn) = —Aa.Cq + Pole(b, A) + O((0* + A)"). (5.25)
With (5.23)-(5.25) it follows that
L /A 2 b 2.2 1 2 K
= (ZQMO) +3 Y Q5 dy — A(Qq, Po,lnA)) = Co&op + p(POMb? A) +O((b” + X))

Finally, upon close inspection of the other terms in (5.21), using the definition of Z, we have

1

—6[;<|Q7A+)\Z|ﬁ— b~ 6Q% Re (AZ) ) dy

b _ b _
_5)\Im/y(ZyQ7,\+6wa\Z) dy—§)\21m/yZyZdy
g g
A

A2 b? - b?
+ —/ |1Z,* dy + —A/y?cgVA Re (Z) dy + —N? / y?|Z)? dy + —1Z(0)?
2 /g 17 ), 8" J, 2
= Pol, (b, ) + O((b> + \)").
This gives (5.22) and concludes the proof. O

Corollary 5.2. Let k € N. There exists C > 0 such that for A > 0 with yA € (=N, N) we have
Q= Qllsr < CA, [Py = Qs < CA.
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Proof. By construction of the profile we have
[Bor — Qxyllsr S A
On the other hand, we see from (2.11) that
1Qs — Qllsx S B,

and the conclusion follows. O

6. MODULATION
In this section we prove Proposition 2.4. We set
Q=R xR x (0, N/|y]).
Then for 7 = (6,b,)) € Q and w = (w;) 1.y € L*(G) we define O, w € L(L*(G)) by

,,,,,

1 . ibaz?
(0,w);(z) = —=ee” e w; <§> , j=1,...,N.

This defines a unitary operator ©, on L*(G).
For £ > 0 we also set

Q.= |J Brag)(©00,Q.¢).
0cR,A€(0,¢)
It is endowed with the topology inherited from L?(G). Finally, we recall that B, is defined in
Proposition 2.3 and p by Lemma 4.1. Then Proposition 2.4 is a consequence of the following result.

Proposition 6.1. There exist ¢ > 0 and a function T = (0,b,\) € C'(Q.,Q) such that for any
u € Q. we have in L*(G)

Oty = Potuyrwonte) € {57 Potuy aw) onwy» A Potay Ay 10}

Proof. For = (6,b,\) € R x R x (0,2), w € L*(G) and 0 € ( — 5=, 57-), we set

2lv]7 2|

2
( ( w, )be,U)\,'ycr)\)L2(g)
w, )

h(mw,0) =0, 'w— Pyorron and  F(mw,o) = | (h(r, iANPy ox~ox) L2(G)
(h( ,0),1p)2(g)

This defines functions of class C' from R x R x (0,2) x L*(G) x ( — % m) to L*(G) and R3,
respectively. Moreover, we have h(0,0,1;Q,0) = 0 and F(0,0,1;Q,0) = 0 (the interest of the
extra parameter ¢ is that we can start the analysis around A\ = 1 and @ = Fygpo). We have
(aepb,o)\,'ya)\a abe,U)\,'ya)\a a,\Pb,a,\,w,\)|b=o,A:1,o=0 = (0, 0, 0); S0

—iQ

Vosh(0,0,1;Q,0) = |

AQ

By Lemma 4.3 we have (Q,AQ) =0, so
0 0 (AQ,v*Q)
JacosnF(0,0,1:Q.0) = | 0 G(°Q.AQ) 0

—(Q.p) W*Q.p) 0

We also have (?Q, AQ) # 0 and (Q, p) # 0, so this partial Jacobian is invertible. By the Implicit
Function Theorem, there exist a neighborhood & C R x R x (0,2) of (0,0, 1), a neighborhood V
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of (@,0) in L*(G) x ( — 5%, 57=) and a function Iy = (6o, by, Ao) : ¥V — U of class C* such that,

20y 29|

for all 7 € U and (w, o) € V, there holds
F(miw,0) =0 <= 7=Ij(w,o).
We now fix € € (0, %) so small that B(Q,¢) x (—¢,e) C V.
Let u € Q.. For (01, A1) € R x (0,¢) such that w; = @9_11’07/\1u € B(Q,¢), we set

O(u) = Op(wy, A1) + 61, bu) =bo(wy, A1),  Au) = Ao(wy, A1) ;. (6.1)

We have to check that this definition does not depend on the choice of (61,A;). Let (62, A2) €
R x (0,¢) such that we also have wy = @(;21,0,,\21‘ € B(Q,¢). Since wy = @;11_92’0,/\1//\2102, we have

F(Qo(wl, /\1) + 01 — 0o, bo(wh )\1), )\(wl, )\1))\1//\2; W2, )\2)
= F(Go(wl, A1), bo(wr, A1), Awy, A\p); wy, )\1) =0,
which implies that
Oo(wa, Ao) + O3 = Og(wy, A1) + 01,  bo(wa, A2) = bo(wi, A1),  Ao(wa, A2) A = Ao(wr, A1) ;.
Thus, 6(u), b(u) and A(u) are well defined by (6.1). This yields a function 7 = (6,0, \) € C*(Q., Q)
such that, for all u € O,,
Oty by A )~ PowA@ @) = Ot An)0.0(wr A W1~ Fholwr A Ado(wi A do(wiAn)
€ {0 Pty I P a0}
which completes the proof. ([l

The functions 6(t),b(t), A(t) obtained in Proposition 2.4 are C* since they come from the com-
position 7 o u, and u € CY(I, L*(G)). More generally, one could show that they remain C' even
for a weak solution u € C(I, L*(G)) N C*(I, H'(G)*) by using the following result.

