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EXACT DIMENSION OF DYNAMICAL STATIONARY
MEASURES

FRANCOIS LEDRAPPIER AND PABLO LESSA

ABSTRACT. We consider a random walk on SLg(R) with finite first moment
and finite entropy. We show that the distributions of the unstable flag space
and of the stable flag space are exact dimensional.

1. INTRODUCTION

1.1. Exact dimension. We are given a probability measure p on the group GL4(R)
and we are interested in the asymptotic properties of products of sequences of
matrices chosen independently with distribution p. The logarithm of the determinant
follows a classical law of large numbers and we may restrict ourselves to probability
measures on SL4(R). We assume that the probability p has a finite first moment.
Then, the behaviour of individual vectors under the random product of matrices
is described by Oseledets theorem ([Ose68], see section 2.1). Namely, there are
numbers, the Lyapunov exponents y1 > ... > xn, with multiplicities d1,...,dn,
and, at almost every w, a random decomposition

Rd = El(w)@...GBEN(w)
with dim E;(w) =d; for i = 1..., N such that

1
, im = (n) — v
v#0€ Eij(w) < nhI:E nlogHg (w)v]] = xi-

The space X of such decompositions is an open subset of Hé-vzlGrdi(d) and is
canonically endowed with a Borel structure and a Riemannian metric. From our
results follows that the distribution of the Oseledets decomposition in X is exact-
dimensional. We have

Theorem 1.1. Assume that the measure p has countable support and finite entropy.
Let M be the distribution on X of the Oseledets decomposition: for any Borel
A C X, M(A) is the probability that (Fy(w),..., Ex(w)) belongs to A. Then, there
is a number A such that, for M-a.e. x € X:

lim log M (B(x,r))

= A.
r—0 logr

The space X can be seen as a space of pairs of partial flags in general position
in R%. With that setting, the measure M is the product of the natural dynamical
stationary measure v on the space of unstable partial flags F and the natural
dynamical stationary measure v/ on the space of stable partial flags F/. The
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2 FRANCOIS LEDRAPPIER AND PABLO LESSA

space (F,v) is the Furstenberg boundary of the random walk (SL4(R), ). We show
(theorem 2.1) that the measure v is stationary ergodic and that the Furstenberg
entropy x(u,v) (see section 2.2.4) satisfies

(L.1) Klp,v) <Y didi(xi — X5)-
0<i<j<N

Assume that the measure p has countable support and finite entropy. We show
(theorem 2.2) that the measure v is exact dimensional with dimension §. Since the
measure v is the dynamical stationary measure for the random walk (SL4(R), 1),
where p/(g) := u(g~1), the measure v’ is exact dimensional as well (with dimension
d’). Theorem 1.1 follows since the measure M is the product of the measures v and
V. Moreover, A = § + §'.

1.2. Structure of the flag space. Exact dimension holds for any coarser partial
flag space, and theorem 2.2 is stated for a general partial flag space. The case
of the projective space P4~1 is due to A. Rapaport ([Rap21]). The dimension of
vpa-1 is given in [Rap2l] by a sum Z;V:_ll 7y, where «y; are partial dimensions. In
the general case of the dynamical stationary measure on the unstable flag space,
the dimension § is a sum of partial dimensions ; ;, for 0 < i < j < N. Fix the
multiplicities dy, ..., dy such that dy 4+ ...+ dy = d and consider the corresponding
spaces X, F and F’. The main novelty in this paper is the description of the bundle
X — F’ as an array of SL4(R)-equivariant algebraic finite-dimensional vector bundle
extensions (see theorems 2.4 and 5.1). To each vector extension is associated a pair
(1, Jr), 0 < i < jr < N and the linear dimension of the fiber space is d;, d;, -

Given p on SLg(R) with finite first moment and multiplicities dy, ..., dy, for
each vector extension, there exists a family of conditional measures on the fibers
associated to M. These conditional measures are M-almost everywhere defined.
They are M-a.e. exact dimensional (theorem 2.7) and the dimension v is M-a.e.
constant. We have

(1.2) Y < diydj,.

Moreover, for each vector extension, there is a dynamically defined entropy rp
that satisfies ki = Y& (xi, — Xj,,) (theorem 2.7). In [LL23], we assume that the
multiplicities d; are all 1, so that the bundle structure is simpler to describe and
the proof of theorem 2.7 is more direct.

1.3. Addition formulas. The structure of the array of extensions is not linear
(see Figures 1 and 2 in [LL23] for the cases N = 3 and N = 4) but there are paths
k1,...,kn(v—1)2 of successive extensions from F’ to X'. Moreover, the associated
pairs iy, , jk, are such that all pairs (7,7), 0 < i < j < N appear and appear once.
Along any such path, we have the entropy formula (see section 7):

N(N-1)/2 N(N-1)/2
(1.3) Ksv) = D> ko= Y (i, — X, )-
(=1 =1

We obtain the exact dimension of the measure v in theorem 2.2 by adding the
dimensions along a path of successive extensions from F’ to M under two more
conditions:

(1) we consider a monotone path, such that £ — Xix, — Xjr, 18 NOn-decreasing;
(2) we assume that the measure p has countable support and finite entropy.
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Under those two conditions, the dimensions add (see theorem 2.8):
N(N-1)/2

(1.4) S= > Yk
=1

The first condition is necessary: there are counter-examples already in SL3(R),
see [LL23], section 9. It is an open question whether the second condition can be
weakened. The conditions for the formula (1.4) is the main difference with [Fen23]
and [Rap21], where they consider the action of the projective space. In that case,
there is only one path of successive extensions, and it is automatically monotone.
We also replace the exponential moment condition by finite entropy.

1.4. Lyapunov dimension. We continue assuming that the measure p has count-
able support, a first moment and finite entropy. Following [KY79] and [DO80], we
define the Lyapunov dimension of a stationary measure on F and show the relation
(1.5).

We order the differences Ay = x;, — Xj, in such a way that
O0<A <A < S Anv—1)/2-
Define the continuous, piecewise affine function Dr , , on the interval [0, dim F| as:
Dr,.(0) = £(p,v) and
Dy, (s) = =Xfor Y didj, <s<> didj, =1,...,N(N-1)/2.
k<t k<t

We define the Lyapunov dimension dimpy (F, u,v) as the number such that
D]:,/J,V(dimLY(]:7 H, V)) =0.

By (1.1), the definition makes sense: the function D, , is decreasing and

Dg . (dimF) = &(p,v) — Z did;i(xi —x;) <0.
0<i<j<N

Theorem 1.2. Assume that the measure p on SLy(R) has countable support, a first
moment and finite entropy. Let v be the dynamical stationary measure on the space
of unstable flags. With the above notations

(1.5) 0 =dimv < dimpy(F,pu,v).
Proof. By (1.2), vz < d;.dj,. Since we are following a monotone path, we can
apply (1.4) and write, since the slope of the function Dr , ., is at least x;, — x;, for
Dkt Ve <8< Zkge V>
Dz uw(8) = Drpu(D_v0) = k(i) = > velxie = Xi0)-
[ k
By (1.3), we have D, ,,(6) > 0. O

From the proof, we see that if we have equality in (1.5), then the ~, are known
in terms of the entropy x(u,v): there is some kg such that
® vy = diedjg for ¢ < k‘o,
o v, = 0for £ > kyand
® 7y, is such that (1.3) holds.
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In other words, we have equality in (1.5) if the measure v aligns along the directions
with the less contraction, the only constraint being the Furstenberg entropy. An
open problem is to find conditions under which we have equality in (1.5). This is
true when d = 2 and in some examples in higher dimensions, see [FS22] for the
latest results and a history of similar problems, in particular for IFS.

Define the function D,, by replacing (i, v/) by the random walk entropy hrw (1) :=
inf,, %H(u*”) The function ﬁ# does not depend anymore on F,v, but there is
no guarantee that D, (dim F) < 0. So, for any C' SL4(R)-space Y, we can define

dimy, (Y) by
dim,(Y) = dimY if D,(dimY) >0,
:= s such that D,(s) =0 otherwise .

Since for any stationary measure v on any SLg(R)-space, x(u,v) < hrw(u)
([KV83]), we have dimpy(F,pu,v) < dim,(F) and the equality § = dim,,(F) is
harder to obtain than equality in (1.5). See [HS17] for the d = 2 case and [Rap22]
and the references therein for the latest developments.

1.5. Organization of the paper. In section 2, we fix the notations and state
the precise and complete form of our results. The proof of theorem 2.1 is given in
section 3. We describe the vector bundle structure of X — F” and the partial vector
bundles in section 4, and their algebraic change of coordinates in section 5. We then
describe some dynamical properties of these bundles in section 6. In section 7, we
recall the properties of the partial entropies associated to all the equivariant spaces
we constructed. We prove theorem 2.7 in section 8 and theorem 2.8 in section 9.

2. STATEMENT OF RESULTS

We fix G = SL4(R) and a probability p on G.
We always assume in what follows that p has finite first moment, meaning that

[log ||glldu(g) < +oc.
G

We say p has finite entropy if it is discrete, meaning it is a countable convex
combination of point masses, and H(u) = — Y. u(g)logu(g) < +oo. For some
geG

results we will assume H (p) < +oo in which case this will be explicitely stated.

