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in three space dimensions
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Abstract

We consider the long time evolution of a population of charged particles, under strong
magnetic fields and collision mechanisms. We derive a fluid model and justify the asymp-
totic behavior toward regular solutions of this regime. In three space dimensions, a con-
straint occurs along the parallel direction. For eliminating the corresponding Lagrange
multiplier, we average along the magnetic lines.

Keywords: Long time behavior, Strongly magnetized plasmas, Relative entropy.

AMS classification: 35Q75, 78A35, 82D10.

1 Introduction

A plasma is a gas that is significantly ionized (through heating or photoionization), consisting
of electrons and ions. One of the main applications in plasma physics concerns the energy
production through thermo-nuclear fusion. The controlled fusion is achieved by magnetic
confinement, where the plasma is confined into toroidal devices called Tokamaks, under the
action of strong magnetic fields B. This confinement occurs because the radius of the circular
motion of charged particles around the magnetic filed lines, known as the Larmor radius ry, is
proportional to the inverse of the strength |B| of the magnetic field, i.e., r, = mv/|¢B|. Here,
m is the particle mass, ¢ is the particle charge and v is the velocity in the plane perpendicular
to the magnetic field lines. In Tokamaks, the plasma is heated to extremely high temperatures.
As the collision frequency decreases with increasing temperature, fusion plasmas enter a
weakly collisional regime. The mathematical modelling useful of such plasma confinement is
based on a kinetic framework, which are mesoscopic descriptions for the electrons and ions,
coupled with Poisson’s equation or Maxwell’s equation for the computation of the electrostatic
or electromagntic fields, respectively.

In this paper, we study a class of kinetic-type models for fusion plasmas, typically repre-
sented by Vlasov-type equations that include self-consistent electric forces in strongly confined
tokamak plasma, as well as in weakly collisional plasma. Direct simulations of the kinetic
system of Vlasov equations are fairly expensive from a numerical point of view due to the
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high dimensionality of the phase space. Additionally, the presence of strong magnetic fields
introduces a small time scale, namely the rotation period of particles around the magnetic
lines (known as the cyclotronic period T, = 27m/|¢B|). This requires very small time steps
for the numerical resolutions. In most industrial applications, it is necessary to reduce the
dimensionality of the model, eliminating the unnecessary fast dynamics while retaining the
complete low-frequency physics. Therefore, deriving an approximate model that is numeri-
cally less expensive is crucial. Large magnetic fields usually lead to the so-called gyro-kinetic
or drift-kinetic limits (see [38] B9] for physics references and [9, 2I] for mathematical results),
which consists in the asymptotic behavior of the charged particles dynamics under slowly
varying magnetic fields on the typical gyroradius length.

Here, we derive a new asymptotic model under the assumptions of a large magnetic field
and a large-time asymptotic limit for the three dimensional Vlasov-Poisson-Fokker-Planck
system. This problem is relevant from the physical point of view, particularly for modeling
tokamak plasmas, and has been studied by many mathematicians. Let us summarize the pre-
viously known results on this topic. In the case of uniform constant magnetic fields, F. Golse
and L. Saint-Raymond have carefully studied this problem for the Vlasov-Poisson system
in two dimensions [32, [46] (obtained when one restricted to the perpendicular dynamics).
For non-constant magnetic fields (i.e., magnetic fields with constant direction but varying
amplitude), P. Degond and F. Filbet, in [30] have formally derived the asymptotic limit of
the three dimensional Vlasov-Poisson system. Recently, in [17], M. Bostan and A-T. Vu have
been provided a rigorous mathematical justification of the obtained asymptotic model for the
Vlasov-Poisson-Fokker-Planck system in two dimensions.

In all the above references, the magnetic field is always assumed to have a constant
direction (i.e., the curvature direction of the magnetic field lines is neglected), and the question
remains fully open in the general case of the magnetic field. Our goal in this work is to
provide a rigorous derivation for certain classes of non-trivial magnetic fields, using a method
developed in [I7]. The main distinction of this paper, compared with [I7], is that in the
three dimensional setting with curved magnetic fields, the analysis is much more difficult due
to the combination of parallel and perpendicular dynamics, as well as the curvature effects.
This introduces additional constraints that must be addressed along the parallel direction of
the magnetic field lines.

2 Setting of the problem and main results

2.1 The physical model and Scaling

We consider a one-species plasma interacting both through the action of the self-consistent
electrostatic field and through collisions, in the presence of an external magnetic field. Let
f = f(t,z,v) be the density distribution function of charged particles of mass m, charge
q, depending on time ¢t € R, position # € R3, and velocity v € R®. The evolution of the
plasma is governed by the Vlasov-Poisson-Fokker-Planck (referred to as VPFP for simplicity
of presentation) system, with external magnetic field:

atf+v-fo+%(E+v/\Bext)-va: O(f), (t,z,v) € Ry x R3 x R3, (1)

The self-consistent electric field E(t,z) = —V,®(¢,z) and the electric potential ®(t,z) will
then satisfy the Poisson equation

—€0AyP(t,z) = qn(t,z) = q/3 f(t,z,v)dv,
R



where the constant €y represents the electric permittivity of the vacuum and n(t,z) denotes
the particle concentration. The external magnetic field Beyt is of the form

By (2) = B(z)e(x), divy(Be) =0, l|e(z)=1, =z ¢cR?

for some scalar positive function B(z) and some field of unitar vector e(x). We assume that
B, e are smooth. In the equation , the operator Q(f) is the linear Fokker-Planck operator
acting on the velocities, which accounts for friction and diffusion effects, i.e.,

Q(f) = ~div{oVf +uf},

where 7 is the relaxation time and o is the velocity diffusion, see [27] for the introduction
of this operator, based on the principle of Brownian motion. The problem is supplemented
with the following initial data:

£(0,2,v) = fin(z,v), (z,v) € R® x R3.

We are now interested in finding the asymptotic limit of the VPFP system describing
the long-time dynamics of charged particles when they are submitted to a large magnetic
field, in order to observe the drift phenomenon in the directions that run orthogonal to
the magnetic field. Indeed, it is well known that the velocities of electric cross-field drift,
the magnetic gradient drift, and the magnetic curvature drift are proportional to % and,
consequently, that it is necessary to observe the drift movements over a large period of time

that is proportional to B; see [32, [I7, 10} 16]. Namely, we consider the following

Bf(x) = —=, f(t,z,v) = f°(t,z,v), t=-ct.

Here, € > 0 is a small parameter, related to the ratio between the cyclotronic period and the
observation time scale. Hence, 0;f = €0;f°. Then, in , the term 0; is to be replaced by
€0; or by €0; to simplify our notation; the VPFP system given by becomes:

€O f®+v-Vaft + %E[fe] Vo f® + %(v A Bf(z)e(x)) - Vo f° = %divv(crvvf6 +vf%), (2)

B = ~Vadlr), —do8lf] = anlf)=q [ Fav g
We complete the above system by applying the following initial condition,
500, z,v) = f£(z,v), (z,v) € R® x R, (4)

There are many works dealing with the existence and uniqueness of solutions to the VPFP
system, in the three dimensional setting. For the existence of weak solutions for the VPFP
problem , , and we refer to [25], 49]. Existence and uniqueness results for strong
solutions of the VPFP problem can be found in [I8| 19, 29] 43 [45].

2.2 Main results

In this subsection, we focus on the main result concerning the hydrodynamic convergence.
Specifically, we present a rigorous mathematical study of the formal analysis in the three-
dimensional setting with general magnetic fields, assuming the existence of regular solutions
to the limit model. For the case of non-trivial magnetic fields relevant to tokamaks, we
enhance the result by demonstrating the well-posedness of the limit system.



We briefly formalize the study of the asymptotic behavior of the solutions, denoted by
(f)e>0, to the problem given by , , and , as € tends to zero. By analysing the
balance of the free energy functional associated with the VPFP system, we formally conclude
that the limit distribution function f of the family (f¢).>0, as € \ 0, is an equilibrium of the
form of a local Maxwellian distribution in velocity, parametrized by macroscopic quantities
(particle concentration), for any (t,z) € Ry x R3 i.e.,

6_|’U|2/20

fit,z,v) =n(t,z)M(v) = n(t,:c)m,

(t,z,v) € Ry x R x R,

The concentration n(t,z) satisfies the following transport equation with a constraint

On + divy <Z€ A V;,JC[TL]) +Be-Vup=0, (t,2) € Ry x R, (5)
Be-Vik[n] =0, kln]=o(1+Inn)+ %@[n], (6)

coupled to the Poisson equation
E[n] = =V.,®[n], —eA;P[n]=qgn, (7)

with initial condition
n(0,z) = nin(z) = f(0,z,v)dv.
R3

Here, p is thought as a Lagrange multiplier associated to the constraint @, and w.(z) = %(m)

represents the cyclotron frequency. The formal derivation of the limit system is presented in
more detail in Section [l Furthermore, Proposition show that the concentration n is ad-

vected along the electric cross-field drift Eé\e, magnetic gradient drift — Y% ¢ and magnetic

curvature drift ==¢. The limit model obtained in the three dimensional framework is
significantly much more complex than the two-dimensional one (see [I7]), as it requires han-
dling additional constraints in the parallel direction of the magnetic field lines. To eliminate
the constraint and determine p, we derive an equivalent formulation of the limiting model
via averaging along the characteristic flow generated by the magnetic field. Such methods
have been employed in numerous papers previously, e.g. references [7, 8, [9l 10, 111, 12} 13].
The result is a reduced partial differential equation (PDE) for the average of the particle
concentration n(t,x), as explained in Section @ Moreover, for a special case of magnetic
field relevant to tokamaks, such as the cylindrical magnetic field (see [42]), the reduced limit
system is further simplified in Section

In the present work, the convergence of the VPFP system , , and towards the
limit model , @, and will be investigated by appealing to the relative entropy or
modulated energy method, as introduced in [50]. To the best of our knowledge, to date,
there has been no result on the asymptotic regime in the three dimensional setting with
the non-trivial magnetic fields. This technique yields strong converges, provided that the
solution of the limit system is regular and that the initial data converge appropriately. Many
asymptotic regimes were obtained using this technique, see [211, 22], [33] [44] for quasineutral
regimes in collisionless plasma physics, [47, 3] for hydrodynamic limits in gaz dynamics, [34]
for fluid-particle interaction, [6l [5] for high electric or magnetic field limits in plasma physics.

Before writing our main result, we define the modulated energy £[n°(t)|n(t)] by

__o0geele
w

EMWIn(t)] = o /

n(t)h (”E(t))dx + 0 VLT - VB[] e,
RB

n(t) 2m Jgs



where h : Ry — Ry is the convex function defined by h(s) = slns — s+ 1, s € Ry. This
quantity splits into the standard L? norm of the electric field plus the relative entropy between
the particle density n® of , , and and the particle concentration n of the limit model
, @, and . For any nonnegative integer k and p € [1, o0, Whr = Wk’p(Rd) stands for
the k-th order LP Sobolev space. C{f stands for k£ times continuously differentiable functions,
whose partial derivatives, up to order k, are all bounded and C*([0,T]; E) is the set of k-
times continuously differentiable functions from an interval [0,7] C R into a Banach space
E. LP(0,T; E) is the set of measurable functions from an interval (0,7") to a Banach space
E, whose p-th power of the F-norm is Lebesgue measurable. The main result of this paper
is the following

Theorem 2.1 Let B be a smooth magnetic field, such that inf, cps B(x) = By > 0. Assume
that the initial particle densities (f5))e>0 satisfy f, > 0, Miy 1= sup,~q M, < 400, Uiy :=
sup.~q U5, < 400 where

M, ::/ / fi(z,v)dvde, - = / / (x,v dvdx—i—/ V. ®[f5][2da.
R3 JR3 R3 JR3

Let T > 0. We denote by f¢ the weak solutions of (12| . . and . with the initial data f on
[0,T] provided by Theorem- We assume that n is a non-negative reqular solution of .
(6). and (@) on [0,T] such that W n] = S AVzk[n ]—i—pBe belongs to WL ((0, T) x R3) with the
initial concentration ny, verifying nin > 0, niy € LY R3)NWL(R3), and k[ni] € ker(Be-V,).

