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Asymptotic behavior of the two-dimensional
Vlasov-Poisson-Fokker-Planck equation with a strong external
magnetic field

Mihai BOSTAN * Anh-Tuan VU T

(December 26, 2023)

Abstract

The subject matter of the paper concerns the Vlasov-Poisson-Fokker-Planck (VPFP)
equations in the context of magnetic confinement. We study the long-time behavior of
the VPFP system with an intense external magnetic field, neglecting the curvature of the
magnetic lines. When the intensity of the magnetic field tends to infinity, the long-time
behavior of the particle concentration is described by a first-order nonlinear hyperbolic
equation of the Euler type for fluid mechanics. More exactly, when the magnetic field
is uniform, we find the vorticity formulation of the incompressible Euler equations in
two-dimensional space. Our proofs rely on the modulated energy method.

Keywords: Vlasov-Poisson-Fokker-Planck equations, Guiding center approximation, Mod-
ulated energy.

AMS classification: 35Q75, 78A35, 82D10

1 Introduction
?(Intro)? . . . .

We consider f = f(t,z,v) the density of a population of charged particles of mass m, charge
q depending on time ¢, position z and velocity v. We are interested in the Vlasov-Poisson
system, in the presence of an external magnetic field, taking into account the collisions
between charged particles. Neglecting the curvature direction of magnetic field lines, we
assume that the external magnetic field has a constant direction orthogonal to Ox1, Oxs
but a variable amplitude. In the two-dimensional setting x = (x1,x2), v = (v1,v2), the
Vlasov-Fokker-Planck equation is written

ouf +v-Vof + L {E[f®) (@) + B(@)“v} - Vof = Qep (f), (t7,0) € Ry x R x B2
(1) [VPFP2D-nonScal
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Here the notation * (-) stands for the rotation of angle —m/2, i.e., ~v = (va, —v1), v = (v1, v2)
and the magnetic field is written B(z) = (0,0, B(x)), where B(z) is a given function. The
electric field E[f(t)] = —V®[f(t)] derives from the potential

27‘(’60/ In|z — a:](/ f(t, 2" v do' —D(x')) da’,

which satisfies the Poisson equation

o[f()](z) =

—e0 AL [f (¢ —q(/ftxv ) dv — ()),(t,x)eR+xR2,

whose fundamental solution is z — —5=In|z|,z € R*\ {0}. Here, the function D = D(z)
is the concentration of a background of positive charges and is assumed to be given. The
constant €y represents the electric permittivity of the vacuum. For any particle density
f = f(t,z,v), the notation E[f(t)](x) represents the Poisson electric field

Bl =5 [ ([ 1) a - @) 2205 0 (2) [ElacFieta-nons

2meg |x—x/|

and n[f(t)], 7[f(t)] stand for the concentration and the current density respectively

n[fO) = [ f(t,v) dv, j[fB)]=q / of () dv.
R2 R2

In the equation (1), the operator Qpp is the linear Fokker-Planck operator acting on velocities

Qre () = ~div, (990 +0f).

where 7 is the relaxation time and o is the velocity diffusion, see [9] for the introduction of
this operator, based on the principle of Brownian motion. We complete the above system by
the initial condition

f (0, z, U) = fin (x, U) s (3:, U) e R? x R, (3) ?Initial-nonSc:

In this work, we analyze the evolution of the distribution density f over a long time, in the
regime of an intense magnetic field (gyro-kinetic), in order to observe the drift phenomenon in
the directions orthogonal to the magnetic field. Indeed, it is well known that the velocities of
electric cross field drift and the magnetic gradient drift are proportional to % and consequently
it is necessary to observe the drift movements over a large time proportional to B. Namely,
we consider

B(z)

f(t,z,v) = f°(t,z,v), B (x) = . , t=et.

Here € > 0 is a small parameter related to the ratio between the cyclotronic period and the
advection time scale. Hence 0yf = €0;f°. Then in the equation (1), the term J; is to be
replaced by €07 or by €0; to simplify our notation, and the Vlasov-Poisson-Fokker-Planck
system (1), (2) becomes

O 0 Vel L (0] Vs + A = Q) (4) [vPFP2E-scate)
BI] = ~V.00f, ~ab, 0l =~ D) =a ([ it dv-D). () Foissonzrsen



_ 4B(2)

“..~ stands for the cyclotron frequency. We complete with an initial condition

(0, 2,0) = f£ (z,v), (z,v) € R* x R2 (6)[Initial2D-Scal

where w(x)

The existence theory of the weak and classical solution of the VPFP system is now well
developed and understood. Let us summarize the literature concerning existence results for
this problem. In the absence of the external magnetic field i.e., B(z) = 0, several existence
results for the VPFP system are known. The classic solutions have been studied by Degond
in [11] which showed the global/local existence and the uniqueness of the strong solution in
one and two/three dimensions respectively, without friction term i.e., Qpp = 0A,. Victory
and O’'Dwyer obtained in [10] the same result of existence of classical solution using the
fundamental solution of the operator 0y + v -V, — V, - (6V, +v). In [33], G. Rein and J.
Weckler gave sufficient conditions to show the global existence of classical solutions in three
dimensions. Regarding weak solutions, we can mention the works of Victory in [15], J. A.
Carrillo and J. Soler in [12] with an initial data in the space LP. With the magnetized VPFP
system, we show the global existence in time of weak solutions, in the sense of Definition 2.1.

We study the asymptotic behavior of the solutions (f¢).so of the problem (4), (5), and
(6) when ¢ tends to 0. By investigating the balance of free energy associated with the
VPFEP system, we formally show in Section 4 that the family (f¢).~o converges to the limit

2
—lv]

distribution function f (t,z,v) = n(t,x)M(v) = n(t, )5 20, (t,2,v) € Ry x R? x R?,

2mo
where the limit concentration n verifies the first-order nonlinear hyperbolic equation

LEn] LVwe(z)

o + div, [n ( B(r) -0 o2 () >] =0, (t,z) € Ry x R?, (7) [equ:LimMod2D]
coupled to the Poisson equation

E[n] = =Va®[n], —e0A;®[n] = q(n — D), (8)

with the initial condition

n(0,2) = nin(z) = | f(0,2,v) dv. (9) [LinTnit20|

RQ

Let us observe the limit equation (7), we see that the concentration n is advected along

the vector field <i — a%) which is the drift velocity respectively to the sum of the

B(x)
LV,
w(x) *
were mentioned in [21, 16]. In the case of the uniform magnetic field i.e., B(x) = B, the
system (7), (8), and (9) becomes
L

electric cross field drift %E and the magnetic gradient drift o These drift velocities

o + L;M -Ven =0, (t,r) € Ry x R?,
E[n] = —V,®[n], —eA,®[n] =q(n— D), (t,z) € Ry x R?,
n(0,7) = niy(x), * € R?,

that is to say, the vorticity formulation of the two-dimensional incompressible Euler equations,
with the cross electric field drift velocity L?E and the vorticity rot: E = —Z(n — D). Notice
that when the background of positive charges D = 0, the same model was obtained by F.
Golse, L. Saint-Raymond in [17], L. Saint-Raymond [31] and E. Miot [25] from the two-
dimensional Vlasov-Poisson system without collisions. The authors justified rigorously the
convergence towards the two-dimensional Euler equation of incompressible fluids in another

approach. Concerning the collisions between charged particles, we can mention the work



of M. Herda and L.M. Rodrigues in [21]. In this paper, the authors are interested in the
limit ¢ N\, 0 of the VPFP system (4), (5), and (6) in three-dimensional version (¢,z,v) €
R, x T3 x R? (where T = R/Z is a torus one-dimensional). They formally show that the
family (f¢, ®° := ®[f¢]).>0 converges to the limit distribution function f and the limit electric
potential ¢ which have reached an adiabatic regime along the magnetic field

1 v|?
t,x,v) =n(t,r)——=e 2, (t,z,v) € Ry X T3 x ]R{3,
where the concentration n is the anisotropic Boltzmann-Gibbs density
€_q¢(t7x)

n(t,z) = N(t,z x:(:cJ_,a;”)e']I‘zx’]T.

)f’ﬂ‘ 6_q¢(t’xL’$”)dl‘” ’

The limit model is derived by the reduced macroscopic density N : R, x T? — R, in the
perpendicular direction, satisfying

ON — div,, (N*(..0)) =0,

where ¢ : R, x T? — R is the average potential

<J~5(t, r1)=—qln </ e_q¢(t’“’f”|)dx||> )
T

with the initial condition
N(O,.CUL) = Nin(xL) = / /2f0(ﬂjL, I‘H, v)da:” dv.
T JR

Their results of passing to the limit concerned a linear model where the electric field is given
i.e., E[f¢] = E = —V,¢, for a given potential ¢. However, in the non-linear case of the
VPFP type, they do not completely justify the passage to the limit model from the kinetic
equation.

To the best of our knowledge, there has been no result on the asymptotic regime when
the magnetic field is non-uniform. In the current work, the asymptotic behavior will be
investigated by appealing to the relative entropy or modulated energy method, as introduced
in [34]. This relative entropy method relies on the smooth solution of the limit system. By
this technique, one gets strong convergences. Many asymptotic regimes were obtained using
this technique, see [7, 8, 18, 30] for quasineutral regimes in collisionless plasma physics, [32, 1]
for hydrodynamic limits in gaz dynamics, [19] for fluid-particle interaction, [5, 4, 20] for high
electric or magnetic field limits in plasma physics.

Before establishing our main result, we define the modulated energy E[n®(t)|n(t)] by

el (o) = o |

R

€
nlt)h <7;<(;)> do+ > [ 9000 - V.0 da.
where h : Ry — R, is the convex function defined by h(s) = slns — s+ 1,s € Ry. This
quantity splits into the standard L? norm of the electric field plus the relative entropy between
the particle density n® of (4), (5), and (6) and the particle concentration n of the limit model
(7), (8), and (9). For any nonnegative integer k and p € [1,00], W*P = WHP(R9) stands for
the k-th order LP Sobolev space. C’{f stands for k£ times continuously differentiable functions,
whose partial derivatives, up to order k, are all bounded and C*([0,T]; E) is the set of k-
times continuously differentiable functions from an interval [0,7] C R into a Banach space
E. LP(0,T; FE) is the set of measurable functions from an interval (0,7") to a Banach space
E, whose p-th power of the F-norm is Lebesgue measurable. The main result of this paper
is the following



Theorem 1.1

Let T > 0. Let B € C3(R?) be a smooth magnetic field, such that inf,cge B(z) = By > 0
(MainThm2D) o0 D be a fized background density verifying |x|D € LY(R2), D € Wh1(R2) N W2 (R2).

Assume that the initial particle densities (f5))->0 satisfy the hypotheses H1, H2, and H3 (see

Section 2 below) and My, = sup,~o M}, < +00, Uin 1= sup.o U, < +0o where

M, ::/ fé(z,v) dvdz, Uf, = / / (x,v dvdx—i—/ V@£ da.
R? JR? R2 JR?

Let f¢ be the weak solutions of the VPFP system (4), (5), and (6) with initial data f;, provided
by Theorem 2.1. We also assume that the initial concentration niy, verifies the hypotheses H4,
Hb5 (see Section 5 below) and let n be the unique smooth solution of the limit system (7), (8),
and (9) with initial condition ni, constructed in Proposition 5.1. We suppose that

gi{%a/ﬂ@/ﬂ@n M(v ( M) dvdz =0, hi"ﬂS[ N5y | nin) = 0,

where n, = fszi‘; dv, € > 0. Then we have

fe )
lim su U//naMUh< dvdz =0, lim sup & n(t)] =0,
5\00<t£)T R2 JR2 ( ) neM 5\00<t£T [ ( )’ ( )]

5 €2
Jim — / / oVl +0f 7 e = o,
eNo0 € R2 JR2 fe

In particular we have the convergences limo\o f¢ = nM in L>(0,T; L'(R? x R?)) and
lime o V@[ f5] = V,®[n] in L>(0,T; L?(R?)).

Remark 1.1
In two dimensional setting, the initial potential energy 5% [oo|V ®[f; 1|2 dz may not be
?(RemElecl22D)? finjite (or the electric field E[fS)] cannot belong to L*(R?)) even if the zmtzal datum f5 lies
in C°(R? x R?). This is due to the fact that the kernel z/|x|¢ does not belong to L*(R?) at
infinity, see [20] for a disscusion. For these reasons one needs to slightly modify the Poisson
equation adding a fixed background density D satisfying the global neutrality relation H3, see
Section 2 below.

The paper is structured as follows. Section 2 is devoted to establish the global existence of
weak solutions to the VPFP system with external magnetic field. In Section 3, we derive a
priori estimates with respect to the small parameter € > 0 on the weak solutions from the
evolution of physical quantities associated to the VPFP system. Section 4 is devoted to the
formal derivation of the limit model. The well-posedness of the limit model is studied in
the next section. We establish existence and uniqueness results for the strong solution. The
convergence towards the limit model is justified rigorously in Section 5. We obtain strong
convergence for well prepared initial conditions.

2 Global existence of weak solutions of the VPFP equations

In this section we will study the global existence of weak solution for the VPFP equation in
the presence of an external magnetic field for fixed € > 0 under suitable assumptions on the
initial data. In order to simplify the proofs of existence of the solution, as we do not want



?(Hypothesis1)?

?(Hypothesis2)?

(DefWeakSol)

(VelAver)

any uniform estimate with respect to e, we will take ¢ = 1 and omit all the subscripts. Thus
we first consider the following problem

Of4+v-Vauf + E[f] - Vof + B(x)tv - Vof = divy (o Vyf +vf), (10)[eq: VPFP-NonEps

BUf) = ~Va(f, ~2,807) = [ f(t0) do-D, (11) [eq:Poi-NonEps|
R2
£0,2,0) = fin (z,v), (z,v) € R? x R?. (12)[eq: Init-NonEps
The dependency on the small parameter € > 0 will be taken into account when establishing a

priori estimates uniform in ¢ in the next section. We assume that the initial data fi, satisfies
the hypotheses

HI) fn > 0, fin € (L' NL®)(R x B2, (Jol + [0 + |10 ful) fn € L} (B? x BY),
H2) (]_ + |U|2)’Y/2fin c LOO(RQ % RQ), v > 2,
H3) IRQ fRinn(x,U) dvdx = fR2D($) dx.

