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DUAL ALGEBRAS WITH A RICH SET OF wx-CONTINUOUS
CHARACTERS

FREDERIC JAECK

Abstract. Let H be an infinite dimensional, separable, complex
Hilbert space. We study operator algebras on H which possess many
wx*-continuous characters. In this general setting we give a reduction
for the invariant subspace problem. We also show that the considered
algebras turn out to be uniform algebras. The introduction of certain
properties lead to the existence of non trivial invariant subspaces and
to a generalisation of a structure theorem for the algebra.

Let H be an infinite dimensional, separable, complex Hilbert space. We
denote by £(#H) the algebra of all bounded operators on H. As usual C'(H)
denotes the ideal of all finite-trace operators, which is a Banach algebra under
the trace norm:

00 = {S 0 ()t € 10|

i=1

where for z,y € H, x ® y(u) = (x|u)y, and the trace norm is defined by
|K [y = sup{[tr(T, K) | T € L(H), [Tl <1}

The duality (C'(H))' = L(H) induces a weak-* topology on L£(H) and a
dual algebra is any w*-closed sub-algebra of £(#). It is often useful to
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actually see a dual algebra as the dual of a quotient space of C' (#). More pre-
cisely we denote by * A := {L € CY(H), < L,T >=tr(T,L) =0, VT € A}
the preannihilator ideal of A. We then have A = (Q4)" where Q4 := C®(H)/+A.

We will denote by A7 the dual algebra generated by a single operator T'.

This framework has turned out to be very efficient for the study of abso-
lutely continuous contractions: indeed it is a natural setting to put together
many different notions around invariant subspaces, reflexivity and spectral
properties (see [2] for initial setting and results up to 1984).

Here we generalize some results for dual algebras which possess enough
wx-continuous characters. We shall see that in this case the dual algebra
turns out be a uniform algebra.

From now on we will denote by Max.A the set of all characters on A.
Two well known situations illustrate this setting:

1) The dual algebra generated by a sub-normal operator. In this case S.
Brown proved the existence of invariant subspaces (see [5]).

2) Developping considerably Scott Brown’s technique it was extended to
more general algebras. In 1978, S. Brown, B. Chevreau and C. Pearcy showed
that a contraction with a dominating spectrum in the open unit disk had non
trivial invariant subspaces (see [3]).

Then the same authors showed in 1986 that a contraction with is spectrum
containig T had non trivial invariant subspaces (see [4]).

Finally, H. Bercovici and B. Chevreau independantly proved that con-
tractions with an isometric Sz.-Nagy Foiag functional calculus had property
A, (definition reviewed below) (see [1], [10]). S. Brown and B. Chevreau
then showed the reflexivity of such algebras (see [6]).

In any case the study of such operator algebras enables to give some
classification and results related to the problem of invariant subspaces and
reflexivity (see Cassier’s articles on singly generated uniform dual algebras
8], [7])-

It is some importance that the following results do not use any dilation
theory since collections of three or more contractions do not possess a unitary

dilation in general. First of all we recall the definitions of standard properties
for general dual algebras. Let 1 < m, n < §, be two cardinal numbers. A
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dual algebra A = (Q4)" is said to have property (A,,,) if for any collection
(Lij)i<m, j<n of elements in Q4, there exists vectors (z;)i<m, (¥)j<n such
that:

Lij=[zi®uylo, Yi,J
where the brackets denote the image in the quotient space Q 4. In particular
case when m = n we shall write (A,) for short.

We now introduce new properties which are weaker than (A,) but still
lead to the existence of invariant subspaces and structure results: we say that
the algebra A has property (Trigy,) if for any collection (L;)o<i<y, of elements
in Q4 N MaxA, there exists vectors (;)o<i<n, (¥i)o<j<n sSuch that:

[xi®yi]QA:Li 1<i<n

Some intermediate properties were first used by G. Exner and I.B. Jung (see
[14]) and more recently by G. Cassier, I. Chalendar and B. Chevreau (see
[9]) to give additional information on the classes A,,, for one contraction.