Then, we have the following inequality for 0 <e <1 andt <T:

5[n5(t)ln(t)]+a/RS /Rsne(t)Mh <nf(at()) >d dz +257/ /RS /Rs [oVe fg+vfa|2dvd:zds
_[ m|nm+U/R3/RB ( EM()>dvdx+C\/§}eCt

where nj, = ngffn dv, and C' > 0 is a constant that is independent of €. In particular, if

=
I dvdz =0, lim E[ns, [nim] = 0,
E{I})U/RS/RS <5M( )> vdz =0, 61\1})5[71111\71] 0

then we obtain

fe >
lim su g ng t)M (v)h dvdzx = 07 lim su & n(t)] = O,
~\Doer /Rs/Rg (M (v) <n€M l sup £l (@)In(®)

= €2
hm/// |an+ Of . qpdzat = 0.
eN\o0 ET R3 JR3

Moreover, we have the convergences lime\ g f© = nM in L>(0,T; LY (R3xRR?)), and limo\ o Vo @[] =
V. ®[n] in L>(0,T; L*(R3)).

The main result of this paper, Theorem relies on the existence of regular solutions
to the limit system. However, obtaining such solutions is challenging, as the limit equation
does not fall within the scope of standard PDEs theory. In this work, we focus exclusively
on the cylindrical case of the magnetic field. In Section [§, we establish the existence and
uniqueness of local-in-time regular solutions to the simplified limit system derived in Section
m The analysis of the limit system in the other relevant cases, such as the toroidal case (see
[40]), is an interesting problem and is left for future work.



Remark 2.1 The assumption on the external magnetic field B in Theorem s crucial
in the establishment of the existence of a reqular solution to the limit model, as well as the
reqularity properties of certain quantities associated with the solution. For an example, we
refer the reader to Section[§

The remainder of the paper is organized as follows. In Section [3| we establish some a
priori estimates for the three-dimensional VPFP system. In Section [4] we formally derive
the asymptotic model using the Hilbert expansion. In Section [5] we rigorously prove the
convergence towards the asymptotic model, assuming the regularity of the solution to the
limit problem. Section [6] is dedicated to finding an equivalent model by eliminating the
Lagrange multiplier. In Section [7} we further simplify the limit model for the cylindrical case
of magnetic fields. Finally, in Section [§] we investigate the well-posedness of the simplified
limit model derived in Section [Tl

3 Preliminaires

We begin by introducing the concept of a weak solution to the VPFP system , , and
@ for any fixed £ > 0.

Definition 3.1 Let T > 0. Given f5, > 0 and f5, € L'(R? x R3), we will say that f¢ is a
weak solution of (2 . on the time mterval [0,T) if and only if the following conditions are
satisfied:

(i) f€ >0, f¢ € L>®(0,T; L' N L*>®°(R3 x R3)),

(i) for any v € C([0 T[XR3 x R3), we have

/ /RB/RSJ%[ +o- v$w+<E[f€]+v/\Bge>'V1ﬂ/1]dvdxdt

/ /R3 s Tfa (cAvp —v- Vv¢)dvdxdt+/ /3 e fe (x,v)(0, 2, v)dvdz = 0.

The global-in-time existence of a weak solution for the nonlinear VPFP system —
follows almost the same argument as presented in [24, 28]. We state the existence theorem
for the solution and do not provide further details here.

Theorem 3.1 Let B € L®°(R3). Suppose that the initial data f, satisfies
>0, fo e L' LR x R?), (|z)* + v + @[f]) fo € L' (R® x R?).
Then, for any T > 0, there exists a global weak solution of the system — in the sense of
Definition satisfying:
fEe L0, T; L' N L®(R3 x R?)) and (|z|* + |v|*> + ®[f°]) f° € L>=(0,T; L' (R3 x R?)).

The asymptotic behavior of the VPFP equation when ¢ becomes small comes from
the balance of the free energy functional

2
ELf] :/R3 /R3 (afelnf5+f5h)2‘>dvdx+2€:n/ﬂ£3 |E[f°]Pda.

Multiplying the left hand side of by o(1 + In f¢) + @ and integrating with respect to
(z,v) € R? x R? yield

// {aatfs—kv-vxfs—i-q<E[fs]+v/\Be>'VUf€] [a(l—anE) ||2]dvdm
R3 JR3

_e/ / <Uf51nf€+f€‘ 2>d dx —|— V. ®[f] - </ vfsdv>dx. (8)
R3 JR3 R3 R3



Thanks to the continuty equation edyn[f¢] + div, [ps vfedv = 0, we write
L[ v, </ ufe dv) dz = 5q/ O[f5)9,n[f%)dz. (9)
m Jgrs3 R3 m Jrs3

Multiplying the right hand side of by o(1+1n f¢)+ % and then integrating with respect
to (z,v) € R? x R? imply

/Rg L, 2 [a(1+1nf5) i |2]dvd /Rg/Rs MV, fE/M)‘ dvdz,  (10)

where M stands for the Maxwellian equilibrium M(v) = (270) =3/ exp (—%), v € R3.
Combining , @, and leads to the balance

d 2 ¢
i L L (o By v 52 [ 90l (1)

€ 2
T JR3 JR3 fE

or equivalently

//R/R oMV, fE/M)‘ dvdads = £€[f(0)).

Note that weak solutions may only satisfy an inequality in the above relation, which is
sufficient for our purposes. At least formally, we deduce that f© = f+ O(¢), as € \, 0, where
the leading order density f satisfies

2
1// oMV, (f/M)] dvdr =0, t e Ry.
R3 JR3

f

Therefore, we have f(t,z,v) = n(t,z)M(v), (t,z,v) € Ry x R3 x R and it remains to
determine the time evolution of the concentration n = [p; f dv.
We establish uniform bounds for the kinetic energy.

Lemma 3.1 Let T > 0. Assume that the initial particle densities (f5)) satisfy f5, > 0,
My, = sup,~q M}, < +00, Uiy 1= sup.~q U, < 400, where for any e > 0

M, :—/ / fi(z,v)dvdz, = // xvdvdx—i—/ V. ®[f5][2da.
R3 JR3 Rr3 JR3

We assume that (f€).>0 are weak solutions of , and . Then we have

£ sup {/ / “(t,x v)dvdx—i—/ V@[ fEHQ}dx < eUin + 5o TMm
o<t<T (JRr3 JR3

and
1 T 2 pe 30’
— |v|“ f€(t, z,v)dvdzdt < eUiy + —T Mip.
T R3 JR3 T

Proof. We will establish the results for smooth solutions, and we observe that the same
conclusions hold true in the framework of weak solutions by combining the formal arguments
to be exposed here with the choice of an appropriate sequence of test functions in Definition



for every studied property (cf. [4, 20]). Multiplying by % and integrating with
respect to (x,v) € R3 x R3 yield

2 1
{/ / id —fe(t,x U)dvdz+ / |V, @[f°] |2dx} —M‘g / lv|? fedvdz,
dt R3 JR3 T JRrR3 JR3

and therefore we obtain

2
U| “(t,z,v) dvdaf+ — V ®[f%]|2dz v|? fedvdzds
v
R3 ]R3 R3 JR3

=eUp, + —tME

mn?

which yields the results. O

4 Formal derivation of the limit model

This section is devoted to deriving the limit model for , , and when € becomes very
small, using the properties of the averaged dominant transport operator. At a formal level,
we initiate our analysis with a Hilbert expansion

ff=f+efi+ 62f2 + ...

Plugging the above ansatz into the kinetic equation and identifying the contributions for
each power of € leads to

%(v/\Be) -Vuf =0. (12)
v Vol 4 B/ Vo + (v A Be) - Vi = Q). (13)
Of +v-Vafi + -BIAl-Vof + LE[f]-Vofi + ~(wABe) - Vofo = Q). (14)

Multiplying by o(1+1nf)+ @ and integrating with respect to (z,v) € R? x R? yields

/R3 /Ra (v.vx—‘_%E[ﬂ‘vv) <Uf1nf‘|‘f’v2|2)dvd:v-|-j_/ﬂ@/R3 ‘UMVUJ(cf/M)Pdde

_ 9 ) q oVyf
_/Rg/Rng[f} vf dvdx—i—/RS/Rsflm(v/\Be) 7 dvdz. (15)

Integrating with respect to v € R?, we deduce that div, Jgsvf dv =0 and therefore we

have
L et opavae =2 [ vl ([ ofar)ac o

Using also , the last contribution in the right hand side of cancels, and therefore we

obtain 2
1/ / oMV M 440 — 0, te R,
R3 JR3 f

saying that f = nM, for some function n = n(t,x) to be determined. In that case, the
constraint ([12)) is satisfied and becomes

v Vaf + %E[f] - V,f € Range((v A e(z)) - V), = € R3.



For any e € S%, we denote by R(6, e) the rotation of angle § around the axis e
R(6,e)v =cosO(I3 —e@e)v —sinf(v Ae) + (v-e)e, v e R,

The characteristic flow of the field (v Ae) -V,
% =V(;v)Ne, V(0;v) =,
is given by

V(0;v) = R(—0,e)v = cosO(I3 —e@e)v +sinf(v Ae) + (v-e)e, (0,v) € R x R>.

For any function g(v) = (v A e) - V,h in the range of the operator (v Ae) - V,, we have
d 3
90 0) = ShVA:0), (0,0) € R xR,
and by the periodicity of the flow we obtain
1 2m

it . _ 3
o7 /. g(V(0;v))dd =0, v € R”.

Therefore, for any = € R3, the average along the characteristic flow with respect to (v Ae(z))-
V, of the function v -V f + L E[f] -V, f vanishes. But
q M _n q
v-Vaof+—=E[f] - Vof = (v -Von)M — =(E[f] - v)n— = —Mv - V(o lnn+ =®[f]),
m m o o m
and since )
1 us
o MV (6;v))V(0;v)d0 = M (v)(v - e)e,
T Jo

finally we obtain the constraint
e Vok[n] =0, k[n]=o(1+Inn)+ L], « € R,
m

Here the potential ® = ®[n| writes

B[n(t)](zx) = 4;160 /]R 3 ;;(t_”i /) de/, (t,z) € Ry x R3,

The time evolution for the concentration n comes by integrating with respect to v € R3

o + divy /

- vfidv = 0. (16)

Multiplying by v and integrating with respect to v € R? we obtain

B
divw/ U®vfdv—ngE[f]—q— vfi Aedv =0.
R3 m m Jgr3

Since f is a Maxwellian equilibrium, we have fR3v ®vf dv = onls and the previous equality
becomes

wa/ vfidv Ae=0oVun — ngE[f],
R3 m



or equivalently

we(lz —e®e) /R3 vfidv = ne A Vzk[n].

The divergence with respect to & of [p3 v fidv writes

divx/ vfidv = div, [(13 —e® e)/ vfldv] + div, [e ® e/ vf1 dv]
R3 R3 R3

(v-e)fi

dv.
e B

= div, <”e A ka:[n]> + Be-V,

We

Coming back in , we obtain that the limiting concentration n satisfies equation , for
some function p such that the constraint @ holds true. The limit model involves a Lagrange
multiplier p, associated to the constraint @ One of the main difficulty is that the unknown
is the concentration n, whereas the constraint relies on k[n].

Remark 4.1 In the absence of magnetic fields, the constraint @ is removed, and equation
(13) simplifies to
v Vaf — %vmf]-vvf:o.