We first introduce a notion of weak solution to the problem (10), (11), and (12) and our
result on the global-in-time existence of weak solutions.

Definition 2.1
For a given T €]0,00[. We say that the pair (f, E[f]) is a weak solution to the system (10),
(11), and (12) if and only if the following conditions are satisfied

(i) f>0, feL>®0,T; L' nL®([R? x R?)), E[f] € L>°((0,T) x R?),

(i3) for any ¢ € CS°([0, T[xR? x R?), we have

/T/ / ! (a“‘””} Vap + (Blf] + B(z) ) - Vvso) dvdzdt
0 1]32 R2
+/0 /R2 R2f (cAyp —v-Vyp) dodadt + /R2 /Rinn(x,v)go(O,m,v) dvdx = 0.

We will provide the global existence of the weak solution to the VPFP system (10), (11),
and (12) based on a compactness argument. For this purpose, we need the following velocity
averaging lemma obtained in [22], see also [28].

Lemma 2.1
Let (g%)k be bounded in L ((0,T) x R? x R%) with 1 < p < oo, and (G*)y be bounded in
LY ((0,T) x R* x R?). If for any k, g* and G* satisfy the equation

gk +v- Ve =VIGF, ¢F(t=0) =gy e LP(R? x R?),

for some multi-index 1, then for any 1 € CH(R? x R?) we have (fRdfkw dv)k s relatively
compact in L ((0,T) x R?).

loc

The averaging lemma allows to pass to the limit in the VPFP equation including the nonlinear
term E[f]f in the sense of distribution, see [29]. The only difficult term is the Poisson
equation —A,®[f] = n[f] — D, since the velocity averaging lemma cannot be directly applied
to conclude compactness of the density n[f] (recall that only quantities of the type f\vl <R gFdv,
R being finite, converge to f|v| <R gdv). In order to get such compactness, one uses the previous
lemma to show the following result, see Lemma 2.8 in [22].



Lemma 2.2
Let (g%)i, and (G*) be as in Lemma 2.1 and we assume that

g is bounded in LP((0,T) x R? x R?),
(Jv]? + |z|)g" is bounded in L>(0,T; L*(R? x R?)).

(Compactness)

Then for any ¥(v) such that | (v)| < clv] and 1 < ¢ < %, the sequence ([pag®t dv)k is
compact in L9((0,T) x R?).

We now state the existence results for this type of solutions to the VPFP system.

Theorem 2.1
Let T > 0. Let B € L>®(R?) be a smooth magnetic field and D be a fived background
(main_veak_sol) go ity verifying |z|D € L'(R?), D € LY(R2)NL>®(R2). Assume that the initial condition fi
satisfies the hypotheses H1, H2 and H3. Then the problem (10), (11), and (12) has a global
weak solution f > 0 in the sense of Definition 2.1, satisfying the following properties:

£ € L®0,T; L N L®(R? x R2)), (1+ [v]2)"/? f € L®((0,T) x R2 x R?),

)
(I] + [v]2 + [ n fI)f € L®(0,T; L'(R2 x R2)),  (13)[Propieaisol]
2

E[f] € L™((0,T) x R*)?, E[f] € L™(0,T; L*(R?))*.
Furthermore, we have f € L*([0,T] x R2, H'(R2)).

The proof of Theorem 2.1 will be devided in 5 steps. The first is devoted to regularize the
VPFP system by introducing regularization parameter 7, the second stablishs some uniform-
in-n estimates, the third to a convergence of the sequence, the fourth passes to the limit
using the velocity averaging lemma, Lemma 2.2 and the last step studies the properties of
the solution.

Step 1: Regularized VPFP system. For the existence of weak solutions to (10)-(12),
we first regularize this system with respect to regularization parameters n > 0 as follows: we
mollify the singular interaction potential In |x| by parameter n and consider a solution f” to
that regularized system

OfT+v-Vof"+ E"-Vyuf"+ B(x) v - Vo fT = oAy f7 + div,(vf), (14)[eq: VFP2DBis|
subject to the initial data f = f7(0,z,v) = fin(z,v), (z,v) € R? x R?, where the electric
field E" is given as

1 1
.E77 = —vaW” * (nn — D) = —va [111(‘3?’2 + 77)] * (nn — D), nn = /Ran do.
We note that VW™ is bounded and Lipschitz continuous. Thus, the global-in-time existence
of weak solutions to (14) follows by the standard existence theor_y for kinetic equations, more
exactly a fixed point argument in the following sense: for any E € L°°(0,T; L*°(R?))?, let f
be the solution of
{ Of+v-Vuf + E(t,z) - Vof + B@)tv- Vo f = oAy f + divy(vf),
f(0,2,v) = fin(x,v).
We then define a map T' by
T : L®(0,T; L>®(R?))? — L>(0,T; L°°(R?))?
_ _ 1
E—T(E)=E"=—-—VW"%(n— D), n:/ f do.
4 R2
Thanks to Theorem 6.1 in Appendix A, the operator T is well-defined. The existence of a
fixed point for the mapping 7' comes from almost the same argument in [22], Theorem 6.3.



Step 2: Uniform-in-n estimates. Thanks to Theorem 6.1, the solution f” satisfies the
following estimations:

120, 11Ol o rexrzy < C(T)| finllLerzxr2), p € [1,00], t €0, T]. (15) [ IneqNormSequ|
/RQ IR2fﬂ”2’2 dvdz < C(T, | E"| o) /R /Rinn\vF dvdz, t € [0,T). (16) [TneqinEerses
/RQ [ Flal dudo < () /R /R2fin|x] dvdz, t € [0,T). (17) [ZmsqPosition]
o9 Fillogngeassey < CUEim T fino)+ [ [ il ful dvdo. (15) Snospisssis

We will now establish the uniform estimates with respect to n of the electric field E", that
means supp 7] | E"|| g2y < C for some constant C' > 0, not depending on 7. Thanks to
Lemma B.1 in [11], Lemma 5.3 in Section 5, and the estimate (15), it suffices to show that
for all n > 0, the following inequality

Y ()] o m2y < C, T €[0,T],
where we denote Y(t) = (1 + |v]|?)/2f"(t, z,v).

Lemma 2.3

Let fi, be an initial data verifying the hypothesis H2, that means
(LInftyNormVeloc)

1Y)l oo m2wrzy = (1 + [0[2) 72 fin| Lo (m2 xR2) < 00, 7 > 2.
Then there exists a constant C' > 0 independent of n satisfying for all n > 0
[Y?(t)]| Lo m2xr2) < C, t €10, T].
Proof. Since the proof can be easily obtained similarly as in [11], Lemma 3.1, so we left this
lemma to the reader. O

By Lemma 2.3, we deduce that the constants in the inequalities (16), (18) respectively are
independent with respect to n. Moreover, together this Lemma with Lemma B.1 in [11] and
(15) gives the uniform bound of the sequence (n"),~¢ in L°°(0,T; LP(R?)), for any p € [1, 00].

Step 3: Compactness and convergence. It follows from the uniform bound of the
sequences that there exist a limit (f,n, E) such that up to extraction of a subsequence, it
holds as n — 0 that

f1T— f weak x in L>®(0,T; LP(R? x R?)), p €]1, 0],
n —n weak % in L>(0,T; LF(R?)), p €]1,00],
E" ~ E weak * dans L>=((0,T) x R?).
Furthermore, by using Lemma 2.2 with ¢ (v) = 1 we get the strong convergence
n" — n in LY((0,T) x R?), q €]1,4/3|. (19) ?strongconv?

Indeed, by uniform estimates (15), (16) and (17), the conditions in Lemma 2.2 are verified.

Let us write
G":= oV, fT+uofh— E"f1— B(:c)quf”.

Then the equation (14) can be written as
8tf” +v- vggfn = van.

We now claim that the sequence (G"),>0 is bounded in L7((0,T) x R? x R?) to apply the
averaging lemma, Lemma 2.2. Hence, we need to prove the following lemma.



Lemma 2.4
For any q € [1,2], there exists a constant C' independent of n such that for every n > 0 we

(BoundGk) 7, yve

G| Lago,r)xr2xR2) < C; q € [1,2].

Proof.

Since the proof is similar to [22], Lemma 3.5, we briefly give the idea of that. As the sequence
of electric fields E is bounded in L>°((0,7) x R?) and the magnetic field B belongs to L>(R?)
we obtain

1G"[La < [loVof"l[La + (14 [|Bllzee) [0S || La0,r) xr2 xR2) + Cllf"|| La

for some positive constant C' not depending on 7.

From (15) it is easily seen that || f"||La((0,1)xR2xR2) < Tl/quinHLq(RZXRQ). On the other hand,
since [[vf7| La((0,1)xR2xR2) < T4 supo, ) |v.f"| La(r2 xr2) and thanks to Holder’s inquality for
q € [1,2] we have

1/2
o sy < ([ [ 10Pr dode) 10 o

When g = 2 we also get

1/2
lof oo ey < 1712 o (/ / !v|2f"dvdx> |
R2 JR2

Consequently, the sequence (vf"), is bounded in LI((0,T) x R? x R?), for any ¢ € [1,2]. It
remains to uniformly bound the sequence |0V f7||La((0,1)xR2xR2)- Using Hélder’s inequality
again for ¢ € [1,2[, we have

T B T IV, )2 3
/ / |V fM? dodzdt < C(T)| f||? a4 </ / / dvdmdt) ,
0 Jr2 JRr2 Le(0,1:07) \Jo JrzJrz f"

and when p = 2 we also get

T T n|2
/ / Vo f1? dvdazdt = / / / f?7M dvdzdt
o Jr2JR2 0 Jr2JR2 I

< L/l *xR /T/ / v dvdzdt
< eonxrxe2) || :

Thanks to Lemma 2.3 and (18), we deduce that the sequence (|V,f"|2/f"),>0 is bounded in
LY((0,T) x R? x R?). Therefore, the sequence (V, f),~0 is bounded in (L9((0,7) x R? x R?))?
with ¢ € [1,2]. Altogether the above estimates we conclude the result of Lemma 2.4. O

Step 4: Passing to the limit. Thanks to the weak convergences obtained in Step 3, we
see that to pass to the limit in the weak formulation of equation (14) it suffices to show
convergence towards 0 for any test function ¢ € C§°([0, T[xR? x R?) of the non-linear con-
tribution

/OT /R /RJ(VW" *n) f1 = (YW %) ] dodadt

:/OT/ / W) % 0™ f7)p dudadt

T
+ / / / [VW x (n" —n) f ¢ dvdadt + / / (VW xn)p(f" — f) dudzdt. (20)
0 2 R2 JR2



The convergence of the contribution (20) to 0 as n — 0 can follow from almost the same
analysis as in [13], Section 5. Therefore we obtain f is the weak solution of VPFP system (10),
(11), and (12) with the electric field E satisfying E = QT?EOV In|-|*(n— D). Furthermore,

since the sequence (f7),~¢ belongs to L?([0,T] x R2, H1(R2)) it is easily check that f €
L2([0,T] x R2, H'(R?)) by using the Theorem 6.2.

Step 5: Properties (13) of solutions. The nonegative limit function f is a direct conse-
quence of the weak-x convergence of the nonegative sequence (f7),~0 in L>((0,T) x R? x R?).
In particular, f € L%((0,T) x R? x R?). Moreover, we also have (1+ [v|?)Y/2f € L=((0,T) x
R? x R?) since the sequence ((1 + [v]?)?/2f7),~¢ is bounded in L>((0,T) x R? x R?). Now,
let ¢ be any nonnegative function in C§°([0,7]) and R > 0 be a constant. To prove
f € L>(0,T; L'(R? x R?)) we use the function ¢r(t,z,v) = @(t)L{js<g,|vj<r}- Hence by
the weak-x convergence of (f7),~0 to f we deduce that

T
/ / / [, 2, v)lg1<R,joj<r) dvdzdt < hmsup/ cp(t)/ f(t, x,v) dvdzdt.
R2 n—0 R2 JR2

Taking now the limit R — oo and apply the dominated convergence theorem to get f €
L>(0,T; L*(R? x R?)). Similarly, if we choose the test function ¥r(t,z,v) = o(t)(|z| +
[v[*)1j21<R,jo|<Rr} then we can show that (|z|+|v[?)f € L>(0,T; L' (R? x R?)). We complete
the property of the solution by showing that fIn f € L>(0,T; L'(R? x R?)). Indeed, we have
the identity

flln f| = fhlfll{le} - flnf]l{ogfgl}-

Since fIn fl s>y < f?and fln flo<p<iy < Ce 210 4 (|2 + |v|?) f, for some constant
C > 0 together with f € L°>°(0,T; L?(R? x R?)) and (|z| + |[v|?)f € L*>°(0,T; L'(R? x R?)),
we deduce that fIn f € L>(0,T; L*(R? x R?)).

The following lemma provides the property on the potential ®[f] and the electric field
E[f] = —V,®[f] of the Poisson equation on R?, so as to control the potential energy under
the hypothesis H3. We refer to Lemma 3 in [20].

Lemma 2.5
Let p € LP(R?) with any p € [1,00] be such that

(PropSolPoi)
/ (14 |z|)|p(x)] dz < 400, / p(x) dz = 0.
R2 R2

Consider the potential ® given by ®(z) = —% Jgz In|z — y|p(y)dy. Then, ® is a continuous
and bounded function such that lim, . ®(x) = 0. Furthermore, we also have ® € L*(R?)
and V® € (L*(R?))2.

3 A priori estimates

The aim of this section is the derivation of a priori estimates, uniform with respect to €, on
the weak solution f¢ provided by Theorem 2.1. These estimates are deduced from the con-
servation properties of the system and from the dissipation mechanism due to the collisions.
We recall that (f€, E[f¢]) is a weak solution to the problem (4), (5), and (6) on [0, 7] with
any T > 0, if for any the test function ¢ € C§°([0, T[xR? x R?) we have

’ q B(z) ,
/ / / fe (s@tga +v-Vzo+ —(E[fe] + — v) - va0> dvdzdt (21)[WeakSolScaleVP
R2 JR?