Proposition 6.2. Let I be an interval of R. Let u € C°(I, L*(G)) N CY(I, H(G)*). Assume that
there exists a sequence (ug)gen in CH(I, L*(G)) which goes to u in C°(I,L*(G)) N C*(I, H(G)*).
Then the map mou (with © given by Proposition 6.1) is of class C* on I.

7. UNIFORM ESTIMATES

In this section, we prove Proposition 2.7.

7.1. Change of variables and bootstrap argument. We recall that the profile P was defined
in Proposition 2.3. We consider ¢; < 0 and the maximal solution u; of (1.1) such that u, (¢1) is given
by (2.28). We denote by I;, the maximal interval on which u, is defined and satisfies (2.21). Since
uy () € D, N ¥2(G), it follows that u; € C(I,,, Dy N X%(G)) N C (1, L*(G)). Let 6 € C(I,,,R),
be CY(I,,R), A € C'(I,,,R%) and h € C(I, D, N ¥%(G)) N C'(I, L*(G)) be the corresponding
modulation parameters and remainder constructed in Proposition 2.4.

We now define precisely the rescaled time variable s that appears in the formal change of
variables (2.4)-(2.5). We first define the final time s; via the solution A, of the model dynamical
system (2.22) (see (2.24)) by setting

+o0 4
t, = —/ Amo(5)?ds = ~ 32

2537
S1 O{*SI

(7.1)
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where we recall that «, was defined in (2.12). This yields

5= : )Ugltl!” g (7.2)

2
3az

Then for ¢t € I, we define

noq
S() = 5, — /t et (7.3)

We set Js, = s(1I;,). Since s : I;, — J,, is strictly increasing, ¢ may in turn be expressed as a
function of s viat =s7!: J,, — I;,. This will allow us to obtain Proposition 2.7 as a consequence
of the uniform estimates in variable s which are stated in Proposition 7.1 below.

We then express the modulation parameters b, A and € and the remainder h as functions of the
variable s by setting on Jg,

b(s) = b(t(s)), Als) = Ak(s)), 6(s) =0(x(s)), hls,-) = h(t(s),"). (7.4)
In the rest of this section, we will often use the notation
hy =Reh, hy=Imh.
In the new variables (s,y), the function v : (s,y) € J,, x G — u(t(s), A(s)y) satisfies

As
ivs — Hypyv — ~ Yy + Nv|*v = 0, (7.5)
and the final condition . ,
.b1y
711(81,9) = \/—)\—Pbl,m(y)e_“T- (7-6)
1

From now on we denote by
P (87 y) — Pb(s),)\(s),v)\(s) (y)
the profile given by Proposition 2.3 for the modulation parameters (7.4). Then, in view of (2.4),

w=P+h=VAe 0PV

satisfies (2.6).
With the definition (2.15) of W, (2.6) can then be rewritten as an equation for h:

ihy — Hoah —h+ f(P+ 1) — f(P) + My(s)h = —,, — My(s)P + b(b + %) %QP, (7.7)

where for ¢ € X%(G) we have set

’ s A\ 42
Mi()6 = (1=0)6+ (b, + 1) -0 =i (b+ 52 ) Ao —b(b+ 5 ) To

and
2
As
Mo(s)¢ = (1 — 0,)¢ + (bs + b2 — oz)yzd) - i(b + T)Aqs,
Notice that
As

Mi(s)p = Mo(s)o + ay;(ﬁ — b(b 4+ _>

2
Y
A ¢.

2
For any fixed A > 0, we define on X'(G) the norm || - || by
193 = llgllz + Mlyollz., &€ ZHG). (7.8)

Note that || - ||, is equivalent to the usual norm || - ||y = || - [|s:-
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Proposition 7.1 (Uniform estimates in the s variable). Let s¢ be given by Proposition 2.6. Choos-
ing so larger if necessary, there exist C,c > 0 such that, for any s; > so and kK € N*, we have
[s0, 51] C Js, and, for all s € [so, s1],

17 (5)llas) < Cs™70, (7.9)
)1/ c b(s) c
QUM e | MLy oo 1
‘Amo 2o ’ 52 ‘bmo(g) 52 (7.10)
Remark 7.2. The estimates (7.10) can be improved to
1/2 1 (3) 1
1< = < =
‘)\mo 1/2 ~ 34, ‘bmo(s) L ~ 547 $ € [SO’ 81]’ (711>

by shifting the energy level in the definition of F in (2.25) to £ = £ — (02 + 2a,e21) (see
Remark 7.15).

Proof of Proposition 2.7, assuming Proposition 7.1. Let s; > so and t; be defined by (7.1). Since
[s0, 51] C Js,, we have t([so, s1]) C t(Js,) = I, for all s; > 0. However, since the map t depends
on sy, so does the left end-point of the interval t([so, s1]). We now construct ¢y, independent of ¢y,
such that t(sg) < tg, and so [t,t1] C I;, for any ;.

By (7.1), we have

f(s0) = — / " N(0) do

S0

+oo s1
= —/ 2 (o) da—/ N (o) do

_ / :OO X2 (o) do + / X2 (o) do — / (o) do
()~ [ Do)~ (@] 4o

Furthermore, for s € Jy,, (7.10) implies
IA(5)” = Amo(5)?| S s7°.