Substituting f(t,x,v) = n(t,z)M(v) into the previous equation, direct computations yield
Vk[n] = 0, which implies that the concentration n(t,z) takes the form

n(t,x) = Z(t)e_#@[”(t)](x), (17)

which is the so-called Boltzmann-Gibbs relation, relating the electron density to the electric
potential, cf. [1]. When the magnetic field is uniform, i.e., Be = (0,0,1)!, the constraint @
becomes Oy k[n] = 0, which implies that the concentration n(t,x) can be written as

e~z 2(®))(z)

n(t,z) = N(t,x1) fR 6_#<I>[n(t)](wbxs)dx3,

(18)

where v = (x1,23) € R?2 x R, cf. [36, [42]. It is worth noting that our limit model is
consistent with the limit model of the electron distribution function obtained in [36]. Indeed,
in the case of uniform magnetic fields, the limit equation becomes

Ogn + divy (nE Ae) + Ogap = 0.
Integrating in x3 to eliminate the Lagrange multiplier p and using , we obtain

BN (t, 1) + divy, (N(t, xL)LvMé) _0,

where ® : Ry x R?2 — R is an x3 averaged of ®[n]
(i)(t,l’L) = @ In (/ 6_7rir¢[n(t)}($l7z3)dx3) ,
q R

which is exactly the limit model introduced in [30)].

We now provide some fundamental properties satisfied by the asymptotic model , @,
and @ Formally, we have the balances

10



Proposition 4.1 Any non-negative reqular solution of the limit model , @, and
verifies the mass and free energy conservations

d - d 6(] 2 o
dt/RSn(t,x)d:c—O, dt/Rs {Unlnn+%|vx<l>[n]| }daz—().

Proof. Clearly we have the total mass conservation. For the energy conservation, we multiply
by k[n] and integrate with respect to 2 € R3, observing that
d

kn]de = —
Rsatn [n|dx g”

/R3 div, <Zi A ka[n]> k[n]dz = — /]RB (Zi A vwm) V., k[n]dz =0,

Be - V pk[n|dx = —/ pBe - Vik[n]dz = 0.
R3

» {Un Inn + %|Vx®[n]|2}d:b,

R3

[

Recall the usual drift velocities when dealing with magnetic confinement: the electric field

drift, the magnetic gradient drift, and the magnetic curvature drift
EANe mlvAe?ViBAe lvAel? Vowe Ae  mlvAel?

(v-e)?
- - Bpee Ne = — 2 &
B ' 2B B 2 w2 qB  reene W

oree N e.

When working at the fluid level, the averages with respect to v € R3 of the above drift
velocities become

EANe Ene
UAD D (v)do 5
vGp = —/ [v A ef? vxwg/\eM(v)dv = _O_meg/\e’
R 2 wg wg

2
vep = —/ (v-e) Ogee N eM (v)dv = —O’m.
R3

We We
The flux in the limit model (5 also writes nV[n|, where V[n| = vap + vap + vep.

Proposition 4.2 Any non-negative reqular function n satisfying
Oin + div, (ne A Vﬂf[n]) +Be-Vyp=0, k[n=oc(l+Inn)+ g<I>[n],
We m

also verifies

E Ve X
o + divy(nVIn]) + Be - Vyp =0, Vn|= /\e_UVw/\e_Uaee/\e

)
B w? We

and p = p+ F-(e - rotze).

Proof. Recall the formula div,(§ An) = n - rot& — & - rot,n, for any smooth vector fields £
and 7. Therefore we can write

div, <Zi A vxk[n]> = div, ["e A ( Vn” - TiE)]
( ) o rot, <(jc) -Van

Ne e
(n > + o divy <nrotx (%))
(nE >  odiv, < wac?/\e n )
( on

n———— — —roty e
i on
nuap + nvgp + —(Is — e ® e)rotxe) + div, ((e . rotze)e> .
w We

=divg [ n

U:J

= div,

>b:

= div,

w? We
= div,
(&

11



Notice that we can write
(I3 — e ® e)rotze = e A (rotze Ae) = e A [(Ope — ‘Oze)e] = e A Oyee,

implying that

n n
oc— (I3 — e ® e)rotye = —o—0zee A e = nuep.
We We

Finally, we obtain

div, ("e A mG[n]) = divy(nV[n]) + Be - V, [];m(e : rotxe)] :

We

and our conclusion follows. O

5 Convergence result

We concentrate now on the asymptotic behavior as € N\, 0 of the family of weak solutions
(f, E[f])e>0 of the VPFP system (2), (3), and () and we establish rigorously the connection
to the fluid model , @, and .

We are looking a model for the concentration n® = n[f¢] = fR3 f¢ dv, similar to the equation
of the limit concentration n and we perform the balance of the relative entropy between
n® and n. As usual, these computations require the smoothness of the solution for the limit
model. We justify the asymptotic behavior of (f¢, E[f¢])e>0 when € N\, 0, provided that there
is a regular solution (n, E[n] = —V,®[n]) for the fluid model (5)), (€), and (7). We do not
concentrate on the well posedness of this fluid model, nevertheless we refer to Section 8 for
some examples of regular solutions. We are working with weak solutions (f¢, E[f¢])e>0-

The balance for the number of particles writes

1
on® + =div,j© =0, j°=j[f]= ffvdo. (19)
9 R3
We are using the balance momentum as well
£ : 5 q € € We £ _ ja
€0 +divy | ffo@vdv — =n°E[f]| - —j"Ne=——, (20)
R3 m € T

which allows us to express the orthogonal component of j¢

oGt e)e e (UW N ;{va@m)

€ We ne
e ) e J°
+—A [dlvgg/ (oVufS+vf°) @vdv +e0yj° + —
We R3 T
13
_ne A Vgk[n®] + £ N Fe,
We We
where we denote -
Fezdivx/ (UVUf5+va)®UdU+68tjE+J—,
R3 T
and in the above computation, we have used that div, fR3ava€ ® v dv=—0oVnc.
Observe that
1 e (qE i.e)B
L div,g® = div, 2= U9 | g, [(j ©) e}
€ € Be
€ e,
= div, <n © A Vzk[n5]> + div, (e /\F5> + Be -V, [(‘7 e)} ,
c c BE
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and finally, thanks to , we obtain a similar model for n®, as in

€
&ms + le:c <’I’L €

Cc

- €

A ka[n€]> + div, (e A FE) +Be -Vt =0, pP=2_"S (21

c Be

We are also looking for a equation, analogous to @, in order to complete the evolution
equation , involving the Lagrange multiplier p*. Considering the parallel component in
the momentum balance , we obtain

oe-Vyn® + %nae -Vg®[nf]+e- F°=0.

Thanks to @, the above equation also writes

-9 (" L@l - o) ) 4 e = LOEEIEIZERD o)

We intend to estimate the modulated energy of n® with respect to n by writing £[n®|n] as
Enfln] = a/ nh (n>dx + 0 V,0[nf] — V,@[n]2dz
R3 n 2m R3
_ / (onF Inn® + 2|V, &[n]|?)dz — / (ontn + 27, ®[])d
R3 2m R3
- / {0(1 +1nn)+ iCIJ[n]} (n® —n)dx
R3 m

=E&[n°] —&[n] — /R3 k[n|(n® —n)dx. (23)

We introduce as well the modulated energy of f¢ with respect to n®*M, given by

0/ / nsMh< /
R3 JR3 7’L€M

=0 / ffln fe— fflnn® + ffIn(2r0)*? + ff' of dvdz
R3

)dvdx + 60/ IV, ®[f] — V@ [n® M]|2dz
2m R3 ~~

2
:/ / afslnf€+f€|”|dvdx+€°/ V@[] |2dz
RrR3 JR3
—/ on lnnsdx—/ |V ®[n ]]2dx+aln(27m)3/2/ fedvda
R3 R3 JR3

— E1f7] - £[nf] + o In(2r0)2 / Fedvda.

R3 JR3
Thanks to the free energy balance and mass conservation of , we obtain

g[rf(t)]—5[7f(0)]+a/]Ra /Rg na(t)Mh< f(e()) >dvdx (24)
o [ Lo (Fa Jaess
_T/ /Rs /H@ |av”f8jvf€|2dvdxds.

Thanks to Proposition and combining (23] . ) leads to

S[na(t)|n(t)]+J/RB/R3n€(t)Mh< f(st()) >d da +/ /RB/R?) AL fgﬂfs’zd dads

:5[n€(0)|n(0)]+0/Rg /R nE(O)Mh< f(gé)) >d dz / 3 [l = mdads. (25)
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The next task is to evaluate the time derivative of [p;k[n](n® —n) dz. Notice that for
any smooth concentration n, we can write:

M AV k[n] = ZE A Von + % A V,®[n]

We We
= nV|[n] — orot, <ne> )
We
where V[n| = orot, (w%) + %;DM. Clearly, we have
. ne .
div, (w A Vﬂﬁ[n]) = divg(nV[n]). (26)

Proposition 5.1 With the notations from , (@, , and , we have the following
equality

L k@) (1, 2) - nt, 2))dz
dt R3
= % i i € 3 £
= /RB (p - + o /\Vﬂf[n]) (m(n —n)(E[n°] — E[n]) — F )dgc,
Proof. By straightforward computations, we obtain
d 13
o kn](n® —n)dx
n—n q
= On°|— @ 2
[ o (™" 4 L@l - afu) Jao (27)

+/ k[n] [divx (ne A Vﬂc[n}) —divy, (n CA ka[n€]> — div, <e A F5>]dx,
R3 We We We

where, in the last integral, we have used the constraint Be - V k[n] = 0, which allows us to
deduce that

/ kn|(Be - Vyp — Be - Vp°)dx = 0.
R3

Using the limit equation , and then thanks to and , we have

/Rgam< " —”+%(¢[ { [n])>daz (28)
:_/RS div, (nV[n ( >dx—/RS (Zj/\vxk[no L (Blnf] - Bln))ds

+ pfe [L(n® = n)(EW] - El)) - F¥]da
- /R div, (W) (=)o = [ V.ln-Vinl(n© ~n)da

- /Rg (% A ka:[n]) (Bln®] = Bla))dr + | }% : [:i(n — n)(E[nf] — Efn]) - F} do
=~ | Vakln] - Vin)(n* — ) - /R (% AV okin]) - (B[]~ Eln)da

+ /R 1% : [Ti(n — n)(E[nf] — Eln]) F] da.
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Thanks to again, the last integral in writes easily

/R3 k[n] [divm (Ze A mG[n]) ~ div, <Z€ A wm) ~ div, <e A Fgﬂdm (29)

C wC

= | V.k[n] (FV[nf] — nV[n))da — /R 3 (; A vmk[n}) . Feda.

RS

Observe that

R Vi) — V) — (0 = )V o] = e LY AV e A VD)

and finally , and yield the result.
Coming back to , the modulated energy balance becomes

5[n€(t)!n(t)]+a/RS/Rgn€(t)Mh( f;()) )d dz +/ /RB/RS oYy fa*”f?'?d dzds
e o) +o [ [ neomn (g Jaess (30

_/0 . Win] - (m(n —n)(E[nf] — E[n]) —F‘E>dxds,

where Wn] = 282¢ 4 € AV k:[ ]. In order to apply the Gronwall lemma, we estimate the
terms in the last 1ntegral of (30). Thanks to the formula

L (nf —n)(E[n] - Eln]) = ;j[dwm[nﬂ — Eln)|(E[n] - Eln])

€ nfl — n 2
= Dy, ((E[nﬂ — E[)) ® (B[] - E[n)) - 'E”QE[”I) ,

we obtain

Win] - (i(ne — n)(E[nf] — E[n]))dx

R3 m

_% ((E[ne] — E[n)) @ (E[nf] — E[n]) — M&) : 0 Win]dz

m Jgr3 2
< 0, W [l 2 (1 n ﬁ) [ 1] - Eln)as.

where for any matrix P € Mj33(R), the notation ||P|| stands for (P : P)Y/2. Similarly, we
have for some value C to be precised later on

Win] - divx/ (oVuf® + fv) @ vdvdx
R3 R3

=— [ 9, Win]: / (oVyf® + fv) ® vdudx
R3 R3

1 . e £,,12 2
|oVof® + f0l dvdm+sTC’/ / 7 | |
267’0 R3 IIR3 fE R3 JR3 2

< (|0 W n]|| Lo
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Since j© = [p3(oV, f€ 4 fv) dv, we have
t
/ Win(s)] - (€0s5° +? )dxds
0 R3

= [ Wino)-5(t.0) m—e/W 2)dz

/ /R3 /R3 (Vo fS + f5(s,2,0)v] - [[2(8)] —635W[n(5)]} dvdzds

2 2
< ﬁ/RS - (f°(0,z,v) + f(t,z,v)) <5U2| + W)dvdaj

[Wnlll=] [* 1 |oVofe+ fo?  eC .
+ [8”35W[7L]HL°° + T] /0 /RS /R3 {260 7 + 7f }dvdxds.

