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Abstract. We propose a two-point flux approximation finite-volume
scheme for a stochastic non-linear parabolic equation with a multiplica-
tive noise. The time discretization is implicit except for the stochastic
noise term in order to be compatible with stochastic integration in the
sense of [t6. We show existence and uniqueness of solutions to the scheme
and the appropriate measurability for stochastic integration follows from
the uniqueness of approximate solutions.
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1 Introduction

Let A be a bounded, open, connected and polygonal set of R2. Moreover let
(2, A, P) be a probability space endowed with a right-continuous, complete fil-
tration (Fy)i>0 and let (W (t)):>0 be a standard, one-dimensional Brownian mo-
tion with respect to (Ft)¢>0 on (£2, A, P).

For T > 0, we consider the following non-linear parabolic problem forced by a
multiplicative stochastic noise:

du — Audt + div(v f(u)) dt = g(u) dW () + B(u) dt, in 2 x (0,T) x A4;
u(0,.) = o, in 2 x A; (1)
Vu-n=0, on 2 x (0,T) x 94,
where div is the divergence operator with respect to the space variable and n

denotes the unit normal vector to A outward to A. After setting Ly, Lg and L,
in R? , we assume the following hypotheses on the data:
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Hy: ug € L%(£2; HY(A)) is Fo-measurable.

Hy: f:R — R is nondecreasing, L s-Lipschitz continuous with f(0) = 0.

Hj: g:R — Ris a Lg-Lipschitz continuous function.

Hy: B :R — Ris Lg-Lipschitz continuous with 5(0) = 0.

Hs: v € €([0,T] x A;R?) such that div(v) = 0in [0,7] x A and v-n = 0 on
[0, 7] x AA.

1.1 Concept of Solution and Main Result

We will be interested in the concept of solution as defined below, which we will
call a variational solution:

Definition 1. A predictable stochastic process w is a variational solution to
Problem (1) if it belongs to

L*(2;6/((0, T]: L*(A))) N L*(£2; L*(0,T; H' (A)))
and satisfies, for all t € [0,T)], in L?(A), and P-a.s. in §2

—uo—/ Au(s ds+/ div (v(s,.)f(u(s))) ds

= [ sty awis) + [ s

Existence, uniqueness and regularity of this variational solution is well-known
in the literature, see, e.g., [2].

1.2 Outline

In this contribution, we propose a finite-volume approximation scheme for the
solution of (1) in the sense of Definition 1. We show existence and uniqueness of
solutions to the scheme. In Section 2, we introduce the notation for our finite-
volume framework. In Section 3, we introduce our finite-volume scheme. The
main result is contained in Section 4.

2 Admissible Finite-Volume Meshes and Notations

In order to perform a finite-volume approximation of the variational solution of
Problem (1) on [0,7] x A we need first of all to set a choice for the temporal
and spatial discretization. For the time-discretization, let N € N* be given. We
define the fixed time step At = % and divide the interval [0,7] in 0 = to < t1 <
.. <ty = T equidistantly with ¢, = nAt for all n € {0,..., N}. For the space
discretization, we refer to [1] and consider finite-volume admissible meshes in
the sense of the following definition.

Definition 2 (Admissible finite-volume mesh). An admissible finite-volume
mesh T of A (see Fig. 1) is given by a family of open polygonal and convex sub-
sets K, called control volumes of T, satisfying the following properties:
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A= UKETK'

If K,L € T with K # L then int K Nint L = ().

If K, L € T, with K # L then either the 1-dimensional Lebesque measure of
KNLis0 or KNL is the edge, denoted by o = K|L, separating the control
volumes K and L. o

To each control volume K € T, we associate a point xx € K (called the
center of K) such that: If K, L € T are two neighbouring control volumes
the straight line between the centers xx and xp is orthogonal to the edge
o=K]|L.

Fig. 1. Notations of the mesh 7 associated with A

Once an admissible finite-volume mesh 7 of A is fixed, we will use the fol-

lowing notations.