/ / fe(oApp —v - Vyp) dvdxdt+/ / efi(x,v)p(0,z,v) dvde = 0.
Rr2 JR2 2

10



Let us define the free energy of the VPFP system (4), (5), and (6) as

€1 € € 6‘”’2 €0 €712
€[f}—/RQ/RQ(af In f + f 2)dvdx+2m/R2|E[f]| de.

Proposition 3.1
Let (f¢, E[f¢]) be a weak solution of the system (4), (5), and (6) provided by Theorem 2.1.

(WeakFreeEnergy2D) Thon we have the mass conservation and the balance of the free energy

d d 1 Vo f© ¢|?

/ FE() dudz =0, e—E[f5(1)] = —/ LA ) S

dt R2 JR2 dt T Jr2 JR2 fE
The mass conservation formally follows by integrating (4) in v, which gives the continuity
equation for the mass density, and then integrating in . On the other hand, the law for the
balance of the total energy is formally derived by summing up these relations below. First,

2
multiplying the equation (4) by % to obtain the balance of kinetic energy

d 2 1
5/ &fg dvdx—q/ E[fa]-vfadvdx—/ /(vafa—l—vfa)-vdvdx.
dt R2 JR2 2 m Jr2 Jr2 T JR2 JR2

Then, thanks to the continuty equation £dyn[f¢] + div, fszfe dv = 0, we multiply this
equation by ®[f¢] and use the Poisson equation to find the balance of potential energy

ng_fl €112 _ 49 €1 . 0y FE
5 At /RQ\E[fH dzr = m/R2 R2E[f] vf® dvde.

Finally, multiplying the equation (4) by o(1 4 In f¢) to get the balance of entropy

d 1 ofe
5/ / o f<In f¢ dvdx:—/ /(avvfe—i—vfg)-av I quda.
dt R2 JR2 T R2 JR2 fE

As for weak solutions, we shall follow the same scheme. We find relations analogous to
previous relations in Lemmas below. The difficulty is in overcoming the lack of regularity
and the need to justify operations that are taken for granted when the solutions are smooth.
We will prove these properties of solutions by combining the formal arguments above with
the choice of an appropriate sequence of test functions in (21) for every studied property.
A similar rigorous approach that the one given in [2] and [6] can be easily adapted for the
properties studied in our weak solution.
We start with the balance of kinetic energy.

Lemma 3.1
Let f¢ be the weak solution of the problem (4), and (5), (6) provided by Theorem 2.1. Then
we have

2 1
5d/ ﬁf6 dvdx = / / 2E[fa] ~vf® dvdx — / / (oVufS+vf®) v dvode.
dt R2 JR2 2 R2 JR2MM T JR2 JR2

Proof.
Let x be a nonegative function of class C§°(R) such that

(BalanceKin2D)

x(s) =1, on |s| <1, x(s) =0 on|s| >2,

we define the function xr as xr(z) = x (%) Then xr(2) =1 on |z| < R, xg(z) =0 on

|z| > 2R and ||V xR| e < %. In the definition of weak solution (21), we use the test

11



functions (¢, x,v) = qﬁ(t)XR(&:)XR(U)w with ¢ € C5°([0,T), we obtain

/ [, [ 5 Eosxnt) + v Voxn(@oo] x w0 dudat

)¢
+/ /R2 /nvfa <E[f£] > ( ’2> (t)xr(x) dvdzdt
= /R 2 R2fs - v>(><R< Y otopnte) dvazar
/RQ/ € (0)xr(z)xr(V )| o dvdz = 0.

For each € > 0, using the Theorem 2.1 on the solution, we have (1+|v|?)f¢ € L°°(0, T; L' (R?x
R?)) and E[f¢] € L>=((0,T) x R?). Letting R — oo, one gets, by the dominated convergence
theorem, the following relation for any ¢ € C5°(]0,T7)

/OT Orp(t) /R? /Rz)gwffs(t,x,v) dvdzdt + /T o(t) /RQ RQE[fs] o ff dvdzdt
+% /OT¢(t) /RQ /Rz(20_|v‘2)f‘5(t,;):,v) dvdxdt+/ /Rz v)¢(0) dvdz = 0.

On the other hand, by Theorem 2.1, our weak solution f¢ belongs to L?([0,T] x R2, H!(R?))
and tends to 0 at infinity since (1 + |v]?)¥/2f¢ € L, thus by the divergence theorem we have

/RQ/RQQ"_’” Vo (t, v)dvdaj——/ /RQ(UvaE-i-UfE)'vdvdx.

Substituting into the previous relation, we easily deduce the assertions on the lemma. ]

In the following lemma we obtain the balance of the potential energy.

Lemma 3.2
Let f¢ be the weak solution of the problem (4), (5), and (6) provided by Theorem 2.1. Then
we have

60“1/ B[f)2 dz = —L E[f7]- vfgdvda:——/ E[f7] - j[f] d

2m dt R2 m Jr2 JRr2
Proof.
First, we show that ®[f¢], E[f¢] and 0,E[f¢] belong to L>(0,T; L*(R?)). We will apply
Lemma 2.5. The conditions in Lemma 2.5 are fulfilled by the properties on the solution f¢
and the background densities D(x) by assumption H3. Hence one gets ®[f¢] and E[f¢] lie in
L>(0,T; L*(R?)). It remains to prove that 9;E[f¢] belong to L>°(0,T; L?*(R?))2. Thanks to
the continuity equation on [0, T[xR? in the sense of distributions

(BalancePot2D)

eon[f] + divx/ vf¢dv =0,
RQ

see Lemma 4.1 below, together with the Poisson equation (5) we deduce that

E[f*)l(x) = —LOVI Inf - | G(n[f()] = D) = 5——VaoIn| - [x (divaj[f*(t)])-

2me 2meg

In order to estimate O, E[f¢(t)], we will use the Calderon-Zygmund inequality, see [26], Lemma
10, but in the dual version. Let 7 be a test function in C$°([0, T[xR?). We have

<27reosv -] <di”j[f€”’”>:/ ezl Lxn(t, ) L7 (0)] de

12



By a simple esimate, one gets j[f¢] € L>(0,T; L?>(R? x R?)). Therefore we deduce that

]<2va\ [+ (divxj[fg]),n>’_2
< el Ol

It allows to conclude that 9, E[f¢] belongs to L>(0, T; L?(R?)).
Now let v > 0 and let x € C§°(R?) be a standard mollifier. Define the regularization
kernel £, (z) := k(). Convoluting with «, in the equation div,(0;E[f¢]+ 605 Jlfe]) =0 we

obtain

|- [l 2715 (O] 2

div, (9B [f] + Eolgj”[fs]) ~0

where EY[f¢] = E[f¢] * ku, j”[f¢] = jlf°] * k,. Multiplying the previous equation by
®¥[f¢]xr(x) and integrate by parts to find that

LB Bl o) o+ [ B3 (o) do

€0€ JR2

+ /R (D) + Eolgj”{fe]) (VxR do = O,

where ®V[f¢] = ®[f°]x kK, and x g stands for the family of smooth cut-off functions, defined in
Lemma 3.1. Let v — 0. The terms on the left side converge as a consequence of the theorem
of smooth approximations from the first arguments on ®[f¢], E[f¢], 0, E[f¢]. Then we obtain

[ 2B B () dot [ Bl alo) da
R2 €0€ JRr2

+ [ @E+ i) - 9T xn da =0,
R2 €0E

Letting R — oo, the dominated convergence theorem yields
|oEir1- Bl ae+ — [ Bl a =0
€0 JR2
which gives the result in the lemma. O

Finally, let us deduce the balance of entropy.

Lemma 3.3
Let f¢ be a weak solution of the problem (4), (5), and (6) provided by Theorem 2.1. Then

we have
d 1 oV, f¢€
— € In ¢ dvdx = —— of¢ ). dvdz.
gdt/Rz/Rzaf n f¢ dvdz T/RQ/RZ(JVf—i-vf) e vdx
Proof.

Since our solution f& € L°°(0,T; L' N L=°(R? x R?)) and E[f¢] € L>=((0,T) x R?), the proof
is very similar to [6], Proposition 2.3, we briefly give the idea of that. We first show that for
any ¥ € C%(R) such that ¥ € L®(R) and ¥(0) = 0, ¥(f) solves the following equation in
the sense of distribution on [0, T[xR? x R?

(BalanceEntropy)

() + v Vau () + el v+ LED g
1

0 V() — TA() = 2 W) - T () [P (22) [NonLinearEqu|

13



(BoundK1nEner2D>l]

The proof of equality (22) comes from the same argument in [6], Proposition 2.2. We then
apply (22) for the following function

Us(f5) = (64 f*)In <1 J;) g 5> 0,

and consider the test function ¢(t, z,v) = ¢(t)xr(x)xr(v), where the function x r was defined
in Lemma 3.1, and ¢(¢) € C$([0,T[). Passing to the limit as R — oo, we easily deduce the
following relation

/]Rz R2¢6 f2@)) dvdz + — / /% (f¢) dvdzdr

2 . fe //!vaE\Q
= — In(1+ 1 1 - —
T/W/sz <n<+(5>+n5—|—>dvdx 7 Jos oo ot F2 dvdz,

which is equivalent to

| g = [ Lo (145))
/}R2 R2¢§f())dvdw+ /R2 e 5+ dvdﬂv—T/Rg/]RZ ff—=déln(1+ 5 dvdz.

(23) [equ:LimNonLine

Finally, by using the dominated convergence theorem when ¢ goes to zero in (23) and then
the divergence theorem for the integral on the right hand side, we obtain

d of%? 1
s/ feln f¢ dvdx——a/ / Vo /7] dvdx—/ / v -V, f© dvde.
dt R2 JR2 T R2 JR2 f& T R2 JR2

So we complete the proof of Lemma. O

Now we are ready to prove Proposition 3.1.

Proof. (of Proposition 3.1)

The mass conservation can be deduced by testing the test function ¢(¢,z,v) = ¢(t)xr(|z|)xr(|v])
n (21). On the other hand, using Lemmas 3.1, 3.2 and 3.3, we imply the desired result for
the balance of energy £[f¢]. O

We establish now uniform bounds for the kinetic energy.

Lemma 3.4
Assume that the initial particle densities (f5)) satisfy fo, > 0, M, := sup,~o M, < 400,
= sup.~q U, < 400, where for any e > 0

/ fi(x,v) dvdz, U, = / / ffm T,V dUdﬂC-i-/ \Z ‘I)fm]‘z dz.
R2 JR2 R2 JR2

We assume that (f€)e>0 are weak solutions of (4), (5), and (6) given by Theorem 2.1. Then
we have

2
20T

€ sup {/ [v] — fe(t,z,v) dvda:+/ |V ®[f°]? d:p} < eUp + Min,

o<t<r (JRr2 JR2 2

and .

1 20T
/ / lw2fe(t, z,v) dvdzdt < eUy, + LMin.
T Jo R2 JR2 T
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Proof.
Using Lemmas 3.1 and 3.2 yields

2 2 1
R R e VS (SR S=a ey B A
dt R2 JR2 2 2m R2 T T JRr?

and therefore we obtain

€ {/ [0 —fe(t, x,v) dvda + ~2 V. ®[f°]]? da?} / / lv|2f¢ dvdads
R2 JR2 2 2m R2 R2 JR2

[]‘E —i-@ME

which yields the results. O

4 Formal derivation of the limit model

The asymptotic behavior of the Vlasov-Fokker-Planck-Poisson equation (4), (5), and (6)
when e becomes small comes from the balance of the free energy functional £[f¢]. Thanks to
Proposition 3.1, we deduce that

t o 5 e|2
sg[fa(t)]Jri/o /RQ RQ‘ v”ffj”f’ dvdzds = £[f¢(0)].

Since the dissipation term can rewrite as

/ /R2 /RJUMV (o/M)P° dvdaxds,

where M stands for the Maxwellian equilibrium M (v) = (270) ! exp ( Lol ) v € R%. There-

fore, at least formally, we deduce that f¢ = f + O(e), as € \ 0, where the leading order
distribution function f satisfies

2
1/ lo MV, (f/M)] dvdz =0, t € R,.
RQ ]R2 f

Hence, we obtain f(t,x,v) = n(t,x)M(v), (t,z,v) € Ry x R? x R2. Then7 the question is to
determine the evolution equation satisfied by the concentration n(t,z) = [pa f(t, 2, 0) dv.
We are looking for the model for the concentration n[f¢] = [z, f¢ dv. First, by integrating
the equation (4) with 1 and v, we straightforwardly get the local conservation laws satisfied
by the first two moments.

Lemma 4.1
Let € > 0. Let f¢ be a weak solution of the system (4), (5), and (6) provided by Theorem

(Conservationlaw) g 1 Thep the following conservation laws hold in the distributional sense
e, Lo (Il .
Ol 7] + ~div, 0. (24)
q
[ fE . L1 re 1 4] f€
q R2 m q T q
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Proof.

For each € > 0, (f¢, E[f¢]) solves (4) in the sense of distribution given by equation (21) and
satisfies (14 |v|?)f € L°°(0,T; L' (R%? x R?)), E[f¢] € L>°((0,T) x R?). Then, we test (21) on
the test functions of the form ¢(t,z,v) = ¢(t)xr(x)xr(v) and p(t,z,v) = ¢(t)xr(x) xR (V)v,
where the function yp was defined in Lemma 3.1, and ¢ € C§°([0,T). Letting R — oo,
one gets, by dominated convergence theorem, the relations (24) and (25) which hold in
the distribution sense on [0,7[xR? and are respectively the continuity equation and the
momentum equation. O

Then, we apply the rotation v — v to the equation (25) and eliminating %m between
the resulting equation and (24) leads to the new equation for the concentration n[f¢].