S1 o0
‘ / [(N(o) = X2 (0)] da’ < / o %do < s5°.
S0 S0

It follows that, upon choosing sy large enough, t(sg) < to := —(%)553 for any t;.
Next, for ¢t € [to, tl],

t=t; — / Mo)rdo = — /OO Amo(0)?do + O(s(t) ) = —3i25(t)_3 +0(s(t)™).

(®) ®)

Hence,

Hence,

-1
s = (221) 1+ 001, 1o
It follows that

bumo(s(t)) = 2 — (3O‘*|t|) v +O(|t), t—0"
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and

2 2 30&2 2/3 4

Ao (5(8)) = — 5 = — (S35 t) "+ O(ltff), 107,

60) = s = = (1) 0l

Estimates (2.29) now follow directly from (7.10). Recalling the definition of the norm || - ||, in (7.8),
the estimates (2.30) then follow from (2.29) and (7.9). Finally, (2.31) follows from estimate (7.49),

proved below. ([l
The proof of Proposition 7.1 relies on the following bootstrap result.

Proposition 7.3. Let sy be given by Proposition 2.6. For s; > sg, define s, = s.(s1) as the

infimum of o € Js, N[1,s1] such that, for all s € [0, s1],

A(s)1/? 1 b 1
(s) —1‘ < ’b (s) —1’ < (7.12)

Amo(s)'/? st/ (s) s1/2

There exist kg = 2 and C,c > 0, all independent of sy, such that (7.9) and (7.10) hold for k > kg
and s € [sy, S1)-

1h(s)]lx < 5™,

Remark 7.4. The constant ko can be chosen as the smallest integer larger than max{9, 2k/ky + 1}
(see Proposition 7.6, Proposition 7.7 and (7.51)).

Note that, for s € [s4, s1], (2.24) and (7.12) yield

2 21

b(s) ~ - A(S) ~ e (7.13)
Proof of Proposition 7.1, assuming Proposition 7.3. It is enough to prove Proposition 7.1 for some
large x. We thus assume that x > ko, where kg is given by Proposition 7.3, and hence (7.9)-(7.10)
hold on [s,, 51] for any s;. Choosing s, larger if necessary, we can assume that sy > max{2C, 2¢*/3}.
Suppose by contradiction that there exists s; > sq such that either J, & [so,s1] or Js, C [so, s1]
but one of the inequalities in (7.9)-(7.10) fails on [sg, s1]. By Proposition 7.3, this implies sy < s4.
By (7.12) and Corollary 5.2, we have inf J;, < s, if sq is large enough. Furthermore, since h(s;) =0
by construction, it follows from Proposition 2.6 that (7.12) is satisfied at s = s, provided sy is
large enough. Hence, by continuity, s, < s; and at least one of the inequalities of (7.12) becomes
an equality at s = s,. Since s, > max{2C,2¢*?}, this yields a contradiction with (7.9)-(7.10).
Thus, s, < so. This means that sy € Js, and (7.9)-(7.10) hold on [sg, s1]. O

The rest of this section is devoted to the proof of Proposition 7.3.

7.2. Modulation estimates. For the rest of the section we work under the assumptions of Propo-
sition 7.3. All the estimates which appear in the discussion are independent of s.

We first justify quantitatively that, for large times, the modulation parameters are approximate
solutions of the model dynamical system (2.22).

Let

b+ As/A
Mod(s) := | by +b?* —a |, s€ [sg,s1].
1—40,

Then by (7.13) and (2.14) we have

1 1 |Mod
b S = + Mod(s)], ] S — + Dol
82

5 5 (7.14)
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Lemma 7.5. If k > 5, there exists C,, > 0 (independent of s1) such that, for all s € [s4, s1],
|[Mod(s)| < Crs™", (7.15)
[(A(s), Q) 2] < Crs™. (7.16)
Proof. Let us first define
See = 1nf {0 € [s,,51] : [(1(s), P(s))12| < s", Vs € [0, 1] }.

Since h(s;) = 0, we have s,, € [s,, s1). The main step is to prove that (7.15) holds on [s, s1]. By
a bootstrap argument, it will then follow that s,, = s,, and we will finally deduce (7.16).

We start by differentiating the equality (h,iAP) = 0 with respect to s. Since P, h and AP
belong to C'(Js,, L?(G)) by Proposition 2.3, this simply gives, on [s,, s1],

(hs,iAP) + (h,iAPs) = 0. (7.17)
Firstly, for k > 4, (2.14), (2.15), (2.16), (5.7) and (7.12) yield
|(hyiAP)| < |[h]| g2 (IMod(s)] 4+ s72) < 5772 |Mod(s)| + s < s *|[Mod(s)| + s (7.18)
We next estimate (hs, iAP) = — (ihs, AP). By Corollary 5.2 and (7.12), we have
f(P+h) = f(P)=df(P)h+O(|h]*) = df(P)h+ O(s " ?|h|) = df(Qx)h + O(s?|]),

where df denotes the differential (in the real sense) of f: C — C, f(z) = |z|'z, that is, df(2)h =
|z|*h + 4|2|?2 Re(zh). Thus, the equation for h reads

ihy = Hozh+h — df(Qyn)h + O(s?|h])