We consider on the sequence space Q = GZ, the Bernoulli measure m = p”, we
let g, : 2 — G be the n-th coordinate projection, and ¢ :  — Q be the left shift so
that g, oo = gp+1. We will also use the notation

Im (W) = gn-1(w) -+ gm(w),
for all m < n.
2.1. Oseledets splitting. By the Oseledets theorem there exists N € {1,...,d},

multiplicities dy,...,dy with d; + -+ + dy = d, and Lyapunov exponents x; >
.-+ > xn such that for m-a.e. w the set

1
Ei(w) = RY: lim —log gy < i
) = {oe R i Tioglapnl <

1
N {v eR?: lim Elog 9%, (w) o] < _Xi} ;

n——+0o
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is a d;-dimensional subspace of R? for i = 1,..., N. Moreover, for any pair I, J of
disjoint non-empty subsets of {1,..., N}

. 1 .
(2.1) lim —log|sin Z(@icrEi(0"w), ®jesEj(0"w))| = 0,

n—+oo |n‘

where Z(E, E') is the smallest angle between unit vectors of the vector spaces E
and E'.

2.2. Entropy and dimension on flag spaces.
2.2.1. Left filtrations. For any I C {1,...,N}, set d(I) = > d;. We will call a set
i€l
Lc{0,{1},{1,2},... . {1,....N}},
containing ) and {1,..., N} a left filtration.

For each i € {1,..., N} we denote by L(7) its atom in L, i.e. the smallest element
of L containing 7.

2.2.2. Flag spaces. Recall that a flag in R is a sequence of increasing subspaces
beginning with the subspace {0} and ending in the subspace R.
Given a left filtration L let 1 be the space of partial flags given as sequences
(z1)rer such that
(1) xr is a d(I)-dimensional subspace of R? for each I € L and,
(2) x5 C xy whenever I C J.

Each flag space F, is endowed with a distance coming from its embedding into
the product of Grasmannian manifolds of the corresponding dimension.

2.2.3. Dynamical stationary measures. The partial unstable flag Ep(w) € Fp, is
defined by
Er(w) = P Eiw),

for each I € L.
We let vy, denote the distribution of Fy, i.e. the probability on F;, defined by

vi(A)=m({{w e Q: Ep(w) € A}).

2.2.4. Furstenberg entropy. Recall that a probability v defined on a space where G
acts continuously is said to by p-stationary if

V= /g*vdu(g)~
G
A pu-stationary probability is ergodic if it is extremal among p-stationary measures.
Given a p-stationary measure v the Furstenberg entropy of the pair (u,v) is defined
as

(u0) = [ [ 1og 2 (ga)av(z)duto),
G F

or +oo if g.v is not absolutely continuous with respect to v for p-a.e. g.

Furstenberg entropy is always non-negative, and is equal to zero if and only if
g«v = v for p-a.e. g € G. The fact that p has finite first moment implies that the
Furstenberg entropy is finite.
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Theorem 2.1 (Entropy exponent inequality). For each left filtration L, the measure
vy is p-stationary, ergodic, and satisfies

K(p,vr) < Z did;j(xi — X;)-
JEL()
2.2.5. Ezact dimension. Let (X, p) be a metric space, v a measure on X. The lower
dimension dim and the upper dimension dim of (X, p,v) are defined by
logv(B(x,r)) logv(B(x,r))

dim = ess.inf liminf —————*  dim = ess.sup lim sup
v r—0 log T v r—0 IOg r

A measure v on X is called ezxact dimensional with dimension ¢ if dim = dim = 4.

Theorem 2.2 (Exact dimension of dynamical stationary measures). Asssume that
u has finite entropy.

Then, for each left filtration L the measure vy, is exact dimensional. Furthermore
there is a formula for its dimension in terms of the Lyapunov exponents of p and a
finite set of dynamically defined entropies.

2.3. Entropy and dimension on configuration spaces. In order to prove
theorem 2.2 and describe the formula for the dimension of each vy, we consider a
more general family of spaces than spaces of partial flags.

These spaces are parametrized by certain topologies on the finite set {1,..., N}
which we call admissible and will now define.

2.3.1. Admissible topologies. Given a topology T on {1,..., N} we denote by T'(7)
the atom of i for each 1 < i < N. A topology is said to be admissible if T'(i) C
{i,i+1,...,N} for all 7.

An admissible topology T is finer than another 7" (denoted by T < T") if T'(i) C
T'(i) for all 5. We say T is one step finer than T” (denoted by T X ™) ifT<T,
there is a single atom T'(i) with T'(i) # T'(i), and furthermore T"(i) = T'(4) U {j}
for some j.

We denote by T7 < Ty the finest and coarsest admissible topologies. An admissible
topology T is said to be filtered if it is generated by T and some left filtration L.

1
Whenever T < T with T"(:) = T'(¢) U {j} we define the Lyapunov exponent
xr,1" by
XT, 1" = Xi — Xj-
1 1 1
A monotone path is a sequence TF = T < TF=1 < ... < T9 = T’ such that
X0 < Xr2r2 <o S Xk TRt

Lemma 2.3 (Existence of monotone paths). For each T < T’ there at least one
monotone path with T and T" as its endpoints.

Proof. This is [LL23, Proposition 2.1. part 1]. O

2.3.2. Configuration spaces. Given an admissible topology T', we define the (weighted)
configuration space X (with weights dy,...,dx) as the space of sequences (x1)rer
such that

(1) x; is a d(I)-dimensional subspace of R? for each I € T,

(2) 2oy =xr+ay forall I,J € T, and

3) zrny=xrNayforall I,JeT.
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Each configuration space A7 is endowed with the distance corresponding to its
natural embedding in the product of Grassmannian manifolds.

If T < T we denote by nrp : Xr — Xp the projection which consists of
forgetting the subspaces x5 for all T € T\ T".

Theorem 2.4 (Configuration spaces are fiber bundles). Given admissible topologies
T < T the configuration space Xr with the projection wp 1 is locally bilipschitz home-

N
omorphic to a vector bundle over Xr: with fibers of dimension > d;d;.
i=1 €T ()\T(i)

The theorem above shows that X7 with the projection 77 7 is a fiber bundle
over the base X7/ with fibers which are locally bilipschitz homeomorphic to R* for
certain k. Let us denote this bundle by Xr 7 and by X%:T, = w;}, (2') the fiber
over ' € Xpv.

2.3.3. Dynamical measures on configuration spaces. Given an admissible topology
T, for m-a.e. w setting
Er(w) = P Ei(w),
iel
for all I € T, defines a configuration in Xp. Let vy be the distribution of Er i.e.
vr(A) =m({w: Er(w) € A}).

For T < T, clearly (mr 1 )«vr = vrr. Let &’ — V%:T, be a disintegration of vp
with respect to the projection mp 7.

Lemma 2.5. Let L be a left filtration and T the filtered admissible topology generated
by Ty and L.

Then for vr,-a.e. xg, the measure V;?TO is the bilipschitz image of vy, restricted
to a full measure set in Fr,. In particular the measure vy, has the same dimensional
properties as the measures v’y for vr,-a.e. xq.

Proof of Lemma 2.5. We say (z,y) € Fr X Xr, are in general position if dim(z; N
yy)=d(INJ)forall I € L,J € Ty. Let (Fr, x X1,)* be the set of pairs in general
position and for each y € Xr, let F} be the set of = such that (x,y) is in general
position.

If I € L then I ={1,...,i} for some ¢ and

EL(w)r=(E18 - ® E;)(w).
On the other hand if J € Ty then J = {k,..., N} for some k and
ETO(UJ)I = (Ek D---D EN)(UJ).

It follows that Er(w) and Er,(w) are in general position for m-a.e. w.

Since Fp(w) is g-1(w),g—2(w),... measurable and Er,(w) is go(w), g1(w),...
measurable, they are independent and their joint distribution is v;, x v7,. Hence,
(vr X vpy)((Fr x Xp)*) =1 and vy (FY) = 1 for vp-a.e y.

Notice that each atom K € T is of the form I'N.J for some atoms I € L and J € Ty.
Let Fy, : (Fr x X7,)* — Xr be such that Fp(x,y) is the unique configuration in Xr
with Fr(z,y)ins = xy Ny for all atoms I € L,J € Ty. Observe that Fy, is well
defined and bijective since x; = Fr(x,y)s for all atoms I € L and y; = Fr(z,y)s
for all atoms J € Tj.
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We claim that for each y € Xr, the restriction of F, to F} x {y} is locally
bi-lipschitz. To see this first note that the inverse is a projection forgetting the
subspaces zy for z € Xp if I ¢ L and hence is trivially Lipschitz. In the forward
direction for each atom K € T we have K = I NJ for some atoms I € L and J € Ty
and therefore Fp,(z,y)x = x5 Ny which is locally Lipschitz as a function of x;
in the Grasmannian of dimension d(I) such that the intersection with the fixed
subspace y; has dimension d(I N J).

To conclude we observe that since 771, (Fr(,y)) = y we obtain that vy, =
(FL)«((vL) 72 x {y}) for vr,-a.e. y. This concludes the proof of Lemma 2.5. O

2.3.4. Fibered entropy of dynamical measures. Let T < T’ be a pair of admissible
topologies. We associate the (fiber) entropy s 7 by the formula

(w)

dgo(w *VET',
(2.2) Kpqr = /loggO()TvT

AW B (@) (90(w)Er(w)) dm(w),
T, T

setting k1 = +oo if the density in the integral fails to exist on a set of positive
m-measure.

Lemma 2.6. The entropies st 1+ satisfy the following:
(1) 0 <Ky < oo forallT < T’
(2) kppr = ke + Kprope for ol T < T <T".
(3) For each left filtration L one has kr 1, = k(p,vr) where T is the filtered
admissible topology generated by L and Tj.