Corollary 4.1
Let € > 0. Let f° be a weak solution of the system (4), (5), (6) provided by Theorem 2.1.
Then the concentration n|f¢] satisfies the following equation

LE[f] ivch(Sﬂ))] — div, F*,

oty + div 1) (st - o2

?(NewConcen)?

(26) [HodConcenzD]

where we denote

+

1 (60#j[f€] 1440
q T g

+ Ldivm/ (v@uv—oly)f* dv> :
R2

Proof.
The proof of the result is obviously by observing that the momentum flux tensor can be
decomposed as

/v®vf€dv:/(v®v—alg)f€dv+algn[f€].
RQ

RQ

Passing formal to the limit in (26), as € \, 0, we get

5]

on[f] + div, [n[f] (

where we have used that f€ tends to f = n(t,z)M (v) leading to n[f¢] — n[f], 7[f¢] = 7[f] =0
and [po(v @ v — 0l3) f¢ dv = [po(v ® v — 0l3) f dv = 0. Therefore the limit model is

LE 1 .
o+ divy |n (2, TVe@\ (t,z) € Ry x RZ, (27) [LimitModzD]
B(x) w2 ()
Eln] = =V, ®[n], —eA;®[n] = q(n — D), (28)
with the initial condition
n(0,z) = nip(z), x € R2. (29)[LimitInitial2D

We have the following balances for the previous limit model

Proposition 4.1
Any smooth solution of the limit model (27), (28), and (29) verifies the mass and free energy

(ConserveEnerLim) ... corvations

T R2n(t,x) dz =0, (M/W{anlnn—kmlvxé[n]\ } dz = 0.
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Proof.
Clearly we have the total mass conservation. For the energy conservation, a straightforward
computation, the evolution in time of the energy for the limit model can be written as

/ oomn(1 +1Inn) dx +/ G—OE[n] - Oy E[n] dz.
R2

RrR2MM

Using the equation (27) for the first integral in the previous equality, we have

/RQUth(l +1Inn)dz = /]R2a <LBLE£;7;] B ULZ;ZE?) Unde = o

nLE[n] - VB
g2 B(z) B(x)

Thanks to Poisson’s equation (28), then using again (27) for the second integral, we get

€0 — 4 __4 nl-n B[] — ULVWC(:E) x
[ -aFl ar = [ Leianar=—1 [ £ <Bu0 wi(z) )d

LEn] VB
= —0 —_—

g B(r) B(x)

Combining these equalities we obtain the balance of the energy. O

5 Well-posedness of the limit model

In this section we focus on the existence, uniqueness and the properties of the solution for the
limit model (27), (28), and (29) with regular initial data. We will construct smooth solution
on any time interval [0,7], T € R4, following the same arguments as in the well posedness
proof for the Vlasov—Poisson problem with external magnetic field, cf. [3]. We assume that
the initial condition n;, satisfies the hypotheses

H4) nin >0, |z|nw, € LY(R?), ny, € WHLHR?) 0 WHo(R?),
H5) [ponin(z) dz = [p.D(z) dz,
and the external magnetic field B(x) verifies

B € CE(R?), wienﬂgz) |B(z)| = By > 0.

Solution integrated along the characteristics. First, a standard computation, the
equation (27) can be rewritten for the unknown n/B as

J_E L .
o () + (5 - rny) v () =0 (0) Bt
For any smooth field E € L°(0,T; W1 (R?))2, we consider the associated characteristics

flow of (30) given by

d ‘ LB, X (ts,2)) LVwe (X (t;5,2))
O T TR ) T E K sy ST

X (s;s,x) ==z, s€[0,T], x € R?,

(31)[equ:CharLimMo2

where X (¢;s,x) is the solution of the equation (31), ¢ represents the time variable, s is the
initial time and x is the initial position. X (s;s,x) = x is our initial condition. Notice that by
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the hypothesis on the magnetic field B(x), the vector field a:y(;’i is also smooth with respect

to x and we have

LVw,

H"wzcc)

Therefore, thanks to Cauchy-Lipschitz theorem, the characteristics in (31) are well defined
for any (s,z) € [0,T] x R? and X (¢;s,2) € W ([0,T] x [0,T] x R2)2. Then the equation

(30) can be written as

d n(t, X (t;s,x)) 0

dt | B(X(t;s,2)) |
which yields the solution of the transport equation (30) given by

() = B(o) e ) — e O e o (32) [So1Chazacap|

< C(o, [|Bllwr.orz), Bo)-
W1,oo(R2)

Conservation law on a volume. We have the following result

In(t,x)| de = / nin(x) dz, t € [0,T]. (33) [ConserLaw]
R2 R2
Indeed, we denote J(t; s, x) is the Jacobian matrix of X (¢; s, x) with respect to z at (¢;s,x).
Then the evolution of determinant for the Jacobian matrix J(¢; s, ) is given by

1E LVw,
— -0
B w?(w)

%detJ(t; s,x) = divg <

detJ(s;s,z) =1,

) (X (t;s,2z))detJ (t; s, x),

which is equivalent to

d ' B, X(t;s,x)) VB(X(ts,x))
gt ) = =5 oy B(X(ts,0))

On the other hand, using the equation (31) we deduce that

det J (t; s, z). (34)

LB (X (t:5,0))]

dt
_ B(X(t;s,z)) VB (X (t;s,2)) (LE (t, X (s, x) V. (X (t;s,x)))
B (X (t;s,x)) we(X (t; s,az))2

)
T IB(X(t55,0)] 1B (X (t55,2))
_ VB(X(ts,2) “E(X(t:5,))

) .
B(X(t;s,z))  B(X (t;s,2)) (35) [LoBTrajec]
)

Combining (34) and (35) yields

d d
— =——1In|B(X (¢ ;
tdetJ(t 8, ) T n|B (X (t;s,x))| detJ(t; s, x),

and together with detJ(s;s,z) = 1 one gets |B (X (t;s,2))|detJ(¢;s,2) = |B(x)|. Therefore,
integrating the equality (32) with respect to z and then changing the variable x to X (¢;0, z),

we obtain
/\ntm|dx—/|B |‘nln (Otw))‘dx
X (05, )|

)
|B(a:)\d etJ (¢;0,x) d

= [ [B(X(£0,2))]
RQ

:/ nin($) dﬂ;’,
R2

which completes the proof of the equality (33).
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A priori estimates. We establish here a priori estimates on the solution n(¢,x) provided
by (32) and its derivative.

Lemma 5.1 (The bound in L>(0,T; WH>°(R?))). Let n(t,x) be a solution of (30) given

(BoInftyLimMod2D) by (32). Then we have

IOz 2y < CUIBll e (x2). Bl ez ¢ € 0.7 (36) [Tnteyiora2D)
t

||Vzn(t)||Loo(Rz) <C (1 + exp </ ||E(S)HW1,oo(R2)dS>> , b€ [O,T], (37) InftyNormGrad2
0

for some constant C(q, m, [|nin|w1.ec2), T, || Bllw2. r2), Bo, 7).

Proof.
The bound (36) is obviouly from the formula (32) and the hypothesis of the magnetic field.
For the estimate (37), taking the derivative with respect to x in (32), we have

Vaenin (X (05t,2))  nin (X (05t,2)) VB (X (0;¢,x))
B(X(0ita) ~ BX(0ta) BX©ta) |°W
Nin (X (05, x))

Von(t,z) =1 (0, X) (0;t, 2)

FVBE) E X0 (38)[GradSolChar |
which implies that
[Van(t, )] < C(nin, B, Bo)(1 + [ (8:X) (05 ¢, 2) [), (39) [TneqGradSolch

where C'(nin, B, Bo) is the constant depending on |1 [[yyr1.00 2y, || By, (r2), Bo. It therefore
remains to estimate the first derivative of X (0;¢,x) with respect to z. Taking the derivative
with respect to z in (31), we deduce that

d | (8T E) (X (1) LE@X(1)  VB(X()
a X0 = 1"Ex @) BX() B <t>>]a“"fX“
VW (X (1) ® Vwe(X(t)) (02 Vwe) (X
i 5 10) LX) ]”

and after integrating in time between s and ¢ we find
t
(G X) (1) <1+ C(qvmaBaBo,U)/ (IE(T)[wr.ee g2y + 1] (0:X)(7)]dr,

where we have written X () instead of X (¢;s,z) for simplicity, and C(q, m, B, By, o) stands
for the constant depending only on g, m, || B||yy2.0(r2), Bo, 0. Thanks to Gronwall’s inequality
we deduce that

t
|(8$X)(t’ va)| < C(q’m’TvaBO)O-) exp </ ’E(T)HWLOO(RQ)dT) : (40)

Therefore, substituting (40) into (39) we get

t
|Van(t,z)| < C(q, m,nin, T, B, By, 0) <1 + exp </ HE($)||W1,OO(R2)dS>> ,
0

which yields the desired estimate. O

19



Lemma 5.2 (The bound in L (0, T; WH1(R?))). Let n(t,z) be a solution of (30) given by
(BoL1LimMod2D) (39)  Then, we have

[n(O)l 12y = Ininll L1 g2, t € [0,T]. (41) [LiNorm2D]
t
I92n(8) 132y < C (1 T exp ( / \|E<s>uW1,oo(R2)ds)) telo,T], (42) [LiVoraGradap|

for some constant C(q, m, ||ninllyw1.00 w2y, [|inllwi1 @2y, T [ Bllw2.00 (r2), Bo, 0)-

Proof.
(41) is clearly from (33). For the estimate (42), taking the absolute value on both sides in
(38) then integrating with respect to x and changing the variable x to X (¢;0,z), we get

(e TB@L Y
[ Vantealas < [ 103005091 (1Vama(o] + 55 ) a

[VB(X(t;0,2))|
r2 [B(X(t;0,2))]

nin(z) dz,
which implies that
[ ¥an(e.0)] s < (sup 10,001, + COUBlhwrow sy Bo) ) Il

Using the inequality (40) we get the estimate (42). O

Global existence of smooth solutions. We define the following set of electric field
oo [e.e] 2
8 ={Be (0, TEW" (&) B0l < M, |05 (1) < (), t€ 0,71},

where the constant M > 0 and the function «(t) : [0, 7] — R4 will be determined later. Given
an electric field E in 3. Considering the characteristic solution of (30) on R?, corresponding
to the electric field F, denoted by n” which is given by the formula (32). We then construct
the following map F on X, whose fixed point gives the solution of the system (30), (28), (29)

E— F(E)(z)=— 2;’60 (Vin|-[) % (n? — D) (x). (43) 7MapFixed2p?

We will show that the map F is left invariant on the set X for a convenient choice of the
positive constant M and the function «(t), then we want to establish an estimate like

T
I (E) (8) = F(E) () 1o z2) < CT/O I(B — E)(t)l| poo(g2)dt, VE € [0,T],  (44)[Mapconstractas

for some constant C, not depending on E, E. After that, the existence of the solution of the
system (30), (28), and (29) immediately, based on the construction of an iterative method
for F. Before starting, let us recall the following classical inequality cf. [11].

(ClassIneq) Lemma 5.3 Let p(z) be a function which belongs to L'(R%) N W1>°(R?) and let U(z) such
that

Ux) = /R LY )y,

P
2 |z —y?

Then we have the following estimates

1/2 1/2
1U @2y < Clloll gy 0 2 gy (45) [Lennat)
IV2Ull oo 2y < C(1+ [|pll poo(mey (1 4+ 10T [[Vapl| oo m2)) + 0]l L1m2)) (46)[LemmaGradE]

here the notation In™ stands for the positive part of In.

20



?(ClosedSet2D)? o myma 5.4 There ezists a positive constant M and a function a(t) such that F(X) C 2.

Proof.
Let E € X. Thanks to (45), (36) and (41) we have

1/2 1/2
IF(E) ()| 1o 2y < C ([Ininll L2 m2y + 1Dl 11 (r2)) / ([Iin]l oo 2y + 1Dl oo (r2)) 2

for some constant C(q, €o, || B| o< (r2), Bo). Therefore, choosing the constant M in the set X as
the term on the right hand side of this inequality, we conclude that sup,c(o 77 [|F(E)(t)[| oo (r2) <
M, for any E € 3.

We estimate now ||9;F (E)(t)|| oo ®2). Thanks to (46), (36) and (41) we have

102 F (E)(t)|] oo 2y < Co (L + T ([IVan(t)ll oo 2y + VoDl oo m2)) »

for some constant Co(q, €0, [|Pinl| Lo (r2), 720 [l 1 (R2)s [ D] L1 (R2)s | Dl oo (R2), [ Bl| o0 (R2), Bo), which
leads to estimate In* (|| Von(t)|| oo g2y + |V D|| 1oo(r2)). By inequality (37), we deduce that

t
I9.n0llaey + 19Dl < €1 (1o ([ 10 Bl mizeyds) ).

for some constant C1(q, m, |[12in|lw1.00 2y, | Dllwi.co @2y, T | Bllw2.00 m2y, Bo). Using the stan-
dard inequality 1 4 e* < e**1 holds for any 2 > 0, we deduce that

t
ln+(\|Vxn(t)||Loo(R2) + V2Dl oo (r2)) < (In* Cy +1) +/0 |02 E(8, )| oo (r2)ds.
Finally, denoting by Cy = In* C; + 1 we have
t
|02 F (E) (1) oo m2) < CoC2 + 00/0 |02 E(8) || oo (r2)ds.

Denote by «(t) the solution on [0, 7] of the linear equation da/dt = Cha(t) with the initial
condition a(0) = CyCy. Therefore, choosing the function a(t) = CoCae! in the set 3, then
we have [|0:F (E)(t)| poom2) < a(t),t € [0,T] for any E € 3. O

Now we are ready to establish the inequality (44). Let us consider E, E € ¥ and denote

by @E ,iif the characteristics solutions of (30) and (31) corresponding to the electric fields
E, E respectively. It is easily seen from (45) that

|7 (E) (£) = F(B)®) | 12y < Crlln(t) = 2P (@)1 )/2 oy 0" (8) = 35 ()| 1 gay, (A7) MapeontractBis

where O is a positive constant, not depending on E, E. Then, the inequality (44) is derived
from the inequality (47) and Lemmas 5.5 and 5.6 below.