2.1 Notation

h = size(T) = sup{diam(K) : K € T}, the mesh size.

dp, € N the number of control volumes K € T with h = size(T).

Eint == {0 : 0 € DA} is the set of interior edges of the mesh 7.

For K € T, £k is the set of edges of K, Ex int = Ex N Eint and my is the
Lebesgue measure of K.

For K € T and 0 € £k, ng , is the unit normal vector to o outward to K.
Let K,L € T be two neighbouring control volumes. For 0 = K|L € &y, let
me be the length of o and dg 1, the distance between xx and zp.

For any vector uj, = (ux)xe7 € R%, we define the L2-norm on A by

1
2
lunllrz(ay = <Z mK|uK2> :

KeT

In the sequel, we note |z| the euclidian norm of € R? with d > 1.

3

The Finite-Volume Scheme

Firstly, we define the vector u) = (u%)xer € R% by the discretization of the
initial condition ug of Problem (1) over each control volume:

ufy = L/ uo(x)dx, VK eT. (2)
K

mg
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The finite-volume scheme we propose reads, for this given initial Fy-measurable
random vector uf € R

For any n € {0,...,N — 1}, knowing u} = (u%)ker € R we search for
uZH = (u"KH)KGT € R% such that, for almost every w € {2, the vector uzﬂ is

solution to the following random equations
mg
Tty ST S ] (e
o0=K|LEEK int

m
LD D o U A (3)
0=K|LEEK int KIL

m
= B ) (W = W) i Buit), VK €T,

where, by denoting v the (d — 1)-dimensional Lebesgue measure,

tn,
Il = ! / v / v(t,x) - ng . dy(x)dt,
K,o Atmg . o )

and ut! denotes the upstream value at time ¢,,1 with respect to o defined as
follows: If 0 = K|L € Ek ing, is the interface between the control volumes K and
L, u*! is equal to uly if v?jal > 0 and to u} ™t if v}?'ol < 0. Note also that
Wntt —Wn =W (t,i1) — W(t,) for n € {0,...,N —1}.

Remark 1. Since div(v) = 0 in [0,7] x A, for any n € {0,--- ,N — 1} and
K €T onehas 3, ipes . MoVk's = 0. Thus, using that vi!! = (vi )T -

(v}’ﬁgl)_ (where, for r € R, r* := max{r,0} and 7~ := — min{0, r}) an equivalent

formulation of the scheme (3) is given by
mK n n n — n n
E(“KJrl —ug)+ Z mU(UKJ,ral) (f(UKH) - f(UL+1))
0=K|LEEK int
me n+1 n+1
Y et gt (4)
0=K|LEEK int K|L

%g(u’;{) (W’H'1 — W") + mKﬁ(uT}g"l), VK €T.

4 Main Result

Proposition 1 (Existence of a discrete solution). Assume that hypotheses
H;y to Hs hold. Let T be an admissible finite-volume mesh of A in the sense
of Definition 2 with a mesh size h and N € N*. Then, there exists a unique
solution (u})1<n<n € (R™)N to Problem (3) associated with the initial vector
uy defined by (2). Additionally, for anyn € {0,..., N}, ull is a F;, -measurable
random vector.

Proof. Wefixn € {0,..., N—1} and choose an arbitrary vector u}} = (u)geT €

R? . Firstly, we will show that there exists at least one random vector uZH =
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(™) ke € R such that (4) holds true P-a.s in £2. To this end, we define the
mapping P" : R% — R P" = (PP, ..., P} ) such that for any i € {1,...,ds}
mg
At
+ >, mo (v o)™ (f(wk,) — fwk,))

0=K;|K;€EK, int

Me mg,
+ E (wKi - ij) - &
dKi|K' At
0=K;|K;€EK, int 7

P wk,, ..., wk,, ) =—wk, — mk,B(wk,)

where &' 1= uf + g(uf, ) (W™ —Wm).
Obviously, P is a continuous mapping. Next, we show that there exists o > 0
such that for all wy, = (wk, )1<i<a, € R% such that |wy,| = o,

dp,
(P"(wn), wn)gan = Y _ PI"(wp)wg, > 0.