Recall that an invariant subspace for A is any closed subspace E C H
such that TE C FE, for all T € A. A non trivial invariant subspace is an
invariant subspace F such that F # (0) and £ # H. The lattice of all
invariant subspaces for 7" will be denoted by Lat7T. If N C M are two
invariant subspaces, the space K = M © N is said to be semi-invariant. In
this case, the compression of 1" to K is denoted by Tk and is defined by
Tkr = PgTx, for all z € K.

1. Uniform dual algebras

Definition 1.1. Let A be a dual algebra and A = Max AN Q4 the set of
all wx-continuous characters on A.

We say that A is of type A if A is dominating for A, i.e.

Tl = sup{[\(T)[}, VT € A.
AEA
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Remark. This definition has another formulation: A is dominating for
A if and only if acoA = (Q4)1 (closed unit ball). (See proposition 2.2 in

[12]).

Remark. This is a generalization of the standard class A for a single
absolutely continuous contraction; such a contraction has a Sz.-Nagy Foias
calculus ®7: H*(T) — Ar C L(H) which is wx-continuous and isometric.
In this case for any A € D the point evaluation F) at A is a wx-continuous
character and we have aco(E)) = (Qp=)1 = (L'(T)/H}(T)),. This property
is transmitted through the preadjoint application ¢ of &1 to the predual
algebra Qr: we have ¢r : Qr — Qp and aco{C\, A € A} = (Qr); where
Coaa\ = or(Ey).

The following proposition says a bit more about the structure algebras of
type A.

Proposition 1.1. Let A be a dual algebra of type A. Then

1) A is commutative;

2) A is a uniform algebra.

Proof. The commutativity of such algebras is inherited from the domi-

nancy of A: for any VW € A and any C' € A we have C(VW — WV) =0
and thus |[|[VIV — WV|| = 0.

Since A is of type A we can compute for any T € A:

T[] = sup{[A(T")} = ||T]|"
A€A

So |7 IMax 4 = lim|[T7[['/" = [|T||, the Gelfand transform is an isome-
try and A can be identified with a uniformly closed sub-algebra of C'(Max.A),
where MaxA is endowed with the wx-topology. It is easy to notice that A
always separates the points and contains the constant functions and hence is

a uniform algebra. O
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2. The property (Trig,) and associated structure results

The following definition enlarges in a natural way the one available for
algebras possessing a H> wx-continuous calculus (see [2]).

Definition 2.1. A dual algebra A is said to be of type

1) Co. ifVweH andV (z,)n CH, x, — 0 we have [w @ z,]0, — 0;
2) Co if VweH andV (x,), CH, x, = 0 we have [z, @ w]g, = 0;
3) Coo if A is simultaneously of type Cy. and of type C..

Notation. In the sequel we shall denote by £, (1 < n < §,) the set of
all elements in Q4 of length n : L € L, if there exists x1,...,Zp, Y1, .y Yn

1

in H such that L = Y [r; ® y;]o,. Recall that the weak operator (and the

=1

strong operator) continuous functionals are the elements of |J £, and the
n>1

functionals that are continuous with respect to the weaks* operator topology

are in Lg,.

Proposition 2.1. Let A be a dual algebra. If C € Max(A) N Ly then
there exists x € H such that C' = [z @ x]g,,.

Proof. Since C' € L, then there exists u,v € H such that C' = [u®v]g,.

We then write M = KerCu, N' = Au and D = N © M.