(piffNormInfty2D) T emma 5.5 We have

~ t .
In® (#) = 7P (t) | poo (r2) < CT/O [1E(s) = E(s)| 1oo(r2)ds, t € [0,T],

for some constant Cp > 0, not depending on E, E.
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Proof.
Let us denote X ¥, X the characteristic solutions of (31) corresponding to E, F respectively.
Thanks to the formula (32) we have

Inin (XE(0: 8, 7)) — nin(XE(0; ¢, 2))]
|B(XE(0;t, )]
1 1

+ ‘B(x)‘nin(XE(OS t,r)) B(XE(0;t,2)) B B(}Z’E(O;t, x)) ’

n®(t,z) — 2P (t,)| < |B()|

which implies that

n®(t,0) — P (t,2)] < C1XP(0;t,2) — XP(050,2)], (48)

for some constant C([|nin||yw1.00 w2y, [ Bllw1.00(r2), Bo). On the other hand, from the charac-
teristic equation (31) we deduce that

% (XE —XE> (t;8,2) =

LE (t, X (t;s,2)) J—E(t,X’E (t;s,2))
B(XF (t;s,2)) B(XE(t;s,z))
LVwe (XE (t;5,2)) J-Vwc(f(E(t; s,x))

Z(XE(Gs,a) | wR(XE(t s 1))

(X¥ fXE) (s;s,z) =0.

The first term in the right hand side of the previous equality can be estimated by

CE(LXP (1) LE@XPW)| | FEEXE(W) - LEE XP@)
B(XE (1)) B(XE@) |~ B(XE(t))
LEWXEW) — LE (t, X (t))
_|_
B(XE (1))
17 - E 1 . 1
+ [TE(t, X7(t)) (B(XE(t)) B(XE(t) >|

)
1 ~ ~ o~
< B 1B = EOll=e) + C(IBllwr.o=(r2), Bo, M, T) ‘XE(t) - X"(t)

since E € ¥ while the second term can be bounded by

VW, XE 5
HVwe (XP (1) ) < C(IBlwaosqun: Boso) [XF (1) = XF (1)

xF (1) — xXE (7)|dr,

- t 1 B t
‘XE (t) — XE (t)‘ < / = E(7) = E(7)| oo (reydT + C/
s Bo s

for some constant C(|| B||yy2.00 (g2, Bo, 0, T, M). Thanks to Gronwall’s inequality one gets

s 1 [t -
|XP (t55,2) = XF (t;5,0)| < eC”'B/ 1 (7) = B (T e (2 T
0Js

which together with (48) yields the desired estimate of the lemma. O
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(DiffNormL12D) [,emma 5.6 We have
~ t ~
HnE - ﬁEHLl(RZ) < CT/O HE(Sv ) - E(37 ‘)HLl(Rz)dsv te [OvT]’

for some constant Cp > 0, not depending on E, E.

Proof.
Since n

E ~E

are solutions of (30) corresponding to E, E thus we deduce that

o, (nE— ) +B <;E ULZQ“’C) V., ("E;”E> n (LE—LE) Y, (%) —0,

(nE - nE) (0,2) = 0.

,n

Multiplying this equation by sign(n® — #¥) and then integrating with respect to  we find
d B B / LE  1Vw, nf — R
— t) — t ‘d B|—— Vg |——=|d
dt Jp2 e (t) —An ()] de + R2 B w? * B v

) ~ 5
+/ sign <nE - ﬁE> (LE - lE) Ve <nB> dr =0.  (49)[DeriDiffNormL1
R2

Thanks to Lemma 5.2 we have nZ, 12 € WHL(R?) a.et € [0,7T] and since div, [B (% - LZZ,”C)} =

0 so by the divergence theorem, we obtain that

1E v,
Bl—— V| ————
/. (B 2 ) v

Then, from (49) we imply

d
dt

, n®(t) — ﬁJE(lt)‘ dz < C(| Bllwome), Bo) | E(E) = B() | oo ey 177 (8) w1 (ze)-

Integrating between 0 and ¢ of this inequality leads to
P ()= () 1) < OBl e Bo) sup 172 () [y Rz)/ [ E(s)—=E(s)]| Loo (r2)ds.
te

Finally, thanks to the estimate (42) we conclude the proof. O

Now, we shall prove that the sequence of iterative method by map F converges to a solu-
tion of the original problem. First, we consider Ey = 0, then we put E; = F(Ey), ..., Ex11 =
F(Ey) for each k € N. Applying (44) we have

+k
1Exs1 () = Er ()| oo ) < (O1)* 51 E1 (8) = Bo ()| oo )
) k! (

which yields that there exists E € L>((0,T) x R?) such that Ej, tends to E in L>((0,T) x R?)
as k — 4o00. Moreover, since E}, € X hence we also have E € X. This allows us to define the

action of the map F on the vector field E as F(E) = —QLVIHI -|* (n¥ — D) where n” is
TEQ
the solution of (30) associated with the electric field E. Using again (44) we find

| i (8) = FE) (Ol o ey = IFERE) = FE) D)l o) < Cr | i (8) = B ()l oo e
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which leads to Ey; — F(E) in L=((0,T) x R?) as k — oco. Therefore we get F(E) = E and
n is the solution of (27), (28), and (29). In addition, by Lemmas 5.1, 5.2 we conclude that
nf € L>(0,T; Wh(R?)nW11(R?)). Hence, from (30), 9;n” € L>(0,T; L*(R?) N L>®(R?)).
Thanks to Lemma 5.3, we have O;E € L°°((0,T) x R?)?, thus E € Wh*°((0,T) x R?). It
remains to verify that the electric field E lies in L*°(0,T; L?(R?)). Applying Lemma 2.5,
we need to show that |z|n € L>(0,T; L'(R?)). Indeed, by (32) and the change of variable
x +— X(t;0,2) we have

[ Jalinte.o)l do = [ 1X(t:0,2) (o) d

R2 R2

On the other hand, from (31) we deduce for any t € [0,7] that
[X(:0,2)| < || + C(|El[Loe, [ B]| Loo (r2), Bo)T,

together with (1 + |z|)niy, € L'(R?) yields the desired result.

Uniqueness of smooth solutions. The uniquenness of smooth solution n(t,x) which
belongs to L°°(0, T; W11(R?) N W1 (R?)) is immediately derived from the inequality (44)
and Gronwall’s inequality.

Based on the previous details of the arguments we establish the following result.

(nain_sol_Lim) pyophosition 5.1 Let T > 0. Let B € CZ(R?) be a smooth magnetic field, such that
inf,cp2 B(z) = By > 0 and the fized background density D verifies |x|D € L'(R?), D €
WELHR2) N WL (R2). Assume that the initial condition nyy, satisfies the hypotheses H4, H5.
There is a unique smooth solution n(t,z) > 0 on [0,T] x R? of the limit model (27), (28),
and (29) satisfying the following properties:

/ n(t,z)de = [ D(z)dz, t€0,T],
R? R?

n € W (0, T; LN (R2) W2 ((0,T) x R2), |o|n € L(0,T; L(R?)),
E[n] € Wh*((0,T) x R?), E[n] € L=(0,T; L}(R?)).
(HighOrder) Remark 5.1 From the estimates (37), (46), and (39) we realize that there is a relation in the
L*>®-norm between the following quantities Vyn, 0. X, 0, E. In the same way, we can extend

this relation to the higher order derivative 92n, 82X, 02E by noting that the inequality (46)
can apply to estimate 02U given by

102U | oo 2y < C(L+ [ Vapllpoo ) (1 + 0™ 02 oo r2)) + Vbl 1 (m2))-

By similar arguments we can prove further regularity results for the strong solution of
the limit model. The proof is standard and is left to the reader.

(Regularity) proposition 5.2 Let T > 0. Let B € C3(R?) be a smooth magnetic field, such that
inf,cpe B(x) = By > 0 and the fived background density D verifies |z|D € L'(R?), D €
WELHR2) NWL°(R2). Assume that the initial condition niy, belongs to W1(R2) N2 (R?)
and the background density D lies in W2 (R2). Then the global in time strong solution
(n, E[n]) constructed in Proposition 5.1 satisfies

din € L=(0,T; L®(R?)), Eln] € W»>((0,T) x R?),
O Van € L((0,T) x R?), 9?n € L=((0,T) x R?).
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In the rest of this section, we provide some estimates on | Inn||ze g rpw2.00m2)) if we
assume that Inny, belongs to W2°°(R?). Let us start with the estimate of || In | Lo ((0,1)xR2)
in the lemma below.

(BoundLoga) 1 o nma 5.7 Assume that In nin € L®((0,T) x R?) and B € Cy(R?) with inf,cpe B(x) =

By > 0. Then, there exists a constant C > 0 depends only on || Inni || oo ((0,7)x®2), [ Bl Lo (r2), Bo
and T > 0 such that
H 1HTLHL<>0(R2) S C, tc [O,T]

Proof.
From the equation (30), we deduce that

J_E 1
815 In (%) + (B — 0 ZC;}C> . Vhl (%) =0. (50) equ:LogalimMod
Thanks to the formula of the characteristic solution (32), we get

In (%) (t,z) =In (%) (0, X(0,¢,)) (51) [SolLogChar |

which gives the estimate in the lemma. O

We next provide higher-order estimates on Inn.

(BoundLogHigh) 1 emma 5.8 Assume that Inny, € W22°((0,T) x R?) and B € C}(R?) with inf g2 B(x) =
By > 0. Then we have

||(9t lnn||Loo(R2) + ”Vz lnnHLoo(Rz) <(Cq, te [O,T],

102 1| oo (m2) + 10: Ve In 0| oo (r2y < Ca, t € [0, T,
where the constants Cy > 0, k = 1,2 depend only on Inny,, B et By.

Proof.
From the equation (51) we have

Voln () = (0:X)(0:,2) (VInmin) (X(05,2)) = (0, X)(05 ¢, 2) (fo) (X(0¢,2)). (52)|GradSolLogChar

By (40), the derivative in = of X (0;¢,z) is bounded in L°°((0,T) x R?), thus we get the
L bound for the V, Inn. Moreover, from (50) we deduce that d;Inn € L*((0,T) x R?),
together with the above discussion gives the first assertion in the lemma.

We next estimate |02 Inn/| Loo(r2)- We denote by 9; = 9, for i = 1,2. Taking the derivative
with respect to z; in the equation (52) we get

8;V, In (%) = 1[8;0,X] (0: 1, 2) (VInnim) (X(0; 1, 2))
+19,X(0;t,x) {8§(ln nin) (X (05 ¢, %)) (0; X)(0; ¢, ) }

00,1 (0:t0) () (Xt 0)

vB

t :
+'0, X (05, x) <3x ( 5

>> (X(0;t,2))(0:X)(05 ¢, ).
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By Remark 5.1 it is well known that 82X (0;¢,2) € L>((0,T) x R?). Hence we obtain the
L bound for 62 Inn.
Finally we estimate [|0;Vz Inn| ;0 (r2). Taking the time derivative in (52) yields

A (m%) = (t0,(8,X))(0: 1, ) (V Innin) (X (0:, 7))

+ (10, X)(05 £, )03 (Inmin) (X (03¢, 2))(9:X) (0; 1, )
- (o) st () (X(0:.0)

+ (0, X)(0: 4, ) (az <VBB>> (X(0:1,2)) (D X)(0:1, 7).

The L* bounds of 0, X (0;t,z) and 9,(0;) X (0;t,x) are derived from the equation (31) and
the regularity of £ and B. Combining two of the above discussion yields the second estimate
in the lemma. O

6 Convergence results

We now concentrate on the asymptotic behavior as € N\, 0 of the family of weak solutions
(f¢, E[f])e>0 of the Vlasov-Poisson-Fokker-Planck system (4), (5), and (6) and we establish
rigorously the connection to the fluid model (7), (8), and (9). We justify the convergence of
the solutions (n[f¢], E[f¢])e>0 of the system (26) towards the solution (n, E[n]) of the limit
problem when e goes to zero by performing the balance of the relative entropy between n®
and n. The proof requires some regularity properties of the limit solutions as well as the
convergence of the initial data.

We intend to estimate the modulated energy E[n®(t)|n(t)], so we will write as

€
Enf|n] ::/ onh <”> de + > [ |V®[nf] — V,®[n]|? dz
R2 n 2m R2
- /Rz(gns Inn + %|Vx<1>[n5]|2) de — /RQ(Unlnn + %m@[n]ﬁ) da

— /Rz{a(l +Inn) + %@[n]} (n® —n)dx

— E[nf] - E[n] — / k] (nF — ) da, (53) [equ+EntropyDes

R2

where we have been denoted by k[n] = o(1 4+ Inn) + g<I>[n]. We introduce as well the
m
modulated energy of f¢ with respect to n®M, given by

Ie €0 / 2
€ dvd — +P[f] — V. @[n"M]|* d
U/R2/R?n Mh<n5 vdz + o R2|V [f¢] = Vo @[n*M]|* dx

2
= 0/ ffln f¢ — fflnn® + f°In(270) + fEﬂ dvdx
R2 JR2 20

o[

:/ /afslnfg%—f‘S dvd:c—i—eo/ V. ®[f°] da

R2 JR2 2 2m R2

—/ on®lnn® d:L‘—gO/ |V, ®[nf]|? dx+aln(27ra)/ 1 dvdx
R2 2m R2 R2 JR2

= E[f°] — €[n°] + o In(270) / f¢ dvda.
R2 JR2
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Thanks to the free energy balance and mass conservation of the equation (4) provided by
Proposition 3.1 one gets

= ()] — Enf(0)] + o /R 2 /R ()M (nf Zt()tf)\4> dvdz (54) [equ: BaLanEnert
—U/RZ /R2n5(O)Mh <nf((§)01)\4) dvdz
:_;T/Ot/RQ Rz'”V”f;j P Goduds,

Thanks to Proposition 4.1 and together with (53), (54) leads to

€ t O'Vv € el2
E[ne(t)|n(t)]+o/R2 /RQna(t)Mh <n{(t()t])\éf> dvd;v+€1T/0 /RQ RQ‘ ffj F T dydads

zg[ne(O)’n(O)]_i'J/Rg /RQ”E(O)Mh (g((g%) dvdx_/otc(lis/RQk[n](ng_n) dzds, I
BalModEnerDens

The next task is to evaluate the time derivative of — < [ook[n](n® — n) dz. To start estab-
lishing, let us rewrite the model (26) for the concentration n° as following

O + div, Alne] = div, F, (56)
where the flux A[n°] is defined by A[n] = n® [;g) - O'LZ;E;()@}. Similarly, the limit model

(7) for the limit concentration n can be rewritten as

Oy + div, Afn] = 0, (57)

with the flux A[n] =n [LBEELT)L] — JLZ;J(;()I)] By direct formal computations, we get
d R on  q R R
—— | k[n](n®—n)de=— o— + —0®[n] ) (n° —n)dz — | k[n](Om® —n) dx
dt R2 R2 n m R2
e _
_ —/ o <a” LU SE @[n])> du
R2 n m

- R2ka[n] - (A[nf] — A[n] — F¢) d=.