i=1

In this case, from [3, Lemma 4.3] it follows that there exists at least one w), € R
such that [w,| < ¢ and P™(wy) = 0. We have

dp, dp, dp,

dp,
;Pi"(wh)wlﬂ :Z TZI? w%(l - meiﬂ(w;ﬁ)w}{i — Z WX? gznle

i=1 =1 i=1

=1 0=K;|K;€EK, int
dp,

+ Z Z dma (W, — Wk, )wk,

=1 0'=Kri|Kj€£K,;.int KilKj

::Il+IQ+13+I4+I5.

Since ( is Lipschitz continuous, the term I, satisfies
Iy > = Lg|lwn][72(4)- (5)

Moreover, by discrete partial integration,

m
I = Z d . |wK7‘, - ij|2 > 0. (6)
o=K;|K;€EK, int Ki|K;

Now, we focus on the term I. Since f is Lipschitz continuous and nondecreasing,
thanks to [1, Lemma 18.5], for any r € R, using the notation ¢(r) = for f'(s)sds,
for any a,b € R, one has

b b b
W) = 1@) = [ (T)ds = (b= a)ft@) = [ Fds+ [ (16) fla)ds

z@@@m»+£#ﬁ@fwf~
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Thus, since divv =0 in [0,7] x A and U?{T}; = —v}g}g, we obtain

dh

L= Y meEl) (B(wk,) - Bwx,))

=1 o=K;|K;EEK, int

dp,
=S dwr,) Y. me(vEtl)=0.
i=1

0=K;|K;€EK; int

For the term I3, since —ab > —%(a® + b%) one has

1 2 n||2
From (5), (6), (7) and (8) for some « > 0, choosing At < m we now get
dn . 1
;P{l(wh)wlﬂ > TAt”wh”%Z(A) - Lﬂ”’whniz(/;) - ﬂ”&?H%Q(A)

. 1 n
> a(}rglelr%mk)|wh|2 - E||§h||2L2(A)~

Then, setting

1
= i >0
0 \/2a(minK6TmK)At|gh”Lz(A)

we get (P™(wp,), wy)ge, > 0 from (9) for all wy, € R% such that |wy,| = o. Hence,
there exists at least one element wy, such that P"(wy,) = 0. Thus, uZH =Wy, €
R? is solution to the numerical scheme (4).

Next, we will prove the uniqueness of the solution. Therefore, we assume
that there exist wy, = (wg,)1<i<d, € R™ and z, = (2K, )1<i<a, € R satis-
fying P"™(wp) = P"(zp) = 0. Taking P(wy) — P*(zp), and using the initial
formulation of the scheme (3), for any i = 1,...,d; we obtain

mg;

At (wKi - ZK'i) — Mk, (B(wKz) - ﬁ(sz))
+ Y men L (fwe) = f(2))

0=K;|K;E€EK, int

m
+ Z d . ((wKt —wk,) — (2x, — ZK;')) =0,
o=K;|K;€EK, int Kl

where w, and z, are the upstream value with respect to o.

Now, we adjust the method developed in the proof of [1, Proposition 26.1]:

Using the monotonicity of f, the fact that v?{f}j = (v}‘gf},)"’ - (v}?;b)_ and
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taking the absolute value, one has

me
+ E |wKi — ?K;
0=K;|K;€EK, int e

+ Y meWi ) I (wk,) — f(zx,)]

o=K;|K;€EK, int

m
SmKi|ﬁ(wKi) _ﬁ(ZK'i)|+ Z d = |ij _ZKjI
o=K;|K;€EK; int Kl K

+ > Mo (Uit o) I (wr,) = f2x;,)]-

o=K;|K;€EK, int

mK,i
At

|wKi — ZK;

(10)

For 1 > 0, x € R? we define p(x) = exp(—n|z|) and for K; € T,i=1,...,dj let

1
ox = —— [ vw)de
Mg, JK;