2.3.5. Exact dimension results. We are now able to state our two main results,
which together imply theorem 2.2.

Theorem 2.7 (Exact dimension for one step disintegrations). If T L T are
admissible, then for vp-a.e. ' the measure V%:T, is ezact dimensional and

KT, 17

XT,T/.

dim(uf«:T,) =

Theorem 2.8 (Additivity along monotone paths). If u has finite entropy, and
1 1 1

T =T <TF1 < ... < T° =T is a monotone path of admissible topologies then

v is exact dimensional for vri-a.e. x' and

k—1

dim(V%:T/) = Z

i=0

Rpi+1 i
XTi+1,Ti .
3. PROOF OF THEOREM 2.1

3.1. Proof of stationarity. For each i = 1,...,d we have
1
Ei @@ E)(w) = R%: lim —logg° < —Xip-
(B0 E)w) = {o e R lim_ Tlog o )0l < -

It follows that for each left filtration L the flag Ey, is g_1,9_2,...-measurable.
In particular E7, and gg are independent. From this we obtain that the distribution
of go(w)EL(w) is exactly

/ g«vrdp(g).

G
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Let 0 : Q — Q be the left shift, so that g, (ow) = gn4+1(w) for all n.

Since m is shift invariant and go(w)EL(w) = Er(ow) for m-a.e. w, we obtain
that the distribution of go(w)EL(w) is vr. This shows that vy, is p-stationary as
claimed.

3.2. Proof of ergodicity. Set v;, = vy and suppose that vy = tvy + (1 — )y where
v; is stationary for ¢ = 1,2 and ¢ € (0,1).
From [FG10, Section 1] the limits

: 0
V; = llm g W)« V;
“ n—s+0o n( )* v

exists for m-a.e. w and furthermore

v = /Vi’wdm(w),

Q

fori=0,1,2.

It suffices to show that vy, = 11, = 2 for m-a.e. w to conclude that vy, is
extremal as claimed.

For this purpose we note that E7, (0™ "w) is independent from g_; (w), ..., g9-n(w).
It follows that the conditional distribution of ¢° ,, (w)Er (0~ "w) given g_1(w), ..., g—n(w)
is (92, (w))sv0.

Since m-a.e. we have Ep(w) = ¢°,(w)FL (07 "w) the limit vy, must be the
conditional distribution of £ (w) given g_1(w),g—2(w), ... which is dg, ().

Hence we have shown that vy, = 5EL(M) for m-a.e. w. Since vy, = tvy, + (1 —
t)v1 . it follows that vg ., = v1 o = 1o, for m-a.e. w, which concludes the proof.

3.3. Proof of entropy estimate. Let F denote the space of full flags. If g Is a
probability on G with finite first moment, and v is a p-stationary measure on F,
we define the Lyapunov exponents of (&, 7) so that

MED) 4 M1, 7) = / / log | det ()/d7(x)di(9)
G F

fori=1,...,d, where |detg(g)| is the Jacobian of g restricted to the subspace S,
and U;(x) denotes the i-dimensional subspace of .

Given a left filtration L we denote by 7y, : F — F1 the natural projection. For
convenience we set L(0) to be the empty set and d(L(0)) = 0.

Lemma 3.1 (Lifts of dynamical measures). Let Ly be the finest left filtration and v

be a p-stationary probability on F. If for alli € {1,...,N} one has Ap(p, 7) = xi
forallk € {d(L1(i— 1))+ 1,...,d(L1(3))} then (wp,)sV = vi,.

Proof. Let v, = liIJIrl g%, (w)«7 and suppose, by taking an extension of (£, m),
n—-+0oo

that there exists E : Q — F whose conditional distribution given (g, (w))nez is T
for m-a.e. w.

Fixie {l,...,N},set k=d; +--- 4 d; and E;(w) = Up(E(w)). We claim that
Ei(w) = (BE1 & ® E;)(w) for m-a.e. w € Q. This would prove the lemma since E
has distribution 7 and we would have 7, (E(w)) = Ep, (w) for m-a.e. w € €.
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To establish the claim, we first observe that by Birkhoff’s theorem

1
/— lim —log| det g%, (w) *|dm(w) = /log| det go(w)|dm(w).
EQ(UJ) Q Ei(w)

n—+oo N
Q

However m-a.e. one has

1
limsup —— log | det(¢°,, (w) ™) < dix1 + - + dixs,
n—+oo N S
for all di + - - - + d;-dimensional subspaces S C R%.
Therefore
: 1 0 -1y _
Jm gloglgig)gfn(w) | = —(dva + -+ dixi),
so that Ej(w) = Ey(w) ® -+ @ E;(w) for m-a.e. w € . Which concludes the
proof. (I

To prove Theorem 2.1 we consider a sequence fi,, of probabilities obtained by
convolving p with the uniform measure on the ball of radius % around the identity
in SO(d).

Lemma 3.2 (Continuous stationary measures). For each n there is a unique [i,-

stationary measure U, on F. Furthermore U is absolutely continuous with respect
the rotationally invariant probability and for any left filtration L one has

K(Hn, (TL)5Vn) = Z Z Ak (Bns Un) = Ai(fins Un).-
JEL(E) d(L(i—1))<k<d(L(3))
d(L(j—1))<I<d(L(j))
Proof. The uniqueness of 7, and its absolute continuity with respect to the ro-
tationally invariant probability is [LL23, Lemma 5.2]. The formula for entropy
of an absolutely continuous stationary measure is the calculation following [LL23,

Proposition 5.8]. O
Let v,, be the unique fi,,-stationary measure on F given by Lemma 3.2. By taking
a subsequence we suppose that v = lim 7, exists.
n—-+oo
Let s1(g) > -+ > s4(g) denote the singular values of a matrix in G. By

construction the integrals

|log si(9)|dfin (9),
|log(si(9))[>C
go to zero uniformly in n when C' — 4oc0. This implies (see [LL23, Lemma 5.4])
that
N ?) = T NG, 7).
On the other hand by [FGTQ15, Theorem 1.1] (they deal with a more difficult

perturbation where there is worse control on the smallest singular value, their
argument goes through for our case) we have

lim >\k (,a:n7 ”;n) = Xi

n—-+oo
for all k € {d(L(i —1)+1,...,d(L(#)))}.
In particular this implies, by Lemma 3.1 that (7p).7 = vy, for all left filtrations
L.
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By semi-continuity of Furstenberg entropy we now obtain for all left filtrations L
that

R, i) = K(pt, (7)) < i inf w(jin, (7). ;)d id (i = x3):
JjérL

which concludes the proof.

4. COORDINATES ON CONFIGURATION BUNDLES

In what follows we fix admissible topologies T' < T".
We let X7 7/ denote the space Xr endowed with the projection 7y 7+ which we

will show in this sectlon is a fiber bundle.

We denote by X7 7 = 7TT1T/( ') the fiber over a point =’ € Xp».

4.1. Compatible splittings. We say a sequence of subspaces V = (V1,...,Vy) is
a splitting compatible with 2’ € X if

(4.1) 2 =PV,
icl
forall I € T
Notice that in particular this implies dim(V;) = d; for all 4 and R? = @ Vi.

Lemma 4.1 (Perpendicular compatible splitting). Setting

1
(42) Vila) = a0 (Fronn)
yields a compatible splitting for each 2’ € Xp.

Proof. We first observe that since z7;y = Vi(2') ® 273y \ {¢} have dim(V;(z')) = d;
for all 7.

We proceed by induction on min(7) begining with min(I) = N where we trivially
have Vi (2') = xf{N}.

Assume that min(I) = ¢ and that equation 4.1 holds for all J € T with min(J) > .
We deduce that

or = ooy T 2y = Vil@') @ 20y g 21 g

=Vi@he P Vi) + P Vi

JET'()\{4} jen{i}
b vt
jen{i}
Since the dimensions of the subspaces on the right-hand side add up to d(I), the
sum must be direct as claimed. O

4.2. Vector spaces of nilpotent mappings. Given T' < T’, z’ € Xy and
V' a compatible splitting we denote by Nilp 7/ (V) the space of linear mapping
f: R4 = R? such that

(4.3) fvyc @ v,
JET()\T (i)
fori=1,...,N.
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Lemma 4.2. The dimension of the vector space Nilp (V') is

N
dim(Nilp.p (V) => > didj.

i=1 eI ()\T (i)

Proof. Let S; = {f € Nilp7/(V) : fiv; =0 for all j # i}. This is isomorphic to the
space of linear mappings from V; to &  V; so we have
T ()\T(3)

JET'(\T(2)

Let 7wy, : R? — V; be the projection along @ V;. Given f € Nily 7/ (V) we have
J#i
f=> fomy, and fomy, € S;. Since S; N P S; = {0} it follows that,
it

Nilp (V) = €D Si.

which concludes the proof.
O

4.3. Fiberwise parametrization. Given T < T’, 2’ € X and a compatible
splitting V' we define a mapping

v : Nilp g (V) = X

by setting

(4.4) ev(f)r=(1d+f) (@ Vi(x’)> ;

icl
for all I € T, where Id : R? — R? is the identity mapping.

Lemma 4.3. The sequence oy (f) defined above is a configuration in X%:T/ for each
f € NilT7T/(V).

Proof. First notice that ¢y (0); = @ V; for all I € T. So in this case, it follows
el

from equation 4.1 that ¢y (0) € Xqﬂfl.

For general f € Nilp (V') we observe that, since f is nilpotent, Id +f is a linear
isomorphism of R?.

Since @y (f)r = (Id+£)(ev(0)r) for all I € T this suffices to show that ¢y (f) is
a configuration in Xp.