We shall establish this equality for the weak solution of (56) and the strong solution of (57).

(EvoluFirstTerm) [ enma 6.1 With the notations in (56), (57) we have the equality

- R20(1+lnn)(n5_n) do = —U/Rz(ne_n)ﬁtlnn dx—/RQ(A[ns] — Aln]) - [oV4(1 +1nn)] dz
‘ Lja - i o nn)| dz
+dt/Rz€qwc(x) -Vy[o(1+Inn)] dz Rzngc(x)atvx[ (14+1Inn)]d
L (4] de Don oI dy) o, [ Velo(Fn)]]
+T/quwc(x) Velo(1+Mn)ld +/R?</]RQ( ® L)fed > -833[ wo(7) dz.
Proof.

From (56), (57), we find n® — n satisfying the following equation in the sense of distribution

B(n® — n) + divy (A[nf] — A[n]) = div,F*.
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Then for any test function ¢ € C§ ([0, T[xR?) we have

/ / (n® —n)oyp dadt + / / [n]) - Vi dedt + / / Ve dadt
R2 R2 r2 qWe(T

_ - / / - Ve dedt — / / / vRv—oly) ffdv: < > dzdt
T Jo JR2 qwc(f’f) R2JR2 we ()

L e
_|_/ e Jin V.(0, z) d:v—l—/ (nf, — nin)(0,2) dz = 0. (58) [WeakDiffDensi2
R

2 QWC(x) R2

We test ¢(t, ) where ¢(t,z) = 0(t)[o(1 + Inn(t,x))]xr(Jz|) and where 6 € C} ([0, T[), x was
defined in Lemma 3.1. Notice that by Lemmas 5.7, 5.8, and a standard computations, the
sequences 01, Vo, 0V 2@, 0, (Vp) are uniformly bounded with respect to R in L*((0,7") x
R?). On the other hand, for each € > 0, using the properties on the solution i.e., taking into
account that (1 + |v|?)f¢ € L>(0,T; L'(R?)), E° € L>((0,T) x R?)2, we can easily apply
the dominated convergence as R — oo. Passing to the limit as R — oo, we get for any test
function 6 € C ([0, T[) that

/OT /Rz(nE —n)0flo(1+Inn)] dedt + a/T /RQ(nE —n)0(t)0 Inn dxdt

£(t)

T
+/ RQ(A[ne] — An])-0(t)V[o(1 + 1nn)] dmdt—l—/ /R2 won(@) -0i0V]o(1 +1nn)| dedt

/ 000 o1+ Tum) dxdt—/ /qw Vio(1 + Inn)] dzdt
R2 c R2 c

_/0 . <Az(”®v—012>f€ ) -0, o)~ i(;“‘””] o

Lji&“ . o nn; T -n o nn; T =
+ [ e 0Ol + )] o+ [ (0, = m)0O) o1+ )] de = 0

which implies the desired equality in the lemma. O

(EvoluSecdTerm) [,emma 6.2 With the notations in (56), (57) we have the equality

A gt dr=— [(nf—m). L _ / - A - L
i /RQm@[n] (n® —n)der = /Rz(n n) m@@[n] dz IR<2(A[n | — A[n]) mvxq)[n] dz
1 e 1 e
ad J 4 _ J 4
—I—dt qu%(:v) mVI<I>[n] dz /Rquwc(x) mOthCD[n] dx
T AV ®ln)
+/ - =V, ®[n] dx —i—/ (/ (v@v—ocly)f* dv) 10y | B | da.
T Jr2qwe(z) m r2 \JR? we(z)
Proof.

We test o(t,z) = LO(t)®[n]xr(|z]) in (58). Notice that by Proposition 5.2 we have E[n] €
W22°((0,T) x R?), which proves that E[n] is continuously differential with respect to (¢, z).
So we have ®[n] € C([0,T]; C?>(R?)). Then we use the same argument as in Lemma 6.1
which yields the result of the lemma. O

Now we combine Lemmas 6.1, 6.2 and further computations, we get

Proposition 6.1
With the notations in (56), (57), we have the evolution of the following equality

d . LV.kln] . _
-5 RQk[n](n —n) dm_/RzB(a:)'(n —n)(E° — E[n]) dz + K(t,z),

(TimeEvolution2D)
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where we denote by

J_js 1 ;e

d J
_71 : xT - TN x
K(t,x) t/RQEQ (@) V.k[n] dz /2€q c(x)atv kn] dz

+ i/RZ q:](;)  Vk[n] dz + /R2 </Rz(v Qv —ol)f* dv> L0, <W> da.

Proof. First thanks to Lemma 2.5 and Poisson’s equation, the first term on the right hand
side in the equality of Lemma 6.2 can be written as

- [ = m Lo do =~ [ L (@[] - oo do.
R2 m R

2Mm

Then we together this equality with the first term on the right hand side in the equation of
Lemma 6.1 to obtain

- /Rzam <a"n_ "y L] - @[n])) de = /RQdiva[n] <U”E —" 4 9 (] — @[n])) da

= /}Rzadivac <LBE(1£:;]> (n® —n)dr+ U/RQAEL] -Vinn(n® —n) dz+ /R?A[n] . %(ES — En]) dz
= R2Vzk‘[n] : AT[:L](ne —n)dr + /RQA[n] : %(E8 — E[n]) dz. (59) [First_term_Pro

Observe that

Al

Aln®] — Aln] —

Blx) 7 @)

oo S
- o] e
_HE =Bl
B(x) ’

thus we combine the first term of the last line of (59) with the second term of the equation
of Lemmas 6.1 and 6.2 to get

[ Yok e E = Bl

o B() dx.

On the other hand, we can write the divergence of the flux A[n] in (57) as

divy An] = —div, <@vak[n}) :

so the second term of the last line of (59) can be written as

— /R2vak[n] nw dz.

Finally, we obtain the sum of the first two terms of the equation of Lemmas 6.1 and 6.2

il < (E° — E[n]) 1 (E° — E[n])
/R2 Vak[n]-n T B daz—/R2 Vzk[n| nw dz

_ vak[n]-na—n e _ Eln]) dz
= [ ) Bl do.

So, Proposition 6.1 is proved. O
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Coming back to (55), the modulated energy balance becomes

E[n*(t)In(2) +a/R2/RQ ( f;g;ﬁ) dvda +/ /RQ RQ‘UV f}ﬂfa'? dvdzds
— E[nf(0)[n(0)] + o /R 2 /R ()M <nf((§§)z)w> dvdz
—i—/ot/]RQw-(ne—n)(E[na] —E[n])dxds—i—/OtK(s,x)ds (60) BaTHoaEnerDens

where

/OtK(s,x)ds = /ti/mgq:je) . V,k[n] dads
/ /R? ol 8V zk[n(s)] dxds—i—l/t/RQq:j(;) . Vk[n] deds
/ /RQ</R2U®U—UIQ)f6dU> : Oy [ch(k[)]] deds

=K1+ Ko + K3+ Ky.

In order to apply Gronwall’s lemma, we will estimate the integrals in the last line of (60).
Thanks to the formula

(n® —n)(E[n"] — E[n]) = %O{divx(E [n°] = E[n)(E[n] — E[n])

@, i i B[] — Eln]?
~ Ydiv, ((E[n | - Enl) @ (E[nf] ~ Eln) - 212) ,

we obtain

/Rfv ML (e — ) (Bln) -~ Bln])

B(x)

( ) & (B[] - Bn)) — E L= Elnll E[””sz) 0, <W> dz

+ 7\/5 Enf] — Eln 2 dx
Loo(®2) (1 9 )/2‘ [ ] [ ” )

where for any matrix P € Mso(R), the notation || P| stands for (P : P)}/2. Next we shall
estmate the integrals K;, for i = 1,...,4. For K7, we have

Klzs/RW Vo k[n ()]dx—e/ 0) G (0] de

2 qwc R2 qwc( )

“( . Pl? IVl
qBo /R2/ftxv—|—f(0xv))< 2)dvdaz.

For K5, an elementary estimate yields

2
K> < —||8 Vk[n]|| Lo r2)e / / / (M >f‘€(s z,v) dvdzds.
R2 JR?

For K3, since j© = q [0V, f© + vfs) dv we have

:_//RQ/RQUV £t ofe)- ([)]dvdxds

5 €2
/ / oV f© +vf| dvda:ds%—*”v k[n ||Loog/ / £ dvdzds.
457‘ Rr2 JR2 fe R?
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For K4, since

—oD)f dv = e . _ [ WA V) o e
/Rd(v@)v oly)f dv—/Rd(vf +UVUf)®vdv—/Rd NG ®vy/efe dv,
we have

€ €12 1 k
Ky < / / / LA +Uf | dvdwds—i—’ < Ve > 87’/ / lv2f¢ dvdads.
4eT R2 JR2 R2Z JR2

Plugging the above computations in the equality (60), the modulated energy balance becomes
for0<t<T

En(1)n(t) +J/RQ/R2 ( f(st()j)w> d d:r—i—4€T/ /Rz RQ"TV f;+”f€’2 dvdads
£ (0)[n(0)] + o /R 2 /R ()M (nf(é)o])w> dvdz

B, <W> (2 + \@) <0 B0 - E[n]? dz

m V. k[n .
+<QB|!85vxk[nHLm+‘ax< (o) ) ) / /R R2|v\ f° dvdzdt

+ - sup 5/ lv|? ¢ dvdz
qBo " iepor) Jr2 JR2

.

Lo (R2)

+ e (19 ablallioe + Ve (105Kl + 219.klle= ) ) [ [ 20.2.0) doa.

R2 JR2

Thanks to Lemma 3.4 and (53) for some constant Cp, 0 <t < T, 0 < e < 1 we obtain

fe(t) oV f +ofe?
En(t)|n(t) —l—a/R2 /R? < (t)M) dvdz + 457/ /}R2 s 7 dvdzds

£[n®(0)[n(0) +J/RQ /R ( f(é)])\» dvdx+CT/0t€[na(s)]n(s)}ds—|—CT\/E.

Applying Gronwall’s lemma, we deduce that for 0 <t < T, 0<e< 1

5[n€(t)\n(t)]+a/R2 /Rzne(t)Mh< f;f&) dvdz +457/ /RQ /W'”V fE”fE’Q dvdzds

[ ()1 (0) +U/R2 /Rz ( f(eé)])w) d”deFCT\@] eCrt,

The above inequality says that the particle density f¢ remains close to the Maxwellian with
the same concentration, i.e., n(t)M, and n®(t) stays near n(t), provided that analogous
behaviour occur for the initial conditions. Therefore, we are ready to prove our main theorem.

Proof. (of Theorem 1.1)

We justify the convergence of f¢ toward nM in L*°(0,T; L' (R? x R?)), the other convergences
being obvious. We use the Csisar -Kullback inequality in order to control the L' norm by
the relative entropy, cf. [14, 23]

/]Rn 19— goldz < 2 max { (/nggdx) " (/ngdx>l/2} </ng°h (ggo> dx) 1/2
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for any non negative integrable functions gg,g : R — R. Applying two times the Csisar
-Kullback inequality we obtain

/ |f(t, ,0) — n(t,x) M (v)| dvdx
R2 JR2

< / |fe(t, z,v) — n®(t,2) M (v)| dvdx +/ Inf(t,z) —n(t,x)| dz
R2 JR2 R2

o (oo (L0))

n 2max{m, \/M} </Rzn(t)h (fé?) dm) v 50, ase \, 0.

[

Appendix A. The Vlasov-Fokker-Planck equation with external magnetic field.
In Section 2, we built the existence of regularized solution of (14) relied on the existence of
solutions to the linear kinetic equations. The purpose of this part is to prove this result. We
consider the Vlasov-Fokker-Planck equation with a given electric field E(t,z) = -V, ®(¢, x)

Ohf +v-Vuf + E(t,z) - Vof + B(x)tv -V, f = oA, f +divy,(vf), -
T e P (61)[sas Lazpen

The results on the existence and uniqueness of solutions are deeply inspired by those given
by Degond in [11], also taking into account the velocity transport, generated by the external
magnetic field. We have the following result

Theorem 6.1

For a given T €]0,00[. Let fin be an initial data verifying H1, H2, E(t,z) be an external
(ExiVEPD) oloctric field belongs to (L°°((0,T) x R2))2, and B € L>®(R?). Then there exists a unique

positive weak solution of the equation (61) on the interval [0,T] in the sense of Definition

2.1 provided by Proposition 6.2 such that f € L°(0,T; L N L*(R? x R?)). Furthermore, f

belongs to L*([0,T] x R2; H'(R?)) and verifies the following estimates

e=lop
[ fllzooo,msrr®2xr2)) < € 7 7 || finll L2 xr2), P €]1,00[,  (62) ?Ineglp?