Multiplying (10) by ¢k,, taking the sum over ¢ = 1,...,d;, and rearranging the
sums on the right-hand side by fixing 7 and varying over ¢ we obtain

dn dn
mg; m
DAl — el ek D0 |k - 2
i=1 i=1 o=K;|K;€EK, int KilK; 1
. (1)
+ ok, > mo (Vi o) I f (wie,) = fzr,)| < Do+ To+ I3
1=1 0=K;|K;€EK, int
where
dp m
I Szlez_ZK1| Z d Z |(10KL _(IOKjl
i—1 =K €€k, ime 131 .
. ) (12)
+ Z lwr, — 2k, Z ] "— oK,
i—1 KK - OKG| K
i o=K;|K; €K, int
and similarly, since (v?(jla)_ = (—v?jb)_ = (v%+10)+ for ¢ = K;|Kj, using the
Lipschitz continuity of f
dp
I3 <> Lylwk, — 2k, > mo (Vich L) " lex, — ¢, |
=1 U:Ki‘KjGSKi‘int (13)

n+1\+
> Mo (Vi o) K, -
a:Ki\Kje&(i,m

dn
i=1



8 Caroline Bauzet et al.

Now, plugging (12) and (13) into (11) and using the Lipschitz continuity of 3
we obtain for all i = 1,...,d),

dh dh
> ailwk, =z, | <Y bilwr, — 2k, (14)
1=1 1=1

with
= —1 - L
a; ‘= Mg, :
Ki\ Ay B | PK;

Mg n _
b; = Z ( +m0(ij’1g') ) |SDK7L - 90Kj|'

A\ K.
0=K;|K;€€K, int KilK;

Now, taking At < ﬁ using the same arguments as in the proof of [1, Propo-
sition 26.1], we may choose 7 > 0 small enough such that a; > b; for all
i=1,...dp. Thus wg, = zk, then follows from (14) for all ¢ = 1,...,d}. Since
the initial vector u% is given, the existence of a unique solution (u})1<n<n € R
follows by iteration.

It is left to prove that u} is a F; -measurable random vector for all n =
1,...,N. We have already shown that for any given &, € R there exists a
unique wy, = (Wi, )1<i<a, € R such that Q(wy) = &, where Q : R — Rdn,
Q(wn) = (Q1,...,Qq,)(wp) is defined by Q;(wp) = Pi(wp) — mAI;l &r for all
i =1,...,dy. Thus, up™' = Q7Y(&}) P-as. in 2, where & = (£7,...,£] ).
Since Q! is continuous, if £} is Ft,..-measurable the same holds true for uZH.
Indeed, let (¢¥), € R be a sequence such that ¢¥ — ¢ for some ( € R
for k — oco. Then, for w* = Q71(¢*) from (9) and from the theorem of
Bolzano-Weierstrass it follows that there exists w € R% such that, passing
to an unlabelled subsequence if necessary, w®* — w for k — oco. This strong
convergence is enough to pass to the limit in Q(w"), and therefore Q(w) = (.
Thanks to uniqueness, we get convergence of the whole sequence (w*)y, hence
limy 00 Q71(¢*) = Q71(¢) and Q! is continuous. O

Acknowledgments The authors would like to thank the German Research
Foundation, the Institut de Mécanique et d’Ingenierie of Marseille, the Pro-
grammes for Project-Related Personal Exchange Procope and Procope Plus and
the Procope Mobility Program DEU-22-0004 LG1 for financial support.

References

1. Eymard, R., Gallouét, T., Herbin, R.: Finite Volume Methods. In: Lions, J. L.,
Ciarlet, P. Solution of Equation in R™ (Part 3), Techniques of Scientific Computing
(Part 3), Handbook of Numerical Analysis, vol. 7, pp.730-1020, Elsevier (2000).

2. Krylov, N. V., Rozovskii, B. L.: Stochastic evolution equations. J. Sov. Math. 16(4),
1233-1277 (1981).

3. Lions, J.-L.: Quelques Méthodes de Résolution des Problémes aux Limites Non
Linéaires. Dunod, Paris (2002).