Plugging the above computations in (30]), the modulated energy balance becomes for ¢ € [0, T']

el Onto] +o [ [ oon f(t()])w>dvdx
1 [Winlllze  erl|0sWinllre _ [Wn]|ze oV fe +uf?
T <1 20 2C 2C ) / /]R3 /R3 fe dvdeds

comn e , [ ious (£ o

+ 10z W [n]| oo (2+\/§ EO/ |E[nf] — E[n]|*dz

+5f||3 Win HLoo/ / / felv|?dvdzdt + /& sup 5/ fe|v|*dvda
R3 JR3

0<t<T
Ve Ve (elowinllom + I ) g [ 00 0o

Taking 0 < € <1 and C' large enough, we obtain by Lemma and ., for some constant
Cr,0<t<T,0<e<1:

5[n€(t)ln(t)]+a/Rg /Rgna(t)Mh< f;()) )d dx+2€T/ /RB /RB oV feﬂfE‘Qd dads

5[n€(0)|n(0)]+a/RS /R na(O)Mh< 5(5(;) >dvd:n~|—CT/ £l ()|n(s)]ds + Cpv/e.

Applying Gronwall lemma, we deduce that for 0 <t < T, 0<e<1:

e t)|n(t)]+a/RS/Rsn€(t)Mh< f(at()) >d dz +2€T/ /RS/RS AL fg+vfa|2dvd:zds

[ [ (0)In(0) +U/R3 /]R3 < a(o)J)\/_/)d”d$+CT\@] Crt,

The above inequality says that the particle density f¢ remains close to the Maxwellian with
the same concentration, i.e., n®(t)M, and n°(t) stays near n(t), provided that analogous
behaviour occur for the initial conditions. Therefore, we are ready to prove our main theorem.

Proof. (of Theorem . We justify the convergence of f¢ toward nM in L>(0,T; L*(R? x
R?)), the other convergences being obvious. We use the Csisar -Kullback inequality in order
to control the L' norm by the relative entropy, cf. [26} [37]

fovesee (o) ()} (o (2)9)

16




for any non negative integrable functions gg,g : R — R. Applying two times the Csisar
-Kullback inequality, we obtain

/ |fE(t,2,v) — n(t, z) M (v)|dvda
R3 JR3
= /R3 s |fe(t, z,v) —n(t,z) M (v)|dvdz + /R3 |n®(t,z) —n(t,z)|dx

<o/ ( /R 3 /R n (M) (nf ;()t])w>dvdx) v
+ Zmax{m, m} </Rsn(t)h (fé?)m) . 0, ase \, 0.

6 Reformulation of the limit model

We intend to find an equivalent formulation for (|5 @ by eliminating the Lagrange multiplier
p which appears in (5)). For doing that, we will average along the characteristic flow of the
magnetic field cf. [7, 8, @, 10, 11l 12} 13]. Let us recall briefly the definition of the average
operators along a characteristic flow for functions and vector fields cf. [14]. Consider a
smooth, divergence free vector field b = b(y) : R™ — R™

be WhX(R™), divyb =0, (31)

loc

with at most linear growth at infinity
3C > 0 such that |b(y)| < C(1+y|), y € R™. (32)

We denote by Y (s;y) the characteristic flow associated to b

dY

= b(Y(s;9), Y(0;9) =y, seR, ycR™.

Under the above hypothese, this flow has the regularity Y € VVé’COO (R x R™) and is measure
preserving. We concentrate on periodic characteristic flows (the tokamak characteristic flows
are periodic, with uniform period) that is:

35 > 0 such that Y (S;y) =y, y € R™.

For any function u = u(y) : R™ — R, we define the average (u) along the flow of b-V, by

S/ Y(s;y))ds, y € R™.

When applied to L?(R™) functions, the above operator coincides with the orthogonal pro-
jection in L2(R™), over the subspace of constant functions along the flow of b - V,, cf. [§].
Indeed, it is easily seen that for any y € R™, h € R

0 009 = & [ s ias = & [ (s 4 ra)ds = () o),
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and for any 1 € L?(R™) which is constant along the flow Y, we have

JRIOCOE / <Y<s V)b(y)dy
]R3

/R = (s19))dstb(y)dy
- / () <y>w<y>dy.
R3

For any vector field ¢ = ¢(y) : R™ — R™, we define the average (c) along the flow of b-V, by

S
A= [ VsV (sl ()i

Notice that the family of transformations ¢ — 9Y (—s;Y (s;:))e(Y(s;+)), s € R, is a one
parameter group. The average operators for functions and vector fields are related by the
following formulas:

(- V) = (c)- V¥, (33)

for any function v which is constant along the flow Y and
(a-VO)=a-V (), (34)

for any vector field @ which is in involution with respect to b, that is, their Poisson bracket
vanishes

la,b] == (a-Vy)b—(b-Vy)a=0.
Indeed, as ¥(Y(s;+)) = t,s € R, we have '0Y (s;y)(VY)(Y(s;y)) = Vi(y),s € R and
therefore

S
(€ Vo =g [ 0¥ (s (el (s)ds- T

1 /8 .
= / Y (—=s;Y (s37))e(Y(s37)) - "OY (s3-) (V) (Y (s;-))ds

=< / 5:))ds

= (c- V).

In the previous computations, we utilized the equality Y (—s;Y (s;y)) = y, y € R™ which,
upon differentiation with respect to y, implies 0,Y (—s;Y (s;-)0,Y (s;-) = Ip,. Similarly, the
condition [a,b] = 0 expresses the commutation between the flows associated to the vector
fields a and b

Z(h;Y (s3y)) =Y (s;Z(hyy)), h,s €R, y eR™, (35)

where Z(h;y) denotes the characteristic flow associated to a

d m

2 sy) = alZ(hy), (hy) € R xR™.
Taking the derivative of with respect to h at h = 0, we obtain

Y (5:9) = 2 lnmo 200 ¥ (53)) = ooV (55 Z(h:9) = 0,7 (s:9)aly), (s,9) € (B x B,
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Hence we have

(a-V0) S’/ (V) (Y (s5-))ds
=2 / 10, (5:)(VO)(Y (s:-))ds

S/av 5:)))ds
=a-V(0

We come back to the limit model , @ and we consider a smooth magnetic field Be-V,
whose characteristic flow is periodic, with a uniform period S. If we denote by X = X(s;x)
the flow of the magnetic field, we have by .S periodicity

S
(Be- Vo) = 5 [ (Be- V(X ds—S/ )}ds =0,

Therefore the Lagrange multiplier p can be eliminated by taking the average in (9]

By (n) + <divx (:‘f A ka[n]>> —0. (36)

The difficulty task is how to express the average of the divergence term, with respect to (n),
such that we get a model for the new unknown (n).

Proposition 6.1 For any zero average function «, and constant along the flow X function

P, we have
(e (5 159)) -

Proof. We are done if we prove that for any constant along the flow function § we have

/R div, (% A w;) 6(z)dz = 0. (37)

As e Vi =0, e- VO = 0, therefore we have (I3 — e ® e)(VO A Vo) = 0. The vector field
VO A Vi is divergence free

divy(VO A V) = Vi) - rot,(VO) — V8 - rot, (V) =0,

and therefore there is a constant function A along the flow X such that VO A Vi = A\Be. We
deduce that

/R3 div, (% A vqp) 0(x)dx = /R3 (VO A V) - %dx

= / Aadxr = / A <Oz>d$ = 0,
R3 R3
and therefore holds true. O

Applying Proposition with the function k[n], which is constant along the flow of
Be -V, we obtain

<divx (Ze A ka[n]>> = <divw <<Z>ce A ka[n]>> .

We also need to express k[n] = (1 +Inn) + L ®[n], with respect to (n), where the concen-
tration n is such that the constraint (6] holds true.

19



Lemma 6.1 The first variation of the free energy
En| = / onlnn + E—O\qu)[n]|2dx
R3 2m

is k[n] = o(1 +1nn) + L ®[n]. For any concentration n,ng > 0, we have

E[n] — Eno] — / k[nol(n — no)dz = a/ no <nlnn SRS 1>dx
R3 R3 ng N o
+ 0 v, 0[] — V®[no][?dz > 0,
2m R3
with equality iff n = ng.
Proof. By direct computations, one gets
En] = Elno] — » k[no](n — no)dx
- a/ no (” In—— % 4 1>dx + 0 [ 1V,B[n] — Vu®[ne)[2dz > 0,
R3 ng MNg Ng 2m Jps
which equality iff n = ng. Obviously, we have
& hz] — & —h [ns k
o Elro + hz] = Elno] — I [ klnolz |
h—0 h
—tim O [ p (O Mot hE o thE LN G i 60/ h2|V,®[2][2dz = 0,
h—0 h Jp3 ng ng no h—0 2mh Jp3
saying that lims_ h~1(E[ng + hz] — E[ne]) = [gs k[nolzdz. O

Thanks to the previous lemma, we deduce that there is at most one concentration n with
a given average, such that Be -V k[n] = 0.

Lemma 6.2 Let ny,ne be two concentrations such that (n1) = (na2) and Be - Vzk[ni] =
Be -V k[ng]. Therefore we have ny = ng. In particular, for a given average, there is at most
one concentration n such that Be - Vzk[n] = 0.

Proof. We have by Lemma [6.1

Ena] — Elna] - / K[na](n1 — no)dz = 0/

N9 (mlnnl—nl—l—l>dx
R3 R3

6(] 2
0 B[] — V,®[no] [Pd,
+ 50 [ 1Vbf] - V.00
and

Elng] — Eln1] - / k[na](ns — n)dz = 0/ n (m - 1>d:r

R3 R3 ni ny ny
€|
T % IV, ®[ns] — Vo@[ny]2dz,

implying that
/ (k[n] — K[na]) (n1 — no)dz — 0/ (n1 — n2) In <m>dx + 0 [ 19, ®[ng] — Vad[na][2da.
R3 R3 ng R3
Since Be - V;(k[ni] — k[n2]) = 0, (n1 — na) = 0, we deduce
/3 (k[n1] — k[ne])(n1 — ne)dxz =0,
R

and thus ny = ng. O
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If n is such that Be -V k[n] = 0, then for any concentration 7 having the same average
as n we have

Eln] > &[n] +/ng[n](n—n) dz = &[n|,

saying that for any given average a, the unique concentration n such that (n) = a and
Be - V k[n] = 0, satisfies
&[n] = min &[n).

(n)y=a

We denote by F' the application which maps a € ker(Be - V;) to n such that (n) = a,
Be -V k[n] = 0.

Lemma 6.3 The application a € ker(Be-V,) — E[n = F(a)] is convex and its first variation
is a — k[n = F(a)].

Proof. Consider aj,as € ker(Be - V,) and A1, A2 € [0, 1] such that A\ + Ao = 1. We have
)\1€[F(a1)] + /\2€[F(a2)] > 5[)\1F(CL1) + /\QF(GQ)],
since £ is convex and

€[F(>\1a1 + )\2@2)] = min g[ﬁ] < 5[)\1F(a1) + /\QF(CLQ)],
<T_L>=)\1a1+)\2(l2

because
<)\1F(a1) + )\2F(CZ2)> =)\ <F(a1)> + Ao <F(a2)> = A\aq + Aoas.