£l zoo (0,701 R2xR2)) = | finll L1 ®2xr2)s [1f L0007y xR2xR2) < €7 || finll oo (R2xR2) 5

2 2
sup/ f(t, au,v)ﬂ dvdzx < C(||E||pe, T, a)/ / fin(ac,v)ﬂ dvdz, (63) ?InegKinEner?
[0,7] Jr2 JR2 2 r2 Jr2 2 —

sup/ f(t,x,v)|z| dvde < C(T)/ / fin(z,v)|z| dvdez, (64) ?InegPosition?
0,7] Jr? JR2 R? JR?

vafl/2HLQ(O,T;LZ(RZXR2)) < C(HEHLoo,T, fim 0) + / / O'fin| In fin‘ dvdzx. (65) ?InegDissipati
R2 JRR?2
Let us introduce the Hilbert space
H=L*([0,T] x R2, H'(R2)) = {u € L*([0,T] x R* x R?) | V,u € L*([0,T] x R* x R?)},

with norm | - |3 and scalar product (:,-),, defined by

T T
ull3, = / / [ul* dvdzdt +/ / Vyul? dvdzdt, u e H,
0 JR? JR? 0 JRr2 JR2
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T T
(u,w)y = / / / uw dvdadt + / / Vyu - Vyw dodzdt, v, w € H.
0 R2 JRR2 0 R2 JRR2

We also denote H' is the dual space of H which is given by H' = L?([0,T] x R2, H~}(R2)).
The symbole (-, ), 5, represents the dual relation between H and its dual.

We first state a result on the existence and uniqueness of a weak solution of equation (61) in
an L? setting, which can be rewritten in the following form

Wf+Tf+E{tx) Vof —2f —0A,f =0,

where 7 denotes the transport operator given by 7 = v - V, + (B(x)*v — v) - V,,. Then we
have the following result

Proposition 6.2
Under the hypothesis of Theorem 6.1, there exists a unique weak solution f of equation (61)
(PropExilnia) jn the clgss of functions Y defined by

Y = {u € ’H’ 881; +Tuce 7‘[/} , (66) ?ClassWeakSol?

and satisfying the initial condition in the sense of distribution.

We first recall the theorem of Lions [24], already used in [11].

Theorem 6.2
Let F be a Hilbert space, provided with a norm || - ||F and scalar product (,). Let V be a
(LionsThm) o hopace of F with a prehilbertian norm || - ||y such that the injection V < H is continuous.

We consider a bilinear form £

E:FxYV—R
(u, @) = E(u, d),

such that £(-,¢) is continuous on F, for any fived ¢ € V, and such that
£(¢,0)| = alld|ly, ¢ €V, a>0.

Then given a linear form L in V', there exists a solution u in F of problem

E(u, p) = L(p), for any ¢ € V.

Proof. (of Proposition 6.2) )

We follow exactly the proof in [11]. First make the change of unknown function f(t,z,v) =

e_(’\+2)tf(t, x,e"tv), with any A\ > 0 so that f satisfies the equation
O | ot f L Fiet FoNT AN F

ot +e v Yxf+B(93) v-Vof +eE(t,x) Vof + \f —0e”Ayf =0, (67) [oqu: NewVFP2D|
f(O,a:,v) - fin($7v) - fin(xﬂv)'

Now, let F' be equal to the space H and let V be the space C5°([0, T[xR? xR?). V is equipped

with a prehilbertian norm defined by

1

ol =5 [, [ 16(0.2.0) doda + o1, 6. v,
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A weak solution of equation (67) in the distribution sense is a function f € H such that

/ / / 8t¢—e‘tv-vx¢—3(:g)Lv-VU¢+,\¢) dvdedt
R2 JR2

T ~ ~
+/ / / Vaof - (etE(t,x)qﬁ + Jthvab) dvdzdt = / fin(z,0)(0, z,v) dvdz, (68)[equ:WeakFormnv
0 R2 JR2 RrR2 JR2

for any ¢ € V. We consider the following bilinear form £ as the left-hand side of the variational
equation (68) defined by

T
[ [, [ F (00— o Va0 - Bla)to- Vo4 A0) dudad
0 R2 JR2

T
+/ / Vof - (etE(t,:U)gb + UthVvqb) dvdzdt,
0 R2 JR2

and the linear form
L(¢) = / / fin(z,0)$(0, 2, v) dvdz.
R2 JR2

Now, let us check & satisfies the properties stated in Theorem 6.2. It is easily seen that £(-, @)
est continue sur H since £ € (L>°((0,T) x R?))2. It remains to show that £ is coercivity on
Y x V. Indeed, for any ¢ € V, by a simple computation we have

1 T
E(p,¢) = 2/]1@2 /Rz]qb(O,x,vIZ dvdx—i—a/o /RQ /RQth]VUqﬁ]Q dvdzdt

T
+/\/ / / |9|? dvdadt > min (1,0, \) ||¢[3.
R2 JR2

Then Lion’s Theorem 6.2 applies and we get that variational equation &( f,0) = L(¢), for any
¢ €V admits a solution f € H. Moreover, f satisfies the equation (68) for any ¢ € V, hence
by using the test function ¢ = eAT2tp(¢, z, etv) we deduce that f(t,z,v) = e()‘H)tf(t, z,elv)
is a weak solution of (61) in the sense of distribution. This gives that
of
ot
so that f belongs to Y.
We shall call the following Lemma to give a meaning to the initial condition, and also, to

show the uniqueness. The proof is very close to the one of Lemma A.1 in [11] and we have
been left behind.

+Tf=—-Et,x) Vof +2f + oA, f € H,

Lemma 6.3

1. Foru € Y, u admits continuous trace values u(0, x,v) and u(T,z,v) in L*(R? x R?). This
(GreenFormulas) oo that the linear map u — (u(0,-, ), u(T,-, ")) is continuous from Y to L2(R? x R2).

2. For f and f m Y we have

(o +71),,  +{af+Tif), _2/ /R [ 1F dvazar
+/ / F(T, 2, 0) f(T,2,v) dudz — / / £(0,2,0)£(0,z,v) dvde, (69)[InteGreen]
R2 JRR? R2 JR2

where T = v - Vg + (B(z)1v —v) - V,.
3. Similary, for f and f in'Y we have

(s +T17),  +(0f+TES),
/Rz/fT:Bv f(T,z,v) dvdx—/]R2 sz()xv £(0,z,v) dvde, (70)[InteGreenBis|
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where T' = et -V, + B(z)tv - V,.

Let us now end the proof of Proposition 6.2. Using formula (69) to the solution f of
equation (61) and test function ¢ in V we have

Of +TF, O s + (0 + T, [aysen (71)
T
= 2/0 /R2 R2f(;5 dvdzdt — /R2 R2f(0,a:,v)¢)(0,x,v) dvdz.
As f is a solution of (61) in H’ then we get
<atf + Tf7 ¢>H’><’H = <_E(t7 33') : vvf - (>\ - 2)f + UAyf? ¢>’H’><’H
T
= —/ / / (E(t,x) -Vyfo+ (AN=2)fo+ oV, f - Vyo) dvdzdt.
0o Jr2JR2

Furthermore, f satisfies the variational equality E(f, ¢) = L(¢) thus
T
0D+ T, flapsn = / / Mo+ Vof - (E(t,x)d 4+ oVyp) duodedt
0o Jr2JR2

—/ fin(x,v)0(0, z,v) dvdz.
R? JR?

Substituting into (71) which yields
[ [ (5020 = funla0)60,2,0) dodz =0, v € V.
R2 JR?

Therefore, the initial condition is satisfied in L?(R? x R?). Now for uniqueness, we assume
that f is a solution of (61) with fi, = 0, which belongs to Y. Proceeding as in the existence
solution of Proposition 6.2, we define the function f as f(t, x,v) = e_(’\+2)tf(t, x,e"tv) which
verifies equation (67) with zero initial data. We apply the formula (70) to the solution f of
equation (67) which gives

= (45T, e S o )

1 . T ~ T .
:L/ mﬂamﬁmmwa/)/U/uﬁmmm+a/dfjﬂﬁwﬁ2@ma
2 R2 JR2 0 R2 JR2 0 RrR2 JR2

T
ZA/Q/ |f)? dvdadt.
0 R2 JR2

Therefore we get f = 0, which proves uniqueness. O

Proof. (of Lemma 6.3)

Let us consider set Y of C™ functions of (r,t) in [0,7] x R2 with values in H'(R?) which
are compactly supported in [0, 7] x R? x R%. Following the arguments in Lemma A.1 in [11],
we have that the set Y is dense on Y.

Let us take u € Y. Using a partition of unity we can assume, without of loss of generality, that
u vanishes on {(0,z,v) : (z,v) € R? x R?} or {(T,z,v) : (z,v) € R? x R?}. Assume that u
does not vanish on {(0,z,v) : (z,v) € R? x R*}. By identity (69) we have

T
/ |u(0, z,v)* dvdz = —2/ / / u [@ +v-Vu+ (B(z)tv—v) - Vv} u dvdzdt
rR2 JR2 0 Jr2JR?

T
+2/ / / lu|? dvdzdt
0o Jr2 Jr2

<2|[0r+v- Vot (B v —v)- V] ul s+ 2lully < Clul.
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The rest of the lemma follows from straightforward arguments involving the density of Y in
Y. O

The following Proposition is devoted to a maximum principle and an L estimate.
Proposition 6.3

Assume that the initial condition fi, is positive and belongs to L>(R? x R?). Then the

(NormInfty2D) g1 tiom f provided by Proposition 6.2 is positive and satisfying

£ ()| oo m2xr2) < e2T||fin||L<><>(11§2x11§2)a te[0,77.

We start by giving the following Lemmas. The proof of these Lemmas are very close to those
given by in [11]. We leave it to the reader.

Lemma 6.4
Let f € Y then f* and f~ defined by f* = max(f,0) f~ = max(—f,0) belong to H and

(LemNormInftyBis1) V,UfJF _ 1—|—sj2gn(f)vvf’ Vo f~ = —1+S21gn(f)

<3tf +T'f, f_>H’xH
_ 1 (/ f(T,z,v)f (T, z,v) dvdz —/ £(0,2,v)f(0,z,v) dvda:) (72) [IatMaxiind]
2 \Jr2 Jr2 w2 Jre

Vo f. Furthermore, we have

where T' = et -V, + B(z)*v - V,. Similarly, we also have

T
<8tf+Tfaf >H'><’H :/0 /R2 Rfo dvdzdt
+ 1 </ f(T,z,0) f (T,z,v) dvde — / f(0,2z,v)f(0,z,v) dvda:) (73) [IntMaxMin2]
2 R2 JR2 R2 JR2

where T =v -V, + (B(z)tv —v) - V,.

Lemma 6.5
. Let V. C H C V' be a canonical triple of Hilbert spaces. We suppose that the mapping u — u~
(LemNornInftyBis2) ;o o contraction on V. Let u belong to L2(0,T;V)NC([0,T]; H) such that % € L2(0,T; V).
Then

T Vdu 1, . 9 _ 9
—,u dt = = (Ju™ (0)|g — v (T) ) - (74) ?IntTime?
0o \dt VXV 2

Proof. (of Proposition 6.3)

We will first show that f > 0 a.e. As above, we define f = e~ f(¢ 2, e~ty) with any
A > 0 which solves (67) with the initial data fi,. It is well known that f € Y since f € Y and
thus 8, f + T'f € H'. Thanks to Lemma 6.4 we have f~ € H which implies from (67) that

of ’~,~—> <tEt, Vof £ Af — 2tAj,~—> —0.
(4TI, +(dBta) -V £ A =0 Af. )
Then we apply the formula (72) for the function f to compute <8t f+T/ff _>H o and
X
Lemma 6.5 for the second term in the previous equation. Therefore we obtain
<A ) e
0= UES L2xL2

which implies that f* =0 a.e and f >0a.eso f>0a.e.
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Now we estimate the bound of L* norm. First, making the change of unknown function
w(t,z,v) = e 2 f(t,x,v) in the equation (61) we get

%7121 + [v- Vow + (B(z)tv — v) - Vow] + E(t,z) - Vyw — 0 Ayw = 0,
wo(z,v) = fin(x,v).
We will prove that ||w(t)||r~ < ||wollze, t € [0,T]. Putting wy(t,z,v) = K(w(t,z,v) —
|wo || L) where K is a function of class C? satisfying:
K(s) =0, s <0, K is increasing,
| K[|~ < C, K" >0.

We give an example on the function K as K(y) = [J g(s)ds with g(s) = e~ if s > 0 and
f(s) = 01if s < 0. By the construction of K and w € Y we deduce that w; € H and
Oywy + Twy = K'(w(t) — |Jwolleo) (Orw + Tw) € H'. Multiplying the equation for w above by
K'(w(t,z,v) — ||wo||z=) then wy belongs to Y and satisfies the following equation

{ Oywy + Twy + E(t,x) - Vowy — 0 Aywi + o| Vw2 K" (w — ||wo||z~) = 0,
wl(()) = K(w((),a:,v) — H'onLoo) = 0

We then put ws(t,x,v) = e Ptwi (t,z,v), with any 8 > 0. The function ws belongs to Y and
satifies the equation

{ 8{11)2 + TU}Q + E(t, 33) . vag + ng - O'AU’LUQ + e_ﬁt0|vvw’2K”(w — HwOHLoo) = 0,
U]Q(O) =0.

Therefore, wo satisfies the variational equation

<8tZU2 + Two, w2+>9—[’><7—[

+ <E(t, x) - Vyws + Bwg — o Aywy + e Plo|V,w* K" (w — \|wo\|Loo)7w§r>H,XH =0

Using (73) for <8tw2 + Tws, w; > we can easily deduce that

H' XH’
g 2
/0 /]RQ RQIw;] dvdxdt + <w;,w;>Lng2 + 0 (Vywy, va;>L2xL2 <0.