A2
Furthermore, noting that
Hoh+h—df(Qyn)h = Ly zhi +iL_ \ho (7.20)

we have, for all s € [s,y, 51],
(Hwh +h— df(Qw\)f% AP) = (L-h%hla AQ) + (Hmh +h— df(Qw\)hy A(P - Q))
By Corollary 5.2, it follows that
[(Hoah+ 1 — df(Qua )R, AP = Q) S Wl [A(P — Q)i < 72| hllan-
On the other hand, by Lemma 4.1 and (7.12),
<L+77)\h17 AQ) = <L+,’y)\h17 AQ>
= (Lth1, AQ) + yAR1 (0)(AQ)(0)
= (h1, Ly AQ) + O(s2[|hl| 1)
=—=2(h, Q) +O(s7").
Therefore, by Corollary 5.2 and the definition of s,, we have, on [s, s1],
(Hoh + h — df(Qua)h + O(s *[h]), AP) = =2(h, Q) + O(s ™)
=—2(h,P)+O0(s ") =0(s™").
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Now we estimate the terms in the second line of (7.19). Firstly, putting the factors y* on the right,

(M (s)h, AP) ( $)h + o h—b(b+/>\>;h,AP)
= O(|[Mod(s)|||h][z2) + O(Ja(s)[l[A]|2) + O(b|Mod(s)|[|| .2)
= O(|]Mod(s)|||h][z2) + O(s™").

Next, by Lemma 4.3,

(Mo(s)P, AP) — (b(b + %) %P AP>
= (Mo()Q. AQ) - (b(b + %)y—Q,A@ +O(s7*|Mod(s)))

= b+ B~ QI + 205+ ) QU + O Mod (5)).
Finally,
(U, AP) = O(s~*|Mod(s)|) + O(s*).

All in all, we find that

(hs,iAP) = }lnygugg [2@(19 + %) — (by + b2 — a>)] + O(s~2Mod(s)]) + O(s7™).
Hence, the restriction of (7.17) to [s«, s1] gives
(b5 — )~ 20+ %) — O(s~2Mod(s)]) + O(s~™). (7.21)
We next differentiate (h,y>P) = 0 with respect to s and we get, on [s,y, 51,
(hs.y*P) + (h,y*P,) = 0. (7.22)
Similarly to (7.18), for k > 4 we deduce from (7.12) that
((h,y*P,)| < s 2|Mod(s)| + s7".
For the term (h, y?P) = (ihs, iy*> P) we shall again use (7.19) on [s,,, s1]. By Lemma 4.1, (7.12),
Corollary 5.2 and Proposition 2.4 we have, on [s,, $1],
(Hoah+h—df(Qu)h+ O(s?|h),iy>P) = (Hywh + h — df(Q)h,iy*Q) + O(s™")
= (h2, L_y?Q) + O(s™")
= —4(h2, AQ) + O(s7")
= —4(h,iAP) + O(s™")
=0(s™").

Using Lemma 4.3 and (7.12), similar calculations to the above yield

Ao 42
(Ml(s)h + My(s)P — b(b + T) %P U, zy2p)

%) 1 O(s|Mod(s)]) + O(s™).

_ 2
= Iyl (b + 5
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Hence, gathering all terms of (7 22), we find that

‘b + 2 < s Mod(s)] + 87, 8 € [Se, 51)- (7.23)
It then follows from (7.21) that
bs + 0% — a| < s7%Mod(s)]| + 87", 5 € [Su, 51)- (7.24)
Finally, differentiating (h,ip) = 0 with respect to s yields, on [sy, s1],
(ths, p) = 0. (7.25)

As above we have, on [s,y, $1],

(H,Y)\h—i‘h df(Q,y)\)h—i—O 2|h’ ,p)
= (h1,Lyp) + O(s7%) = (h1,y°Q) + O(s™") = (h,y?P) + O(s7") = O(s™").
On the other hand, Lemma 4.3 and (7.12) yield (notice that p also decays exponentially)

by 2
(M1<S)h + MO(S)P — b(b + XS)%P + ‘I/K;)O)

1 2 (1 _ Lo 2 v Lo As
= 5IQIE (1 = 0 + (5@ )by + 1 = ) = S(5°Q. b (b + )
O(s7%|Mod(s)]) + O(s™").
It then follows from (7.25) that

11— 6, = O(|bs + V> — al) + O(b‘b+ % ) + O(s72|Mod(s)]) + O(s™).
Thus, by (7.23) and (7.24),
11— 0, < s72Mod(s)| + 57", 5 € [5u, 51)- (7.26)
Gathering (7.23), (7.24) and (7.26), we conclude that
Mod(s)| S s~[Mod(s)| + 57,

which implies that (7.15) holds on [s,, $1].
Since h(s;) = 0 and by conservation of the mass, we now have, for s € [s,, $1],

IP(s)lIZ2 = lo(s)lIZ2 = l[o(s)llZ2 = [[P(s) + h(s)l[7:
= [P(s)IIZ2 + 2(P(5), h(s)) + [Ih(s)I|Z2

so that .