Consider now a, z € ker(Be - V) and h € R. The convexity of £ implies

E[F(a+ hz)] —E[F(a)] > /]R3 E[F(a)][F(a+ hz) — F(a)]dx

_ /R KIF(@)] (F(a+ hz) = F(a))da
_ h/Rs K[F(a)]2(x)dz.

Passing to the limit when A \,0 and h 0, we deduce that

E[F(a+ hz)] — E[F(a)]

]lll_r% . = /RS k[F(a)]zdz.

1
Combining the results in Proposition Lemma the limit model , @ becomes

Ba + <divm <Z‘z A ka:[F(a)]>> —=0, n=F(a).

As k[F(a)] € ker(Be - V), we obtain by

(as (2 Avaatr@]) ) = (rots (%) - Takir(@]) = (rot, (%) ) - Tabtra)]

and therefore the previous limit model also writes

C

O + <r0tx ("6)> Vok[F(a)] =0, n=F(a). (38)
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7 A commutation formula for angular vector fields

The last step will concern a commutation formula between the operators (-) and rot,. We
establish this formula for the special class of vector fields which present angle variables. In
particular, this formula will apply to a special case of the magnetic field relevant to tokamaks.

7.1 A commutation formula

We start with a very simple example. Consider the vector field b(y) - Vy = 420y, — ¥10y,,y =
(y1,%2) € R?, whose characteristic flow is 2r-periodic

coss sins
—sins coss

Y(s;y) =R(—s)y = < ) y, (s,9) € R x R2
The gradient of any invariant function ), that is a function satisfying (Y (s;-)) = ¥,s € R,

verifies

Y (53 )(V)(Y(s;-)) = Vi, s €R. (39)

There are other vector fields verifying similar properties. Let us consider the angle § = 0(y) €
[0, 27[ given by
y1 = |yl cos0(y), yo = ly|sin(y), y € R*\ {(0,0)}.

The function 6 is smooth in D = R?\(R, x {0}) and we have

- b
vyez—(y2’ y1) __by) yeD.

|y|? ly|?”

The function 6 is discontinuous across R} x {0}

lim 6(y) =0, lim  f(y) =2m, z1 >0,
y1—21,92 \0 ) y1—21,y2,/0 ) !

but its gradient, which is well defined on D is the restriction of a smooth vector field on
R*\ {(0,0)}

v(y) = —W y € B2\ {(0,0)}.

For any y € D and |s| small enough, we have

d

0¥ (s59) = b(Y (s39)) - (VO(Y(s39)) = —1,

implying that (Y (s;y)) = 0(y) — s,y € D and |s| small enough. Taking the gradient with
respect to y we obtain

'Y (5:9)(VO)(Y (s;9)) = V(y),

or
LY (s;y)v(Y(s;y)) = v(y), y € D, |s| small enough. (40)

Actually it is easily seen that the previous formula holds true for any y € R?\ {(0,0)} and
s € R. The vector field v also satisfies div,‘v(y) = 0, but it is not the gradient of a smooth
function § on R?\ {(0,0)}, because, in that case, for any y € R?\ {(0,0)}, we would obtain

1 2 2 1 2 d -

(b-v)(Y (s;9))ds (b-VO(Y (s;9))ds = o= | —0(Y(s;9))ds = 0.

-1
21 Jo ds
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Generally, given a smooth divergence free vector field b-V,, in R3, with global characteristic
flow Y = Y(s;9), (s,y) € R xR3, we call angular vector field in D € R3 any vector field v -V,
satisfying

b(y) - v(y) =C, 'Y (s;9)v(Y(s;y)) = v(y), rotyw =0, (s,y) € Rx D,

for some constant C' € R*, where D is an open subset of R3, which is left invariant by the
flow i.e., Y(s; D) = D,s € R. We intend to establish the following commutation formula.

Proposition 7.1 Let us consider a vector field b -V, in R3 satisfying , with S'-
periodic characteristic flow Y =Y (s;y), (s,y) € R x R®. We denote by n -V, the gradient
of an invariant function with respect to the flow Y, or an angular vector field, in some
open subset D of R3, which is left invariant by the flow Y. Therefore, for any C' function
a = a(y), we have

(Vyann) =V, () Anpin D. (41)

In particular, if o € ker(b- V), then (Vya An) -V, is in involution with respect to bV, in
D.

We will use the following lemmas.

Lemma 7.1 We denote by M]|e] the matriz of the linear transformation v — e Av,v € R3,
that is M[e]Jv = e Av,v € R3. For any e € S%, and &, € R? such that & -e = 0, we have

§An=(e® Mlel]§ — Mle]§ ® e)n.
Proof. By direct computations one gets

(e® Mlel — Me]¢ @e)n = ((eN§)-n)e—(e-n)enE
=((EAn)-e)e+(n-e)§Ne
=e®@elA(—(n-e)e)) +(n-e){Ne

(

=N —(n-e)e) +(n-e)fNe
=&AM,
where we have used that £ A (n — (1 - e)e) € Re, since £ - e = 0. O

For any function or vector field, the notation Fs stands for F' o Y(s;-).

Lemma 7.2 Let us consider a vector field b-V, in R3 satisfying , with S-periodic
characteristic flow Y =Y (s;y), (s,y) € R x R3. We denote by Mle] the matriz of the linear
transformation v — e Av,v € R3, that is MleJv = e Av,v € R3. Then, for any function u
such that u € ker(b- V), we have the equality

Y (s;-)M[e]' Y (s; )
0]

(s — 03 ® €,)(Va)s = Aﬁs]wu)& - Z,

(I3 — es ® ey)

Proof. For any invariant functions o = «a(y), 5 = B(y) with respect to the flow Y we have
Vya AVyp € Re and divy,(Vya A Vy5) = 0. Therefore there is A € ker(b - V) such that
Vya A Vyf = Ab, saying that the vector field V,a A V3 is in involution with respect to
b-V,. We have

Y (s;)VaAVE = (Va)s A(VS)s.

Therefore, by Lemma, [7.1] we obtain

Y (s;+)(e® M[e]Va — Me]lVa® e)VE = (es @ Mes|(Va)s — Mes](Va)s @ es)(V)s,
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which reduce, thanks to the equalities e - V3 = 0, es - (V3)s = 0, to
Y (s;)(e ® M[e]Va)VB = (es @ Mles](Va)s)(VB)s.
As o and 3 are left invariant by the flow Y, we have
Y (s;-)(e @ M[e]'9Y (5;-)(V)5) Y (s;-)(VB)s = (es @ Mes](Va)s)(VB)s.

Therefore we obtain

Y (s;-)M[e]' Y (s; ) (o o Mlesl(Va)s
(es ® 1] (VO‘)S> (VB)s = ( s ® 1bs| > (VB)s,

or equivalently

<3Y(S; )M[e]' Y (s;-)  Mles

— Va), € Re;.
0 b ) (Va)

Finally, we have

Y (s;-) M [e]'OY (s; - Mles
(13 - ey e (IO 2 (90, o,
0] |bs
for any invariant function «, and our conclusions follows. O

Lemma 7.3 Let us consider a vector field b- ¥V, in R® satisfying , with S-periodic
characteristic flow Y = Y (s;y),(s,y) € R x R3, which possesses angular vector field v in
some invariant open subset D C R3. A wector field c-Vy has zero average in D iff (c-v) =0
in D and (c-Vyu) =0 in D for any function u such that 1pu € ker(b- V).

Proof. By formula (33) we know that for any function u which is left invariant by Y in D,
we have (c- Vyu) = (¢) - Vyu in D. Similarly, for any y € D we write

S
Cn ) =5 [V lsim) ¥ ()

1 S
=4 [ Vs ey 5 0¥ sV (i)

S
= ;/0 Y (—s;Y (s59))c(Y(s;9))ds - v(y)
= (c) (y) - v(y).

Clearly, if (¢) = 0in D, then 1p (c- V,u) = 0 for any function u such that 1pu € ker(b- V)
and 1p (c-v) = 0. Conversely, if 1p (c-Vyu) = 0 for any function v such that 1pu €
ker(b-V,) and 1p (c-v) =0, then 1p (c) - Vyu =0, 1p (c) - v = 0. We deduce that there is
a function A = A(y) in D such that (c) (y) = A(y)b(y), y € D. Taking the scalar product by
v(y),y € D, we obtain

0=(c)(y) v(y) = Awb(y) - v(y) = AMy)C, y € D.
Since C' € R*, we deduce that A vanishes in D and 1p (¢) = 0. O
We are ready to prove the commutation formula .
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Proof. (of Proposition [7.1) All the computations are performed in D.
We assume for the moment that a € ker(b- V,) and we prove that Va A 7 is in involution
with respect to b- V,. We have by Lemma [7.1] and Lemma

Y (s;-)(Vann) =0Y(s;-)(e ® M[e]Va — Me]Va ® e)n

= [bs o (5 ')J\/-‘flg‘e]tay(s; ) (Va)s — Y (s; ')M“E‘G]@Y(s; )

(Va)s ® bs] n

OY (s .)]\/_@T]taY(s; ) (Is — es ® e5)(Va)s ® bs] Ns

= (es ® Mles](Va)s — Mles|(Va)s ® es)ns
= (va)s A Ns.

—(Is — es @ ey)

Assume now that (a) = 0 and we prove that (Va An) = 0. If n = Vf for some function 3,
which is left invariant by Y in D we have

Y (—s ( s A (Va)s
=9Y ( ))(es ®@ Mes)(VB)s — Mles](VB)s @ es)(Va)s
_ ( (s;))Mes)t oY (—s; Y (s; '))Vﬁ
s
—5i V(s ) MIeJOV (=5 V(i) g . b) V(as)
[bs] )
_ |:b ® (IB —e® 6) aY(_S; Y(S; '))]\féeT]taY(_s; Y(S; )) (Ig —e® B)VB
(s —e®e) IY (=5, Y (s '))M“Ee's]tay(—& Y(s;-)) (I — e ® )V ® b| Vo
(o Mg, M i
(e 2 wa - T v e0) Ve
= (e® M[e]VB — M[e]VB ® e)Vay
= VB AVag.

We obtain
(VBAVa) = / VB AVasds =VEAV (o) =

If n is an angular vector field v in D, we appeal to Lemma [7.3] Obviously, we have
(VaAv)-v) =0 and for any function u such that 1pu € ker(b- V,), we can write since
(Vyu Av) -V, is in involution with b -V, in D cf. the first part of this proof, and thanks to

(34)
(Vyanv) -Vyu) == ((VyuAv) Vya) = —(VyuAv) - Vy{a) =0.
Therefore, we deduce that
(VaAv)y=0.
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Finally, for any function o we have
(Vann) =(V(a) An)+ (V(e—(a)) An)

/ay 5 Y (5:))(V (a))s A meds

-+ /0 Y (—:Y (55-))0Y (s:)(V (o) A p)ds

1 S
:S/o V (a) A nds
=V (a) Ands.

7.2 Cylindrical case

In this subsection, we apply the previous results to a simplified framework, focusing a mag-
netic field whose magnetic lines wind on cylindrical surfaces.

We consider the magnetic field Be = By <R0 }%, 1), r = (z1,79,23) = (Z,23) € R3,
where By, Ry are some reference values for the magnetic field and length. The characteristic
flow is given by

_ B
()((37 j;)’ Xg(S;Jfg)) = <R <_S_RO> T, r3 + SB()) R (S,.f‘,xg) € R x Rg,
0

where

cosf) —sind
R(0) = <sin9 cos @ )’ fER.