We can assume that Py # 0 since C' # 0 and we can substitute Py to

Since A = CI + Ker(C' it is easy to see that D = C, and we can then
v
write C' = [u ® v]g, = [v ® V']g,, where v/ = Tl O
v

We now describe the capacity of evaluating characters many times with
elements of £; as soon as we have property (Trigy):

Proposition 2.2. Let A be a dual algebra over H with property (Trigy)
for one N € IN. If C € Max(A), then there exists orthonormal collections
(un)N_y and (vy)N_, such that C = [u, @ vy)o,-

n=1

Proof. Let C' € Max AN Q4. Thanks to property (Trigy) we can find
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vectors 1, ..., TN, Y1, ..., yn in H such that:

O=[z;®y] 1<i<j<N

We now make a step by step transformation on those equalities.

Step one: If the x;s were not independent, there would exists a line, say
the k™ such that zy € Vec{z,...,zx 1} and [z, @ yx] = C and [z ® y;] = 0
for j =1,...,k — 1, which is not possible.

In the same way we can show that the y;s are also linearly independant.

Step two: We use the Schmidt orthonormalization method for the ;s.
First, for 2 <i < N, we replace z; by =, = x; + klz; + k;'m + ...+ kzgz_l)xi_l
so that z} L z; for 1 <j <.

To homogeneize the notation, we set =} = x;. We then have, for 2 <i <

—1 X
N @y = kP mi @y + [z ®y] =0+C.
7j=1

i—1
We also have, for 2 < i< j <N, [z}®y,] = 121 kgl)[xl@)yj]—l—[xi@yj] = 0.

Step three: We go along the same line with the y;s: we set yjy = yny and
N
we replace, for 1 <i < N—1, y; by y. =yi+ > l(k)yk to obtain the desired
k

i
=i+l
orthogonal sequence.

N
Finaly we have, for 1 <i < N—1, [z}®y]] = . Z+1 1Pl @yi] +[7) @y =
=3

N

0+Cand, for1<i<j <N, [7i@y)]= X lgk)[x;®yk]+[x;®yj] =0,
k=it1

which ends the proof. O

3. Reduction for the invariant subspace problem

In this section we introduce a notion which enables to measure the richness
of the set A of all wx-continuous characters. It is noteworthy that if A is a
dominating part of the disk D for the algebra H*°(D), then any collection
A\ F, where F is finite, is still dominating. (see [16] for related definitions
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and dominancy properties and [11] for applications in the context of dual
algebras).

In order to extend these ideas, we set:
Definition 3.1. Let A be a dual algebra of type A. We say that A =

Maz(A) N Q4 is rich if it is dominating and if for any finite set F C A, the
set N\ F is still dominating.

In the next proposition, we show that there is no loss of generality in
assuming that A is rich for the problem of invariant subspace for algebra A
of type A.

Theorem 3.1. Let A be a dual algebra of type A. If the set of all wx-
continuous characters A is not rich for A then the algebra contains a non
trivial algebraic element and has a non trivial hyper-invariant subspace.

Proof. Let us suppose that there exists a finite set F C A such that
A\ F is not longer dominating. Then there exists A € A, ||A|| =1 and via
the Hahn - Banach theorem there exists Ag € A such that:

1]l = 1= Ao(A) > sup [A(A)]
A€A

Moreover ||A"|| = ||A||™ = 1 and we can extract a wk-converging subse-
quence (A™), — B.

But A is wx-continuous and then \o(B) = 1, which in turn implies that
B #0.

Notice that for all A € A\ F, we have |A(A4)| < 1 and then A\(B) = 0.
We shall denote Ag = {A € F, |A\(A)| =1} = { A, ..., An}
The preceeding lines showed that:

VieA, NB) =1
YAZAy AB)=0

We now set P(z) = (z — M (B))--- (2 — An(B))z. For every A € A we
have A(P(B)) =0 1i.e. P(B) =0 since A is dominating.

Moreover KerB is a non-trivial hyperinvariant subspace for the algebra
A since B# 0 and B# 1. O
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4. Generalisation of one of Exner’s results

Before we give a result relative to properties (A,,,) for algebras of type
A, we recall a property for general dual algebras which appeared to be one of
the most fundamental tools in the study of dual algebras with a H*-calculus
(see [2] for example of application).