We now verify that oy (f)r ) = x’T,(i) for all 4. Since the case f = 0 has been

established, it suffices to show that Id + f leaves each x/T,(i) invariant.
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To do this, using the case f = 0, we calculate

(Id+£) (@) = d+f) | P Vi

T'(3)
cPvi+s @ 1%
T’ ()
cPhvi+d EB Vi
T (i) T (i) k€T ()\T ()
= @ 1%
T/ (3)
= 1)

Since the dimensions of the subspaces on the left and right-hand side are equal
this shows the desired claim. ([l

Lemma 4.4. The mapping pv : Nilp (V) — X%:T/ defined above is injective.

Proof. Suppose that f # g, let i be the largest index such that f and g do not
coincide on V;, and v € V; be such that f(v) # g(v).
If oy (f) = v (g) then in particular

(Id+f) (Vi@ S) = (Id+g) (Vi® S),

where S= @ V.
FET(O\{i}

Therefore there must exist v € V; and w € S such that v + f(v) = v + w +
g(v') + g(w).

By equation 4.3, f(V;) and ¢g(V;) are complementary to V; @ S. Therefore we
must have v = v’ and f(v) — g(v) = w + g(w).

However, for the same reason this implies w = 0 and hence f(v) = g(v). So @11
is injective as claimed. O

Lemma 4.5. The mapping ¢y : Nilp o (V) — X%’:T/ defined above is surjective.

Proof. Let x € X%/, we say f € Nilp 7 (V) is i-good if

(1d+f) | B Vi) | =,

jeJ

for all J € T with min(J) > 4.

Notice that f =0 is N — 1-good.

Suppose that f is i-good we will show that there exists g € Nilp 7/ (V) with
gy, = 0 for all j # i such that f + g is (i — 1)-good.

To see this consider the subspace

s= p v
JET'(W)\T (3)
We claim that
S®Tr@)\{i} = T\ {3}
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To see this first notice that by equation 4.1 we have

o D Vi=Tra
JET ()\ {3}

Now, since Id 4 f is a linear isomorphism leaving x’T,(i)\ (i invariant it suffices to
show that (Id+f)(V;) NS = {0} for each j € T'(¢) \ {i}.

Fix j € T(i) \ {i} and v € V;. By hypothesis f(v) € o) Vi so unless

keT' (H\T(5)
v = 0 one has that v + f(v) has a non-zero component in V;. Since v + f(v) €
T = @ Vi we conclude that if v+ f(v) € S then v = 0. Which proves
T'(i)\ {4} 0
keT’(i)\{i}

the claim.

From the claim it follows that

Vi® S @ zraniy = 210 )-

Since Ty N T \{i} = TT()\{i} this implies that Ty N (Vi(z") ® S) is d;-
dimensional.

Therefore, for each v € V; there exists a unique w € S such that v +w € zp(;.
Setting g(v) = w we have that f + g coincides with f when restricted to @ V;(z').

§>i

By construction zp(;) is the image under Id +f+g of V;®S, so f+4g is (i—1)-good

as required. O

4.4. Proof of theorem 2.4. We define for each 2’ € Xjp/ the perpendicular
compatible splitting V(z') = (Vi(2),...,Vn(2')) as in lemma 4.1.

We define
(45) VT,T' = {(.’El, f) = XT/,f S NﬂT,T/(V(ZE/))}.

This is a vector bundle with base X'+ with the projection onto the first coordinate.
It is a sub-bundle of the product X7+ x Hom(R% R%). We metrizice it with the sum

of the distance in X7 and any operator norm on Hom(R?, R%).
We claim that @7 7/ : V. = Xp 7 be defined by

err (@', f) = oy (f),
is a locally bilipschitz homeomorphism.

For each 4 the mapping o’ — V;(2’) is lipschitz since it is defined by taking the
perpendicular complement of a subspace of 2’ within another. Since, ¢y is defined
applying Id +f to sums of the subspaces V;(z’) it is a lipschitz mapping as well.
Hence @ 1 is a lipschitz mapping.

From lemma 4.3, 4.4, and 4.5 it follows that ¢7 7/ has an inverse which we
denote by ¢ /. From the proof of lemma 4.5, it follows that 7 7 is locally
lipschitz because the mapping associating in a splitting S @ S’ to each subspace
S” complementary to S’ a linear mapping f : S — S’ whose graph is S” is locally
lipschitz from the dim(S)-dimensional Grasmannian to Hom(S @ S’,S @ S7).

4.5. An example of a non-trivial configuration bundle. In view of theorem
2.4 it is natural to ask whether the vector bundles constructed are trivial (i.e. the
product of the base times R¥). We give an example showing this is not the case.

Example 4.6. For N = 2,dy = 1,dy = 2 for the only two admissible topologies
Ty < Ty the bundle X1, 1, is homeomorphic to the tangent bundle of the projective
space P(R3).
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We note that Xp, is the space of ordered pairs (L, P) of a one-dimensional
subspace L and a two dimensional subspace P in R? in general position. The map
1, T, is the projection onto the second coordinate.

To establish the claim we endow P(R?) with the unique rotationally invariant
Riemannian metric for which the angle in R? between the subspaces x € P(R?) and
exp, (v) is |lv|| for all (x,v) in the tangent bundle TP(R3), where exp denotes the
Riemannian exponential mapping.

Notice that (L, P) € Xp, if and only if the angle between L and the perpendicular
complement L’ of P is less than 7.

Hence, for each (L, P) € X, there is a unique v € Tp,P(R3) with [|v|| < Z such
that L = exp;, (v).

This identifies X7, 7;, with the bundle of tangent vectors with norm less than 5
which is diffeomorphic to the tangent bundle itself.

5. FIBERWISE CHANGES OF COORDINATES

We consider in what follows admissible topologies T' < T". We say two splittings
V=0W,...,Vy)and W = (Wy,...,Wy) are T'-compatible if there exists ' € X
such that both V and W are compatible with 2’. Equivalently

Pvi=Ppw,
I I

forall I € T".
Given two such splittings we let 7y, and mw, be the corresponding systems of
projections, so 7y, is the projection onto V; along € V; and similarly for myy,.
i#i
Theorem 5.1. For each pair of admissible topologies T < T’ there exists a poly-

nomial with integer coefficients prr+ in 2N + 1 non-commuting variables such
that

Qoa/l O@V(f) :pT,T’(f77TV17 ey TN TW e e ,7TWN)7
for all T'-compatible splittings V,W, and all f € Nilp p(V).
5.1. Projections.

Lemma 5.2. For each © one has

TV, = TV, TW,;TV;» TW; = TW, TV, TW;
and furthermore,
™W,Tv; = TV;TW; = 07
for all j > 1.
Proof. We show that my, = my,mw,mv;, and 7y, mw; = 0. The other claims follow

by permuting V and W.
Since V and W are compatible, there exist S, S’ such that

S:@VJZ@W]'?

Jj=i Jj=i

S =PV, =pw,

Jj>i Jj>i

and
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It follows that both 7y, and my, are projections with kernel S’ when restricted
to S.

Hence, my, 7w, = my, within S, and therefore v, my, Ty, = 7r‘2,1, = Ty, as claimed.

If j >4, then my, (v) C S’ for all v, so one has 7y, Ty, = 0 as claimed. O

5.2. Proof of theorem 5.1. We begin by defining a family polynomials in the
non-commutative variables x, a1, ..., an, B1,--., BN-
We do this inductively by first setting

P =0=q1;
fori=1,...,N.
We continue for each i defining for j = 2,3,..., N according to the rules
(1) If] S T(’L) set Pji = 0 and qji = Z 5Dk s
k<j

(2) If j ¢ T(i) set q;; = —ayr(z)fi + > > ojr(z)zogp,
IET (O\T (§) I<k<j

where r(z) =1 -2+ 2% + -+ + (—2)V L.
Since g = > mw, gmw, the theorem follows from the following claim by setting
(2%

prr = Z Py,
7

Lemma 5.3. Let f € Nilpr(V), g = o ov(f) € Nilpp (W), and X =

(f?TrV17"'77TVN?7TW17"'77TWN)'
Then for all i,j one has

pij(X) = 7w, gmw, and ¢; ;(X) = 7v,gmw,.
As a first step to proving the lemma we show:
Lemma 5.4. One has v, gmw, = mw, gmw, = 0 = p1,;(X) = ¢1,:(X) for all i.

Proof. This follows immediately since gmyy, takes values in

@ Wj C @WJ = @V}
7 ()\T'(

i) i>2 j>2
O
We now cover the case where j € T'(4).
Lemma 5.5. If j € T(i) then mw,gmw, = 0 = p;(X) and
71'ng7TWi = ZT(VJTFngﬂ'Wi.
k<j
Proof. Since gmw, takes valuesin @ W, the first claim is immediate.
T (\T (4)
For the second we use lemma 5.2 to conclude
7Tng7TWi = Z?ijﬂ'wkgﬂ'wi = Z?T\/J.?TWkgWWi.
k k<j
d

Finally we cover the case j ¢ T'(7).
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Lemma 5.6. If j ¢ T(i) then
™V 9TW,; = _ijr(f)ﬂ'Wi + E E TV, T fﬁVkWWngWm
1ET ()\T(3) I<k<j
and

W, 9TW, = E TW,; TV, gTW, -
k<j

Proof. The second claim follows by the same argument as in lemma 5.5.
For the first we observe that, since ¢w(g) = @y (f) we have

(Id +9) P Wi = (1d +£) P Vi
T(i) T(i)
Since j ¢ T'(4) this implies
mv,Id+£) " (Id +g)mw, = 0.