(P(s),h()) = =5 1172 + 5 (||P( Dlzz = 1P()]1Z2)-
Furthermore, using (2.15), (2.16) and (7.15) (proved on [Sux, S1]), We get

[0IPI[72| = 2/(P. P)| = 2|(P, =i%)| S [[Wul| S 572,
Hence, integrating from s to si,

IP(s)lZe = 1P(s)][72] S s~
For k > 5, it thus follows by (7.12) that
(P.R)] S (IRlZ2 + s~ S 570 s €[5, 1],

Therefore, s,, = s, and in particular (7.15) holds on [sy, $1].
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Finally, (7.16) follows from Corollary 5.2, (7.12) and the estimate |(P,h)| < s, which now
holds on [sy, $1]. O

7.3. Monotone energy-virial functional. We define F : C — C by F(z) = ¢|z[°. The differ-
ential of F (in the real sense) is given by dF(z)h = |z|* Re(zh). For s € [s,,s;] and ¢ € H'(G),
we set
1 A
Gls.0) = 3lolfi+ FIOF - [ [F(P+0) = F(P) = aF(Pyo] s (721
If € D, 5, we also have

1 A
Gls,0) = 5 (Hoao+ 6,0) + Sl — [ [F(P+6)~ F(P) — dF(P)o] dy
g
Then our main tool to bootstrap the estimate on h will be the functional
G(s, h(s))

S(s.his)) = ST

(7.28)

where m is a large positive integer which will be determined later.

Proposition 7.6. There ezists ko > 0 and C > 0 such that, for s € [s,, s1], there holds
1
Am

Proof. By (7.13) we have

1
(Roll 2} — Cs™*71) < S(s,h) < SlIRIR + Cs~* Al

IyA

5~ 1RO S s (1Al

On the other hand, by Corollary 5.2,
1 1 _
F(P+h)— F(P)—dF(P)h = éyP + h|® — aypyﬁ — Re (|P|*Ph)
5 1
= 5 Q' + 5Q"h; + O(AR]) + O(h ).

Hence

/g [F(P 4+ h) — F(P) — dF(P)i dy\ < 2 nl

and the upper bound follows.
For the lower bound, we use Lemma 4.5, Proposition 2.4 and Corollary 5.2 to write

%||h||§,1 - /Q[F(P +h) = F(P) = dF(P)h] dy

1 _
= 510l — [ 6043 + Q") du] + O(s~2 ) + O(hIF)

1 _
= 5 [y ) + (Lo, o) | + O(s72 bl + O(l1A3)

1 1 _ _
> Slhli = % ((h, Q)72 + O(s~*[Ihl[72)) + O(s*[IAl[72) + O(lIAll3)-
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By (7.12) and (7.16), we conclude that

%Hhu%p - /g [F(P+h)— F(P)—dF(P)h] dy

> Bhfn + O(s7%) + O(s™00) 4 O(s72),
and hence }
G(s,h) = S5+ O(s~21),
which completes the proof. -

We shall next estimate the total derivative of G(s, h(s)) with respect to s. Note that G is Fréchet
differentiable with respect to its second variable at any h € D., with derivative

DG = Hyph+ h+ My°h — (f(P+ h) — f(P)). (7.29)
This can also be written as
DiG = H\h + h+ \y*h — df(P)h — R(h), (7.30)

where
R(h) = f(P+h) — f(P) = df(P)h = O(|h]").
Since h(s) € D,y for all s € Js, and h € C'(J,,, L*(G)), we can write

d
d—G(s, h(s)) = DsG(s, h(s)) + (DrG(s, h(s)), hs). (7.31)
s
Proposition 7.7. There ezists a constant k > 0 such that, for all s € [s,, s1],
d Y
CG(s h(s) > b (<RI + O(s~)) (732

The proof of Proposition 7.7 breaks down into several lemmas.

Remark 7.8. Upon close inspection of the estimates involved, one notices that (7.32) holds for any
k verifying
k> 1+ max{l,4/a,} + max{2, a,/2}.

Lemma 7.9. There exists k1 > 0 such that, for all s € [s,, s1],
DyG(s,h(s)) = ki[5
Proof. We have

A
DG =22
G 2|y

— Ds/ [F(P+h)— F(P) —dF(P)h] dy.
g

By (7.14) and (7.15) we have A\, = O(s73), so

'7|)‘S| - -
5 1h(0)]* < s lyhll7z + 572 || Al

The expression

F(P+h)—F(P)—dF(P)h
is composed of a collection of polynomial terms in P, P, h and h, all of which of order 6, and at
least of order 2 in (h, h). As a consequence, we may apply D, to get

D, / (P4 h) — F(P) — dF(P)A] dy = O\ 1) = O(s ¥ %),
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Thus,
IDG| < 570 lyhllz> + s IRllE S 70 (IRllF + s72llyhll72) -
The result now follows from (7.13). O
We next estimate the second term (DG, hs) = (DG, ihs) in (7.31). We rewrite (7.7) as
ihs = DpG — A\y*h — My(s)h — My(s)P + ®,,
where, by (2.16) and (7.15),
A

2
s\ Y —(k
7) LP = Ui(s) = Osnig(s~*Y). (7.33)

@ =b(b+
Since (iD,G, DyG) = 0, we have
(DnG, h) = —AiDyG, y*h) — (iD,G, My (s)h) — (iDyG, Mo(s)P) + (iD,G, ®,.). (7.34)

The main contributions in the right-hand side of (7.34) are estimated as follows (in (7.36) we
estimate a contribution coming from the term (iD,G, M (s)h)).