We have two angular vector fields

($2) .’El,O) _
== T#0 =(0,0,1).
Vo z? + 23 v > =001

All the functions are supposed periodic with respect to z3. Taking S = 2w R/ By, we define
the average operator for a function u by

2
5’/ z), X3(s;x3)) S/ ( <—s> T, T3 +S§R0>ds,

and for a vector field ¢- V, = ¢- Vz + c30x3 by
2m) 2 2
/ RSS 0 |e(R(=sZ 3?,303+is0 ds
S S S
0 1
(

/ < s%“ R (—s%) z, .’I}3+S 5R0)>ds
~ S (—s%F) z, 23+ 5% Ry) ‘
We use the following decomposition of Be -V,

B
Be = 70‘5:|2V€ + BOVH, ’.T| > 0.
Ry
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Thanks to Proposition we compute the term <r0tx (g—i)> appearing in the limit model
(38). Observe that

ae a (Boy, o aBy|z|? aBy
rot, <%> = rot, |:_B(,()C <R0’.’IT| Vg + BDI/”>:| = vx < BWCRO Nvg + VI Biojc AN I/H,
and therefore
ae aBo|z|? aBy
t. [ — = A A
<1“0 T (wc>> Vm < B(,UCRO Vg + Vx ch V”

aBo|z|? aBy ae

=V A Vel =— ) Ay =rot, | —
v <chR0 Yo+ Va Buw, Y| = rote we )’

since the functions a, Bw. and |Z|? belong to ker(Be - V,.). We obtain

<r0tx (“6>> - V.k[F(a)] = rot, <“6)  Vok[F(a)] = div, (Ze A vxk[F(a)O :

c (&

In that case, the vector field rot, (Z—i) is in involution with Be - V,, and becomes

dra + div, <“6 A ka[F(a)]> =0, n=F(a)

c

In this case, we work in the 27 Rg-periodic domain with respect to x3, R? x T', where
T! = R/(2rRyZ). The potential ® solves the Poisson equation

—60A;® = gn, z € R2 x T!,
with the boundary condition

lim ®(z,x3) =0, 23 € T

|Z| =00

The Jacobian matrix of the flow X(s,2) = (X(s;Z), X3(s;23)) is orthogonal

0
_<Bo
9, X(si2) = | R o |,
0 0 1

which implies that the Laplace operator commutes with the translations along the flow,
meaning that
Agus = (Amu)57

for any smooth function u. If ®[n] is the potential corresponding to the 27 Ry-periodic
concentration n with respect to xg, then

—€0A;(P[n))s = —€0(ArP[n])s = qns,
for any x3 we have

lim @[n](X(s;2)) = lim ®n](X(s;7), X3(s;x3)) = 0, because | X (s,7)| = ||,

|Z| =400 |Z| =400

and (®[n])s is 2w Ro-periodic with respect to x3



Therefore we have (®[n])s = ®[ns]. In particular, if n € ker(Be-V ) then ®[n] € ker(Be-V,).
By construction n = F'(a) is the unique concentration such that (n) = a, Be - V;k[n] = 0.
Clearly we have (a) = a and k[a] = 0(1+1Ina)+ L ®[a] € ker(Be-V,) and thus n = F(a) = a
for any a € ker(Be - V). The constraint in @ is automatically satisfied. In that case, our
limit model simply writes

on + div, ("e A ka:[n]> =0, (t,r) € Ry x R? x T, (42)

C

Since we know that at any time ¢, n(t) belongs to ker(Be - V), we can reduce the above
model to a two dimensional problem. We appeal to the invariants of the flow X

(S0 - (2 ()2 ()

We introduce the new unknown function N = N(¢,y = (y1,y2)) such that
n(t,x) = N(t,y = R(zs/Roy)x),
and we are looking for the model satisfied by N = N(¢, 7).

Lemma 7.4 Let us consider a smooth function U = U(y),y € R%, and u(z) = U(R(x3/Ro)Z),
r € R?2 x T'. We have

Lz Lz
Agu = [divy <12 + y?f’) va] (7 = R(xs/Ro)2).
0

Proof. Consider ¥ € C}(R?) and ¥(x) = ¥(R(z3/Ro)), * € R? x T. Integrating by parts,
thanks to the xz-periodicity, one gets

[ dwvte=— [ @0 R/ o)) (T 8) (R Ro)a)d
R2ZxT! R T

2Tl ox
oy toy
_ _/ ll(v U)(R(z3/Ro)z) - (V3¥)(R(x3/Ro)z)dz
R2xT1! ox Ox
where % is the Jacobian matrix of the apllication z — R(x3/Ro)T
P
%: <’R(1‘3/R0) R(xs/Ro + 7/2)— > € Ma3(R).

The matrix product gé” writes

0y L0y Lz r3\ Tz
-7 _ — _
9r o TR <R0> RO (Ro Ry = (mmm),

and we obtain

y®L >
/R?x?rl Aguip(z /11‘1 /R? (Ig—i- VyU(y) - V¥ (y)dy das
J_
_%RO/RQ (dng <12+ y]i >v U) U(g)dy

_ /Rwl [dwg <12+ y}?; )V U] ( R (E) :z») ¥(z)da.

The previous computation shows that A,u — [dlvy (IQ + y®L ) VgU] (g =R (%) a’c) is
orthogonal on ker(Be - V). But this function belongs to ker(Be - V3z), because u belongs
to ker(Be - V), together with A, u, since the Laplace operator commutes with the flow X.
Finally, we obtain the desired result in the lemma. O
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Lemma 7.5 Let us consider two smooth functions U = U(j), W = W (y),y € R? and u(z) =
U(R(w3/Ro)Z), w(z) = W(R(x3/Ro)z), = € R x T!. We have

. ue . U _ 3\ _ qBo

Proof. As before, we perform the computation in a distribution sense. We already know
that the vector field rot, (Z—i) -V is in involution with Be - V., and therefore

div, (ue A wa) = rot, (ue) -V,w € ker(Be - V),

c wC

it is enough to consider test functions ¢ (z) = V(R (z3/Ro)T), ¥ € C}(R?)

/ div, (“6 A vzw> d(z)de = — / L Me]Vaw - Vatbda
R2xT!? We R

2Tl We
—— [, SRR 8 ) 200,00 R o)) - (V500 (R Ro))

By direct computations, we obtain
1 0y Loy 1 T qBy
L0000 L (TY |y B0
we 0T ] oxr  wo 2 0

and therefore the previous calculations lead to

U(y) |
R2 wo

/ | div (Ze A wa> W(z)dz = 2Ry
R2xT c

o
= —27rR0/ divy <(y)¢vyw) U (y)dy
R2 wo

Lo o ()] (5 ) e

div, <ue A wa> = divy (ULVyW) .
wo

[

VW -V 0dy

We deduce that

[

Combining Lemma [7.4 and Lemma we derive the limit model with respect to the
new unknown N. The potential ® = ¢[n] writes ¢(t,z) = ®(t,y = R(x3/Ro)T) where (¢, y)
solves the elliptic equation

. Ly Ly _ - 2
—eodivy | { o+ = | Vy®(t.9)| = aN(t.9), y € R".
0

We supplement this elliptic equation by the condition limg ®(t,y) = 0 and we denote
by ®[N] the solution corresponding to the concentration N. We introduce K[N| = o(1 +
In N) + LZ®[N]. The time evolution for the concentration N is given by

N
0N + divy <w0R (g) VyK[N]) =0, (t,7) € Ry x R,

and the initial condition
N(0,%) = Nn(¥)), § € R?,

where ni, (7) = Nin(R(z3/Ro)Z), z € R? x T
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8 Example of regular solutions for limit model

In this section, we construct a regular solution for the reduced limit model obtained in Section
To simplify the presentation, we assume that the physical parameters o, ¢, m and €y are
normalized. Thus, we focus on establishing the well-posedness of the following system:

O + div, % AVe((1+1Inn)+@[])| =0, (tz)eR. xR2 x T, (43)
with the constraint for the concentration n
Be-V;n =0, (44)
where ®[n] stands for the Poisson electric potential which solves
—A,®n(t)](z) = n(t,z), (t,x) € Ry x R? x T (45)

and the external magnetic field is given by Be = (23, —x1, 1)!. Denoting E[n(t)] = —V,®[n(t)]
the electric field derives from the potential ®[n(t)]. We supplement our model by the initial
condition

n(0,z) = ni(z), © € R* x T,

where nj, is a smooth function and belongs to ker(Be - V).

We follow the same arguments as in the well-posedness proof for the Vlasov-Poisson
problem with an external magnetic field, as discussed in [15, [16]. Our goal is to obtain a
priori bounds for the L® norm of E[n] and 9, E[n], not in the full space R?, but in R? x T!.
These bounds rely on estimating the fundamental solution of Laplace’s equation on R? x T*.
Therefore, we begin by investigating the Poisson equation for a given density in this domain
and deriving a fundamental solution for this purpose.

8.1 Fundamental solution of Laplace’s equation on R? x T!
Consider a function Z : R? x T! — R satisfying

—ALE = 60(Z,23), * = (T = (z1,22),z3) € R? x T, (46)

in the sense of distributions, where Jo(x) denotes the Dirac measure on R? x T! giving unit
mass to the point 0.

Lemma 8.1 Let x = (Z,23) € R2 x T'. Then Z(z) = —ﬁlnm + (), satifies (46)), where

I(z) = /00 Le“’f”w%l OOE et cos(nxg) | dt
o A4mt T '
n=1
Proof. We have
- 1 Z i
_A:B‘:‘ = % 50(33')6an3, (47)
nez

: : _ 1 inx
where we have used the Poisson summation formula dg(x3) = 5- >, o7 €. Indeed, do(z3)
is periodic with period 27, it can be represented as a Fourier series

50(.7}3) _ Z Cneinm’

neL
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where the Fourier coefficients are

Cn = N /7r So(ws)e” "3 dxs = !
27 J_,

%.
On the other hand, as = is periodic in z3 of period 27, we also have

(@) =D Bul(@)e™™,

ne’

[1]

therefore .
—A,E(z,x3) = Z(—Aggﬁn(:ﬁ) +n26,(Z))e™s. (48)
neL
Comparing and yields the following linear elliptic equation in the whole space R?
for any n € Z\ {0}

~Bfa(E) +n2Bu() = 5-00(@), 7 € 2 (49)

A solution to can be found using the Fourier transform for linear equation. It is known
that the solution to this equation is given in terms of the Bessel potential U(z) as (,(z) =
= (U * 80)(z), cf. [31], where U(z) = I° ﬁe“fﬁ/“e_"%dt. Thus, we have the solution

formula
Bn(T) = 1/00 Lt gty
" 21 Jo 4wt '

In the case n = 0, equation becomes the Laplace equation on R2. It is well known
that the fundamental solution is given by —%5 In |z|. Finally, by summing over all cases, we

472
obtain the result stated in the lemma. O

Let us denote I' (¢, Z) :== ﬁe*ﬁw‘“ and I'3(t, z3) 1= 5= [1 +23 2, e "t cos(nas)|. It
is known that I'1 2 is a heat kernel on R? of the heat equation

{ 8,5F1,2(t,f) - A5F172(t, f) =0, (t,f) eR, x R27
[12/i=0(%) = d0(Z),

while I's is a heat kernel on T of

{ O L3(t, w3) — 02,Ts(t,x3) = 0, (t,23) € Ry x T,
Lsli=0(z3) = do(x3).

For a proof of this property, we refer the reader to [23]. Thus, we find that the function I' in
the fundamental solution of Laplace’s equation is related to the previous solution of the
heat equation as follows:

I(z) = /0 T Ta(t, ) [rg(t,xg) - ;ﬂ] dr. (50)

Remark 8.1 The heat kernel I's on T can also be expressed using the heat kernel ki(x3) =
(47rt)_1/2e_5”§/4t on the real line R as follows:

Is(x3) = igt(:lcg) = 1 [27r2 ki(xs +2mn) |, x3 € T!. (51)

2 2
nez

Indeed, the function g € L*(T?!) since

loules = [ dm(aa) = 3 [ bafaa + 2mm)das = [ la(oa)das = 1
Tt nez T R

31



where dm(x3) is Haar measure on T!, dm(x3) = 1/(27) dxs. Thus, the periodic function g
can be written in the form of the Fourier serie

gi(xs) = gi(n)e™™,
nez

where (§¢(n))nez is the sequence of the Fourier coeffiecients which is given by

i 1 y . }
gt(n) = % /1 gt(xg)e znx3dm(;(;3) = m Z/ kt(.%'g + 27rn)e zn(x3+27rn)dl_3
B neZ T
1

. 1 . 1|1
/ ki(z3)e " dxs = —5ki(n) [ e_”Qt} ,

T a2 Jy 472 "o |2
where ky(n) is the Fourier transform of the function kq(x3).