Since f € Nilp7/(V) we have f¥ = 0so (Id+f)"! = r(f) = ld—r(f)f. It
follows that
v, 9tw, = —mv,r(f)Tw, + v, r(f) fgTw,.

We now write g = > my;, T, ¢ and use lemma 5.2 to obtain
Lk

v, gmw, = =7y, r(f)Tw, + Z Z v, r(f) frve mw g,
€T ()\T (i) I<k<j

However, since 7(f) f(V}) C Vj41@--- @V we obtain wy,7(f) fry, = 0 by lemma
5.2, so in fact
v, 9w, = —mv;7(f)Tw, + Z Z v, (f) frv, mw 9w,
1T ()\T (i) I<k<j
as claimed. ]
Lemma 5.3 now follows by induction. The base case for p; ; and q; ; is given by
lemma 5.4.

Assuming it has been established for py; and g ; with k& < j then if j € T'(7) it
holds for p;; and ¢;; by lemma 5.5, and otherwise it hold by lemma 5.6.

5.3. Change of coordinates for one step bundles.

1
Lemma 5.7 (One step change of coordinates). If T < T then for all 2’ € X7/ and
all compatible splittings V, W the mapping

(pW oYy . NZlTT/( ) — ANZ'lT7T/(VV)7

is affine. Furthermore, setting oy (pv(f)) = A(f) + B with A linear and B €
Nilp 7/ (W) one has

A(f) = 7w, frw,,
where i < j are such that T(i) =T"(i) \ {j}-
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Proof. Let i < j be the elements such that T"(:) \ T'(i) = {j}, and let

S = @VZ- = @Wz
k>j k>j

From the definition of Nilz 7+ (V), we have f(R?) C S and since f2 = 0 we have
f(S) = {0}

From lemma 5.2 every projection my, (S) C S and mw, (S) C S for all i. Therefore,
we have faf = 0 for all a obtained by composition of projections along the splittings
V and W.

Let pprs be the non-commuting polynomial given by theorem 5.1.

From the above observation it follows that any term of

pT,T’(x7a1a"'7aN7617"'aﬁN)

containing x twice or more, evaluates to 0 when calculating pr 7 (f, 7y, ..., Twy ).
Hence, gz);Vl py is affine as claimed.

Since f € Nilp7/(V) we have f = my, fry,. Setting g = ow (pv(f)) we have
g = 7w, gmw, and therefore

A(f) + B = WijT,T’(T"ijﬂ'Viaﬂ'Vp R 77'('1/[/1\,)71'{/1/i.
This implies that A(f) is equal to a finite sum of terms of the form
7er7TX1 . 'WXm,WijW\/',;WYl o TY, TW;

for some sequence of subspaces Xy, Yi chosen from the splittings V' and W.

Since my, = my, and 7, = mw, for all k, we may assume Xj # Xji for
k=1,...,m—1.

By, lemma 5.2, if the term is non-zero there is a non-increasing sequence j >
Iy >1ls > ... > 1, such that X, =V, if k is odd and X, = W, if k is even.

For the last term 7x, my, to be non-zero we must have l,,, < j, so we obtain that

l), = j for all k and since, within € V; the projections 7y, and 7y, have the same
>3
kernel it follows that

7'('[/[/]71’)(1 . '7TXm7TVj = 7TWj7TVj.
Similarly, wy, 7y, - - - Ty, Tw, = 7y, T, and we obtain that
A(f) = Cﬁwjﬂ\/}fﬁwﬂwi = O?Tijﬂ'Wi,

for some integer C' which does not depend on the particular compatible splitting W.
Since, when V' = W we have C = 1 we have shown A(f) = 7w, frw, as
claimed. (I

5.4. Change of coordinates for filtered topologies.

Lemma 5.8 (Filtered change of coordinates). If T is filtered then for all 2’ € X
and all compatible splittings V,W the mapping

gp‘jvl oy : Nilp (V) — Nilp (W),
is affine.

Proof. The key observation is that T'(i) \ T'(i) € T".
To see this, let T' be generated by Ty and the left filtration L and notice that
T(i)=T;(i)NL4#) ={i,i +1,...,i+ k} for certain k. This implies

T'O\T@G) =T'()n{k+1,... N} T,
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as claimed.
As a consequence we obtain

e = D Ve= D Wi
T ()\T(3) T'()\T(3)
Now let go = ¢y (¢v(0)) so that

ow (90)1@) = (Id +g0) @ W; @ V; =

T (%) T (%)

for all 7. We claim that

ow (pv(f) = 9o+ F(1d +g0),
for all f S Ni1T7T/(V).
We first verify that go + f(Id +go) € Nily 7/ (W) by checking
(90 + Fd+go)W; C go(Wi) + F(ED Vi) = #ipry + D, D Vi
T(i) JET () T"(G\T ()

As noted before T(i) = {i,...,k} for a certain k and L(i) = {1,...,k}. Tt
follows that for each j € T(i) we have T'(j) = {j,...,k}. Hence T'(j) \ T( ) =
TG)Nn{k,..., Ny cT'(i)n{k,...,N} =T' (i) \ T(i ) This shows that

Y. D Vicirunae
JET() T GINTG)

so that go + f(Id+go) € Nilp 7/ (W) as claimed.
To conclude we verify

w (g0 + f(Id+90)) 1) = (Id+g0 + f(Id+g0)) P W;
T(i)
= (Id+£)(Id +g0) P W;
T(i)

= (1d+/) PV

()
= ov(f)rw),

for all . So that pw(go + f(Id+g0)) = v (f) as required. O

5.5. Examples of change of coordinates.

5.5.1. Non-affine change of coordinates.

Example 5.9. For N=4,dy =do=d3=dy=1,d=4 and T < T’ defined by
T'(1) ={1,2,3,4},T"(2) = {2,3,4}, 7' (3) = {3,4}, T'(4) = {4},

and

T(1) ={1,3},T(2) = {2,3},T(3) = {3}, T(4) = {4},

the change of coordinates <p‘7‘,1 oy bewtween compatible splittings is not affine.
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Fix a basis v1,v2,v3,v3 of R* and let V = (V1, Vs, V3, V4) be the splitting where
Vi is generated by v;.
If we let 2} = G} V; for each I € T” then V is compatible with 2.

We let wq = vy +U2 + vz + V4, Wo = Vg + V3 + Vg, W3 = V3 + V4, ws = vg and W be
the splitting where W; is generated by w;. By construction W is compatible with
z' as well.

For f € Nilp 7(V') let A be the associated matrix in the basis {v;}. It has the
form

0 0 0 O

a 0 0 O

4= 0 0 0 O

b ¢ d 0

We notice that since A% = 0 one has

1 0 0 0
1 yq 9 —a 1 0 0
(Id+A4)"" =1d-A+ A° = 0 0 10

ac—b —c —-d 1
We let B be the matrix associated to the identity from basis {w;} to {v;} which

is

0
0
1

—
)
=0 O O

Finally, we let X be the matrix associated to g = ¢y (v (f)) in the basis {w;},
which will have the form

0
w
0
x

n o oo
o O O O

0
0
0
Y

By definition we must have

Id+£)"1(1d +g)Wy = V4
(5.1) (Id+£)~"1(Id +9)W3
' (Id+£)~ 1(Id +g)(W2 P W3) (Vo @ V3)
(Id+f)"H(Id +g)(Wr & W3) = (Vi & V3)
To solve for X we calculate
1 0 0
1 . —a+w+1 1 0
(Id+A)""BId+X) = w4l ) .

ac—b+w(-c—d+1)—c—d+ax+1 —c—d+y+1 —-d+z+1

The equation 5.1 becomes

—d+z+1=0
—c—d+y+1=0
—a+w+1=0

ac—b+w(-c—d+1)—c—d+2x+1=0.

= o O O
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‘We have thus obtained:

0 0 0 0

a—1 0 0 0

X = 0 0 0 0
—a+b4+ad c+d—1 d—1 0

Here it can be seen explicitly that w;vl o ¢y is not an affine mapping from
Nily 7/(V') to Nilp (W), and instead is polynomial with degree 2.

5.6. Dimension 3.

Example 5.10. For N =3 =d and di = dy = d3 = 1 the change of coordinates
between compatible splittings V,W 1is affine for all pair of admissible topologies
T<T.

The only case not covered by lemma 5.7 or lemma 5.8 is

T ={1,3}{2},{3} < T" ={1,2,3},{2,3},{3},

where we have specified the topologies by listing their atoms.

We will now show that for this particular choice of T < T" changes of coordinates
between compatible splittings are also affine.

As before to see this we pick two basis v1,v2, v3 and w1, ws, ws of R? such that
it V= (V1,V,V5) and W = (Wy, Wa, W3) are the associated splittings there is

2’ € Xps such that
- @V B
T T

forall I € T".
Given f € Nilp (V) we let A be its matrix from the basis {v;} to itself. We
have

0 0
A= 0o ol,
b 0

o O

for certain a, b and
1 0
(Id4+A) ' =1d-A4+A%=|—-a 1
ab —b

= o O

We may change the basis {w;} while still generating the same splitting W in such
a way that w; = v1 + avy + fvz, we = vy + yvs and ws = vy. After doing this, the
matrix B, associated to the identity from the basis {w;} to {v;} will have the form

1 00
B=|a 1 0
gy 1

We now let X be the matrix associated to g = ¢y (v (f)) in the basis {w;}.
We have

0 0 0
X=1xz 0 O
0 vy O
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The element g € Nily 7/ (W) is determined by the system of equations

)
Ad+f) " Ad +g)Ws = Vs
(5.2) (Id+f)"tAd +g)Wq = Vs
(Id+f)"1(Id+g)W1 @ W3 =V, & V3
We calculate

0 0
(Id +A)"'B(1d +X) —a+a+x 1 0
ab—ab+z(y-b)+8 —-b+v+y 1

Equation 5.2 becomes

~b+v+y=0
—a+a+xz=0

So we obtain

0 0
X=|la—« 0 0
0 b—~ 0

6. DYNAMICS ON CONFIGURATION SPACES

1
6.1. Inner products on one-step fibers. Let T < 77 and i < j be such that
T(i) =T'(i) \ {7}

Consider, for each @’ € X/ the perpendicular compatible splitting V(') and the
vector bundle Vr 7 defined by equation 4.5.