Lemma 7.10. For s € [s4, 1], we have
AG@DLG y* )| S s~ IRl (7.35)
and

1 2 >\s . 2 —1 2
Z _ —92p= <
‘4(198 b2 — 2= )(zDhG,y h)‘ < s7Y|h)2. (7.36)

Proof. We begin with (7.35). Discarding inner products whose real part is zero, we have
(iDnG, y*h) = —(Hyp\h+h+ \y?h — df(P)h — R(h),iy*h)

~(Hoh — df(P)h — R(R), iy?h)

—(0,h, 0, (y?h)) + (AF (P)h + R(h), iy?h).
First,

1(8,h,10, ()| = |20,k igh)| < 25"y llies™2llyhll 2 < slihy e + s~ [yhlle.
On the other hand,
[(df(P)h,y*h)| < |[I72

and
[(R(h), y*h)] < /g(\P\3y2|hl3 +y* %) dy < (Rl + 1Bl 5 yhlZe.
It follows that
IN@DRG, y*h)| S A (sl lIz2 + 57 lyhllZe + [1R17: + [1RlE + Rl lyhllZ:)
(I l1Ze + AlyhllZe + 1211Z2) + 72 (12l
s~ (1Al + Allyhllz:)

which concludes the proof of (7.35). The estimate (7.36) follows by the same arguments using

C/J

S
S
S

As
b= =265 = O(\).

We now estimate the other contributions in (7.34).
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Lemma 7.11. For s € [s,, s1],
(iDyG, Ma(s)R)| < 71|13
Proof. We have

%) (iDWG,y?h) — (b+ %) (iDyG, iAR).

Note that the second term has already been dealt with in Lemma 7.10. Recall that h € X2, hence
Ah € L?. Now,

(iDLG, h) = —(DyG,ih) = —(Hzh + h + M\y*h — df(P)h — R(h), ih)
= (df(P)h + R(h),ih)

(iDhG, My (s)h) = (1 — 0,)(iDyG, h) + i(b — B2

so, by (7.15),
(1= 0.)(iDWG W) S s~ |kl (7.37)
Next,
(iDyG,iAh) = (DG, Ah) = (H,zh + h + Ay*h — [f(P + h) — f(P)], Ah). (7.38)
Integrating by parts, we find that

h 1 _
(ol AR) = ((Hoah, S+ yhy ) = S(Hoh,h) = Re /g hyyyhy dy
YA

1 1
= Sl + IO + S

Further integrations by parts give
Re/hA_hdy:O, Re/thA_hdy: —/y2|h|2dy.
g g g
Hence,
|(Hozh 4+ h+ Ay*h,ih)| < |13 (7.39)
Next, integrating by parts,

(f(P+h) = f(P), Ah)

_ %Reé(f(PJrh)—f(P))hderRe/ (F(P+h) — F(P))yhy dy

g

1 — _
:—§Re/g(f(P+h)—f(P))hdy—Re/gyay(f(P—l—h)—f(P))hdy.

For the second term, we have

/g w0, (F(P+ 1) — f(P))idy = [J y(df(P+ h)(P, + hy) — df(P)P,)h dy

= / y(df(P +h) — df(P))PyEdy + / ydf (P + h)hyﬁdy.
g g
We estimate

| [ty = s < 1P+ 1) = P sl Tl
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and

| [ure ) = () iy

< lyPylleel|df (P + h) = df (P)l[ 2 1Al 22 + 1df (P + B)l|os [y [ 22 [yl 22
S Il + lyhllze-

We conclude that
[(f(P+h)— f(P),AR)] < s*||h]l3.
With (7.38), (7.39) and (7.15) we get

As\ . . —(k—
(b 3) DGy iam)| S 572,

and the result follows from (7.36), (7.37) and (7.40), provided ~ > 3.

Lemma 7.12. For s € [s,, s1],
|(iDRG, Mo (s)P)| S 57"

Proof. By Corollary 5.2 and (7.15), we have
(DR G, Mo(s)(P = Q) < Ikl |Mo()(P = Q)| < 57"

Furthermore,

(7.40)

(7.41)

(iDhG, Mo (5)Q) = (1—8,)(iDyG, @>+}l(bs v —2&% ) (iDyG, Q) - (b+§) (iDhG,iAQ).

A
Let us recall here the notation h = hy + ihe. By Corollary 5.2 and (7.12), we have

(iDhG, Q) = —(DyG,iQ) = —(Hyzh + h — df(P)h + \y*h — R(h),iQ)
= —(Hph +h —df(Q)h + Xy*h — R(h),iQ) + O(s~?||h|| 2)
= (02, L-Q) = A mA©)Q(0) ~ A [ 1#1Qay + ()
Since L_Q = 0, it follows by (7.15), (7.13) and (7.12) that
(1= 0,)(iDxG, Q)| S 57" (s *[|Allm +s7%) S 7.
Next, by Lemma 4.1,

(iDLG,y*Q) = —(DyG,iy*Q) = —(H\h + h — df(P)h + Ay*h — R(h), iy*Q)
= —(hg, L_y*Q) — Mm/nghzfQ dy +O(s™")
= 4(h2, AQ) — O(s2[|h][ 12) + O(s7").