Since we need the bounds of the function I' and its derivatives, we must estimate the
function I's — i, as well as the first and second derivates of I's from . We will use the
arguments in [41] to obtain the bound of [I's — 5-|, using the following lemmas. The proofs
of the lemmas are standard and are left to the reader.

Firstly, using the formula , we can rewrite the function I'3 on T! as follows:

Lemma 8.2 For anyt > 0 and for any x3 € T', we have

2 2.2
gt(wg):ﬁexp <4$t3> 1+22exp< th >cosh<7r2x3>

n>1

Next, using Lemma [8.2] we obtain the following estimate

Lemma 8.3 For anyt > 0 and any x3 € T! = [~7, 7|, we have

o (Z2) o) < gt < [\ [T+ 010)] e (2. 52

We need the estimate of the function g(x3) at x3 = 0.

Lemma 8.4 For any t > 0, we have

and

2¢~t
2t < g (0)—1< )
e—CQt

Consequently, there exist positive constants C1,Cy such that g(0) — 1 < Cy N

Now, the following lemma provides estimates for I's — % and its derivatives on T*.

Lemma 8.5 Let I'(t,z3) = 5= [1 +2% 2, et cos(nazg)] represent the heat kernel on T*.

Then there exist constants C, Ca, and Cs, which may vary from line to line such that:

1 1
['s3(t, x3) — 2' < 01%6*021*@*035”3/‘“, t>0,25 €T, (53)
T
1
02,3 (¢, 23)| < Clgefoﬁe*c‘“’xg/%? t>0,z3 €T, (54)
1
|02, T3 (t, 3)| < Clme‘cﬁe‘c?’””g/ t>0,23€Th (55)
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Proof. Readers can find these results in [23], even when T! is replaced by a more general
compact manifold, cf. [48, [51]. Here, we outline the main lines of the proof.
The bound in is easily obtained as a consequence of Lemma fort > 1. For t <1,

using first yields I's(t,23) — 5= = 5-(g¢(x3) — 1). Then, applying (52)), we have

% {exp <_49;§> 9:(0) — 1} < Ty(t,z3) — % < % {exp <_4$t§> (\/TJF 9:(0) — 1)] - (56)

Using the upper bound in and Lemma we deduce that

1 1 —x2 s 1 —2 2e!
Tyt zg) — - < Sexp [ Z23) )T 4 L oxp (=23 |
3(t, @) 27r_27reXp<4t> t+27reXp<4t>1—et

If ¢t € [0g, 1], for some &y € (0, 1), it is straightforward to show from the previous inequality
that there exist positive constants C1, Ca, and C3 such that I';(t, wg)—% < Clﬁe_cﬁe—csw%/élt.
On the other hand, for any positive test function ¢ € C°(R), since lim; g+ (I's — 5=, ¢) =
(1 — 1/2m)¢p(x3) and lim, o+ (ke @) = o(x3), where ki(z3) = (4mt)~1/2e~%3/4 is the heat
kernel on R, we deduce that we can choose the positive constants as above to obtain the pre-
vious estimate of I's — 1/2 as t — 0. These arguments together give us the upper bound of
. Similarly, by using the lower bound in , we deduce the corresponding lower bound
in . Consequently, we obtain the complete estimate (53|). For the estimates and
, we apply Lemma 2.1 in [48], which can be extended to the parabolic case (see Lemma

2.3 in [48]):
cl1 [ i
Vault,zz) < & [ 2 / / (s, y)Pdyds |
AT Jt—r Jly—as|<r

where u is asolution of the heat equation dyu — 82,u = 0 in the domain [t — 2, ¢] x B(z3,7),
with r = v/t/2 for any fixed point (¢,23) € R x T, O

Finally, we provide estimates for the function I' and its derivatives using the relation ,
along with the inequalities , , and .
Lemma 8.6 Let I'(x) be the function on R? x T' provided by Lemma . Then, we have
the following estimates

C C ) C
< — < — < —
‘F(:U)‘ — ’JJ‘, ’vl"r(‘r)’ — |x’27 ’DIF(Z‘H — ’.’13‘3,

where YV, and D? denote the first and second order derivative, respectively. Here, C is a
positive constant, which can vary in each estimate.

Proof. We will first estimate I'(z). Using and (53), we deduce that

D) < S / £/20=Cat=CilaP 1y, 4 = min (1, Cy) /4
™ Jo
e ()
:4—;6_2 CQC{%'x/O e vt 2d(—t_1/2)
00 7 —1\2
:glem/cgcgu/ o~ (VClelu—vCrut) du, w1
m 0
1 7 0 —(p— 'Nxl0— 2
= [TV gy g g
3
C
<
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2
_ ./ ! —1
for some positive constant C, where we have used that fooo e (0 C203xl0 ) dd =
Next, we estimate V,I'(z). By taking the derivative with respect to z in the formula
, we deduce that

“i9

o 1 (0.9}
Vo) < [ Vet a)INattns) = 5o+ [Pl sttt

A simple computation shows that VzI'1 2(t,z) = i@e*mz/‘lt, and, thanks to the estimates

8t
and , we obtain
Cilz| [ 52 —cot —ctja2/t Ci [, _Cot_—Clla2)t
|VxF(x)\§T to e "2t dt + — 1 %e e 3 dt,
T Jo 0

™

where C% = min(1,C5)/4. Using SUPRs q(t) = q(C%|z|?), where q(t) = =12~ Calal*/2t  for
the first integral on the last line of the previous inequality, we deduce that

;1 & /OO _o 12| /2 C
V.D(z)] < | = + = t2e= Gl 2t < =
| T ( )‘ = <87T\/Cviée 47_[.) 0 — |.CU‘2
for some positive constant C.
Finally, we estimate D2I'(z). By direct computation in (53)), we have

o 1 00
D) < [ D20 alt ) [Caltsan) — o fdt+ [ VaTralt,2)]0n, Patt, o)l de
0 0
4 [ 012t 2)02, ot o)t
0

Since D2I'y 5(t, ) = 87% [—Ig + %] e*‘i|2/4t, and using the inequalities , , and ,
we deduce that

|D2T(z)] < gl/oo ¢75/2¢=Cato—la|? /4t g—Caa3/4t 3y
™ Jo

=2 00
011!395’ / t—7/2€—02t€—|i\2/4te—03z§/4tdt
™ Jo
N 081|f| % =8 = Cat I3l /4t ,~Caa3 /At gy
T Jo

n Co [ =5/2,~Cot — |22/t ,~Csad /4t g
47'(' 0
=L+ 1+ I35+ 1.

The estimates for I; and I4 are performed as above. Thus, we obtain [7 < % and Iy < %,

for some positive constant C'. For the integral I3, we have that

Cilz| [, 3 —cor_—cye2/t ;o
I3 < 32 tPe e dt, C5=min(1,Cs)/4.
™ Jo

Using again supgs« h(t) = h(C4|z|?), where h(t) = t=1/2e=C5l21/2t e obtain that I < %,
for some positive constant C. Similarly for integral Is, we also have

< Cilaf?
- 3272

2 o]

< Cl|xi } / 18—t ,~Chlaf2/2 3,
327 /C3e|55‘ 0

- ¢

=z

Combining the estimates of I; for i = 1,...,4, we obtain the estimate of D2T'(x). O

o0
I / t—7/26_02t6_cé‘x|2/tdt, C4 = min(1,C3)/4
0
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Using Lemma [8.1] the L*° estimate for the function I' from Lemma [8:6] and following the
same reasoning as in the proof for Poisson’s equation in R3, we can show that the solution
of the Poisson equation is given by

¥ol(o) = =) = [ [ S pn)dsdn, 67)

8.2 Estimations for the electric field and its gradient on R? x T*

We now provide some estimates of the electric field E[n] = —V,®[n], which can be derived
by handling the singular term in the fundamental solution Z, following the approach in [2]
for the domain = € R? and [35] for = € T3.

Lemma 8.7 Let n be a positive concentration and belongs to L' N L*°(R? x T1). Then, there
exists a constant C' > 0 such that the electric field E[n] satisfies the following estimate:

B[]z < C([[nllze + [InllL1)-
Proof. For any = = (Z,23) € R? x [—7, 7], from the formula , we have
T3+
Verinlie) =~ [ [ s+ [ [ 9.r -y nagay,
The first integral in the previous expression can be bounded by

1/ o ) . o )
el (/ / Viln |z — g|l{z_g<1yn(y)dydys + / Vzln|z — y|]1{|x_y21}n(y)dydy3>
T —n JR? —m JR?

< C([lnflzee + llnfl 1)
For the second integral, we make a decomposition of R? x T! in the following way
R? x [x3 — w23+ 7] :=1TUJ,

where I = {y e R®: [z —y| > 1} NR? x [zg —m,as+ 7], and J = {y e R¥: [z —y| <1} . It
is obviously that J C R? x [z3 — 7,23 + 71]. Thus, the last integral in the previous equality
can be written as:

r3+7T
/ VT (x — y) n(y)dgdys = /1 V.I(z - y) n(y)dy + /J V.T(z — y) n(y)dy.

33— R2

Using Lemma we deduce that

T3+
/ Val(z — y) n(y)dgdys < C

3—m JR?

[ L)
nydﬂdngr/ T n(y)dy
z3—m JR2 lz—y|<1 ’x - y’2
<C [/ /2 n(y)dydys + 47anHLoo}
—7 JR

< C(lnllpr + lInllzee),

where we have used that flw—y\ <1 ﬁdy = 47r. Combining these estimates, we obtain the
desired result in Lemma. O
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Lemma 8.8 Let n € L' N WH°(R2 x T') and n > 0. There erists a constant C' > 0 such
that the gradient of the electric field Eln] satisfies the following estimates

IVeE[nllze < C (14 [Inflre (1 + W™ ([ Vanl[zee)) + [[nllz1) .
where the notation In™ stands for the positive part of In.

Proof. Observe that the potential ®[n] can be expressed as follows:

¥ol(e) =15 [ [ wlaln@ ~g.a - gty + [ [ T)nte - )z
™ —r JR2

since the functions I' and n are periodic with respect to x3 with a period of 2w. We will
now estimate 8%1@)[71] (z). The same approach can be applied in orther cases. Taking the
derivative with respect to x1 in the above equality, we obtain

8171 TL :C 4 2/ / 111‘1’ y’ayln(y Y3 dydy?) _/ / 8y1n( )d??dy&
™ —r JR2

which implies that

2 T1— Y1 r3+m B
0z, @ 471'2 Jee - y|28y1”(y ,y3)dydys — a:clr — )0y, n(y)dydys
=: K1 + K».

The estimation of K; can be found in [2]. We will now estimate Ky. Let r, R > 0 such that
0 < r < R < oo verify the condition

{yeR: |z —y| <R} CR*x [v3 — 7,25 + 7).
We then decompose R? x 3 — 7, 23 + 7] as follows
R? x [x3 — m, 23 + 7] == J U Jy U J3,

where
:{yERg:|x—y|>R}ﬁR2x[a:3—7rja:3+7T],
={yeR’:r<|z—y|<R}, Js={yeR®:|jz—y|<r}.