We fix on each fiber

Vi ={(, f): f € Nilp.p(V(2'))},

the Frobenius norm ||||r (square root of sums of squares of singular values) of the
restriction of f to x’T/(i), and the associated inner product and distance.

Given a linear mapping A : V;}T, — V;?T,, we denote by s1(A) > --- > 54,4;(A)
its singular values with respect to these inner products.

6.2. Dynamics on one-step bundles. When T' < 7" are given we set z/(w) =
Er/(w),x(w) = Ep(w) and let V(w) be the perpendicular 2’ (w)-compatible splitting
given by lemma 4.1.

Lemma 6.1 (Affine action for one step bundles). If T’ 2T then
@) = 3 9 @) o)+ Nilrro (Vo™ (@))) = Nitrzs (V (07 ()

1s affine and setting

Fp(@)(f) = A (@) f + By (w),

one has
/‘log sp(Ag(w )‘dm <+
and )
r=— lim — [1 Ay
xrr == tim > [ log (s1(45(w)) dm(w),
Q

fork=1,...,d;d; wherei < j are such that T(i) =T"(i) \ {j}.
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Proof. Fixing w € Q set g = go(w), 2’ = 2'(w), and W = gV (z').
From lemma 6.2 below we have

Yo Pven(f) =gfg™",

for all f e V%:T/.
By lemma 5.7, we have that @Q%gx,)gow is affine. Using the explicit form of the
linear part we obtain that @;%gx/)@v(m')(f) = A(f) + B where

A(f) = ﬂ-VJ(gm/)gfg_lﬂ-V,;(gz’)'

We notice that ||y, gz [|F =1 on ga7. ), and

17y, lr =1 on gaz., ;). Since
f(@p4y) C 2y We obtain

167 (goryov @ (DIlF < lgllelg™ Izl fllF.

This implies that || A]| < |lg]|r|l¢g”*||F- Applying the same argument to g—! we

obtain s¢,q;(4) > |lgllz=" g~ 7"
It follows from m-integrability of the logarithm of singular values of go(w) that
log sx(A}(w)) is m-integrable for all k as claimed.
We will now show that
. 1 n
xr. = — lim —log (sk(Af(w))),

n—+oo n

for m-a.e. w € 2. By the sub-additive ergodic theorem this implies the remaining
claim on the integrals of the right hand side above.

For this purpose we let §(w) be the minimal angle between Ey(w) and @ E;(w)
Ik
over all k. From equation 2.1 of Oseledets theorem we have

ngr}goo logsin(6(o™(w))) = 0,

for m-a.e. w € Q.

Let W (w) be the Oseledets splitting so W;(w) = E;(w) for i =1,..., N and V(w)
be the perpendicular splitting adapted to z'(w) = Ep/ (w).

Since ¢f (w)W(w) = W (o™ (w)) we may use lemma 6.2 applied to W, and lemma
5.7 applied to the pairs V(w), W(w) and V(6™ (w)), W (o™ (w)) to obtain

AG (W) (f) = Tv; (0m(@)) 96 (W) T B, () T E ()96 (@) T TV, (0n ()

for all f € V;:(Tuf).
We observe that
(1) Ty, (o7 (w)) has norm 1 on E;(0"(w)) = g¢ (w)Ej(w) C 2'(0™(w))1r(;) since
it is a perpendicular projection on the latter subspace,
(2) By Oseledets theorem the norm of gfj(w) on E;(w) is bounded above by

exp(nx; + an) for some sequence with lim a,/n =0,
n—-+oo

(3) The norm of 7, (w) on f(RY) = V;(w) is at most sin(A(w)) "

(4) Since g (w)E;(w) = Ei(0™(w)) we have mg, ()96 (W) ™! = g, )96 (W) TR, (07 (w))-
5

(5) By Oseledets theorem the norm of the latter transformation is bounded
above by exp(—ny; + b,) for some sublinear sequence b,,.

(6) The norm of T, (on(w)) on Vi(0"(w)) is at most sin(f(c™(w)))

(7) The norm of Ty, (o () is 1 on gg (w)z' (w) 7 (;)-

-1
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Combining these facts we obtain that

JAG (@) (DI < [1f | exp(—=nlxi — x;)) exp(an + by) sin(B(w)) ' sin(0(c™ (w))) ",
so that
timsup - log |45 ()] < Xz

n——4o0o
For the lower bound we observe that there is a unit vector v € V;(¢™(w)) such
that

1£7 5. )96 @)~ ol = 1 f v @) mE, (@) g5 (w) " oll.
The minimal norm of Ty, ()7, )96 (w) " on V;(0™(w)) is bounded from below
(by Oseledets theorem) by sin(f(w)) exp(nx; + a,) for some sublinear sequence al,.
Similarly, the minimal norm of 7y, (gn(w))96 (W)TE, (W) on Vj(w) is bounded below
by sin(6(c"(w))) exp(—nyx; + b,) for somesublinear sequence by,.
Hence,

145 (W) foll = [1f]l exp(=n(x: = x;)) exp(ay, + by,) sin(6(c" (w))) sin(6(w)),
which yields
lim mf — log sda,d,; (Ap (W) > =x1.17,

n——+oo

for m-a.e. w € 2. Which concludes the proof. O

6.3. Coordinates for linear action. We note that if V' = (V4,..., Vy) is adapted
to ' then g7V = (¢7'Vi,...,97'Vy) is an adapted splitting for g~ 'a’. For
the coordinates given by these two splittings the action of g linear between the
corresponding fibers.
Lemma 6.2 (Linearizing coordinates). For each x' € Xr: and each adapted splitting
V' one has
¢y ogopgiv(f)=gfg

for all g € G and all f € Nilp 1/ (g=1V).

In particular ¢y, 0 g o ¢g-1v : Nilp7 (97 V') — Nilp,r/ (V) is linear.

Proof. We check that v (gfg™") = gpg-1v(f) as follows

ovigfg ™ = (Id+gfg™") ( >
oy ( )

el
g (1d+f) (@g—lv;>

el
= g¥Pg- 1V(f
(I

1
Corollary 6.3. If either T <T" or if T is filtered then the action of G on Xy 1/ is
affine on each fiber.

Proof. This is immediate from lemma 6.2 combined with either lemma 5.8 or lemma
5.7. O
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6.4. Dynamics on configuration bundles. Given T' < T’ we will now prove that

it is possible to approximate Fr(w) given Ep(w),g—1(w),...,g—n(w) to within a
distance decreasing with rate

6.1 =min min P — X

(6.1) Xroe = jerinew X N

Lemma 6.4 (Approximation of Oseledets configurations). Let T < T" be admissible
and x = X v be defined by equation 6.1, then

hgiup ||90\_/%w)g(in(w)<pV(U*"(w)) - @&%W)ET(W)H <X

for m-a.e. w € Q.
In particular

Er(w)= lim ¢°, (w)py(e—n(w)(0),

n—-+oo

for m-a.e. w € Q.

Proof. We let W(w) = (E1(w),...,Enx(w)) be the Oseledets splitting. Applying
lemma 6.2 we obtain that
soa/l(w)go—n(w)@W(U_"(w))(f) = go—n(w)fgo—n(w)il

Suppose ¢ < j are such that j € 7"(i) \ T'(¢), and let S; ;(c~"(w)) be the subspace
of functions f € Nilp 7 (W (o~ "(w))) such that f(FE;(c™"(w))) C Ej(c~"(w)) and
f(Br(o™™(w))) = {0} for all k # .

As in lemma 4.2 we have that Nilp 7 (W (o™ (w))) = @ S;,;(6~"(w)), so one has
given f € Nilp /(W (07" (w))) a decomposition

=3 > fu
i JET'(I)\T()
where fij = g, (o-n (@) [ TEi (0 ()
Let 6(w) be the minimal angle between Fj(w) and € Ej(w) over all k. We have
I#k
i1l < sin(0(a ™" (@))) ~Z[If-

By Oseledets theorem there exists a sublinear sequence a,, such that the norm
and minimal norm of ¢°, (w) on Ey (0~ "(w)) are within exp(+a,) of exp(nyy) for
all k£ and n.

Hence we obtain

03 ) 92 @ ow e n@p (DTS D D exp(2an) exp(—n(xi — x3)) I fis
i JET'(I\T(3)
< NZexp(2an) sin(0(c ™" (w)) *| f]-

This implies (since the angle 8(c~"(w)) is not exponentially small by Oseledets
theorem) that

. 1 _
limsup —10g ||y, 9% (W)ow (o () [| £ =X

n—-+oo

By theorem 5.1 we have that <p‘_,%w)<pw(w)(f) is a finite sum of terms obtained

as composition of f and projections along W(w) and V(w). We let P(w)(f) be the
sum of terms where at least one f appears.
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We now calculate

(6.2) 193 ()92 n (@)PV (0 (w)) (0) = @y Br ()| =
(6.3) = 1P(@) (#3092 (@) o) B (@)
where

Bn(w) = @w (07 (w)) PV (- (w)) (0)-

We claim that || By, (w)]| < exp(by,) for some sublinear sequence b,, depending on
w.