Since (hs, AQ) = O(s~2||h||12) by Proposition 2.4 and Corollary 5.2, it follows that

1 9 Ag . 2 -2
- _ _ e < K
‘4(1)3 b — 2b 3 oz) (iDLG,y Q)‘ < s

(7.42)

(7.43)
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Finally, by (7.12) and (7.16),
(iDWG,iAQ) = (D,G, AQ)
= (Hzh +h —df(P)h+ A\y*h — R(h), AQ)
— (b, L AQ) + 4ARe h(0)AQ(0) + A Re / PhAQdy + O(s)

g
= —2(h,Q)r2 +O(s™").
Using (7.16), this implies

A
‘(b + T> (iDyG, z’AQ)‘ < 57, (7.44)
The result now follows by combining estimates (7.41), (7.42), (7.43) and (7.44). O]

Lemma 7.13. For s € [s,, s1],
1(iDyG, ®,)| < s~ D),

Proof. We have
(iDyG, ®,) = —(DnG,i®,) = —(H,z\h + h + Ay*h — df(P)h — R(h),i®,).
Hence, by (7.12) and (7.33),

DG, @ )| < ([l ([l e +>\/gy2|h\@n!dy+ (df(P)h, Dy)| + [(R(R), Dy)]
S Il @l + 57yl 2 lly Pl 2
5 S—(QH—I)'
O

Proof of Proposition 7.7. By (7.34), Lemmas 7.10 to 7.13 and the fact that s=' = O(b), there
exists ko > 0 such that, for all s € [s,, s1],

(DuG(s, h(s)), hs) = =bks[h[|} + O(s~@ D).
Together with Lemma 7.9, this gives Proposition 7.7. O

Proposition 7.14. Let kg and k be as in Propositions 7.6 and 7.7, respectively. Choose m € N
such that m > 2k/ky. Then, for all s € [s4, s1],

dS b —2(k—
5 7 o IR +O0(s A=)
Proof. We have
das 1 m)\ a+ dG
ds A A ds )
Furthermore, for s large enough, —A,/A > b/2. Hence, in view of Propositions 7.6 and 7.7,
dS b tm Y 9k
T2 5 | (RollAl 4+ O(s7070) 4 (=k[[B]}} + O™
b —2(k—
2 < (13 + O(s 2 1))

as claimed. O
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7.4. Uniform estimates in rescaled time. This section is entirely devoted to the proof of the
uniform estimates in s.

Proof of Proposition 7.3. We will prove that estimates (7.12) can be improved to (7.9) and (7.10)
on [s4, s1]. Then, choosing sy large enough, it follows by continuity that, in fact, s, = s, so that
(7.9) and (7.10) hold on [sq, s1].

We first prove (7.9). By Proposition 7.6 there exists a constant a > 1 such that, for s € [s,, s1]

11 Y a
L (IR — @25720) < S(s, ) < Sl (7.45)
Choosing a large enough, we also have by Proposition 7.14

dS _ 10

T2 - (Ihl - @520, (7.46)

Let
st = inf{s € [s4, 51] 1 [|h(0) ||y < 2a%0~ 7Y Vo € [s4, 51]}.
Since h(s1) = 0, it follows by continuity of & in X! that s; € [s,, s1). We prove that sy = s,.
Suppose by contradiction that s; > s,. Then, in particular, [|h(s;)|lxs,) = 2a°s 7( Y Defining
sy = sup{s € [sy,51] 1 |h(0)||a0) = ac™ "7V Vo € [s4, 5]},
(r

we have s, < sp < sy < sy and [|h(sy)|[xy) = as; " Y. Furthermore, by (7.46), S is non-decreasing
on [st, s;]. Hence, using (7.45) and our bootstrap assumption on A in (7.12), we find that

1R (s) sy — a2 2" < aX™(s1)S (s, h(sy)) < aX™(s1)S(sy, h(sy))

)\m(ST) 2 _a4/\m(5T) —2(k—1)
o ) ) = o

20/ (Si) 572(n71) < 2@4 (ﬁ)Qm (ﬁ) —2(%—1)8720{71) < 2@43720{71)
St 3 = St St T = T )

where the last inequality holds since we may choose k so large that 2m — 2(k — 1) < 0. It follows
that

~—
Va)

K—1 —2(k—1
h(s1) By < 05725 + 208520 < 35 20D

a contradiction.

We now prove (7.10). Let E* € R, &* = CélE* and by, A\; be given by Proposition 2.6. It follows
from (2.19) that
(b3 + Al) .

Now, the energy estimate (2.18) and the modulation estimate (7.15) yield

|E(P(by, \1,601)) — E*| S

It then follows by (7.47) and (7.48) that
|E(P(b(s), A\(s),0(s))) — E*| < s°7F, s € [s,, s1]- (7.49)
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Next, using (2.19) at time s, we deduce that

E(b(s), A(s)) — €] < e, 1) - ZEL M)))’ N ’E(P@, ).

Cao Ca
St 4 <R s e sy, 1], (7.50)
and the formula (2.20) defining £ yields
NE(b, N) = b* — 20, A + O(N?).
For k > 9, (7.50) implies
67 — 20\ — ENF SN (s) + 57" <57t (7.51)
and it follows that
b V2an T BN+ v/Bah T BN S st
Hence, by (7.12),
b— V20 A+ EN| S s7%, s €[50, 51 (7.52)

From (7.15), we have b = —A;/A 4+ O(s™"), hence

As
V20N + EN2 <578

A
and we deduce from the definition of F in (2.25) that
d A 1 A
CFO 1]:‘ : +1‘= 242 */\+5*/\2’< -2,
357 W) Wormes g*v Nerwear-oei DU >

Integrating from s to s; and using F (A =5 ylelds

o4 [ (Eroien-)a <

= F(A(s)) =s+ O(s D, s € s, 81]
On the other hand, it follows from (A.6) that
)1/2
Pee
Finally, returning to (7.52) and using again (7.12),

1

— 1‘ < =2 S € [84, $1]-

20, \ + E A% — 20, Ao
V20, )\ + EN2 + /20, Ao
= O(bmo)[EXA? + 20, (A2 = AV (A2 £ \U2)] 4 O(579)

1

o
32

b= buo = V20 A + ENZ — /20, Ao + O(57%) = +0(s™)

M—l‘g s €[Sy, 51].