For the integral over J;, we can use the integration by parts with respect to y;. Noticing
that the boundary of J; is 9J; = {y € R*: |z —y| = R} UR? x {w3 — 7,23 + 7}, we obtain:

_/J 8$1F(x - y)ayln(y)dydyi’)
1

= [ Bn0ure—pnwagss - [ oara-pn) " aot) 69
Ji lz—y|=R |:E y|

- /RQ [aﬂﬁlr(l‘ - (g) 3 + W))n(ga 3 + 7T) - aﬂﬂlr(x - (g7 T3 — W))n(ga T3 — ﬂ-)]dg
=0

Similarly, the integral over J, can be expressed as:
- [ 9@ - )y n(w)did
Ja

= [t —yntdsds — [ ol pn) P Paoty) 69
Ja |lx—y|=R |l’ y|

- /| | 00 Tz — () “ " oy,
z—y|=



For the integral over J3, since 0y, n(y) = 0y, [n(y) — n(z)], we can apply the integration by
parts to obtain:

- /J O, T (& — )8y n(y)dgdys (60)

= /J 0,02, T (@ — y)[n(y) — n(x))dgdys — / 00, T(x — y)[n(y) — n(z)) ——Ldo(y).

|lz—y|=r ‘LL’ - y’

Combining the equalities , , and , we deduce that
0z, ®[n)(x) = /J 0y, 0z, I'(@ — y)n(y)dydys + /J 0y, 0z, I'(x — y)n(y)dydys
1 2

+ /J 93,0, T(w = y)In(y) — n(a)ldgdys + / 90T — y)n(z) T 4o (y)

|x—y|=r ’(E - y|
=0+ I+ I3+ 14

Using Lemma, we will estimate the integrals I; for i = 1,...,4. For the integral I, we
apply the L™ estimate of J,I" to obtain:

1

L<c ——d
|lz—y|=r |$ - y|

o(y)llnllLe = 4rC|n| Lo

For the integral I3, we also obtain an estimate by using the L> estimate of 92"
1 2
Is;<C Tl = yldyl|VenllLe = 27°Cr||Vyn|| L.
lz—y|<r ‘iL‘ - y‘
Similarly for the integrals I and I, we obtain
1 2
L, <C ﬁdy\\nHLm =21°C'In(R/7)||n|| z,
r<|z—y|<R ‘I - y‘

1

n<c ——n
le—y|>R |$ - y|

C
(Wdy < 75l

Finally, combining these estimates of I; for : = 1, ...,4, we deduce that
1
Ky < O gglnlip +In(R/r)lnllze + r{[Vonl|ze +[Inllze | .

Taking r = and R =1 gives us the result of the lemma. O

1
L+ Vanl oo

8.3 Local-in-time existence of smooth solutions

We will begin by establishing strong solutions for the system —. It is sufficient to
construct a solution on some time interval [0, 7], T > 0. We present only the main arguments,
with the other details left to the reader. We assume that the initial condition n;, satisfies
the hypotheses:

H1) ny >0, Be-Vgniy, =0,

H2) niy, € WHe(R? x TH N WHL(R? x T1).
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Solution integrated along the characteristics. By a standard computation, we can
rewrite the equation as follows:

e e e
o + (E A E) - Vn + roty (E) - Ven — roty (E) -En=0. (61)
For any smooth field E € L>(0,T; WH>°(R2 x T')), we consider the associated characteristics

flow of this equation

e(Il(t; s, ))

g1_[(25; s,x) = E(t,1I(t; s,z)) A m + roty (%) (I1(t; s, z)), (62)

dt
(s;s,2) =2 € R? x T,

where I1(¢; s, x) is the solution of the ODE, ¢ represents the time variable, s is the initial time
and x is the initial position. II(s;s,z) = z is our initial condition. Notice that the vector
field 7 is also smooth and belongs to W2 (R? x T!). Therefore, the characteristics in
are well defined for any (s,z) € [0,7] x R? x T! and there are smooth with respect to .
From , the equation can be written as

%n(t, W(t;5,2)) = oty (7 ) (U(t:5,2)) - E(t, Tt s,2))n(t, Tt 5, 2) = 0.

The solution of the transport equation is given by

n(t, ) = nin(L(0; £, 2)) exp < /0 * oty (%) (I(s:¢, 2)) - E(s,H(s;t,m))ds) . (63)

Conservation law on a volume. We have the following conservation law

/ n(t,x) = / nin(x), 0 <t <T. (64)
R2xT! R2xT!

Indeed, we denote J(t; s,x) is the Jacobian matrix of II(¢; s, x) with respect to z at (¢;s, z).
The determinant of the Jacobian matrix J(t; s, z) is given by

dt B

{ L et (J(t:5,2)) = divy (E(t) A< 4rot, (%)) (I1(¢; 5, 2))det (J (L 5, 2)) ,
det(J(t;t,z)) = 1.

Hence, we obtain

det (J(t;s,x)) = exp (— /: rot, (%) (T1(0; s, x)) - E(6,11(6; s,:c))d@) .

Integrating with respect to 2 and changing the variable x to II(¢; 0, x), we obtain .
A priori estimates. We establish here a priori estimates for the solution n(¢, x) provided

by and its derivative.

The bound in L>(0,T; W1>°(R? x T!)) of the solutions. We have the following bounds

for the concentration n:

sup [|n(t)]| oo m2xt1) < [[MinlLoo 251 exp(CBT sup [|[E(1)]|Le), (65)
te[0,T] te[0,T]

IVar ()] oo g2ty <([[72in]| 2o + exp(CpT (1 + S IE@) w00 DIV arin]| 1)
€10,

exp(CpT(1+ sup [|E(t)[lw1e)),
t€[0,T]

(66)
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where Cp is a positive constant depending on B.

The estimate is standard and follows directly from the formula (63)). We will now
prove ([66]). To do this, we estimate supyepo 7 [|Va11(052, -)[| Lo . By differentiating with respect
to z in , and applying Grénwall’s inequality, we obtain

V108, < xp((1+ a1+ sup [EOlhwr.»)): ¢ € [0.7) (67)
te[o,T

Next, by taking the derivative with respect to x in , and using the inequality , we
obtain through straightforward computations.
The bound in L>®(0,T; WH1(R? x T!)) of the solutions. We have

In(@)llzr = lnill L1, t € (0,71, (68)

IVan(t)][ s < exp(Cpt(l+ sup |[|Ellyre))([[Viilzr +tCp sup [|E@)|lwr.eollninllzr),
t€[0,T] te[0,T]

(69)
where Cp is a positive constant depending on B. The estimate is derived by first taking
the derivative with respect to x in , then integrating with respect to x and changing the
variable z to II(¢; 0, z). Finally, we apply the inequality (67).

Local existence of regular solutions. We define the following set of the electric fields:

. {E € L0, Ts WSR2 x V) : sup | B(1) 1= < My, sup Vo E ()] < MQ}’
(0,77

)

where M;, 7 = 1,2 are two constants to be fixed later. Assume an electric field F in 3. We
consider the solution by characteristic of the equation on R? x T!, corresponding to the
electric field E and denote by n® which is given by the formula . First, we will show that
n¥ satisfies when it holds at initial time.

Proposition 8.1 Assume that nin satisfies H1 and H2, and that an electric field E € 3 is
given. Then the solution n¥ of , as given by , satisfies the condition .

Proof. For any v > 0, there is a unique solution of

14 € 14 € 14 € 14 Be | Z—
on? + (E A 5) Van 4+ roty, (E) -Ven¥ —rot, <§) - EnY + — Vn” =0, (70)
n”(0, ) = nin(z).

The solution is given by
¢ e
n’(t,x) = nin(Z7(0;t,x)) exp (/ rot, <§> (Z"(s;t,x)) - E(s,Z”(s;tw))ds) ,
0

where Z" are the characteristics corresponding to the field E'A § + rot, (%) + %. Using
and , we obtain that |[n”||ze o 1;ra2xT1)) is uniformly bounded with respect to
v, for ¢ € [1,00]. Therefore, we can extract a sequence vy converging towards 0 such that
n“t — i weakly % in L>(0,T; L4(R? x T')) for some function 7 € L>(0,T; LY(R? x T1)).
Multiplying by v and passing to the limit as £k — oo in the sense of distributions with
the test function ¢ € C°([0,T) x R?2 x T!), one easily gets that ni(t) € ker(Be-V,), t € [0,T].
If ¢ € ker(Be - V,), the singular term in (70 vanishes in the distributional sense, and by
passing to the limit for £ — +00, we deduce that n satisfies in the distributional sense
with the test fuction in C2° Nker(Be - V). Since n” is the unique solution of (61]), thus, we
have n” = 7 and n® verifies . O
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Now, we construct the following map F on 3, whose fixed point gives the solution of the
system —, at least locally in time such solutions exist

E— F(E)= / V.2(x — y)nE(t,y)dy.
R2xT!

We will prove that the map F is left invariant on the set X for a convenient choice of the
constants M7 and Ms. Then, we aim to establish an estimate such as:

|FE(t) — FE(t)||r~ < Cr /Ot |E(s) — E(s)||z~ds, E,Eec¥,tel0,T], (71)

for some constant Cp, not depending on E and E. After that, the existence of the system
— immediately, based on the construction of an iterative method for F.

Lemma 8.9 There exist positive constants My, My and T' = T(My, Ms) such that F(X) C X.

Proof. Let F € ¥. Thanks to Lemma and the formulas and , we have
[F(E) )]z < C([|nin]| L~ exp(CBT P IE(#)||zo) + [Ininl[£1)
tefo,T

< C(lIninll Lo + [l 1) exp(CT sup [[E(t)[L= + 1).
te[0,7

Here, we fix M; as a constant such that C exp(2)(||nin|lzec + ||Pinl|z1) < M1, and we choose
T = m. Hence, we obtain sup,c(o 7y [[F(E)(t, )| L= < M;. Consequently, the bound
of L* norm for the density n(t) in becomes

()]l < exp(1)[[nin] o (72)
It remains to estimate ||V,F(E)(t,-)|z. Thanks to Lemma we need to estimate
In"(||Vn(t)|)). Using the formula (66), we have

" ([Van(®)llze) < " ([Ininllwee (14 exp(CT(1 + Sup. 1B lw.))))
€|0,

+CpT(1+ sup [[E()|wre)
t€[0,T]

< In"(||ninllpree) + 14+ 2CT(1 + sup ||E(t)|lyw1.)-
te[0,7]

Thus, together with , we deduce that

IVaF(E)(t, )z < 201+ exp(1)[nin oo (2 + " ([[nlwre)) + lI7nll 1)

(1+ CBT sup ||E(t)||wie)-
t€[0,T

Here, we fix My as a constant such that 2C(1 + exp(1)||nin ||z (2 + In™ (|0l ) +

M-
Ininllz1) < % and we take T' = . Hence, we get ||V, F(E)(t, )|~ < 722 = M.
(I

We establish the inequality . Let us consider E, E € ¥ and denote by n” and i the
characteristic solutions of with the same initial data n;,, respectively corresponding to
the electric fields E and F. It can be easily seen from Lemma that

1
Cp(M1+Mo)

IF(E)(t) — FE) ()= < CInT () — 2P (1) e + [In" (1) — 2P ()] 1),

where the constant C' is not depend on E and E. Thus, the inequality follows from the
application of thefollowing lemmas, whose proofs are similar to Lemmas 5.4 and 5.5 in [17],
and are left to the reader.
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Lemma 8.10 We have

InE(t) — B (1))~ < C / |E(s) - E(s)||pds,
0

for some positive constant C, not depending on E, E.

Lemma 8.11 We have

InE(t) — 7 (t)l|: < C / |E(s) — B(s) | poeds,
0

for some positive constant C, not depending on E,E.

Uniqueness of regular solutions. The uniqueness of regular solution n(¢, x), which be-

longs to L>=(0, T; WHL(R? x TH) NnW e (R? x T1)), is immediately derived from the inequality
and Gronwall’s inequality.

Based on the preious arguments, we establish the following result:

Proposition 8.2 Assume that the initial condition ny, satisfies the hypotheses H1 and H2.
There exists T > 0 and a local time strong solution (n,E) on [0,T] for the limit model
— with the initial data ny,. The solution is unique and satisfies

n >0, ne L®0,T; WH°(R? x TY) N L0, T; WH(R? x TY)),
E € L0, T; W' (R? x T1)).
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