To establish the claim we observe that by theorem 5.1 one has that B, (w) is a finite
sum of terms obtained by composition of the projections along V (o~ "™(w)) and the
Oseledets splitting W (o~ "(w)). By Oseledets theorem the norms of the projections
along W (o~ "(w)) (which are controlled by sin(f(c~"(w)))~!) are bounded by
exp(cy,) for some subexponential sequence ¢;,.

For the perpendicular splitting the same holds. To see this, first observe that
Ty, (o - (w)) 18 an orthogonal projection within 2'(0™"(w))¢ ;) and therefore

I7v, -yl <1,

on this subspace.
Next, restricted to S; = @ V(e " (w)) = @ E;(c " (w)) both 7y, (¢~ ™(w)) and

jzi J>i
7y, (07" (w)) have the same kernel and therefore
[ (™ (@D = ll7vi (07" (@) me, (0" (@) < lIme; (0" (@),

on this subspace.
We establish the claim bounding the norm of 7y, on all of R? as follows:

17V (o=@ | = 17vie— @) Ad =Tv,_y (o)) - Ad =Tv; (g=n (o)
< 7B =@ |+ 175,y (e=n@n D) - A+ 7TE (0= @) )-
Using the claim we obtain that P(w) is evaluated in the right-hand side of equation
6.2 above, at a vector with norm at most exp(—ny) up to sub-exponential terms.

Since P(w)(0) = 0 and P(w) is lipschitz in a neighborhood of 0, this concludes the
proof of the lemma. O

7. FIBERED ENTROPY OF DYNAMICAL MEASURES

Let T < T’ be a pair of admissible topologies. We associate the (fiber) entropy
k7 by the formula

d *VTTT’,(W)
(7.1) P / log 20T B (w)) dim(w)

J dy%(?:g:’)ET’ (w)

Proposition 7.1. The entropies k1 satisfy the following:

(1) kppr >0 for all T <T'
(2) Kp,r = K + Ko T for all T < T <T1".

All the claimed properties follow from the interpretation of x(u,vy) and kp g as
conditional mutual information (see lemma 7.2 below). We follow [LL23, Section
5.2] and [Les21, Section 2].
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Recall that given random variables X,Y with individual distributions px, gy
and joint distribution px y the mutual information

dMXY
I(X,Y)= [ log XY
(X,Y) /Og dix % 1oy (z,y)dpx v (z,y),

if the Radon-Nikodym derivative if the integral exists and +o0o otherwise (see [Pin64],
[WynT78]).

If X,Y,Z are measurable functions from {2 into Polish spaces, the conditional
mutual information I(X,Y|Z) between X and Y given Z is the expected value
of the mutual information obtained using the definition above for a family of
regular conditional distributions ux|z, iy |z, kx,y|z- Here we have deviated from
the notation of [LL23] where I(X,Y|Z) denoted the Z-measurable random variable
whose expected value integral gives the conditional mutual information. Recall that
if W, X,Y, Z are measurable functions from €2 into Polish spaces, then one has the
following chain rule

I(W,(X.Y)|Z) = [(W,X|Y,Z)+ I(W.Y|2).
With these notations, proposition 2.6 reduces to the following lemma

Lemma 7.2 (Furstenberg entropy and mutual information). For each left filtration
L one has k(u,vr) = I(g—1, Er). For each pair of admissible topologies T < T" one
has R = I(g_l, ETlET/).

In particular 0 < kp o for all admissible T < T and kr v = K00 + Ko 70 for
all admissible T < T' < T".

Proof. We first show that x(u,vr) = I(g—1, E1) for each left filtration L. Keeping
with the notation above we let pux denote the distribution of a random element
defined on (Q,m).

For this purpose notice first that, by shift invariance of m, the joint distribution
of (9-1, EL) coincides with that of (go, goEL)-

Since go and Ep, are independent we have g g, = p x vz and it follows that

//f 9, x)dfigy g0, (9, T //f g, x)dg.vr(x)du(g).

G FrL G Fr

Hence, either I(g_1, F1) = +0o0 or one has

I(g1, Ex) //

G Fr

x)dg.vr(z)du(g).

In both cases I(g_1, Er) = k(p, vr) as claimed.

For a general admissible topology, we have, by [LL23, Proposition 6.2] (up to
slight changes of notations),

(7.2) w11, = I(9-1, E7|ETy.).
The chain rule for mutual information implies that if 7' < T" one has
1(9-1, Er|E1,) = I(9-1, (B, 77,77 (E')) | E'Ty) )
= I(g9-1, 71,0 (Er)|E1,) + I(9-1, E7|70,7/ (ET), Ery))
= I(g-1, Er/|E7,) + I(9-1, E7|ET"),



28 FRANCOIS LEDRAPPIER AND PABLO LESSA

where in the last line we use that Ep, = mpr 1, (E7/) so conditioning on Ep/ and
L, is the same as conditioning only on Er.

Directly from the definition using the densities of the disintegration of vy with
respect to mp v and 7,7, one sees that k7, = k7.1, + k7, 7/. This shows that
KT, 1" = I(g_l, ETIET’) forall T <T".

From the chain rule for mutual information kr7» = kg 71/ + K7 7 for all
admissible T < TV < T". O

Using theorem 2.1 and lemma 7.2, we obtain.

Corollary 7.3 (Finiteness of conditional entropies). For all admissible T < T" one
has k7 < 400.

Another consequence of lemma 7.2 is

Corollary 7.4. If L is a left filtration and T is generated by Ty and L then
k(p,vL) = K710 -

Proof. From lemma 7.2 we have
RT Ty = I(g—17 ET|ET0)'

From lemma 2.5 one has Er = F(Fr, Er,) for some measurable invertible
function F. If follows that

I(g—la ETlETo) = I(g—la EL|ET0)'
Since Er, is independent from ¢g_; and Ej, we obtain
I(g-1, EL|ET,) = I(9-1, EL) = K(p,v1),

as claimed. O

Let Q,P be a probability space and (X,Y, Z) three random variables. If the

dIP(zX,Y)\Z

relative mutual information I(X,Y|Z) = E, , .[log 5 (z,y)] is finite, we

Px1z9P% 2
. . dP¢ . . ..
can write the density ="-21%—(x,y) in terms of the density of the conditional
X1z%y |z
dP? dPY:*
measures given (Y, Z): -2 (g 4)) = <102 (),
g ( s ) dPX\ZdPY\Z( 7y) P, ( )

By corollary 7.3, kr 1, = I(9-1,Er|ET,) is finite. The projection w € Q —
Er(w) € Xr admits disintegrations that we denote m7.. We still denote by m7. the
projection of m% to 2_. Since Er,(w) is independent from g_;(w) and is measurable
with respect to Er(w), we obtain the following formulas for kr 1, :

ET (UJ)

(73) wra, = [ <logd’”Tdu'“<g_1<w>>> dm(w)

Proposition 7.5. We have, for m-a.e. w,
ET((.U

dm )
KT, 19 = nlgr;o E log = d gi;m’g"} (gfl(w)’ :
1

s g-n(w)).

Proof. Apply Birkhoff ergodic theorem to the integrand in (7.3). See [LL23, Propo-
sition 6.4]. O
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Corollary 7.6. Let T < T’ be admissible topologies. We have, for m-a.e. w,

Er(w)
1 dm,"
kr = lim —log g |{9—17~-,g_n} .
n—oo n Pl

me/ () |{g,1,...,gfn}

In the case when the measure p is discrete, the formula in corollary 7.6 becomes,
for m-a.e. w,

1w (g (@), g n(@)])
7.4 k= lim —lo ,
(74 T e 0 Y (0 (@), gon(@)])

where, for (g_1,...,9-n) € G™, [g=1,--.,9—n] is the cylinder {{h,}qez € Q: hy =
gq for —n < ¢ < -1}

8. EXACT DIMENSION ON ONE STEP BUNDLES

1
We fix from now on T' < T” and i < j so that T'(¢) = T7(4) \ {j}. To simplify
notation set
r(w) = BEr(w), 2’ (w) = BEr/(w), v, = V;%‘f), k= kp and X = xX7,17-
We use V(w) for the perpendicular splitting compatible with z’(w) given by

lemma 4.1 and endow X;/q(ff) with the distance induced by ¢y(,) and the norm

defined in section 6.1. Let B, (x,r) denote the ball of radius r centered at x € X;}“f)

with respect to this norm.
We recall that A7, (w) is the linear part of the affine mapping @y (o (w)) g1 (W) @V (o7 (w))
as in lemma 6.1.

Lemma 8.1 (Main lemma). If

/ log (54,4, (AY(@)))dm(w) = —Iga, < ~I) = / log(s1 (A} (w)))dm(w) <0,
Q Q
then

= < dim(v) < dim(v) <
Iy,q,

=

8.1. Proof of theorem 2.7. We prove theorem 2.7 assuming lemma 8.1.
Given € > 0 by lemma 6.1 we may pick K so that

O+ OK < [ 0 (AF @) < [ (A @)dm(w) < ~(x - IE.
Q Q

K2 where

If € < x then we may apply lemma 8.1 changing our measure m to (u
K is the K-fold convolution of y with itself.
This does not change the stationary measures v or v/, and the fiberwise entropies

and exponents are multiplied by K. Hence, lemma 8.1 yields

< dim(v) < dim(v) < ——.
X+ € X — €

Since this holds for € > 0 arbitrarily close to zero we obtain dim(v) = k/x as
claimed.
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8.2. Approximation of fiberwise entropy.