’bmo(s)
This concludes the proof. 0

Remark 7.15. We observe here that estimates (7.10) can be improved by a closer inspection of the
energy expansion £. Indeed, (2.20) yields

)\25(b )\) = bQ — 204*)\ + 60)\2 + 0(8_6), €0 ‘= €01 + 2a*5270.
Hence, using (7.50) and choosing x > 11, estimate (7.51) improves to
6 — 20\ — (E* — )\ s 04577 <570
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Then, replacing £* by £* — ¢y in Proposition 2.6 and using this improved estimate in the rest of
the proof yields (7.11).

APPENDIX A. DYNAMICAL SYSTEMS

In this appendix, we prove Proposition 2.6. Given s; > 1, we consider the system
As
b+ —=0
Ty Y (A1)
by + b2 — a,\ =0,

with initial data
b(Sl) = bl, )\(Sl) = )\1. (A2>
This is a Hamiltonian system, with conserved energy

b\ 20,
Emo(b, A) = (X) -

An exact solution with energy &, = 0 is given by
2 2

bino(S) = =, Amol(s) = . A3
()= 20 Anls) = = (A3)
Lemma A.1. Let by, \y > 0. The solution of the Cauchy problem (A.1)-(A.2) is given by
b(s) = a(s—s)—l—b—l 104(s—s)Q—Fb—l(s—s)—l—i _l—b (s) +O(s7?)
- * 1 )\1 2 * 1 )\1 1 )\1 — Ymo )
1 5 b 1\ 4
A(s) = zau(s —51)" + —(s—s1) + — = Amo($) + O(s77).
2 A1 Ay
Proof. Defining the auxiliary unkown p by
_1
n= )\7
direct calculations using (A.1) yield
As/A b b by — bAs/A by + b
Hs = ———V = 7 ss — | T == == = Oly.
A A Y A A
Integrating in s, we get
(s)—a(s—s)+ﬁ (s)—la(3—3)2+ﬁ(3—5)+i
Hs\S) = Qi 1 Y HAS) = o 1 A 1 A
and the result follows. O

We can now prove Proposition 2.6. Let us first explain how the function F comes into play.
Observe that F is strictly decreasing on (0, A¢], vanishes at \¢ and, since

1 1
,u3/2 /5*M+205* ~ /2a*M3/2’
F(A) = 400 as A — 0F. Thus, F is a bijection from (0, Ag] to [0,+00). Now let sy = 0 and

assume that (b, A) : [sg, +00) — R x R¥ is a solution of energy £* of (A.1) such that A(sg) = Ao
and E*A\% + 2a, )\ > 0 for all s > s5. Then we have

As
b=EN 420\, b+2E=0, (A.4)

=07,
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which gives, for all s > s,

’ Ao (0)
FO) =~ [ 1
so M0)32\/EXN(0) + 20,
Conversely, if A is a solution of (A.5), then we get a solution of energy £* by returning to the first
equation in (A.4).
We use F to construct the final data (by, A1) used in (2.28) (notice that the definitions of \; and

then b; will depend on the choice of \g in the definition of F, but this does not alter the rates of
decay in the estimates).

do = s — sp. (A.5)

Proof of Proposition 2.6. For any s; > 0, there exists a unique A; > 0 such that F(\;) = s;. For
the model system, (A.3) yields

2
a*)\mo<51) .
On the other hand, for any A € (0, \g], we have

f(A)—\/ = / i < VNS
) N MAEF A+ 20, a,
< //\0 dp _ /3<)\—1/2_)\1/2)
S B32E A 20 o, 0

Ao 1 1 2 1
<\ etz vl o
/)\ P32 \E 4 20, 20, M‘+ a,

Ao d
1
< /}\ m +1= O)\ao(l)- (A.6)

Hence, with A = A\{, we get

S1 =

2 1
—A
a, °

+

2 2 2
— = |51 — =0(1
o) V| [0 A1 o
After some algebra, this yields
A/ 1
A s
)\mo<51>1/2 ~ (51) ~ 51
This also gives
1/2 1/2 < < 1
‘)\1 - /\m()(sl) ‘ ~ >\m0(51) ~ 8_2
1

or

’)\1 - )\mo(sl)| 5

VAl
|—IO.J| =

To find by, we set

g(b) = MEMDb M) =1 =2\ + > g M

(J:K)€OK
j even, j/2+k>2

(see (2.20)). We then seek a solution of g(b) = AE* close to byo(s1) = 2/s1. We have
9(bino(51)) = 200 ((Amo(51) — A1) + O(s7%) = O(s77).
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Furthermore, for b € [bmo(sl) — s%, bmo(s1) + s%] we have, if s; is large enough,
1 1

1
g(b) =2b+0(s7°) = —.
S1

Since A2€* = O(sy?), if s, is large enough then there exists a unique b; > 0 such that

1
g(b1) = A2&* and  |b; — buo(s1)| < 2
1
It follows that
bmo(sl) = 2817
which finishes the proof. 0
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