This implies that wj = 0. Thus wy < 0 and wy < 0 which yields ||w(t)||pe < |lwolL~. [

Remark 6.1

If we add the source term U(t,x,v) in the right hand side of (61), that means
?(RemarkInfty)? o7

E+U.sz—|—(B(x)lv—v)‘va—i-E(t,a?)‘va—zf—UAvf:Uv

and we assume that U € L*(0,T; L®(R? x R?)). Then we have

T
1F ()| oo m2wr2) < € || finll oo (2 xR2) +/0 1U(s)||=ds, ¢ € [0,T].

The following estimates relate to the LP estimate, the kinetic energy and the entropy
of equation (61). To establish these estimates, we make the change of unknown function
w(t,z,v) = e 2 f(t,z,e"'v). Then w is the solution of the following equation

G T Vawd Bayto - Vowt e B(ta) Vow — oA =0, o

wo(z,v) = fin(z,v).
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The solution w satisfies w € H and dyw + T'w € H' since f € Y. The estimates of solutions
that we will study can be obtained by choosing of an appropriate sequence of functions in
the varational equation of w.

Proposition 6.4
Assume that the initial data fi, is positive and belongs to LP(R? x R?), with any p € [1, ool
Then solution f provided by Proposition 6.2 satisfies

p—

1
p=lop
HfHLOO(O,T;LP(R2><R2)) <er’ HfinHLP(RQXRQ)7 1 <p<oo, (76) [LpNormAppen

D _
||V'Ufp/2HL2(O,T;L2(R2 xR2)) < We(l’ I)THfin”LP(R2><R2)’ 1 <p<oo. (77) [LpGradNormAppe

Proof.

First we consider the case p = 2. Since w in H satisfies (75), we deduce that

<8tw + T w, w> y = <—etE(t, x) - Vyw + ge?t Ayw, w>?—t/x% .

H' X

Since w € H the divergence theorem implies that the integral of —e!E(t,z) - V,w vanish on
R? x R?. Then we apply (70) for (Gyw + T'w,w)4,, 4 to obtain

/ _ 2 . 2
2<8tw+7'w,w>H,XH = /R2 R2|w(T,m,v)\ | dvdx /R2 /RZ\w(O,:c,vﬂ dvdz.

Therefore we get for any T > 0 that

T
/ |w(T, z,v)|? dvdz + 20/ / / | V,w|? dvdzdt = / lw(0, z,v)|* dvdz
R2 JRR2 0 R2 JRR2 R2 JRR2

which yields the bounds of (76) and (77) when p = 2.

Next, we consider the case 1 < p < oo and p # 2. We establish a class of function of
approximation C? of pzP~!, 2 > 0 (indeed, the function pwP~! does not belong to H hence
we can not define <8tw + T w, pwp*1>H,7H so we need to modify the function paxP~1!) verifies

(i) p=1:9(s) =01if s <0, 1(s) =1 if ¢ < s and ¥(s) is increasing in [0, £].
1
(i) I<p<oo, p#2:1(s) =0if s <, h(s) = psP~! ifsgsggandwé(s)zoon
[1/e, +00).

It is easily seen that ¢, € C? with . € L>°(R) and 1.(0) = 0. Let o.(s) be a primitive of
e (s) defined by ¢.(t) = fioo 1e(s)ds. Since w € ‘H we imply that ¢.(w) and ¢-(w) belong
to H and Vype(w) = ¢ (w)V,yw. Moreover, the function w in H satisfies (75), we deduce
that

(O + T'w, e ()} oy + (B (t,2) - Vow — 0 Ay, e(w)),, 0 =0, (78)

where T'w = et - Vow + B(z)'v - Vyw. In the same way of Lemma 6.3 we also have

(Orw + T'w, e (W) 1 2 = /R2 /RQcpg(w(T,:U,v)) dvdz — /]1@2 /Rnge(w(O,a;,v)) dvdz.

Since w € H the divergence theorem implies the integral of e! E(t, ) - V,w vanish on R? x R2,

If p = 1, we apply again the divergence theorem to <—062tA1,w, e (w)> we have

H' xH
2 g 2 2
(—oe tAvw,i/JE(w»H,XH = O'/O /}R2 /R2e 1V wl VL (w) o< y<ey dodedt.
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(EsKinEnerVFP2D)

Then the equation (78) gives

T
/ /gpg(w(T,x,v)) dvdm+0/ / /e%\vvw|2¢;(w)]1{0§w§€} dvdzdt
R2 JR? 0o Jr2 JR2
— [, [ petw0.2,0)) doda.
R2 JR?

Since ¥. > 0 and by using Fatou’s Lemma and the dominated convergence theorem we get
for any T > 0 that

l0(T)|| 1 g g2 = / / (T, z,v) dvdz < [Juwo) 11 zexge),
R2 JR2

which yields (76) with p = 1.
If 1 < p < oo and p # 2, by the construction of 1. we have

T
<—U€2tAvw,1/J€(w)>H,X,H = O‘/O /]R2 /RQe2t|va|2wé(w)]l{€Sw§1/e} dvdzdt
T
= Up(p - 1)/(; /]R2 /RQQQtVUw‘pr_z]l{£<w<1/a} dvdzdt

dp-1) [T
:(p)a/ / /th\VUwp/2|2]l{E<w<1/€} dvdzdt.
p 0 JR2JR?

Then the equation (78) becomes
4(p—1) T 2t /2|2
- RZcpg(w(T,a:,v)) dvdx + TU e RQe |V ywP’=| Tiecw<i /ey dodadt

_ /R /RQ<p€(u(0,a:,v)) dvdz.

Using Fatou’s Lemma and the dominated convergence theorem we get for any 7' > 0 that

4(p—1)
p

Hw(T)HIZp(R2XR2) + Uvawp/QH%Q(O,T;LQ(RZXRQ)) < Hwo”ip(RZXRQ)’

which yields the estimates of (76) and (77) when 1 < p < oo and p # 2. O

Next we provide the estimates of the kinetic energy and the entropy. First we consider
the truncation function x(s) € C§°(R) such that

x(s) =1if [s| <1, x(s) = 0if [s| > 2, [[x[lwreem) <1

and we define xr(z) = x (%') ,z € R2, R > 0. We then consider a function of class C*°(R) N

L*>(R) satisfying 9-(s) = 0if s <0, ¢-(s) =1 if s > € and ). is increasing on [0,]. Let ¢,
be a primitive of 1. as @.(t) = ffoo e (s)ds.
Proposition 6.5

Assume that the initial data fi, is positive and (1 4 |[v|?/2)fin € L'(R? x R2). Then the
solution given by Proposition 6.2 satisfies

[v]? 0]
s (t) dvdz < C1 + Cy - R27fin dvdz, t €[0,T7,

for some constants Cy and Ca, depending only on ||E||re, fin, T, 0.
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Proof.
Since w(t) = e 2t f(t,z,e ') in H satisfies the equation (75), we deduce for any function
h € H that

<8tw + T w, h>7—t’><7—[ + <etE(t, z) - Vow — oe? Ayw, h>H’x7—L =0, (79)

where T/ = e~tv - V,w + B(z)*v - V,. Taking in (79) the function h = XR(]UD@@DQ(M). It

is easily seen that h € H since the function xg(|v|)=5- P ¢ L*(R) and 9¢.(w) € H by w € H.
In the same way of Lemma 6.3, we have the followmg formula for the first term in (79)

(Ot T, = [, [ o) = o0, o) 2 o

Before estimating the other terms in (79) we need to observe that ¢.(w) = w®.(w) with
P (w) = fol e (Bw)dh, which implies that

1
pe(w) = |pe(w)| < w/o |t (w)|dO < w, Ve > 0.

Moreover, the solution w belongs to L'((0,T) x R? x R?) beacause w € L°°(0,T; L' (R? x
R?)). On the other hand, since w € H the divergence theorem implies that the term
(e'E(t,z) - Vyw, h>H><H’ can be estimated as

(e'E(t,x) - va,h>H,XH < Ixllw.oo m2) | E||poeT / / / (t,z,v)|v| dvdzdt

C(|El e, T (/ / /wdvdxdt—i—/ / /va dvdxdt)
R2 JR2 R2 JR2

It remains to estimate the contribution of <—ae2tAvw, h> g 1D (79). Similarly, applying
the divergence theorem and by direct computations we get

T
2 2 v [v]
<—0’€ tAUw’h>H'><H > O'/ /R2 /RQG I yw - [(XI (R) 2R]l{|v|<2R} +XRU> e (w )] dvdzxdt
2 v [v]
= O'/ /RQ /R2 tvvgps . ( <R) 2R1{|v‘<2R} +XRU> dvdzdt
:—0/ / / X (w) | [ x” \v[ ’v|2]1 <om +2x [v ‘ [v ‘]1 <om +2xr || dvdxdt
o Jre Jre € R ) ap2 {lvI<2R} {lvl<2R}

T
— —20/ / / e?w dvdzdt, when e N0, R — o0,
0o Jr2 JR?

l\.')\r—t

where we have used the dominated convergence theorem in the last integral. Since

T T
/ / / w dvdzdt < / / / wo dvdzdt = T|| fin | L1 (m2 xR2),
0 R2 JRR2 0 R2 JRR2

we finally deduce from the above estimations that

2 2
/ /Wa(w(T,mw))XRﬂUDM dvdxﬁ/ /(pa(w(O,x,v))XR(|v|)’U| dvdz
R2 JR2 R2 JR2
FO(IE 1, T, 0, fn) + C(IE ] 1, T / [ vz
R2 JR2
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Using Fatou’s Lemma and then the dominated convergence theorem when € \, 0, R — o
we get for any 1" > 0 that

|v]? Elk
w(T, z,v)—— dvdz < w(0, z,v)—— dvdx
R2 JR2 2 Rr2 JR2 2
’ [v]?
AC(|Bl= T, ) + CEN=T) [ [ [ T dvdaat.
o Jr2Jrz 2

Thanks to Gronwall’s inequality we complete the proof. O

In the same way as for the proof of Proposition 6.5, if we take the function A in the
equation (79) given by h(t,z,v) = xr(|z|)|z|1)e(w), we can obtain the following Proposition

Proposition 6.6
Assume that the initial data fi, belongs to L'(R? x R?) and satisfies (|z| + |v|?/2) fim €
?<B°undp°sn>?L1(R2 x R2). Then the solution f is given by Proposition 6.2 satisfies

/ |z| f(t) dvdx < Cy + CQ/ / |z| fin dvdz, t € [0,T],
R2 JRR2 R2 JR2

for some constants C1 and Co, depending only on fin, T.

Proposition 6.7
Assume that the initial function fi, is positive and verifies (1+|z|+|v|?/2) fin € L'(R? x R?).
?(EntropyVEP2D)? Then the solution f of Proposition 6.2 satisfies

/ / of|ln f| dvdm§0+/ / 0 fin|In fin| dodz, ¢ € [0,T],
RQ RQ RQ RQ

2
/ LAZTiE dvdz < C+/ / 0 fin| I fin| dvdz, t € [0, 7],
r2 JR2 f R2 JR2

for some constant C, depending only on ||E||p~, fin, T, 0.

Proof.
As before, we will work on w(t,z,v) = e 2! f(t,z, e 'v) which is satisfied by equation (75)
and variational equation (79). For any € > 0, we define the function g.(w) as:

ge(w) == ]1{8§w§1/€} In g (w) = ]l{agwgl/a} Inw,

and it is obvious that it belongs to L>((0,T) x R? x R?). It is easily seen that

Ow(l + Lecw<iyey mpe(w)) = Op(wg=(w)),

and
T/w(l + ]l{egwgl/s} In (,Og(w)) = T,(wgi(w))'

Multiplying the equation (75) by (1 + T.<y<1/e} Inpe(w)) and then passing to the varia-
tional equation with h = 9. (w) € H we get

0 (O (wge(w)) + T (wge (W), Ve ) 111 2y
+o ([e'E(t,z) - V,w — oe? Ayw](1 + g-(w)), wE(w»H’x’H =0. (80)[equ: VariFormBi
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Since :(w) = 1 on ¢ < w < 1/e so in the same way of Lemma 6.3, we have the following
formula for the first term in (80)

7 (0109 () + T (0) Ve gy = [ [ rwolTco) T, ) sy dudo

—/ /Uw(O,:C,v)lnw(O,x,v)]l{€<w<1/€} dvdzx.
R2 JR2 -

We estimate now the other terms in (80). Since w € H so the divergence theorem implies
that

o (e"E(z) - Vyw(l+ g-(w)), Pe(W)) gy, 2, = 0,

and

2 2t g 2t|0vvw|2
(—o”e* Ayw(l +gg(w)),¢g(w)>wx7{ :/0 /R2 /RQB T]l{sgwgl/s} dvdzdt.

Finally, from (80) we obtain for any 7' > 0 that

T loV,w|?
/ / ow(T,z,v) Inw(T, z,v) 1 {c<w<i/c} dvdx—i—/ / / ezti]l{g<w<1/a} dvdxdt
R2 JR2 - 0 JR2JR? w -
:/ / ow(0,2,v) Inw(0, 2, v)1{ << /ey dvda.
R2 JR2 -

By standard argument, there exists a constant C' > 0, (see [27], Lemma 2.3) such that

||+ ||
lulnu| =ulnu —2ulnulpcy<iy <ulnu+ (|x] + [v]?)u + Ce™ 2 ,

therefore

ot [oVow|?
- R2aw (T, 2, v)[ Inw(T, 2, v) 1< <1 /ey dvdz + R26 ——— Tl {e<w<i/ey dodadt

w
g/ /aw(O,x,v)]lnw(O,x,v)\dvdx—l—/ /(\x|+\v]2)w dvdx + C87
R2 JR2 4 R2 JR2

2
_ \w|+|’v\

where we have used that [, [poe
data fi, we infer that § [po [eo(|z] + [v[*)w dvdz < C(||E||re, fin, T, 0). Therefore, Fatou’s
Lemma implies that

2
/ / ow(T,z,v)|Inw(T, x,v)| dvda:—l—/ / / (227&M dvdzdt
R2 JR2 R2 w

g/ /Jw(O,x,v)llnw(O,x,v)\dvdac.
R? JR?

Substitutively w = e~ 2 f (¢, x, e "'v) leads to the desired result. O
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