If A is any dual algebra, and for 6 € [0, 1] we have:
Xy = {Le€Qu I (xn)n, (Yn)n C ()1, such that
(1) Hm||L = [z ® ynlall < 0
(2) [fzn @ w]al| >0V weH
(3) [llw @ ynlall = OV w € H}

Now for any 0 < § < v <1, the algebra A is said to have property Xy,
if (QA)7 C Xg.

It is remarquable that any dual algebra with property Xy, has also prop-
erty Ay, (see [2]).

Here we give the generalization of one of Extner’s well result for the
algebra generated by an absolutely continuous contraction (see [13]):

Theorem 4.1. Let A be a dual algebra of type A and of type Coq. If A
has property (Trig,) for every n € IN*, then A has property Xo1 and thus
also property (Ax,).

Proof. 1) The algebra is of type A, thus, given L € Q4, ||L|| < 1, and
n
e > 0, there exist aq,...,a, € @, Y |o;| < 1 and wx-continuous characters
i=1
Ci,...,C, € A such that:

=1

Thanks to the hypothesis Cyp, it is enough to find vectors (x,,), and (yy,),
in H such that:

Ty =0, yp —0

||L — [n @ ynlo .|| = 0 when n — oo
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2) Let us suppose for a while that the algebra A has the following pro-
perty: (P): V C € A, there exist sequences (ex), C H and (fi)r C H such
that e, = 0, f = 0 and C = [e; ® fi|g, for all kK € IN. Then A C § and

since §, is absolutely convex and closed (see [2]) we get aco(A) = Q1 = A).
3) We now eventually show that our algebra has property (P).

Let C' be a w*-continuous character. Since, for every N, A has property
(Trigy), and thanks to proposition 2.2 there exist orthonormal sequences
Uy, ..., Uy, V1, ..., Uy € H such that:

C:[U1®U1]:"':[UN®UN]

It only remains to pick the uys and the vys that u, — 0 and v, — 0.
In order to achieve this we fix here a sequence (x,), C H of unit vectors
which is dense in the unit ball of H. It is then enough via an elementary
argument of density to find for each given p, one e, = u,, and one f, = v,,
such that [{e,|zx)| < 1/y/p, 1 < k < p, |(fplzr)| < 1/yp1 < k < p and
C =[ep ® fploa-

We start with an elementary remark: given x € H, ||z|| = 1, an or-

N
thonormal sequence ti,...,txy € H and N € IN* we have ||z||> > X [(t;|z)|%
i=1

Thus there exists ¢ € {1,..., N} such that |(¢;|x)| <

-

We now consider a fixed p and we set:

2p—2

p
A1 = {U,l, ...,Up2p} = U S]i
k=1

where card(S}) = p? for all k =1, ..., p?~2.
1
For every k =1,...,p?* 2, there exists wi € S} such that |(w}|z,)| < %,

arlld there exists a corresponding y, such that C' = [w, ® y,] and [(z1]y,)| <
— (first pick the p candidates for wj, and then chose one corresponding to
p

y; maching the requirement).
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We then set:
2p—4

P
No={wp, k=1,...p7% = |J S}
k=1

where card(S3) = p?, for all k and we pick w? and y;.

We then iterate this process until we get:
Ay ={uw? " kE=1,..,p%}

and there exists k such that for e, := w? ' € A, and for the corresponding
1 1
fo ==yt we have [(e,|z)| < —, j = 1,..,p and |(f,|z;)] < —, j =
» = U [{eplz;)1| - [(fplz;)] 7
1, ...,p, which is the desired conclusion. O
We end this paper with natural question associated with what preceeded:
Problem. Let A be an algebra of type A with property (As,). Is it
always true that 4 has property X7

We recall that the answer has been positively established by Chevreau in
the case of N-tuples of commuting contractions with a unitary dilation.
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