Lemma 8.2. Let f: Q) — R be defined by
dg—1(W)Ve-1(s
) = tog (L o) )

dv,,
Then f is m-integrable and [ fdm = k.

Proof. This follows immediately from lemma 2.6. (]

In order to prove lemma 8.1, we will approximate the function f by its averages
Lo T (W)
over balls in X7 7"

Lemma 8.3. For each r > 0 let f,. : Q@ — R be defined by
B Vo-1(u) (9-1(w) ' By (z(w), 7))
) = log ( v (B (@), 1)) '

Then sup |f.| is m-integrable and hﬁ)l fr(w) = f(w) for m-a.e. we Q.
r>0 r

Proof. From the Lebesgue differentiation theorem it follows directly that liﬁjl frlw) =

f(w) for m-a.e. w e Q.

Since each X%:T, is endowed with the distance coming from a norm on R%%
there is a uniform Besicovitch constant 8 valid on all fibers.

For the lower bound we write for ¢ > 0

Aiw)={x € X;:(Tf) Vo1 (w) (g_1(w) ' B(z,7)) < e 'y, (B(z,7)) for some r > 0},

and notice that A; is 2'(w), g—1(w), go(w), g1(w), . . .-measurable.
By the Besicovitch covering lemma we may sum over a cover of A;(w) with at
most (3 balls overlapping at once to obtain

anl(w)(g—l(w)_lAt(w» < Be_tv

for m-a.e. w € Q.
Since Vy—1(, is the conditional distribution of z:(c ! (w)) conditioned on #’(w), g—1(w), go(w), . .-
we obtain

m ({w : 7{2% frlw) < —t}) =m ({w:z(07 (W) € g_1(w) " A(w)}) < Be .

This implies that inf f,. is bounded below by an integrable function.
For the upper bound we consider given z’(w) the maximal function on the fiber

X;}Uf) defined by

1
M, h(z) =sup ——— [ hdv,,
() = sup uw<B<x,r>>/

and notice that

sup fr(w) = log (Mupu(z(w)))
where
_ dgfl(bd)*l/o.—l(w)

= dv,,
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Since v, is the conditional distribution of z(w) given ' (0~ (w)), g_1(w), go(w), - . .
we obtain integrating first over this o-algebra

(8.1) / log (Mo (2(w))) dm(w / / () log Mgy (2)dvy () dm(w).

Q ol (w)
XT,T’

We now use the inequality alog(b) < alog(a)+b/e to upper bound the right-hand
side of equation 8.1 by

/ / () 10g () s () (o / | Mopu(@)in@yim(e).

) X&' ()
T T/ T T/
Since @, v, is the distribution of x(w) conditioned on z’(w), g—1(w), go(w), - . . the

first term above is k.

The integral in the second term can be bound by C(1+ [ ¢, log ¢.dv,,) where C
depends only on the Besicovitch constant § and can be taken to be 45log(2) + 45.
This follows from [Les21, lemma 9.

Hence, sup |f,| is m-integrable, as claimed. O

r>0

Lemma 8.4 (Approximation of entropy). Let r,, :  — (0,4+00) be a measurable
sequence of positive functions such that

ngr—&{loo "'n (w) - 07

for m-a.e. w € Q.
Then

= lim fo‘n ok w)) (o ~*(w)),

n—4+oco n
for m-a.e. w e Q.

Proof. By the ergodic theorem and lemma 8.2

= lim E foo ™k,
n—>+oon

at m almost every point.

By lemma 8.3 one has that sup |f., | is m-integrable and f,. converges to f almost
everywhere.

In this situation the Maker ergodic theorem allows one to substitute f o o~* for
fr. . oo—+ 00~ % in the Birkhoff averages without altering the limit. O

8.3. Proof of the lower bound. We will now prove the lower bound of lemma
8.1.
For this purpose we set
rn(@) = sa,0, (A% (@) sa,a, (A~ ().

By the ergodic theorem we have

1
lim —logr,(w) = I4,q,,

n—+oco n

for m-a.e. w € Q.



32 FRANCOIS LEDRAPPIER AND PABLO LESSA

Since sq,4, (A M1 (w)) is the smallest singular value of A~F**(w) we obtain

9—(b+1) (@) T B () (@(07F (@), rak (07 (@) C By-tin oy (@(0 ™ F (), P g1y (07 D ())),
for m-a.e. we Qand k=0,...,n— 1.
Applying this property and lemma 8.4 we obtain

= lim Zfrn (6= (w)) o *(w))

n—+oo n

< liminf —l log (v, (B (z(w), mn(w))) -

n—4oo n

It follows that

K < limint log v, (B (x(w), rn(w))
Ig,q; — n—too log 1, (w)
for m-a.e. w € 2, which proves the claim.

8.4. Proof of the upper bound. We will now prove the upper bound of lemma
8.1.
For this purpose we set

Pa(w) = 51(A% (W) - s1(AZ0 Y (w)).

By the ergodic theorem we have
1
Jim - logra(w) = 1o,

for m-a.e. w € Q.
Since s1(A”F T (w)) is the largest singular value of A~} (w) we obtain

9 (4 1) (@) T Bor () (@(07F (@), (07 (@))) D Byt )y (@(0™ Y (@), 7y (07D (),
for m-a.e. we Qand k=0,...,n— 1.
Applying this property and lemma 8.4 we obtain

= lim Zfr" W (0= o *(w))

n—+oo n
o~ " w)(l‘(O’ ( )) 1))
Vo (B (2(w), 7 (w)) '

Here, we cannot ignore the numerator vy,—n () (By-n(w)(X (07" (w)),1))) which
might be arbitrarily small.

However, since v, is the conditional distribution of z(w) given 2’ (w), go(w), g1 (w), . . -
we may apply the Lebesgue density theorem to conclude that there exist ¢,p > 0
such that

. Vo—n(w) (
> limsup — log

n—+oo N

m({w e Q: v, (By(z(w),1))) >c}) =p>0.
By the ergodic theorem o~ "(w) belongs to this set for n in a subsequence ny(w)

with density p. So we may conclude that
Kk > limsup —— log (v, (B, (xz(w),r w .
> limsup — 08 (1 (Bule(). 1 ) ())

Since
log (7, (w) (W) nk(w) 10g(rn, (w) (W) I

lim — Wy S
k%lriloo k kalr+noo k nk(w) p <5
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it suffices to calculate the local dimension of v, at z(w) along this subsequence (see
[You82, remark following proposition 2.1]).
Hence we obtain
kK > lim IOg Vw(Bw(x(w)arnk(w) (w))
I, — n—>+too log 7y, (w)(w)

for m-a.e. w € Q.
Since this holds for m-a.e. w €  we obtain

—_ K
di w < T
im(y,,) < I

which concludes the proof.

9. ADDITIVITY ALONG MONOTONE PATHS
We assume in this section that u has finite first moment and finite entropy.
We fix a monotone path 7% = T Lt Lo Lo —
9.1. Proof of theorem 2.8. Foreacht,t =0...,k, vri-a.e. xt € Xp¢, the following

: zt —1 ty .
functions are v 1.-a.e. constant on mp 7. (2") :

lo th' B T _ Io l/zt / B /7 ,
ét (y> .— liminf g T,Tt( (y )) ’ (5t (y) — lim sup gV Tt ( (y )) .
e logr r—0 log r

t . + —t
Moreover, the v ..-a.e. constant respective values ¢'(z') and 0 (z*) are vpe-a.e.

constant and we denote §° and 5 these respective values. With this notation, lower

’

and upper dimensions of the measure v o are respectively 6% and 50.
Theorem 2.8 follows by summing the following relations (and observing that

kaoandgkzo) fort=1,...,k

(9.1) PSS LU A i
XTt,Tt’I
(9.2) PP LA A S
XTt,Tt_l

The proof are similar to the proofs in [LL23, section 8]. Relation (9.1) follows
from theorem 2.7 and [LY85], Lemma 11.3.1. Given theorem 2.7 and that the
sequence ¢ r¢-1 is nonincreasing, the proof of (9.2) is completely parallel to the
proof of Theorem 2.6 in [LL23, section 8], with lemma 6.4 replacing lemma 8.1.2.

9.2. Proof of theorem 2.2. In order to prove theorem 2.2, it remains to connect
the measures v, of theorem 2.2. with the above conditional measures.

Given a left filtration L, we apply lemma 2.3 to the pair T, < Tj of admissible
topologies, where T} is the coarsest admissible topology and 77, is generated by T
and L. We obtain a monotone path

1 1 1
TF =T, <TF 1 <...<T° =T,
and the corresponding ordered of differences of exponents
XTl,TO S XT2,T1 S e S XTI"',T)“_l'

For v, -a.e. y € F, the set F{ has full v, measure and is identified with ﬂ;j%(y)
by a bilipschitz mapping (see Lemma 2.5). The projections mrp p¢ : WELI,TO (y) —
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Tre 7, () define a system of finer and finer projections m¢,¢ = 0,1,...,k on F}. The
fibers between two successive projections carry the disintegrations of the images of
vr,. By theorem 2.7, these disintegrations are almost everywhere exact-dimensional
with dimension ~; given by, for t =1,...,k,

— I(gfl, ETt ‘ETt—l)
L XTt,Tt—1 ’

Therefore, by theorem 2.8, the dimension of vy, is given by

k
dimy;, = E Ve,
t=1

The geometric picture of the fibrations 7, ! depends on y € F, but not the geometric
numbers ;.
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